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Solution by Kenneth M. Wilke, Topeka, Kansas.

We shall show that L, satisfies the conditions of the problem and that
LpS = Fypn where S, R, and n are as defined in the problem.

Let m be an odd integer, i a positive integer, and L; and F; denote the

jth Lucas and Fibonacci numbers respectively. Then we claim that

Fact-1ym + LaFc21-1>m = Faqm- (1)
Letting
1 +V5 1 -5
a = 2 ’ B= 2 ’

it is well known that

J _ R
Fy = a - B

. Ly=d +p.
v5

Thus

azm(t-1) _ th(i—i) . (am + Bm)(a(zt-t)m _ B(zt—x)n)

Fact-1om + LaF(21-11m

vB 5
_ aztm - ﬁztm N (azm(t—a) - p2l(l—1))§aMpm + 1)
B v5
2im _ Eztm
= Z = Fa(n
5
because m is odd and a8 = -1.
Now the formula
k
LiS =Ly 2 Feat-1yn = Farn
i=1

can be proved by induction on k. For k = 1 we have

LnS = LyFp = Fan
directly or from (1). For the induction step, (1) provides the necessary
argument to show that once we assume the desired result holds for k -1, it

must hold for kR also.

Also solved by BOB PRIELIPP, University of Wisconsin, Oshkosh, Wisconsin;
DAN SOKOLOWSKY, Williamsburg, Virginia; and the proposer.

* »* €

1169. [1986: 179] Proposed by Andy Liu, University of Alberta, Edmonton,
Alberta; and Steve Newman, University of Michigan, Ann Arbor,
Michigan. [To Léo Sauvé who, 1like J.R.R. Tolkien, created a
fantastic world.]

(i) The Fellowship of the Ring. Fellows of a society wear rings

formed of 8 beads, with two of each of 4 colours, such that no two adjacent

C
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beads are of the same colour. No two members wear indistinguishable rings.

( \., What is the maximum number of fellows of this society?

1

that their bottom discs are of different colours. The task is to disrupt and
reform the towers so that the two largest discs trade places. This is to be
accomplished by moving one disc at a time from peg to peg, ever placing a
disc on top of a smaller one. Each peg is long enough to accommodate all 16

discs. What is the minimum number of moves required?

(iii) The Réga;h_bf the King. The King is wandering around his kingdom,
which is an ordinary 8 by 8 chessboard. When he is at the north-east corner,
he receives an urgent summons to return to his summer palace at the south-west
corner. He travels from cell to cell but only due south, west, or south-west.

Along how many different paths can the return be accomplished?

Solution by the proposers.

(i) We consider more generally rings of two beads of each of n colours,
but for now we allow beads of the same colour to be adjacent, and assume that
rotations and reflections of a pattern are considered distinct.

The number of distinct rings is then (2n) /2™, There are (2n)!
permutations of the beads, but we must divide by 2" to account for the fact
that beads of the same colour are indistinguishable.

Let A denote the set of these (2n)!/72" rings. For 1 ¢ i < n, let A;
denote the subset of rings where the two beads of the ith colour are adjacent
(with possibly bead pairs of other colours adjacent as well). The number of
rings with no adjacent beads of the same colour is then

f(n) = |A] - |[A, UA, U ... U A,|.
We claim that for all choices of k colours i(1),i(2).....1(Rr).

- - 1
|Al(1) n At(z) n « e n Al(k)l = 12!1 h 1)'(271)
2n—k

Place the first of two adjacent beads of colour i(1) in any of the 2n places.
For each of the colours i(2),...,i(k), merge the two beads of that colour into
a single one, since they have to be adjacent. The k - 1 merged beads and the
2(n - R) other beads can now be placed in (2n - k - 1)! ways. Finally, we
divide by 2" ® to account for the indistinguishable beads.

Since there are (;) subsets of k colours, we have

; (-1)*2n - k - 1)!(£)2k
2n-1 k=0

F(n) =

(i1) The Two Towers. On two of three pegs are two towers, each of 8 I
discs of increasing size from top to bottom. The towers are identical except
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by inclusion-exclusion. Direct computation yields f(4) = T44.

Note that each rotationally distinct pattern has been counted 2n times in

g" f(n). except for the (n - 1)! patterns in which the two beads of each colour

5

are diametrically opposite to each other. Each of these (n — 1)! patterns is

counted n times. Therefore, the number of rotationally distinct patterns is

g(n) = f(n) + gz - 1)'n _ f(n%n+ n!

Now each Tirotationally and reflectionally distinct pattern has been
counted twice in g(n). except for the n!/2 rotationally distinct patterns
which remain unchanged after reflection. Each of these n!/2 patterns is

counted once. Therefore the number of distinguishable rings is given by
g(n) + nt72 _ f(n) + (n + 1)
2

In particular, with n =4, the society has at most (744 + 120)/16 = 54
members

——— —

(11) We consider more generally towers of helght n. Let f(n) denote the

minimum number of moves required. In the following diagram, we record the
task for n = 1, so that f(1) =

= | I | S | g RN | i | S|

(2) (b) (c)

For higher values of n, the bottom (largest) discs still eventually have
to be moved in this way. Moreover, during these moves, all smaller discs must
lie on top of the stationary large disc. This divides the task into four
stages.

