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CHAPTER 0. THE NOTION OF MODULAR FORMS
AND A SURVEY OF THE MAIN EXAMPLES

The word “modular” refers to the moduli space of complex curves (= Riemann surfaces)
of genus 1. Such a curve can be represented as C/A where A C C is a lattice, two lattices Ay
and A5 giving rise to the same curve if Ay = AA; for some non-zero complex number A. A
modular function assigns to each lattice A a complex number F'(A) with F((A1) = F(As)
if Ao = AA;. Since any lattice A = Zw, + Zw- is equivalent to a lattice of the form Z7 + 7Z
with 7 (= w1 /ws) a non-real complex number, the function F' is completely specified by the
values f(7) = F(Z7+Z) with 7 in C\R or even, since f(7) = f(—7), with 7 in the complex
upper half-plane § = { 7 € C | I(7) > 0}. The fact that the lattice A is not changed by

replacing the basis {w1, w2} by the new basis aw; + bwa, cwy + dws (a,b,c,d € Z, ad — bc =
at +b

cT+d
7 always belong to $) is equivalent to looking only at bases {wj,ws2} which are oriented

(i.e. S(wy/wz) > 0) and forces us to look only at matrices (¢ g) with ad — bc = +1; the
group SLy(Z) of such matrices will be denoted I'; and called the (full) modular group.

+1) translates into the modular invariance property f( ) = f(7). Requiring that

Thus a modular function can be thought of as a complex-valued function on $) which is
invariant under the action 7 +— (a7 +b)/(cT+d) of I'y on $). Usually we are interested only
in functions which are also holomorphic on $) (and satisfy a suitable growth condition at
infinity) and will reserve the term “modular function” for these. The prototypical example
is the modular invariant j(7) = e 2™ 4 744 + 196884€?™7 4 ... (cf. 1.2).

However, it turns out that for many purposes the condition of modular invariance is
too restrictive. Instead, one must consider functions on lattices which satisfy the identity
F(Ay) = MF(Ay) when Ay = AA; for some integer k, called the weight. Again the
function F' is completely determined by its restriction f(7) to lattices of the form Zr + Z
with 7 in $), but now f must satisfy the modular transformation property

(aT—i—b
ct +d

(1)

) = (e +d)*f(7)

rather than the modular invariance property required before. The advantage of allowing
this more general transformation property is that now there are functions satisfying it
which are not only holomorphic in £, but also “holomorphic at infinity” in the sense that
their absolute value is majorized by a polynomial in max{1,3(7)~'}. This cannot happen
for non-constant I';-invariant functions by Liouville’s theorem (the function j(7) above, for
instance, grows exponentially as &(7) tends to infinity). Holomorphic functions f : $ — C
satisfying (1) and the growth condition just given are called modular forms of weight
k, and the set of all such functions—clearly a vector space over C—is denoted by M}, or
M;(T'1). The subspace of functions whose absolute value is majorized by a multiple of
I(7)7*/2 is denoted by Sy, or Si(T'1), the space of cusp forms of weight k. One also looks

at the spaces My (I") and S(I"), defined as above but with (1) only required to hold for
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(¢ Z) € I, for subgroups I' C I'y of finite index, e.g. the subgroup I'g(/N) consisting of all
(¢ Z) € I'; with ¢ divisible by a fixed integer N.

The definition of modular forms which we have just given may not at first look very
natural. The importance of modular forms stems from the conjunction of the following two
facts:

(i) They arise naturally in a wide variety of contexts in mathematics and physics and
often encode the arithmetically interesting information about a problem.

(ii) The space M, is finite-dimensional for each k.

The point is that if dim M} = d and we have more than d situations giving rise to modular
forms in My, then we automatically have a linear relation among these functions and hence
get “for free” information—often highly non-trivial—relating these different situations. The
way the information is “encoded” in the modular forms is via the Fourier coefficients. From
the property (1) applied to the matrix (¢ Z) = ((1) 1) we find that any modular form f(7) is
invariant under 7 — 7 + 1 and hence, since it is also holomorphic, has a Fourier expansion
as > a,e*™"7. The growth conditions defining M and Sy, as given above are equivalent to
the requirement that a,, vanish for n < 0 or n < 0, respectively (this is the form in which
these growth conditions are usually stated). What we meant by (i) above is that nature—
both physical and mathematical—often produces situations described by numbers which
turn out to be the Fourier coefficients of a modular form. These can be as disparate as
multiplicities of energy levels, numbers of vectors in a lattice of given length, sums over the
divisors of integers, special values of zeta functions, or numbers of solutions of Diophantine
equations. But the fact that all of these different objects land in the little spaces M}, forces
the existence of relations among their coefficients. To give the flavour of the kind of results
one can obtain, we will now list some of the known constructions of modular forms and
some of the number-theoretic identities one obtains by studying the relations among them.
More details and many more examples will be given in the following chapters.

Eisenstein series. For each integer k£ > 2, we have a function G (7) with the Fourier

development

o0
Gr(r) =cr+ Y _op_1(n) ™7,
n=1

where oj_1(n) for n > 0 denotes the sum of the (k — 1)st powers of the (positive) divisors

of n and ¢, is a certain rational number, e.g.,
1
Ga(7) = =57 Ta+3¢" +4¢° + 70" +6¢° +12¢° + 8¢ +15¢ + - --

1
Gu(r) = g ta+ 9¢° +28¢° + 73¢" + 126¢° + 252¢° + - - -

1
Go(T) = =57 +4+ 334" + 244¢° + 1057¢" + -

1
Ga(r) = o5 ta+ 129¢% 4 2188¢° + - -
2



(here and from now on we use ¢ to denote e?™7). We will study these functions in Chapter
1 and show that Gy for k > 2 is a modular form of weight k, while G5 is “nearly” a modular
form of weight 2 (for instance, Ga(7) — NG2(NT) is a modular form of weight 2 on I'g(NV)
for all N). This will immediately have arithmetic consequences of interest. For instance,
because the space of modular forms of weight 8 is one-dimensional, the forms 120 G4(7)?
and Gg(7), which both have weight 8 and constant term 1/480, must coincide, leading to

the far from obvious identity

(2) o7(n) = +12020—3 Jos(n—m)  (n>0),

the first example of the above-mentioned phenomenon that the mere existence of modular

forms, coupled with the finite-dimensionality of the spaces in which they lie, gives instant

proofs of non-trivial number-theoretical relations. Another number-theoretical application

of the G, is connected with the constant terms ¢, which turn out to be essentially equal
00

1
to the values of the Riemann zeta-function ((s) = >  — at s =k, so that one obtains a
n=1"N
new proof of and new insight into the identities

proved by Euler.

The discriminant function. This is the function defined by the infinite product
H (1 — g™ = g — 24¢2 + 252¢° — 1472¢" + 4830° — 6048¢° + - - - .

We will show in Chapter 1 that it is a cusp form of weight 12. This at once leads to
identities like 1728A = (240G4)3 — (504G6)? which let us express the coefficients of A in
terms of the elementary number-theoretic functions ox_1(n). More important, it provides
the first example of one of the most interesting and important properties of modular forms.
Namely, the coefficients of A are multiplicative, e.g., the coefficient —6048 of ¢° in the above
expansion is the product of the coefficients —24 and 252 of ¢* and ¢® (more generally, the

™" is the product of the coefficients of ¢ and ¢™ whenever m and n are

coefficient of ¢
coprime). This property, which was observed by Ramanujan in 1916 and proved by Mordell
the following year, was developed by Hecke into the theory of Hecke operators, which is at
the center of the whole theory of modular forms and will be discussed in detail in Chapter

2.

Theta series. Consider the Jacobi theta function

=Y M =142+ 2" 4240+
meZ
3



The powers of 6(7) tell us the number of ways of representing an integer as a sum of a
given number of squares, e.g.,

oo
0(7_>4 _ Z qm?—km%—i—mg—l—mi =14+ Zr4(n) qn
my, M2, M3, My n=1
where r4(1) = 8, 74(2) = 24, 74(3) = 24, ... denote the number of ways of representing 1,
2,3, ... as m3?+m3+m3+m?2 with m; € Z. We will study 6(7) and similar functions

in Chapter 3 and see that 6(7)? is a modular form on I'g(4) of weight 2. The theory of
modular forms tells us that the vector space Ms(I'g(4)) is two-dimensional, spanned by
Ga(T) — 2G5 (27) and Go(7) — 4Go(47). Hence 0(7)* is a linear combination of these two
elements; comparing the first two coefficients, we find (7)* = 8(Ga(7) — 4G4(47)) or

ran)=8 > d  (n>0),
d|n
d#0 (mod 4)
a famous formula due to Jacobi. In particular, r4(n) > 8 for all n, so that we get an
immediate proof of Lagrange’s theorem that every positive integer is a sum of four squares.
Similarly, the space M4(I'g(4)) containing 6(7)® is 3-dimensional with basis G4(7), G4(27)
and G4(47) and we get the formula

rs(n) =16 > d4+12 > d

d|n d|n
d#2 (mod 4) d=2 (mod 4)

for the number of representations of a positive integer n as a sum of 8 squares.
More generally, instead of the forms m? + ... m3, we can consider any positive definite
quadratic form Q(ma, ... ,mak) = >, ; aijmym; (a;; € Z) in an even number of variables.

Then the theta series

Oq(r)= Y P =14% trg(n)q",

mi, ..., M2k n=1

where (mq, ..., mg) in the first sum runs over all (2k)-tuples of integers and rg(n) in the
second denotes the number of integral representations of a positive integer n by the form
@, turns out to be a modular form of weight k£ on some group I'g(/N) and we can use the
theory of modular forms to get information on the representation numbers rg(n). This
is the most powerful tool known for studying quadratic forms and has applications in the
theory of higher-dimensional lattices, coding theory, etc.

Yet more generally, for certain polynomials P(mq, ..., mog) (spherical homogeneous
polynomials; see Chapter 3), the sum

Qq.p(T) = Z P(mi, ..., m2k)qQ(m1,...,m2k) =1+ ZTQ,P(WJ) ¢
mi, ..., M2k n=1

4



turns out to be a cusp form of weight k£ 4+ d, where d is the degree of P, so that we
get information about the “weighted” representation numbers rg p(n). For example, if
Q(m1,ma) = m? +m3 and P(my,ma) = m$ —6mIm3 +m3 (k=1,d = 4), then O¢g p =
4(q —4¢® +16¢* — 14¢° + . .. ) belongs to a space of cusp forms of weight 5 which one can
show is one-dimensional and spanned by the form (A(T)QA(27'>A(4T)2)1/ 12, so we get the
identity

oo

a* — 6a%b® + b* 2 g c.d.(n, 4)+2
(3) > g —all0
a,be”Z 4 n=1

As an example of a spherical theta series of a more general kind (on the full modular group
' =T) we mention Freeman Dyson’s identity

]_ 1:2 1‘2 IE2 1:2 1/,2
Ar)= ) (@ I G —xj)) gFitreteyteitas)/10

(ml,... ,m5)eZ5 1SZ<]S5
z1+-+x5=0
z;=t (mod 5)

for the discriminant function A(r).

Eisenstein series of half-integral weight. In considering theta series, there was no
reason to look only at quadratic forms in an even number of variables. If we take the
simplest possible quadratic form Q(mi) = m2, then the associated theta-series is just
Jacobi’s theta function 6(7), the fourth root of our first example, and as such satisfies the

transformation equation

9(‘”“)) = c(er+d)

ct+d

or) v(*)) eTo(a)

D=

for a certain number € = €. 4 satisfying e* = 1 (e can be given explicitly in terms of the
Kronecker symbol (%)) We say that 6 is a modular form of weight % More generally,
we can define and study modular forms of any half-integral weight r + % (r € N). This will
be done in Chapter 7. Just as for forms of integral weight, we can define Eisenstein series,
although both the definition and the calculation of the Fourier coefficients become more
complicated. It turns out that there exists for each r > 1 an Eisenstein series G/, 1 (1) of
weight r + % whose Fourier coefficients are equal (up to elementary factors) to the values
at s = r of the Dedekind zeta-functions (x(s) of real (for r even) or imaginary (for r
odd) quadratic fields. As in our previous examples, we can get a simple formula for any
G, 1 and hence in one blow a formula for the values of (x (r), numbers which are of great
number-theoretical interest, for all real or imaginary quadratic fields K. For instance, the
coefficient of ¢

1 1

N L 121
=520 T 12077 120

2161
g +2¢° +11¢° + = q” + 46¢"% + 58¢"% + - -

120
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, 135D7 /2 : : o :
is ——— (k(4) if D (=5, 8,12, ...) is the discriminant of a real quadratic field K; on

the other hand, on comparing Gg/, with the modular form G4(47)0(7) of the same weight
we find that they are equal and hence that we have the closed formula

27‘(’8 D — m?
4 o3(— D = discriminant of K

m2=D (mod 4)

for every real quadratic field K, a fairly deep result which it is much harder to prove
directly. For r = 1 the function Gj3/, has coefficients which are the class numbers of
imaginary quadratic fields. Like Gg, it is no longer quite modular but has a “nearly
modular” property which can be used to just as good effect. In this way also class numbers
can be brought into the theory of modular forms, most notably in connection with the
Eichler-Selberg formula for traces of Hecke operators (Chapter 8).

New forms from old. There are various methods which can be used to manufacture new
modular forms out of previously constructed ones. The first and most obvious method is
multiplication: the product of a modular form of weight k and one of weight [ is a modular
form of weight k + 1. Of course we have already used this above when we compared G2
and Gg or when we expressed A as a linear combination of G} and GZ. The multiplicative
property of modular forms means that the set M, = @ M}, of all modular forms on I’y
forms a graded ring. We will see in Chapter 1 that it in fact coincides with the ring of all
polynomials in G4 and Gg.

More interesting structures, which we will also study in Chapter 1, are connected with
the possibility of obtaining new modular forms by combining derivatives of modular forms
of lower weight. Given two modular forms f and g of weight k and [, respectively, there
is for each positive integer v a combination of the products of derivatives f)(7)g®* =% (7))
(0 < ¢ < v) which is a cusp form of weight k + | + 2v. For instance (k =4, =6, v = 1),
the function 2G4(7)Gg(7) — 3G (7)Ge(7) is a cusp form of weight 12 and hence, since the
space of such cusp forms is 1-dimensional, a multiple of A. More generally, we will see that
the “extended” ring of modular forms generated by G4, Gg, and the “near”-modular form
(G5 is closed under differentiation, with the consequence that any modular form satisfies a
non-linear third-order differential equation.

Finally, we can get new modular forms from old ones by looking at combinations of the
functions (er+d) ™% f( 3:[2) (“slash operator”), where f is a modular form of weight k& and
v=(¢ d) a 2x2 matrix with rational coefficients. Examples are the operators f(7) — f(ar)
(like the functions G4(27) and G4(47) used above in connection with 8(7)®) and the Hecke
operators which were mentioned in connection with the function A(7).

Modular forms coming from algebraic geometry and number theory. Certain
power series Y a(n)q™ whose coefficients a(n) are defined by counting the number of points

of algebraic varieties over finite fields are known or conjectured to be modular forms. For
6



example, the famous “Taniyama-Weil conjecture” says that to any elliptic curve defined
over QQ there is associated a modular form »_ a(n)q"™ of weight 2 on some group I'o(V)
such that p + 1 — a(p) for every prime number p is equal to the number of points of the
elliptic curve over F,, (e.g., to the number of solutions of z* — ky® = 1 modulo p, where
k is a fixed integer). Of course, this cannot really be considered as a way of constructing
modular forms, since one can usually only prove the modularity of the function in question
if one has an independent, analytic construction of it. The Taniyama-Weil conjecture is
very deep and in particular is known to imply Fermat’s last theorem!

In a similar vein, one can get modular forms from algebraic number theory by looking at
Fourier expansions Y  a(n)q™ whose associated Dirichlet series > a(n)n~* are zeta functions
coming from number fields or their characters. For instance, a theorem of Deligne and Serre
says that one can get all modular forms of weight 1 in this way from the Artin L-series of
two-dimensional Galois representations with odd determinant satisfying Artin’s conjecture
(that the L-series is holomorphic). Again, however, the usual way of applying such a result
is to construct the modular form independently and then deduce that the corresponding
Artin L-series satisfies Artin’s conjecture.

In one situation, the situation of so-called “CM” (complex multiplication) forms, the
analytic, algebraic geometric, and number theoretic approaches come together: analytically,
these are the theta series ©g p associated to a binary quadratic form @) and an arbitrary
spherical function P on Z?; geometrically, they arise from elliptic curves having complex
multiplication (i.e., non-trivial endomorphisms); and number theoretically, they are given
by Fourier developments whose associated Dirichlet series are the L-series of algebraic
Hecke grossencharacters over an imaginary quadratic field. An example is the function (3)
above. The characteristic property of CM forms is that they have highly lacunary Fourier
developments, because binary quadratic forms represent only a thin subset of all integers
(at most O(z/(logx)'/?) integers < z).

Modular forms in several variables. Finally, modular forms in one variable can be
obtained by restricting in some way different kinds of modular forms in more than one
variable (Jacobi, Hilbert, Siegel, ...), these in turn being constructed by the appropriate
generalization of one of the methods described above. Such forms will be discussed in Part
IT.

Exercises
1. Check that the expression 3(7)¥/2|f(7)| for a function f : $§ — C satisfying (1) is
invariant under 7 — (a7 + b)/(cT + d).
2. Show that the group I'; is generated by the elements T' = ((1) 1) and S = ((1) _01 ) (Hint:
Show that a?+b%+c?+d? for a matrix v = (‘é g) # +15 in I'; can be reduced by multiplying
~ on the right by ST" for a suitable integer n.) Deduce that a function f : $§ — C belongs

00
n=0

2minT

to My(I'y) if and only if it has a convergent Fourier expansion f(7) = > "~ a(n)e

and satisfies the functional equation f(—1/7) = 7% f(7).
7



3. Show that if f(7) is a modular form of weight k& on I'; then f(r7) is a modular form
of weight k on I'g(V) for any positive integers r and N with N divisible by r.
4*. Give an elementary proof of (2).



