
1

Supplementary Material – Assessing the best

time interval between doses in a two-dose

vaccination regimen to reduce the number of

deaths in an ongoing epidemic of SARS-CoV-2
Leonardo Souto Ferreira1,2, Otavio Canton1,2, Rafael Lopes Paixão da Silva1,2, Silas Poloni1,2,5

Vı́tor Sudbrack1,2,3, Marcelo Eduardo Borges2,4, Caroline Franco1,2,5, Flavia Maria Darcie
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I. INTRODUCTION

This supplementary material describes more thoroughly our model. In section II We have the equations
that describe the model. III contains the epidemiological parameters of the model (the vaccination20

parameters are described in the main text), together with our mathematical approach to vaccine efficacies
in III-A. Finally, in section IV we describe the mathematical approach to calculate Rt and the initial
conditions of the model.

II. MODEL EQUATIONS

To model the virus dispersal in the population, we assume that asymptomatic individuals have equal
infectiousness compared to symptomatic ones, while pre-symptomatics have reduced infectiousness given
by ω. To model behaviour, we assume that symptomatic individuals isolate themselves at some degree,
reducing their contacts by ξ, individuals with severe disease have greater isolation ξsev due to hospital-
ization. The daily contacts between each age class is given by the matrix Ĉ and the force of infection λ
is given below:

λ = Ĉ[A+ ωE + (1− ξ)I + (1− ξsev)H+

Av + ωEv + (1− ξ)Iv + (1− ξsev)Hv+ (1)
Aw + ωEw + (1− ξ)Iw + (1− ξsev)Hw]

Our model does not assume a reduction in infectiousness by vaccination given the lack of data1.25

1We expect that this would not change the results qualitatively.
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The equations were numerically solved by the R package developed by FitzJohn and Hinsley [3].

III. PARAMETERIZATION OF THE MODEL

The parameters that do not depend on vaccination are given in Table I.
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TABLE I: Epidemiological parameters

Parameter Description Value Source

γ
Average time in days between being infected
and developing symptoms 5.8 Wei, Wei, Liu, et al. [10]

νi
Average time in days between being infectious
and recovering for asymptomatic and mild cases 9.0 Cevik, Tate, Lloyd, et al. [2]

νs
Average time between being infectious and
recovering/dying for severe cases 8.4 SIVEP-Gripe for

São Paulo State [4]

ξ
Reduction on the exposure of symptomatic
cases (due to symptoms/quarantining) 0.1 Assumed

ξsev
Reduction on the exposure of severe cases
(due to hospitalization) 0.9 Assumed

ω
Relative infectiousness of pre-symptomatic
individuals 1.0 Assumed

α Proportion of asymptomatic cases [0.67,0.44,0.31] Juvenile [8]
Adult and Elderly [9]

σ
Proportion of infectious cases that require
hospitalization [0.001, 0.014, 0.099] Salje, Kiem, Lefrancq, et al. [7]

µ In-hospital mortality ratio [0.417,0.188,0.754] Portella, Mortara, Lopes, et al. [5]

A. Efficacy parameters computation from observed efficacies

The vaccinated classes parameters are combined with vaccine efficacies as:30

βv = (1− εβ,v)β αv = 1− (1− εα,v)(1− α)
βw = (1− εβ,w)β αw = 1− (1− εα,w)(1− α) (3)
σv = (1− εσ,v)σ µv = (1− εµ,v)µ
σw = (1− εσ,w)σ µw = (1− εµ,w)µ

To avoid multiplicative effects in vaccine efficacies, we need to calculate the efficacy parameters from
the reported values. Let us start with the risk of infection. In our model, this is given by β. Thus the
observed efficacy against infection Eβ is given by:

Eβ = 1− (1− εβ)β
β

= εβ (4)

Therefore the protection against infection parameter is simply the observed efficacy. Note that we
dropped the dose index as these expressions are valid for both first and second dose efficacies.35

The risk of individuals being hospitalized is given by βσ, therefore, the observed efficacy in reducing
hospitalized cases Eσ is then given by:

Eσ = 1− (1− εβ)β(1− εσ)σ
βσ

= 1− (1− εβ)(1− εσ) (5)

In terms of known values, the protection against hospitalization is given by:

εσ = 1− 1− Eσ
1− Eβ

(6)

Being µ the proportion of hospitalized individuals that die, we have that the risk of an individual being
infected and die is given by βσµ, therefore the observed efficacy against death Eµ is given by:

Eµ = 1− (1− εβ)β(1− εσ)σ(1− εµ)µ
βσµ

= 1− (1− εβ)(1− εσ)(1− εµ) (7)

We then can obtain εµ in terms of known values:

