A multifunctional approach to extremum
problems having infinite-dimensional image.

Necessary conditions for unilateral constraints
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Abstract. In Ref.1, extremum problems having infinite-dimensional image have
been considered and some preliminary properties have been established. Here we
carry on the investigation of such problems and study an optimality condition for
the case of unilateral constraints, which partially extends the results of |2,3] to the
present type of problems. This is done by associating to the feasible set a special
multifunction. Tt turns out that the classic Lagrangian multitplier functions can
be factorized into a constant term and a variable one; the former is the gradient of
a separating hyperplane as introduced in [2,3]; the latter plays the role of selector
of the above multifunction. Finally, the need of enlarging the class of Lagrangian

multiplier functions is discussed.
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1. Introduction

Let the positive integers n,m,p, with p < m, the interval T := [a,b] C R with
—00 < a < b < 400 and the functions ¢; : R x R" x R" - R, i =
given. Let Y be the set of all continuous functions z(t) := (x1(¢), ..., z,(t)), t €T,

with continuous derivatives 2/(t) := (2(t),...,2.,(t)), t € T, except at most a

0,...,m, be

finite number of points ¢ at which there exist and are finite lim 2’(¢) and lim 2/(¢).
t1% 17

Let us define 2/(tf) = lim2/(¢). The set Y forms a vector space on the set of real
17

numbers. The space Y will be equipped with the norm

[2llec = max|lz(t)]|, x €Y,
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where || || denotes the Euclidean norm of R". Set J := {1,...,m}.
We take for granted the results of [1]. Here we continue the study of problem (2)

of [1] in the case of unilateral constraints only; hence now we consider a particular

problem belonging to the following class of problems:

min f(z), s.t. gi(z)>0, i€J, xe€X, (1.1)

namely, the problem:

min f(z) = /T olt, 2(t), /(1)) dt. (1.2a)

subject to:
Yi(t,x(t),2'(t)) >0, VieT, i€, (1.2b)
reX: ={xeY: xia)=x;b)=0, 1 €T} (1.2¢)

Consider the multifunction F : Y = IR'™™, defined by
Fz) = (/) — F(2), tilt, (), (1)), i € T)).

We will assume that the following condition holds.

Condition C: There exists a continuous function o : X — IR*™ such that:

a(z) € F(z) and a(z) ¢ H, Vre N(T), (1.3)
where N (Z) is a neighbourhood of T € Y and

H:={(u,v) e RxR™: u>0,v>0}.
If we define
Ko(T) = {(u,v) € F(X) : (u,v) = a(z), z € N(T)},
then (1.3) is equivalent to
K,Z)NnH=2 (1.4)

We observe that the existence of a not necessarily continuous function « is necessary
and sufficient for = to be a minimum point. To suppose the continuity of « allows
us to have a further tool in order to develop the analysis. It is simple to prove the

following;:

Proposition 1.1. (1.4) holds if and only if 7 is a local minimum point of the

problem:

max og(z), s.t. a;(x) >0, i=1,..m, x€X. (1.5)



Proof. 7 is a minimum point of (1.5) iff the system
ap(z) —ap(T) >0, a;(x)>0, i=1,...,m, ze& N(T)
is impossible. Since ag(Z) = 0, the impossibility of the previous system is equivalent

to (1.4). O

Remark 1.1. Since, given x € X, the first component U of the vector (u,v) €
F(X) is uniquely defined, then necessarily it is

A direct consequence of Proposition 1.1 is the following result.

Proposition 1.2. Suppose that Condition C holds. Then, any necessary optimal-
ity condition for (1.5) is a necessary condition for Z to be a local minimum point

of the given problem (1.2a-c).

