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Recap

© Convex sets, convex functions, some challenges
O Minimizing f(x) via descent x <— x + ad ((Vf, d) < 0)
O Vf(x*) = 0 necessary for optimality; sufficient for convex

© Gradient descent ensures f(x¥) — f(x*) < ein O(1/e) iterations
(we wrote this as: f(x¥) — f(x*) = O(1/k)).
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Recap

© Convex sets, convex functions, some challenges

O Minimizing f(x) via descent x <— x + ad ((Vf, d) < 0)

O Vf(x*) = 0 necessary for optimality; sufficient for convex

© Gradient descent ensures f(x¥) — f(x*) < ein O(1/e) iterations
(we wrote this as: f(x¥) — f(x*) = O(1/k)).

Q Lower bound: O(1/k?); attained by Nesterov’s accelerated
gradient method.
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Recap

Convex sets, convex functions, some challenges
Minimizing f(x) via descent x < x + ad ((Vf, d) < 0)

Vf(x*) = 0 necessary for optimality; sufficient for convex
Gradient descent ensures f(x*) — f(x*) < e in O(1/¢) iterations
(we wrote this as: f(x¥) — f(x*) = O(1/k)).

Lower bound: O(1/k?); attained by Nesterov’s accelerated
gradient method.

3I3BABA

3

O Converge as O(e~*) for strongly convex; AGM attains lower-bd.
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Vf(x*) = 0 necessary for optimality; sufficient for convex
Gradient descent ensures f(x*) — f(x*) < e in O(1/¢) iterations
(we wrote this as: f(x¥) — f(x*) = O(1/k)).

Lower bound: O(1/k?); attained by Nesterov’s accelerated
gradient method.
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Converge as O(e*) for strongly convex; AGM attains lower-bd.
O Constrained optimization: minf(x) s.t. x € X
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Recap

Convex sets, convex functions, some challenges
Minimizing f(x) via descent x < x + ad ((Vf, d) < 0)

Vf(x*) = 0 necessary for optimality; sufficient for convex
Gradient descent ensures f(x*) — f(x*) < e in O(1/¢) iterations
(we wrote this as: f(x¥) — f(x*) = O(1/k)).

Lower bound: O(1/k?); attained by Nesterov’s accelerated
gradient method.

3I3BABA

3

3

Converge as O(e*) for strongly convex; AGM attains lower-bd.
O Constrained optimization: minf(x) s.t. x € X
QO Optimality condition: (Vf(x*), x —x*) > 0forallx € X
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Recap

Convex sets, convex functions, some challenges
Minimizing f(x) via descent x < x + ad ((Vf, d) < 0)

Vf(x*) = 0 necessary for optimality; sufficient for convex
Gradient descent ensures f(x*) — f(x*) < e in O(1/¢) iterations
(we wrote this as: f(x¥) — f(x*) = O(1/k)).

Lower bound: O(1/k?); attained by Nesterov’s accelerated
gradient method.

3I3BABA

3

Converge as O(e*) for strongly convex; AGM attains lower-bd.
Constrained optimization: minf(x) s.t. x € X

Optimality condition: (Vf(x*), x —x*) > 0forallx € &
Frank-Wolfe algorithm, using min, ¢y (Vf(x¥), z)

3IABABA
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Recap

Convex sets, convex functions, some challenges
Minimizing f(x) via descent x < x + ad ((Vf, d) < 0)

Vf(x*) = 0 necessary for optimality; sufficient for convex
Gradient descent ensures f(x*) — f(x*) < e in O(1/¢) iterations
(we wrote this as: f(x¥) — f(x*) = O(1/k)).

Lower bound: O(1/k?); attained by Nesterov’s accelerated
gradient method.

3I3BABA

3

Converge as O(e*) for strongly convex; AGM attains lower-bd.
Constrained optimization: minf(x) s.t. x € X

Optimality condition: (Vf(x*), x —x*) > 0forallx € &
Frank-Wolfe algorithm, using min, ¢y (Vf(x¥), z)

IABABABA

Projected gradient, x < Px(x — aVf(x))
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Gradient descent ensures f(x*) — f(x*) < e in O(1/¢) iterations
(we wrote this as: f(x¥) — f(x*) = O(1/k)).

Lower bound: O(1/k?); attained by Nesterov’s accelerated
gradient method.
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Optimality condition: (Vf(x*), x —x*) > 0forallx € &
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Projected gradient, x < Px(x — aVf(x))

CEECERCERCERCRRC]

Stochastic programming: min, F(x) := E¢[f(x, )]
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Convex sets, convex functions, some challenges
Minimizing f(x) via descent x < x + ad ((Vf, d) < 0)

Vf(x*) = 0 necessary for optimality; sufficient for convex
Gradient descent ensures f(x*) — f(x*) < e in O(1/¢) iterations
(we wrote this as: f(x¥) — f(x*) = O(1/k)).

