PNAS

WWW.pNas.org

Supplementary Information for

Algorithmic Monoculture and Social Welfare
Jon Kleinberg, Manish Raghavan
Manish Raghavan.

E-mail: manish@cs.cornell.edu

This PDF file includes:

Supplementary text
SI References

Jon Kleinberg, Manish Raghavan 10f18



Supporting Information Text
1. Random Utility Models satisfying Definition 1

Theorem 4. Let f be the pdf of £. The family of RUMs Fo given by ranking x; + 5 with €; ~ & satisfies the conditions of
Definition 1 if:

e f is differentiable

e f has positive support on (—oo, c0)

Proof. We need to show that Fy satisfies the differentiability, asymptotic optimality, and monotonicity conditions in Definition 1.

Differentiability: The probability density of any realization of the n noise samples €;/6 is [ | f(i/0). Let e =
[€1/0,...,en/0] be the vector of noise values and let M(m) C R™ be the region such that any ¢ € M (w) will produces the
ranking w. The probability of any permutation 7 is

n

Pr(n] _/M(mHlf(?) d"z.
wl(5) =7 () (-5)

Because Prf(r) is an integral of the product of differentiable functions over a fixed region, it is differentiable.

Asymptotic optimality: We will show that for any pair of elements and any § > 0, there exists sufficiently large € such
that the probability that they incorrectly ranked is at most 6. We will conclude with a union bound over the n — 1 pairs of
adjacent candidates that there exists sufficiently large 6 such that the probability of outputting the correct ranking must be at
least 1 — (n — 1)4.

Consider two candidates x; > x;+1. Let v be the difference x; — x;41. Then, they will be correctly ranked if

Because f is differentiable,

Eq 14

9° 2
Ei+1 v
6 2
Let g and ¢ be the 1 — g and % quantiles of £ respectively, and let ¢ = max(|q|,|q|). For 6 > Q—Vq,
Pr [% < ,g} =Pr [a < 7%0}
< Prle; < —q]
< Pr [Ei < g]
6
—2
Pr [&i > K} =Pr |:5i+1 > 1/70}
6 2 2

< Prleit1 > ¢
< Prleit: >
é
2
Thus, for sufficiently large 6, the probability that x; and x;+1 are incorrectly ordered is at most §.

Repeating this analysis for all n — 1 pairs of adjacent elements, taking the maximum of all the 6’s, and taking a union
bound yields that the probability of incorrectly ordering any pair of elements is at most (n — 1)d, meaning the probability of
outputting the correct ranking is at least 1 — (n — 1)d. Since ¢ is arbitrary, this probability can be made arbitrarily close to 1,
satisfying the asymptotic optimality condition.

Monotonicity: The removal of any elements does not alter the distribution of the remaining elements, meaning that the
distribution of 7= is equivalent to a RUM with n — | S| elements. Thus, it suffices to show that for a RUM with positive
support on (—o0, 00), the probability of ranking the best candidate first strictly increases with 6.

Recall that by definition, the candidates are ranked according to x; + %. The probability that x; is ranked first is

0 0

€ €;
Pr x1+—1> max x; + — | = Pr
2<i<n (7] 2<i<n (7]

€1 &
— > max r; — 21+ —

=Pr |e1 > max O(z; —x1) + 51}
2<i<n
=FEe,,....c, Pr |:€1 > max 0(3}1 — Ltl) + &5 | E2y...4En [1}
2<i<n
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We want to show that Eq. (1) is increasing in 6. Intuitively, this is because as 6 increases, the right hand side of the inequality
inside the probability decreases. To prove this formally, it suffices to show that the subderivative of Eq. (1) with respect to 6
only includes strictly positive numbers. First, we have

0

5}
%E%_“,E” Pr [51 > max 0(x; —x1) + & | 52,..‘,6% CRso < - Pr [51 > max 0(x; —x1) + & | 52,...,5n] C Rso

2<i<n o0 2<i<n

Let F' and f be the cumulative density function and probability density function of £ respectively. Then,

Pr |e1 > max G(mixl)Jrsisg,...,sn] :1F<max H(ximl)Jrsi)

2<i<n 2<i<n

Note that F(-) is strictly increasing (since f is assumed to have positive support on (—o0,c0)), so it suffices to show that

max 0(x; —z1) +&; C Reo

% 2<i<n
For any 1,
d
—O(xi —x1) + e =2 —x1 <0.
20 ( 1) 1
Thus, the subderivative of the max of such functions includes only strictly negative numbers, which completes the proof.

O

2. 3-candidate RUM Counterexamples

A. Violating Definition 2. Here, we provide a noise mode &, accuracy parameter 6, and candidate distribution D such that

Uag <Uaa.
Choose the noise distribution £ and accuracy parameter 6 such that

1 w.p.g

5

7= 0 w.p.l —9
—1 w.p.g

Note that this distribution does not satisfy Definition 1 because it is neither differentiable nor supported on (—oo, c0); however,
we can provide a “smooth” approximation to this distribution by expressing it as the sum of arbitrarily tightly concentrated
Gaussians with the same results.

We choose the candidate distribution D such that 1 — 1 > 2 > x3 > 1 — 2. For example,

T
Il—Z
1
.’K2—§
1‘3:0

Under this condition, assuming x3 = 0 without loss of generality,

2

Uan(6,0) —Uaa(6,0) = % (53201 — 48%31 + 4031 + 26310 — 146%35 + 20015 — 8;r2)
Notice that the lowest-power § term is —6%%. Therefore, for sufficiently small §, this is negative. For example, plugging in the
values given above with § = .1, Uau(0,0) — Uaa(0,6) =~ —0.00076.

B. Violating Definition 3. Next, we’ll give a 3-candidate RUM for which Uag < Upm does not hold in general. Consider the
following 3-candidate example.

1 =3
xro = 2
T3 =
Choose £ and 6 such that
1 w.p 1%5
e )J-1 wop 17*6
0 )10 W.p. g
-10 w.p. 3
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Again, while this noise model doesn’t satisfy Definition 1, we can approximate it arbitrarily closely with the sum of tightly
concentrated Gaussians. Let the 84 = 1.10 and 0y = 0.96.