A fundamental aspect of our analysis lies in the possibility of considering well-
behaved functions o which fulfil condition C. The function « is a local continuous
selection of F(x) in a neighbourhood of Z. Later in the paper we will consider

suitable assumptions which ensure that Condition C be fulfilled.
Let Q be a given set of parameters and consider a function ® : X x Q — R*™,

defined, Vz € X, by:
O(z,w) := /F(w)wdt = (f(f) — f(x), /Twl-(t)wi(t,x,x') dt, i€ f]) ,

where the 1-st integral is a short writing to mean selection of an element of F(z) by
means of a weighted integration. According to [1], ® is called a generalized selection
function, iff

Flz)CH & P(r,w) e H, Ywe

w is a selection multiplier (for short, SM).
Proposition 1.3. Let T be a minimum point of (1.2), and v; : CY(T) — C(T),

i = 0,1, be continuous in N(Z). Then, the function

O(z) :={f(T) — f(x), min Yy (¢, z(t),2'(t)), ..., min ,, (¢, z(t), 2’ (t)) }

teT teT

is a generalized selection function, which is continuous in N (7).

Proof. We have to show that the functions:
J@ ~ f(z) and min oy(ta(0).2'(1). i€
(S

are continuous in N(Z). Let £ € N(T), and £ > 0; we must prove the inequality:

/T Wolt, 2(1)) — volt, 2(t), #(8))]| <&, Ve € U(#),



where U(Z) is a neighbourhood of Z. Since v is continuous at , 30 > 0, such

that the inequality

sup |Z(t) —x(t)| < 6 (1.6)

teT

implies
sup [ (t, #(t), #(t)) — o (t, 2(t), '(1))] < —

teT b—a

Hence, for each z which fulfils (1.6), we have:

/T[%(t;f(t),i'(t)) — o (t, z(t), 2'(¢))] dt‘ < /T ; i adt —.

Let ¢ € J. Consider the inequality:

teT tel

min (¢, Z(t), Z'(t)) — min ;(t, 2(t), 2/ (t)) ] <e. (1.7)

1y being continuous at #, 35 > 0, such that the inequality

316179 Z(t) —x(t)] <o (1.8)
implies:
sup (0, (1), (1)) = (1, (0) 2 ()] < =
Let

il (1), 2'(8)) = min (e, (1), 2'(1)),
Ui, 2(8), 2 (7)) = min (¢, 2(1), 2'(£)).
We have, Vt € T, :
bi(t,2(2), 2'(F)) — it x (), 2'(1) < ¢ult, 2(1), (1) — va(t, (1), 2'()) <&,
so that:
Gi(T, 3@, (D) < (1, (1), 2/ (1)) + <.

Similarly, Vt € T

i, 2(8), ' (t°)) — il 2(1), 2'(1)) < Wilt, 2(t), ' (8)) — bilt, 2(1), 2'(t)) <e,

so that:
Vit 2(8), 77 (F)) > i(t°, 2(t2), 2/ (t)) — e.
Hence, for each z which fulfils (1.8), we have that (1.7) is satisfied. O

2. Quasi-multipliers

Here we analyse the case where the selection « belongs to a particular class of

functions, namely:



ai(x):/ipwi(t,x)wi(t,x,x') dt, ied, (2.1)

where w; : T x X — TR €7, and w:= (wy,...,wn) € Q, Q being a given class
of parameters.

A necessary optimality condition for (1.2) will be reached by extending the
approach of [2,3]. Consider the set:

K(w) = (J {@(F(x);w)} =

rzeX
= {(u,v1,...,;0,) ER™ 1w = f(T) — f(2), vi = gi(z;w5), € X, i€T},

where

gi(; w;) ZZ/Twi(t,x)wi(t,x,x') dt.

K(w) will be called the selected image, and will play the same role as K in [2,3].
More precisely, F' is now a multifunction and F(z) is a set, not necessarily a single-
ton. Thus the optimality cannot be expressed by a disjunction of H and K = F(X)
as in [2,3]. However, by selecting an element from F(z) or from its convex hull, say
conv F(z) (this means to select K(w) from X), we may hope to reduce ourselves to
the scheme of [2,3]. Sect.4 of [1] shows a way of doing this. The infinite dimension-
ality of the image is overcome by the selection: instead of considering the image
of (1.2), which would lead us to an infinite-dimensional image space, we introduce
the multifunction F', so that we have a finite-dimensional image space, where the
scheme of [2,3] can be adopted by replacing K with K(w). The selected element
from F(z)is F(z;w) := (f(Z) — f(z), gi(z;w;), i €J); hence h := F(T;w) is the
selected image of T and will play a role quite analogous to that played by & in [2,3]
where F(z) was a singleton.