Lower bound: O(1/k?); attained by Nesterov’s accelerated
gradient method.
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3

Converge as O(e*) for strongly convex; AGM attains lower-bd.
Constrained optimization: minf(x) s.t. x € X

Optimality condition: (Vf(x*), x —x*) > 0forallx € &
Frank-Wolfe algorithm, using min, ¢y (Vf(x¥), z)

Projected gradient, x < Px(x — aVf(x))

Stochastic programming: min, F(x) := E¢[f(x, )]

SA/SGD: xF1 = xk — a;¢;, where E[g;] = VF(x)

CERCAECERCERCRRCARG
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Recap

Convex sets, convex functions, some challenges
Minimizing f(x) via descent x < x + ad ((Vf, d) < 0)

Vf(x*) = 0 necessary for optimality; sufficient for convex
Gradient descent ensures f(x*) — f(x*) < e in O(1/¢) iterations
(we wrote this as: f(x¥) — f(x*) = O(1/k)).

Lower bound: O(1/k?); attained by Nesterov’s accelerated
gradient method.

3I3BABA

3

Converge as O(e*) for strongly convex; AGM attains lower-bd.
Constrained optimization: minf(x) s.t. x € X

Optimality condition: (Vf(x*), x —x*) > 0forallx € &
Frank-Wolfe algorithm, using min, ¢y (Vf(x¥), z)

Projected gradient, x < Px(x — aVf(x))

Stochastic programming: min, F(x) := E¢[f(x, )]

SA/SGD: xF1 = xk — a;¢;, where E[g;] = VF(x)

Finite-sum: 1 37, fi(x); X1 = xF — oy V£, (xF), where i, ~ U([n])

CIECAECERCEECEECARCIRC!
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Example: joint convexity

» Show that f(w, X) := w’ X~ !w is jointly convex
(inw € R" and X > 0, i.e., positive definite)
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Example: joint convexity

» Show that f(w, X) := w’ X~ !w is jointly convex
(inw € R" and X > 0, i.e., positive definite)

Let us prove via midpoint convexity. So we show that

(25550 < YA+ )
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Example: joint convexity

» Show that f(w, X) := w’ X~ !w is jointly convex
(inw € R" and X > 0, i.e., positive definite)

Let us prove via midpoint convexity. So we show that

w+v A+B
f

2050 ) < YA+ 3w

In other words, we show that

-1
<w;tv’ (A;B) w;v> < lf(w’A)Jr%f(v?B)’

which simplifies to showing that (verify!)
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Example: joint convexity

w' A7 \w +0"B Yo > (w +v)T(A + B)"Hw +v). (%)
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Example: joint convexity

WA w + "B 0 > (w+0)T (A + B) N w + v). (*)

Q" R
P = QR™'Q" (we essentially proved this in Lecture 1).

Recall the Schur complement lemma, i.e., [ P Q} = 0 iff
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Example: joint convexity

WA w + "B 0 > (w+0)T (A + B) N w + v). (*)
Recall the Schur complement lemma, i.e., [ ST %} = 0 iff
P = QR7'Q" (we essentially proved this in Lecture 1).
Thus, since wA—1w > wT A~1w, we have
wlA lw  w’
—
{ w A } ~ 0,
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Example: joint convexity

WA w + "B 0 > (w+0)T (A + B) N w + v). (*)
Recall the Schur complement lemma, i.e., [ ST %} = 0 iff
P = QR7'Q" (we essentially proved this in Lecture 1).
Thus, since wA—1w > wT A~1w, we have

{ZUTA_lw w’ vIB~ v UT:|

—
w A B 0.

} > 0, similarly, [

Since sum of PD matrices is PD, this implies that

[wTA%u+wﬂB%) w!l +oT

= 0.
w+v A+B]—O

Taking Schur complements of this matrix, we obtain (x).
Thus, we have proved f(w, X) = w! X~ 1w is jointly convex.
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Nonsmooth functions
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Power of nonsmooth functions

Write constrained problem as unconstrained

min f(x) st.xe X
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Power of nonsmooth functions

Write constrained problem as unconstrained

min f(x) st.xe X
min f(x)+1x(x),

where 1x(x) = 0if x € X and 400 otherwise.
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Subgradients: global underestimators

A

f) = fy) +{(Vf(y),x —y)
Hence Vf(y) = 0 implies that y is global min.
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Subgradients: global underestimators

A

f) 2 fy) +igx—y)
If one of the ¢ = 0, then y a global min.
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Subgradients — basic facts

» f is convex, differentiable: Vf(y) the unique subgradient at y

» A vector g is a subgradient at a point y if and only if
f(y) + (g, x — y) is globally smaller than f(x).