CHAPTER 1. MODULAR FORMS ON SLy(Z)

In this chapter we study the space of modular forms on the full modular group I'y =
SLs(Z). In particular, we prove the modularity properties of the Eisenstein series Gy
and discriminant function A mentioned in Chapter 0, describe the structure of the ring
of modular forms, and discuss the modularity properties of derivatives of modular forms.
Many of the ideas (e.g., the construction of Eisenstein series) go through almost unchanged
for other groups I', but restricting attention to I'y we can simplify many of the details and
give more complete results.

1.1. Eisenstein series. Recall that a modular form of weight k£ on I'y is a function
[+ $ — C having a Fourier expansion f(7) = > 7 a(n)¢" (¢ = €*™7) which converges
for all 7 € $ and satisfying the modular transformation property

1) Fm) = (er + d)F f(7) (=21 ery, 4r= T2

By Exercise 2 of Chapter 0, it is enough to require (1) for the matrix v = ((1) _01) only.

The first construction of such a form is a very simple one, but already here the Fourier
coefficients will turn out to give interesting arithmetic functions. For k£ even and greater
than 2, define the Eisenstein series of Weight k by
2) Gi(r) = 27m k Z:n (mT +n)
where the sum is over all pairs of integers (m, n) except (0,0). (The reason for the normaliz-
ing factor (k—1)!/2(27i)*, which is not always included in the definition, will become clear
in a moment.) This transforms like a modular form of weight k because replacing Gy (7)
by (cr + d)_ka(%) simply replaces (m,n) by (am + c¢n,bm + dn) and hence permutes
the terms of the sum. We need the condition k£ > 2 to guarantee the absolute convergence
of the sum (and hence the validity of the argument just given) and the condition k& even
because the series with k odd are identically zero (the terms (m,n) and (—m, —n) cancel).

To see that G, satisfies the growth condition defining My, and to have our first example
of an arithmetically interesting modular form, we must compute the Fourier development.
We begin with the Lipschitz formula

1 —2
Z ( 7r2 Z k=1 2mirz (k c ZEQ’ z 653)7

= (2 +n)k

which is proved in Appendix Al. Sphttmg the sum defining G, into the terms with m =0

and the terms with m # 0, and using the evenness of k to restrict to the terms with n
positive in the first and m positive in the second case, we find

Gr(7) = 2m an mg_:( 27mi) Z(TﬂTiﬂ)’“)

nez

—1)k/2(k — 4
— ( 1) (275)]{; 1 'C(k) + Z Zrk—1€27rzrm7"

m=1r=1
9




o0

where ((s) = ) — is Riemann’s zeta function. The number
n=1"7

% (k) is rational
k

B
and in fact equals —2—2, where By, denotes the kth Bernoulli number (= coefficient of %

in the Taylor expansion of N around z = 0); it is also equal to $((1 — k), where the

er —
definition of ((s) is extended to negative s by analytic continuation (cf. Appendix A2).

Putting this into the formula for G and collecting for each n the terms with rm = n, we
find finally

® Grl(r) = —5E + Y on () d" = 5C1— k) + D ()",

where o4—1(n) as in Chapter 0 denotes }_,,, r#=1 (sum over all positive divisors r of n) and
we have again used the abbreviation ¢ = €2™7. The beginnings of the Fourier developments

of G4, Gg and Gg were given in Chapter 0; the Fourier expansions of G19, G12, G14 and

G16 begin
1 691
Gro(r) = —— 513¢2 + - - - Gia(r) = —— 2049¢2 + - -
10(7) 264 +q+ols¢g” + -, 12(7) 65520 +q+ q+ -,
oo ) 3617 )

The fact that the Fourier coefficients occurring are all rational numbers is a special case of
the phenomenon that M}y in general is spanned by forms with rational Fourier coefficients.
It is this phenomenon which is responsible for the richness of the arithmetic applications
of the theory of modular forms.

The right-hand side of (3) makes sense also for k = 2 (B is equal to ¢) and will be used
to define a function Ga(7). It is not a modular form (indeed, there can be no non-zero
modular form f of weight 2 on the full modular group, as we will see in the next section).
However, its transformation properties under the modular group can be easily determined
using Hecke’s trick: Define a function G by

—1 / 1
G5(1) = = i :
2(7) 82 61\2%(;1 (m7’+n)2|m7'+n|€>

The absolute convergence of the expression in parentheses for € > 0 shows that G5 trans-

forms according to (1) (with £ = 2), while applying the Poisson summation formula to this

expression first and then taking the limit € \, 0 leads to the Fourier development

1 .
(4) G3(1) = Ga(1) + — (T=u+1veES9N).
The fact that the non-holomorphic function G5 transforms like a modular form of weight
2 then implies that the holomorphic function G5 transforms according to

(5) G2(a7'—|—b

ct +d

cler +d) ab

(“%yer).

) = (e1 + d)*Ga(T) — ym

10



1.2. The discriminant function. We define a function A in $) by
(6) all0-a7  rena=em)

Then

i’((;) _ % (2772'7' +24) log(1 — ‘17"))

r=1

—2m<1 - 24zl_q )
— _48m'(—ﬂ + Z(Z r)q”) = —487iGy(T).

n=1 rin

The transformation formula (5) gives

L AED A,
(et + d)? A(g::g) A7) ct+d
o d b, d
at +

—(log A = —log(A d)'?).

dT(Og (CT—|—d)) dr og( ()(er +d) )
Integrating, we deduce that A(“:ig) equals a constant times (c7 + d)!?2A(7). Moreover,
this constant must always be 1 since it is 1 for the special matrices (CC‘ Z) = ((1) i) (compare

Fourier developments!) and (¢ g) = (97

Thus A(7) satisfies equation (1) with & = 12. Multiplying out the product in (6) gives the

expansion

) (take 7 =i !) and these matrices generate I';.

(7) A(T) = q — 24¢* + 252¢° — 1472¢* + 4830¢° — 6048¢° + 8405¢" — - - -

in which only positive exponents of ¢ occur. Hence A is a cusp form of weight 12. The
coefficient of ¢" in the expansion (7) is usually denoted 7(n) and called the Ramanujan
function; as already mentioned in Chapter 0, it is a multiplicative function of n.

Using A, we can determine the space of modular forms of all weights. Indeed, there
can be no non-constant modular form of weight 0 (it would be a non-constant holomorphic
function on the compact Riemann surface $/T'; U {oc}), and it follows that there can be
no non-zero modular form of negative weight (if f had weight m < 0, then f2Al™! would
have weight 0 and a Fourier expansion with no constant term). Also, M} = {0} for k odd
(take a = d = —1, b = ¢ = 0 in (1)). Furthermore, the space M is also trivial, since if
f(7) were an element of My then f(7)dr would be a meromorphic differential form on the
Riemann surface $)/T'; U {oo} of genus 0 with a single pole of order < 1, contradicting the

residue theorem. (For a less fancy version of this argument, see Exercise 2.) For k even and
11



greater than 2, we have the direct sum decomposition My = (Gj) @ Sk, since the Eisenstein
series G has non-vanishing constant term and therefore subtracting a suitable multiple of
it from an arbitrary modular form of weight k£ produces a form with zero constant term.
Finally, Si is isomorphic to My_12: given any cusp form f of weight k, the quotient f/A
transforms like a modular form of weight k£ — 12, is holomorphic in $) (since the product
expansion (6) shows that A does not vanish there), and has a Fourier expansion with only
nonnegative powers of ¢ (since f has an expansion starting with a strictly positive power
of ¢ and A an expansion starting with ¢'). It follows that M} has finite dimension given

46 8 10 12 14 16 18 ... k ... k4+12 ...
1111 2 1 2 2 ...d ... d+1

It also follows, since both GG, and A have rational coefficients, that M), has a basis consisting
of forms with rational coefficients, as claimed previously; such a basis is for instance the
set of monomials A'G},_12; with 0 < I < (k — 4)/12, together with the function Ak/12 f
k is divisible by 12. We also get the first examples of the phenomenon described in the
introductory chapter that non-trivial arithmetic identities can be obtained “for free” from
the finite-dimensionality of Mj. Thus both G% and Gg belong to the one-dimensional space
Mg, so they must be proportional and we obtain the identity (2) of Chapter 0. Similarly,
the one-dimensionality of M;y and M7, imply the proportionality of G4G¢ and G1¢ and of
G4G1p, GgGs, and G14 and hence various other identities of the same type. In fact, one
deduces easily from what has just been said that every modular form on SLs(Z) is uniquely
expressible as a polynomial in G4 and G, i.e., the graded ring M, = Q) M}, coincides with
the polynomial algebra C[G4, Gg].

Comparing the Fourier expansions of the first few Gy as given in Chapter 0 and Section
1.1 and the dimensions of the first few M as given above, we notice that Si is empty
exactly for those values of k for which the constant term — By, /2k of Gy, is the reciprocal of
an integer (namely, for k = 2, 4, 6, 8, 10 and 14). This is not a coincidence: one knows for
reasons going well beyond the scope of these lectures that, if there are cusp forms of weight
k, there must always be congruences between some cusp form and the Eisenstein series of
this weight. If this congruence is modulo a prime p, then p must divide the numerator of
the constant term of G, (since the constant term of the cusp form congruent to Gy, modulo
p is zero). Conversely, for any prime p dividing the numerator of the constant term of Gy,
there is a congruence between Gy and some cusp form. As an example, for £ = 12 the
numerator of the constant term of Gy, is the prime number 691 and we have the congruence
G12 = A (mod 691) (e.g. 2049 = —24 (mod 691)) due to Ramanujan.

Finally, the existence of A allows us to define the function

() (240G4)® (1 + 240q + 21602 + 6720¢° + - - )?
T) = =
! A q — 24q2 + 252¢% + 1472¢* — - -
= 7'+ 744 + 196884q + 21493760¢% + - - -
12




and see (since G and A are modular forms of the same weight on I'1) that it is invariant
under the action of I'; on $). Conversely, if ¢(7) is any modular function on $) which grows
at most exponentially as §(7) — oo, then the function f(7) = ¢(7)A(7)™ transforms like
a modular form of weight 12m and (if m is large enough) is bounded at infinity, so that
f € Miam; by what we saw above, f is then a homogeneous polynomial of degree m in G3
and A, so ¢ = f/A™ is a polynomial of degree < m in j. This justifies calling j(7) “the”
modular invariant function. In fact, we can say more. Define a subset F of £ as the set of
T = u+ iv satisfying |u| < 3, |7| > 1. Using Exercise 2 of Chapter 0, one can show that
every point of $ can be mapped by an element of I'y to a point of F. If f is a modular
form of weight k& which does not vanish at infinity (i.e., has constant term a(0) # 0) or
anywhere on the boundary OF of F, then by integrating f'(7)/f(7) around OF we find
that f has exactly k/12 zeroes in the interior of F (in particular, & must be divisible by
12; modular forms on I'y must have zeroes on the boundary of F and more specifically
at the point 4 if 4 fk and at the points (£1 4 i1/3)/2 if 3k, as one sees by applying a
variant of the same argument or directly as in Exercise 3). In particular, for each A\ € C the
function (240G4)? — AA(7) has exactly one zero in the interior of F if it does not vanish
on OF. This shows that j(7) gives an isomorphism from the Riemann surface X obtained
by identifying the edges of F via 7 ~ 7+ 1 for u = —% and 7 ~ —1/7 for |7| = 1 to the set
of complex numbers. Alternatively, one can observe that the function 7 — A on the closed
surface obtained by adding a “point at infinity” to X has exactly one pole, at infinity, and
hence exactly one zero, at some finite point. It follows that any meromorphic function on $)
which is I'1-invariant and grows at most exponentially in v = (1) as v — oo is a rational

function of j(7).

1.3. Modular forms and differential operators. The process of differentiation dis-
turbs the property of modularity. If we start with a function f satisfying (1), then we find
by differentiation that the derivative f’ satisfies the equation

ar +b
ct+d

(8) FEE2) = (e + )2 f/(7) + heler + d)F+ f(7),

i.e., it behaves nearly like a modular form of weight k£ + 2 but with a slight perturbation.
There are two ways to get around this difficulty and produce modular forms of higher
weight by a differentiation property. The first is to combine derivatives of two different
modular forms. For instance, if g € M; is a second modular form, then writing down the
analogue of (8) for g we see that the perturbations of the modularity property of f'(7)g(7)
and of f(7)g’(r) are the same up to a factor k/l and hence that the function

1
2T

(9) Fi(f,9)(7) (L (r)g(r) =k f(r)g' (7))

is a modular form (in fact, a cusp form, since the constant term is obviously zero) of weight

k+ 1+ 2. As the simplest numerical example, the function F; (G4, Gg) = —3—15q — .- is a
13



?%A, which gives the formula

cusp form of weight 12 and hence equals —3

r(n) = 2730 57”5(”) n —35 a%:o (60 — 4b)os(a)os (b)
a+b=n

for the coefficient 7(n) of ¢" in A. The operation F} is antisymmetric in its two arguments
and satisfies the Jacobi identity, so that it makes M, o = @ M, _o into a graded Lie

algebra. More generally, for each v > 0 we have H. Cohen’s differential operator F,
which is defined for f € My, g € M; by

(10)  F(f.g)r) = @) 3 (-1)r R (R ECROrEE

= 1 V—p

(the normalization has been chosen so that F,(f,g) has integral Fourier coefficients if both
f and g do). We claim that this is a modular form (and hence again a cusp form, as for
v =1) of weight k£ + [ + 2v. To see this, first prove the generalization

m

+ b "k+p—1)! _
11 (u) ar § : T d)FHHTx ()
(11) M d) N =k a—niC e td) J)

of (8) by induction on u. These transformation formulas can be combined into the single
statement that the generating function

oo

(12) rX) =m0 X (ren.X €T
2 .
satisfies
- b X ~ b
(13) f(i‘;j_d, ) (o7 + d)F X/ (em+d) f(r X ((Zd) eT).

From this and the corresponding formula for g it follows that the product

Fr X)) = 3 o Gy Bl o)) X

V=

aT+b

is multiplied by (c7+d)**! when 7 and X are replaced by =57 and and this proves

-
the modular transformation property of F,(f, g) for every v. The differential operators F,,
have many applications in the theory of modular forms, some of which will be described in
later chapters. As an example, we mention that the generalized theta series with spherical
polynomial coefficients ©g p mentioned in Chapter 0 can be obtained from the simpler
theta series ©¢ by the use of these operators, e.g. if (1) =) q712 is the basic theta-series

of weight 4 on I'g(4), then 2F5(6,0) is the function occurring in equation (3) of Chapter 0.
14



The second way around the problem caused by the extra term in (8) involves the near-
modular form G5 of Section 1.1. Comparing the transformation equations (5) and (8),
we find that for any f € Mj the function f/(7) + 4wikG2(7)f(7) belongs to My s. For
instance, for the two forms G, and Gg we have

1, 7 1, 10
(14) — Gy(r) = 10 Ge(7)—8Ga(T) Gy4(1), — Gg(7) = 51 Gs(1)—12Go(7) Gg(7) .

2mi 2mi
Similarly, by differentiating (3) we find that G4 (7) + 47iG2(7)? belongs to My, whence

1 5
1 ! - _ ) 2 )
(15) o Ch(7) = 2 Ga(r) ~ 2Ga(7)
The formulas (14) and (15) imply that the extension C[G2, G4, Gg¢] of the ring M, =
C[G4, Gg] is closed under differentiation. It follows that if a function f belongs to this
ring, then so do the functions f’, f” and f” and (since the ring has only three generators)
these four functions must be algebraically dependent. In particular, Go and all modular

forms on 'y satisfy third-order differential equations, e.g., % GY —48Gy G + 72 G’22 =0.

Exercises
1. Show that the series (2) converges absolutely for & > 2. (Hint: The number of pairs
(m,n) for which |m7 + n| lies between N and N + 1 is bounded by a multiple of N, so the

series converges like > m)
N=1

2. Prove that the space My is trivial. (Hint: Show that if f(7) = Y~ ; a(n)g" belongs to
My then the integrated function F(7) = a(0)7+ Y -, a(n)q"/2mwin would be I'y-invariant
up to a constant, i.e., F'(y(r)) = F(1) + C(v) for all 7 € $ and v € T'; for some constant
C (7). The map C : I'y — C would be a homomorphism and hence 0 since I'; is generated
by the elements S and ST of finite order, where S and T are defined as in Exercise 2 of
Chapter 0.)

3. Show that a modular form of weight k on T'; vanishes at 4 if 4 /k and at (£1+iv/3)/2
if 3 fk (hint: apply (1) with v =S or ST).

4. Check the various claims made in the final paragraph of §1.2.

5. Check the formula (11) and the other steps in the proof of the modularity of F,(f, g).

15



CHAPTER 2. HECKE THEORY

The key to the rich internal structure of the theory of modular forms is the existence
of a commutative algebra of operators T, (n € N) acting on the space M} of modular
forms of weight k. The space M} has a canonical basis of simultaneous eigenvectors of all
the T),; these special modular forms have the property that their Fourier coefficients a(n)
are algebraic integers and satisfy the multiplicative property a(nm) = a(n)a(m) whenever
n and m are relatively prime. In particular, their associated Dirichlet series »_ a(n)n=*
have Euler products; they also have analytic continuations to the whole complex plane and
satisfy functional equations analogous to that of the Riemann zeta function. We will define
the operators T;, in Section 2.1 and describe their eigenforms and the associated Dirichlet
series in Sections 2.2 and 2.3, respectively. The final section of the chapter describes the

modifications of the theory for modular forms on subgroups of SLs(Z).

