On the Moments of Squared Binomial Coefficients
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Abstract. Explicit recurrent formulas for ordinary and alternated power mo-
ments of the squared binomial coefficients are derived in this article. Every
such moment proves to be a linear combination of the previous ones via a
coefficient list of the relevant Krawtchouk polynomial.

Introduction

In this article, we study the sums of form

n 2 n 2
(n) _ L (n) _ _1\m,, T n
Ly, —ng:om (m> and v, —mz::o( 1)™m (m) ,n>0 (1)
and refer them as the 7-th order (where 7 > 0 and 0° = 1 by convention) ordinary
and alternating moments of the squared binomial coefficients.

Such sums emerge very often in different theoretical and applied mathemat-
ical areas, for example, see A000984, |A002457, A037966, |A126869, A100071, and
A294486 in Sloane’s database OEIS| of integer sequences.

Unfortunately, up to the date (February 2020) not many explicit and closed
formulas for these sums are known and moreover all such formulas are limited in
order by r < 4, see [2], [3], [0], and |A074334.

In the present article we prove two main theorems and their corollaries (in
the Sections [3] and [4), providing the explicit recurrent formulas for obtaining the
closed forms for the aforesaid moments of any order r > 0. We also give some
examples of applications of these results.

1. Introduction
In this article, we study the sums of form

n 2 n 2
Nin) = Z m" (:%) and Vﬁ”) = Z (=)™m" (;) ;n >0 (2)

m=0 m=0


https://oeis.org/A000984
https://oeis.org/A002457
https://oeis.org/A037966
https://oeis.org/A126869
https://oeis.org/A100071
https://oeis.org/A294486
https://oeis.org/
https://oeis.org/A074334
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and refer them as the r-th order (where » > 0 and 0° = 1 by convention) ordinary
and alternating moments of the squared binomial coefficients.

Such sums emerge very often in different theoretical and applied mathemat-
ical areas, for example, see /A000984, |A002457, /A037966, |A126869, A100071, and
A294486/ in Sloane’s database OEIS| of integer sequences.

Unfortunately, up to the date (February 2020) not many explicit and closed
formulas for these sums are known and moreover all such formulas are limited in
order by r < 4, see [2], [3], [6], and |A074334.

In the present article we prove two main theorems and their corollaries (in
the Sections [3] and [4), providing the explicit recurrent formulas for obtaining the
closed forms for the aforesaid moments of any order r > 0. We also give some
examples of applications of these results.

2. Preliminaries

2.1. Hadamard transform, Krawtchouk polynomials and
McWilliams duality formula

In this section, we remind to the reader some definitions and results from algebraic
coding theory. The proofs of the claims can be found for example in [4].

For any integer n > 1, let I3 be an m-dimensional vector space over the
binary field Fo = {0,1} and let V,, be the 2"-dimensional Euclidean vector space
of all functions f: F§ — R equipped with the usual scalar product (f,g) =
vers J(0)g(v)

Every additive character of the space F4 can be written in a form xq(v) =
xv(u) = (=1)V"%, where the dot product is defined as u-v = > 1" wv, =
|u N |, where u and v are interpreted (in the obvious way) as subsets of indices
{1,2,...,n} . Note that for the vector 1 =(1,1,...,1) € V,, the scalar product
(v,1) =|vnN{y,2,..,n} is |v|, the Hamming weight of v.

It is a well-known fact that the full set of characters forms an orthogonal
basis in the space V,, for which

" n) 1 ifu=w

Definition 1. For every function f € V,, we define the Hadamard transform as

fla) = (fixu) = Y (D™ (o). (4)

VeV,

Note that (f, 9) = 2"(f,9) and f=onf (unitary and involutory properties
of Hadamard transform).
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https://oeis.org/A037966
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https://oeis.org/A100071
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https://oeis.org/
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Define now for every 0 < r < n the r-th weight-function

)1 ify=r

¥r(v) = 0 if|v|#7r
{v:¢.(v) =1}

Definition 2. For any f € V,, the (n + 1)-tuple of real numbers &(f) = (So(f),

S1(f), --- Su(f)), where S.(f) = (f 1) = Z f(v) is said to be the weight
ven'™

spectrum of f while G(fA) is referred as a dual weight spectrum of f .

and let ™ be the r-th Hamming sphere in F3: () _

Due to the unitary and involutory properties of the Hadamard transform one
has:

o~ o~
~ N

So(f) = (Fobn) = 27(F,0,) = (f, ). (5)

Functions 1, (v) depend obviously only on |v| and this gives rise to the fol-
lowing definition:

Definition 3. Function

oo = o = 000 = 3 - (U0 () ©)

, r—1 )
=0

where x = |v| is being called as the r-th Krawtchouk polynomial of order n; 0 <
r= degKr(") <n.

Now we can easily rewrite to obtain the famous MacWilliams formula for
n

dual spectrae: S,(f) = ZK,(.") (0)S:(f).
=0

2.2, Auxiliary lemmata

We will use these results in the sequel, but they may have independent combina-
torial interest, as well.

Lemma 1. For any nonnegative integer d, d > 1 let g(v) = (Ildfl)’ where v € V,.
Then g(u) = K((in+d)(|u|)a ueV,

Lemma 2. For every integer k,0 < k < d the following identity is valid:

Sy =2 () )

Corollary 1.
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Lemma 3.
n 2
> (”) 15" (m) = (") KE(j) (9)
m J
m=0
for every nonnegative integer j.

Remark 1. For j =0 we get from @ the classical identity

-2 () -6

m=0

(n

3. Recurrent formula for the moments i, ) and its applications

For a fixed nonnegative integer j let (,@&w‘)) be a coefficient list of the
0<r<j

polynomial Kj(") and let p = (u%),5, be an wmbral variable with a rule p* =

u$, s > 0.

Remark 2. Descriptions of umbral calculus can be found in many sources. We
recommend the reader to consult [§], for instance. A more developed and formalized
treatises are available at [5] and [T].

In this article, we need only the elementary notion of umbral variable as a
linear functional — on C[[u]] (the formal power series over 1) defined as — (p°) =

ué"), s> 0.

Theorem 1.

Corollary 2. (Recurrent formula for ugn) )
(=2 (n) N\ r-(2n) - (n,5),,(n) . (n) 2n
Tﬂj :<j>Kn /<]>_Z"ir ! ) ]ZL:U’O :<TL> (12)
: r=0
For example, for j = 6 one can consecutively applying Corollary [2| find

(my 1 (n543n® —13n* — 15n° 4+ 30n? 4+ 8n — 2) (2n
6 8(2n — 1)(2n — 3)(2n — 5) '

I
n

4. Recurrent formula for the alternating moments V](-") and their
applications

The case of the alternated moments is in general similar to the previous one but is
more subtle: Let v = (1/5)S>0 be an umbral variable with a rule v% = uﬁ”% s> 0.
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Theorem 2.

n n n .
K w) = (1) KED - ) (13)
Corollary 3. (Recurrent formula for V](.n) )
; i—1
(=2) <n> (2n) . (n,j .
—v. = |K;"Y(n—j)— kDM G >, 14
JTRE, j ( ) ;0 (14)
V(gn) _ (=1)2 (n/Z) zfn f 0 (mod 2) . (15)
0 ifn=1 (mod 2)
For example, for j = 6, one can consecutively applying corollary [3| find:
- (-1)%=" wwz) if n =0 (mod 2) (16)
Vg = = n-l o, k 2 .
(-1)" 2 n (n+18)(n“"+n —9n+3) ((n+nl)/2) fn=1 (HlOd 2)
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