As in [1,2] the analysis will be carried out within the class of C-differentiable
functions; in the sequel the C-derivative will be always assumed to be bounded
(with respect to the 2-nd argument). Here there is a further difficulty: the C-
differentiability must be enjoyed by f(z) and g;(z;w;), i € J, and should be un-
suitable to assume it; it is more appropriate that any assumption is made on the
given data 1); and on the selection multiplier w;. To this end, we need the follow-
ing Proposition 2.1, where the general case of SM depending on the unknown z is
considered. In fact, next examples show the need of enlarging the class of SM from
wi(t) to w;(t; x); X is the set of continuous functions. The example shows that this

holds also when X is made by C* functions.

Example 2.1 In (1.2) let us set T'=1[0,3], m = 1; ¢o(t,z,2') = z; 1 (t,z,2") =



2 —3t+2+x(t);T(t) =3t —t2 -2, Vt € T; X = CYT). Now consider the

functions:

0 Lif0<t<1 —IP 5t ifo<t <2
z(t) =< (t—1)? Jifl<t <3 2(t) =4 (t—2)? Vif3/2 <t <2
— P+ Rt -3 if2 <t <3 0 ,if2 <t < 3.

Neither Z nor & fulfil (1.2b), so that (w = ws, ¥ =) :
F(&) € H=R\{O} x Ry; F(z) L H.

Hence, ®(F(2);w) ¢ H and ®(F(7);w) ¢ H must be true for some SM w. Assume
that w does not depend on z(t). Since f(Z) — f(z) and f(Z) — f(Z) are obviously
positive, ®(F(z);w) ¢ H and ®(F(Z);w) ¢ H are equivalent to (¢Y(t,z,2) =
U(t,z)) -

/Tw(t)w(t, 2)dt = /Olw(t) (t* — 3t + 2)dt + /13/2w(t)(2t2 — 5t + 3)dt+

(2.3a)
+A3w(t)(§t2 + %t —1)dt <0
and
3/2
/Tw(t)w(t,:i:)dt :/0 w(t)<§t2 _ §t+z)dt
(2.3b)

2 3
+/ w(t)(2t* — Tt + 6)dt +/ w(t)(t* — 3t +2)dt < 0,
3 2

respectively. Let S; C [1,3], Sy C [2,2] be such that w(f) = 0 on [1,2]\S
and on [2,2]\S,. Since ¢(t,#(t)) and (¢, Z(t)) are continuous and are negative,

respectively, only on |1, %[ and on ]%, 2[, it follows that (2.3) hold only if:

/Slw(t)(Qtz — 5t + 3)dt + /SQw(t)(th + %t — 1)dt < 0, (2.4a)
/Slw(t)(gtz — gt + 2)dt + [92w(t)(2t2 — Tt +6)dt < 0. (2.4b)

These inequalities, summing them up side by side, imply:

2
5/ o)t = 1)2dt < 0,
S1US2 3

which is evidently false, being w(t) >0, Vte T. O



Example 2.2. In (1.2), let us set m =2, g = —x1(t), 19 =1, and

25 (t) Jifey € Xy o= {ay [ @i (t)dt <0},
To(t) — 2 ()2, ify € X{ = {xl o R 0} , and
To € Xy 1= {xg : fogdt < 0}
To(t) + 21()?, if g € X, 2o € XJ = {ao: [ aodt > 0}

with z1, 29 € C%(T). The selected problem, namely (1.2) where (1.2b) is replaced
by

gi(z;w;) >0, €7, (2.5)
becomes now:
min / Candt . st ga(mwn) = / wn(t)dt > 0,
T T
subject to:

Jrwi)za(t) dt, z1 € X7,
gimywr) = [rwi®)aa(t)dt — [Lwi(t)a(t)?dt, z € XiF, 2 € X7,
Jpwi(®)ao(t) dt + [Lwi(t)z (02 dt, z € XT, 20 € X5

Note that Y1 =0« 2, € X; and 22 = 0. In fact:
r1€X) and 1y —2i=0=1€ Xy, 1 €X) and 1y +ai=0=1€ X,

It follows that (z; € X, zo = 0) are the only admissible pairs, and therefore

T = (T; =0, T2 = 0) is the unique minimum point of (1.2). O

Example 2.3. Let us identify (1.2) with:
min / cosz(t)dt, B(t)=0, WeT:=[0,1], =(t)e C(T).
T

Of course, z(t) = 0 is the minimum point. The selected problem, namely (1.2)
where (1.2b) is replaced by (2.6), is

min / cos z(t) dt, / w(B)z(t) dt =0, =€ C(T),

where w(t) € C(T) is arbitrary. We prove that xz(t) = 0 is not solution of the
selected problem. To this end, it is enough to show that the selected problem

admits a not identically zero feasible solution. Note that we have:

/cosx(t) dt < 1.
T

Therefore, we look for a solution of type

x(t)=at+b, a#0,b#0,



/Tw(t)x(t) dt = W (t)x(t) O —/0 W (t)x'(t) dt,

where W(t) is an antiderivative of w(t) (W(t) exists, since w € C(T)). Hence, we

must have:

0= / w(t)x(t)dt = W(1)(a+b) — W(0)b— a/ W (t) dt.
If a and b are chosen in such a way to have:
ahqm—/ﬁwwﬁ}+mwuy_wmﬂza ab 0,

then we obtain that x(¢) = at + b%£ 0. Now, let us evaluate the objective function

in the found point:

2 2b
/Cos(ozt—l—b)dt:—singcosa+ :
T a 2 2

If the minimum were 1, then we should have:

L a a+2b a
smEcos =

2 2
By choosing § ¢ [—1, 1], the previous equality is false. O

Example 2.4. Let us identify (1.2) with:
mm/dﬂﬁ,ﬁ@gQ Ve T :=[0,1], =eC(T).
T

Of course, x(t) = 0 is the unique feasible (and hence optimal) solution. The selected

problem, namely (1.2) where (1.2b) is replaced by (2.6), is

min/ x(t) dt, /w(t)xQ(t) dt <0, e C(T),

where w(t) € C(T). If we choose w(t) > 0, Vt € T, then necessarily z(t) = 0
to have x(t) admissible for the selected problem; this, therefore, turns out to be
equivalent to the given problem.

The preceding examples shows that, in the general case, we cannot make true

the proposition:

Fz)2H & FweQ, st. o(F(z);w) ¢ H,

if the elements of {2 are independent of z.

As a consequence of the above example, we have that the approach of 3] cannot
be extended, if the SM does not depend on z. Hence, we will introduce a SM
depending on z, which will be called selection quasi-multiplier (in short, SQM); in

this case we will obtain a necessary condition, like that of |3].



Proposition 2.1. Let f; : X — IR, i = 1,2 be C-differentiable at x =7 and let
filx) = fi(T) + Defi(T; 2) + (T 2), 1 =1,2

be their expansions, where Def;, i = 1,2 are the C-derivatives. Set f := f; - f» and

assume that:

Def(T; 2) == Defi(T; 2) - fo(T) + f1(T) - Defo(T; 2) € C. (2.6)

Then f is C-differentiable at 7 in the direction z and its expansion is given by

f(@) = f(@) + Def(T; 2) + &T; 2), (2.7)

where

€T 2) == €1 - g + €1 - [fo(T) + Defo] + e2[f1(T) + Defi] + Defr- Defe. (2.8)

