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Neil J.A. Sloane, g713 = ')’7 Lf—

AT & T Bell Laboratories, Room 2C-376, g_q % l

600 Mountain Avenue,
MURRAY HILL, NJ 07974.
19179
Dear Neil, A»(;\qu T
0

I've checked very few references, but there seem to be some
remarkable omissions, not only from Sloane, but from some odd corners
of combinatorics. Olga Taussky asked a question, at the last W#6 conference
(Tucson), about (the largest and smallest prime divisor of) trinomial
coefficients. Dick Lehmer said Euler studied them. You can make a
right angled isosceles triangle in place of the usual equilateral

Pascal job:
Lo A A7
3
7

1 2
1 3 6
1 4 10 16 19 16 10 4 1
1 5 15 30 45 51 45 30 15 5 1
1 6 21 50 90 126 141 126 90 50 21 6 1
1 7 28 77 161 266 357 393 357 266 161 77 28 7 1
1 8 36 112 266 504 784 1016 1107 1016 784 504 266 112 36 8 1

T(n,k) is the, cpefficient of xk 'ntthe expansion of (1 + x + xz)n
Z OMmEL — -
T(n,1) is Sloane 173, T(n,2) is Sioane 1002 and 7(»,5) is Sloane 1219.

Remarkable that 7(»,3), T(n,4), 7(n,6), 7(n,7), ... aren't there.
N mrm——— m— -

Sloane 1219 doesn't go very far. Chasing back your reference, JCO 1 (1966) 372,
I turn back to p.356, formula (3.3) and discover that T(n,3k-1) = Qs n—l(k)'
3

But what of the other two-thirds of the sequences?
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Here are the gory details for incorporation in the next edition:

7n,3) :+ 0 2 7 16 30 50 77 112 156 210 275 352 442 546 665 800 952
1122 1311 1520 1750 2002 2277 2576 2900 3250 3627 4032 4466 4930
5425 5952 6512 7106 7735 ....

T(n,4) : 1 6 19 45 90 161 266 414 615 880 1221 1651 2184 2835 3620
4556 5661 6954 8455 10185 12166 14421 16974 19850 23075 26676 30681
35119 40020 45415 51336 .... S-‘? /'}/

T(n,5) : 0 3 16 51 126 266 504 882 1452 2277 3432 5005 7098 9828
13328 17748 23256 30039 38304 48279 60214 74382 .... f7[ 3 E S“'“,_

T(n,6) : 1 10 45 141 357 784 1554 2850 4917 8074 12727 19383 28665
41328 58276 80580 109497 146490 .... S71 '3

T(n,7) : 0 4 30 126 393 1016 2304 4740 9042 16236 27742 45474 71955
110448 165104 241128 344964 484500 . ... f;-'? [ 5

P(n,8) : 1 15 90 357 1107 2907 6765 14355 28314 52624 93093 157950
258570 410346 633726 .... ST 1E

I1'11 enclose a sheet on which there are some formulas. There are evidently
connexions with Simon Newcomb's problem and they are not too far from Stirling
numbers of the second kind. The central coefficient, T(n,n), is interesting.
(I'm at home, so I haven't checked if it's in Sloane : yes it's #1070).

Its differences involve the central binomial coefficients, 2,6,20,70,252,...,
perhaps not very surprisingly:

1 1 3 7 19 51 141 393 1107 3139 8953 25653 ... ,Q»QLE.ZQ
0 2 4 12 32 90 252 714 2032 5814 16700 ...
2 2 8 20 58 162 462 1318 3782 10886
0 6 12 38 104 300 856 2464 7104
6 6 26 66 196 556 1608 4640 ...
0 20 40 130 360 1052 3032
20 20 90 230 692 1980
0 70 140 462 1288
70 70 322 826

0 252 504

252 252
0
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Of course, the first differences are 27(n,n-1). You don't have T(n,n-1):
1, 2, 6, 16, 45, 126, 357, 1016, 2907, 8350, 24068, ... E;\hjrj -;7
I haven't done more than glance at the Carlitz, Roselle, Scoville paper,

but presumably there's a general formula, like (3.3), but not jumping
in threes (oh yes, it does):

oo = ) - B0 - B0 -

S =x=-

e ————————

87-05-15

Contipding on totskgfquadrinomial coefg;ziggts, we have -
g(»n,0) =1 (n,1) = n 5173), Q(n,2) is 51002, Q(n,3) is 51363,

Qn,4), Q(n,5), @(n,6) aren't there, but Q(n,7) is S1769and takes us
back to Carlitz, Roselle & Scoville, who give every fourth-one of:

ey = [ - )] + ) ) - - T -

0 k-4
More generally, the p—nomlal coeffic1ents, the coefficients of x
in the expansion of (l+x+ .. 1)

|x/p | s [n] [n+k-1-ps _
) 220 (-1) s k-ps , k=0,1,....,(-L)n.

If we put p = 2, we should get the binomial coefficients,

g o

Formula (3.41) in Gould's Combinatorial Identities is a bttt like that,
and so are (3.56), (3.63), (3.102), r=2 in (3.113), (3.117) and (3.179),
but I'm too lazy to try to wangle any of them into the desired form.
I'1l copy this to Gould and see if he can help. I'm also copying it

to Jim Propp, as it's somewhat up his street. I also enclose some
tables of (trinomial and) quadrinomial coefficients, many diagonals

and columns of which, should be in Sloane, e.g. &(n,4), Q(n 5), Q(n=6! { [

T\
1917

n+k-1-2s
k-2s

i)y Qlnel3 /21_), perhaps Q(2n-1, 3n-2), Q(2n-Z, n-5y5X. y\- ... and\
m,n), @(n,n-1), .... Then thgce s t e 5-nom “Coerrictent , and so\on

but a nité number are nop in Sloane.

/ Best wishes, g, H S? 7CO
2_(’/ gj/zzﬁl S ~ Yours sincere 2-
> 328 7
G e 7,/ Aoihard 71‘. ’
RKG:1 Richard K. Guy. 8
P.S. is is all (?) in Comtet, Adv. Combin., Reidel, 1974, pp.77-78,

who quot André (1875-1873 in his list of refs?) and Montel, 1942.
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