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Abstract

The Boolean multireference alignment problem consists in recovering a Boolean signal from
multiple shifted and noisy observations. In this paper we obtain an expression for the error
exponent of the maximum A posteriori decoder. This expression is used to characterize the
number of measurements needed for signal recovery in the low SNR regime, in terms of higher
order autocorrelations of the signal. The characterization is explicit for various signal dimensions,
such as prime and even dimensions.

[. Introduction

The Boolean multireference alignment (BMA) problem consists of estimating an unknown
signal x € Zé, from noisy cyclically shifted copies Y ,.... Y, € Zé, ie.,

S.
Y,=R'x®Z.ie{l,...N}, (1)

where the error Z;~ Ber(p)£, the product measure of L Bernoulli variables with parameter p,
@ denotes addition mod 2, Ris the index cyclic shift operator that shifts a vector one
element to the right (xq, ..., Xp) — (Xps X1, ..., Xp-1), R corresponds to applying S;times
the operator R and the shifts S;~ %(Z,), the uniform distribution in Z,.

The motivation to study this problem comes from the classical multireference alignment
problem, where the signal and observations are real valued vectors, and the error is Gaussian
white noise. Several algorithms were recently proposed to solve the problem, including
angular synchronization [1], semidefinite program relaxations of the maximum likelihood
decoder [2] and reconstruction using the bispectrum [3]. This problem is also an instance of
a larger class of problems, called Non-Unique Games, which also includes the orientation
estimation problem in cryo-electron microscopy [4].
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Despite these advancements in algorithmic development, not much progress has been made
in understanding the fundamental limits of signal recovery. The recent paper [5] investigated
fundamental limits of shift recovery in multireference alignment, but not those of signal
recovery. We note that estimating the shifts is impossible at low signal-to-noise ratio (SNR)
even if an oracle presents us with the true signal. Also, the goal of many applications is
signal recovery rather than shift estimation. Our paper aims to fill the gap on signal recovery,
by studying the Boolean case.

We focus on the low SNR regime, since pairwise alignment performs well in the high SNR
regime, while in applications, such as cryo-electron microscopy, the low regime is
predominant. We show here that signal recovery is possible at arbitrarily low SNR, if
sufficiently many measurements are available, and quantify this tradeoff. We do not consider
here the problem of determining the sample complexity of multireference alignment in the
real-valued Gaussian noise case, which is a topic of ongoing research [6], [7].

In BMA the search space is finite, and the maximum A posteriori decoder (MAP) minimizes
the probability of error. Our main contribution is an expression for the error exponent of
MAP, in the low SNR regime, given in Theorems 111.2 and 111.3. Our results imply how
many measurements are needed, as a function of the SNR, in order to accurately estimate the
signal.

The expression depends on the autocorrelations of the signal, defined in (6). Our results
connect the order of autocorrelations needed to reconstruct the signal to the number of
measurements needed to estimate the signal. This has some connections with previous
theoretical work on uniqueness of the bispectrum [8].

We also consider some generalizations of the original problem in order to model some
aspects of multireference alignment that arise in applications, such as the introduction of
deletions.

Il. BMA Problem
In the BMA problem, the errors are i.i.d. Bernoulli of parameter p. If p = % then the

observations Yl.~Ber(%) , regardless of the original signal, and signal recovery is impossible.

This corresponds to the case when SNR = 0. On the other hand, p= 0 or 1 corresponds to the
noiseless case. Thus we define

SNR:=( —%)2. @)

In contrast to proposing an algorithm to solve the BMA problem, our paper focuses on its
sample complexity, in the low SNR regime, when p — % and SNR — 0.
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Note that the observations Y, /€ [A], given the signal x, are i.i.d., since both the shifts S;
and the errors Z;are i.i.d. For that reason we will drop the index 7/when it is more
convenient. We rewrite (1), denoting by x(y) the jth entry of x.

Y()=xS+HSZ().jE Z;, (3)

where “+” is addition mod L.

