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Abstract

Formal frameworks for Epistemology need to have enough
logical structure to enable interesting conclusions regarding
epistemic phenomena and to be expressive enough to model
competing positions in the philosophical and logical litera-
ture. While beliefs are commonly accepted as hyperinten-
sional attitudes, i.e., epistemic attitudes, which may differ
even towards necessarily equivalent sentences, most work
on standard epistemic logic has relied on idealised and in-
tensional agents. This is particularly true in the area of
AGM-inspired Belief Change. Although a few recent stud-
ies investigate hyperintensional models of belief change, few
have been well connected to the AGM framework, the main
paradigm in the area. This work investigates hyperintensional
notions of belief base contraction and belief set contraction,
as studied in the AGM framework, and its connections to par-
tial meet contractions. We also provide suitable representa-
tion theorems, characterising the constructions by means of
rationality postulates.

1 Introduction

Formal frameworks for Epistemology, i.e., frameworks to
reason about beliefs and knowledge, face a double-edged re-
quirement. They need at the same time to be sufficiently
structured, in the sense that we can employ them to rea-
son about a broad class of doxastic agents, but flexible and
expressive enough to model different theoretical and philo-
sophical positions in the field, as discussed by Berto and
Hawke (2021).

Since the work of Hintikka (1962), the epistemic logic
tradition has heavily relied on idealised agents, as discussed
by Rantala (1982) and Halpern and Puccela (2011). For ex-
ample, standard epistemic logic has received criticism on the
nature of its idealised agents and the intentional nature of be-
liefs in its models, c. f. the work of Cresswell (1972). It has
also been argued in the literature (Halpern and Pucella 2011;
Wansing 1990; Jago 2009; Bjerring 2013) that resource-
bounded agents are not required to believe all consequences
of their currently held beliefs, as an agent can fail to reach
the conclusion of a reasoning process due to a lack of cog-
nitive resources.

Similarly, in Belief Change, the area that studies how dox-
astic agents change their minds after acquiring new infor-
mation, one of the most influential approaches in the litera-
ture, namely the AGM framework (Alchourrén, Girdenfors,
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and Makinson 1985), also relies on heavily idealised agents.
AGM admits as a representation of an agent’s belief state
a consequentially-closed set of formulas, requiring thus that
an agent believes in all consequences of their beliefs. In fact,
Girdenfors (1988, p. 9) acknowledges that AGM’s notion of
Belief is but merely an idealisation “judged in relation to the
rationality criteria for the epistemological theory”.

It is well recognised in the literature, however, as dis-
cussed by Ozgiin and Berto (2020), that beliefs and other
mental attitudes are sensitive to hyperintensional distinc-
tions and that these latter are connected to well-studied prob-
lems, such as logical omniscience. We call, after Cress-
well (1975), hyperintensional attitudes those which depend
on sentential contents finer-grained than intensions. In other
words, these attitudes can draw distinctions between neces-
sarily equivalent contents. For example, while the sentences
“3 is a prime number” and “3068 is divisible by 13” have the
same intension as mathematical necessities, they certainly
cannot be transparently substituted for the other in the sen-
tence “Alice believes that 3 is a prime number.”

Aiming to obtain a compromise between the logical
power of standard epistemic logic, as well as its unrealis-
tic computational demands and the lack of expressiveness to
encode current positions in philosophical debate (Berto and
Hawke 2021), Levesque (1984) proposes a logic in which
we can distinguish the notions of explicit and implicit be-
liefs. Explicit beliefs represent the notions of Belief that
need not be closed under logical consequence and purely in-
tentional, while implicit beliefs represent those that an agent
may achieve from their explicit beliefs. In Belief Change, a
similar position was advocated by Hansson (1992), who pro-
poses that the representation of an agent’s belief state, and
its dynamics, depends on the syntactic structure of agents’
explicit beliefs.

Despite incorporating some form of hyperintensionality
in the representation of beliefs (and belief change) in the
area, Hansson’s approach does not consider hyperinten-
sional difference in the input, i.e. the received information.
For example, let B be a set of logical formulas' represent-
ing the belief base of an agent, i.e. the representation of their
belief state, ¢ and v be logical formulas, and * be a belief

'In this example, we do not require any specific logic. Later, in
Section 3, we will define more clearly our notion of logic.
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change operation. Hansson’s postulate of uniformity implies
that if Cn(p) = Cn(y), then B x ¢ = B x ¢, thus belief
base change still preserves dependence on intensionality in
the dynamics of beliefs.

Recently, work on hyperintensional belief change has
risen in the literature to deal with this limitation. Most
prominent, Berto (2019) proposes a hyperintensional logic
of conditional beliefs and investigates hyperintensional be-
lief revision operations interpreted as conditional beliefs.
Other work soon followed, such as Ozgiin and Berto (2020)
who dynamify Berto’s conditional logic, proposing a dy-
namic logic of hyperintensional belief revision. On the other
hand, Souza (2020) and Souza and Wassermann (2021) in-
vestigate hyperintensional belief change operations using
tools similar to that of the AGM framework, based on ab-
stract logics. These authors propose connections between
hyperintensional belief change and belief change in non-
classical logics, showing that for several logics of interest
to Al, we can obtain partial meet-like operations based on a
classical logic.