Proof. The expansion of f is trivially obtained from the product of the expansions
of f; and fo. Because of assumption (2.6) Def is sublinear; hence we have to prove
only that lim, ,o€/||z|]| = 0. As z — 0, obviously ¢ - €2/ |z|| — 0; the same
happens to the 2-nd and 3-rd terms in the RHS of (2.8), since the forms in square
brackets are bounded. The boundedness of Defi/||z|| and llir(l) Defy = 0 imply
that Defi - Defa/||2]] — 0 as z — 0. This completes the proof. O

Assumption (2.6) is fulfilled, when f; and f are differentiable, since Def;, i = 1,2
are linear (in this case Def = (fI(T)fo(T) + f1(T)f4(T), 2), which is the classic
formula), or when De f;; @ = 1,2 are not linear and f;(Z) > 0, i = 1,2. When
fi(T) < 0, then f may not be C-differentiable; see for instance the case where
filz) = lzl, falz) =[z[ -1, z€RR.

We will assume the C-differentiability of vy, —1, ¢ € J with respect to the set
of 2-nd and 3-rd arguments, of w; with respect to the 2-nd argument and that all
the hypothesis of Theorem 3.1 and 4.1 in [1] are satisfied. As a consequence we
will have the following expansion (for the sake of simplicity, in the sequel Z will be

replaced merely by z):

flx+6x) = f(x) + /’Dewo(t,x,x’;(h,ém’) dt + /e%(t,x,x’;(h, dz') dt, (2.9a)
T T
9i(T + omyw;) = gi(w3w;) + /@em(ta%x/; dx, 0x') di+
T

+/ € (t,x,a';0x,62") dt, i €T, (2.9b)
T

where

i = w; - ¥y Dem = Dew;(t, x;0x) - (¢, x,2") + w;(t, x) - Doy (t, x, 2'; 6z, d2');

€7 = €y, €y + €, [Vi(t, 2, 2" ) + Deth] + €y, - [wi(t, ) + Dew; (t, z,02)] + Dew; - Ded;;



and where the pairs (Dew;, €y,), (Deti, €y,) give the expansions of w;, 1;, respec-
tively. Since De is an operator which denotes C-derivative, the use of Dem; as a
symbol would be improper; this does not happen here since m; is C-differentiable
due to Proposition 2.1. When w; and 1; are differentiable Dem; collapses to the
usual derivative of a product. If w; is constant with respect to z, so that can be
denoted by w;(t), then Dem; = w;(t) - Dery; and € = €y, - [wi(t, ) + Dew;(t, x, dz)).

3. Homogeneization

For the sake of simplicity, in this section we will assume that condition C' be

fulfilled by a selection function «, where

a;(z) = /Twi(t)wi(t,x,x’) dt, i€l (3.1)

for x € N(T), a neighbourhood of Z. We observe that (3.1) coincides with (2.1)
except for the fact that the parameters w; do not depend on z, but only on ¢. Next
proposition is a consequence of the above assumptions and of the results stated in
Sect.1.

Proposition 3.1 Assume that condition C be fulfilled and that «;(z) be defined
by (3.1), @ € J. If the system

f(@) — f(x) >0; ¥(t,z(t),2'(t)) >0,i€d, VieT, relX, (3.2a)

is impossible (for x € X N N(Z)), then the following system is also impossible:

f@) — f(z) >0, g(xr,w)>0, € XNN((T) (3.2b)

Proof. It follows from Proposition 1.1 taking into account (3.1). O

Lemma 3.1 (Homogeneization). Let ¢y and —1;, ¢ € J be C-differentiable with
respect to the set of the 2nd and 3rd arguments. If T is a minimum point of
(1.2), then there exist a non-negative SM w(t) = (w;(t), i € J) € C°(T)™ and a
neighbourhood in the sense of closedness of order one, say N (), such that the

system (in the unknown 67 =z —7; 7 =2’ —@'):
/Dewo(t,z, x0T, 67" dt < 0; /wl-(t) -D_ei(t, T, 7’5 0T, 07) dt >0, i€I°
T T
(3.3)
9(T; ;) + /wi(t) - D_ethi(t, T, 7507, 6F) dt >0, i€ NI’ ze XnNNY @),
T

is impossible, where 1° := {i € J: ¢;(Z;@;) = 0, [, W;(t) - &(t,T,T'; 07, 0T ") dt X 0}.

