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The inequality
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relates the geometric and arithmetic means of an infinite sequence a1, a2, . . . , where
ak ≥ 0 for all k and ac > 0 for at least one c. The constant e is best possible
[1, 2, 3, 4, 5].
A number of refined versions of Carleman’s original inequality have appeared

including [6, 7]
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and a generalization exists [8, 9, 10, 11, 12, 13]:
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where m is any positive integer and b1 = 1/2, b2 = 1/24, b3 = 1/48, b4 = 73/5760,
b5 = 11/128, b6 = 3625/580608, . . . are generated via
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, b0 = −1.

In different directions, we have
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and a common extension of these also exists [14, 15].

0Copyright c° 2013 by Steven R. Finch. All rights reserved.

1



Carleman’s Inequality 2

Our interest is in the nth finite section of Carleman’s inequality:
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ak.

It is known that the best constant Cn satisfies [16, 17]

Cn = e− 2π2e 1
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+O

µ
1
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¶
asymptotically as n→∞. The rate at which Cn approaches e is quite slow. What
can be said for small values of n?
It is not difficult to show that
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4
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via direct minimization of
Pn

k=1 (a1a2 · · · ak)
1/k subject to the constraint

Pn
k=1 ak = 1.

A symbolic technique in [18] gives that C4 = 1.4208443854... is algebraic of degree 24
with minimal polynomial

109049173118505959030784x24 − 654295038711035754184704x23

+1472163837099830446915584x22 − 1387347813563214701002752x21

+220843507713085418766336x20 + 361130725214496730644480x19

+18738444188050884919296x18 − 149735761790067869220864x17

−20033038006659651207168x16 + 14417509185682352898048x15

+16905530303693690241024x14 − 2098418839125516877824x13

−198705178996352483328x12 + 427447433656163893248x11

+41447678188009291776x10 − 2629784260986273792x9

+660475521813381120x8 + 342213608420278272x7

+42624005978423296x6 − 201976270848000x5

+274965186525696x4 + 12841816536576x3

+373658292864x2 + 22039921152x

+387420489;

also we have C5 = 1.4863532289... and C6 = 1.5379375565... by numeric means. The
minimal polynomials of C5 and C6 are presently unknown.
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