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§1 Introduction _

G. Pélyad had proposed a problem of number theory : “If a positive integer is divisible
by all the positive integers that do not exceed its square root, it is not greater than 24"

Y. Yanagihara? solved this problem. K. Narumi® proceeded to the case of cubic root
instead of square root, and proved that the integer in question is not greater than 420.
And T. Tannaka proved, in the case of 4-th root, that the integer is not greater than
27720. : S
In the present article, we will determine the values of the largest integers g g, -
i, in the problems of 5-th unto 10-th root, respectively, instead.of square root in Polya’s
original problem, and give the order of magnitude of 7, in the problem of k-th root, in
general. : )

Before proceeding with our reasoning, we refer here to the outline of Tannaka’s method
(the methods of Yanagihara and Narumi are based on the same idea). He puts

a*<<n(a+1)4,
n=a'+ 4,83+ 2,02+ ;0 + 2, 0<2,<a-1.

I_t it goassumed @>>12, since 27720 (>12%) has certainly thé property in .question. From a| n,
' 2,20, '
and from a;].| ”,
143, + 2o+ 2s=hky(a—1), k<3 B

Similar conditions are derived from a—2jn, a-3/n, and a—4|n, respectively. They are
solved with respect to the unknowns a, 2, 4, 4, giving first

a<11376.

Henceforth various cases are separated and examined, and after a long calculation extending
over 3 pages, it is determined that a=12 is the unique solution. '
This method would require a tremendous labour, if applied to the 5-th root problem.

§2 Determinatiofx of the largest integers n,, k=5 , 10
Lemma 1. (Tchebyscheff’s theorem) Let p, be the k-th prime number, then

2D >Prar-

First we explain the case of 4-th root. We note that 27720=23.32.5-7-11, Let us consider
the number

n=27720-1,

and let

r

A

St (/850.5 =35102

On the Problem 1, 2, 3,--- -, [nV¥] ' n | 3,) 0'2_‘
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be the prime factor decomposition of {, where q.=13, ¢.=17, and so forth. If k=4, by
lemma 1, : ’

(hq'<2"Qk‘<27'4k~13‘1h<29'¢1~-22 4n-10k<2m“h-3qk-zqk-1¢h
=1024-q._,---q,<27720-t.

Theréfore
Qe 127720-1.
If k=3,
q.‘<29-13-q,q2q3=6656-q,q243<27720-t.
If k=2;
q3‘<27-132q1qz=216324,q2<27720-t.
If k=1,

‘—-17‘—83521(27720x13 t
277%))(2 5544028561 =13

Hence we know that 27720 is the largest.

Theorem 1. If 2 positive integer is divisible by all the positive integers that do not exceed
its 5-th root, it is not greater than 7 20720. 7 20720 is the largest integer of this natu J

Proof. First we note that 7
1,2, - 1617 20720=2+-3:-5-7-11-13,
and that 7 20720 lies between
145=5 37824 and 155="7 59375.
We consider the number n=7 20720-1 Let
t=t1q,"q,"---q,", t,=2"---13",
where ¢,=17,4.=19, and so forth. We can proceed by similar reasdning as above. If k=5,

q,.15<2‘5 Qr-a ™ 32768'4&-4"'41<7 20720-1.
Gat? 20720.1.

If k=4,
455<2“'17'41'” q.=2 785%'41""14<7 20720-1.
If £=3,
=295=205 11149
7 20720X17X19 2327 92560
q5<7 20720-¢
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1 k=2,
q5=235=064 363437 20720-1.
If k=1,

45 =19°=24 76099,
7 20720 % 2=14 41440>14 19857=17".

Hence we see that 7 20720 is the largest.
And by similar considerations we obtain following results.

Theorem 2.

;-th root ! ] 7y
| 27.3=24 .
2 - 4|T Ly 51‘: . ) ) 1~4 1| n,
| 16 25
| 90.3.5.7=420
3 | 7; o Iml ?; O 1~TIm
343 512

21.3%.5.7-11=27720

4 12 <l 13 o R 1~121 n,
20736 28561
24.32.5.7-11-13=7 20720 v
5 _ 1|;45 L5l 1.,55 , o 1~14m
537824 7 59375
94.3:.5.7-11-13-17x 3=122 52240x3=367 56720 )
6 | ¥ <nd W  1~18|
340 12224 470 45881 ’
94.30.5.7-11.13-17-19-23=53542 28880
7 2;;1’ L 2"57 1~24 | my
45864 71424 61035 15625
': 'z‘-33-52-7-11-13-17-19-23x6=303134 33000 x 6= 48 18805 99200
g8 | 28° Lng-l, 2?” » 1~281 1,
; 37 78019 98336 50 02464 12961 .
| 0.38.50.7-11.13-17-19-23-29-31=7220 17764 46800 _
9 I 34 L1y 3|?° 1~341| n,
% I
| 6071 69927 66464 7881 56386 71875
95.33.57.7-11+13+17-19-23-29-31-37 %2 :
34003 14570 63200 2=10 68586 29141 26400
10 401 Ll 4110 ’ 1~40| nyo

il il
10 48576 00000 00000 13 42265 93101 52401
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Now we explain the method to find out #, - For instance, the smallest integer div, k
by 1 .- , 5 is 22.3-5=60. It is also divisible by 6. We write this as

22.3.5=60 —» 6.
By similar procedures, we obtain the Vfollowi'ng table:

22.3.5.7=420 — 7
23.3.5.7=840 — 8
23.32.5.7=2520 — 10
23.32.5.7.11=27720 — 12
24.32.5.7.11-13-17=122 52240 (8 digits) — 18 :
(x3 must be calculated in this case; see below)

and so forth. On the other hand, we prepare the table of #* (in Barlow's table, we find
these numerals for 7=1~100, k—~10). These two tables are examined in parallel. First we
read the digits of the numerals in the tables. Sometimes, we must multiply the numeral
by 3 (as in the case of 15 or by other small integer. - ' ' :

§3 Ofder of the magnitude of n, : _
Next, we will estimate the order of the magnitude of n,, for general k.
Lemma 2.9 Let B g

Y)== log p=Z1(m), o= log p (u=p™
pr=s ne o (n=p)

then , o o o A . J
V(x> :';5 log 2. » ' ’ S '
The estimation coefficient (log 2),/4 can be revised. The above inequality is derived from

@t _n+l n+2  2n _o.

N=Giy="1 2 7a =

Making use of Stirling formula instead, we obtain

1 1

1 _ _1 -
2]og x_z37—'1) 2]og 2 2 log =

¥(x)=x log 2—

Theorem 3. Let 1, 2, , [17*], and let « be the root of J(x)=0, where

f(x)=x log 2—; log x—3(xl-_-145—;log 2——; log =—1—k log x
(a>x,=minimum point of f(x)). Then |
| n,<ea.
Proof. Suppose that m,—a.

a*<m < (a+ 1)< ea* (a>hk),
¥(a)<¥(a)+]og t<1+k log a.
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f(x) has a minimum at X, and is monotonically increasing if x> x,. Hence, if it were a>a,
I(a)>1+k log a.
Therefore we have m.(aa".

Numerical calculation for k=10 gives a=64, log a==42, while the corresponding actual
_value is 3.59. : : ' - '
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