» Usually, one subgradient costs approx. as much as f (x)
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Subgradients — basic facts

» f is convex, differentiable: Vf(y) the unique subgradient at y

» A vector g is a subgradient at a point y if and only if
f(y) + (g, x — y) is globally smaller than f(x).

» Usually, one subgradient costs approx. as much as f (x)
» Determining all subgradients at a given point — difficult.
» Subgradient calculus—major achievement in convex analysis
» Fenchel-Young inequality: f(x) + f*(s) > (s, x)
tight at a subgradient
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Rules for subgradients
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Subgradient for pointwise sup

f(x):=sup h(x,y)
yeY

Getting Of (x) is complicated!
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Subgradient for pointwise sup
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Simple way to obtain some g € 9f(x):
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Subgradient for pointwise sup

f(x) :==sup h(x,y)
yey

Getting Of (x) is complicated!

Simple way to obtain some g € 9f(x):
» Pick any y* for which h(x,y*) = f(x)
» Pick any subgradient ¢ € oh(x,y*)
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Subgradient for pointwise sup

f(x) :=sup h(x,y)
yey

Getting Of (x) is complicated!

Simple way to obtain some g € 9f(x):
» Pick any y* for which h(x,y*) = f(x)
» Pick any subgradient ¢ € oh(x,y*)
» This g € 0f(x)
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Subgradient for pointwise sup

f(x) :=sup h(x,y)
yey

Getting Of (x) is complicated!

Simple way to obtain some g € 9f(x):
» Pick any y* for which h(x,y*) = f(x)
» Pick any subgradient ¢ € oh(x,y*)
» This g € 0f(x)

h(x,y*) +8"(z - x)
f(x) +87(z — %)

h(z,y")
h(z,y")
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Subgradient for pointwise sup

f(x) :=sup h(x,y)
yey

Getting Of (x) is complicated!

Simple way to obtain some g € 9f(x):
» Pick any y* for which h(x,y*) = f(x)
» Pick any subgradient ¢ € oh(x,y*)
» This g € 0f(x)

hzy*) > h(x,y*)+g(z—x)
h(z,y*) > f(x)+g"(z—x)
f(z) > h(z,y) (because of sup)
fz) > f0)+g"(z—x)
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Example

Suppose a; € R" and b; € R. And

— T .
fx):= gﬁé(al x + bj).

This f a max (in fact, over a finite number of terms)
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» Suppose f(x) = al x + by for some index k
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Example

Suppose a; € R" and b; € R. And

— T .
fx):= g@l(al x + bj).

This f a max (in fact, over a finite number of terms)

» Suppose f(x) = al x + by for some index k
> Here f(x;y) = fi(x) = agx + by, and Ofi(x) = {Vfi(x)}
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Example

Suppose a; € R" and b; € R. And

— T .
fx):= 1?%);(111 x + bj).

This f a max (in fact, over a finite number of terms)

» Suppose f(x) = al x + by for some index k

> Here f(x:y) = fy(x) = ax + b, and 9fi(x) = {V(x))
» Hence, a; € 0f (x) works!
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Subgradient of expectation

Suppose f = Ef (x,u), where f is convex in x for each u (an r.v.)

£ = [ Flxwpluds
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Subgradient of expectation

Suppose f = Ef (x,u), where f is convex in x for each u (an r.v.)

£ = [ Flxwpluds

» For each u choose any g(x,u) € 0yf (x,u)
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Subgradient of expectation

Suppose f = Ef (x,u), where f is convex in x for each u (an r.v.)

£ = [ Flxwpluds

» For each u choose any g(x,u) € 0yf (x,u)
» Then, g = [ g(x,u)p(u)du = Eg(x,u) € 9f(x)
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Subgradient of composition

Suppose h : R" — R cvx and nondecreasing; each f; cvx

fx) = h(fi(x),f2(x), - fu(2))-
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Subgradient of composition

Suppose h : R" — R cvx and nondecreasing; each f; cvx

f(x) = h(fi(x),2(%), - fu (X))

To find a vector g € 0f(x), we may:
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Subgradient of composition

Suppose h : R" — R cvx and nondecreasing; each f; cvx

f(x) = h(fi(x),2(%), - fu (X))

To find a vector g € 0f(x), we may:
» Fori=1ton, compute g; € Jfi(x)
» Compute u € Oh(fi(x),...,fu(x))
> Setg =u1g1 + tag + - -+ + uygn; this g € 9f (x)
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Subgradient of composition

Suppose h : R" — R cvx and nondecreasing; each f; cvx

f(x) = h(fi(x),2(%), - fu (X))