2.1. Hecke operators. At the beginning of Chapter 0 we introduced the notion of
modular forms of higher weight by giving a bijection

W FA) — f(r)=F(Zt + Z),
1
f(r) = F(A) = wy ¥ f (w1 Jws) (A = Zwy + Zws, S(w1/wz) >0)

between functions f in the upper half-plane transforming like modular forms of weight k
and functions F of lattices A C C which are homogeneous of weight —k, F(AA) = A"FF(A).
If we fix a positive integer n, then every lattice A has a finite number of sublattices A’ of
index n, and we have an operator T}, on functions of lattices which assigns to such a function
F' the new function

(2) T,F(A)=n""" Y F()
A CA
[A:A]=n

(the factor n*~1 is introduced for convenience only). Clearly T}, F is homogeneous of degree
—Fk if F is, so we can transfer the operator to an operator 7, on functions in the upper
half-plane which transform like modular forms of weight k. This operator is given explicitly
by

aT—i—b)
ct+d

(3) Tof(r)=n*""" Y (er+d)Ff(

(‘i Z)Grl\/‘/ln

and is called the nth Hecke operator in weight k; here M, denotes the set of 2 x 2
integral matrices of determinant n and I'y\.M,, the finite set of orbits of M,, under left

multiplication by elements of I'y = SLy(Z). Clearly this definition depends on k and we
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should more correctly write Ty (n)f or (the standard notation) f|,75,, but we will consider
the weight as fixed and write simply T;, f for convenience. In terms of the “slash operator”

(fley)(7) =

(ad — bc)k/?  ar +b ab

mentioned in Chapter 0, formula (3) can be expressed in the form

T.f(r)=n=""" 3" flun.
pneri\ M,
From the fact that |, is a group operation (i.e. f|.(7172) = (flg71)|ey2 for 71, 72 in
GL3 (R)), we see that T, f is well-defined (changing the orbit representative y to yu with
v € I'y doesn’t affect f|,u because f|,y = f) and again transforms like a modular form of
weight k on I'y (T f)|yy = Tnf for v € I'y because {uy | u € I'1\M,,} is another set of
representatives for '\ M,,). Of course, both of these properties are also obvious from the
invariant definition (2) and the isomorphism (1).

Formula (3) makes it clear that T,, preserves the property of being holomorphic. We
now give a description of the action of 7T,, on Fourier expansions which shows that T,,
also preserves the growth properties at infinity defining modular forms and cusp forms,
respectively, and also that the various Hecke operators commute with one another.

o0
Theorem 1. (i) If f(7) is a modular form with the Fourier expansion », Gn,q™
(q = €*™7 ), then the Fourier expansion of T, f is given by m=0

oo
k— nm m
(4) Tuf(r)= ( > d 1“(?)) q",
m=0 “d|n,m
where de m denotes a sum over the positive common divisors of n and m. In particular,
T, f is again a modular form, and is a cusp form if f is one.
(ii) The Hecke operators in weight k satisfy the multiplication rule

(5) T T =Y d* ' Ty

d|n,m
In particular, T, T,, = T, T,, for all n and m and T,,T,, = Tnm if n and m are coprime.

Proof. If p = (Z Z) is a matrix of determinant n with ¢ # 0, then we can choose a matrix
/

v o= (CC”,/ Z:) € SLy(Z) with % = %, and v~ 14 then has the form (3:) Hence we can

assume that the coset representatives in (3) have the form p = (8 Z) with ad =n, b € Z.

A different choice (7§ Z) (v € SLo(Z)) of representative also has this form if and only if

v = j:((l);) with r € Z, in which case 7(83) = i(gbtidr), so the choice of y is unique if

we require a, d > 0 and 0 < b < d. Hence

d—1
T, (1) — k1 Z def(m;b).

a,d>0 b=0
ad=n

17




Substituting into this the formula f = > a(m)¢™ gives (4) after a short calculation. The
second assertion of (i) follows from (4) because all of the exponents of ¢ on the right-hand
side are > 0 and the constant term equals a(0)oi_1(n) (0x—1(n) as in 1.1), so vanishes if
a(0) = 0. The multiplication properties (5) follow from (4) by another easy computation. l

In the special case when n = p is prime, the formula for the action of T,, reduces to

2l +7 =

S A(TE) ) = X alma® Y alm) a7
p m=0 m=0

The multiplicative property (5) tells us that knowing the T, is sufficient for knowing all T,
since if n > 1 is divisible by a prime p then T, =T, ,,T), if p> fn, T, = =T pTp— ph 1Tn/p2
if p?|n.

To end this section, we remark that formula (4), except for the constant term, makes
sense also for n = 0, the common divisors of 0 and m being simply the divisors of m. Thus
the coefficient of ¢ on the right is just a(0)oi_1(m) for each m > 0. The constant term
is formally a(0) Y57, d*~! = a(0)¢(1 — k), but in fact we take it to be $a(0)¢(1 — k) =

By,
—a(0)— 5% Thus we set

(6) Tof(7) = a(0) Gi(7) (f =) a(m)g™ € My);
m=0
in particular, Ty maps My to M} and Ty f = 0 if f is a cusp form.

2.2. Eigenforms. We have seen that the Hecke operators T), act as linear operators on the
o0
vector space My. Suppose that some modular form f(7) = )  a(m)q™ is an eigenvector

of all the T,,, i.e.,

m=0

(7) Tnf = /\nf (Vn)

for some complex numbers \,,. This certainly sometimes happens. For instance, if k = 4,
6, 8, 10 or 14, then the space M} is 1-dimensional, spanned by the Eisenstein series Gy, so
T, Gy, is necessarily a multiple of Gy, for every n. (Actually, we will see in a moment that
this is true even if dim My > 1.) Similarly, if £ = 12, 16, 18, 20, 22 or 26, then the space
Sy of cusp forms of weight k is 1-dimensional, and since T,, preserves Sk, any element of
Sy satisfies (7). From (7) and (4) we obtain the identity

(8) A a(m) = Z dk_la(T;—ZL)

d|ln,m

by comparing the coefficients of ¢ on both sides of (7). In particular, \,a(1) = a(n) for

all n. It follows that a(1) # 0 if f is not identically zero, so we can normalize f by requiring
18



that a(1) = 1. We call a modular form satisfying (7) and the extra condition a(1) =1 a
Hecke form (the term “normalized Hecke eigenform” is commonly used in the literature).
From what we have just said, it follows that a Hecke form has the property

(9) An = a(n) (Vn),

i.e., the Fourier coefficients of f are equal to its eigenvalues under the Hecke operators.
Equation (5) or (8) now implies the property

_ nm
(10) a(n)a(m) = Y d* a(—)

d|n,m

for the coefficients of a Hecke form. In particular, the sequence of Fourier coefficients {a(n)}
is multiplicative, i.e., a(1) = 1 and a(nm) = a(n)a(m) whenever n and m are coprime.
In particular, a(pi'...p;") = a(pi')...a(p;") for distinct primes p1,...,p;, so the a(n) are
determined if we know the values of a(p") for all primes p. Moreover, (10) with n = p",
m = p gives the recursion

(11) a(p’t) = a(p)alp”) — p* ta(p") (r>1)

for the coefficients a(p”) for a fixed prime p, so it in fact is enough to know the a(p)
(compare the remark following Theorem 1).

B (@)
Examples. 1. The form Gy = —2—]’; + Z or—1(m)q™ € My is a Hecke form for all k£ > 4
m=1

with A\, = a(n) = ox_1(n) for n > 0 and A\g = a(0) = —f—;; (cf. (6)). In view of (4), to
check this we need only check that the coefficients a(n) of Gy, satisfy (10) if n or m > 0;
this is immediate if n or m equals 0 and can be checked easily for n and m positive by
reducing to the case of prime powers (for n = p”, oj_1(n) equals 1 4 p*~1 4 ... 4 pr(k=1),
which can be summed as a geometric series) and using the obvious multiplicativity of the
numbers oy _1(n).

2. The discriminant function A discussed in 1.2 belongs to the 1-dimensional space Si»
and has 1 as coefficient of ¢!, so it is a Hecke form. In particular, (10) holds (with k = 12)
for the coefficients a(n) of A, as we can check for small n using the coefficients given in (7)
of 1.2:

a(2)a(3) =—24 x 252 =—6048 = a(6), a(2)? = 576 =—1472 + 2048 = a(4) + 2'*.

This multiplicativity property of the coefficients of A was noticed by Ramanujan in 1916
and proved by Mordell a year later by the same argument as we have just given.

The proof that A is a simultaneous eigenform of the 7;, used the property dim Sy =1,
which is false for k£ > 26. Nevertheless, there exist eigenforms in higher dimensions also;

this is Hecke’s great discovery. Indeed, we have:
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Theorem 2. The Hecke forms in My form a basis of My, for every k.

Proof. We have seen that G, is an eigenform of all 7},. Conversely, any modular form with
non-zero constant term which is an eigenform of all 7;, (n > 0) is a multiple of G}, by virtue
of equation (6) of Section 2.1. In view of this and the decomposition My = (Gj) & Sk, it
suffices to show that S is spanned by Hecke forms and that the Hecke forms in S} are
linearly independent. For this we use the Petersson scalar product

(12) (f.9) = //ﬁ IR (g€ s

where we have written 7 as u + v and dp for the measure v=2 du dv on §, and the integral

is taken over a fundamental domain for the action of I'; on $. This integral makes sense
because the function v*|f(7)|?
‘2

and the measure dp are both I'y-invariant and converges
absolutely because v*|f(7)|? is bounded and | &1, A < 0o. It gives Sy the structure of
a finite-dimensional Hilbert space. One checks from the definition (3) that the T;, are
self-adjoint with respect to this structure, i.e. (T, f,9) = (f,Tng) for all f, g € Si and
n > 0. (For n = 0, of course, T;, is the zero operator on Si by equation (6).) Also, the T;,
commute with one another, as we have seen. A well-known theorem of linear algebra then
asserts that Sy is spanned by simultaneous eigenvectors of all the transformations 7;,, and
we have already seen that each such eigenform is uniquely expressible as a multiple of a

Hecke form satisfying (10). Moreover, for a Hecke form we have

a(n) (f. f) = (a)f, f) = Auf. f) = (Tuf, f)
= (f.Tuf) = (f: Anf) = (fra(n) f) = a(n) (f, f)

by the self-adjointness of T;, and the sesquilinearity of the scalar product. Therefore the
Fourier coefficients of f are real. If g = )" b(n)¢" is a second Hecke form in Sj, then the
same computation shows that

a(n) (f,9) = (Tnf,g9) = (f,Tag) = b(n) (f,9) = b(n) (f,9)

and hence that (f,g) = 0 if f # g. Thus the various Hecke forms in Sy are mutually
orthogonal and a fortior: linearly independent. B

We also have

Theorem 3. The Fourier coefficients of a Hecke form f € Sy are real algebraic integers
of degree < dim Sf.

Proof. The space Sy, is spanned by forms all of whose Fourier coefficients are integral (this
follows easily from the discussion in Section 1.2. By formula (4), the lattice Ly of all such
forms is mapped to itself by all T,,. Let f1,..., fs (d = dimc Sk = rkz L) be a basis for

Ly, over Z. Then the action of T;, with respect to this basis is given by a d x d matrix
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with coefficients in Z, so the eigenvalues of T,, are algebraic integers of degree < d. By (9),
these eigenvalues are precisely the Fourier coefficients of the d Hecke forms in S;. That
the coefficients of Hecke forms are real was already checked in proving Theorem 2. l

From the proof of the theorem, we see that the trace of T;, (n > 0) acting on M}, or Sk
is the trace of a (d+ 1) X (d+ 1) or d x d matrix with integral coefficients and hence is an
integer. This trace is given in closed form by the Eichler-Selberg trace formula, which will
be discussed in Chapter 8.

Ezxzample. The space Sa4 is 2-dimensional, spanned by
A(1)?> =0g+¢* — 48¢> +1080¢* + - --
and

(240G 4(7))* A(T) = q + 696 ¢* + 162252 ¢* + 12831808 ¢* + - - -

If f € So4 is a Hecke form, then f must have the form (240G4)3A + AA? for some )\ € C,
since the coefficient of ¢! must be 1. Hence its second and fourth coefficients are given by

a(2) = 696 + A, a(4) = 12831808 + 1080 \.
The property a(2)? = a(4) + 223 (n =m = 2 in (10)) now leads to the quadratic equation
A% + 312 X — 20736000 = 0
for A. Hence any Hecke form in S34 must be one of the two functions
fi, f2 = (240G4)* A + (=156 + 12v/144169) A”.

Since Theorem 2 says that So4 must contain exactly two Hecke forms, f; and f, are indeed
eigenvectors with respect to all the 7,,. This means, for example, that we would have
obtained the same quadratic equation for A if we had used the relation a(2)a(3) = a(6)
instead of a(2)? = a(4) + 223. The coefficients a;(n), az(n) of fi and fo are conjugate
algebraic integers in the real quadratic field Q(v/144169).

2.3. L-series. The natural reflex of a number-theorist confronted with a multiplicative

(e e)
function n +— a(n) is to form the Dirichlet series ) a(n)n~*, the point being that the

multiplicative property implies that a(pi®...p;") :_a(p?) ...a(p;") and hence that this

Dirichlet series has an Euler product [] (> a(p”) p~"%). We therefore define the Hecke
p prime r>0

L-series of a modular form f(7) =Y ~_,a(m)¢™ € M, by

(13) L(fs) =Y A



(notice that we have ignored a(0) in this definition; what else could we do?). Thus if f is
a Hecke form we have an Euler product

Lif,s) = ]] <1+a1§f) +“}£€j) +>

p prime

because the coefficients a(m) are multiplicative. But in fact we can go further, because the

recursion (11) implies that for each prime p the generating function A,(z) = > a(p”)z"

satisfies
Ap(x) =14 al)a™ =1+ ap)a@) ™ =Y pFlaprt) 2
r=0 r=0 r=1
=1+ a(p)z Ap(z) — pFta? Ap ()

and hence that

1

AP@) = 1—alp)z 4 oph1g2”

Therefore, replacing = by p~*® and multiplying over all primes p, we find finally

I | e

p)p—s + pk—l—Qs

(f € My a Hecke form).

Ezamples. 1. For f = G} we have

(r+1)(k=1) _q
a(pr) —1 +pk—1 .. _l_pr(k—l) _ b

pk:—l -1 ’
> pr+D)(k=1) _ 1 1
p
Ay(z) = — x" =
p — pl-1 (1—pr1z)(1 —2)

1 1
HOwe = 1;[ 1—op 1 (p)p—> +pF 12 11 (L—pFt=5)(1 —p%)

P
= C(S —k+ 1)g(8)7
where ((s) is the Riemann zeta function. (Of course, we could see this directly: the

k—1
coefficient of n™° in {(s —k+1){(s) = >_
de>1 (de)®

is clearly oj_1(n) for each n > 1.)

2. For f = A we have

1
L(A,s) =
(57 1;[ L—7(p)p=* +pH—2’

where 7(n), the Ramanujan tau-function, denotes the coefficient of ¢" in A; this identity
summarizes all the multiplicative properties of 7(n) discovered by Ramanujan.

Of course, the Hecke L-series would be of no interest if their definition were merely for-
mal. However, these series converge in a half-plane and define functions with nice analytic

properties, as we now show.
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Theorem 4. (i) The Fourier coefficients a(m) of a modular form of weight k satisfy the
growth estimates

(15) a(n) = O(n*1)  (f € My), a(n) = 0(n?)  (f € Sy).

Hence the L-series L(f,s) converges absolutely and locally uniformly in the half-plane
k
R(s) > k, and in the larger half-plane R(s) > 5 + 1if f is a cusp form.
(i) L(f,s) has a meromorphic continuation to the whole complex plane. It is holo-
morphic everywhere if f is a cusp form and has exactly one singularity, a simple pole of
21"
(k—1)!

the functional equation

residue a(0) at s = k, otherwise. The meromorphically extended function satisfies

(2m) " D(s) L(f,5) = (=1)2(2m)* Tk — 8) L(f, k — 9).

Proof. (i) Since the estimate a(n) = O(n*~1) is obvious for the Eisenstein series G} (we
have o5_1(n) = nf~1 2 din d=FTt < pk=1 5 a7 = ((k — 1)n*71), and since every
modular form of weight k is a combination of G and a cusp form, we need only prove the
second estimate in (15). If f is a cusp form then by definition we have |f(7)| < Mv~*/?
for some constant M > 0 and all 7 = u + iv € . On the other hand, for any n > 1 and
v > 0 we have

1
a(n) = / fu+ iv) e Zrimlutiv) gy,
0

Hence
la(n)| < M y=k/2 2y,

and choosing v = 1/n gives the desired conclusion. (This argument, like most of the rest
of this chapter, is due to Hecke.)

(ii) This follows immediately from the “functional equation principle” in Appendix A2,
since the function

¢(v) = f(iv) —a(0) =Y a(n)e > (v > 0)
n=1
is exponentially small at infinity and satisfies the functional equation
o(=) = f(=) —a(0) = (iv)" f(iv) —a(0) = (~1)30" é(v) + (~1)*a(0)v" — a(0)

and its Mellin transform [ ¢(v) v®~! dv equals (27) ~*T'(s)L(f,s). W

The first estimate in (15) is clearly best possible, but the second one can be improved.
The estimate a(n) = O(ng_%‘“) for the Fourier coefficients of cusp forms on I'; was found

by Rankin in 1939 as an application of the Rankin-Selberg method which will be discussed
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in Chapter 6. This was later improved to a(n) = O(n%_%“) by Selberg as an application
of Weil’s estimates of Kloosterman sums. The estimate

kE—1

(16) a(n) = O(n 2

) (f =) an)q" € S,

conjectured by Ramanujan for f = A in 1916 and by Petersson in the general case, remained
an open problem for many years. It was shown by Deligne in 1969 to be a consequence of the
WEeil conjectures on the eigenvalues of the Frobenius operator in the [-adic cohomology of
algebraic varieties in positive characteristic; five years later he proved the Weil conjectures,
thus establishing (16). Using the form of the generating function A,(z) given above, one
sees that (16) is equivalent to

(17) jap)| < 2p*~D/ (p prime).
In particular, for the Ramanujan tau-function 7(n) (coefficient of ¢ in A) one has

(18) I7(p)| < 2p*/2 (p prime).