We will show that for these parameters, Uap (04,0u) > Unu(0a,0m), i.e., it is somehow better to choose after a better
opponent than after a worse opponent. At a high level, the reasoning for this is as follows:

1. When choosing first, the only difference between the algorithm and the human evaluator is that the algorithm is more
likely to choose z2 than x3. Both strategies have identical probabilities of selecting x1.

2. When choosing second, the human evaluator’s utility is higher when z2 has already been chosen than when x3 has already
been chosen. This is because when z2 is unavailable, the human evaluator is almost guaranteed to get x1; when z3 is
unavailable, the human evaluator will choose z2 with probability ~ 1/4.

Let 7 and 7 be rankings generated by the algorithm and human evaluator respectively. First, we will show that

Pr[n = :L'l] = Pr[7r1 = 1'1] [2}
Pr[ﬁ = xz] > Pr[7‘(‘1 = mg] [3}

To do so, consider the realizations of €1,e2,e3 that result in different rankings under 64 and . In fact, the only set of
realizations that result in different rankings are when £5/0 = —1 and e3/6 = 1. Thus, the algorithm and human evaluator
always rank z1 in the same position, conditioned on a realization, which proves Eq. (2); the only difference is that the algorithm
sometimes ranks z2 above z3 when the human evaluator does not. Moreover, whenever €1 /6 = —10, x2 is more strictly more
likely to be ranked first under the algorithm than the human evaluator, which proves Eq. (3).

Next, we must show that when choosing second, the human evaluator is better off when x2 is unavailable than when z3 is
unavailable. This is clearly true because for the human evaluator,

Pr [a:l 10 x3 + 6301{} ~1—0(9)
0 0
€10n e3bu 3
Pr[ml—i— 7 > 19 + 7 ]NZ

Thus, conditioned on z2 being unavailable, the human evaluator gets utility &~ 3, whereas when x3 is unavailable, the human
evaluator gets utility =~ 2.75. Let u_; be the expected utility for the human evaluator when z; is unavailable. Putting this
together, we get

UAH(QA,QH) — UHH(HA,GH) = Z(Pr[ﬁ = ml] — Pl"[ﬂ'l = mi])ufz

= (PY[T1 = 1’1] — Pl‘[ﬂ'l =

1,'1})11,71 + (Pr[n = ZE2] — Pr[m = $2])u72 +4 (PI"[Tl = xg] — PI"[7T1 = x3])u,3
= (Pr[n = z2] — Pr[m = x2])u—2 + (Pr[n1 = x3] — Pr[m1 = a3])u—s [Pr[m1 = 21 = Pr[m = z1]]
= (Pr[r = 22] — Pr[m = 22])(u_2 — u_3) 22 Prlm =] =30 | Prlm = ]
>0

The last step follows from Eq. (3) and because u—2 > u_s.

3. Proof of Theorem 2

A. Verifying Definition 2. By Eq. (2) from the main paper, we can equivalently show that for any 6, Uan(0,0) > Uaa(0,0).
Let 7 and 7 be the algorithmic and human-generated rankings respectively. Note that they’re identically distributed because

04 = 0y. Define
yalm m # T
79 otherwise

Note that Uag(6,0) = E[Y] and Uaa(6,0) = E[r2]. We want to show that Uan(0,60) —Uaa(0,0) = E[zy — z.,] > 0. It is
sufficient to show that for any k, E[Y — 72 | 1 = zx] > 0. Let X; = z; + ¢;/6. Note that for distinct 4, j, k and z; > z;,

PrlY =z | m=ax) _ Prlm =a; | 71 = 2]
E[Y — = >0 <
[ i ‘Tl xk] PT[Y—LL'J‘ |7'1::L'k} Pr[m:xj ‘T1:$k]
Pr[Y =x; | 71 = xk] > Pr[me = o | 1 = xi] [numerator and denominator sum to 1]

[
<:>PI‘[X1>X]>PI‘[X1‘>X]‘ ‘Xk > X; N Xk >Xj]
= PI‘[XZ > X ] > Exk[Pr[Xi > Xj ‘ X =a,X; < a,X]’ < a]]

Thus, it suffices to show that for any a,

PI"[XZ' > Xj] > PI"[XZ' > Xj | X < a,Xj < a]. [4]
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Since Pr[X; > X;] = lima—oo Pr[X; > X | Xi < a, X; < a], it suffices to show that for all a,

C%Pr[Xi>Xj\X¢<a7Xj<a]20, [5]

and that it is strictly positive for some a. In other words, the higher a is, the more likely ¢ and j are to be correctly ordered.
In Theorems 6 and 7, we show that Eq. (5) holds for both Laplacian and Gaussian noise respectively, which proves that RUMs
based on both distributions satisfy Definition 2.

B. Verifying Definition 3. Next, we show that for both Laplacian and Gaussian distributions, Uaw (04,0n) < Unm(64,0m) for
all 04 > 0y. In fact, for 3-candidate RUM families, we will show that this is always true for any well-ordered distribution,
defined as follows.

Definition 4. A noise model with density f(-) is well-ordered if for any a > b and ¢ > d,

fla=)f(b—d)> fla—d)f(b—c).

In other words, for a well-ordered noise model, given two numbers, two candidates are more likely to be correctly ordered
than inverted conditioned on realizing those two numbers in some order. Lemma 1 shows that both Gaussian and Laplacian
distributions are well-ordered.

Thus, it suffices to show that for any 3-candidate RUM with a well-ordered noise model, Uan (04,0n) < Unu(04,0r) when
0a > 0n.

Theorem 5. For 3 candidates with unique values x1 > x2 > x3 and well-ordered i.i.d. noise with support (—oo,00), if 04 > O,

then Uar(04,0m) < Unm(0a,0m).

Proof. Define u—; to be the expected utility of the maximum element of the human-generated ranking when ¢ is not available.
Because we're in the 3-candidate setting, we have

U_1 = M2 + (1 — )\1)1’3
U_2 = X271 + (1 — )\2)1‘3
U_3 = A\3T1 + (1 — )\3)1‘2

where 1/2 < A\; < 1. This is because the noise has support everywhere, so it is impossible to correctly rank any two candidates
with probability 1, and any two candidates are more likely than not to be correctly ordered:

€ &j £i — €& 1
Pr[g—gj>—5 =Pr[e; —¢; > 0] +Pr |0 > 5 I > -6 >3

Note that A2 > A1 and A2 > A3, since

A2 = Prle; —e3 > —0(z1 — x3)] > max {Prle; —e3 > —0(xz2 — x3)],Prle; —e3 > —0(z1 — x2)]} = max{Ai, Az}.

