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The inequality
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relates the geometric and arithmetic means of an infinite sequence aq, as, ..., where

ap > 0 for all £ and a, > 0 for at least one £. The constant e is best possible
1, 2,3, 4, 5].
A number of refined versions of Carleman’s original inequality have appeared

including [6, 7]
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and a generalization exists [8, 9, 10, 11, 12, 13]:
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where m is any positive integer and by = 1/2, by = 1/24, by = 1/48, by = 73/5760,
bs = 11/128, bg = 3625/580608, ... are generated via
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In different directions, we have
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and a common extension of these also exists [14, 15].
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Our interest is in the n'* finite section of Carleman’s inequality:
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It is known that the best constant C,, satisfies [16, 17]
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asymptotically as n — oo. The rate at which C), approaches e is quite slow. What

can be said for small values of n?
It is not difficult to show that
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via direct minimization of Y ;_; (ajasy - - - a;)"’* subject to the constraint S ap =1
A symbolic technique in [18] gives that Cy = 1.4208443854... is algebraic of degree 24

with minimal polynomial

1090491731185059590307842%** — 6542950387110357541847042
114721638370998304469155842* — 1387347813563214701002752x2!
+2208435077130854187663362%° + 3611307252144967306444802°
1+187384441880508849192962'® — 1497357617900678692208642"7
—200330380066596512071682'° + 144175091856823528980481°
+169055303036936902410242 — 2098418839125516877824113
—198705178996352483328x'% + 4274474336561638932482'
1+414476781880092917762'° — 26297842609862737922°
+6604755218133811202° 4 342213608420278272x"
+426240059784232962° — 2019762708480002°
+2749651865256962* + 128418165365762>
+3736582928642% + 220399211522

1-387420489;

also we have C5 = 1.4863532289... and Cg = 1.5379375565... by numeric means.
minimal polynomials of C5 and Cj are presently unknown.
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