Deligne’s proof of (18) uses the full force of Grothendieck’s work in algebraic geometry and
its length, if written out from scratch, has been estimated at 2000 pages; in his book on
mathematics and physics, Manin cites this as a probable record for the ratio “length of

9

proof: length of statement” in the whole of mathematics.

2.4. Forms of higher level. In these notes, we usually restrict attention to the full
modular group I'y = SLs(7Z) rather than subgroups because most aspects of the theory
can be seen there. However, in the case of the theory of Hecke operators there are some
important differences, which we now describe. We will discuss only the subgroups I'g(N) =
{(¢ 2) €Ty |c =0 (mod N)} which were already introduced in Chapter 0.

First of all, the definition of 7,, must be modified. In formula (3) we must replace I';
by I' = I'o(N) and M,, by the set of integral matrices (‘Cl Z) of determinant n satisfying
¢ =0 (mod N) and (a,N) = 1. Again the coset representatives of I'\\M,, can be chosen
to be upper triangular, but the extra condition (a, N) = 1 means that we have fewer
representatives than before if (n, N) > 1. In particular, for p a prime dividing N we have
T, f(1) = > a(mp)g™ and T}, = (1,,)" rather than the more complicated formulas given in
the remark following Theorem 1 in 2.1; more generally, for n arbitrary the operation of T;,
is given by the same formula (4) as before but with the extra condition (d, N) = 1 added
to the inner sum, and similarly for the multiplicativity relation (5).

The other main difference with the case N = 1 comes from the existence of so-called
“old forms.” If N’ is a proper divisor of N, then I'g(N) is a subgroup of I'o(N’) and every
modular form f(7) of weight k& on T'o(N’) is a fortiori a modular form on T'g(N). More

generally, f(M7) is a modular form of weight k on T'g(IV) for each positive divisor M of
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(aZ) €Ty(N) = (C/C;w b‘y) € To(N')
at +b, a(Mt)+0bM | &
= I ) = N ennam v a) ~ (T 9.

The subspace of My (I'o(N)) spanned by all forms f(M7) with f € My(T'o(N')), MN'|N,
N’ # N, is called the space of old forms. (This definition must be modified slightly if
k = 2 to include also the modular forms 3,y carG3 (M) with ey € C, 320y M~tey =
0, where G5 is the non-holomorphic Eisenstein series of weight 2 on I'; introduced in
1.1, as old forms, even though G% itself is not in M5(I'y).) Since the old forms can be
considered by induction on N as already known, one is interested only in the “rest” of
My (To(N)). The answer here is quite satisfactory: My (T'o(IV)) has a canonical splitting as
the direct sum of the subspace Mj,(Io(IN))°¢ of old forms and a certainly complementary
space My (To(N))™V (for cusp forms, Sk (I'g(IN))"™ is just the orthogonal complement of
Sk (To(IN))° with respect to the Petersson scalar product), and if we define a Hecke form
of level N to be a form in My (T'o(N))™" which is an eigenvector of T,, for all n prime
to N and with a(1) = 1, then the Hecke forms are in fact eigenvectors of all the T;,, they
form a basis of My (I'o(IN))™", and their Fourier coefficients are real algebraic integers as
before. For the pth Fourier coefficient (p prime) of a Hecke form in Sy (I'g(NV))**" we have
the same estimate (15) as before if p f N, while the eigenvalue with respect to 7}, when
p|N equals 0 if p?| N and +p(k=2)/2 gtherwise. Finally, there is no overlapping between the
newforms of different level or between the different lifts f(M7) of forms of the same level,
so that we have a canonical direct sum decomposition

M(To(N)) = @D {f(Mr) | f € Mp(To(N')"}

MN'|N

and a canonical basis of My (T'o(N)) consisting of the functions f(M7) where M|N and f
is a Hecke form of some level N” dividing N/M.

As already stated, the Fourier coefficients of Hecke forms of higher level are real algebraic
integers, just as before. However, there is a difference with the case N = 1. For forms of
level 1, Theorem 3 apparently always is sharp: in all cases which have been calculated, the
number field generated by the Fourier coefficients of a Hecke cusp form of weight k has
degree equal to the full dimension d of the space Sy, which is then spanned by a single
form and its algebraic conjugates (cf. the example k = 24 given above). For forms of higher
level, on the other hand, there are in general further splittings. The general situation is
that S (T'o(IN))™" splits as the sum of subspaces of some dimensions dy, ... ,d, > 1, each
of which is spanned by some Hecke form, with Fourier coefficients in a totally real number
field K; of degree d; over QQ, and the algebraic conjugates of this form (i.e. the forms

obtained by considering the various embeddings K; < R). In general the number r and
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the dimensions d; are unknown; the known theory implies certain necessary splittings of
Sk(To(N))¥™, but there are often further splittings which we do not know how to predict.

Ezamples. 1. k = 2, N = 11. Here dim M (To(N)) = 2. As well as one old form, the

Eisenstein series
Gy(r) — 11G3(11r) Z(Zd)q
n=1 “d|n
114d

of weight 2, there is one new form

f(n) = YAMAQlT) =q—2¢* —* +2¢* +¢® +2¢° —2¢" +-- -,

with Fourier coefficients in Z. This form corresponds as in the Taniyama-Weil conjecture

mentioned in Chapter 0 to the elliptic curve y? —y = 23 — 22, i.e., the number of solutions

of y? —y = 2% — 22 in integers modulo p is given by p — a(p) for every prime p.
2. k=2, N =23. Again My(To(N))°'4is 1-dimensional, spanned by G3(7)—NG%(NT),

but this time My (T'o(N))"V = Sk(To(INV))™*" is 2-dimensional, spanned by the Hecke form

fi=q - _\/_2+\/_3— +\/54 (1—\/5)q5——5_2\/5q6+

with coefficients in Z + 7Z and the conjugate form

1++/5
2
1+\/5 - VB~ -5 & (V) 5+\/5q6

fo=q — 5 5

obtained by replacing v/5 by —v/5 everywhere in f;.

3. k=2 N = 37. Again M(Io(N))°? is spanned by G3(7) — NG5(N7) and
M (To(N))*™ = Si(To(N))*™ is 2-dimensional, but this time the two Hecke forms of
level N

fi=q-2¢" -3¢ +2¢" —2¢° +6¢° —¢" +- -
and
fo=q+0¢*+¢* —2¢* +0¢° +0¢° —¢" + - -

both have coefficients in Z. These forms correspond a la Taniyama-Weil to the elliptic
curves 42 —y = 23 — r and 3% — y = 23 + 22 — 32 + 1, respectively.

4. k=4, N = 13. Here My(To(N))°'Y is spanned by the two Eisenstein series G4(7)
and G4(NT) and the space My (T'o(N))"V = Si(To(IN))™V = Si(I'o(N)) is 3-dimensional,

spanned by the forms

f17f2 =q+

1++17 5F 3V17 7TF V1T
—q2+ q3_ q4+
2 262 2



with coefficients in the real quadratic field Q(1/17) and the form
f3=q—5¢*—17¢° +17¢* — 7¢° +35¢° — 13¢" — - --

with coefficients in Q.

Finally, there are some differences between the L-series in level 1 and in higher level.
First of all, the form of the Euler product for the L-series of a Hecke form (eq. (14)) must
be modified slightly: it is now

1 1
(19) L(fa 8) = H 1— a( —5 +pk—l—2s H

e p)p

More important, L(f, s), although it converges absolutely in the same half-plane as before
and again has a meromorphic continuation with at most a simple pole at s = k, in general
does not have a functional equation for every f € My(T'g(IN)), because we no longer have

1
the element ((1) 51) € I' to force the symmetry of f(iv) with respect to v — - Instead, we
have the Fricke involution

wx t F(r) o wnf(r) = N5 f(h)

which acts on the space of modular forms of weight k£ on I'g(V) because the element ( ](\), _01)
of GLJ (R) normalizes the group I'o(N). This involution splits My (T'o(N)) into the direct

sum of two eigenspaces M= (g(N)), and if f belongs to M5 (Ig(N)) then
(21) 7 N*/2T(s) L(f, s) = £(=1)*/2 (2n)s " * NF=3)/2D(k — ) L(f, k — s).

(For N =1 we have wy = Id since (1(\), _01) € I'o(N) in this case, so M, = {0} for all £,
but for all other values of N the dimension of M, (I'o(IN)) is asympotically one-half the
dimension of My (I'g(IV)) as k — oo.) The involution wy preserves the space M (T'o(N))™V
and commutes with all Hecke operators T), there (whereas on the full space My (I'o(N)) it
commutes with T}, only for (n, N) = 1). In particular, each Hecke form of level N is an
eigenvector of wy and therefore has an L-series satisfying a functional equation. In our
example 3 above, for instance, the Eisenstein series G5(7) — 37G5(377) and the cusp form
f2 are anti-invariant under w37 and therefore have plus-signs in the functional equations
of their L-series, while f; is invariant under ws7; and has an L-series with a minus sign
in its functional equation. In particular, the L-series of f; vanishes at s = 1, which is
related by the famous Birch-Swinnerton-Dyer conjecture to the fact that the equation of

3

the corresponding elliptic curve y? —y = 23 —z has an infinite number of rational solutions.

Exercises
1. Using (4), verify the multiplicative property (5) of the Hecke operators.
2. Verify that the coefficients a(n) = ox_1(n) of Gy, satisfy the identities (11) and (10).
27



CHAPTER 3. THETA FUNCTIONS

The basic statement is that, given an r-dimensional lattice in which the length-squared
of any vector is an integer, the multiplicities of these lengths are the Fourier coefficients
of a modular form of weight 5. By choosing a basis of the lattice, we can think of it as
the standard lattice Z" C R"; the square-of-the-length function then becomes a quadratic
form @ on R” which assumes integral values on Z", and the modular form in question is
the theta series

=> "“’)—Zm . re(n) =#{r €Z" | Q(z) =n} .

TEZL"
In general this will not be a modular form on the full modular group I'y = SL2(Z), but
on a subgroup of finite index. Examples and the exact transformation law of ©¢ will be
given in 3.1, after which we will discuss generalizations and special cases of these series.

3.1. Theta series of definite quadratic forms. As a first example, let » = 2 and @ be
the modular form Q(z1,z2) = 2% + 22, so that the associated theta-series, whose Fourier
development begins

Oo(r) =1+ 4g+4¢> + 0¢> + 4¢* + 8¢° + 0¢° + 0¢" + 4¢® + - - -,

counts the number of representations of integers as sums of two squares. This is a modular
form of weight 1, not on I'; (for which, as we have seen, there are no modular forms of
odd weight), but on the subgroup I'g(4) consisting of matrices (CCL 2) with ¢ divisible by 4;
specifically, we have

) 00 T10) = (1T fer + ) Oo()

for all (CCL Z) € I'p(4). To prove this, we observe that ©¢ is the square of the Jacobi theta
function 6(7) = >, o4 ¢"" introduced in Chapter 0. The identity

oo oo
_ 2 _ 1 _ —-1_2
E e man —qa 2 § e Ta

n=—oo n=—oo

proved in Appendix Al as a consequence of the Poisson summation formula says that

(=1/47) = \/27/i6(7) and hence O (—1/47) = (27/i) Og(r) for T on the positive imag-
inary axis, but then thls identity holds for all 7 € $ by analytic continuation. Combining
this with the trivial relation ©¢g(7 + 1) = ©¢g(7) we find

Ou (1) @Q(ﬁ) =2 L 1) eq(-

1

Y




Hence (1) holds for the two matrices (¢ Z) = (411 ?) and ((1) 1) Since these two matrices

(and (_01 _01)) generate ['g(4) and equation (1) is compatible with multiplication (Exercises
1 and 2), this proves (1). Alternatively, one can directly use the transformation laws of
6(7) under the transformations 7 +— 7+ 1 and 7 — —1/47 to obtain the transformation
behaviour of ©¢ under the group they generate, and then observe that this group contains
['o(4) as a subgroup (Exercises 3 and 4).

Equation (1) describes a modular form of a type we have not seen before, namely one with
character. If N is a natural number and X a Dirichlet character modulo N (cf. Appendix
A3), then a modular form of weight k, level N and character x is a holomorphic

function f on $) satisfying the transformation law

(a7+b)

b
To(N
ct +d )6 o(N)

(2) — X(d) (7 + d)F f(7) Vr e $, (Zd

as well as the usual growth conditions. The space of such forms will be denoted by
My (To(N),X) and the subspace of cusp forms by Si(I'o(N),X). Applying (2) to the ma-
trix (_01 ")), which belongs to I'g(V) for every N, we see that Mj(I'o(N),X) = {0} unless
X(—1) = (=1)*, i.e., unless the weight k£ and character X have the same parity (both even
or both odd). Note also that the factor X(d) in (2) can be omitted when X = X, is the
principal character modulo N, since ad — bc = 1 and N|c imply that d is prime to N, so
Mg (Lo(NN), Xo) is simply My, (Io(IN)).

Equation (1) tells us that ©¢ for Q(x1,x2) = 7 + x5 belongs to M;(I'o(4), X4) where
X4 is the (unique) odd Dirichlet character modulo 4. This space can be shown to be
one-dimensional, generated by the Eisenstein series

Gix,(7) = i + 21(% X4(n)) q" .

It follows by comparing constant terms that ©¢g = 4G y, and hence that 73(n), the number
of representations of n as a sum of two squares, equals 4Zd|n X4(d) for every n > 0, a
classical theorem of number theory which can be interpreted in terms of lthe arithmetic
of the Gaussian integers Z[i]. Similarly, the fact that ©2 = 0% and ©}, = 0® belong to
the spaces My (I'o(4)) and My(T'g(4)) with bases {G2(7) — 2G2(27), G2(7) — 4G (47)} and
{G4(7T), G4(27), G4(47)}, respectively, gives simple closed formulas for r4(n) and rg(n), as
already described in Chapter 0.

The general theorem says that says that ©¢ for any quadratic form @ : Z" — Z in an
even number of variables (the case r odd will be discussed later when we treat modular
forms of half-integral weight) is a modular form of weight r /2 and some level and character,
which are determined as follows. We can write the quadratic form Q(z) as >_, ; ¢;;@;x;
with ¢;; € Z or more compactly as 2'Cz where C = (¢;;) is an r X r matrix with integer
coefficients. It is more convenient to replace C by A = C + C* = (a;5), a;j = cij + ¢jis

then A is an even symmetric matrix (i.e. a;; = aj;, ai; € Z, a;; € 27 for all i, j)
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and Q(z) = %.ﬁlﬁtAl'. The level of @) is by definition the smallest positive integer N such
that the matrix A* = N A~! is again an even matrix. Since det(A4) A~! can be checked
(using Exercise 5) to be even, we have N|det(A); on the other hand, the determinant
N7 det(A)~! of A* is integral, so det(A)|N". Hence N and det(A) have the same prime
factors. Moreover, the discriminant D = (—1)"/2det(A) of Q is congruent to 0 or 1
modulo 4 (Exercise 5), so the Kronecker symbol (£) is well-defined (cf. Appendix A3).

Theorem. Let Q) : Z" — 7Z be a positive definite quadratic form in r variables, r even. Let
N be the level and D the discriminant of Q. Then ©¢ is a modular form of weight r/2,
level N and character (Q).

We sketch the proof only in the special case N =1, i.e. of the following result:

Theorem. Let Q(z) = 1a' Az where A is a positive definite unimodular (det(A) = 1) even
symmetric matriz. Then r is divisible by 8§ and ©q belongs to M, 2(SLa(Z)).

Proof. The Poisson summation formula as discussed in Appendix A1l generalizes imme-
diately to > .y f(2) = D f(x), where f : R” — C is any smooth function which
decays rapidly for |z| large and f(x) = Jar f(y)e*™ ¥ dy denotes the r-dimensional Fourier
transform of f. By Exercise 6, the Fourier transform of f(z) = e=2mt Q@) (t > 0) is
/2 e=2mtQ7(2)  where Q*(z) = %a:tA*a: is the quadratic form associated to A* = A~!.
Hence O¢(i/t) = t"/2 O (it). Moreover, O and Og- are the same function, as one sees
by making the change of variables x — Az (which maps Z" isomorphically onto Z"), so
Oq(—1/7) = (7/i)"/20¢g(7) for T on the positive imaginary axis and hence, by analytic
continuation, for all 7 in the upper half-plane. But O¢(7) is obviously invariant under
T T+ 1,50 Og(1 —1/7) = (7/i)"/20¢g(7). The fact that 7+ 1 — 1/7 is a transforma-
tion of order 3 now implies that i=2"/2 = 1 and hence that r is divisible by 8; that ©¢
is a modular form of weight /2 on I'y = SLo(Z) then follows because I'y is generated by
T —1/tandT7—7+1. 1

The proof of the theorem for general () is harder because, although we can still use

L) = (NT/i)/?
Nt/ 7 det(A)l/2

T+ 7+ 1and 7 — —1/N7 no longer generate I'g(/N) (or, as in the case N = 4, a group

the Poisson summation formula to get ¢ (— ©¢- (1), the transformations
containing I'g(N)). One must therefore look at the whole collection of related functions
©¢,s(7) obtained by replacing the sum over Z" in the definition of ©¢ by a sum over the
shifted lattice 6 + Z" (§ € N~1Z" N A71Z"), apply the Poisson summation formula to each
one, and then analyze in detail the transformation behaviour of the whole collection of
functions under SLo(Z); the details are quite tedious and we will not give them.

