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1. Introduction. TIn certain computer applications to engineering
prnl'\lmn? such as the automatic eontrol of Liscline tools the com-
puting equipment devives its input in dizital foom, fro. for example
an angle-indieating device on a rotating shaft. The 1'ndicavt,inoi
devier may take the form of 2 multiple cominutator or a coded disz
read by photoclectric means. 3inee the shaft is rotating at mechani-
cal speeds and the reading deyice is operating at eloch%nic speeds a
possibility of false reading s exists when for example a change from
1999 to 2000 is taking place. In fact anv of the readings 1999, 1990
LO0N, 1000 or 2000 may eccur in the same sort of wav tchat a xﬁil(-agé
i‘ori[(‘wlrder could be misrcad under similar cireumstances.

This sort of diffienlty ean he aveoided Iy making use . speci
seale of nunbering so arranged that n increase oof lcln;e (fnziltbi}r)le(tifg
number represented requires a chanye in one and only one of the
digits of the corresponding ende.  \ ende with this propértv is called
a cyvelic progresxive code and a -inple decimal example is as follows:

., 18,19, 20, 21, ...,
(b) 0,1,2,3,...,8,9.19. 18,17, ..., 11, 10, 20, 21, ...,

?).0_0 {@) 29.30.31, ..., 98, 99. 100. 101, ..., 109, 110, 111, ...,
(b) 29,39.38, ..., 91.00.190. 191, ..., 199, 189, 188, ...,

where rows (7) are ordinary decimalt in normal sequence and rows
() are their equivalents in a evelic progressive decimal code.

. Alny two adjacent numbers in 10w (b) differ hy one in exactly one
digit and sn sample readings from the encoder can never be in error
by move than one unit.  The representation 2hove defines a one—one
correspondence hetween pure decimals and these evelic progressive
decimals, but there are in fact other equally valid cyelic proZressive
representations. Furthermore. evelic progressive number systems
oceur to any number base. In the next paragraph rules for conver-
~ion from pure to a form of cyvelic progressive numbers and vice versa
are formulated.

From an engineering point of view the problem of addition and
n?u]tiplicat.i011 of numbers in cyelic progressive form does not arise
since the computer is operating at electronic speeds and it is therefore
(uite pract}ienhle to make a conversion to the pure number base
carry out the necessary arithmetic operations and finally ert
'-..‘_c}\ to cyelic progressive form to fegrjd back instmll(ili]:)lrlllg tt)otfl(()ent,\o‘ZIt
Irom a mathematical point of view the problem is of interest and:
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one interesting property of eyelic progressive numbers is that the
digits do not ho e basic up e inferpretation as do the divits of a

pure decimal. - For example. in the abeve system the cyclic pro-
uressive nunther 1929 s cqrivalent to the pure decimal 1029 and
clearly the two nines in the first number are interpreted differently.

Little appears in print on the theory of cyclic progressive systems.
E. J. Petherick |17 deseribes a evelie progressive binary-coded
system and mentions some ‘esults of K. K. Wright on the con-
version of even based numbers to a cyclic progressive form. A. J.
Cole [2] also makes a brief reicrence to such systems.

9. Conversion rules. A gencral rule for conversion from a pure
number system to any cven base b to a cyclic progressive system
may be stated as follows. A digit p, in the normal sequence remains
unaltered if its more significant (that is, left hand) neighbour is even
and is replaced by its complernent if its more significant neighbour is
odd where the complement of a digit p, to base b is defined as

b-1-p,.

Thus in a decimal code the complement of p, is 9 - p,, and the normal
decimal number 27435 becomes the cvelic progressive number
97534. Similarly in a pure binary code the complement of p, is
1 - p, and the pure binary number 110010 becomes the cyclic pro-
gressive number 101011.

It is easy to see that this conversion does generate a cyclic pro-
gressive system for if the least significant digit of a pure number to
base b is not b — 1 then the addition of 1 will only change the least
significant digit and correspondingly the least significant digit of the
cyclic progressive number will increase or decrease by 1 depending
on the parity of the next most significant digit. On the other hand
if the pure number finishes with a string of n digits b1 where
n>1 then the addition of 1 changes all these digits to zero and also
changes the parity of the next more significant digit. Now since
b-1 is odd and O is even, the 1 — 2 least significant digits of both
cvelic progressive numbers will be zero and so it suffices to consider
adjacent pairs in the pure number of the form

odd b6-1
or '
even b-1
where the odd number in the first casc is not b —1. The addition of 1
{0 these pure numbers converts them to
cven 0

and
odd 0
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In cither case the corresponding evelie progressive numbers change
b_\"ono in the first digit only. Table 1 lists some typical examples ?)f
adjacent pure and eyelie deeimals.

Tavce 1. Eramples of dccimal conversion

! Pure decimal | Cyeclic Progressive

| 319999 380000

| 320000 370000
320999 379000

| 336000 369000
459999 450000
160000 460000
469999 469000
470000 479000

. Th]§ propf breaks donn when the numher system has an odd base b
since in this case 0 and b — 1 are both even and indeed this invaljd:;
tl.le a.bove conversion rule. For example 2122 and 2200 are con i
tive integers to base 3 and these would convert to 2102 and 22053011-
spectivelvand the convertedsystem is certainlynotcyclfc ' ro ve.