The main drawback of the work of Souza and Wasser-
mann (2021) is that hyperintensional belief change is de-
fined through intensional operators. For example, let C' be
the consequence operator of Intuitionistic Propositional Cal-
culus (IPC) (Van Dalen 1994), and let C'n be the conse-
quence operator of Classical Propositional Calculus (CPC),
Souza and Wassermann show how one can use C'n to com-
pute Belief Change for the logic defined by operator C.
However, let p be the proposition that “3068 is divisible by
13”. A constructive agent, i.e. an agent with intuitionistic
reasoning, with a belief state believing that —p is not true,
can be described by the set of beliefs B = {——p}. As
——p — p is not valid in IPC, the agent cannot, over the
risk of irrationality, state that p is true. However, if the agent
comes to the conclusion that there is no support for p, there
is no operation defined by Souza and Wassermann in which
removing the belief in p from B does not result in a belief
state in which the agent believes that ——p, even though the
agent did not initially believe p.

In this work, we explore further the notion of hyperinten-
sional belief change, as studied by Souza (2020) and Souza
and Wassermann (2021), aiming to overcome their deficien-
cies. Further, by differentiating between the notions of hy-
perintensional belief base change and hyperintensional be-
lief set change, we can study the connections between AGM
contractions and partial meet contractions in a more general
setting, establishing relations to earlier work on the defin-
ability of AGM contractions for non-classical logics, such
as that of Flouris (2006) on AGM-compatibility and that of
Ribeiro (2013) on partial meet contractions for non-classical
logics.

Notice that, for Classical Propositional Logic, there is a
strong connection between Belief Base Change and Belief
Set Change, as demonstrated by Hansson (Hansson 1991;
Hansson 1992). However, for non-classical logics this con-
nections seems much more fragile. In fact, as seen in
the literature, for some logics the notions of AGM Belief
Set Change and Belief Base Change may differ (Ribeiro
2013). More yet, for non-monotonic and hyperintensional
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logics, the connection between syntactic representations of
the agent’s epistemic state, e.g. by sets of formulas, and
their beliefs is much more complex. As such, for non-classic
logics, the notions of Belief Base Change and Belief Set
Change may not always coincide and must be investigated
separately.

This work is structured as follows: in Section 2 we dis-
cuss some of the related literature focusing on hyperinten-
sional phenomena in belief change; in Section 3, we present
the basic concepts and notations employed in this work; in
Section 4, we study partial meet belief base contractions and
their hyperintensional variants; Section 5 discusses partial
meet belief set contractions and varying hyperintensional
belief set operations, connecting to previous work in the lit-
erature; in Section 6, we study the connection between hy-
perintensional partial meet contractions and AGM contrac-
tions, providing negative results regarding the definability of
the latter by the former. Finally, in Section 7, we present our
final considerations and future directions of our work.

2 Related Work

Work on hyperintensional phenomena in representations of
beliefs and other mental attitudes has a long standing tra-
dition on epistemic logic at least since the work of Cress-
well (1972; 1975; 1982), c.f. also (Rantala 1982; Vardi
1986; Fagin and Halpern 1987; Wansing 1990).

Regarding hyperintensional phenomena in Belief Change,
a smaller, but not insignificant, number of contributions in
the literature investigated how belief change can be mod-
elled based on syntactic representations of the agent’s belief
state. This is the case, for example, of the work of Hans-
son (1992), Williams (1995), Rott (1998), and Agnotes and
Walicki (2004).

Work on belief change for non-classical logics, such as
that of Girard and Tanaka (2016), have investigated dynamic
belief change operators, which in principle could be used
to model some hyperintensional notions, as classical conse-
quences need not be valid in such logics. Similarly, San-
tos et al. (2018) investigate pseudo-contractions, which can
be used to study a particular kind of hyperintensional be-
lief change, called by Souza and Wassermann (2021) C-
dependent contractions. These strategies, however, deal
with hyperintensionality in an implicit way, not providing
theoretical and philosophical connections that allow us to
understand their underlying commitments.

Work on genuinely hyperintensional models for belief
change, i.e. that explicitly consider hyperintensional differ-
ences between formulas both in the agent’s beliefs and in the
input, is far more recent in the literature. To our knowledge,
the first of such attempts was proposed by Berto (2019),
who investigates a topic-sensitive hyperintensional logic of
conditional beliefs, in which belief revision is interpreted
as conditionalisation. This work was soon followed by that
of Ozgiin and Berto (2020), who dynamify the previously
proposed logic. Unlike their work, however, ours investi-
gates how a general notion of hyperintensional belief change
can be defined, based on the AGM approach, that can be
connected to different semantic frameworks for hyperinten-
sional reasoning.
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Similarly, Bozdag (2021) proposes a hyperintensional
doxastic logic, based on the HYPE framework (Leitgeb
2019), in which belief base revision can also be thought of as
a form of conditionalisation. As before, it is not completely
clear how we can compare her proposal with competing no-
tions of belief change in the AGM-inspired literature since,
as observed by Lindstrom and Rabinowicz (1999), Baltag
and Smets (2008), or even Souza et al. (2020), modal-based
semantic approaches to AGM Belief Change often surpass
the expressive power of the original frameworks and, thus,
postulates need to be generalised for these settings.

Our work follows directly the line delineated in (Souza
2020) and (Souza and Wassermann 2021), expanding their
framework and establishing connections with belief change
in non-classical logics and between different notions of hy-
perintensional belief change investigated in these previous
works.