We end this section by looking in more detail at the unimodular case for which we proved
the transformation law of the theta series. As for the theta series 62, 64, 6% considered

above, we get as an immediate consequence of the transformation law explicit formulas for
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the numbers of representations r¢g(n). For instance, if @) is the so-called “Eg” form

8 7
2
Eg(z1,... ,28) = E x; + E Ti—1T; + T3Tg
i=1 i=2

(the name comes from Lie algebra theory), for which the associated even symmetric matrix
is unimodular (check this!), then ©¢ belongs to the 1-dimensional space My(SL2(Z)) =
(G4) and starts with 1 (rg(0) = 1 for any positive definite form @), so must equal 240Gy,
and we get the highly non-obvious relation rg,(n) = 240 dln d3 for the number of rep-
resentations of a natural number n by Eg. Of course, the same would be true for any
unimodular @) of rank 8, but in fact this gives no new information since it is known that all
such forms are equivalent to Eg by a change of basis in Z®. For r» = 16, on the other hand,
it is known that there are (exactly) two inequivalent unimodular forms ¢ and Q)3 (one of
them of course being Eg(z1,... ,x8)+ Es(xg, ... ,z16)), and now the fact that Mg(SL2(Z))
is one-dimensional implies that these two forms represent all integers the same number of
times: 7, (n) =rq,(n) =480%_,, d” (Vn > 0). As was observed by John Milnor, this has
as the consequence the construction of a very simple counterexample in differential geom-
etry: the two 16-dimensional tori obtained by dividing R'® by the lattices corresponding
to @1 and Q) are isospectral (i.e., have the same eigenvalues of the Laplace operators; this
is because these eigenvalues are determined by the lengths of closed geodesics, and each
torus has 48007(n) closed geodesics of length y/n) but not isometric. For r = 24 there are
known to be exactly 24 non-isomorphic unimodular quadratic forms, but now the dimen-
sion of M, /»(I'1) is no longer 1 and they no longer all have the same theta-series. One
of these forms is the one associated to the so-called Leech lattice, a highly symmetrical
24-dimensional lattice with many applications in group theory, coding theory and physics;
it is characterized by the fact that there are no vectors x of length 1, so that the theta-series
begins 1+ 0g + ... and hence equals (240G 4)3 — 720A. For r = 32 the classification of all
unimodular @) has not been undertaken, but it is known that there are more than 80000000
equivalence classes. This is a consequence of a theorem of Siegel which tells us that a cer-
tain weighted sum of the theta-series attached to all the @) of a given dimension r is equal
to the Eisenstein series G, /5. Finally, we observe that the fact that ©¢ for @ unimodular
is a modular form of weight £ = /2 on the full modular group and has constant term 1
implies that it equals c,?le plus a cusp form and hence, by the estimate given in §2.3, that
ro(n) = ¢ 'og_1(n) + O(n*/2) as n — oo, where ¢, is the constant term of the Eisenstein
series G. This makes it obvious why r must be divisible by 8, since r¢g(n) is intrinsically
nonnegative but ¢y < 0 when & = 2 (mod 4). There also exists a purely algebraic proof
that the rank of a positive definite even unimodular matrix is always divisible by 8, but it
is quite subtle and—once one has gotten used to theta series—probably less natural than
the one provided by the modular theory.

3.2. Theta series with spherical coefficients. One can generalize theta series by

including so-called spherical functions as coefficients. If Q) : Z" — Z is our quadratic form,
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then a homogeneous polynomial P(x) = P(x1,...,z,) is spherical with respect to Q
if AgP =0, where Aq is the Laplace operator for @ (ie. Ag =}, 88—;]2 in a coordinate

system {y;} for which Q = Y 7, or Agp = 2(8%1,... ,%)A‘l(a%l,... ,52-)! in the
original coordinate system {z;}, where Q(z) = 1a'Ax). If P is such a function, say of

degree v, then the generalized theta-series

Oq.p(r) = ) Plz) ¢

TEL"

is a modular form of weight § + v (and of the same level and character as for P = 1),
and is a cusp form if v > 0. As an example, let Q(z1,22) = 23 + 23, Ag = 8‘9—;2 + 88—;,
1 2

P(z1,22) = ] — 62323 + 3; then i@Q’p =q—4¢* + 0¢> + 16¢* — 14¢° + - - - belongs to
the one-dimensional space S5(I'g(4), X4) and hence is equal to the function

A(T)1/6A(27')1/12A(47’)1/6 =g H(l _ qn)2+2gcd(n,4)‘
n=1

That P(z) here is the real part of (z1 + im3)? is no accident: in general, all spherical
polynomials of degree v can be obtained as linear combinations of the special spherical
functions ((*Az)”, where ¢ € C" is isotropic (i.e., Q(¢) = %CtAC = 0). Still more generally,
one can generalize theta series by adding congruence conditions to the summation over
x € 7" or, equivalently, by multiplying the spherical function P(z) by some character
or other periodic function of x. An example is given by the identity of Freeman Dyson

mentioned in Chapter 0.

Exercises

1. Check that (1), or more generally (2), is compatible with multiplication, i.e. a function
f which satisfies this relation for two elements of I'g(4) (resp. I'g(V)) also does so for their
product.

2. Show that the group I'g(4) is generated by the two transformations ((1) 1) and (411 (1))
(Hint: show that |a| + |c| for a general matrix (CCLZ) € I'(4) can be made smaller by
multiplying this matrix on the left by one of these two matrices or their inverses.)

3. Show that the “theta group” I'y generated by ((1) 1) and (g _%)/2) (i.e., by the two
transformations 7 — 7 4+ 1 and 7 — —1/47 under which (7) has simple transformation

properties) is given by

a b z z\ (22 1z
= 2 _ — .
FO‘{<C d>€(4Z Z>U<QZ ZZ) | ad —be = }

in particular, T’y contains I'g(4) as a subgroup of index 2.

4. Show that §(7)? transforms under I'y by H(g:]:g)z = e (et 4+ d) §(7)? for (¢ Z) € Iy,

where () is 1471 if (ZZ) € (4222) and 2% if (‘ZZ) € (3% ég)




*5. Show that if A is an even symmetric 2k x 2k matrix, then D = (—1)* det(A) is

congruent to 0 or 1 modulo 4. (Hint: Show that D = (Z I aiT(i))Q (mod 4), where the
T i<r(i
sum runs over all permutations of {1,2,... 2k} which are fr((ae) involutions, i.e. 7(7(i)) = 1,
7(i) # i for all 7.)
6. Let A be a positive definite symmetric  x r matrix with real coefficients. Show that
the Fourier transform of f(z) = e~ ™47 (z € R") is f(z) = det(A)~ 2 e~ ™' 4= (Hint:
By a change of basis in R" one can reduce to the case when A is diagonal.)
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CHAPTER 4. THE RANKIN-SELBERG METHOD

The Rankin-Selberg convolution method is one of the most powerful tools in the theory
of automorphic forms. In this chapter we explain two principal variants of it—one involving
non-holomorphic Eisenstein series and one involving only the holomorphic Eisenstein series
constructed in 1.1. We will also give several applications. The essential ingredients of the
Rankin-Selberg method are various types of Eisenstein series, and we begin by studying
the main properties of some of these.

4.1. Non-holomorphic Eisenstein series. For 7 = u +iv € ) and s € C define
I— S(7)°
1 G == R S
(1) )= 3 2 o e

(sum over m,n € Z not both zero). The series converges absolutely and locally uniformly
for R(s) > 1 and defines a function which is I'y-invariant in 7 for the same reason that
G in Chapter 1 was a modular form. As a sum of pure exponential functions, it is a
holomorphic function of s in the same region, but, owing to the presence of v = (1) and
the absolute value signs, it is not holomorphic in 7. The function G(7, s) is known in the
literature under both the names “non-holomorphic Eisenstein series” and “Epstein zeta
function” (in general, the Epstein zeta function of a positive definite quadratic form @ in
r variables is the Dirichlet series ' ;. Q(z)~%; if r = 2, then this equals 2d~*/2G(r, s)
where —d is the discriminant of @ and 7 the root of Q(z,1) = 0 in the upper half plane).

Its main properties, besides the I';-invariance, are summarized in

Proposition. The function G(1,s) can be meromorphically extended to a function of s
which is entire except for a simple pole of residue % (independent of T!) at s = 1. The
function G*(7,s) = 7 *T'(s)G(r,s) is holomorphic except for simple poles of residue 3
and —% at s =1 and s = 0, respectively, and satisfies the functional equation G*(7,s) =
G*(1,1—s).

Proof. We sketch two proofs of this. The first is analogous to Riemann’s proof of the func-
tional equation of ((s). For 7 = u+iv € $ let Q, be the positive definite binary quadratic
form Q. (m,n) = v=m7 + n|? of discriminant —4 and O, (t) = Y, oz e "9 MM the

associated theta series. The Mellin transformation formula (cf. Appendix A2) implies

G (r,5) = %F(s) S [7Q. (m,m)] = % /O T (0.0 — 1)

m,n

On the other hand, the Poisson summation formula (cf. Appendix A1) implies that ©,(7) =
t0,(t), so the function ¢(t) = 1(O,(t) — 1) satisfies ¢p(¢t™') = —1 + 5t + té(+). The
“functional equation principle” formulated in Appendix A2 now gives the assertions of the

theorem.
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The second proof, which requires more calculation, but also gives more information, is
to compute the Fourier development of G(7,s). The computation is very similar to that
for G in Chapter 1, so we can be brief. Splitting up the sum defining G(7,s) into the
terms with m = 0 and those with m # 0, and combining each summand with its negative,
we find

oo [e.¢]

G(r,s) = C(2s)0" +v° Y ( > mr+ n|23) (1 =u+iv).

m=1 ‘n=—o0

Substituting into this formula (3) of Appendix A1, we find

1 o)
m2l(s — %) 1—s 1—2s
T(s) v Z m

m=1

27® .
byl Z m%*slr|3*%KS_;(27rm]r|v) g2mimru,
I'(s) ~1 2

G(t,s) = ((2s)v° +

T;ZO
where K, () is the K-Bessel function [~ e~ cosh(vu) du. Hence

G*(1,8) = C*(28)v° + ¢*(25 — D)ot~ + 207 Z o
n#0

(In)) K _1 (27T\n|v)e2m"“

1 s—1 ;
where ¢*(s) denotes the meromorphic function 7=/?T'(s/2)¢(s) and o7 (n) the arithmetic
function [n[” -, d~2”. The analytic continuation properties of G* now follow from the
facts that (*(s) is holomorphic except for simple poles of residue 1 and -1 at s = 1 and
s = 0, respectively, that o}(n) is an entire function of v, and that K, (t) is entire in v and
exponentially small in ¢ as ¢ — oo, while the functional equation follows from the functional

equations (*(1 — s) = (*(s) (cf. Appendix A2), o* (n) =0} (n), and K_,(t) = K, ().

As an immediate consequence of the Fourier development of G* and the identity K (t) =

V7/2te”t we find

. * 1/2 d 1 G 1 2wimrT
;L}II%(G (T,S)—S_l)ZEv—ﬁlogvﬁ-Cﬁ-Qm;lE?R(e )
1 > .
:%v—§logv+C’—;log\1—62m”]2
1
= — 5 log(v|A(T)]?) + C,

24

where C = lim,_,1(¢*(s) — (s — 1)7') is a certain constant (in fact given by 1~ —  log4m,
where ~ is Euler’s constant) and A(7) the discriminant function of 1.2. This formula
is called the Kronecker limit formula and has many applications in number theory.
Together with the invariance of G(7,s) under SLy(Z), it leads to another proof of the

modular transformation property of A(r).
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4.2. The Rankin-Selberg method (non-holomorphic case) and applications. In
this section we describe the “unfolding method” invented by Rankin and Selberg in their
papers of 1939—40. Suppose that F(7) is a smooth I';-invariant function in the upper half-
plane and tends to 0 rapidly (say, exponentially) as v = (7) — oo. (In the original papers
of Rankin and Selberg, F(7) was the function v'?|A(7)[?.) The I'j-invariance of F implies
in particular the periodicity property F'(7+ 1) = F(7) and hence the existence of a Fourier
development F(u + iv) = ., . ¢n(v)e*™ ™. We define the Rankin-Selberg transform
of F' as the Mellin transform (cf. Appendix A2) of the constant term co(v) of F:

(1) R(F;s) = /000 co(v) v* 2 dv

(notice that there is a shift of s by 1 with respect to the usual definition of the Mellin
transform). Since F'(u + iv) is bounded for all v and very small as v — oo, its constant

term

(2) co(v) = /o F(u+iv)du

also has these properties. Hence the integral in (1) converges absolutely for £(s) > 1 and
defines a holomorphic function of s in that domain.

Theorem. The function R(F';s) can be meromorphically extended to a function of s

and is holomorphic in the half-plane R(s) > % except for a simple pole of residue Kk =
%ffﬁ/Fl F(r)du at s = 1. The function R*(F;s) = m°T'(s)((2s)R(F'; s) is holomorphic
everywhere except for simple poles of residue £%K at s = 1 and s = 0 and R*(F;s) =

R*(F;1—s).

(Recall that du denotes the SL(2, R)-invariant volume measure v=2 du dv on $/T'; and that
the area of $)/I'; with respect to this measure is 7/3; thus & is simply the average value of
F in the upper half-plane.)

Proof. We will show that ((2s)R(F;s) is equal to the Petersson scalar product of F with
the non-holomorphic Eisenstein series of the last section:

(3) C(2s)R(F;s) = //55/1“ G(r,s) F(7)dpu.

The assertions of the theorem then follow immediately from the proposition in that section.

To prove (3) we use the method called “unfolding” (sometimes also referred to as the
“Rankin-Selberg trick”). Let I'o, denote the subgroup {i((l) ") |n€Z} of I'y (the “c0” in
the notation refers to the fact that ' is the stabilizer in I'y of infinity). The left cosets of
' in I'; are in 1:1 correspondence with pairs of coprime integers (¢, d), considered up to
sign: multiplying a matrix (Z Z) on the left by ((1) "11) produces a new matrix with the same

second row, and any two matrices with the same second row are related in this way. Also,
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S(y(7)) = v/|er +d|? for v = (¢ Z) € I'y. Finally, any non-zero pair of integers (m,n) can

be written uniquely as (rc, rd) for some r > 0 and coprime ¢ and d. Hence for R(s) > 1 we

have
S

1 & () N s
D=3 2 Tarar =@ 2 SGe)”
2 _r(er +4d)|
r=1 c¢,d coprime YET o \I'1
Therefore, denoting by F a fundamental domain for the action of I'y on §3, and observing
that the sum and integral are absolutely convergent and that both F' and du are I'i-

invariant, we obtain

) [ [ 6ro) Pir)du= / [ X senrrand

$/T1 YETl s \I'1

=Z//

YET o \I'1 ~NF

Notice that we have spoiled the invariance of the original representation: both the funda-
mental domain and the set of coset representatives for I'o, \I'y must be chosen explicitly for
the individual terms in what we have just written to make sense. Now comes the unfolding
argument: the different translates yvF of the original fundamental domain are disjoint, and
they fit together exactly to form a fundamental domain for the action of I's, on $) (here
we ignore questions about the boundaries of the fundamental domains, since these form a
set of measure zero and can be ignored.) Hence finally

¢(25)" / [ O R = / /}5 SO P

Since the action of I'sx on §) is given by u — w + 1, the right-hand side of this can be
rewritten as [;" ( fol F(u + i) du) v®~%dv, and in view of equation (2) this is equivalent
to the assertion (3). A particularly pleasing aspect of the computation is that—unlike the
usual situation in mathematics where a simplification at one level of a formula must be paid
for by an increased complexity somewhere else—the unfolding simultaneously permitted us
to replace the complicated infinite sum defining the Eisenstein series by a single term (7)*
and to replace the complicated domain of integration §/T"; by the much simpler § /T, and
eventually just by (0, 00).

We now give some applications of the theorem. The first application is to the I'y-invariant
function F(7) = v*|f(7)|?, where f = > a(n)q" is any cusp form in Sy (in the original
papers of Rankin and Selberg, as already mentioned, f was the discriminant function of
§1.2, k = 12). We have

F ’LL + ZU vk Z Z a(n) a(m) eQﬂi(n—m)u e—27r(n+m)fu
n=1m=1
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and hence co(v) = vF 377 | |a(n)|? e~*™?. Therefore

oo o]
D A = E:Wl
n=1

This proves the meromorphic continuability and functional equation of the “Rankin zeta

function” > |a(n)|?n~%; moreover, applying the statement about residues in the theorem
and observing that s here is just 3/7 times the Petersson scalar product of f with itself,
we find

(4) (f, f) = g(l(l <Z |5+k 1)

£fi ke form, then the coeffici Land S 407 aln)
If f is a Hecke form, then the coefficients a(n) real an Z o ¢(s) Z o LN
an easy computation using the shape of the Euler product of the L-series of f, so this can

be rewritten in the equivalent form

(5) (f, f) =

s=k

As a second application, we get a proof different from the usual one of the fact that the
Riemann zeta function has no zeros on the line R(s) = 1; this fact is one of the key steps in
the classical proof of the prime number theorem. Indeed, suppose that ¢(14ia) = 0 for some
real number o (necessarily different from 0), and let F(7) be the function G(7, 1(1+ia)).
Since both ((2s) and ((2s — 1) vanish at s = $(1 + ia) (use the functional equation of (!),
the formula for the Fourier expansion of G(7, s) proved in the last section shows that F'(7)
is exponentially small as v — oo and has a constant term co(v) which vanishes identically.
Therefore the Rankin-Selberg transform R(F; s) is zero for R(s) large, and then by analytic
continuation for all s. But we saw above that R(F’; s) is the integral of F/(7) against G(, s),
so taking s = 1(1 — i), G(1,s) = F(7), we find that the integral of |F(7)|? over $/T'; is
zero. This is impossible since F'(7) is clearly not identically zero.