To find a vector g € 0f(x), we may:
» Fori=1ton, compute g; € Jfi(x)
» Compute u € Oh(fi(x),...,fu(x))
> Setg =u1g1 + tag + - -+ + uygn; this g € 9f (x)
» Compare with Vf(x) = JVh(x), where | matrix of Vf;(x)
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Subgradient of composition

Suppose h : R" — R cvx and nondecreasing; each f; cvx

f(x) = h(fi(x),2(%), - fu (X))

To find a vector g € 0f(x), we may:
» Fori=1ton, compute g; € Jfi(x)
» Compute u € Oh(fi(x),...,fu(x))
> Setg =u1g1 + tag + - -+ + uygn; this g € 9f (x)
» Compare with Vf(x) = JVh(x), where | matrix of Vf;(x)

Exercise: Verify g € 9f (x) by showing f(z) > f(x) + g7 (z — x)
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References for subgradients

R. T. Rockafellar. Convex Analysis
S. Boyd (Stanford); EE364b Lecture Notes.
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Subdifferential®
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Subdifferential

Def. The set of all subgradients at y denoted by 0f(y). This set
is called subdifferential of f aty
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Subdifferential

Def. The set of all subgradients at y denoted by 0f(y). This set
is called subdifferential of f at y

If f is convex, df (x) is nice:
& If x € relative interior of domf, then 9f (x) nonempty
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Subdifferential

Def. The set of all subgradients at y denoted by 0f(y). This set
is called subdifferential of f at y

If f is convex, df (x) is nice:
& If x € relative interior of domf, then 9f (x) nonempty
& If f differentiable at x, then Of (x) = {Vf(x)}
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Subdifferential

Def. The set of all subgradients at y denoted by 0f(y). This set
is called subdifferential of f at y

If f is convex, df (x) is nice:
& If x € relative interior of domf, then 9f (x) nonempty
& If f differentiable at x, then Of (x) = {Vf(x)}
& If Of (x) = {g}, then f is differentiable and g = Vf(x)
Exercise: What is 0f (x) for the ReLU function: max (0, x)?
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Subdifferential — example

‘ f(x) := max(fi(x).f>(x)); both f1, fo convex, differentiable
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Subdifferential — example

‘ f(x) := max(fi(x).f>(x)); both f1, fo convex, differentiable

fi()
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Subdifferential — example

‘ f(x) := max(fi(x).f>(x)); both f1, fo convex, differentiable

fi()

faz
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Subdifferential — example

’ f(x) :=max(fi(x), f2(x)); both f1, fo convex, differentiable

Suvrit Sra (suvrit@mit.edu) Optimization for Machine Learning i [R——— VA )



Subdifferential — example

’ f(x) :=max(fi(x), f2(x)); both f1, fo convex, differentiable
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Subdifferential — example

’ f(x) :=max(fi(x), f2(x)); both f1, fo convex, differentiable

* f1(x) > fo(x): unique subgradient of f is f{(x)
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Subdifferential — example

’ f(x) :=max(fi(x), f2(x)); both f1, fo convex, differentiable

* f1(x) > fo(x): unique subgradient of f is f{(x)
* f1(x) < fo(x): unique subgradient of f is f;(x)
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Subdifferential — example

’ f(x) :=max(fi(x), f2(x)); both f1, fo convex, differentiable

* filx) > folx
* fi(x) < fo(x
* f1(y) = fo(y): subgradients, the segment [f] (v),f; (V)]

(imagine all supporting lines turning about point y)

unique subgradient of f is f{ (x)

)
)

unique subgradient of f is ] (x)
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Subdifferential for abs value

f(x) = x|
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Subdifferential for abs value

f(x) = x|

LA Of(x)

+1
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Subdifferential for abs value

| ) = |

A 0f(x)
A
+1
x=
—1
-1 x <0,
x| = ¢ +1 x>0,
[-1,1] x=0.
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Subdifferential for Euclidean norm

Example. f(x) = ||x||2. Then,

[/l x40,
¥ = {{z el <1} x=o.
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Subdifferential for Euclidean norm

Example. f(x) = ||x||2. Then,

[/l x40,
¥ = {{z el <1} x=o.

Proof.