Let 7 ~ Fp, and m ~ Fyg,,. With this, we can write

Uar(0a4,0u) = ZPr 1 =ilu

UHH 0,4 0H Zprﬂ'l—l

Define
Ap; = Pr[r =i] — Pr[m = 1]

Using Lemmas 2, and 3, we have

Ap1 >0 [By monotonicity of RUM families, see Appendix 1]
Ap1 > Aps
Aps <0

Also, Ap1 + Ap2 + Aps = 0. We must show that
Uar(04,0u) —Unu(04,0H) ZAplu_ <0.

We consider 2 cases.
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Case 1: Aps <0.
Then, Apy = —(Ap2 + Aps). This yields

3
Z Apiu_; = Ap1u—_1 + Apau_o + Apsu_3
i=1
< Apiu—1 — Api min(u_2,u_3)
= Apl ()\1.%2 + (1 — )\1)333 — min {)\2.121 + (1 — )\2)3:‘3, A3z + (1 — Ag)xz})
< Apl ()\11‘2 =+ (1 — )\1)1’3 — min {)\2$1 =+ (1 — )\2)133,1‘2})
We can show that this is at most 0 regardless of which term attains the minimum. Because A2 > A1,
Az2 4+ (1 — A)zs — Aexr — (1 — A2)xs = Miwe + 3 — A3 — Aox1 — o3 + Aaxs
= A1Z2 — AM123 — A2x1 + Ao
=M (z2 — x3) + A2(23 — 21)
< Ai(z2 — x3) + A (23 — 21)
= Ai(z2 — x1)
<0
For the second term, we have
A1x2 + (1 — )\1)1‘3 — I9 = (1 — )\1)(1'3 — 1’2) < 0.
Thus,

3
Z Apiu—; < 0.
i=1
Case 2: Ap; > 0. Note that u—1 < 2 < u—3. Then, using Aps = —(Ap1 + Ap2),

Z Apiu—; = Apru—_1 + Apou_s + Apau_s

i=1

= Api1(u—1 —u—3) + Apa(u—2 — u_3)
< Apz(u—1 —u—3) + Apa(u—2 — u_3) [Ap1 > Apz and u—1 < u_3]
= Apa(u—1 + u_2 — 2u_3)
< ApQ(IQ + 1 — 2()\32131 (1 — )\3)&1‘2))
1 1
< Apz (mz +x1—2 (5.131 =+ 5;162)) [)\3 > %}
=0
Thus, UAH(HA,QH) < UHH(QA,QH). O

C. Supplementary Lemmas for Random Utility Models.

Lemma 1. Both Gaussian and Laplacian distributions are well-ordered.

Proof. The Gaussian noise model is well-ordered:
fla=)f(b—d) = 55— exp(~(a— 0)* — (b~ d)?)
2021

_ 1 N2 N2 e
—2027Texp( (a—d)* = (b—1¢)" —2(ac+ bd — ad — bc))

fla=d)f(b—c)exp(=2((a —b)(c — d)))
< fla—d)f(b—c)

Laplacian noise is as well:
1
fla=e)f(b—d) = ;exp(~la—c| —|b—d])
1
fla=d)f(b—c) = ;exp(~la—d| ~|b—¢l)
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It suffices to show that for a > band ¢ > d, |a —¢|+ |b—d| < |a — d| + |b — ¢|. To show this, plot (a,b) and (c,d) in the (z,y)
plane. Note that they’re both below the y = x line, and that the ¢; distance between them is |a — c| 4 |b — d|. Moreover, the ¢,
distance between any two points must be realized by some Manhattan path, which is a combination of horizontal and vertical
line segments. Consider the point (b, a), which is above the y = x line. Any Manhattan path from (b, a) to (¢, d) must cross
the y = z line at some point (w,w). Since (b, a) and (a,b) are equidistant from (w,w), for any Manhattan path from (b, a) to
(¢, d), there exists a Manhattan path from (a,b) to (¢, d) passing through (w,w) of the same length, meaning the ¢; distance

from (a,b) to (¢, d) is smaller than the ¢; distance from (b,a) to (¢,d). As a result, l[a —¢|+ |b—d| < |a —d| + |b —c|. O
Next, we show a few basic facts. Let fa(r) be the density function of the joint realization R = [X1,...,Xn,] = [z1 +
€1/04,...,Tn + £ /04] under the algorithmic ranking and fm (r) be the similarly defined density function under the human-

generated ranking. Consider the “contraction” operation r’ = cont(r) such that r; = x; + (r; — x;) - Z—;’. Essentially, the

contraction defines a coupling between f4(-) and fu(:), since for ' = cont(r), fa(r’) dr’' = fu(r) dr. Let m(r) be the ranking
induced by r. Note that contraction cannot introduce any new inversions in 7(r)—that is, if ¢ is ranked above j in 7(r) for
i < j, then i is ranked above j in 7(cont(r)). Intuitively, this is because contraction pulls values closer to their means, and can
therefore only correct existing inversions, not introduce new ones. This fact will allow us to prove some useful lemmas.

Lemma 2. If Fy is a RUM family satisfying Definition 1, then for T ~ Fo, and m ~ Fo,

Pr[m = z,] < Pr[m = zy)

Proof. Consider any realization r. Because inversions can only be corrected, not generated, by contraction, if 71 (') = n, then
m1(r) = n where ' = cont(r). Since 7’ and r have equal measure under fa and fg respectively, we have

/ fH(r):ﬂ-m(T):mn dr
R’V'L

/ fa(cont(r))L,, (r)=z, dcont(r)

Pr[m = xx]

/ fa(cont(r)) Ly, cont(r))=z, dcont(r)

/ fA 7"1(7") =ZTn dr

= Pr[r = xn]

Next, we prove the following result for well-ordered noise models.