Finally, we can re-interpret the statement of the Rankin-Selberg identity in more pic-
turesque ways. Suppose that we knew that the constant term co(v) of F' had an asymptotic
expansion cg(v) = Cov*® + C1v M + Cov?*2 + -+ as v tends to 0. Then breaking up the
integral in the definition of R(F’;s) into the part from 0 to 1 and the part from 1 to infin-
ity, and observing that the second integral is convergent for all s, we would discover that
R(F; s) has simple poles of residue C; at s = 1— ), for each j and no other poles. Similarly,
a term Cv*(logv)™ 1 would correspond to an mth order pole of R(F;s) at 1 — A. But the
theorem tells us that R(F';s) has a simple pole of residue x at s = 1 and otherwise poles
only at the values s = % p, where p is a non-trivial zero of the Riemann zeta function. It

is thus reasonable to think, and presumably under suitable hypotheses possible to prove,
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that c¢o(v) has an asymptotic expansion as v — 0 consisting of one constant term s and a
sum of terms C'pvl_p/ 2 for the various zeros of ((s). Assuming the Riemann hypothesis,

these latter terms are of the form v3/4

times an oscillatory function A cos(3S3(p)logv+¢)
for some amplitude A and phase ¢. Figure 1 illustrates this behavior for the constant term
0123 1 (n)2e 4™ of v12|A(7)]?; the predicted oscillatory behavior is clearly visible, and
a rough measurement of the period of the primary oscillation leads to a rather accurate

estimate of the imaginary part of the smallest non-trivial zero of ((s).

Fig. 1. The constant term co(v) = v'? 307 7(n)? e~ 4™

In a related vein, we see that the difference between co(v) and the average value k
of F' for small v should be estimated by O(v%“) if the Riemann hypothesis is true and
by O(U%JFE) unconditionally. Since c¢g(v) is simply the average value of F(7) along the
unique closed horocycle of length v~! in the Riemannian manifold §/T';, and since F' is an
essentially arbitrary function on this manifold, we can interpret this as a statement about
the uniformity with which the closed horocycles on /T"; fill it up as their length tends to
infinity.

4.3. The Rankin-Selberg method (holomorphic case). The calculations here are
very similar to those of Section 4.2, so we can be fairly brief. Let f(7) = > ", a(n)g"™ be a
cusp form of weight k on I" and g(7) = Y.~ b(n)¢"™ a modular form of some smaller weight
[. We assume for the moment that £ — [ > 2, so that there is a holomorphic Eisenstein
series G, of weight k — . Our object is to calculate the scalar product of f(7) with the
product Gi_;(7)g(7).

Ignoring convergence problems for the moment, we find (with h =k —[)

b=l 1 (h—1) 1
Gulr) = i 3 2 G~ i W 2 G
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whence

(2mi) vk —_ vk N —_—
(R0 f(r)Gr(r)g(1) = ( )Z s (er + d)F f(7) (er + d)ig(7)
ca)€loc\I'

= > SO)Ffmetym),
YET 6 \T'1

and consequently, by the same unfolding argument as in 4.2,

@ (_2717;)“ (f.Gn9g) //Weg\rl v7) 9(v7) dps
Z’yerz\rl / / ) g(7) dps

:/0 (/0 f(u—l—iv)mdu)vk_de

= /0 N (i a(n)me—“m) o2 dy

n=1
E—2)! < a(n)b(n
1 =

In other words, the scalar product of f and Gy, - g is up to a simple factor equal to the
value at s = k — 1 of the convolution of the L-series of f and §. The various steps in the
calculation will be justified if ffl“oo\ﬁ |£(T)g(T)|v* diu converges. Since f(1) = O(v=F/?)
and g(7) = O(v™!), this will certainly be the case if k > 21 + 2.

We can generalize the computation just done by replacing the product Gy - g by the
function F, (G, g) defined in Section 1.3, where now h + [ + 2v = k. Here we find

@ =R Y o)
(h—1D)I¢(h) " v s (T + d)h’

v

(h + v— 1) (l4+v—1) ¢’ rg (1)
o) ZZ DI+ - 1)l (er + dyiv—r

i\ h+v—1 g(”)(w)
- o)
27 v ~ (e + d)
where in the last line we have used formula (11) of 1.3. The same argument as before now

leads to

(2mi)h (f, (G _ <h+y_1) » k—2
g G =~ [ [ 1

h+1/—1 —
(2) :< 1/ )47Tkslznku1’
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the steps being justified this time if & > 2I4+2v+2 or h > [+ 2. Again the result is that the
Petersson scalar product in question is proportional to a special value of the convolution
of the L-series of f and g.

We now specialize to the case that g = G is the (normalized) Eisenstein series of weight

[ and f a (normalized) Hecke eigenform. Then b(n) = b(n) = 0;_1(n). An easy calculation
(Exercise 1) shows that

3) S amoia(n) _ L8 s — 14 1) _—
n=1

s C(2s—1—k+2) (R(s) > 1+ =),

where L(f,s) = >~  a(n)n™* is the Hecke L-series of f. Specializing this to s = k—v—1
and replacing the L-series L(f,s) by L*(f,s) to absorb superfluous gamma factors and

powers of 7, we obtain

—1)h/2 _
W AGG) = G (U ) pk v 0 ),

in which the right-hand side is symmetric in h and [ (as of course it must be) by virtue
of the functional equation of L*(f,s). We will apply this identity in the next chapter to
deduce algebraicity results about the special values of the L-series of f at integer arguments
between 0 and k.

Exercises

1. Fill in the details of the two proofs of the functional equation of G(7,s) sketched in
4.1, using the information in Appendices A1 and A2.

2. Let f(1) =77, a(n)g" be a Hecke form of weight k. Prove the identity Y a(n)?n=*
=((s—k+1)> a(n*n=* (cf. 4.1, passage from (4) to (5)) and the identity (4) of 4.3.
(Hint: Prove the corresponding identitites for each factor of the Euler products of the
Dirichlet series in question.)

3. For n a nonnegative integer and k > 2 define the nth Poincaré series of weight &
by Pp(1) =3>_. (cT +d) 7k e? () where v = (¢ 3) runs over (representatives) of classes of
I'oo\I'1 and v(7) = (at + b)/(cT + d) as usual. (For n = 0 this reduces to a multiple
of the usual Eisenstein series.) Show that the series converges absolutely and defines
a modular form of weight k£ on I'y whose scalar product with an arbitrary cusp form
f(r) =322 a(n)g" € Sk(T1) equals (k — 2)la(n)/(4mn)F~L.

4. Let P,(7) be the Poincaré series defined in the preceding exercise, and let g(7) =
S22 b(n)g™ € S; and k = h+ 1 + 2v as in §4.3. Show that the function F,(Gp,g) is a

n=1

multiple of >~ 7 n”b(n) P, (7).
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CHAPTER 5. PERIODS OF MODULAR FORMS

If f(7) is a cusp form of weight k on I' = SLy(Z), we define the periods of f as the

k — 1 numbers
100
(1) ro(f) = ()" dr (n=0,1,... ,k—2),
0

where the integral is taken along the imaginary axis. Writing it (¢ > 0) for 7 and using the
integral representation for the Hecke L-series of f as given in Chapter 2, we see that this
definition is equivalent to the formula

(2) ra(f) =" LY (fn + 1) (L (f;s) = @2m)"°T(s)L(f,s)) -

Now there is a conjectural general principle saying that if L(s) is any Dirichlet series
which arises naturally (“motivically”), has an Euler product, and satisfies a functional
equation of the form ~y(s)L(s) = +vy(h — s)L(h — s), where (s) is a product of gamma
functions and h a positive integer, then L(s) should have “special” values at all integers
so for which neither ~(s) nor v(h — sg) has a pole. Here “special” means that the value
L(sgp), when divided by an appropriate “period” (=complex number obtained as the integral
over some closed cycle of some differential form with algebraic coefficients), should be an
algebraic number. For instance, the Riemann zeta function has a functional equation of
the stated type with v(s) = 7%/2I'(s/2), which has poles at s =0, —=2, =4, ..., and h = 1,

so we should have good special values at sg = 2,4, 6, ... and sg = —1, —3, ... , and indeed
we have Euler’s formulae ((n) = —%, ¢(1—n) = —L= for positive even integers n.

In the case where L(s) = L(f,s) is the Hecke L-series of a Hecke eigenform f € Sy, the
gamma factor y(s) = (2m)~°I'(s) has poles at s =0, —1, =2, ... and h = k, so we expect
algebraicity results for L(sg) for so € {1,2,... ,k—1}, i.e., for the periods as defined above.
This turns out to be true. In this chapter we will study these periods and see that they give
an approach to modular forms that contains just as interesting information as that which
one gets from the usual point of view of Fourier coefficients. In particular, it turns out that
one can describe completely the relations among the periods of given parity (n even or n
odd) of modular forms and that one can give an elementary and calculable description of
the action of Hecke operators in terms of periods.

5.1. Period polynomials and the Eichler-Shimura isomorphism. We will always
use k to denote a positive even integer and My, (resp. Si) for the spaces of modular (resp.
cusp) forms of weight k£ on I'. For n € 2Z, we denote by |, the action of I' on functions
given by (f|n7)(z) = (cx + d)™" f(yz) for v = (¢ Z), where vy = (ax + b)/(cx + d). For
example, f|xy = f for all v € T' if f € M. We denote by Vi the space of polynomials

of degreee < k — 2 in one variable, together with the action of T" by |o_;. If f € S, we
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combine the periods r,(f) of f as defined in (1) to an element r(f) € Vj by setting

(3) r(f)(X) = ’22(—1)" (k - 2) ra(f) X2 = /OOO f(r) (r = X)k2 dr.

n

If we make the substitution 7+ 7 in the integral, where v = (‘; Z) € I', and use the iden-
tities flry = f and (yX —~7) = (X —7)/(cX +d)(cT+d), then we find that (r(f)|2—ry)(X)
is given by an integral with the same integrand as r(f), but with limits v~10 and vy~ 1o
instead of 0 and oco. In particular, for the special elements S = ((1) _01 ), U= (1 _01) of order
2 and 3 in T’ we get r(f)|S = ffo and r(f)|U = flo, r(f)|U? = folo, so r(f)+r(f)|S and

r(f) +r(f)|U +r(f)|U? both vanish. Thus r(f) belongs to the space
(4) Wi={oeVi : ¢+¢|S=0¢+0¢|U+¢lU>=0}

(from now on we omit the subscript “2 — k” on | whenever writing the operation of 2 x 2
matrices on elements of Vy).

To proceed further we must look at the space of polynomials Vj in more detail. The
first remark is that V) possesses a non-degenerate invariant scalar product: if we set

— n k—2 -1 1 — J—
(5) (X", X™) = (=)™ ("2 ifn+m=~k—2
0 otherwise

for n and m between 0 and k£ — 2 and extend to all of Vj, by linearity, then

(6) (¢|ga ¢|g) = (¢’ Q/)) for all Cb, ¢ S Vkv g c PSL(27R)

(Exercise 1). On the other hand, since the endomorphisms ¢ +— ¢|S and ¢ — ¢|U of Vj
have order 2 and 3, respectively, we have splittings

(7) Vi = A, @ By, = C, ® Dy,
for all k, where
A =Ker(1 - 85) =Im(1+95), B =Ker(1+S5) =Im(1-5)
denote the (+1)- and (—1)-eigenspaces of S on V) and
Crp=Ker(1-U)=Im(1+U +U?, Dp=Ker(1+U+U?) =Im(2-U —U?)

the (4+1)-eigenspace and the sum of the w- and w?-eigenspaces of U, respectively (w =
e2mi/ 3). Here the operation of I' on Vj, has been extended by linearity to an action of
the group ring Z[I'], consisting of all finite integral linear combinations of elements of T,

so that, for instance, 1 — S denotes the map ¢ — ¢ — ¢|S from Vi to Vi. Because of the
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invariance property (6), both splittings in (7) are orthogonal. It follows that W}, = BN Dy,
equals (A + Cx)*, the orthogonal complement in V;, of the subspace spanned by A and
Ck. But Ay N Cy = {0} for k > 2, since a function belonging to this intersection would be
invariant under S and U and hence under the whole group I, a contradiction (a polynomial
invariant under US = ((1) }) is periodic and hence constant, and constants are not invariant

under S). Hence the sum Ay + Cj is in fact a direct sum and we have a direct sum

decomposition

(8) Vi=Ar @ Cr ® Wy .

In particular, dim(W}) equals dim Vj, — dim Ay — dim C. But

(9) dimAk:1+2[¥}, dim(}k:1+2[%}
(Exercise 2), so

(10) dika:k—3—2[k;2]—2[kg2}:2d1m5k+1.

Formula (10) suggests that the period mapping r : Sy, — W}, is injective and even that

there are two copies of Sy, sitting inside Wy, in a natural way. This is indeed the case. Denote

by o the matrix ((1) (1)) and also its operation on Vj (X™ — X*=2-7). Under the action of &

we can split Vj, into the orthogonal sum V," & V,~ of the (+1)- and (—1)-eigenspaces of o
(symmetric and anti-symmetric polynomials). Although o has determinant —1 and hence
does not lie in I', conjugation by ¢ is an automorphism of I'. This automorphism preserves
S and interchanges U and U?, so the five subspaces Ay, By, Ck, Dy and W}, of V}, are all
o-invariant and hence split up into the sum of (41)- and (—1)-eigenspaces. In particular,
the decomposition (8) above can be refined to

Vi=Af @A, @ CHaC, oW oW, .
For example, for £ = 6 this decomposition is
A = (X' +1, X?), A; =(X*-X),
Cif =(X*—2X?4+3X? —2X +1), C; ={0},
We ={0}, Wy =(X"-1),
while for k = 12 it is
AL = (X141, X%+ X% X0 X,
AL = (X" - X, X"-X7),
Ol = (X —5X? +10X% — 10X7 +5X° — X° +5X* — 10X° + 10X? - 5X + 1,
X8 —4X7T +8X% —10X° +8X*1 —4X3 4+ X?),
Cr=(2X% —9X® +16X7 — 14X°% + 14X* — 16X> + 9X? — 2X),
Wi = (4X? - 25X7 +42X° — 25X° + 4X),

Wo=(X*°—-1, X8%-3Xx%4+3X*-X?%,
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On By, and therefore also on the subpace Wy, the symmetric and anti-symmetric polyno-
mials are just the odd and even polynomials, respectively, because o is the product of S
and (_01 (1)) and S acts as —1. Therefore the decomposition of an element ¢(X) € Wy, into
its W, and W, components is just the usual decomposition ¢(X) = 2 (¢(X) — ¢(—X)) +
1(¢(X) + ¢(—X)) of a polynomial into the sum of an odd and an even polynomial. Ap-
plying this to the period polynomial ¢(X) = r(f)(X) of a cusp form f € Si gives two
polynomials
o= 5 (5 nnxtewt.
(=1)"=7F1

The basic result is then the following

Theorem (Eichler-Shimura isomorphism). The map r* : S, — W,  is an isomor-
phism. The map r~ : S, — W, is an isomorphism onto a subspace of codimension 1, the
whole space W, being the sum of this subspace and the 1-dimensional space spanned by the
polynomial X*=2 — 1.

Since the dimension formulas dim W,j' = dim Sy, dimW,_ = dim Sy + 1 can be proved
by a refinement of the argument proving equation (10), the essential statement to be proved
is the injectivity. For this, it is enough to give a formula for the Petersson scalar product of
two arbitrary cusp forms f and g as a combination of products of periods of opposity parity
of f and g, since it then follows that any cusp form in the kernel of either 7+ or r~has
scalar product with itself equal to zero and hence vanishes. Such a formula was given by
Haberland. The proof is elementary (essentially an application of Stokes’s theorem applied
to a cleverly chosen function in a fundamental domain for I'), but a little long, so we will

not give it, simply contenting ourselves with stating the result:

1 k—2)!
(11) (f,9) = W Z i (k(—2—)m—n)!rm(f)rn(g)'
m,n>0
m4n<k—2
m#Zn (mod 2)

This formula can be extended to the case when one of f or g is an Eisenstein series (in
which case the scalar product (f,g) vanishes) and then leads to a description of the 1-
codimensional subspace 7~ (Sy) of W, , namely

rl k—r
0<r<n<k—2

=2 B, By n!
(12) Im(rk):{;ch”GWk D - o D=0

where B, denotes the rth Bernoulli number.

5.2. Hecke operators and algebraicity results. The fact that the space W, is one-
dimensional and spanned by the polynomial 4X° — 25X7 +42X5 —25X3 4 4X shows that
the “4+7-period polynomial of the cusp form A € Si5 is given by

rT(A)(X) =wt(A) (4X7 — 25X7 +42X° — 25X° + 4X)
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for some complex number w(A) (in fact w™(A) = 0,00926927...). The same argument
does not work for r~(A), since W7, is two-dimensional, but in fact r~(A) is also a multiple
of polynomial with rational coefficients, namely
r(A)(X) =w (A) (ﬁxm — X% +3X°5 —3x* 4 X2~ ﬁ)
691 691

with w™(A) = 0,114379... i. Moreover, wt(A) and w™(A) are related to the Petersson
scalar product (A, A) by wt(A)w™(A) = 21%3 (A, A). These formulas are examples of the
following theorem, which is the algebraicity result alluded to in the introduction to the
chapter.

Theorem (Manin). Let f € Sy be a Hecke eigenform. Then there exist two complex
numbers wt (f) € R, w™(f) € iR such that the polynomials w'f)~'r¥(f)(X) have coeffi-
cients in the field Ky generated by the eigenvalues (= Fourier coefficients) of f. Moreover,
w (fw™(f)/i(f, f) also belongs to Ky (or even to Q if w®(f) are chosen suitably).

Note that the last statement follows immediately from (11), so that the main asser-
tion is the fact that both period polynomials ¥ (f)(X) are multiples of polynomials with
coefficients in Ky. We will sketch two proofs of this assertion.