We suppose that initially the two towers occupy the left and right pegs
in the above diagrams. To go from the original configuration to one in which
the large disc on the left peg can be moved as in (2), we have to merge the
two towers (minus the bottom discs) into a single tower above the large disc
on the right peg. To go from the final move of a large disc, as in (c),
the final configuration, we simply reverse this process. To allow the
intermediate moves (b) or (c) of a large disc, in each case we have first to

transfer a doubled tower from one peg to another.
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Let g(n)Ydenote the minimum number of moves required to merge two towers

( k_, of n discs as described above. and we use gl(n)ilf the merged tower stands on
the peg not occupied by either tower before the merger. Let h(n) denote the

minimum number of moves required to transfer a doubled tower of 2n discs from

/ one peg to another. Note that g(1) = 1 and g,(1) = h(1) = 2.

Putting the four stages together, we have ',’f
F(n) = 2g(n - 1) + Zh(n - 1) + 3. 7 (1)
Similar analysis yields
g(n) = gi(n = 1) + h(n - 1) + 1, (2)
gi(n) = g(n - 1) + 2h(n - 1) + 2, (3)
| and
| h(n) = 2h(n - 1) + 2. (4)
| From (4) we get
; h(n) = 2"*1 - 2. (5)

’ (This is of course just the familiar Tower of Hanoi problem, but with each
| disc replaced by two discs of the same size, thus doubling the number of moves
usually required.)
! Eliminating g,(n) from (2) and (3). and using (5). we obtain
( ¢ g(n) = g(n - 2) + 2h(n - 2) + h(n - 1) +3
=g(n - 2) + 2" -3, (6)
and from (2) we also have
g(2) = g:(1) + h(1) + 1 =2+ 2+ 1=05.
Inspection of (6) leads us to conjecture that
g(n) = A2 + Bn + C
for some constants A, B, C, so that
A-2“+Bn+C=A-2“'2+B(n—2)+C+2“”—3.
Equating the coefficients, we have A = 8/3 and B = -3/2. For odd n, we have

g(1) = 1 so that C = -17/6. For even n, we have g(2) =5 so that C = -8/3.
Putting everything into (1). we obtain

'_?_. n+1 _ - lg |
3 2 3n 3 n odd, . |
. f(n) = . 1 \
f.on+l _ - -
LL_ 3 2 3n 3 n even. \
- S |
In particular, f(8) = 1167. S = - S ———" 1
(S~' (i11) We consider more generally an n by n board. A path for the King is

equivalent to a sequence of S's, W's, and D’s, standing respectively for

southward, westward, and southwestward moves. Such a sequence must contain i
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D's, n-i-18's,andn-1i-1VW's for some 0<Ci{<n-1.
The number of such sequences for a particular i is
[211—1',—2][211—21',—2]
i n-1i-1
(we choose i of the 2n - i -2 places for the D's and n -= i - 1 of the
remaining 2n — 2i - 2 places for the S’s, with the rest going to the W's).
The total(number of such sequences is then

AN
/ n-1

2 on -1 - 2|[2n - 21 - 2
i n-1i1-1
i=0
For n = 8, the value is 48639.

Also solved by RICHARD I. HESS, Rancho Palos Verdes, California.

»* » »*

1170. [1986: 179] Proposed by Clark Kimberling, University of

Evansville, Evansville, Indiana. (Dedicated to Léo Sauvé.)

In the plane of triangle ABC, let P and Q be points having
trilinears a,:B;:v; and a,:B!7y, Trespectively, where at least one of the
products a,;a,, BiB2. 7172 is nonzero. Give a Euclidean construction for the
point P»Q having trilinears a,az:B;Bz 7172 (A point has trilinears a:B:v if
its signed distances to sides BC, CA, AB are respectively proportional to the

numbers a, B, 7.)

I. Solution by D.J. Smeenk, Zaltbommel, The Netherlands.
Since we can construct three line
segments of lengths proportional to
a,:Bs:v; (drop perpendiculars from P to
the sides of AABC)., and similarly for
a,:B>:7,, we can by a familiar construc-

tion form three line segments of (signed)

lengths x, y, z proportional to o4as,

BiBz. 7172

How to find the point P¥Q? Draw the line 2IIBC at signed distance x from
BC. Analogously construct lines mllAC and nliAB at distances y and z from AC
and AB respectively. The lines &, m, n form a triangle A'B'C' ™~ AABC. The
lines AA', BB', and CC' are then concurrent in the point P»Q.

II. Remarks by the proposer.

The product * is commutative and associative. Thus (G.*) 1is a group.

where G is the set of all points not on the lines BC, CA, AB. The incenter