A rule: for converting pure numbers to an odd base thOg:eSS“;f-
progressive form is as follows. A digit p, in the normal s oonce
remains unaltered if the sum of all its more significant digit it svon
and is replaced by its complement b — 1 - p,, if this sum if S(is e;‘en
example to base 3 the consecutive pure ?mmbers 2122:1 d. 22(())1'
lgle‘come cycl?c plc'logressi\'e numbers 2100 and 2200. The pfr(;of tha,?,
his conversion does in fact generate a eyclic progressi i
similar to that for an even base ersion e mor oy,
Table 2 lists some critical casescgnrxl'\—rflrlsn]f;el}?sugsbzzh;r more wordy:

The corresponding conversion from a cyclic progre.ssive number

TaBLE 2. Conversion to base 7

Pure number to base 7 Cyelic progressive
116666 156666
120000 146666
126666 140000
130000 130000
226666 226666
230000 236666
236666 230000
240000 240000

e
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derived by either of the abcve rules back to a pure number to base b
can be covered by a single rule as follows. A digit ¢, remains un-
altered if the sum of all ‘ts more significant neighbours is even;
otherwise it is replaced by its complement b —1 —c,.

3. Additions and Subtraction. The digit s, arising from the sum
of two cyclic progressive digits a, and b, depends on all the more
significant digits of a, and b,. To fix ideas we consider a cyclic
progressive decimal systera. The digits are then given an upper
prefix 0 or ’ depending on the parity of the sum of all the more
significant digits, namely O if this sum is even and ’ if it is odd.
The cyclic progressive decimal

3281477

CYCLIC PROGRESSIVE NUMBER SYSTEMS

would then be written
03’2’8 '1 %4 °7 7.

The addition table is more complicated than the pure decimal
one since the sum of digits fa, b where 1, j take all combinations of
0 and ' must be accommodated. Table 3 shows such an addition
table where the table lookup occurs from the appropriately chosen
digits on the whole perimeter and where if the upper prefixes of the
augend and addend are mixed then the table entry, ignoring carry,
must be complemented on 9.

TasLE 3. Cyclic Progressive Decimal Addition

ol 1| 2| 3| a|B]|6|T]8 9 ///
0l 8| 47| 461 10 a8 a2 (4]0 91"
1 7 68| 4 B2 9 81"
ol 6| 43|22 [0 9877
3| 51,4182 I Y 9 8 7 6 1%
gl 4| 3] 2|1 (0] 9|8 T]16]5]%
5| 3|2 |09 s 7] 6[5 4]
6|2 1|09 8|7][6]5]4[3]|%
mlal,0 9 8 71 6 5 | 4 3 2 | %2
g !0 91! 8 7 6 4 3 2 111
ol ol|ls| 7|6 |5 |4a|s]|2]1][0]|%0
// o | og | o7 | o6 |05 [oa |03 |2 |1 |20 /%:
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A low i
Qumio“ er 1pre.ﬁ_\ in the })0«1_\' of the table denotes carry. No upper
suftix ean be included since this depends on the surro.imding d}i)gpits

(11 b() h. augc lld a“(l dd.d ’nd ao g S fone exan S0
t 1 C ] lle
. 4 gIN o
. ¢ Xa P CS fthe sum

TasLE 4. Sum of single cyclic progressive digits

'3+'5=,0

02+0

N
Il

9

4+'5=9-8=1

6+08-9-,1=8

The sum i i
ohe s (?f g\'c‘) cyelic progressive numbers which do not produce
y w obvious. For example, the pure decimal sum

14430
33229

47659
corresponds to the cyelic progressive sum
°1°5°4°39
036702709
47350

and‘r the two'answers check by the conversion law
Now consider the decimal addition . .

39147
27638

66785

which involves car
ry. The first st . . .
progressive form gives st stage of the corresponding cyelic

°3'0'8'597

020773931

53724
The carry in pure decimal form is

10010

e

| —————————
—— — iy —— ¢ |
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or, in eyclic progressive form
19019
and this can be added in as usual

05 '3 07 '2'4
01'9°°19
66715
which checks with the pure decimal result.

This method is unsatisfactory since it uses the pure decimal form
of the carry. This can be avoided as follows. Treat all the carry
digits as having prefix 0. Then, working from the right, correspond-
ing to each carry digit complement the digit to which it is attached
on O and add the carry digit itself into the next digit by Table 3.
Thus in the above example

0513972 14

becomes
66715

If the addition of carry itself induces carry then this can be treated
on the next line in the same way. For example, the pure decimal
sum

35471
68563

104034

becomes the cyclic progressive sum
03’4 '597 '8
06 08 95 '3 °3
09160465
9003199 '5