The first proof relies on the Rankin-Selberg method as treated in the last chapter. We
wish to show that the product r,,(f)r,(f) of two periods of f with m and n of opposite
parity is the product of i(f, f) with a number belonging to K¢. By (2), this is equivalent
to showing that L*(f,m + 1)L*(f,n + 1) is a Kg-multiple of (f, f). Using the functional
equation, we can assume that m+1 = h+v, n+1 = h+1+v —1 for some integers h, [ > 0,
v>0,h+1+2v ==k, and h and [ even. The desired statement now follows from formula
(4) of 4.3 since F,(Gp,G) has rational Fourier coefficients (because Gj, and G; do) and
the scalar product with an eigenform f of any modular form g with rational coefficients
is automatically a Ky-multiple of (f, f) (since (g, f)/(f, f) is just the coefficient of f in
the eigenform decomposition of g). What’s more, we get not only algebraicity results but
explicit formulas: for instance, Fy(Gy, G4) = (2mi) 2 (20GZG4 — 25G212) equals 1—12A, SO eq.
(4) of 4.3 gives
1054

1 1 /10\ ., .

r5(A)rs(A),
agreeing with the values —(150)7°5(A) = 420wt (A), (Y)rs(A) = w™(A) and wt(A)w™(A)
= 2105(A, A) given above.

The second approach, which also leads to explicit formulas for the period polynomials,
is based on the action of Hecke operators. For each integer n > 0 denote by M, the
set of finite integral linear combinations of 2 X 2 matrices with integer coefficients and
determinant n. We let M,, act on Vj, by defining the action of (¢ Z) (ad — bc = n) to be
H(X) = (X +d)*26((aX +b)/(cX +d)).
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Theorem. For each natural number n define an element fn e M, as Z(Z’ 2), where the
sum ranges over all 2 X 2 matrices (CCL Z) of determinant n satisfying the conditions a > |c|,
d > |bl, bc <0 and also —a < 2c¢ < a if b =0, —d < 2b < d if ¢ = 0. Then the spaces
W]j and W, are stable under T, for all k and all n, and the period polynomials of f and
Tnf for f € Sk are related by r(T,, f) = r(f)]fn. In particular, the polynomials r¥(f) for
a Hecke eigenform f are multiples of eigenvectors for the action of Tn on W,j[

For example, we have

Ti=lo) B+ () G+ ().
Ty= (1) +(g3)+ (3 3+ CD+E D+ (D

Using this and the calculation W} given in the last section, we find that (for instance)
T 5 acts on the one-dimensional space Wﬁz with the unique eigenvalue —24 and on the
two-dimensional space Wy, with the two eigenvalues 42049 and —24, the corresponding
eigenvectors being X'© — 1 and 2% (X% — 1) — X?(X? — 1)3. This shows that the unique
cusp form of weight 12 has eigenvalue —24 under 75 and +- and —-period polynomials

proportional to 4X° — 25X7 + 42X° — 25X% + 4X and 23 (X' — 1) — X?(X? — 1),
respectively. (The other eigenvalue +2049 on Wi, comes from the Eisenstein series; cf.
Exercise 5).

We do not give the proof of the theorem, but only make a few remarks about how it
goes. Clearly the abelian group M,, is a left and right module over the group ring Z[I']

introduced in the last section. The crucial fact about T;, is the congruence

(13) 1-9T,=Tx(1-25) (mod (T'— 1) M,,),

where T'=US = ((1) 1) denotes translation by 1 and 72° is the element > (5 Z) (sum over
a, b, d with ad = n and 0 < b < d) of M,,. On the other hand, it can be shown without
difficulty that the period polynomial r(f) of an arbitrary cusp form f = > a, ¢" € Si is
up to a simple factor equal to flo_r(1 — S), wheref(7) = S n!"*a, ¢" is the (k — 1)-fold
integral of f (so-called “Eichler integral”). The corresponding FEichler integral for T,, f is
just T f, and this fact together with (13) and f|(T — 1) = 0 easily leads to a proof of the

identity claimed.

Exercises
1. Prove the invariance property (6) of the scalar product on Vj, defined by (5). (Hint:
Show that (5) is equivalent to (¢, ¥;) = ¢(t) for any t € C, where 1;(X) = (X — t)k=2,
and then prove (6) in the special case ¥ = 1.)
2. Prove the dimension formulas (10). (Hint: For the dimension of Cy, there are two
ways. One is to compute the action of U on the basis {(X +w)™*(X +w?)™} 4 m=k_2 of Vi

and show that C} is spanned by the elements with n = m (mod 3). The other is to show
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that tr(U) = tr(U?) = dim Cy — dim Dy, and show by considering the action of U on the
basis {X"}o<n<r—2 of Vi that tr(U) =ty := > ., o(—1)"(""); this is then shown by
considering the generating function identity Y, <, tx2" 2 = (1 — (1 — z))~! to be %1 or
0 according to the value of £ modulo 6.) -

3. Let D be a positive non-square integer congruent to 0 or 1 modulo 4 and n a natural
number. Show that the function

Pop(X)= Y  (aX*>+bX +¢)"!

a,b,c€EZ
a>0>c
b2 —4ac=D

belongs to W,, . (In particular, P, p(X) + x(X*"~2 — 1) equals r~(f) for some cusp form
f € San and number k = k,, p by the Eichler-Shimura theorem; f and & can be calculated
explicitly and k turns out to be essentially the value at s = 2n of the Dedekind zeta
function of Q(v/D), and then (12) gives an elementary formula for this value in terms of
the solutions of b*> — 4ac = D with ac < 0.)

4. Verify formula (13), either for all n or else just for n =1, 2, and 3.

5. Verify that the element X*~2 — 1 of W, is an eigenvalue of T, with eigenvalue
or—1(n) for all n.
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CHAPTER 6. THE EICHLER-SELBERG TRACE FORMULA

Fix an even weight £ > 0 and let
t(n) = ti(n) = Te(T(n), My),  t°(n) =ty (n) = Te(T(n), Sk)

denote the traces of the nth Hecke operator T'(n) on the spaces of modular forms and cusp
forms, respectively, of weight k. If we choose as a basis for M}, or Si a Z-basis of the lattice
of forms having integral Fourier coefficients (which we know we can do by the results of
Chapter 1), then the matrix representing the action of T'(n) with respect to this basis also
has integral coefficients. Hence ¢(n) and t°(n) are integers. The splitting My = Sy @(Gx)
and the formula T}, (Gy) = ox—1(n)Gy for k > 2 imply

(1) tr(n) = t2(n) + op_1(n) n>1, k>2).

The importance of knowing t°(n) is as follows. Let t°(7) = tQ(r) = Y07 t2(n)q".
Then t0 is itself a cusp form of weight k& on I'; and its images under all Hecke operators
(indeed, under T'(nq),... ,T(ng) for any {n, }?zfim Sk for which the nist, ..., ngth Fourier
coefficients of forms in Sy are linearly independent) generate the space Si. To see this,
let fi(1T) = > ,s0ai(n)g” (1 < i < d) be the Hecke forms in S. We know that they
form a basis and that the action of T(n) on this basis is given by the diagonal matrix
diag(ai(n),... ,aq(n)). Hence the trace t°(n) equals aj(n) + ... + aq(n) and t9 is just
fi+ ...+ fa, which is indeed in Si; the linear independence of the f; and the fact that the
matrix (a;(n;))1<i j<a is invertible then imply that the d forms T'(n;)(t°) = Z?Zl a;(n;)fi
are linearly independent and hence span Si as claimed. Having a formula for Tr(7'(n))
thus gives an algorithm for obtaining all cusp forms of a given weight (and level).

In this chapter we will state and prove such a formula. The basic tool we will use is
the holomorphic version of the Rankin-Selberg method described in Chapter 4, but now in
the case when the Eisenstein series (G;, and the modular form g have half-integral weight.
We therefore begin by giving a brief discussion of forms of half-integral weight in 6.1. A
technical complication is that the specific Eisenstein series we will need (weight h = 3/2) is
not quite holomorphic. To correct for this we require another important tool in the theory
of modular forms, the so-called holomorphic projection operator. This will be treated in
6.2. The statement and proof of the trace formula are given in 6.3.

6.1. Eisenstein series of half-integral weight. In Chapter 3, there was no reason
to look only at quadratic forms in an even number of variables. If we take the simplest
possible quadratic form Q(z1) = 22, then the associated theta-series

9(T):an2:1+2q+2q4+2q9+
nez
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is the square-root of the first example in that section and as such satisfies the transformation

equation
at +b 1 ab
0 = d)z0 v ely4
<c¢+d) cler +d)20(7) (c d) o4)
for a certain number € = e.4 satisfying e? = 1 (e can be given explicitly in terms of

the Kronecker symbol (C—Ci)) We say that 6 is a modular form of weight % More
generally, we can define modular forms of any half-integral weight r + % (r e N). A
particularly convenient space of such forms, analogous to the space M} of integral-weight

modular forms on the full modular group, is the space M, +1 introduced by W. Kohnen.

It consists of all f satisfying the transformation law f(g:—jfg) = (ec.q(er +d)2)2 L f(7) for

all (¢ Z) € To(4) (equivalently, f/6? 1 should be I'g(4)-invariant) and having a Fourier
expansion of the form ) ., a(n)¢™ with a(n) = 0 whenever (—1)"n is congruent to 2
or 3 modulo 4. For r > 2 this space contains an Eisenstein series G, +1 calculated by
H. Cohen. We do not give the definition and the calculation of the Fourier expansion of
these Eisenstein series, which are similar in principle but considerably more complicated
than in the integral weight case. Unlike the case of integral weight, where the Fourier
coefficients were elementary arithmetic functions, the Fourier coefficients now turn out to

be number-theoretical functions of considerable interest. Specifically, we have

Grpy(7) = > H(r,n) q"

n=0
(=1)"n=0 or 1 (mod 4)

where H(r,n) is a special value of some L-series, e.g. H(r,0) = ((1 — 2r) = —22= (where

((s) is the Riemann zeta-function and B,, the mth Bernoulli number), H(r,1) = (1 —r),
and more generally H(r,n) = La(1 — r) if the number A = (—1)"n is equal to either

1 or the discriminant of a real or imaginary quadratic field, where the L-series La(s) is

defined as the analytic continuation of the Dirichlet series Y | (é

- )n_s. These numbers

are known to be rational, with a bounded denominator for a fixed value of r. The first few

cases are
Gor(T) = 135 — 199 — 134" — 2¢° —¢° — B¢ —2¢"* —2¢"° — 20¢"° —4¢"" — -
G3%(T)=—ﬁ12—%q3—%q4—%q7—3q8—6q11—%q12—16q15—%q16—~~
1 1 121 4 5 8 2161 . 9 12 13
G4%(7‘)—m+mq+mq +2q¢° 4+ 11¢q —l—mq 4+ 469 +58¢° + - --
_ 1 1.3 5 4 7 8 2550 11 529 12 15
Gy1(7) = =73 + 50" + 30" + 3207 + 574" + Hi0q"! + 20¢' 002977 -

In each of these four cases, the space M, 41 s one-dimensional, generated by G, 413 in
general, M, ! has the same dimension as Mos,..
Just as the case of G2, the Fourier expansion of G4 /2 still makes sense for r = 1, but the

analytic function it defines is no longer a modular form. Specifically, the function H(r,n)
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when r = 1 is equal to the Hurwitz-Kronecker class number H(n), defined for n > 0
as the number of SLy(Z)-equivalence classes of binary quadratic forms of discriminant
—n, each form being counted with a multiplicity equal to 1 divided by the order of its
stabilizer in SLo(Z) (this order is 2 for a single equivalence class of forms if n is 4 times a
square, 3 for a single class if n is 3 times a square, and 1 in all other cases). Thus the form
G329 = ), H(n)q" has a Fourier expansion beginning
L ol Ty, 7, 8, 11,41 15, 9 16, 19 20 23

Ga(T) =~ T3+ 50+ +C +a + 307 +2¢7+ 507 +¢7 +207 +3¢7 +-
As with G2 we can use “Hecke’s trick” to define a function G73 /2 which is not holomorphic
but transforms like a holomorphic modular form of weight 3/2. The Fourier expansion
of this non-holomorphic modular form differs from that of G3,5 only at negative square

exponents:

(2) Gy(r) = S Hn)¢" + ——= 3" Blanf2) ¢
n=0 fez

16m/v -

where v denotes the imaginary part of 7 and §(t) the function floo x3/2 =7t dgx, which
can be expressed in terms of the error function.

6.2. Holomorphic projection. We know that Sy has a scalar product (-,-) which is non-
degenerate (since (f, f) > 0 for every f # 0 in Si). It follows that any linear functional
L : S;, — C can be represented as f — (f,¢r) for a unique cusp form ¢, € Sk.

Now suppose that ® : §§ — C is a function which is not necessarily holomorphic but
transforms like a holomorphic modular form of weight k, and that ®(7) has reasonable
(say, at most polynomial) growth in v = $(7) as v — oo. Then the scalar product
(f,®) = ffﬁ/l“l v* f(1)®(7) dpu converges for every f in Sy, and since f — (f, ®) is linear,
there exists a unique function ¢ € Sy satisfying (f, ¢) = (f, ®) for every f € Si. Clearly
¢ = @ if & is already in Sk, so that the operator my,, which assigns ¢ to ® is a projection
from the infinite dimensional space of functions in § transforming like modular forms of
weight k£ to the finite dimensional subspace of holomorphic cusp forms. In this section we
derive a formula for the Fourier coefficients of 701 (®).

Let Y, ez cn(v)e*™™ denote the Fourier development of ®(7) and > 7, ¢,¢™ that of
its holomorphic projection ¢. We apply the basic identity (¢, f) = (P, f) to the Poincaré
series f = P, € Si defined in Exercise 3 of Chapter 4. By that exercise, we know that the
scalar product of ¢ with P, is (k — 2)!c,,/(47mn)¥~1. The same unfolding argument used to
prove that formula can be applied also to the non-holomorphic modular form ® and gives

00 1
(®,P,) = / (/ O (u+ iv) du) e 2Tk =2 gy
0 0

_ / Cn(v>€_27mvvk_2 dv
0
o1



provided that the interchange of summation and integration implicit in the first step is
justified. This is certainly the case if the scalar product (®, P,) remains convergent after
replacing ® by |®| and P, by its majorant P, (1) = doroar et + d)~ke2mm(T)| We have

Po(r) <™+ > er+d

c#0 (d,c)=1
k

5) = C(k)v*/2],

1
— e—27rnv + ,U—k/2 [G(T, 5

¢(k)

with G(7,£) the non-holomorphic Eisenstein series introduced in §4.1. The expansions
there show that G(r,%) — ((k)v*/? = O(w'7#/2) as v — o0, so P,(t) = O(v'*). The
convergence of ffﬁ/Fl |®| P, 0" 2 du dv is thus assured if ®(7) decays like O(v™¢) as v — oo
for some positive number €. Finally, we can weaken the condition ®(7) = O(v™°) to
®(7) = co+O(v™°) (co € C) by the simple expedient of subtracting ¢y =2k G (1) from (1)
and observing that G} is orthogonal to cusp forms by the same calculation as above with
n = 0 (G is proportional to Py). We have thus proved the following result, first stated by
J. Sturm under slightly different hypotheses:

Holomorphic Projection Lemma. Let ® : $ — C be a continuous function satisfying
(i) @(v(7)) = (c7 + d)*®(7) for all v = (¢ Z) el'y and 1T € 9; and
(ii) ®(1) =co+ O(v™°) as v = (1) — oo,
for some integer k > 2 and numbers co € C and € > 0. Then the function ¢(7) = > cpq”
n=0

with ¢, = (4(7;");),1 fo cn(V)e™ 2" k=2 dy for n > 0 belongs to My, and satisfies (f,¢) =

(f,®) for all f € Sk.
As an example, take ® = (G%)?, where G is the non-holomorphic Eisenstein series

of weight 2 introduced in Chapter 1. Using the Fourier expansion G5 = sm + Gy =

1
8mv

_ 21_4 + >0 01(n)q" given there, we find

_( 1 1 N 1 )
T\B76 967y | 647202

o) n—1
1
-+ E (——0'1 + E 01 01 n — )+F01( ))q”,
n=1 m=1

so that the hypotheses of the holomorphic projection lemma are satisfied with k = 4,

o(7)

co = 5—;6, e=1and c,(v) = (—1—1201(71)4—221_11 og1(m )al(n m)+ 471”101( ))e~2™ . The
lemma then gives Y c,q™ € My with ¢, = —t501(n) + >0 ) L oy(m)oi(n —m) + inoi(n)

for n > 1. Since Y ;" cnq™ € My = (G4), we must have ¢, = 240coo3(n) = So3(n) for all
n > 0, an identity that the reader can check for small values of n.

Similarly, if f = ;" an,q™ is a modular form of weight [ > 4, then ® = fGj satisfies
the hypotheses of the lemma with £ = [ + 2, ¢y = —2—14a0 and € = 1, and we find that
Thol(fG3) = fGa + = ' € Myo.

52



6.3. The Eichler-Selberg trace formula. Let k > 0 be even and tx(n), t2(n) be defined
as in the beginning of the chapter.

Theorem (Eichler, Selberg). Let H(N) (N > 0) be the Kronecker-Hurwitz class num-
bers defined in Section 6.1 and denote by pi(t,n) the homogeneous polynomial

)
1—tX +nX2

pr(t,n) = Z (k —2- T) (—n)"th=272r = Coeﬁxk—2<

r
0<r<k_1

of degree g —1int? and n (thus pa(t,n) =1, ps(t,n) =t> —n, pe(t,n) = t* — 3t?n + n?,
etc.). Then

te(n) =—= > pr(t,n)H(4n —*) + % > max{d,n/d}* " (k>2),

teZ,t2<4n d|n

0 (n) = —% S pelt,m)H(dn — 2) %Zmin{d, DAyl (k> 4).

teZ,t2<4n d|n

There is an analogous trace formula for forms of higher level (say, for the trace of T'(n)
on My (To(N)) for n and N coprime), but the statement is more complicated and we omit
it. The equivalence of the two formulas in the theorem (for k& > 2) follows from (1), since

1 1
5 > (min{d, n/d}* " + max{d,n/d}*"") = 3 D (@ + (n/d)f ) = ok (n).
d|n d|n
Note also that t3(n) = 0 and t2(n) = 0 for k € {2,4,6,8,10,14} and all n, since the spaces
My and Sy, are 0-dimensional in these cases. Equating to zero the expressions for t5(n) and

t9(n) given in the theorem gives two formulas of the form
H(4n)+2H(4n —1)+...=0, —nH(4n) —2(n—1)H(4n — 1)+ ... =0,

where the terms “...” involve only H(4m) and H(4m—1) with m < n. Together, these for-
mulas give a rapid inductive method of computing all the Kronecker-Hurwitz class numbers
H(N).