Izl = 2 + {8, 2= %)
Izl = (8, 2)
= gl <1
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Example: difficulties

Example. A convex function need not be subdifferentiable ev-
erywhere. Let

f) = {—ﬂ B2 e <1,

400 otherwise.

f diff. for all x with ||x||2 < 1, but 9f (x) = @ whenever ||x|2 > 1.
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Subdifferential calculus

#& Finding one subgradient within of (x)
& Determining entire subdifferential df (x) at a point x

& Do we have the chain rule?
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Subdifferential calculus

¢ 1If f is differentiable, 9f (x) = {Vf(x)}

¢ Scaling a > 0, d(af ) (x) = adf (x) = {ag | g € Of (x)}

¢ Addition*: 9(f + k)(x) = 9f (x) + Ok(x) (set addition)

¢ Chainrule*: Let A € R"™*", b e R",f: R" - R,and h : R" — Rbe
given by h(x) = f(Ax + b). Then,

Oh(x) = ATOf (Ax +b).
¢ Chain rule*: h(x) = f ok, where k : X — Y is diff.
Oh(x) = 0f (k(x)) o Dk(x) = [Dk(x)]" of (k(x))
¢ Max function®: If f(x) := maxj<j<u fi(x), then
Of (x) = conv | J {0fi(x) | filx) = f(0)},

convex hull over subdifferentials of “active” functions at x
¢ Conjugation: z € 9f (x) if and only if x € 9f*(z)
* — can fail to hold without precise assumptions.
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Example: breakdown

’ It can happen that 0(f; + f2) # 0f1 + 0f2

Example. Define f; and f, by

400 if x > 0,

—2v/—x ifx<0.

Then, f = max {f1,f2} = 1o}, whereby Jf(0) =R
But 0f1(0) = 9f2(0) = 0.

) = {—2\& if x >0,

400 ifx <0,

and fo(x) == {

However, 0f1(x) + 0f2(x) C 9(f1 + f2)(x) always holds.
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Subdifferential — example

Example. f(x) = ||x||co- Then,

Jf(0) = conv {teq,...,+e,},

where ¢; is i-th canonical basis vector.

To prove, notice that f(x) = maxj<j<y {[e] x|}

Then use, chain rule and max rule and 0| - |
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Subdifferential - example (Boyd)

Example. Let f(x) = max {s’x | s; € {—1,1}} (2" members)

e il Woa
1
1) it ‘ —1
Of at x = (0,0) Of at x = (1,0) of atx = (1,1)
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Optimality via subdifferentials

Theorem. (Fermat’s rule): Let f : R* — (—o0, +00]. Then,

argminf = zer(df) :== {x e R" | 0 € 9f (x)} .

Proof: x € argminf implies that f(x) < f(y) for all y € R".
Equivalently, f(y) > f(x) + (0, y — x) Vy,
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Optimality via subdifferentials

Theorem. (Fermat’s rule): Let f : R* — (—o0, +00]. Then,

argminf = zer(df) :== {x e R" | 0 € 9f (x)} .

Proof: x € argminf implies that f(x) < f(y) for all y € R".
Equivalently, f(y) > f(x) + (0, y —x) Yy, <> 0 € Of (x).
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Example: constrained smooth problem

Constrained smooth problem

min f(x) st.xe X
min f(x) + Lx(x).
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Example: constrained smooth problem

Constrained smooth problem

min f(x) st.xe X

min f(x) + Lx(x).
Minimizing x must satisfy: 0 € 9(f + 1x)(x)
(CQ) Assuming ri(domf) Nri(X) # @, 0 € If (x) + I1x(x)
Recall, g € 01y (x) iff 1y (y) > 1x(x) + (g, vy — x) for all y.
Sog € dly(x)meansx € X and 0 > (g, y — x) Yy € X.

vvyyVvyvVvyy

Normal cone:

Na(x):={geR"[0= (g y—x) Wex}
Thus: minf(x) s.t. x€ X:
& If f is diff., we get 0 € Vf(x*) + N (x*)
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Example: constrained smooth problem

Constrained smooth problem

min f(x) st.xe X

min f(x) + Lx(x).
» Minimizing x must satisfy: 0 € 9(f + 1x)(x)
» (CQ) Assuming ri(domf) Nri(X) # 0, 0 € 9f (x) + 91x(x)
» Recall, ¢ € 01y (x)iff 1y (y) > 1y (x) + (g, v — x) for all y.
» Sog€ dly(x) meansx € X and 0 > (g, y — x) Yy € X.
» Normal cone:

Na(x):={geR"[0= (g y—x) Wex}
Thus: minf(x) s.t. x€ X:
& If f is diff., we get 0 € Vf(x*) + N (x*)
O =Vf(x*) € Ny(x*) < (Vf(x*),y —x*) > 0forally € X.
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Subgradient methods
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Subgradient method

P =k eF

where ¢¢ € 9f (x¥) is any subgradient
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Subgradient method

P =k eF

where ¢¢ € 9f (x¥) is any subgradient

Stepsize o, > 0 must be chosen
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Subgradient method

P =k eF

where ¢¢ € 9f (x¥) is any subgradient

Stepsize o, > 0 must be chosen

k
> Method generates sequence {x"},_,
» Does this sequence converge to an optimal solution x*?
» If yes, then how fast?
» What if have constraints: x € X'?
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Example: Lasso problem

min 7]/ Ax = b[|3 + Allx|l
X = b — o (AT(AXF — b) 4 Asgn(xF))

