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n i mportant probl em in the additive theory of numbers 

is concerned with the positive odd integers whichBre re pre-
• 

sentabl e as the sum of an odd prime and a power of 2 (with 

positive exponent) . (It is understood that primes are posi-

tive . ) RomAnoff' , in 19511, showed that these intep;ers have 

positive 8sy~ ptotic density [ lJ . He then conjectured that 

ever y positive odd inte g'er fro;:- some point cm.,;ar d is re pre-

sentab1e in this manner . It is no'" kno~m 'th~t, on the con-

trary , there is an infinity of odd positive int.ep:ers not having .-

this pro perty [ 2, 5J; in fact , ther e is an arithmetic pro-

Gr ass ion of positive odd integers not having this pro perty , 

so t ha t the positive inte~ers not the surn of a prime and a 

pCnler of 2 s leo have pos itive density ( 2) . ( ;ie shall 2' i ve 
c. 

this r esult ~n greater generality ae lemma 1 . ) 

I t i s then inter esUn". to inouire further as to \</het her . , . 

there i s an infinity of pairs of consecu t ive odd numhers not 

havin~ this pro perty . Theore~ 1 shows the answer to t his 

quo s tion to bo in the affirmative . 

I t is al so interestin~ t o consider whether every odd 

~umber from some point onw r d i s a sum 

with p a prime and c and s positive int8~ers . Theorem 2 

shows the nnswer to this (luestion to be in the negative . 
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Theorem 3 produces a cl ass of odd numbers not t e s um of 

prime nd po'~ r of 2. These numbers have been investi gated in 

other Te ll-known ways , particul arly where the exponent is prime . 

These first three theorems USe techniques and reach results 

which ar e extensions o f those of [)] . 

The l ast two theor ems are deductions fron l emma 1, the 

res 1 t ohtained in [21 . The first of these shovis t ha t there 

ex i s t s an arith~etic progr es sion of positive integers not re-

presentabl e as the d iffe r ence of a prime snd a po'~er of 2. 

II 'tle ll-kno \-rn pro bl em is the investi p;ation of positive 

in te ?'c rs which ere the sum of a prim~ and a k t h po'fler for a 

.,. i ve n k ~ 2. I t has been shown in this rega r d the. t for each 

k a-: 2 , e.l most all positive integers are representable as the 

sum of a prime end a k th pO'''''er [q . 'rhe l ast t heorem shows 
• 

the existence , for a certain k, of an infinity of positive 

int.ep.;ers not the swn of a prime and a 
th non- negative k power , 

nor t he SUf'! of a prime and a pOl-Ie r of 2, t hus oomb ining t wo 

,:e l l - .nown pr obl ems . 

L 1 'T'her e ex i s ts an ari thmetic pro ,r ession of odd in-e~nma • • 

te~er6 , ax + b (whe r e x takes all integer values 

and (a , b) = 1) which a r e not r epr esentabl e as 2c.t p 

.... ith p a pr i me . 

2 



Proof: Oonaid"l r 9 residue system gi (mod ni) ' 1~1~ w , with 

r:i~ O( 0 "':: n1 ~ n2 ~'" / n~" n1 + 6 , such that for every 

x there is an i with x E R: i (mod n
1
). Pow for each i , 

ther e exists a prime Pi such that 2ni~ 1 (mod Pi)' 

This is 

true by R theorem s t atinr, that for eaoh n:; 6 , there 

exi sts a prime p such tha t p \2? - 1 but pf tn - 1, 

for m'::: n [ 5 ] . ?v the Chinese r emainder t heorem there v 

Cf" 

is an int-e e er t such that t 5. 2" 1. (mod Pi ) ' f o r all i, 

l ~ i~ w , and t S' ztw + 2 + 2nw + 1 ... 1 (mod l " + 3) , 

since no t wo P. t 8 are identical and no p .:: 2. Since 
1. • 1. 

the solut.ion of this simultaneouB syst.em i s unique 

modulo the product of the moduli, if b is one sol u-

Uon t hen , t ::: -:f"l + 3 (it p, ) x f b = ax + b g ives 
1 = 1 1. 

a ll solutions as x var ies over the intef,ers . Since 

for each i , (2[~i, P
i

),= 1, and since 

(2n,,;" 2 + 2n ~1 + 1, 2n" + ~ ) ;::.1, t.hen (a , b ) .: 1. 

N O\of 2r~i =:. t (mod p ) and sinc e 2
ni :-1 (mod p ) , 

i. 

2kn i a: l ( r.lOd P.), for ,ove r y k po sitive or O. Hence , 
1. . 

["1 ... kni 
£'0 1' each i , 2 ~ t (mod Pi) . NO\1 by our choice 

of the g1 and n
i

, for each positive integer c ther e 

exis t i nnd k such that c ;:: g1 -4- kni • 

t hera exists i such that t s 2
c 

(mod 

ThuB for each c 

P ) f or all 
i 

t :: b ( ma da. ) . Since p c:. ~w , 
i 

it only r to show 



I t .. 2° ). -;!lw . 

Now t .. 2°= -;:!lw +2 + 2nw "+ 1 .. 20 .. 1 (mod 2Tlw + ') . 

If o ~ n + 3, t hen 20: 0 (mod 2"w .. ' ) "I - • Ther efor e 

I t ... 2° , o ~ nw .,. ~ . No ' for 

o < o ~ nl'1 ';' 2, if t is poaitlvo , t~ 2"w -+2 t 2"" +1 -t 1 

and so t .. 20 ~ -:f1t1 t 1 + 1 ~ 2f\" . I f t is negative , 
• 

t ~.. 2"' + 1 + 1 and so t .. 20 ~ .. 2nw + 1 + 1 and 

I t - 2° \ > -£'\</ + 1 .. 1 > ';!I'll . Thus I t .. 2°1 1s 

posHe for a ll t s: b (mode.) and all 0> O. 