3 Preliminaries
In this work, we employ the tools from Abstract Logic to
study classes of logics in which we can define partial meet-
like hyperintensional belief change operations. Differently
from work such as that of AGM (Alchourrén, Gardenfors,
and Makinson 1985), Flouris (2006), or Ribeiro (2013), we
will not require logics to be Tarskian unless explicitly stated.

We will call a logic any pair £ = (L, Cn), where L is a
non-empty set, called the logical language, and Cn : 2 —
2~ is a function called a consequence operator.

A consequence relation may satisfy some important prop-
erties defined below. These are common properties of sev-
eral logics of interest for Philosophy and Artificial Intelli-
gence.

¢ inclusion: T' = Cn(T).
* idempotence: Cn(I") = Cn(Cn(T)).
* monotonicity: If I' < IV then Cn(I") < Cn(I").

* tarskianicity: If C'n satisfies inclusion, idempotence and
monotonicity.

* compactness: for any ¢ € Cn(I'), there is some finite
I = Ts.t. e Cn(TY).

¢ distributivity: for any T c L and any
finitely representable’> I'.,T” < L, it holds that
Cn(Tu (Cn(T)nCn(l) = Cn(ful’) n

Cn(TuT”).

* closure under negation: for any I' < L finitely rep-
resentable, there is IV < L finitely representable s.t.
Cn(CuT") = Land Cn(l nTY) = Cn(Q).

* booleanicity: Cn is tarskian, distributive and closed un-
der negation.

We say a logic £ = (L, Cn) satisfies a certain property,
say tarskianicity, if its consequence operator Cn does.

The term hyperintensionality describes phenomena in
which it is possible to draw distinctions between necessar-
ily equivalent formulas - or those having the same inten-
sion. As such, hyperintensionality is commonly explained

*We say a set T' C L is finitely representable if there is some
finite X € Ls.t. Cn(X) = Cn(T).
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through the relation between the contents of a sentence and
its intension with respect to a standard semantics. In the
remainder of this work, we will represent hyperintensional
reasoning by means of the relationship between two conse-
quence operators over a given language. Let us define this
notion formally.

Definition 1. Let £ = (L,Cn) be a logic, and C : 2L — 2T
be a consequence operator. We say that:

e Cis L-sound, if for every T < 2L, C(T') < Cn(T);
o C is L-complete, if for every I’ < 2F, Cn(T") < O(I).

We will denote by L¢ the logic defined by operator C, i.e.
Lo ={L,C).

Given a logic £, the AGM authors investigate three ba-
sic belief change operators: expansion, contraction and re-
vision. Belief expansion blindly integrates a new piece of
information into the agent’s beliefs. Belief contraction re-
moves a currently believed sentence from the agent’s set of
beliefs with minimal alterations. Finally, belief revision is
the operation of integrating new information into an agent’s
beliefs while maintaining consistency. Among these basic
operations, only expansion can be univocally defined. The
other two are defined by a set of rational constraints or pos-
tulates, usually referred to as the AGM postulates. These
postulates define a class of suitable change operators repre-
senting different rational ways in which an agent can change
their beliefs.

In this work, we will focus on hyperintensional contrac-
tion operations based on L-sound consequences and char-
acterise them through appropriate postulates, as commonly
pursued by the AGM tradition. Contractions have a central
role in the study of AGM Belief Change, based on AGM’s
result known as the Levi Identity (Alchourrén, Girdenfors,
and Makinson 1985), in which revisions may be defined us-
ing contraction operations. In the following, we investigate
both notions of belief base contractions and belief set con-
tractions, showing their connection.

4 Belief Base Contractions

The first kind of operation we study in this work is known as
Belief Base Change, or more generally Belief Representa-
tion Change, in which the belief change operation acts on a
representation of the agent’s belief state to incorporate new
information. These kinds of operations describe several be-
lief change operations in the literature, related to ways of
representing the agent’s belief state, such as Hansson’s be-
lief base operations (Hansson 1992), Williams (1995) en-
sconcements, and Souza et al.’s (2019; 2021) graph trans-
formations.

Hansson (1992) has advocated that belief dynamics
should be dependent on explicit doxastic commitments of
the agent, in the sense that some beliefs “have no indepen-
dent standing, but arise only as inferences from our more
basic beliefs” (Hansson 1992, p.240) and that “these con-
sequences should be subject only to exactly those changes
that follow from the changes of the primary beliefs”(Hans-
son 1992, p.240). As such, Belief Base Change aims to take
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into consideration this relation between the agent’s beliefs
in its dynamics.

In this work, following Hansson (1992), we will focus on
a representation of the agent’s belief state as a set of formu-
las B < L, for a particular logic £ = (L, Cn). We call this
set a belief base, representing the explicit beliefs held by the
agent. As such, we can define the notion of a belief base
change operator formally.

Definition 2. Ler £ = (L,Cn) be a logic, we call belief
base change operator any function  : 21 x L — 2%

We begin our exposition with partial meet belief base con-
tractions, as originally studied by Hansson (1992) and Hans-
son and Wassermann (2002), and introduce our generali-
sation of such notion taking into consideration hyperinten-
sional reasoning.

4.1 Partial Meet Belief Base Contraction

A partial meet belief base contraction is an operation that
preserves a maximal amount of “safe” information from the
agent’s explicit beliefs, i.e., information that cannot be used
to derive what the agent has ceased to believe. To formalise
this notion, Alchourrén and Makinson (1982) propose the
notion of remainder set.

