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1.1 The Appell group. Let G(x) =1+ g1z + g22® + - -+ be an ordinary

generating function (OGF) and consider the associated lower unitriangular
array

1
g 1
g g1 1
g3 92 g1
: g3 g2

gs

having one repeated column formed from the coefficients of G(x). The
sequence of column OGFs of the array is

(G, G, 2%G, 3G, - ) .

In the language of Riordan arrays this array is denoted by (G(z),z). The set
of Riordan arrays of this type form an abelian group under matrix
multiplication called the (ordinary) Appell group [1, Section 3]. The group
multiplication law is

(G(2),2) * (F(2),x) = (G(2)F(2), )

with the group inverse

(G(z),z) ' = (G(lw)z> .

The purpose of these notes is to generalise the Appell group by considering
lower unitriangular matrices with n repeating columns.

1.2 The generalised Appell groups. Let G;,i=0..n— 1, be n power
series, all with constant term 1. We shall use the double round brackets
notation ((Go,G1,- -+ ,Gn—1)) to denote the lower unitriangular array with
column generating functions

n—1 n n+1 2n—1
(G07$Gla"'7m anhx G07.'I} G17"'7$ anla"')-

We denote the set of arrays of this type by A,.



1 1 1
Example 1. The array ((1 G G )3>> in A3 begins
-z (1—-=z -

1

11

1 2 1

1 3 3 1

14 6 11

1 5 10 1 2 1
13 3 1
1 4 6 1 1
1 5 10 1 2 1

with its first three columns repeated.

Clearly, A; is the Appell group. In terms of the double bracket notation,
the group operations in A4; read as

(@) (1) = (GF))

The Appell group A; is contained in the set A, for all n. More generally, if n
divides m then A, is contained in A,,.

It is not difficult to show that A, is a group for n > 1. We prove this in the
next section for the case n = 2; the proof can easily be extended to the general
case. We expect this simple result is somewhere in the literature but a quick
internet search didn’t find anything relevant, hence these notes. It seems
reasonable to refer to the groups A, as generalised Appell groups.

1.3 The group A,

We have

Ay = {((G,F)) | G(x) = 1+igkxk,F(aﬁ) :1+ikak}.
k=1

k=1

A typical element ((G, F)) of Ay begins



g1 1

g2 fi 1

g3 foog1 1

s g2 fi 1 )
: g3 fo C

IE

with its first two columns repeated. Clearly, the identity element ((1,1)) €As.
Arrays in Ay are examples of double Riordan arrays introduced in [1]. In the
notation of that paper, our array ((G, F))) is the double Riordan array

G- F 2G
,l’é,fl; F .

It will be convenient in what follows to denote the even and odd parts of a
power series f(z) by feven and foqq:

f(@) + f(=2)

f(@) = f(=2)
5 .

fe'uen = 9

, fodd =

Theorem 1 (i) The set of lower unitriangular arrays As forms a group under
the associative operation of matriz multiplication. The multiplication operation
15 given by

((9, 1)) (G, F)) = ((9Geven + [Godds [ Feven + gFodd)) - (1)

Equivalently,
((9,.1) (G, F)) = ((h1, h2))

hl _ Geven Godd qg
<h2> B < FOdd Feven> <f> (2)

(i) the inverse of the array ((G, F)) belongs to Az and is given by

((G, F))fl _ <<FevenA_ Godul7 GevenA_ Fodd>> 7 (3)

where A(z) =(G(x)F(—x) + F(2)G(—x)) /2.

where




Proof. Consider the action of the array ((g, f)) on column vectors. Suppose
that A = (ag,ay,...)" and B = (b, by,...)" are column vectors with OGFs
A(z) and B(z). Then

+ 0 0 0 - ao bo
T 0 0 - a1 by
T 0 -
((9:F) A= T >
g f g f
U
if and only if
B(z) = aog(z)+ arxf(z) + aga’g(x) + agz®f(z) + - --
= g(x) (ao + as2? + agz? —l—) + f(x) (a1x+a3x3 + asz® —|—)
= g9(x)Acven(T) + f()Aoda(T). (4)

With a small abuse of notation we can rewrite (4) as
B(z) = ((9, ) * A(z) = g(x) Acven () + [ () Aoda()- (5)

Now consider the matrix product ((g, f)) (G, F)) of two elements of As.
Since the first column of the array ((G, F')) has the generating function G(z),
it follows from (4) that the first column of the product ((g, f))((G, F')) has the
generating function gGepen + fGodq.- To identify the generating functions of
the other columns of the matrix product observe that

1 |0 0 4\
g1 |
Do
|
1 0|0 0
g1 1 |0 0
g2 fi |
= | ol (g0
Do
|
|

We see that the action of the array ((g, f)) on the second column of the
array ((G,F)) is obtained from the action of the array ((f,g)) on the column



vector of coefficients of the power series F'. Hence by (4), the second column of
the product ((g, f))((G, F)) has the generating function fFepen + 9Fodd
(shifted by a factor of x).