, , , 
G. . E. D. 

Throurrhout the fo llo,.,ing , p denotes an arbitrary odd prime , 

and ax + b an arithmetic progression ,.,ith (a , b) = 1 l'1hich, for 

each intezer x , i s 
c 

not re presentabl e as 2 :t. p, ,dth 0 > 0 . 

L et!'JJlla 2. 

Proo f : 

?or each inteeer n ~ " 22" - - 1 i s no t r epr esentabl e 

c d as p + 2 + 2 , 0 ¢ d • 

Supposo that c lo d ~ 0 , N::; 22" - 1 .. 2
c 

.. 2d ~ 0 , and 

l e t -;!' be t he 1ar est power of 2 dividing 0 - d 

(r ~ n ) . 
d 

t 2 and since 

r ~ n , 

other hand , fo r n ~ " N 

Hence 22! + 1 N. On the 

22"- J ;.. l~ 22" .. 1+ 1 ~ 22! +- 1 J 

.-,t' 
N:.. 2':' + 1. Therefor e N is composite and the 

lemma follo\,ts . 

Q. E. D. 

4 



Theor em 1 . The r e is a.n infinity of pairs of consecutive odd 

Proof. 

numbers not r epresentable as p 

Consider for n ~ ~ , 22
n 

- 5 and 

c + 2 • 

22? ... , . 

2° + p , t hen 0 < ':fi and 22n _ l :: 22 + 2c ... PI hence by 

1 emma 2, 0 .::; 2 and so p .: 22n _ 9 ;:: (2~-l + ; )( 22n- 1 ... ~) , 

uhich is i mpossibl e . I f 22n - 3 = 2c + p, then 

22
n 

_ 1::: 2 + 2c ... p ; hence by l emma. 2, O;tO 1 and 

p ::. 2
2n 

_ 5 . HO\1eVer , if n = 2 (mod 4) and n >0 2, 

since 2 is a primitive roo t mod 11, and 24k .. 2 : 4 

(;nod 10) , then 22n= 24 = 5 (mod 11 ) . Thus for 

n :. 2 (mod is composite . • There-

fore none of the nU'lIber s 2i+x t 2 _ 5 and 2i*x+2 _ " 

is n Dum of a prime and a power of 2 . 

• E. D. 

Theorem 2. Ther e is an infinity of odd numbers not expr essibl e 

as p + ~ + 22" , "lith c and s posi t1 vo integer s . 

Pr oof: Take 22n 
2 - 1 , n an, integer ~ 2. Suppo se that N:-

22n 29 2 - 1 - 20 - 2 ). O. By t he l emma 2, N 1s 

composite if 0 ., 2s • If 0 ;:: 28
, N.: 2 (22211- 1 ... 1) ... 

(229 .,. 1 ... 1) . No\-' 22l' + 1 J 29 + l , ther e Z is the 

largost power of 2 divldin s (r '"' n since 8 .tt. 2'1) . 
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NOVI 22: t 1 

• 

• 

2t' + 1 2 

(r ..:: n) . Therefore 222: + 1 - 1 f N (r ..-= n) J also if 

- 1 _ 1 - 1 22n 
> 2 .. 2 - 1 ). 

- 1 ... 1 - 1, i . e . , 
• 

Thus th number N is also composite for 
s 

c:::2. 

1 - 1. 

Q. E. O. 

Theore:n 3. If n ~ ) , then 22n - 1 .. 1 is not representable as 

p + 2c • 

Proof: Consider N: 22n -1_ 1 _ 2c ::: (22
n -1) .. 2211 - 1_2c • 

If N ~ 0 , 0 ~ 2!l .. 1, and hence by lemma 2, N is 

conposlte . 
• 

• E. D. 

From 1amma 1, i t f0110~18 

Theorem I}. There is an arithmetic pro gression of positive odd 

T' roof& 

integers not representable &s p .. 2c • 

Choose Xo such that axO + b "" O. 

since by lemma 1, ax +- b is not 

Then for all x~ x , 
o 

of the form 2° .. p , 

I ax .. b \:. - ax .. b 1s not of the form p .. 2° . 
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Thoor 5 . There k ~ 2 uch th t an infinity of poelt iv 

odd inte ~ers 1 not r e tabl 

tlv or 0), nor as p + 2° . 

oofe Consider (ox ~ b)l( ) + 1, x positive . 

t ote c 

No\-! bl (a) ~ 1 ( d a) as Il and bare oopr ime , 

thus bl (a ) ~ l~ b (nod a) . 

J1 t (ax + b/(s.) + 1 .= b,s'(a) + 1 ("IOd a) . 

(mod ~) ! thus -Henco (ax + b / (a) -+ 1:= b 

( ax + h) 1 ( a) + 1 ::: ax'... • I ( ) .-1 
Ther efore (AX "" b ) 

c i s not r epresentabl e as p + 2 . (Actual l y i t is not 

r epresentabl e as 2c - p, as !;rell). 

~!o \-T i f 2 ~ q :S ax ... b or if q .l; 0 , t hen 

( b)95(a) + 1 ( b )'( a) + 1 
ax ~ - ax + - q is composite . 

F~ r q :::1, one has a po l ynomi a l of de ee I(a) whi ch 

is composi to for an inNni ty of x by Ii lell-'~no ~n 

theor em . Ther efore for an inflni ty of x, 

(ax + b)'(a) + 1 i s not represent hI e as p + yk , 

• E. D. 

q » ax ... b , henoe , I (a) ~ 1 is odd , 
1 

8 p - yk, with y positive or 0, 

k :: ~(a ) + l . 
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