Definition 3. (Hansson and Wassermann 2002) Let B <
L be a set of formulas and ¢ € L be a formula of L, the
remainder set B 1 ;o is the set of sets B’ satisfying:

*B'c B
* p¢Cn(B)
* B’ ¢ B” < Bimplies p € Cn(B").

When it is clear to which logic L we are referring, we will
denote B1 A by B1A.

A partial meet contraction — is an operation for which
there is a selection function -y, that characterises this oper-
ations. By selection function, we mean that the function ~y
satisfies (1) & # v(BLA) € BLAif BLA # & and (ii)
~v(BLA) = {B} otherwise.

Definition 4. (Hansson and Wassermann 2002) We say a
belief base change operator — is a belief base contraction
ona set B € L ifthere is a selection function v, s.t. for any

¥
B—¢={(BLy).
Hansson and Wassermann (2002) show that for any
monotonic and compact logic, an operation — is a partial

meet contraction on B if and only if it satisfies the following
postulates:

(success) If ¢ ¢ Cn(), then p ¢ Cn(B — @)
(inclusion) B— p € B

(uniformity) If for any B’ < B it holds that ¢ €
Cn(B')iffp € Cn(B’), then it holds that B—y = B—1)

(relevance) If ¢ € B\ B — ¢, then there is some B’ < B
st. B—p < B',po¢ Cn(B’),and ¢ € Cn(B’ u {¢})
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Let us revisit the example discussed in the introduction of
a constructive agent having a belief set based on the infor-
mation that —p is not true and apply this notion to investigate
the example of trying to remove the information that p from
their beliefs.

Example 5. Let L = (L,Cn) be the Classical Proposi-
tional Logic, C' be the consequence operator of Intuitionistic
Propositional Logic, and p € L a propositional symbol of L.
Take B = {——p}, then Blp = {J} and thus B —p = &,
for any belief base partial meet contraction —. However,
BJ_gcp = {B}

Notice in Example 5 that the partial meet belief base con-
tractions defined in £ and in L differ substantially, in the
sense that there is no operation for which the result of B —p
coincides in both logics. In the next section, we will discuss
how we can construct contraction operations for the logic
L from partial meet contractions in the logic £, thus re-
moving the requirement for C' to be compact in order to ob-
tain such operations.

4.2 Hyperintensional Partial Meet Belief Base
Contraction

To deal with the problem of providing an adequate answer to
the example illustrated above, we will introduce the notion
of a hyperintensional remainder set.

Definition 6. Let £ = (L, C'n) be a monotonic and compact
logic, C be a L-sound consequence operator, B < L be a
set of formulas and ¢ € L a formula of L. We define the
hyperintensional remainder set of B by , relative to C, as
the set:
B1%p = {B' < Blp¢ C(B')and3B" € Blys.t.
B// C B/}

The hyperintensional remainder set of B by ¢, relative to
C, contains all the subsets of B that do not imply ¢, accord-
ing to the hyperintensional consequence operator C, while
maintaining a maximal amount “safe” information in B, i.e.
that does not imply ¢ according to Cn.

Lemma 7. Let £ = (L,Cn) be a monotonic and compact
logic, C be a L-sound consequence operator. For any B <
Landpe L, Blp < B1G.

We can understand the hyperintensional remainder set of
B by ¢ as a set of approximations of the ‘optimal’ sets that
do not imply ¢ according to C. If C' is monotonic and com-
pact, the notion of ‘optimal’ commonly adopted in the liter-
ature is that of maximality and, indeed, all maximal subsets
of B that do not imply ¢, according to C, are in BL% .

Lemma 8. Let £ = (L,Cn) be a monotonic and compact
logic, C be a monotonic and compact L-sound consequence
operator. Forany B < Land pe L, Bl < B1%.

With that, we can define the class of hyperintensional par-
tial meet belief base contractions, as usual.

Definition 9. Let L = (L, C'n) be a monotonic and compact
logic, C be a L-sound consequence operator, and B < L be
a set of formulas. We say a belief base change operator — :
2L x L — 2L is a hyperintensional belief base contraction



Proceedings of the 19th International Conference on Principles of Knowledge Representation and Reasoning
Main Track

on B, according to C, iff there is a selection function =y s.t.
forany ¢ € L:

B—p=[1(BLSy).

From Lemmas 7 and 8, it is easy to see that every par-
tial meet belief base contraction (on C'n or on C) is a hy-
perintensional partial meet belief base contraction, in which
the selection function always selects elements of Bl ¢y
(BLlzow). Thus, our notion is more general than that of
Hansson, while maintaining the desideratum of preserving
the maximal amount of ‘safe’ information from the agent’s
belief state.

Corollary 10. Let £ = (L,Cn) be a monotonic and com-
pact logic and C' be any L-sound consequence operator, ev-
ery partial meet belief base contraction in L is a hyperinten-
sional belief base contraction. Further, if C is a monotonic
and compact L-sound consequence operator, every partial
meet belief base contraction in L¢ is also a hyperinten-
sional belief base contraction.

Let us see that this notion can actually be used to give a
proper response to our running example.

Example 11. Ler £ = (L,Cn) be the Classical Proposi-
tional Logic, C be the consequence operator of Intuitionis-
tic Propositional Logic, and p € L a propositional symbol
of L. Take the constructive agent with beliefs B = {——p},
then B1Gp = {&,{——p}}. Clearly B € BLSp and, thus,
there is some hyperintensional belief base partial meet con-
traction —on B s.t. B—p = B.