Lemma 3. For any i > 1, if the noise model £ is well-ordered, for 4 > 0, T ~ Fy,, and m ~ Fo,;,

Pr[ri = z1] — Pr[m = z1] > Pr[m1 = a;] — Pr[m = 4]

Proof. For j # i, let Sj_.; CR" be the set of realizations r such that m1(r) = z; and m(cont(r)) = x;. Note that S;_,; = 0 for
j < because contraction cannot create inversions. Then, we have that

Prir = as] — Pr[m = x] Z/ fu(r)lres;_,, dr — Z/ Jua(r)lres,,; dr < Z/ Ju(r)les,_,; dr

Jj>i Jj<t J>
Define
/
swap,(r) =1,
where
ry J¢{Li}
rp=<3r j=i
T ] =1
Intuitively, the swap, operation simply swaps the realizations in positions 1 and ¢. Note that this is a bijection. Also, if
r € Sj_, then swap,(r) € S;_,1, since
cont(swap,(r))1 > cont(r); > max cont(r); > g}ax} cont(swap,(r));
J JE{1,i
cont(swap,(r))1 > cont(r); > cont(r); > cont(swap,(r)):
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Furthermore for r € S;_;, fu(r) < fu(swap,(r)) since

fu(swap;(r))  f(ri —x1)f(r1 —x4)
PO CEICE

because the noise is well-ordered and r € S;_,; implies r; > r1. Thus,

Z/ fr(r)lres;,, dr < Z/ Ju(swap;(r))lres,_,; dr
R R

j>i j>i

<3 [t D s,

j>i

< Z/}Rn fu(r)lres;,, dr

J>i
SZ/ fu(r)lres, ,, dr
j>1 JR”

= Pr[n = z1] — Pr[m = 4]

Finally, we show that Eq. (5) holds for both Laplacian and Gaussian noise.

Theorem 6. For any a € R and X; = x; + oe; where €; is Laplacian with unit variance,

diPI'[Xi>X]'|Xi<a,Xj <CL} >0.
a

Moreover, it is strictly positive for some a.

Proof. First, we must derive an expression for Pr[X; > X; | X; < a, X; < a]. Recall that the Laplace distribution parameterized
by p and A has pdf

F ;1 N) = 5 exp(-Alz — )

and cdf

3 exp (= A(u — ) T <p

L—lexp(-Aw—p) o>p

Note that x; and z; be the respective means of X; and X, with x; > x;. Because the Laplace distribution is piecewise defined,
we must consider 3 cases and show that in all 3 cases, Eq. (5) holds. Note that

F(w;u,/\)—{

Jo o f@s s, NF (2525, ) do

PI‘[Xi>Xj |Xi<a,X]-<a]: F(a':c' )\)F(az )\)
s Liy y&Lyjy

[6]

Case 1: a < z;.
Then, the numerator of Eq. (6) is

/ %exp (=Mzi —2)) - %exp(f/\(:vj —x))de = %/ exp(—A(z; + x; — 22)) dx

—oo —o0

= 1 oY exp(2Xa)

exp(—A(z; + z; — 2a))

The denominator is

%exp(—)\(zi —a))- %exp(—)\(acj —a)) = — exp(—A(z; + z; — 2a)).

Thus,
1
PriXs > X; [ Xi <a,X; <a] = 5,

so its derivative is trivially nonnegative.
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Case 2: z; < a < z;.
Then, the numerator of Eq. (6) is

/ ' % exp (—A(z; — z)) - %exp(—k(x]- — 1)) dx +/ %exp (=M= — z)) (1 - %exp(—/\(ﬂc - a:]))> dx

—o0

eXP(—)\(sz —zj)) + %/Z exp(—A(wi — z)) do — 2 /z exp(—A(z; — z;)) dx
exp( )\(;% - ;) + %%(exp(—k(ﬂﬂz —a)) — exp(=A(z; — x;))) (a — zj) exp(—=A(z; — x5))
= jexp(-Aai— ) = (3 + 50— ) exp(-A(w: — 2,))

The denominator is
1 1 1 1
(1= Jexp(=Aa==,))) - 5 exp(A(a; = @) = 5 exp(=Aw: = a)) =  exp(~A(w: = 25))
We can factor out % exp(—A(zi — z;)) from both, so

2exp(Aa — ;) — (5 + Aa — 7))
2exp(AMa—z;)) — 1
2exp(AM(a—z;)) —1— (% + Aa — arj))
2exp(A(a—z;))—1
1+ XNa— ;)
2exp(AMa—z;)) —1

Pr[Xi >Xj |X2 <a,X]~ <a] =

Thus,

%PY[X¢>XJ‘|X¢<LL,X]'<G]>O

d %"I'A(a—l’j)
da 2exp(A(a —z;)) — 1

<0
1
—2exp(Ma—1;)) — DA < (5 +A(a— x]-)) 22 exp(Ma — 7))

=2 —exp(=Ala —z;)) <2 (% + Na — xj))
=1 —exp(—Aa —=z;)) < 2X(a — z;)
< exp(—A(a —z;)) > 1—2\(a — z;)
This is true because A(a — x;) > 0, and for z > 0,
exp(—2) >1—2z>1-2z

Case 3: a > z;.
Then, the numerator of Eq. (6) is

/ ’ %exp (=Mzi — x)) - %exp(—/\(xj —x)) dx +/ i %exp (=A(zi — x)) (1 - %exp(—)\(‘z — :EJ))) dx

J

+/za;\exp(—)\($—$i)) (1—%exp(‘m_‘”]’))) e

= % - (% + 2( — g[;])) exp(—A(z; — x;)) + %(1 —exp(—=A(a — z;))) — 2/% exp(—A(2z — z; — x;)) dx
=1 (24 J i 2)) exp(-A@i — ) — 5 exp(-Aa— 1))
4 2

+ % exp(A(z; + z;))(exp(—2Xa) — exp(—2Ax;))
=1 (54 5@ 2)) ep(-A@i — ) — 5 exp(-Aa = 22)) + 5 exp(-A(20 — 2 — ,))
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The denominator is

(1 - % exp(—A(t — -’Ez))) (1 - %GXP(*/\(t - fUJ)))