10°

0 20 40 60 80 100
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Example: Lasso problem

min 5 [Ax — |3 + Allx[l
X = b — o (AT(AXF — b) 4 Asgn(xF))

10°

ammmman

0 20 40 60 80 100
(More careful implementation)
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Subgradient method - stepsizes

» ConstantSet oy = a >0, fork >0
» Scaled constant o = o/||gF|l2 (||x*F! — xF|2 = )
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Subgradient method - stepsizes

» ConstantSet oy = a >0, fork >0
» Scaled constant o = o/||gF|l2 (||x*F! — xF|2 = )

Square summable but not summable

Zka,%<oo, Zkak:oo

» Diminishing scalar

v

limor =0 ap = 00
k k y Zk k

» Adaptive stepsizes (not covered)

Not a descent method! ‘
Work with best f* so far: f£, = ming<< f’
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Convergence analysis

Assumptions
» Min is attained: f* := inf, f(x) > —oo, with f(x*) = f*
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Convergence analysis

Assumptions
» Min is attained: f* := inf, f(x) > —oo, with f(x*) = f*
» Bounded subgradients: ||g||> < G for all g € Of
(f(x) = f(y) = (g¢, x — y); use Cauchy-Schwarz or Holder)
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Convergence analysis

Assumptions
» Min is attained: f* := inf, f(x) > —oo, with f(x*) = f*
» Bounded subgradients: ||g||> < G for all g € Of
(f(x) = f(y) = (g¢, x — y); use Cauchy-Schwarz or Holder)
» Bounded domain: ||x° — x*[|, < R
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Convergence analysis

Assumptions
» Min is attained: f* := inf, f(x) > —oo, with f(x*) = f*
» Bounded subgradients: ||g||> < G for all g € Of
(f(x) = f(y) = (g¢, x — y); use Cauchy-Schwarz or Holder)
» Bounded domain: ||x° — x*[|, < R

Convergence results for: f£. = miny<;<; f*
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Subgradient method — convergence

Lyapunov function: Distance to x*, not function values
yap
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Subgradient method - convergence

Lyapunov function: Distance to x*, not function values
yap

k k
I =t = - gt 3
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Subgradient method - convergence

Lyapunov function: Distance to x*, not function values
yap

e =23 =l - argt — 23
k 2 2 2 k
I — 213 + aflIg 13 — 2(eug”, o —x7)
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Subgradient method - convergence

Lyapunov function: Distance to x*, not function values
yap

I =t = - gt 3
= |l =23 + o 1gM113 — 2{eug", ¥ %)
k k
< [l =213+ o lghZ — 20 (F() — f),

since f* = f(x*) > f(xt) + (g, x* — 2%)
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Subgradient method - convergence

Lyapunov function: Distance to x*, not function values
yap

I — w3 = [ epgk -3
3% — x*|3 + a2lIg¥]3 — 2(ang”, ¥ — x*)
k k
<l = xf|3 + @83 — 20k (F(F) — £4),

since f* = f(x*) > f(x*) + (¢, x* — xF)

Apply same argument to ||x¥ — x*||2 recursivel
pply g 2 y
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Subgradient method - convergence

Lyapunov function: Distance to x*, not function values
yap

I =t = - gt 3
[l =213 + o l1g" 17 — 2(aung”, ¥ —x*)
k k
< [l =213+ o lghZ — 20 (F() — f),

since f* = f(x*) > f(x*) + (¢, x* — xF)

Apply same argument to ||x¥ — x*||2 recursivel
pply g 2 y

k k
k+1 2 0 2 211 k112
et =B < 2 =23 Y aflIg IR -2 alf ).
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Subgradient method - convergence

Lyapunov function: Distance to x*, not function values
yap

I =t = - gt 3
[l =213 + o l1g" 17 — 2(aung”, ¥ —x*)
k k
< [l =213+ o lghZ — 20 (F() — f),

since f* = f(x*) > f(xt) + (g%, x* — 3%)

Apply same argument to ||x¥ — x*||2 recursivel
pply g 2 y

k k
k+1 2 0 2 2 2
W B < - xB Y aFIFE-2Y e £,

Now use our convenient assumptions!
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Subgradient method - convergence

k k
k *
[ —x*|3 < R+ G2 g 1 o —2 g 1 a(ff — ).

» To get a bound on the last term, simply notice (for t < k)

ft Zfrtnin Zfr];un since frtnin = g?lnf(xl)
<i<t
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Subgradient method - convergence

k k
k *
[ —x*|3 < R+ G2 g 1 o —2 g 1 a(ff — ).