Proof. By applying Proposition 3.1 we get the existence of @ such that (3.2) is
impossible. Now, ab absurdo, suppose that, at the same w = @, (3.3) be possible,

and let £ # T be a solution. Then az is a solution of (3.3) Va €]0,1], since
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9:(T;w0;) > 0 and Def, D_e;, i€ T are positively homogeneous (satisfy (12a) of

[2]). The assumption implies that the remainders:

/ Exbo dt, /wiei dt, i€
T T

are infinitesimal of order >1 with respect to ||(dZ, dZ')||, so that, setting y = (z, 2'),
7= (7,7) and 6y = (2 — 7,3’ — ') = (§7,67'), 3a& €]0, 1] such that:

€y (t,7; A07) dt < — / f(t, ;) dt,
||a6y||/ : )4 < 7 ) df

/u)z - €;(t,7; &0y) dt > — i(t) - D_es(t,7;09) dt, i€ I°.

1
[1671] Jz
From these inequalities, by noting that ¢;(7;@;) = 0, Vi € J° we have:

||a6y||
/ [Devo(t, 7: a67) + e;(£,7: a07)] dt <0, (3.4a)
T

/{u)Z D_ei(t,7; &0Y) + € (t,7;; &dy)]} dt >0, i€ I’ (3.4b)

Vi € J\J° either g;(7;w;) = 0 and [, Wie; dt = 0 or g;(T;w;) > 0. In the former

case, with & = 1, we obviously have:

/{wZ D_ei(t, 5, &0y) + €(t, y; &dy)|} dt > 0. (3.4¢)

In the latter case 3a° €]0, 1] such that:
g:(T; ;) + / Wi(t) - D_es(t,7; ady) dt > 0, Va €]0,a",
T

and thus Ja €]0, a’] such that:

> — ! [Qi(f; w;) + / wi(t) - D_eti(t,7; 07) dt} >

> _OZH}WH lgi(f; W;) + Oé/Twl( ) D_ethi(t,7; 07) dt} Ya €]0,aY),

where the 1st inequality holds since fT w;€; dt is infinitesimal of order >1 with
respect to ||(d7,07")|| and the 2nd side is fixed and negative, the 2nd inequality
holds since the 2nd side is obviously the maximum of the 3rd on ]0,a°]. With

o = & it follows that:

9:(T; @) + /T {@i()[D-ethi(t, y; 46Y) + €(t, 7; ady)]} dt > 0. (3.4d)
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Collecting all (3.4), recalling that ¢;(Z;w;) = 0, 7 € J°, and using the definition of
the remainders €;, we obtain the possibility of system (3.2), and hence the contra-

diction. This completes the proof. U

The impossibility of system (3.3) can be expressed as disjunction of the two sets

of the image space associated to (1.2). To this end introduce the sets:
Hy = {(u,v) ERxIR™: u>0;v; >0, i€I%v;>0, icI\IV;

K(w) ={(u,v) e RxR™:u= —/ Def dt; v; = g;(T; w;)+
T

+/ wiD—Gwi dt, 1€ j, WS X}

T

It is easily seen that the impossibility of system (3.3) holds iff
HyNKw) = 2.

Note that system (3.3) is set up with the homogeneous parts of f and the selections
g; and hence X (w) represents the homogenization of the selected image K(w); Hy,
simply follows the changes in the types of inequalities in going from (3.2a) to (3.3).