=1- %exp(—)\(a —x;)) — %exp(—)\(a —z;)) + iexp(—A(?a —z; — xj))
Thus,

PI‘[X»L' > Xj | X < (LXJ‘ < a]
_1- (3 + 3 (@i — 25)) exp(=A(mi — ;) — § exp(—A(a — z:)) + § exp(—A(2a — z; — x;))
1— Lexp(—A(a— ) — s exp(—A(a — z;)) + & exp(—A(2a — i — z;))
~ 8 — (44 2X(zs — zj)) exp(—A(zi — x5)) — dexp(—A(a — x3)) + exp(—A(2a — z; — x;))
4 —2exp(—A(a —x;)) — 2exp(—A(a — z;)) + exp(—A(2a — z; — x;))

We're interested in
%Pr[Xi >X; | Xi<a,X;<al>0
<= (4 — 2exp(—X(a —x;)) — 2exp(—A(a — z;)) + exp(—A(2a — z; — x;)
- (4Xexp(—A(a — x;)) — 2X exp(—A(2a — x; — x5)))
> (8 —4dexp(—A(a — x5)) + exp(—A(2a — x; — ;) — (4 + 2 (x; — x5)) exp(—A(z; — x;)))
- (2hexp(—=A(a — z;)) + 2 exp(—A(a — z;)) — 2X exp(—A(2a — x; — z;)))
< 16exp(—A(a — x;)) — 8exp(—A(2a — z; — ;) — 8exp(—2A(a — z;)) + 4exp(—\(3a — 2z; — x;))
— 8exp(—A(2a — z; — xj)) + dexp(—A(3a — ;i — 2x;)) + dexp(—A(3a — 2z; — x5))
—2exp(—2A\(2a — z; — x;))
> 16exp(—A(a — x;)) + 16 exp(—A(a — z;)) — 16 exp(—A(2a — x5 — x5))
— 8exp(—2X(a — z;)) — 8exp(—A(2a — z; — x;)) + 8exp(—A(3a — 2z; — z;))
+ 2exp(—A(3a — 2z; — x;5)) + 2exp(—A(3a — s — 2x;5)) — 2exp(—2A(2a — z; — x;))
—2(4 42X (i — zj)) exp(—A(a — z;)) — 2(4 + 2\ (x; — x;)) exp(—A(a + =i — 2x5))
+ 2(4 4+ 2X(x; — xj)) exp(—2X(a — x;))
<= exp(—A(3a — z; — 2z5))
> 8exp(—A(a — z;)) —dexp(—A(2a — z; — z;)) + exp(—\(3a — 2z; — x;))
= (4+2Mzi — x5)) exp(=Ala — x;)) — (44 2A(@i — x;)) exp(—A(a + z; — 22;))
+ (44 2X(zi — x;)) exp(—2A(a — z;))
< exp(—A(2a — x; — xj))
> 8 —dexp(—XA(a — ;) + exp(—A(2a — 2z;))
= (4+2X@i —xj)) — (442X — ;) exp(—A(zi — ;) + (4 + 2X\(@: — x;5)) exp(—=A(a — ;)
<= exp(—A(2a — z; — ;) — 8+ dexp(—A(a — z;)) — exp(—2A(a — x5))
(4 20 (2 — ) (1 + exp(—A (@i — 23))) — (4 + 2\(z: — 2;)) exp(—A(a — 2,))
>0 [7]

Note that for any z > 0, we have

(44+22)(1+e %) —8>0<= (2+2)(1+e %) >4
= z+2 " +ze 7>2

For z = 0, this holds with equality, and the left hand side is increasing since

diz+2efz+zefz20<:>172efz+efzfzefzz()
x

—1>e “+2ze”

> —Zz
1+z_e

= 1+z<¢

—
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Therefore, choosing z = A(z; — z;) and plugging back to Eq. (7), we have

)
(=A@ —;)) >0

exp(—A(2a —z; — ;) — 8+ dexp(—A(a — x;)) — exp(—2A(a — ;)
(442X (z; — zj)) exp(—A(a —z;)) >0

+ (442X — ;) (1 + exp(=A(zi — x5))) — (4 + 2X\(@: — 7)) exp
<—exp(—A(2a — z; — z;)) + dexp(—A(a — z;)) — exp(—2\(a — z;)) —
< exp(—Aa—x;)) +4—exp(—Aa —z;)) — (44 2\ (z;: — z;)) exp(—A(z; —z;)) >0
=41 — exp(—=A(wi — z;))) + exp(—A(a — zi)) (exp(—A(wi — z;)) — 1) — 2X\(zi — x;) exp(—A(zi — x5)) > 0
(4 —exp(—A(a —2:)))(1 — exp(=A(wi — x;))) — 2Mzi — 7;) exp(—A(z: — x;5)) > 0

<—3(1 — exp(—A(zi — z;))) — 2X\(x; — xj) exp(—A(z; —z;)) >0 [exp(—A(a — ;) < 1]
i), this is true if and only if

31—e %) >2z2e " <= 3(e" —1) > 22
<= 3e" >3+2z

Again letting z = AM(z; —

which is true because e* > 1+ z for z > 0. This completes the proof for Case 3
As a result, we have that
d
%PI‘[X»; >Xj |X~L < a,Xj <(1] >0
O

for all a, with strict inequality for some a, which proves the theorem

Theorem 7. For any a € R and X; = x; + og; where ¢; ~ N(0,1)

d
%PY[X¢>X]"X¢<(I,XJ‘ <a] > 0.

Proof. Assume o = 1/+/2. This is without loss of generality because for any instance with arbitrary o', there is an instance
with o = 1/4/2 that yields the same distribution over rankings (simply by scaling all item values by o/c’). First, we have

f Pr[X; = 2] Pr[X; < 2] dz

PrXi > X; | Xi <a,X; <a] = Pr[X; < a]Pr[X; < a
L exp(—(o — 2R (L ert@ =)/ do
- (1 +erf(a—x:))/2- (1 +erf(a—z;))/2
9 f exp(—(z — z:)?)(1 + erf(z — z;)) dx

“ V7 (terf(a—=)) (1+erf(a—a,))

The derivative with respect to a is positive if and only if
(14 erf(a — ;) (1 + erf(a — x;)) exp(—(a — z:)*) (1 + erf(a — z;))

> / exp(—(z — x;)°)(1 + erf(z — ;) do

) % ((1 + erf(a — @) exp(—(a — z;)*) + (1 + exf(a — z;)) exp(—(a — z:)*))