Continuing in this way, we find that the even-indexed columns of the
product ((g, f))((G, F)) have the generating function ¢Geyen + fGoda (shifted
by some power of x), while the odd-indexed columns of the product have the
generating function fFepen + gF,qq4 (again shifted by some power of ).

Therefore, in terms of the double bracket notation, we have shown that

((ga f)) ((G7F)) = ((gGeven + fGodd,fFeven + gFodd)) .

ii) To show that the inverse of ((G, F')) € Ay also lies in A we need to find
power series g and f such that ((g, f)) (G, F)) = ((1,1)). By (2), this is

equivalent to solving
1 _ chen Godd g
(1> N ( Fodd Feven) <f . (6)

The determinant A = Gepen Feven — GoddFoda of the 2 x 2 array in (6)
simplifies to A(x) =(G(z)F(—z) + F(x)G(—x)) /2. Note that A # 0 since
A(0) = 2F(0)G(0)/2 = 1. Hence (6) has the solution

o Feven - Godd f o Geven - Fodd
9= A T A

such that

((G,F))_l _ ((g,f)) _ ((FevenA_ Godd’ GevenA_ Fodd)) c A2'

O

Examples of triangles in the OEIS in A, include A070909 = ((ﬁ 1))
A106465 = ((L 1 )) A177990 = ((1 ﬁ)) and A177994 —

1—z’ 1—22

1 1
l-z)1-22)1-2

As previously remarked, it is not difficult to extend the above proof that
Ajs is a group to show that A, is a group for n > 2. As an example, the
multiplication rule in Ajg is given by

((G1,Ga,G3)) (Fy, Fa, F3)) = ((ha, ha, h3)),



https://oeis.org/A070909
https://oeis.org/A106465
https://oeis.org/A177990
https://oeis.org/A177994

where

I Y FY RPN\

ho | = | F® FY FM |G
1 2 0

hs Y ORP FY ) \Gs

and F(, F(l) and F®) denote the trisections of a power series

Z fra® defined as F©)(z Z fara®k, PO (g Z fapp1a3ktt

k=0 k=0 k=0

and F(2) Zfi%k 2x3k+2
k=0

We note one property of the group As: every element ((G1,G2,G3)) in As
factorises as ((G1, G2, G3)) = ((F1,1,1)) ((1, F2,1)) ((1,1, F3)) for some
uniquely determined power series Fi, F; and Fj.

1.4 Remarks. The following are easy consequences of Theorem 1.

1.4.1 For elements ((f, f)) of the Appell group A; sitting inside the group Az
we have

(LG F) = ((fG, [F)).

1.4.2 The set of arrays of the form (( g(x),g(—x))) is an abelian subgroup of
As with the multiplication operation

where

h(.’L‘) = Geven(x)g(m) + Godd(x)g(_x)'

1
)) is an abelian subgroup

even

1.4.3 The set of arrays of the form ((gevem

of Ay with the multiplication operation

1 a 1 _ G 1
ge'l)en? geven even Geven - ge'l]en evens ge’uenGeven

1.4.4 (i) The set of arrays of the form ((geven, f)) is a subgroup of Ay with
the multiplication operation

((geuerm f)) ((Gevenv F)) = ((gevenGevena gevenFodd + fFeven))

(ii) The set of arrays of the form ((g, feven)) is a subgroup of Ay with the
multiplication operation

((ga feven)) ((G7 Feven)) = ((gGeven + fevenGodd7 fe'uenFeven))



1.4.5 (i) The set of arrays of the form ((g,1)) is a subgroup of Ay with the
multiplication operation

((gv 1)) ((Gv 1)) = ((gGeven + Godd7 1))

(9. 1)) = ((:Ugjd, 1)) :

(ii) The set of arrays of the form ((1, f)) is a subgroup of Ay with the
multiplication operation

((17 f)) ((1’ F)) = ((17 fFeven + Fodd))

-1 _ 1- fodd
((laf)) - ((13 feven )) .

1.4.6 (i) Let ((G,F))) € Az. There exists unique power series g and f given
(1 - Godd)
Geven

(G F) = ((9, 1) ((1, /) -

and inverse operation

and inverse operation

byg:Gaandf:Feven+

factorises as

F,qq such that the array ((G, F))

(ii) Let ((G,F))) € Az. There exists unique power series g and f given

1-F,
by and g = Geven + %Godd and f = F such that the array (G, F))

factorises as
(G, F)=((1,1) (9. 1))

1.4.7 The operator * defined on the group Az by ((g, f))" = ((f,9)) is an
involutive automorphism of As. We have

((g: ) ((g: )" = ((1,1))

1 — goddg 1 — foaaf

— f

geven feven

2.1 The exponential Appell group Most of the results in the previous
sections can be generalised by working with exponential generating functions
rather than ordinary generating functions.



2 23
Let G(z) =1+ g1 + G257 + 9337 + .-+ be an exponential generating
function (EGF). We denote by [[G]] the lower unitriangular array whose k-th
k

column, k =0,1,2,..., has the EGF %G. The array begins

1
g 1
g2 291 1
93 392 3gq1 1 . (7)

gs 493 692 4g1 1
g5 994 10g3 10g2 5g1 1

The set of arrays of this type forms an abelian group under matrix B
multiplication called the exponential Appell group, which we denote by A;.