We now sketch a proof of the Eichler-Selberg trace formula, using the “holomorphic
version” of the Rankin-Selberg method proved in 4.3, but applied in the case when the
Eisenstein series G, and the modular form g have half-integral weight. The basic identities
(1) and (2) of 4.3 remain true in this context with slight modifications due to the fact
that the functions Gj, and g are modular forms on I'g(4) rather than SLo(Z). They can be
avoided by using the operator U, which maps a periodic function h(7) to § Zj‘:o h(3(T+7))
(or in terms of Fourier series, Uy : > ¢,q™ +— > c4nq™). One can check that Uy (F,(Gp, g))
belongs to M (I'y) if h and [ are half-integral, k = h 4+ [ + 2v is even, and g belongs to

the space M; defined in 6.1. In this situation, formula (2) of 4.3 still holds except for the
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values of the constant factors occurring. In particular, if h = r + % with r odd and we take
for g the basic theta-series 6(7) =1+2) | g™ of weight  on I'g(4), then we find

o0 2
3)  (f,Us(Fy(Gry1,0))) Z (r>1odd, v>0k=r+2v+1),

where ¢, , is an explicitly known constant depending only on r and v. We want to apply
this formula in the case r = 1. Here the function G/ is not a modular form and must
be replaced by the function G3 , defined by (2). The function Us(F, (G35, 0)) is no longer
holomorphic, but we can apply the holomorphic projection operator of §6.2 to replace it
by a holomorphic modular form without changing its Petersson scalar product with the
1(k—r—1) =% —1 and hence
2(k —v — 1) = k, so the right-hand side of (3) is proportional to ) =- a(n’ )]s . and hence,
by formula (5) of Section 4.2, to (f, f) if f is a normalized Hecke eigenform. Thus finally

(fs ot (Ua (o (G35, 0)))) = e (f, f)

for all Hecke forms f € Sj, where ¢, depends only on k (in fact, ¢ = —2F~! (”;%)) But
since t°(7) is the sum of all such eigenforms, and since distinct eigenforms are orthogonal,
we also have (f,t°) = (f, f) for all Hecke forms. It follows that

holomorphic cusp form f. Moreover, for r = 1 we have v =

(4) ol (Ua(Fy, (G5 2, 0))) = cx t°(7) + ¢, Gr(T)

for some constant c%.

It remains only to compute the Fourier expansion of the function on the left of (4). We

have _
o) =Y_d",  Gy(r)=_ H(m)q"
teZ m=0
and hence
v _ 1
F,(0(1),Gs(7)) = (2mi)™" Z(_l)u (V 2) (V + 2)9(”_”)(7)G(§“)(7-)
’ pu=0 1% vVv—H 2
14 . l ,
—_ Z Z( 1)},6 (V 2) (V + 2)t2(l/—p,) ;J,H(m)qm+t 7
mteZ u=0 H v—p
m>0
SO

n=01¢2<4n p= K VTR
1 e 9]
_ - 42\ N
= —2ckz Z pr(t,n)H (4n — t*)q
n=0¢2<4n



(recall that & = 2v 4 2). On the other hand, the difference of G /2 and Gz is a linear

combination of terms ¢~/ with coefficients which are analytic functions of v = (7).

Hence the coefficient of ¢™ in Uy (F), (6, Gy~ Gs3)2)) is a sum over all pairs (¢, f) € Z? with

t2 — f2 = 4n of a certain analytic function of v. Applying 7, means that this expression

—26—47rnv

must be multiplied by v¥ and integrated from v = 0 to v = co. The integral turns

out to be elementary and one finds after a little calculation

coefficient if ¢" in 7Th01(U4(Fy(9, G§/2 — G3/2)))

1 ! g
__ch Z ( 5 __§Ck mln(d,g) )

t,fEZL
t?—f2=4n d>0

Adding this to the preceding formula, and comparing with (4), we find that the constant
¢, in (4) must be 0 and that we have obtained the result stated in the theorem.

Exercises

1. Verify the examples of holomorphic projections given at the end of 6.2. More gen-
erally, compute mho1 (F, (f, G3)) for any holomorphic modular form f € M; (note that the
derivative d*/dr# in the definition of F,, must be replaced by 0* /07" when F), is applied
to a non-holomorphic form).

2. Use the recursions given by the cases k = 2 and k£ = 4 of the trace formula to compute
H(N) for 0 < N < 20 and then use the case k = 12 to calculate the first few coefficients of
the discriminant function A € Sis.

3. Compute the contribution of the terms (16m+/v) =1 3(47 f?v) q*f2 of GE‘;/Q and th of 6
to Fj_o(6, G§/2), at least for small k (say k = 2 and k = 4) and evaluate the contribution
to mhol(Ug(F, (0, G§/2))) obtained by multiplying this by v¥~2e=4™% (n = (¢ — f2)/4) and
integrating over 0 < v < oo.
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APPENDICES

A1l. The Poisson summation formula. This is the identity

(1) Y p@tn) =) (/R o(t)e2mirt dt) 2T,

neZ reZ

where ¢(x) is any continuous function on R which decreases rapidly (say, at least like |z|~¢
with ¢ > 1) as ¢ — 0o0. The proof is simple: the growth condition on ¢ ensures that the sum
on the left-hand side converges absolutely and defines a continuous function ®(x). Clearly
2mirx

®(x + 1) = ®(x), so ® has a Fourier expansion ) ., c.e with Fourier coefficients c,
given by fol O (x)e 2™ dg. Substituting into this formula the definition of ®, we find

1 oo
¢, = /( Z 90<$_|_n)627ri7‘($+n)) dx
0

. n+1 ')
_ Z / So(x)e—%rirz dr = / g0(1,)6—27&7"917 d.T,
n=-00 , —00

as claimed. If we write ¢(t) for the Fourier transform [~ o(x)e 2™ dz of ¢, then
(1) can be written in the form > o(z +n) =3, 4(r)e*™* where both summations are
over Z. The special case = 0 has the more symmetric form ) ¢(n) = > &(r), which
is actually no less general since replacing ¢(x) by ¢(x + a) replaces @(t) by @(t)e2™e; it is
in this form that the Poisson summation formula is often stated.

As a first application, we take p(x) = (z + iy)~*, where y is a positive number and k

an integer > 2. This gives the Lipschitz formula

1 (—2mi)* — k—1 _2mirz
Z(Z-HL)'“ ~ (k1) > e (2 €9, k€Zx),
ne” r=1

which can also be proved by expanding the right hand side of Euler’s identity

1 627rz'z

Z ™ . .
Z4+n tanmz 1 — e4mz
nez

21z

as a geometric series in e and differentiating £ — 1 times with respect to z.

—nt?/a
)

As a second application, take p(x) = e~ with @ > 0. Then o(t) = a ze SO

we get

) 1 oo - ‘
(2) Z e—wa(m—i—n)Q — \/; Z e~ @ P24 omire (33' c R)

n=—oo r=—0o0

56



(the formula is actually valid for all z € C, as one sees by replacing ¢(x) by ¢(x + iy)
with y € R). This identity, and its generalizations to higher-dimensional sums of Gaussian
functions, is the basis of the theory of theta functions.

Finally, if s is a complex number of real part greater than 1, then taking p(z) = |z+iy|™*
with y > 0 leads to the following non-holomorphic generalization of the Lipschitz formula:

1 i | |
2 EETIE v Y kapRrry)e™ (z=a iy € H, R(s) > 1),
nez r=—o00

where ky(t) = 7 e 7" (2? + 1)7*dx. The function k4(t) can be expressed in terms of

the gamma function I'(s) and the K-Bessel function K, (t) = [;° e "M cosh(vu) du
(veC,t>0)by

1 1
272 ([t[\S—32 L :

) adrs—) -0
I'(s) 1t =

(cf. Appendix A2), so, replacing s by 2s, we can rewrite the result as

1

1 7T§F(S— l) _9s 27® 1 s—1 mire

) i 1o RS VoL MNP SLUE Ll
r#0

(=2 +iy € H, R(s) > %).

This formula is used for computing the Fourier development of the non-holomorphic Eisen-

stein series (cf. §5.3).

A2. The gamma function and the Mellin transform. The integral representation
n! = fooo t"e~t dt is generalized by the definition of the gamma function

(1) [(s) = /000 t5~ e tdt (s € C, R(s) >0).

Thus n! = I'(n + 1) for n a nonnegative integer. Integration by parts gives the functional
equation I'(s+1) = sI'(s), generalizing the formula (n+1)! = (n+1)n! and also permitting

one to define the I'-function consistently for all s € C as a meromorphic function with polar
(=" 1
n!  s+n

The integral (1) is a special case of the Mellin transform. Suppose that ¢(t) (¢ > 0)

part at s = —n, n € Z>y.

is any function which decays rapidly at infinity (i.e., ¢(t) = O(t~4) as t — oo for every

A € R) and blows up at most polynomially at the origin (i.e., ¢(t) = O(t~¢) as t — 0 for
some C' € R). Then the integral

Mo(s) = /OOO o(t) 5t dt
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converges absolutely and locally uniformly in the half-plane R(s) > C and hence defines a
holomorphic function of s in that region. The most frequent situation occurring in number
theory is that ¢(t) = > oo

oy cpe” ™ for some complex numbers {c,},>1 which grow at

most polynomially in n. Such a function automatically satisfies the growth conditions
just specified, and using formula (1) (with ¢ replaced by nt in the integral), we easily
find that the Mellin transform M(s) equals T'(s)D(s), where D(s) = >_.>°

1 Cnn° is the

Dirichlet series associated to ¢. Thus the Mellin transformation allows one to pass between
Dirichlet series, which are of number-theoretical interest, and exponential series, which are
analytically much easier to handle.

Another useful principle is the following. Suppose that our function ¢(t), still supposed
to be small as t — o0, satisfies the functional equation

J
(2) ¢(%) - ZAthj + tho(t) (t > 0),

where h, A; and \; are complex numbers. Then, breaking up the integral defining Me(s)
as fol + floo and replacing t by ¢! in the first term, we find for R(s) sufficiently large

(e e} J oo
Mgb(s):/l (ZAjt*j +th¢(t)> t—s—ldt+/1 p(t) 5 at
j=1

J
_ A] > S h—s dt
_ZS_/\j+/1 o(t) (t° +t )?
=1

The second term is convergent for all s and is invariant under s — h — s. The first term is
also invariant, since applying the functional equation (2) twice shows that for each j there
is a j' with \j = h —\;, Ay = —A;. Hence we have the

Functional Equation Principle. If ¢(t) (t > 0) is small at infinity and satisfies the
functional equation (2) for some complex numbers h, A; and \;, then the Mellin transform

Mo (s) has a meromorphic extension to all s and is holomorphic everywhere except for

simple poles of residue A; at s=X\; (1 =1,... an —5) = S).
ple poles of residue A; Aj (G=1,...,J), and Mg(h — s) = M(s)

This principle is used to establish most of the functional equations occurring in number
theory, the first application being the proof of the functional equation of ((s) given by
Riemann in 1859 (take ¢(t) = > o7, e~™"t 5o that Mo(s) = 7~ °I'(s)((2s) by what was
said above and (2) holds with h = %, J=2, A2 =0, = %, Ay = —Ay = % by formula
(2) of Appendix Al.

As a final application of the Mellin transform, we prove the formula for k4(¢) stated in
Appendix Al. As we just saw, the function A™* (A > 0) can be written as I'(s)™! times
the Mellin transform of e~**. Hence for a € R we have k,(a) = I'(s)~! Mg, (s) where
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Hence 7 21(s)k,(a) = I e~t=0"/4 55 dt. For a = 0 this equals ['(s—12), while fora > 0

1
T3 [ _—acoshu 1 : : _1__u
fo e cosh(s — 5)udu, as one sees by substituting ¢t = jae".

it equals 2(%)
A3. Dirichlet characters. If N is a natural number, then a Dirichlet character
modulo N is a complex valued function X on Z satisfying

a) X(n) depends only on n modulo N;

b) X(n) = 0 if and only if (n, N) > 1;

¢) X(n1nz2) = X(n1)X(ng) for all ny, ne € Z.

It is easily seen that under these conditions X(1) = 1 and X(n) is a root of unity for any
n prime to N. It also follows that X(—1) is either +1 or —1; in the former case X is
an even function of n (i.e. X(—n) = X(n) for all n) and is called an even character,
and in the latter case it is an odd function and is called an odd character. The set of
Dirichlet characters modulo N forms a group under multiplication which can be identified
in the obvious way with the set of group homomorphisms from (Z/NZ)* (the multiplicative
group of residue classes modulo N which are prime to N) to C* (the multiplicative group
of non-zero complex numbers).

If Ny is a divisor of N and X; a Dirichlet character modulo Ny, then the function
X : N — 7Z defined by

X(n) = { X1(n) Tf (n,N)=1
0 if (n,N)>1
is a Dirichlet character modulo N called the character induced by X;. A character modulo
N which is not induced from one modulo a proper divisor of N is called primitive. Any
Dirichlet X modulo N is induced from a unique primitive character modulo a unique divisor
N; of N, called the conductor of X. As an example, the principal (or trivial) character
Xo modulo N, defined by Xo(n) = 1 if (n,N) = 1 and Xo(n) = 0 otherwise, has the
conductor 1.

The most important characters are the quadratic ones, i.e., those taking on only the
values 0, 1 and —1. If p > 2 is prime, then the Legendre symbol modulo p is the symbol
(1—9) defined by

+1 if n=2? (mod p) for some z # 0 (mod p),
) = 0 ifp|n,

—1 if n is not congruent to a square (mod p);

(

n
p

it is easily seen to be a Dirichlet character modulo p. More generally, if N = pi*...p* is

a positive odd number, then the Jacobi symbol (ﬁ), defined by (%) = (pﬂl)rl. .. (pﬂk)Tk,
is a Dirichlet character modulo N, even or odd according as N is congruent to 1 or 3
modulo 4. Finally, if D # 0 is a discriminant (= integer congruent to 0 or 1 modulo 4),

then we have the associated Kronecker symbol ( 2) which is defined by taking (%) =0,

(%) =sgn(D), (%) equal to the Legendre symbol if p is an odd prime, (%) =1,—-1lor0

according as D is congruent to 1 (mod 8), 5 (mod 8) or 0 (mod 4), and (-2-) = (£)(£)

nimns n1/ \nz
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for all ny, ny € Z. The new definition of (%) agrees with the Jacobi symbol if n is positive
and odd, so there is no ambiguity. The Kronecker symbol is a Dirichlet character modulo
|D|, the properties (b) and (c) being obvious and the property (a) a consequence of the
law of quadratic reciprocity (Exercise 4). It is primitive if and only if D is a fundamental
discriminant (= square-free integer congruent to 1 modulo 4 or 4 times a square-free
integer which is not congruent to 1 modulo 4). In general, we can write D uniquely
as ¢?Dy with ¢ a natural number and Dy a fundamental discriminant, and then (2) is
induced from (&) and has the conductor Dy. Any quadratic character is induced from
the Kronecker symbol (2) for a unique fundamental discriminant D dividing N. There
is a 1:1 correspondence between non-trivial primitive quadratic characters and quadratic
fields given by assigning to (2) with D fundamental the field Q(v/D) and to a quadratic
field K of discriminant D the Kronecker symbol (2). This relation can be described more
intrinsically in the language of algebraic number theory by saying that X is the totally
multiplicative function whose value at —1 is +1 or —1 according as K is a real or imaginary
quadratic field and whose value at a prime p is +1, —1 or 0 according as p splits into a
product of two distinct prime ideals, remains prime, or is the square of a prime ideal in K.

If X is a Dirichlet character modulo NV, then the Dirichlet series L(s,X) = Y - X(n)n~*
is called the L-series associated to X. This series converges absolutely only for R(s) > 1,
but is known to extend to an analytic function in the entire complex plane (except for a
simple pole at s = 1 if X is the principal character), the values at non-negative integers
being rational linear combinations of the values X(1),... ,X(N) (and in particular rational
numbers if X is quadratic). Moreover, L(s,X) satisfies a functional equation which
for X primitive takes the form L*(s,X) = L*(1 — s,X) if X is quadratic and L*(s,X) =
W, L*(1 — 5,X) in general, where L*(s,X) is defined as (N/7)*/2T'(s/2)L(s,X) if X is an
even character and as (N/7)%/?T'((s 4+ 1)/2)L(s, X) if X is odd, X is the complex conjugate
character of X, and W, is a certain complex number of absolute value 1.

Exercises

1. Show that there are exactly ¢(/N) Dirichlet characters modulo N, where ¢(N) =
|(Z/NZ)*| is the Euler totient function. More precisely, show that the group of Dirichlet
characters modulo N is isomorphic to the group (Z/NZ)* (hint: use the structure theorem
for finite abelian groups).

2. Determine the number of primitive Dirichlet characters modulo N (hint: show that
this number is a multiplicative function of N and compute it for prime powers).

3. Given a Dirichlet character X modulo N, what is the relation between N, the period
of X as a function on Z, and the conductor of X7 Give examples where these three numbers
are (i) all equal, (ii) all distinct.

4. The law of quadratic reciprocity says that for odd primes p and ¢ the Legendre
symbols (%) and (%’) are equal if p or ¢ is congruent to 1 modulo 4 and opposite if both p
and g are congruent to 3 modulo 4, while the two supplementary reciprocity laws say that
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(_71) is +1 for p =1 (mod 4) and —1 for p = —1 (mod 4) and that (%) is +1 for p = £1
(mod 8) and —1 for p = £3 (mod 8). Use these theorems to deduce that the Kronecker
symbol (£) is a periodic function of period |D.
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