Let t =a — x; and § = z; — x;. Then, using the fact that

/; exp(—(z — x;)*)(1 + erf(z — x;)) / exp(—z°) dx + /oo exp(—z?) erf(x + 6) dx
7£(1—|—erfa—xl +/a " exp(—a?) erf(z + 6) da
Eq. (8) becomes i
? T erf(g)t;;jgf zi(i jsr)s)rffar i) zeif(a();pi—c;)f;)exp(—ﬁ) g(l +erf(t) + [ ; exp(—a") erf(z +6) do
(Lt erf(£))(1 + erf(ta?);fépféi)exp(_ﬁ) — (1 +erf(t)) — % t exp(—z®)erf(z +8) dz >0  [9]

= (1 +erf(t)) exp(—(t +6)2) +

To show that this is true, we will use the fact that f(¢) > 0 whenever the following conditions are met
11 0f 18
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1. f(¢) is continuous and differentiable everywhere
2. limy—y—oo f(t) =0
3. Lft)>0
We'll show that these conditions hold for the LHS of Eq. (9).

, (14 erf(t))(1 + erf(t + 6))% exp(—t?) 2 [ )
M A e () exp(—(t 1 0)7) + (Lt et + o)) exp(—7) ~ LT = = /m exp(—a”) erf(z +0) do
— im (14 erf(t))(1 4 erf(t + 0))? exp(—t) [10]
t——oo (1 4 erf(t)) exp(—(t + 0)?) + (1 + erf(t 4 §)) exp(—t?)

Observe that both the numerator and denominator of Eq. (10) are positive, so this limit must be at least 0. We can upper
bound it by

lim (1 +erf(t))(1 —|—erf(t+(5))2 exp(—t2) < lim (1 +erf(t))(1 +erf(t+5))2 exp(—tQ)
t——oco (1 +erf(t)) exp(—(t+8)?) + (1 +erf(t + 9)) exp(—1t2) ~ to-o0 (1+erf(t +9)) exp(—t?)
= tl}ir_nooﬂ + erf(¢))(1 + erf(t + 9))
=0

Thus, the limit is 0. Now, we must show that the derivative is positive. The derivative is

t

d (14 erf(t))(1 4 erf(t + 8))? exp(—t?) 2 2

dt {(1 o)) exp(—(L + %) + (Lt eri(t + ) exp(—@) O T W) = = [ exp(maTeri(z o) de

_d (1 4 erf(t))(1 4 erf(t + 8))? exp(—t?) 2 2 2 2

T dt {(1 + erf(t)) exp(—(t + 9)?) + (1 + erf(t + 9)) exp(—t2)} N exp(—t") - Nz exp(—t") erf(t + ) 11

Taking this derivative and factoring out

2(1 + erf(t))(1 4 erf(t + J)) exp(4t?)
V ((erf (1) + 1) e + (erf (5 + 1) + 1) e0+02)

we get that Eq. (11) is positive if and only if
Sv/mexp((t + 6)?)(1 + erf(t))(1 + erf(t + &) — exp(26t + t°)(1 + erf(t + 8)) + (1 + erf(t)) > 0

—=dy/mexp((t 4 6)*)(1 + erf(t)) + % — exp(20t + %) > 0
= 5y/mexp(t?)(1 + erf(t)) + exp(—26t — t?)li%g(fé) 10
(1 + erf()) {&/Eexp(tQ) + M} 10
1+ erf(t) exp(—(t + 5)2)
exp(—t2){5ﬁ+1+erf(t+6)}1>0 i
Define L+ erf(t)
A er:
g(t) = S E

Then, Eq. (12) is

g(t) [6x/?+ 1} —1>0

g(t+9)
<:>L _ < o7
g(t)  g(t+9)

By the Mean Value Theorem,

1 1 541

g(t)  g(t+9) dt g(t)|,_,.
for some t < t* <t +§. Thus, it suffices to show that

%ﬁ > VT 13
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for all t. To do this, consider Mills Ratio (1)
R(t) 2 exp(t2/2)/ exp(—x*/2) dx
t

Note that this is quite similar in functional form to g(t), and with some manipulation, we can relate the two:

R(t) = exp(t2/2)/ exp(—x?/2) dx

R(V2t) = exp(tQ)/ exp(—x>/2) dz

V2t
2exp(t2)/ exp(—z°) dz
t

—t
2exp(t2)/ exp(—a?) da [exp(—2?) is symmetric]
t

R(—V2t) = \/iexp(t2)/ exp(—z?) dz

— 00

2exp(t?) - ?(1 + erf(t))

_[(i};erf )
V3t = /290

Sampford (2, Eq. (3)) proved that < 1 for any t. Thus,

& R(t)
d 1 d \/* \/* 3=
dt g(t) — Tt fR —V/2t) dt R( \ft) -V
which proves Eq. (13) and completes the proof. O

4. Verifying that the Mallows Model Satisfies Definition 1

Theorem 8. The family of distributions Fy produced by the Mallows Model with Kendall tau distance with @ = ¢ — 1 satisfies
the conditions of Definition 1.

Proof. We must show that Fy satisfies the differentiability, asymptotic optimality, and monotonicity conditions of Definition 1.
Differentiability: Let IT be the set of all permutations on n candidates. The probability of a realizing a particular

permutation 7 under the Mallows model is
¢7d(7r,7'r*)
Pr[r] = =7
o Zﬂ"él’[ ¢—d(7f o)
Both the numerator and denominator are differentiable with respect to 8§ = ¢ — 1, so Pry[n] is differentiable with respect to 6.
Asymptotic optimality: For the correct ranking 7*,

1
Pr[r*] = =
ufr] = o,
where the normalizing constant Z is
—d(m,m*
7 = E ) ( )
well

In the limit,
lim Z = hm Z
00— 00 b—
= i d(m,m*)
Jim > o7

well

= lim 1 —d(m,7")
Jm ey 6

T#ET* €Il

_ : —d(m,7*)
=1+ Z Jim ¢

m#ET* eIl
=1
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because for any m # 7, d(w,7*) > 1. Therefore,
1
lim Pr[7"] = lim = =1
A i) = Jim 7

Monotonicity: We must show that for any S C x, if 71'575) denotes the value of the top-ranked candidate according to =
excluding candidates in S,
E}‘e, [7[‘575):| 2 ]E]:e [W%is)] .