» To get a bound on the last term, simply notice (for t < k)

Kk . . i
ft Zfrtnin mein simce frtnin = g?.lnf(xl)
<i<t

» Plugging this in yields the bound
k

221;:1 ar(f' =) = 2(fin — ) thl Q.
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Subgradient method - convergence

k k
k *
[ —x*|3 < R+ G2 g 1 o —2 g 1 a(ff — ).

» To get a bound on the last term, simply notice (for t < k)
ft fonin Zfllxcﬁn since frtnin = gg}gtf(xl)
» Plugging this in yields the bound
k

221;:1 ar(f' =) = 2(fin — ) thl Q.

» So that we finally have
* k * k
0< W X h <R +GY af 2k )Y a

=
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Subgradient method - convergence

k k
k *
[ —x*|3 < R+ G2 g 1 o —2 g 1 a(ff — ).

» To get a bound on the last term, simply notice (for t < k)

k
ft Zfliﬁn mein since fmm = gglgtf( )

» Plugging this in yields the bound
k k
2 Zt:l at(ft > 2(frl§un _f* Zt:l Qt.

» So that we finally have

k k
k+1 2 2 2 k
0< [P 2|2 SRP+G?Y . of =2fqin —f) Y, o

k
f* R2+G2kzt:1 Oétz
2) g

mm
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Subgradient method - convergence

mm

f*

R?>4+G? Z’le a?

2 Z};:I i

Exercise: Analyze lim;_, . f; Ill(ﬁn

stepsize that we mentioned.
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Subgradient method - convergence

mm

f*

R?>4+G? Z’le a?

2 Z};:I i

Exercise: Analyze lim;_, . f; Ill(ﬁn

stepsize that we mentioned.

Constant step: oy = a; We obtain
R? + G%ka?
2ko

k
fmin _f* <
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— f* for the different choices of
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Subgradient method - convergence

k
f* R2+G2kzt:1 atz
23 g

mm

Exercise: Analyze limy_, fI’;ﬁn — f* for the different choices of
stepsize that we mentioned.

Constant step: oy = a; We obtain

R? + G%ka? G’
k  _ px < )
fmin —f© < o - as k — oo
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Subgradient method - convergence

k
f* R2+G2kzt:1 at2
23 g

mln

Exercise: Analyze limy_, fI’;ﬁn — f* for the different choices of
stepsize that we mentioned.

Constant step: oy = a; We obtain

R? + G?ka? G*a
k o )
fmin —f© < o - as k — oo

Square summable, not summable: 3, a2 < oo, >, oy = 00
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Subgradient method - convergence

k
f* R2+G2kzt:1 at2
23 g

mln

Exercise: Analyze limy_, frl;in — f* for the different choices of
stepsize that we mentioned.

Constant step: oy = a; We obtain

R? + G?ka? G*a
k o )
fmin —f© < o - 5 as k — oo

Square summable, not summable: >, a2 < oo, >, o =
As k — oo, numerator < oo but denominator — 0o; so f!;m — f*

In practice, fair bit of stepsize tuning needed, e.g. ay = a/(b+k)
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Subgradient method - convergence

» Suppose we want fX.

— f* < ¢, how big should k be?
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Subgradient method - convergence

» Suppose we want f*

min

— f* < ¢, how big should k be?
» Optimize the bound for o

Suvrit Sra (suvrit@mit.edu) Optimization for Machine Learning L [ . /43



Subgradient method - convergence

» Suppose we want fX.

— f* < ¢, how big should k be?
» Optimize the bound for o
» We want

Rz—i—Gzzt 10‘t <e
2Zt 1 O
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Subgradient method - convergence

» Suppose we want fX. — f* < ¢, how big should k be?
» Optimize the bound for o

» We want

» Largest possible a; o 1/v/t
» Number of steps k = (RG/¢)?> = O(%)
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Exercise

Support vector machines
Let D := {(x;,yi) | x; € R",y; € {£1}}
» We wish to find w € R” and b € R such that

v

. 1 2 m .
min  gflwlz+C)_, max(0,1 - yi(w'xi +b)

» Derive and implement a subgradient method
» Plot evolution of objective function

» Experiment with different values of C > 0

» Plot and keep track of fX. := ming<;<; f(x")
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Subgradient method - exercise

Leta € R" be a given vector.
Letf(x) =), |x —ai|,ie,f :R— R,
Implement different subgradient methods to minimize f

Also keep track of £, := ming<;f(x;)
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Subgradient method - exercise

e Leta € R" be a given vector.

o Letf(x)=>|x—aj, ie,f:R— Ry

e Implement different subgradient methods to minimize f

o Also keep track of £ = ming<; i f(x;)

Exercise: Implement the above in Matlab. Report a plot of f(xy)
values; also try to guess what optimum is being found.