To characterise this operation, as commonly pursued by
the AGM tradition, we will employ the following postulates
- a modification of Hansson and Wassermann’s (2002) pos-
tulates for belief base contraction.

(inclusion) B — o € B
(C-success) If ¢ ¢ C(), then p ¢ C(B — )

(hyperintensional uniformity) If for any B, B” < B it
holds that

1. o e Cn(B)iff p € Cn(B’)

2. p ¢ Cn(B’) and ¢ € C(B’ v B”) implies that there
is some B” < Bst. B < B”, ¢ ¢ Cn(B") and
'l/) c C(B/// U B//)

3. ¢ ¢ Cn(B’) and v € C(B’ v B”) implies that there
is some B” < Bst. B’ < B”, ¢ ¢ Cn(B") and
(p c C(B/// U B//)

then B— ¢ =B —1

(hyperintensional relevance) If ¢ € B\B — ¢, there is

some B’ € Bst. B—yp € B, ¢ ¢ C(B')buty ¢

B’ and ¢ € Cn(B’ u {¢}). Furthermore, there is some

B" € B's.t. o ¢ Cn(B”) but p € Cn(B” U {£}) for any

¢e B\B".

The postulate of (inclusion) states that no information not
currently believed by the agent will be included in her belief
state after performing a contraction. The postulate of (C-
success) states that the agent will not believe the information
being removed after contraction unless it is a C-validity. The
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postulate of (hyperintensional uniformity) reinforces Hans-
son’s original (uniformity) requiring that the contraction op-
eration coincides for any two formulas when they behave
similarly with respect to the logic Cn, but also with respect
to C' in the subsets of a belief base B. Finally, the postulate
of (hyperintensional relevance) states that if a formula 1) is
removed in a contraction, there is a set containing a maximal
set with respect to Cn, in which ¢ can be used to prove the
information to be removed.

With these postulates, we can prove the characterisa-
tion of hyperintensional partial meet belief contraction for
a monotonic logic C.

Proposition 12. Let £ = (L, Cn) be a monotonic and com-
pact logic, C be a monotonic L-sound consequence oper-
ator, and B < L be a set of formulas. If — is a hyper-
intensional belief base contraction on B, then — satisfies
(inclusion), (C-success), (hyperintensional uniformity) and
(hyperintensional relevance).

Proof. The proofs for (inclusion), (C-success) and (hyper-
intensional relevance) are immediate by construction. Let’s
show that (hyperintensional uniformity) holds.

Take o, € L satisfying the hypothesis, we only need to
show that BLSy = BL1Ey. From ¢ € Cn(B') iff ¢ €
Cn(B’) for every B’ < B, we conclude that Bl = B11.

Take B’ € BLG ¢, thenp ¢ C(B’). As B' € BLSp, then
there is some B” € Bly s.t. B € B’. As Blyp = Bly,
we just need to show that 1) ¢ C(B’). Suppose 1) € C(B’),
then ¢ ¢ Cn(B”) and ¢ € C(B” v B'\B"). By hypothesis,
there is some B” < Bst. B” € B”, o ¢ B” and ¢ €
C(B"” v B'\B"). However, B” € Blyp, thus B” = B”
and p € C(B"uB\B") = C(B’), which is a contradiction.
Thus, v ¢ C(B’) and B’ € BLE.

O

More yet, any operation satisfying these postulates are hy-
perintensional partial meet belief base contractions.

Theorem 13. Let £ = (L,Cn) be a monotonic and com-
pact logic, C' be a monotonic L-sound consequence opera-
tor, and B < L be a set of formulas. The operator — is a
hyperintensional belief base contraction on B iff — satisfies
(inclusion), (C-success), (hyperintensional uniformity) and
(hyperintensional relevance).

Proof. Proposition 12 already showed that hyperintensional
belief base contractions satisfy the postulates when C' is
monotonic. Let us show that any belief base change oper-
ation satisfying these postulates is a hyperintensional belief
base contraction.

Let » : 21 x L. — 2© be a belief base change operation
satisfying the four postulates for a given belief base B. Let
us construct a selection function  that coincides with the
result of B x ¢ for any (.

Define v : 22° — 22" a function s.t. v(BLZy)
{(BeBlSp|Bxpc B} if BLSp # & and
v(BLE ) = {B}, otherwise.

We need to show that - is a selection function and that B x
© = (BLS ). First, it suffices to see that if BLE ¢ =
B1G1, then it holds that for any B’, B” < B: (i) ¢ €
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Cn(B')iffp e Cn(B’), (i) ifp ¢ Cn(B')and p € C(B'u
B"), it holds that there is some B” < B s.t. 1» ¢ Cn(B")
and ¢ € C(B” u B"), and (iii) if ¥ ¢ Cn(B’) and ¢ €
C(B’ v B”), then it holds that there is some B” < B s.t.
v ¢ Cn(B") and ¢ € C(B" u B"). By (hyperintensional
uniformity) of x, B x ¢ = B * 1) and, thus, 7(BJ.€<,0) =
Y(BLG). Further, v(B LG @) # & if BLEp # &, as (i)
if p ¢ Cn(B * ¢), it holds that there is some B’ € BLy <
BlGpst. By < B and (i) if ¢ € Cn(B * ¢), by
(hyperintensional relevance) there isa B’ € Blp sit. ¢ ¢
C(B'uBx*yp), thus B'UB*p € B1% ¢ and, by construction,
B’ U B * ¢ € v(BLZy). Additionally, if BLS ¢ = & then
v(BLS ) = {B}, i.e. 7 is a selection function.