For any i ¢ S, let j be the smallest index such that 7 > i and j ¢ S. Consider any 7 such that 7r§

and j yields a permutation & such that 7 A( 9 = ;. Moreover,

-5 = x;j. Then, swapping ¢

Pr[ﬁ'] _ Pr[ﬂ'] . ¢inv(w)—inv(ﬁ).

Since i < j, inv(m)—inv(#) > 1. Finally, note that swapping i and 7 is a bijection between {r : 7\ %) = 2,;} and {r : (™) = z,}.
Thus,

(-5) _
Prir ™ = i _ Z Pr{n] L (M) —inv(®)
Pl‘[ﬂ'(_s) = z;] PI‘[TK'( D=y i
1 - mon(—S) g J
1
Note that the terms ——L sum to 1, so this is sum is some polynomial in ¢ with nonnegative weights and integer powers
Pr[7r( S =x;]

of ¢. As a result, it must have a positive derivative with respect to ¢, i.e., for i < j,

d Pr[7r1 ) = x;]

————>0
d¢ Pr[m; (=9 _ = 1]
Let ¢’ > ¢. Then,
Pry[n™ =2,]  Pry [ngs) = 4]
S < s
Pro[my >  =z;]  Pryfm 7 =]
Rearranging,
-3 -s
Pyl = 2] _ Prolni® =] 14
Pry/ (779 = ) Pry [n{™%) = z;]

For§ —¢ —1land 0 =¢ —1,
Ez, [ﬂ_s)} = Z]?;r [nf(s) = .Tz:| T;
¢S

E]—'gl |:7T§_S)i| PII' |: 9= xzi| T
¢S ¢

By Lemma 4,

]E]:B, [ﬂ'gis)} > E]:e [71'575)] s

which completes the proof. Note that we apply Lemma 4 indexing backwards from n to 1, ignoring elements in S, with

pi = Pry [n ) = xl} and ¢; = Pry {W1—<S) = a:z} Eq. (14) provides the condition that p;/g; is decreasing (as i decreases,

since we are indexing backwards). O

5. Proof of Theorem 3
A. Verifying Definition 2. We must show that when w, 7 ~ Fp,

E[m —me | m #m1] > 0. [15]
We begin by expanding:

[7r1—772|7117£7'1]—zz z; —xzj) Prlm =z, Nme = x5 | m1 # 71

i=1 j=1

—ZZ i— ;) (Prfmi=x:Nme =x; | m #71) —Prlm =2 Nme =z | m1 # 711))

i=1 j>1
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Since x; > x; for 7 < j, it suffices to show that for all ¢ < j,
PI‘[T{'l =x; N7y = Zj ‘ 1 76 Tl} 2 Pr[wl =Ty Nme = x; | 1 76 Tl], [16]
and that this holds strictly for some ¢ < j. We simplify Eq. (16) as follows:

Prfmi =a:Nme =z | m #71] > Prlm =x; Nme = x; | 711 # 71
Prjm =a:; N2 = x; Nm # 7] Pr[mi = x; N2 = @ Nm # 7]
Pr[mi # 71] Prlmy # 71]
< Prim=xz;Nme=x; N7 # 71| > Pr{m =x; Nme =2 N1 # 71
<~ Prm=x;Nme=x; N1 # ;] >Pr[m =z, Nm2 = x; N7 # ]
<> Pr[m = x; N2 = x;] Pr[n # x;] > Pr[m = z; N w2 = ;] Pr[m1 # x] [17]

We can simplify Eq. (17) using Lemmas 5 and 6. Let |¢ — j| denote the difference in rank between z; and x;.
Pr[m = z; Nwa = x;] Pr[m # x;] — Prm = zj N w2 = x;] Pr[m # z4]
=Pr{m = x; Nme = 2;](1 — Pr[n = 23]) — ¢~ ' Pr[m = 2 N = x;](1 — Pr[r = x5])
=Pr[m =2 N = z;](1 — Pr[m = x]) — ¢ ' Pr[m = @ Nma = 2;](1 — ¢~ "7 Pr[r = z4))
=Prm =z Nm =2;](1 —Pr[m = @] — ¢~ " — ¢~ "7 Pr[my = 1))
This is positive if and only if
1—Pr[n =] — P q&*“*j‘fl Prjri =] >0
< Pr[n = z] (1 - ¢7|Fﬂ71) <1—¢7!

1— —1
< PI‘[Tl = IEZ} < Tﬁ_ﬂ_l
1—¢ ! 1—¢ !
A ¢ 11— ¢—n) < 1— p—li—il-1

— ¢i71(1 _ ¢7n) >1— ¢*|’5*J“*1

This is weakly true for any i < j because ¢'~' > 1 and |i — j| + 1 < n, and it is strictly true for any i, j other than 1 and n.
Thus, E[m1 — 72 | m1 # 71] > 0.

B. Verifying Definition 3. Recall that Definition 3 is equivalent to Uan(04,0n) < Unn(04,0m) for 04 > 0. Let T be the
algorithmic ranking, and let 7 be a ranking from a human evaluator. Recall that Uy (04,0r) = E [m1]. Throughout this proof,
we will drop the (04, 0m) notation and simply write Ug, Uan, and Ug .

Usg = Z(Pr[m =z, N7 # x|+ Prme =2, Nm = 71])zs

=1

= ZPI‘[TFl =x; NT1 ¢$¢]$i+ZPI‘[ﬂ'2 =x; N 271]1'2‘

i=1 i=1

= Z (Prim =] — Pr[mi = x: N = x]) x4 + Z Z Prlmi = x; N7 = x; N2 = z5)xs
i=1 i=1 ji

n n
:UH—ZPr[mzxiﬂﬁ:m]xi—i—ZPr[m =z, N1 =z;|Eme | m1 = 2 N7 = 2]

i=1 i=1
=Uy + ZPr[m = ;]| Pr[r = a;] (E w2 | m1 = @] — @)
=1

Similarly, because two human evaluators are independent,

Unn =Un + ZPr[m =z (Efma | m1 = 2] — ) .