εµ = 1− 1− Eµ
(1− εβ)(1− εσ)

= 1− 1− Eµ
(1− Eβ) (1−Eσ)(1−Eβ)

= 1− 1− Eµ
1− Eσ

(8)

In our model, symptomatic cases are given by severe (hospitalized) and mild cases, the risk of becoming
a symptomatic individual is given by β[σ + (1− σ)(1− α)], then the observed efficacy Esymp is given
by:

Esymp = 1− (1− εβ)β{(1− εσ)σ + [1− (1− εσ)σ][(1− εα)(1− α)]}
β[σ + (1− σ)(1− α)]

(9)
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Thus
(1− Esymp)[σ + (1− σ)(1− α)]

1− εβ
= (1− εσ)σ + [1− (1− εσ)σ][(1− εα)(1− α)] (10)

Then

1− εα =

(1−Esymp)
(1−εβ) [σ + (1− σ)(1− α)]− (1− εσ)σ

[1− (1− εσ)σ](1− α)
(11)

Therefore, εα is given in terms of known variables as:

εα = 1− (1− Esymp)[σ + (1− σ)(1− α)]− (1− Eσ)σ

(1− Eβ)
[
1− (1− Eσ)

(1− Eβ)
σ

]
(1− α)

(12)

Note that 1− Esymp does not multiply the whole expression.

IV. EFFECTIVE REPRODUCTION NUMBER AND INITIAL CONDITIONS ESTIMATION

Both initial conditions estimation and effective reproduction number calculations go through rewriting
the model in a different notation. It is a system of equations for two different groups, infected (y) and
non-infected (z) populations, being y = (E, A, I, H)T , and z = (S, R, D)T . Note that none of the40

vaccinated classes are considered since at the initial condition no vaccine has been applied yet.
We write the system

ẏ = F (y, z)−G(y, z), (13)
ż = J(y, z) , (14)

where F are all entries of new Infected, coming from classes z, whilst G accounts for the transitions
within infected classes and also recovery and death from the disease. J accounts for the exits of the
susceptible population to exposed classes, and the entrance of recovered and deceased in their respective45

compartments. Consider a linearization around a fixed vector z = z̃, the equation for y becomes

ẏ = (F̂ − Ĝ)y , (15)

where F̂ and Ĝ are matrices that appear from linearizing functions F and G, respectively. Remembering
that each of the compartments is divided into three age sub-compartments, that is S = (Syoung, Sadult, Selderly)
and that the only entrance of new infected comes from the βSλ/N terms in the Ė equations, we write

F̂ =
β

N

 ωb̂ b̂ (1− ξ)b̂ (1− ξsev)b̂

09,12

 , (16)

where
b̂ = diag(S)Ĉ , (17)

being Ĉ the contact matrices, from [6], ω the relative infectiousness of exposed individuals and ξ and50

ξsev the reductions in contacts of people that are symptomatic and hospitalized, respectively.
Now, Ĝ contains the terms of Exposed, E, developing the possible forms of disease considered in the

model as the terms in its first 3 rows, while it’s main diagonal contains terms of recovery and death,
writing

Ĝ =


γ−1 0 0 0

−α(1− σ)γ−1 ν−1
i 0 0

−(1− α)(1− σ)γ−1 0 ν−1
i 0

−σγ−1 0 0 ν−1
s

 . (18)

Now, F and G are important for both Rt calculation and initial conditions estimation. Note that for55

the linear problem, assuming, y(t) =
∑
i aie

rit, ai constant vectors, yields∑
i

riaie
rit = (F̂ − Ĝ)

∑
i

aie
rit. (19)
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Defining r∗ = max ri, a∗ the vector associated with the exponential coefficient r∗, and dividing the
above equation by er

∗t, we get∑
i

riaie
(ri−r∗)t = (F̂ − Ĝ)

∑
i

aie
(ri−r∗)t , (20)

so after some time t elapses, the tuple (a∗, r∗) dominate the dynamics, and we’re left with

r∗a∗ = (F̂ − Ĝ)a∗ (21)

The main eigenvector of F̂−Ĝ, a∗, gives a distribution of infected individuals among different classes.60

With hospitalizations per day data, we can fit a re-scaling factor for the eigenvector to match the term
of hospital entrances (σγ−1E).

Notably, the effective reproduction calculation can be performed with F̂ and Ĝ as

Rt = ρ(FG−1) , (22)

where ρ(FG−1) is the spectral radius of FG−1, which may be seen as the dominant eigenvalue of
FG−1 in the simplest cases. The derivation of said result can be checked in multiple textbooks, see, for65

instance, chapter 6 in Allen, Brauer, Van den Driessche, et al. [1].
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