Our paper also considers the sample complexity of the following variations of the basic
BMA problem:

. BMA Problem with consecutive deletions: In this case the measurements Y7, ...,
Yyare in z§, with K< £, and

Y()=xS+NBZ()),jE Zg. (4)

When K= L we obtain the original BMA problem.

. BMA Problem with known deletions. Let V' C Z,; be an ordered set of non-
deletions, i.e. the set of deletions is Z,\V. Now the measurements Y7, ..., Yyare

in Z§, with K= |V, and:

Y()=x(S+ V) ®Z(). V€ Zy (5)

where Vjdenotes the /-th element of V. When V= [K] we recover the BMA
problem with consecutive deletions.

. BMA Problem (and variations) with non uniform rotations: Similar to the
previous problems, but now the shifts follow some distribution £in Z,.

These variations are motivated by problems similar to multireference alignment. The case of
possible deletions is intended to model instances where the observations are only partial,
whereas the extension to non-uniform shifts attempts to represent a non-symmetric version
of the problem.

lll. Results
We start by introducing the following notion of autocorrelation of a signal that is central to

our main results.

Definition IIl.1

The (&, K)-autocorrelation of x, with respect to a distribution & in'’Z; and
k= (kp.ky.....k ) € Z{ is defined as
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L
As (0 = D &)xtk, + 5)--x(ky +5).  (6)

s=1

We refer to d = k] as the order of the auto-correlation. When & ~U(Z,), we simply write K-
autocorrelation and Ax. Notice Ay Is shift invariant, that is Ac(X) = Ac(R5X), and in this case
we may assume ky = 0.

We define the minimum autocorrelation order necessary to distinguish xy and x, under & and
Vas

e () = nf (XA, L (x) # Ag ((r), k€ V), (7)

where V¥ denotes the vectors in Zg with entries in V. The minimum autocorrelation order

necessary to describe all signals in% is defined as

té’v(&”):= maéjtg,v(xl,xz). 8)

X[s Xy

X ;éxz

Given a prior distribution on the signals Py, with support 2", denote by X'the random
variable with distribution Py. Given an algorithm for BMA the probability of error is defined
as

PX#X)= D PX#x)Py(x). (9)

xieﬁl"

where Xis the answer given by the algorithm. In the BMA problem the search space is
finite, thus MAP minimizes the probability of error (9). We obtain results that do not depend
on the prior distribution, they depend only on its support.

Theorem IIl.2

Consider the BMA problem with known deletions Z;\V and shift distribution £. Let & c Zé

be the support of the prior distribution of the signals and (i, the conditional distribution in
Z§ of the observations Y given the signal x, where K = |\V|. The probability of error of the

MAP estimator, denoted by P,, has the following asymptotic behavior
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. 1 .
lim —logP,= min C(,uxl,/lxz)’ (10)

N—> o N xl, 26
X #F X
with
C 2GR A A 2L OSNR'TY, (11
() = T3 SNR 37 (A 4 () = Az () + O ), (1)

keV

and t= tg s (x1, X2)-

The theorem implies that the exponent on SNR is %, \(%'). In the original problem, with
uniform shifts and no deletions, the recovery of the original signal is possible only up to a
shift, i.e. we can only recover RXx, where x is the original signal, and kis some shift in Z, .
For that reason, we consider 2 to have exactly one element of each class of all the shifts of a
signal, i.e., there are no two elements in 2” where one is a shift of the other (for example, if
L is prime, then there are 2£ - 2 such elements).

Corollary I11.3

Consider the original problem, with V= [L], & ~U(Z,) and %" as defined above. By
inspection one can obtain the error exponent for L < 5. For L = 6, we either have

10
2-SNR’ + O(SNRY)

. 1
lim i log P, = (12)

N— o 4
O(SNR™)

Also, the first case occurs when L is prime, and the second when L = 12 and is even. The
other values of L remain open.

IV. Proof Techniques

Proof of Theorem I11.2—The proof consists of two main parts. The next theorem gives a
formula to the error exponent and claim 1V.2 makes the connection with autocorrelations.

