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Maximal Partial Steiner Triple Systems
of Order V s 11

C.J. Colbourn end A. Rosa

1.

A (partial) triple system TS(\;v) is a pair (V,B) where V is a v-sct of
elements and B is a collection of 3-subsets of V, called triples such that
each 2-subset of V is contained in (at most) exactly A triples. The parame-
ters \ and v are called the indez, and the order of the triple system, rep-
sectively. When \ = 1, we have a (partial) Steiner triple system (STS).

The leave of a partial triple system (V,B) is a (multi}-graph (V.E'
where E contains all pairs that appear less than X times in Bj; the multipli-
city of an edge is X minus the number of its appearances in B. A partia
triple system is mazimal if its leave is triangle-free.

In this paper we determine all maximal partial Steiner triple system:
of order v for v = 11. We list all these systems in the Appendix, togethe:
with their leaves and selected invariants and properties (group order
chromatic index, size of minimum embedding).

A companion technical report [3] contains all proofs concernin:
minimum embeddings, immersions and enclosings, as well as a brie
description of the computer algorithms used to generate the systems.

2.

A maximal partial Steiner triple system of order v is denoted mpt (v
An mpt(v) is mazimum (minimum) if its leave has the fewest (most
edges of any mpt(v); such a system is denoted Mmpt (v) (mmpt(v)).

The number of triples in an Mmpt(v), and, in fact, the leaves ¢
Mmpt(v)'s, as well-known (cf., eg., [4] or [2]); the leaves are unique up t
an isomorphism. The number of triples in an mmpt (v) was determined Lt
Novak [6}; unlike maximum systems, the leaves of minimum systems al
not necessarily unique. The possible number of triples in any mpt(v) (i
the spectrum for mpt(v)'s) was then determined almost completely b
Severn |8]. Roughly speaking, the spectrum covers, with a few exception
the interval between the least and largest possible number of triples in ¢
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mpt (v).
As far as we can tell, the only enumeration results for maximal par-

tial triple systems (apart from those for STSs, of course) are due to Novak

[5] who produced all mpt(v)'s for v < 9 (with one omission for v = 9);
some examples of mpt(11)’s are given in [7]. We extend here the catalogue
of mpt(v)’s up to v =< 11. The number of mpt’s is summarized in the fol-
lowing table:

Order v 3 4 56 7 8 9 10 11
Numberof mpt(v) 1 1 1 2 2 4 10 47 472 S
Number of leaves 1 1.1 2 2 4 9 22 85

We list all these systems in the Appendix, together with their leaves. We
also present, for each mpt, the order of its automorphism group, its
chromatic index, and the size of its minimum embedding. We have also
obtained for each mpt(v) the minimum immersion constant and the
minimum enclosing constant but we do not list these with the individual
systems as these are almost always the same for the systems of given order
but rather comment on these in the next section. One "obvious" invariant
that we do not list is the chromatic number; in our range, this invariant
does not yield significant information as its value is always 2 or 3, with the

former occurring only infrequently. The following are the necessary defini-
tions.

A k-block-colouring of a partial TS is an assignment of k colours to
its triples such that any two intersecting triples are assigned distinct
colours. The chromatic inder of a partial TS is the least & for which the
PTS has a k-block-colouring.

A partial STS(V,B) is said to be embedded in an STS(W,C)it Vv Cw
and B C C. The containing system (W,C) is an embedding of the
FPTS(V,B). The number |W/| is the size of minimum embedding for
(V.B) if for any embedding of (V,B) into (U,A), |W| = |U|. A partial
STS(V,B) is said to be immersed in a TS()\;|V|) (V,D) it B C D; the
containing system (V,D) is an immersion of (V,B).

Similarly, a partial STS(V,B) is said to be enclosed in a TS(\w)
(WE)if VC W and B C E; the containing system (W,E) is an enclosing
of (V.B). For a partial STS S = (V,B), define

u(S) = min{A—1: there exists an immersion of S into TS(:; V)
£(S) = min{\;—1+w=v: there exists an enclosing of S into TS(\;w)}.

The numbers v(S) and p(S) are termed the minimum immersion con-
stant, and the minimum enclosing constent, respectively. Finally, let
u(v) = maxy(S), p(v) = maxy(S) where the maxima are taken over all

mpt (v)'s (cf. [2])-

3, . . .
The values of v(v) and p(v) for v = 11 are given in the followint

table:
v34567891011

v(v) O
pv) O

In fact, u(S)= v(v) .
v =< 11, with the obvious exceptions o
STSs, trivially v(S) = p(S) = 0. .
r, each mpt(11) has an immersion into a TS(3;11) as well as
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ith
d p(S) = plv) for each mpt(v) S wit
wd M )f the STSs of order 7 and 9; for the

Moreove !
an enclosing in a TS(2;12)! . ’

It fol'-ws from this table that both Conjecture 1 and Conjecture II
from [2] hold for v = 11. . o

Information about the automorphism group orders is summ::jn:::dt;ln
the next table where the symbol G represents the group order an e

number of systems with this group order.

)
Automorphism group orders of the mpt's
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In this connection it is interesting to obselzrve that.for eachn(i)l'ue "l

ers 7. 8, 9, 10 and 11 there exists, up to an lso.morphlsm, : :mgtic e
maxi;na,l p7artial Steiner triple system. Information about chr
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is summarized below; .here ¢ represents the chromatic index and # the
n}lmber ol"systems with this chromatic index. The results may seem
.blzdarre"at first l?lance but whenever a large chromatic index occurs (=7) it
is due "essentially” to the fact th i i i

s due ess at the system in question contains an STS

Chromatic indices of the mpt's

v=7 _b= b=7
cl|l 4 c|7
#1 #1
v=8 b=7 b=8
|c[5 6 7I ‘ 4
b 11l #
v= =8 b=9 b=10 =
c|l5 6 7 c|{S 6 c|5 2 ig
#1 1 1 #1 1 #[1 #|1
v=10 b=8 b=10 b=11 b=12 b=13
c7|c567 ICISB clda 5 6] |c|>5
#1] |#]5 3 2 #96' #14 10 5]#2J
v=11 b=1] b=12 b=13 b=14 b= b= b=17

(2]
o

15 16
|| 7|lc5 6['3567[ 5 335 6| =7
|§143 Ggl 3 770 1#17

Tl_xe question whether it is feasible to extend this catalogue to include
all maximal partial triple systems of order 12 is hard to answer at present
Thex:e are probably several thousands of these systems. The minimﬂm Z:](i
maximum fxumber of triples in a maximal partial STS of order 12 is 13 and
20, rgspectxvely. The number of Mmpt(12)'s (i.e. those with 20 triples) is
5; this follows easily by observing that the two well-known STSs ol? orde
13 have’ one a_nd four point-orbits, respectively. But the bulk of thr
mpt (12)'s will likely be given by those with a number of triples "half :
between the minimum and maximum possible. P o
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Appendix.

A listing of all maximal partia
6 < v =< 11 follows. For each design, an exp
lowed by the name of its leave, the order of its automorp
chromatic index, and the size of its minimum embedding.

The diagrams of all graphs that appear as leaves of mpt’s with
8 < y < 11 are given on separate pages. For v = 6,7 the leaves are not
shown: A, is Kg3, Az is 3Kz, B, is the hexagon and B, is the null graph.

| Steiner triple systems of order v with
licit listing of its blocks is fol-
hism group, its
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