Letus show that Bxp = [)y(BL% ). Well, by construc-
tion, it is easy to see that Bxp < () (BL% ), then we only
need to show the opposite inclusion. Take ¢ € () y(BLE ),
then for any B’ € BLS ¢ s.t. Bx ¢ < B, € B'. Suppose
1) ¢ Bx, then by (hyperintensional relevance) of x, there is
some B'S Bst. B—p < B,y ¢ B and p ¢ C(B’), and
thereis B” € B’ s.t. ¢ ¢ Cn(B”) butp € Cn(B" u{¢}) for
any ¢ € B\B". Clearly, B’ € v(BL% ), but ¢ ¢ B’, which
is a contradiction to 1 € (| 7(BLE% ). Thus, 1 € B * ¢.

O

5 Belief Set Contractions

In their seminal work, AGM defines a class of operations
over the set of theories of a logic £, i.e. sets of formulas
satisfying X' = Cn(K). These sets of formulas represent
the beliefs currently held by an agent. Belief Set Change
operations, thus, represent how the currently held beliefs of
an agent may be changed due to some new information. As
discussed before, changes in belief sets and changes in be-
lief bases may differ in nature for non-classical logics. In
fact, the notion of belief set as a consequentially-closed set
only applies to Tarskian logics, since for logics not satisfy-
ing idempotence (c.f. Section 3), there is no guarantee of
the existence of such theories. As such, we need to gener-
alise this notion to the context of non-classical logics.

Definition 14. Let £ = (L, Cn) be a logic. The set of theo-
ries of L, denoted by Th(L), is the set of all conclusions of
some set of hypotheses, i.e.

Th(L) = {Cn(B) | B < L}.

We say a logic L is closed under intersection if its set of
theories is closed under intersections, i.e. for any T,7T" €
Th(L), T nT" € Th(L). That is a common property of
Tarskian logics, in fact of any monotonic and idempotent
logic, but may not hold for all logics considered. Closure
under intersection will be an important property of the logics
to guarantee the existence of contractions that we investigate
in the following.

We call, following AGM, a belief set any element of
Th(L), representing the beliefs of the agent obtained from
the representation of their belief state as a set of formulas.
Belief set contractions are, thus, functions that change the
belief set of an agent. Notice that, since different belief bases
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can give rise to the same belief set and representing the ex-
plicit beliefs of an agent is an important feature for hyper-
intensional modellings of belief change, taking the original
belief state of the agent into consideration when computing
changes is of great importance. As such, we will employ
pseudo-contractions (Santos et al. 2018) to construct belief
set contractions in our work. Let us define this notion for-
mally.

Definition 15. Let £ = (L, Cn) be a logic. We say a func-
tion = 21 x L — 2% is a belief set change operation if
B * o € Th(L) for any B and .

Finally, as our logics are not necessarily Tarskian, we
need to establish a differentiation among the notions of a
remainder set, as defined in Definition 3, used to define par-
tial meet belief base changes, and a different notion, which
we call residual beliefs, used to define partial meet belief set
changes. The set of residuals describes the possible sets of
beliefs after removing an information ¢ from an epistemic
state described by a belief base B. Differently then remain-
der sets, residual sets do not preserve the structure of the
epistemic state, i.e. the agent’s explicit doxastic commit-
ments.

Definition 16. Ler £ = (L,Cn) be a monotonic and com-
pact logic, C be a L-sound consequence operator, B < L
be a set of formulas and ¢ € L a formula of L. The set of
belief residuals from B by , according to L, is the set
BArp ={Cn(B’)| B'€ Bly}.
Similarly,
BAr,p={C(B')| B € BLy}.

Similarly to what we did for belief base change, in Def-
inition 6, we will also define a hyperintensional notion of
residuals, with which we define different notions of hyper-
intensional belief set contractions. Analogously to hyper-
intensional remainders, hyperintensional residuals describe
the subsets of the agent’s beliefs that do not support the in-
formation ¢ and contain some residual of the agent’s beliefs
after removing ¢, representing the hyperintensional belief
(sub)sets in which information ¢ does not hold, but main-
tain some maximal amount of “safe” information.
Definition 17. Let £ = (L, Cn) be a monotonic and com-
pact logic, C be a L-sound consequence operator, B < L
be a set of formulas and ¢ € L a formula of L. The set of
hyperintensional belief residuals from B by ¢, according to
L, is the set

BaArs,p= {C(B')|B < B,p¢C(B') and there is
KeBAg.pst. K< C(B')<C(B)}.

5.1 Partial Meet Belief Set Contraction

As for belief base contractions, let us define partial meet
belief set contractions, as defined by AGM.

Definition 18. Ler £ = (L, Cn) be a monotonic and com-
pact logic, and B < L be a set of formulas. We say a belief
set change operator — : Th(L) x L — Th(L) is partial
meet belief set contraction on B iff there is a selection func-
tion vy s.t. forany p € L:

B—p=(\1(BALp) N Cn(B).
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Notice that, as is the case for AGM belief contraction
and Hansson’s belief base contractions, it is not always the
case that partial meet belief set contractions coincide with
the consequence of a partial meet base contraction. In fact,
take B = {p,p — ¢}, then Blp = {{p — ¢}}, thus
BAp = {Cn({p — ¢})}, while Cn(B)Lp = {Cn({p —
q}),Cn({q})}. This means that there is some partial meet
belief base contraction — s.t. for any partial meet belief set
contraction ©, B O p # Cn(B) — p. The reason for this is
that Cn(B)Lp does not preserve the structure of the belief
state B, as we intend to do.

