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On the partial sums of the Zeta function g — for 0 <s <1
n

SELA FRIED*

Let 0 < s < 1 and x > 1 be two real numbers, and let n > 1 be an integer. Define
Ss(n) = >"4_; % and denote by n,(z) the smallest integer such that Sy(ns(z)) > z. Set

xs = ((1—=3s)(z—,)+ 1)i, where 7, is the analogue of the Euler-Mascheroni constant,

ie.,
%:$$<1/_W+XQJ.

ns(z) € {{xs] — 1, |zs], |s] + 1}1:
Indeed?, setting n = ny(x), by the Euler-MacLaurin formula, together with the second
mean-value theorem (e.g., [3, 23.1.30] and [4]), we have

1
— R < — X
/ dt 47 + 5 < S8 / dt + v, + 8n1+3

It follows that

We claim that
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INotice that Boas [1] proves a stronger result in a more general setting. However, his results hold for
“sufficiently large” x and he also uses o(1) notation.
20ur proof is almost identical to the one provided by Comtet [2].
1

Thus,

n=1<(1-s)e—7)+ 1T
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By a variant of Bernoulli’s inequality (e.g., [5, (75)]), we have
1

1+1—S 1—S< +1+1
n n+-+ -
2n - 2 n
leading to
1 1 1 1
((l—s)(x—75)+1)175—5—5§n<((1—s)(m—’ys)—|—1)m+1,

from which the assertion immediately follows.

Remark 1. Related sequences: A054040 and A231405.
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