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E. R. Berlekamp [1] has noted that Q15(x) =

(x72-1) (x=1) -
factors mod p for every prime p, but is lrreducible
(x3-1) (x°-1)

over the integers. A simpler example of this phenomenon 1is

Q8(x) = x4 + 1. These examples represent special cases of a

general theorem,

Theorem. Let F(x) be a monic polynomial with integer coefficients

irreducible over the integers whose splitting field has a

noncyclic Abelian Galois group. Then F(x) is reducible mod p

for every prime p.

Proof. Suppose F has degree n. Denote the rationals by Q@ and

the integers by Z ; let K be the splitting field for P(x), and

let @ be any root of F(x) = 0., Then:
1) By the Fundamental Theorem of Galois Theory ([4],

pp. 156, 160), every subfield of K is normal over Q. In
particular, @ (a) is normal and hence contains all conjugates of
a. Thus F(x) splits over @ (o), and so K = Q(a). (Here is
where we use the fact that the Galois group is Abelian.)

2) Let A be the ring of algebraic integers in K. The
ring A/pA is not ordinarily a field (since pA is usually not a

maximal ideal of A). However, pA 1s contained in a maximal ideal



).

P of A. By [2], Prop. 14 (p. 11), A/P 1s a normal extensilon
of Z /p, and there is a natural map of the Galois group G of
K (over @ ) onto the Galois group H of A/P over Z /p.

3) Considered as a polynomial mod p, Blx) snlits An
AEBs Poy. . if Flx) = (x—al) ey (x-an) in K, the a's are

algebraic integers and hence in A. Let &1,...,&n be their

Q1

images in A/P. Then F(x) = (x- 1) s (x-&n) in A/P.

l) The Galois group H is cyclic, since the fields
are finite. (See [4], p. 117.) Since G is not cyclic, by
hypothesis, G 1s not isomorphic to H. Thus, by 2), H has
smaller order than G. (In fact, the order of H divides the
order of G.)

5) By 1), K is of degree n over @ (since @ (a) clearly
is). By the Fundamental Theorem of Galols Theory, G 1s of order
n. Hence H is of order < n, and so A/P is of degree m < n over
Z /p. Let & be any root of F(x) = 0 in A/P. Then 1.6
are linearly dependent, and soO a satisfies an equation of degree
< m. Thus F(x) is not the minimal polynomial for a, and so F(x)
is reducible mod p. This proves the theorem.

6) Actually slightly more can be proved. Let the
irreducible polynomial for a have degree d, and let %4 be the
field (Z /p)(@); then [£: Z /p] = d. Then A/P is an extenslon
field of 4; since [A/p: ¢1(4: Z/p] = [A/P: Z /p] = m|n, 4 divides
n. Therefore the degree of the minimal polynomial for o divides

the degree of F. In otkher words, the degrees of the factors of

F mod p divide n.
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The theorem, unfortunately, looks more general than
it is. A famous result of Kummer says that all Abelian extensions
of the rationals are subfields of cyclotomic fields. Hence the
roots of the polynomial F(x) must be a linear combination of
roots of unity.

In general, the Galois group of the cyclotomic field
with the nth roots of unity is isomorphic to the multiplicative
group of the integers mod n relatively prime to n. (See (4],
p. 162) This group is cyclic only if n is 1,2,4, a power of an
odd prime, or twice a power of an odd prime. (Bal 131, 0. 55,
Theorem 4.11, for a proof.) Thus the two examples given at the

beginning of this note are two of the simplest. Another easy

one is Q16(X) = x8 + 1.
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