Theorem IV.1

Consider the BMA problem with known deletions Z; |V and shift distribution £. Let & c Zé

be the space of possible signals and = Py)x (-/X) the conditional distribution in Z § of the

observations given the signal x. The probability of error of the MAP estimator (P.) has the
following asymptotic behavior
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lim - IOg P, = #II)ICIZHE s C(/"xl’ ﬂx2)7 (13)

with

N 9l 112

oo < ()t

Clpy o i) = YT >, 1
GU7 e zy Hay (y’ 7)

where y;m)(y; p) denotes the m-th derivative of L (y; p) in p, i.e. the derivative of the

conditional distribution in y given x in order of the Bernoulli parameter p, and

s(xl,x2): = inf [m:,ui";) (y;%) # MEC";) (y; %)y S Zé{

This theorem follows from Theorems 1 and 2 in [9]. Theorem 1 is a corollary of Sanov

Theorem, and expression (13) is in fact the Chernoff Information between distributions £,
and £y, [10]. In Theorem 2 [9] we Taylor expand the Chernoff Information (13) and obtain

(14).

Claim IV.2

1 1
ﬂi’f) (y; 5) = #S;’) (y; 5) Vm<nyeZzy, (i5)

then the following expressions are equal:

1 1\2
() (3) = 5 23)

1
vezy ﬂxl(y’f)

(16)

and

21 Y (s ) — Az ) (A7)
k e VL
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In fact, since the expressions (16) and (17) are both sum of squares, the claim implies that
le,v (X1, X2) = S(x1, X2), what concludes the proof of theorem 111.2.

Proof of Claim IV.2—The claim is proved by induction on 7. Note that condition (15) is
equivalent to (16) vanishing for m < n, which implies (17) also vanishes by applying the
claim with m. In general (17) is a function of (16) and lower order terms, which vanish when
we enforce condition (15). The rigorous proof follows.

Denote by x( V) the vector in Zf (K = | V|) that consists of the values of x with indices in

V., i.e. the j-th element of X(V) is x(V)). Also, given s€ Z, denote by s+ V'the ordered set
corresponding to the sum of each element in Vwith smod L. Equation (5) can then be
rewritten, as

Y=xS+V)®Z (18)
Then since Z~ Ber(p)%, we have
K —w(y® x(s +V)) pw(y @ x(s + V)),

uiplS=9)=~10-p)

where wdenotes the Hamming weight, and since S~ &

L
wip) = Y &)1 = pf T BV ESICHY) - (q9)

s=1

In the statement of the theorem we have x € Zé, however it is convenient for the proof to

consider the entries of xto be —1, 1, changed by the rule: a+— 1 - 2a. We will call
u:=1-2x€ Z% (20)

the corresponding element of xwith #1 values, where X, := {-1, 1},and v:i=1-2y. In
analogy to the Hamming weight, we define

L

W(): = Y u(s) =L-2w(x). (21)

s=1

With this we rewrite (19)
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L £+W(v€Bu(s+V)) K _ Woeus+V))
mvip)= Y &)1 = p)° 2ot SR ¢7)

s=1

where g v; p) := i dy; p). For simplicity of notation denote

Wv, u,s: =Whrduis+V)).

By properties of Jacobi polynomials [11] we have

K (m)
-

NSIEN

272 m—K

=(-2" %P, W),

Ip=4
P=3

P 1-p

where P, is a polynomial with the following property
P (b)=b"+0, (), (23)

where Qp, has degree at most m— 1, and @y = @Q; = 0. Thus

| L
Lo (V; 5) =(=" K Y &P, W, ). (24)

s=1

Thenwhen m=1

2
. (ﬂgf(v;;)_ﬂg;l;(v;;)) .

vezg ”ul(‘};f) veX,

Now, by the induction hypothesis if ﬂ;kl) (v; %) = M(u’;) (v; %) forall ksn-1,ve 35

)s

Uy,

L
2 L9e,W,

s=1

L
PIOIAUS

):
< up,s
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forallve Zg since @, has degree at most 77— 1. Thus by (23) and (24)

2
Zas)(wm Wil @9

s=1

2
(uﬁlnl)( 5) - Mﬁ,";(v;%)) Ky

veE Zé{ ﬂul (V; %) ve ZK

Now splitting the square of the sum on the RHS into a product of two sums and expanding,
we obtain terms of the form

