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Abstract

We follow [2] in using the idea of the cycle index for matrices developed in [1]
to derive bivariate generating functions that give enumeration results on matrices
over a finite field having various properties. In like manner, we count the number of
elements of any given order in GL,,(F,). We provide references to some sequences,
newly added to the Online Enclyclopedia of Integer Sequences, OEIS. Our presen-
tation provides a concise and uniform mechanism for solving matrix enumeration
problems where the desired matrices have properties shared by entire similarity
classes.

Introduction

The cycle index for matrices is a ”vector space analog of the Polya cycle index
for a permutation group”[1]. A beautiful exposition of which is given by Morrison
[section 2.1]. In its barest form the cycle index for matrices can be expressed as

1
= Z H Thp,Ap(A)
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where the indeterminates are subscripted by an irreducible polynomial ¢ paired
with an integer partition A\g(A) associated with an n x n matrix A over a finite
field Fy, and v, = |GL,(F,)|. Many important enumeration results Cf. [2] can
be realized by simply setting the indeterminants equal to 0 or 1. Using this idea,
we give a concise and uniform mechanism (in the form of a small set of bivariate
generating functions) for solving matrix enumeration problems. In particular we
count

All n x n matrices over F, classified by corank, Cf. A286331.
All n x n matrices over Fy classified by number of cyclic matrices in a cyclic
decomposition, Cf. A346677
All n x n matrices over I, classified by degree of minimal polynomial, Cf.

A347010

Diagonalizable n x n matrices over F, classified by corank, Cf A296548
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Diagonalizable n x n matrices over F, classified matrices by number of
eigenvalues, Cf A296605

Triangularizable n x n matrices over I, Cf. A346210
Idempotent n x n matrices over F, classified by corank, Cf. A296548
Nilpotent n x n matrices over [, classified by corank, Cf. A346412
Nilpotent n x n matrices over Fy classified by index, Cf. A346214
Cyclic n x n matrices over F, classified by corank Cf. A346084
Cyclic n x n matrices over [, classified by number of distinct irreducible factors

Indecomposable n x n matrices over F,
Semi-simple n X n matrices over I, classified by number of distinct irreducible
factors

Separable n x n matrices over F, classified by number of distinct irreducible
factors Cf. A344873

Simple n x n matrices over I, Cf. A345463

Recurrent n x n matrices over IF, Cf. A348015

Preliminaries

Let ® be the set of monic irreducible polynomials in F,[z]. Let ¢ € ® with
deg ¢ = d. Let L = {0,{1},{1,1},{2},{1,1,1},{1,2},{3},{1,1,1,1},...} be the
collection of all partitions of nonnegative integers taken as ordered multisets of
positive integers where it is understood that the partition of the integer 0 is the
empty set. Let A = {)\1 S )\2 S é )‘j} € L with )\1 +)\2++)\J = |>\|
Define cq4(\) to be the order of the group of module automorphisms of the F,[z]-
module ®7_,F,[z]/(¢™). Equivalently, cg(\) is the number of d|A| x d|A| invertible
matrices that commute with A, where A is the direct sum of the companion matrices
C(¢p™M),...,C(¢). In other words, A is the rational canonical form representative
of the unique class of matrices having characteristic polynomial ngl i = ¢,
minimal polynomial ¢/, and invariant factor list: ¢*t|¢*2]---[¢p*. We see that
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cq(M) is also the order of the stabilizer subgroup of A under the action of conjugation
by GL,(F,). So the size of the orbit of A under this action is IGchni((gq)l. The
following formula for the quantity c4(A) is given in [1]

b;
caN) =[] T (@ = ¢

i k=1

where b; is the number of parts in A of sizei and s; =1-b1+2-bo+---+17-b; +
Z.(bi—‘,-l +--+ bn)~

Each conjugacy class in Mat,,(IF,) is uniquely specified by the multiset of ele-
mentary divisors of a matrix in the class. So each class is determined by a function
from ® to L such that only finitely many values are nonempty. The finite set of
ordered pairs (¢ € &, X # () € L) given by such a function is called the conjugacy
class data in [2].