QO Hint: Here we can use 9(f(x) + g(x)) = 9f (x) + 9g(x)

O Hint: |x — c| is not diff. at x = ¢; there subgrad is [—1, 1]

O Hint: It might help to try solving this for an integer valued vector a
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Polyak’s stepsize

» Assume f* is known (or can be estimated). Then use

i
aE

Qg
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Polyak’s stepsize

» Assume f* is known (or can be estimated). Then use

i
aE

Qg

» Motivation: recall bound
[ — 12 <k = x|P = 204 (FF — ) + of 1851

and minimize RHS.
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Polyak’s stepsize

» Assume f* is known (or can be estimated). Then use

i
aE

g
» Motivation: recall bound
[ — 12 <k = x|P = 204 (FF — ) + of 1851

and minimize RHS.

» Let’s plug in ay:

k _ fx\2
ka+1_x*||2§||xk_x*‘|2_ (f fz)
18kl
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Polyak’s stepsize

k _ fx\2
o |2 < o - 2 - L2
]
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Polyak’s stepsize

k _ fx\2
o |2 < o - 2 - L2
T

» Observation 1 ||x* — x*| decreases
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Polyak’s stepsize

k _ fx\2
o |2 < o - 2 - L2
18K
» Observation 1 ||x* — x*| decreases

» Recursion:

K k_ *\2
e L
k=1 [Ig¥]l
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Polyak’s stepsize

k _ fx\2
o |2 < o - 2 - L2
18K
» Observation 1 ||x* — x*| decreases

» Recursion:
K k _ fx 2
Z (f kfz) < Hxl _x*HZ < RZ
k=1 [Ig¥]l
» Now use ||gF|| < G

K

Zk:l Ock _f*)Z < RZGZ
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Polyak’s stepsize

k _ fx\2
o |2 < o - 2 - L2
18K
» Observation 1 ||x* — x*| decreases

» Recursion:

K k_ *\2
e L
k=1 [Ig¥]l

» Now use ||gF|| < G
ZK (F* - f)? < R2G?
k=1 =

» Observation 2 f* — f*
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Polyak’s stepsize

k _ fx\2
o |2 < o - 2 - L2
18K
» Observation 1 ||x* — x*| decreases

» Recursion:

K k_ *\2
e L
k=1 [Ig¥]l

» Now use ||gF|| < G
ZK (F* - f)? < R2G?
k=1 =

» Observation 2 f* — f*
» for accuracy ¢, need K = (RG/¢)?
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Nonsmooth convergence rates

» Leto(x) = |x|forx € R
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Nonsmooth convergence rates

» Leto(x) = |x|forx € R
» Subgradient method x*! = xF — a;¢*, where ¢* € 9|x|.
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Nonsmooth convergence rates

» Leto(x) = |x|forx € R
» Subgradient method x*! = xF — a;¢*, where ¢* € 9|x|.

0 _ _ _1 1
» If x —1and0q(k—\/lel-i-\/sz
| =

(this stepsize is known to be

optimal), then |x T
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Nonsmooth convergence rates

» Leto(x) = |x|forx € R
» Subgradient method x*! = xF — a;¢*, where ¢* € 9|x|.

0 _ _ _1 1
» If x —1and0q(k—\/lel-f—\/sz
| =

(this stepsize is known to be

Vk+1
» Thus, O(Eiz) iterations are needed to obtain e-accuracy.

optimal), then |x
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Nonsmooth convergence rates

» Leto(x) = |x|forx € R

» Subgradient method x*! = xF — a;¢*, where ¢* € 9|x|.

» Ifx' =1and o = \/ﬁ + \/ﬁ (this stepsize is known to be
optimal), then |x*| = \/ﬁ

» Thus, O(Eiz) iterations are needed to obtain e-accuracy.

» This behavior typical for the subgradient method which
exhibits O(1/v/k) convergence in general
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Nonsmooth convergence rates

» Leto(x) = |x|forx € R

» Subgradient method x*! = xF — a;¢*, where ¢* € 9|x|.

» Ifx' =1and o = \/ﬁ + \/ﬁ (this stepsize is known to be
optimal), then |x*| = \/ﬁ

» Thus, O(Eiz) iterations are needed to obtain e-accuracy.

» This behavior typical for the subgradient method which
exhibits O(1/v/k) convergence in general

‘ Can we do better in general?
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Nonsmooth convergence rates

Theorem. (Nesterov.) Let B = {x||x —x°|, < D}. Assume,
x* € B. There exists a convex function f in CY(B) (with L > 0),
such that for 0 < k < n — 1, the lower-bound

) = Fx) > 5B

holds for any algorithm that generates x* by linearly combining
the previous iterates and subgradients.

Exercise: So design problems where we can do better!
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