Example 19. Let £ = (L,Cn) be the Classical Proposi-
tional Logic, C be the consequence operator of Intuitionis-
tic Propositional Logic, and p € L a propositional symbol
of L. Take the constructive agent with beliefs B = {——p},
then BAp = {Cn(&)} and thus B — p = Cn(J), for any
belief set partial meet contraction —.

We will employ the following postulates to characterise
partial meet belief set contraction for any monotonic and
compact logic closed under intersection.

(logical closure) B — o = C(T"), forsome I < L
(logical inclusion) B — p < Cn(B)
(success) If p ¢ Cn(F), thenp ¢ B — ¢

(uniformity) If for any B’ < B, ¢ € Cn(B’) iff ¢ €
Cn(B'),then B— ¢ =B —1

(logical relevance) If ¢ ¢ Cn(B)\B — ¢, then there is
some B’ € Bst. B— ¢ < Cn(B’), p ¢ Cn(B’), and
peCn(B v {y})

We will omit the proof of this characterisation since it is
a simple modification of the one presented by Hansson and
Wassermann (2002) to consider the set BA ¢ instead of
Blo.

From the same structure of partial meet belief set contrac-
tion, we can define different notions hyperintensional be-
lief set contraction, varying the elements used, i.e. substi-
tuting BA o for BAr, ¢ or BAg, g, substituting Cn(B)
for C(B), etc. These variations give rise to different oper-
ations previously investigated in the literature by Santos et
al. (2018), Souza (2020) and Souza and Wassermann (2021),
as well as some interesting new ones. In this work, we will
focus on only two of them.

5.2 Belief Set C-base Contraction

Based on the definition of (a subclass of) belief base con-
tractions using AGM contractions by Hansson, Souza and
Wassermann (2021) proposed the notion of C'-base contrac-
tions, a generalisation of the C-dependent contraction previ-
ously studied by Santos et al. (2018) and Souza (2020). C-
base contractions are hyperintensional contractions in that
they consider hyperintensional differences in the belief base
to compute a contraction, generalising the reasoning behind
Hansson’s (1992) belief base contraction to any hyperinten-
sional consequence C.

Definition 20. Let £ = {L,Cn) be a monotonic and com-
pact logic, C' be a L-sound consequence operator, and
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B < L be a set of formulas. We say a belief base change
operator — : 2F x I — 2& is a C-base belief set contraction
on B iff there is a selection function -y s.t. for any ¢ € L:

B—¢=(\y(BALp) N C(B).

Let us apply this definition to investigate our running ex-
ample.

Example 21. Ler L = (L,Cn) be the Classical Proposi-
tional Logic and C' be the consequence operator of Intuition-
istic Propositional Logic and p € L a propositional symbol
of L. Take the constructive agent with beliefs B = {——p},
then BAp = {Cn(&)} and thus B — p = C(Q), for any

belief set C-base contraction —.

Notice that, in general, (|y(BAy) n C(B) is not a C-
theory, i.e. (v(BAg) n C(B) ¢ Th(L¢). Thus, to prop-
erly characterise this operation as a hyperintensional belief
set contraction, we must require a further property of the
logic C': upward closure under intersection.

Given a logic £ = (L,Cn) and a L-sound consequence
operator C. We say L is upwards closed under intersection
if it is closed under intersection and for any 7' € Th(L) and
T € Th(Lc), itholds that T nT" € Th(Lc).

To characterise belief set C-base contractions, we employ
the following postulates - a modified version of those pre-
sented previously (Souza and Wassermann 2021).

(logical closure) B — ¢ = C(I"), forsome I" € L
(C-logical inclusion) B — p < C(B).
(success) If o ¢ Cn(), then p ¢ B — ¢

(uniformity) If for all B < Cn(B), it holds that ¢ €
Cn(B')iff p € Cn(B’),then B—p =B — ¢

(C-local logical relevance) If ¢ € C(B)\B — ¢, then
there is some B’ < B, s.t. B—p < Cn(B’), p ¢ Cn(B’)
and p € Cn(B' U {¥}).

Again, the proof of this characterisation, for any logic
L upwards closed under intersection, can be obtained by a
simple modification of the proof provided previously (Souza
and Wassermann 2021) to account for the use of the residual
set BArp.

5.3 Hyperintensional Partial Meet Belief Set
Contraction

Finally, analogously to how we defined hyperintensional
partial meet belief base contractions, we can define a general
notion of hyperintensional belief set contraction that allows
us to approximate changes in the agent’s beliefs to remove
certain information. Differently than Definition 9, however,
by using hyperintensional residuals, we are concerned not
with the structure of the agent’s resulting epistemic state but
which beliefs are maintained by the agent after contraction.
As a result, hyperintensional belief set contractions can se-
lect the hyperintensional subtheories of an agent’s beliefs
which do not imply the information to be removed.

Definition 22. Ler £ = (L, Cn) be a monotonic and com-
pact logic, C be a L-sound consequence operator, and
B < L be a set of formulas. We say a belief set change
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operator — : 2 x L. — Th(Lc¢) is a hyperintensional C-
dependent belief set contraction on B, according to C, iff
there is a selection function vy s.t. for any ¢ € L:

B—¢=(1(Bacop) n Cn(B).