Fix | C L,d > 1. Let length()\) denote the number of its parts and max(\) be
the largest part where it is understood that length(#) = 0 and max(f)) = 0. We
define the following bivariate generating functions :

Ulength()\)ud|/\\

Gaaluw,0) =3 ca(A)

A€l

max()\)ud\M

Fai(u,v) = Z ch)\)

A€l
vudM

Hy(u,v) = —— —v+1
22(t:?) )\Zelcd()\)

,Udmax(A) ud|)\|

Jd,l(uav) = Z Cd()\)

A€l

These functions will be used in the following along with two important subsets
of L defined below:

Ly ={0,{1},{1,1},{1,1,1},{1,1,1,1},...}
Ly = {07 {1}7 {2}7 {3}, {4}7 e }

Some classifications of all matrices in Mat, (F,)



Let a,, be the total number of matrices in Mat,, (F;). Let v4 be the number of
monic irreducibles in ® of degree d and let +,, denote the order of GL,,(F,). Then

Zanu —HGdLul))

n>0 Tn d>1

Let @y, ; be the number of matrices T’ in Mat,, (IF,) of corank k, 0 < k < n. Note
that the variable v in G1; is counting dim(E(T',0)) the dimension of the eigenspace
corresponding to the eigenvalue 0. So we have:

> Z IV _ = Gr(u,0) - (Grr(w, 1)) T](Gar(u, 1)

n>0k=0 d>2

Let ay, , be the number of matrices T' in Mat,, (F,) that can be decomposed into
at most k cyclic matrices. Equivalently, a,, ; is the number of matrices over the
algebraic closure of F, whose Jordan normal form has k blocks. Then

n
On, V" U™ kyn

= H (G,LL(’UJ, U))Vd

n>0 k=0 Tn d>1

Let ay, ; be the number of matrices T' in GL, (F,) that can be decomposed into
at most k cyclic matrices. Then a, i is a g-analogue of the Stirling numbers of the
first kind and we have:

Zzankvu GdL(UU q 1H GdLUU))

n>0 k=0 a>2

Let a, x be the number of matrices T" in Mat,, (F,) that have minimal polynomial
of degree k. The variable v in Jy;(u,v) is counting the degree of each irreducible
factor in the minimal polynomial. So we have:



Diagonalizable matrices

A matrix T in Mat,,(Fy) is diagonalizable if and only if 3 cp dim(E(T,a)) = n.
Equivalently, the conjugacy class data for a diagonalizable matrix 7' contains only
linear polynomials paired with partitions of the form {1 <1 < -.. < 1}. Now
let L1 be the set of all such partitions along with (. Let a, be the number of
diagonalizable matrices in Mat,,(F;) . Then

n

= (Gl,Ll (U, 1))q

>

n>0 Tn

Let @y, be the number of diagonalizable matrices in Mat,, (F,) of corank k, 0 <
k <n. Then

kun

n
>y =

= G17L1 (’LL, ’U) ! (GLLl (u7 1))(]71'
n>0 k=0 Tn

Let ay, ; be the number of diagonalizable matrices in Mat,, (F,) having k distinct
eigenvaules 0 < k < ¢q. Then

n k. n
D> T = (Hg, (u,0)"

n>0 k=0

Triangularizable matrices

A matrix T in Mat, (F,) is triangularlizable if it is similar to an upper tri-
angular matrix. In other words, if there is a basis bi,...,b, for Fy such that
Tb; € (by,...,b;) for all 1 < i < n. It is shown in [3] that a matrix T is trian-
gularizable if and only if pp splits (its factorization contains only powers of linear
polynomials). Let a, be the number of triangularizable matrices in Mat,, (F,).
Then

) W (G, 1))

n>0 Tn



Idempotent matrices

A matrix T is idempotent (a projection) if T2 = T. Equivalently, if it is di-
agonalizable and has only eigenvalues of 0 or 1. Accordingly, the conjugacy class
data contains only pairs with polynomials z or z — 1 and partitions of the form
1<1<-.-<1. Let ay, be the number of idempotent matrices in Mat,,(F,;). Then

1

>

nso I

= (Gr.r,(u,1))*.

Let an  be the number of idempotent matrices in Mat, (F,) of corank k, 0 <
k <n. Then

n

Ay VU™
Z Z in = Gl,L1 (U,U) . Gl,Ll (u, 1)

n>0 k=0 Tn

Nilpotent matrices

A nilpotent matrix is a matrix T such that 7™ = 0 for some positive integer
m. The least such m is called the index of T. A matrix T' € Mat,, (IF,) is nilpotent
if and only if the characteristic polynomial X'(z) = 2". The conjugacy class data
contains only the polynomial z paired with any partition. Let a,, be the number of
nilpotent matrices in Mat,, (F,). Then

Z nt = Gl,L(uv 1)

nso In

Let ay, ;, be the number of nilpotent matrices in Mat,, (F,) of corank k, 0 < k < n.
Then

n k,mn
¥ Ink U Gy (u, ).
Tn

n>0 k=0



Let ay, m,m be the number of nilpotent matrices in Mat,, (F,) with index m, 1 <
m <n. Then

>0 % = F1,(u,v).