L
_ 1yt p
;5 SPEGs(= 1) Z Wigs Wogsy (20)

1
2 VEZZ

5 ls

where a and Bare 1 or 2. By Lemma IV.3 we get

la;|

(Al & 1%
E Wvu w51 \}juﬂsz Z A_ z u, (k) (27)
V622 AEM[Z] i=1llk=1j=1
Aiseven

Where Uz is Ug(s1+ V) if @< n,and is yg(s, + V) otherwise. So, since |a] is even, as A is
an even partition, and the entries of Ugj;are #1,

k 14l

> Iw w=X sy (51 + R s + )
keV

K=1j=1 "ij

if |a;N [A]] is odd, and it is K otherwise. Then

wh
z Wv sy v u/}’ 5 = Rn kzvua(sl + k)u/}(s2 + k),
vE 22 €

where R, is a polynomial with degree 7 (with coefficients possibly depending on Kand 7,
and Ry(b) = 2kb. It cannot have degree 77+ 1 since |A| < 7, since it is an even partition of
[2n]. For it to be a power of order 7, we need |A| = n,so |aj =2 for i=1, ..., n thus C4=1,
by the Lemma. Also |a;N [#]| must be odd for all /, thus |a; N [71]| = 1. There are exactly 7!
partitions with this property, so the leading coefficient of R, is 24 !, We also have

Proc IEEE Int Symp Info Theory. Author manuscript; available in PMC 2018 May 11.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Abbe et al. Page 10

n

EsEsy| D (s + R y(sy + ) (28)
keV

Mh

L
s1=132

= Z A WAz (1),
ke V"

cf(sl)f(sz) D H sy + kJuylsy + k)

kevti=1

||[\4h 1

The equation will be true for 7= 1, since R;(4) = 2Xb. As in (25), the induction hypothesis
implies the lower order terms in R, cancel and only the leading coefficient is of interest. We
get

2
> ZS(S)(WH, Wiy ) =201 ) (A () — Ag (1) (29)

VGZKS_I ke V"

Now through some algebraic manipulation, and using again the argument of the leading
coefficient, if |k| = n, then

D Ag ) = As ) =27 DT (A () = As (1)) (30)
keV"! ke V"
This together with (25) and (29) concludes the proof.

Lemma IV.3
For any partition A={ay, ..., aa} of the set{1, 2, ..., m}, denote by aj; the j-th entry of a;
and My, the set of all such partitions. Ifu,, ....u, € Zf

la; |

[A]| K i
> Wa ev-wa,en=2 Y c, D u, (O], (31)
ver AeM[m] i=1lk=1j=1 Y
Aliseven

where A is even if all jaj are even for i€ {1, ..., JAl}. Moreover, Cy is a constant that
depends only on the partition A and is always 1 if jaj=2 forall i€ {1, ..., JA}.

K
Proof—Recall (21). We have W(u @ v) = 2 u(k)v(k)
K=1

Proc IEEE Int Symp Info Theory. Author manuscript; available in PMC 2018 May 11.
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z W, ®v)---Wu, ©v) (32)
ve Zé(

K K
= 2 Z wy(k)-u, (k) 2 vik))vk, )
k=1 k=1

vezg

La) 1] Al

K a.
- > ua.j(ki) PEIER ",
k 1

AeM[m]kl |= i=1j=1 vEZKi:l

all dlstmct

The last sum is 2K when A is even, and 0 otherwise. Using a combinatorial argument we can
rewrite (32) without the ‘all-distinct” condition, at the cost of a constant C4, which is 1 when
laj=2for 7€ {1, ..., |A[}. We get

X K | A| |a| | A| |ai|
’ A ZA;I CAk Z 1H1 H (k)_z A ZA:4 1k21 'Hluaij
My kpenky g =lisli=l EMpmy TEHEENE
Aiseven Aiseven

Proof of Corollary I111.3—\We first prove equation (12). Recall (6), and denote by