When )y, 1;, i € J are differentiable (€ is replaced with its subset L of linear

elements), then (3.3) becomes:

[Tt =)+ (Tt~ it <0

T

/wiKvW“x_EH (Vorihi, o' —T")]dt >0, i €%
T

w@sw) + [ BTt 0 —7)+
T
H(Vaty, ' =) dt >0, i€\ 2eXnND(7),

and in this case Lemma 3.1 extends to problem (1.2) a well known Linearization
Lemma (see [4]). Note that Lemma 3.1 can be slightly sharpened by requiring
differentiability or C-differentiability only for those 1; such that ¢;(Z;@;) = 0 and
continuity for the remaining ones. Lemma 3.1 can be generalized to semidifferen-

tiable functions.
4. Semistationarity

The generalization of the concept of stationary point, which is associated with
that of necessary conditions, has received much attention. The crucial point is the
kind of convergence that is required. The following definition seems to be quite
general, even if it is clear that it is not possible to handle every problem with a

single kind of convergence.

Definition 4.1. 7 € R C Y will be called a lower semistationary point of a
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problem of type milr%l f(x), iff there exists a neighbourhood N(T) of T, such that:
Te
lim inf —f@) — /(@)

T I >0, ze N@). (4.1)
e |l — 7|

The following proposition, whose proof is in Sect.3 of [3], is a motivation for
adopting the above definition.
Proposition 4.1 (i) If Z is a minimum point of f on R, then (4.1) holds. (ii) If R
and f are convex, then a lower semistationary point of f on R is a global minimum

point, and (4.1) becomes:
f'(z;x —7) >0, Vo eR,

where f'(Z;z) denotes directional derivative at T in the direction z. (iii) If f is

differentiable, then (4.1) becomes:
(f'(@),x—7) 20, VzeR,

which if T € int R, collapses to:
7'(7) =0,
Note that, in the case of problem (1.2), f’ denotes the variation of the functional

f. Let us introduce the function:
L0, \w) = 0f(x) — (Ag(z:w)), (6,)) e RxR™, weQ.

Note that, if we set A\;(t) := \; - w;(t), L is the classic Lagrangian function asso-
ciated to (1.2); hence, here the Lagrangian multiplier is splitted into two parts: a
selection part, i.e. w;(t) which in a wider context becomes w;(¢, ), and a separation
part, i.e. \;.

A star as apex of a cone will denote its positive polar. Let k(w) := (0, g(T; w

9 E
&l ..

(w, v(w)) a selection of the image of 7. Unlike before, y := (z,2'), v := (Z,T
0y =y — 7.
Lemma 4.1 (Semistationarity). Let vy be C-differentiable and 1, i € J be (-C)-

differentiable with respect to the set of 2nd and 3rd arguments at any value of

them.

(i) If 3w € Q such that:

_<67 /\) € [j{(@) - E(w)]*a (42)
then
li;njglf L0, A’ﬁi : ;(’T’ 6,A.%) > 0. (4.3)

If lim Dewy(t,7; IIE\I) and lim D_e;(t,7; —?H), i € J exist, then the lower
1671110 4 167110 %

limit of (4.1) collapses to the ordinary limit.
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(ii) If 7 € int X and v, vy, i € J are differentiable, then (i) becomes: if
_(97 )\> < [j{<w) o E<w)]L7

then
L (%;0,\w) = 0.

Proof. (4.2) is equivalent to:
—(0N) € {(u",v") € RxR™: ((u*,v"), (u—1u,v(0)—v(W))) >0, Y(u,v(@)) € K(w)},
or, by using Proposition 3.1 of [2],

Del(x;07;0,\,©) — DeL(T; 07;0,\,0) >0, Ve X, (4.4)

where

Del = / [0Detho — Y \D_ethi] dt.
T

€]

Divide both sides of (4.4) by ||6Z|| and add to them:

1 (- e Ty . 1 .
wE(Z’, (31’, 0, A,(U) = W/Z; <9€¢0 — Z)\ZEZ> dt,
<)

then (4.4) becomes:

1 1
— | L(x;0,\,@0) — L(Z;0,\,0)| > ——
Tk )~ = 6

€(T;0m;0,\,w), Vre X\{T}.

8

Now (4.3) follows, since €/||0Z|| — 0 as x — Z. The remaining part is obvious. (ii)
Since K(w) is now affine, the polar becomes the orthogonal complement and hence

lim inf collapses to lim and this is zero since both > and < must hold. O
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