n>0 m=0

Cyclic matrices

A matrix T € Mat,,(F,) is cyclic if there is a vector v such that span({T"v :i >
0}) = . The minimal polynomial pr(z) is a proper divisor of X7 (z) if and only
if for every v € Fy, span({T"v : i > 0}) is a proper subspace of [y . In other words,
T is cyclic if and only if ur(z) = Xr(z). The subspace lattice of these matrices is
isomorphic to a cross product of chains. The conjugacy class data will contain only
trivial partitions. Let L; be the set of such partitions along with (). Let a,, be the

number of cyclic matrices in Mat,, (F,). Then

Z anu” _ H(Gdi‘t (u’ 1))1/[1.

n>0 Tn a>1

Owing to the constraint on the partitions in the conjugacy class data we see that
dim(E(T,a)) is 0 or 1 for every a € Fy so that the corank of any cyclic matrix is
either 0 or 1. Let a,  be the number of cyclic matrices in Mat,, (F,) with corank
k, 0 <k <1. Then

! a, poFun
SN e =Gy () (G, (0, 1) T (G, (1))
0

n>0 k= Tn d>2

Let ay, x be the number of cyclic matrices in Mat,, (F,) with & distinct irreducible
polynomials in its factorization. These matrices have subspace lattices isomorphic
to a crossproduct of k chains. We have

Z i a">:vkun = H Hd,Lt (u7 U)'

n>0 k=0 d>1

Indecomposable matrices



Call a matrix is indecomposable if and only if it is cyclic and its minimal poly-
nomial is the power of a single irreducible. These matrices have invariant subspace
lattices that are chains. The conjugacy class data contains only one irreducible
polynomial paired with a trivial partition. Then the number of indecomposable
matrices in Mat,, (F,) is the coefficient of % in the expansion of the above gener-
ating function.

Semi-simple matrices

A matrix T € Mat,, (F,) is semi-simple if it is diagonalizable over the algebraic
closure of Fy. This means that pr(z) must be square free. The conjugacy class
data contains only partitions of the form 1 <1 <..- < 1. Let a, be the number of
semi-simple matrices in Mat,,(F,). Then

SO (Gar (1),

n>0 Tn a>1

Let a, x be the number of semi-simple matrices in Mat, (F;) whose minimal
polynomial is the product of k distinct irreducible factors. Then

A g0 U™
ZZ—%—=Hmmmmw

n>0 k d>1

Separable matrices

Call a matrix T' € Mat,, (F,) separable if it is both semi-simple and cyclic. These
matrices are characterized by having squarefree characteristic polynomials. So the
invariant subspace lattice of these matrices is isomporphic to the Boolean lattice.
The only partitions in the conjugacy class data are empty and {1} which is the
intersection of Ly and L. Let a,, be the number of separable matrices in Mat,, (F,).
Then

S [[(Garan (1))

n>0 Tn d>1

Let ay,  be the number of separable matrices in Mat,, (F;) whose characteristic
polynomial is the product of &k distinct irreducible factors. Equivalently, ay,  is the
number of matrices in Mat,, (F,) whose invariant subspace lattice is isomorphic to
the Boolean lattice B;. Then
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Simple matrices

Call a matrix T € Mat,,(F,) simple if there are no nontrivial T-invariant sub-
spaces. Equivalently, every nonzero vector in Fy is a cyclic vector, i.e., for each
nonzero vector v € Fy!, span({T"v : i > 0}) = F7. It must be that Xp(z) = pp(2)
is irreducible. So the conjugacy class data contains only irreducible polynomials
paired with the empty partition or {1}. Then the number of simple matrices in
Mat,, (F,) is the coefficient of ”$ in the expansion of the above generating function.

Recurrent matrices

Call a matrix T € Mat,,(F,) recurrent if T = T* for some k > 1. Then T is
recurrent if and only if imT = im7? if and only if 22 does not divide mz(z), the
minimal polynomial of T'. Let a,, be the number of recurrent matrices in Mat,, (F,).
Then

Z anu” _ Gir,(u,1,)G1 (u,1) H(Gd,L(“v 1)*

n>0 Tn d>2

Order of invertible matrices

The order of a matrix T' € GL,(F,) is the smallest positive integer k such that
T* = I. Let pur(z) be the minimal polynomial of 7. Then the order of T is the
smallest positive integer k so that ur(z)|z* — 1. Suppose the order of T' divides
m. Let 2™ —1 = ¢7¢5 - ¢F with deg(¢;) = d;. The conjugacy class data contains
only the irreducible polynomials ¢; and the partitions of integers into parts of size
at most e. Let L, be the set of such partitions along with @. Let a,, be the number
of matrices in Mat,,(F,) whose order divides m. Then

Zanu _HGdL

n>0 n
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