104035

Subtraction can be performed by a method equivalent to adding
a complement in the pure decimal case. First make up both
numbers to the same length. The complement of a eyclic progressive
number is then found by complementing its most significant digit
on 9 even when this most significant digit is 0. If on addition of
this complement there is carry past the most significant digit the
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answer is positive and the carry digit should be dropped and added
into the least significant end of the answer, rather lile ““ end about
carry ” !'11 some computer addition.  If there is no carrv the an.s“-"l;
Is negative in complementary form and to find its numerical valur
c0n.1plmneut the most significant. digit. on 9 unless it is it‘s‘elf 9¥ ie
which ease replace any string of 9's at the most significant énd bn
0’s. Thus the two pure decimal differences D d

380263 174637
174637 380263
2056286 -205626

correspond to the crelic progressive sums

01 '2 '5 06 03 '

03 '] 00 02 05 03
2 06 01 IO r2 ’6 I3

0802056 '3 02

1119947705 07193 16’393

1026005302 05

705326
+ 205326 205326

Wthch again check with the decimal form.

t is possible to simplifv the addition of carr i

2 A rry by defining a la.
addition table. For a svstem to base b this requires a 2b Xg.?b tali)gl:r
For example, the corresponding binary addition table is shown in'

Table 5. XNote that the upper prefix
position. pper prefixes are now defined by the tablo

TaBLE 5. Exrtended cyclic progressive binary addition table

) o] 1] o
%

%0 o] 1 0

o] 0] ]’.1 /O gO

11 Il IO 00 01

ojol0lalqa

The addition of carrv now no lon i igi
. A ger requires the d 'hi
carry Is attached to be complemented. ’ it o which the
For example the pure binary examples

| —— . — ——— p— | o—
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1011001 1101101 1011011
1101101 -1011011 -1101101
11000110 0010010 -0010010

correspond to the cyclic progressive sums

0] '1°1°0'1° °1 0L’01°1'0'1°1
°o1’0’1°1'0°'1°1 %) 01 ‘1 90 °1 1 °

°1'1°1°0'1°1'0
0000 01 19 °1°1

10100101 171901 1°°°1 0] 0 ‘1010 ‘1°1

+0011011 -0011011

where the carry has been added in mentally using the table, and
“ end about carry ** has been applied in the second case but with the
new condition that the most significant digit of the result is com-
plemented on 1.

To conclude this section we give an example of an addition table
to an odd base. Table 6 gives the cyclic progressive addition table
to base 3.

TaBLE 6. Eatended cyclic progressive addition table to base 3

|| 2] 2] 1|0

o9 | o o1} (2] 11

op[on 2| 2| 1] 0%

o0 tog 2| 1] 0| ]|

2012|1002

1l lolw|a)e]|2

o0 w]|alele]il

In the following example normal addition to base 3 is given on the
left and the corresponding cyclic progressive addition is given on the
right.

121021 01 ‘0 "1 ¢0 %2 °1
101222 0] '2 "] 02 02 02
1000020 1222202

4. Multiplication. To illustrate cyclic progressive multiplication
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we revert to binary numbers. Table 7 gives the eyelie progressive
binary mulriplication 1able in extended form.

TaBLE 7. Extended cyclic progressive binary multiplication table

7 dwla ||
% | w o o |o
1l la 1],
190 (1| |a
UGV VT 5 O

In the following example the pure binary case is given on the left
and the corresponding cxelic progressive case is given on the right.
To simplify the printing the carry digits from eyelic progressive
multiplication have been added into the next most significant digit
on the same line. This makes the rows on the right the cyclic
progressive equivalents of the pure binary on the left.

01'19°1 0’1
1'071°°1 "0

—
o

0110
0011

0 %171°° 0’1
°1‘1°°1 01
90 ¢0 ©0 °Q °0 °0
00 90 90 °0 °0 °0
91°1°°1 0’1
°1'1%° 01

SO O
—_o 00
—— OO
QO OO O
(== o= e B o I s}
CO =
O bt
O

1
10

11110010010 10001011011
5. Imequalities and dirizion. In order to be able to perform long
division it is necessary to Tz able to compare the relative magnitude
of two cyclic progressive numbers. As with pure numbers to the
same base the digit which determines the relative magnitude of two
cyclic progressive numbers is the first, starting from the left, which
is not identical in the two numbers. Let these corresponding digits
in the two numbers be ¢ end b. The upper prefixes of these two
digits must he identical hzcause all the more significant digits are
identical. The relative wagnitude of the two numbers is then
determined by the relative positions of @ and b in the sequence

‘091 ‘1 0.

‘

o — e — | —

—
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Thus

101101>101111
since ‘0 is to the right of '1 whereas
101001 <101101

since %0 is to the left of °1 in the above sequence.

Division can now be performed in a similar manner to ordinary
long division by using this idea of an inequality together with multi-
plication and subtraction by the addition of a complement. '1?0
conclude we give a very simple example of division of the cyelic
progressive binary number 10110 by 110. This corresponds to t:he
pure binary division of 11011 by 101 giving the quotient 101 with
remainder 10.

119
°1'1°0)°1'0'1°1°0
%9000
171011011

Complement of 11000
End about carry to be applied.

0°1'1°1°0
°%10°070 Complement of 0000
1°0°'19° End about carry to be applied.
11011
%0°1°0'0 Complement of 1100
11000001 End about carry to be applied.
0011 Remainder.
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