i=1

Let V_; = E[m2 | m1 = z;]. Note that conditioned on w1 = x;, the remaining elements of 71 follow a Mallows model distribution
over n — 1 candidates. Because the Mallows model is value-independent, increasing any item value increases the expected value
of the top-ranked item (and in fact, the item ranked at any position). Thus, V_; increases as i increases (since x;, the value of
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the unavailable candidate, decreases). Moreover, x; is strictly decreasing in 4, so V_; — z; is strictly increasing in ¢. With this,
we have

Uam = Un =Y Prlm =] Prlmy = @] (Vo — 22)

i=1
UHH—UHszr[m—a:Z]( )
i=1

Let Ca=Pr[m =mn]= ZZ , Prlm1 = 3] Pr[ry = ], and similarly let Cg =) "
PI‘[T{'l = l’n—H—lL pz = PI‘[TI'1 = xn—H—l] and q: = PI‘[T1 = .'En_i+1].
Let p; = Pr[n} = 4| Pr[m = i]/Ca, ¢; = Pr[n} = i]*/Cq, and y; = V_; — ;. Then, we have

UAH —Un szyz

) Pr[m = ac,-]z. C4 > Cy by Lemma 4 with

UHH —Un quyz

With ¢4 =04 +1 and ¢y =0y + 1,

1-¢,"
pi _ Cu o4 (=01 &'
— = Cf . — o e
qi A 1=y ¢A

which is decreasing in ¢ since ¢y < ¢pa. By Lemma 4, 2?21 iy < Z?:l qiyi. Finally, note that Uyg — Un < 0 by Lemma 7,

SO
sz‘yi < Z q:iYi
i=1 i=1

Uag — Un < Ung —Un

Ca Ch
—CH(UAH —Un) <Ugnp —Ug
Ca
Usag —Un < Upg —Ug [CA>C’H,andUHH—UH<O}
Uan < Unn

6. Supplementary Lemmas for the Mallows Model
Lemma 4. Let {y;}imq1, {pi}ic1, and {q:}i=1 be sequences such that

e y; s strictly increasing.

¢ Z?:lpi = Z:’Lzl 4i = L.

o % is decreasing.
Then, Y 7" piyi < Y1y Gili-

Proof. First, note that there exists j such that p; > ¢; for i < j and p; < ¢; for i > j. To see this, let j be the smallest index
such that p; < ¢;. Such a j must exist because p; and ¢; both sum to 1, so it cannot be the case that p; > ¢; for all 7. This
implies p;/¢; < 1, and since p;/¢; is decreasing, p; < g; for ¢ > j.

Next, note that

n

=> (i — @)

1=1
jfl

= Di — qi) +Z pi — qi),

=1

meaning
j—1 n

D i—a) = (a—pi).

i=1 i=j
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Using this choice of j, we can write

Zpiyi - Z qiYi = Z(pz — i)Y
i=1 i=1 i=1

j—1 n

=Y i—a)yi— > (@ —pwi
i=1 i=j
j—1 n

IN
7
=
=
|
2
—
<
<.
L
|
7
2
|
5
=
g

Jj—1 n

= (i —a)yi-1— Y (6 —pi)ys
i=1 i=j
j—1 Jj—1

= (pi—a)yi-1— (v — 4)ys
i=1 i=1
Jj—1

Lemma 5. For z; > zj,
Pr[m =z Ny = z;] = ¢ Pr{m = x; Nme = @i]. [18]

Proof. Let m_;; be a permutation of all of the candidates except z; and x;. Then, we have

Pr[m = z; N = xj] = Z Pr[m =z, Nwa = x; | m—ij] Pr[m_sj]

T_ij

= Z qur[m =r; Nme =x | ﬂfij]Pr[ﬂ',ij]

T_ij

= ¢Pr[7‘r1 =x; N2 :l‘i]

Intuitively, given that z; and x; are in the top 2 positions, x; followed by x; is ¢ times more likely than z; followed by z;
regardless of the remainder of the permutation, and therefore, x; followed by z; is ¢ times more likely overall. O

Lemma 6. For1<i<n,

Prim = 1] = %. [19]

Proof. Let m—; be a permutation over all items except ¢. Then,
Pr[m =] = ZPr[m =u; | 7] Prlm_;]

= Z qﬁ_(i_l) Pr[ﬂ_i]

= ¢ G-D Z Prr_]

Note that Pr{r_;] doesn’t depend on which n — 1 items are being ranked, so this term appears for any i. Moreover,
> Pr[m = zi] = 1. Therefore, we have

Pr[m = x;] ¢7<i71).

Normalizing, we get
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¢—(i—1)
A TR

¢*(i*1)
=T
1—¢—1

__1-9¢7"
T e
Intuitively, any permutation over n — 1 items is equally likely regardless of what those items are, and inserting any item at the

front of this permutation yields a likelihood proportional to the number of additional inversions this causes, which is equal to
the item’s position on the list.” O

Lemma 7. For the Mallows Model, U (04,0r) > Unn(04,0m).

Proof. Intuitively, this is because selecting first is better than selecting second. To prove this, let © and 7 be ranking generated
by independent human evaluators under the Mallows Model, i.e., 7,7 ~ Fg,,.

Un(0a,0n) —Unn(04,00) =E[m] —E[r - 1rjzr + 72 Lrj—r]
=E[(m —72) Lry=r,]
=E[(m —m2) - Lry=r]

For any 7 < j, conditioned on m; = 71, they are more likely to be correctly ordered than not:

El(m —m2)  1pj=r] = Z (Prfmi=ziNm=z;Nme=x;] — Prim =2; N7 =z Nm2 = x4]) (z: — )

i<y

= Z (Pr[m1 = z; N w2 = x;] Pr[m1 = o] — Pr[m = x; Nm2 = @] Pr[n = x5]) (x: — z5)
i<y

> Z (Pr[m1 = z; N w2 = x;] Pr[m = ] — Pr[m = z; N w2 = z;] Pr[m = z4]) (i — z5)
i<y

= Z (Pr[m =z Nme = x;] — Pr[m = x5 Nwe = x4]) (w3 — )
i<y

> Z (¢u Pr[m = zj Nme = x;] — Prm = z; N2 = x4]) (w0 — )
i<y

>0
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* Alternatively, we could prove this by showing that for any permutation with i in front, the permutation in which s and ¢ — 1 are swapped is ¢ times more likely, and thus, i — 1 is ¢ times more likely to be
in front than 4.
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