Example 2. The array [[exp(z)]] is Pascal’s triangle.

If we define the Hadamard product of arrays (a;;) and(b;;) - denoted by (a;;)
X (b;j) - to be the array (a;;b;;) then (7) is equal to the Hadamard product
of Pascal’s triangle with an element of the (ordinary) Appell group A; :

1 1 1

L1 g1 1 g 1

1 21 g2 g 1 g2 291 1
1331 xyl93 92 9 1 g3 392 31 1
146 41 91 93 g2 ¢1 1 ga 493 692 4g1

2.2 The generalised exponential Appell group .ZQ. We associate to
x? z3
each pair of EGFs G(z) = 1+ g1z Tyt g3§+ «--and F(z) =14 fiz+
2 . ! !
f2§ + fgy + -+ a lower unitriangular array, denoted by [[G, F']], whose

sequence of column EGFs is given by

{I?2 £E3 {I?4 £C5
G,xF,jG,yF,ZG,yF, .

We denote the set of all arrays of this type by As. Clearly the exponential
Appell group A; is contained in As.




The array [[G, F]] in A, begins

1

g 1

g2 2fr 1

g3 3f2 3g1 1 (8)

g1 4fs 6g2 4fir 1
g5 5f1 10g3 10fy 591 1

and is equal to the Hadamard product of Pascal’s triangle with an element of
the generalised Appell group A :

1 1 1

11 g 1 g 1

121 g2 fi 1 g2 2fr 1

1 3 3 1 XH g3 fg g 1 g3 3f2 391 1
1 4 6 4 1

g4 f3 g2 f1 1 gs 4fs 6g2 4f1 1

Theorem 2 (i) The set of lower unitriangular arrays

~ s zk oo 7k
Ay = {HG,FH | G@) =1+ gu 7 Fla) =1 +wa}
k=1 ' k=1 :

is a group under the operation of matriz multiplication with identity element
[[1,1])]. The multiplication operation is given by

Hg?fH * [[G7F]] = [[gGe'Uen + fGodds [Feven +gF0dd]]'

Equivalently,
(L, FI1 =[G, F]l = [[ 71, ha]]

(hl) _ (Geven Godd) <g)
h2 Fodd Fe'uen f
(ii) the inverse of the array [[G, F']] is

Feuen - Godd Geven - Fodd
A ’ A

[G.F]| ™ =

where A(z) =(G(z)F(—z) + F(z)G(~z)) /2.



Sketch proof. Let g(x), f(x) be a pair of EGFs. Just as in Theorem 1, but
with a little more work, one can show that the action of the array [[g, f]] on

the column vector A = (ag, a1, ...)T, and by extension its action on the

T
corresponding EGF A(x) = ap + a1+ as—+ - -+, is given by

2!
[Lg, 11 % A(z) = g(z) Acven () + f(2)Aoda()- (9)
k
By definition, the (2k)!" column of the array [[G, F']] has the EGF éz)'G(x)

Using (9), we see that the EGF of the (2k)** column in the product array
(L, FIIIG, F] is

$2k 1‘2k 1‘2k
l9./11* €)= gla) (Qk)p(m))m + f(@) (Qk)!G(:c))Odd
2k ,’EQk

= g(x)%amm + 1) G Gona @)

= (2]{1)' (g(af)Geuen(-T) + f(a?)Godd(x)) . (10)

Similarly, the EGF of the (2k + 1)!* column in the product [[g, f]][[G, F]] is

.T2k+1 x2k+1 $2k+1
(g, f1] * WF(@ = g(z) <(2k+1)'F($>> » + f(z) (MF<$)> »

2k+1 2k+1

X

Fodd(x) + f(x)mFeven(x)

= 9@ g

JC2k+1

= m(g(m)Fodd(az) + f(2)Fopen()) . (11)

It follows from (10) and (11) that the matrix product

[[gvf]] [[G’FH = HgGeven + fGoddvaeven +gFodd]] .

It is now an easy calculation to verify the claimed formula for the inverse array
(G F) .0

2.3 The generalised exponential Appell group ./Zn Let

G;, 1 =0..n—1, be n EGFs, all with constant term 1. We use the double
square brackets notation [[Go, Gy, -+ ,Gp—1]] to denote the lower
unitriangular array with column EGFs generating functions

%2 xnfl " xn+1 x?nfl
Go 2Gy. =G G GGy — G )
O T e G ) W T e ) @ Y

10



and denote the set of arrays of this type by A,. A typical element of A, is the
Hadamard product of Pascal’s triangle with an element of the generalised
Appell group A,. It is straightforward to extend the proof sketched in
Theorem 2 to show that A, for n > 1is a group under matrix multiplication.
We call the group A,, a generalised exponential Appel group. The exponential
Appell group A; is contained in the group A,, for all n. More generally, if n
divides m then A, is a subgroup of A,,.
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