B(px)i= X (Al = Ay
ke ZT

and

Bm(L): = % ;émin 7 m(x1 x2)

Note that By(x1, X2) = 0 if m< g/ (x1, X2) by (7). For convenience let B(xy, Xo) =
B,é W) (X1, X2) and B(L) = B, V(%(L). Using this notation we rewrite (10) and (11)

—3
L+1

SNR + O[SNR

N im 1 log P = B(L)

Now equation (12) is equivalent to having (%) = 3 and B3(L) elther 12 or 0. Turns out,

for L =6, if we take

Proc IEEE Int Symp Info Theory. Author manuscript; available in PMC 2018 May 11.
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X[ =(1,1,0,1, 0,..,0 )andx3 =(1,0,1,1, 0,..,0 ),
L — 4 zeros L — 4 zeros

then te (D) 2 1, v(x1.x5) = 3 and By(L) < B(x],x3) = % Also we cannot have

LLZ > B4(L) > 0. This implies there exists x; and x> in 2" such that LLZ > B(x,x,) > 0. Since it
is positive, there is k* e Zi such that Ax*(xq) # Ak *(X%2). But by definition (6), since &(s) = %
LA*(X) is an integer for x € Z5, and L2(Ax(x1) - A(X2))? € Z.

Now by the definition we also have A% (X) = Ak *(x), where o permutes the entries of k”
Also, for S€ Z;, let s + k*: = (s + k), s + k3, s + k3), then Agc(X) = A *(x). There is 6

permutations and L possible values for s€ Z,, so B(x, X,) is an integer multiple of % (we

can also have not trivial sand o such that s+ k™= o(k”) but that case also has the property
mentioned). However we cannot have B(x), xy) = % That means there exists only one

kK" e Zz (with permutations and shifts) such that Ay *(x1) # Ax* (x2). Then

X A~ A = 6LA () = A L(5) £0 (33)

3
keZL

On the other hand

L
Z A = % z Z x(ky + $)x(ky + $)x(ks +5)

3 s=1 2
kez; kez;
= g’

where Ay denotes k-autocorrelation with k = 0. Since # > 1, Ap(x1) = Ag(Xx2), SO equation
(33) must be 0, and equation (12) follows by contradiction. Now if L = 12 is even, choose

xT:(l,l,O, I,...,1 ,0,0,1, 0,...0 )

L L
3~ 3 ones 5~ 3 zeros

and x§ the vector obtained by reversing the entries of x’f. Since one is the reverse of the other,

they have same 1 and 2 order autocorrelations. Recall (20) and (6) and notice that in this
case both A, (¢q) and Ax(wp) are 0 when |K| is odd, since half of the signal is the symmetric

Proc IEEE Int Symp Info Theory. Author manuscript; available in PMC 2018 May 11.
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of the other half, i.e. u, ({1, ...,%}) = - ul({% +1,...,L}). Now because of (30) we have

Ax(x1) = Ak(x0) when |k| = 3,50 £, = 4, and Bz(L) = 0.

Finally, let L = 6 be prime. We prove by contradiction that #, = 3 and B5(L) = I—Lz If this is

not true, then it exists x} and x3 such that+ _ , > 3, s0
X1 %y

Ak(xT) = Ak(x;), ke Zz,n <3 (34)

By Theorem 2 of paper [8], if the Fourier coefficients of x| and x3 are non-zero, then

equation (34) implies one is a shift of the other. Denote by {rjl.}j c

and {2} the
ZL ljez

L
Fourier coefficients of x| and x3, respectively, which are given by

L
1 _i .
r‘; == Z x, o, ae{l,2},jez, (35)

\/Zs=l

l _js
=— o, (36)
ﬁs:xg%: 1

where y is the L’th root of unity. rj = 0 implies x), only has zeros, and r;’.‘ is 0 only if sz is

a root of the polynomial

However, since L is prime, the minimal polynomial of sz inQ[x], forL>/>0,is1+ x+
-+ xt71[12], so this polynomial must divide (37). Thus xT and x§ must be the all zeros and

all ones signals, but these signals also do not satisfy (34).
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