As for hyperintensional partial meet belief base contrac-
tions, hyperintensional partial meet belief set contractions
seek to obtain hyperintensional subtheories of the agent’s
belief set Cn(B), i.e. elements K € Th(Lc) st. K <
Cn(B), which do not prove the formula being removed. As
for partial meet belief set contractions, it is not always the
case that (7(Bazop)) = C(N1(BLSp)), so there is
some hyperintensional partial meet belief base contraction
— for which there is no hyperintensional partial meet belief
set contraction © satisfying B — p = B O ¢.

Again, we can employ this operation to study our running
example.

Example 23. Let L = {(L,Cn) be the Classical Proposi-
tional Logic, C be the consequence operator of Intuitionistic
Propositional Logic, and p € L a propositional symbol of L.
Take the constructive agent with beliefs B = {——p}, then
Bacop = {C(D), C({——p}}. Clearly C(B) € BArc.p
and, thus, there is some hyperintensional belief set partial
meet contraction — s.t. B—p = C(B).

We can thus see that the hyperintensional residual set
BA..p contains subtheories of C(B) that do not prove p.
To characterise this operation, we will employ the following
postulates:

(logical closure) B — p = C(T"), for some I' < L
(C-logical inclusion) B — ¢ < C(B)
(C-success) If o ¢ C(F),then o ¢ B — ¢

(hyperintensional uniformity) If for any B, B” < B it

holds that

1. ¢ e Cn(B)iff p € Cn(B’)

2. ¢ ¢ Cn(B') and ¢ € C(B’ u B”) implies that there
is some B” < Bst. B' < B”, ¢ ¢ Cn(B") and
Y e C(B" uB")

3. ¢¥ ¢ Cn(B’) and ¢ € C(B’ u B”) implies that there
is some B” < Bst. B < B”, ¢ ¢ Cn(B") and
(p c O(B/// U B//)

then B—¢ =B —1

(hyperintensional logical relevance) If 1 € Cn(B)\B —

o, thereis some B’ € B, s.t. B—p < C(B'), p ¢ C(B’),

and ¢ ¢ C(B’), but ¢ € Cn(B’ U {¢}). Further, there

issome B” < Bs.t. C(B") < C(B'), ¢ ¢ Cn(B") but

pe Cn(B" v {¢}) forany £ € B\B".

We can show that these postulates characterise hyperin-
tensional partial meet belief set contraction for all mono-
tonic and upwardly closed under intersection logics L.

Theorem 24. Let £ = (L,Cn) be a monotonic and com-
pact logic, C' be a monotonic L-sound consequence oper-
ator with Lo an upwardly closed under intersection logic,
and B € L be a set of formulas. An operation — : 2F x [, —
Th(L¢) is a hyperintensional belief set partial meet con-
traction iff it satisfies (C-logical inclusion), (C-success),
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(hyperintensional uniformity), and (hyperintensional logical
relevance).

Sketch of the proof. Satisfaction of the postulates is similar
to that presented in Proposition 12, with (logical closure)
following from upward closure by intersection of Lo. To
prove the characterisation, construct the selection function
Y(BAz.)p ={B € BAg.¢|B— @< B'}if BAp, ¢ #
& and y(BAz,p)p = C(B), otherwise.

To prove that -y is selection function, similarly to the proof
for hyperintensional partial meet base contraction, it suffices
to see that (hyperintensional logical relevance) implies that
if BAg,p # & then v(BAg,p) # & and (hyperinten-
sional uniformity) implies that if BA..o = BAg.% then
V(BA»ch) = 7(BACC¢)'

To show that B — ¢ = v(BAz.¢) n Cn(B), it suffices
to see that B — ¢ € y(BA.¢) n Cn(B) by construction
and that for any ¢ € v(BAz.¢) n Cn(B), ¥ € B — ¢ by
(hyperintensional logical relevance). O

6 AGM Contractions and Hyperintensional
Belief Set Contractions

In this section, we wish to explore whether AGM belief con-
traction can be understood as a form of partial meet hyperin-
tensional belief contraction, as studied in this work. The mo-
tivation for such investigation lies in the fact that the notions
of AGM contraction and partial meet contraction coincide in
several logics of interest but diverge in some non-classical
logics (Ribeiro 2013). Thus, we investigate whether these
notions can be reconciled within a broader framework that
explains these previous results.

Flouris (2006) studied the definability of AGM contrac-
tion operations, i.e. operations satisfying the original AGM
postulates, in Tarskian logics, obtaining sufficient and nec-
essary conditions for such definability. Let us introduce
these notions in order to compare our hyperintensional belief
change operations and AGM contractions.

Definition 25. (Flouris 2006) A tarskian logic £ = {L,Cn)
is said to be decomposable if forany B < L and ¢ € L, with
p & On(), the set
K% ={B' cB|p¢ Cn(B')ACn(B) = Cn(B"u{e})}
is not empty.

Flouris introduces the notion of decomposability as the
possibility of constructing a contraction, i.e. that there is a
set that is an admissible result for a contraction by a formula,

for any set B and any formula . Further, the author shows
that all Tarskian and boolean logics are decomposable.

Theorem 26. (Flouris 2006) Any Tarskian logic L
(L, Cn) that is also boolean is decomposable.

Flouris (2006) show that decomposability is a neces-
sary and sufficient condition for the definability of AGM-
compliant contraction operations.

Proposition 27. (Flouris 2006) Let L = {L,Cn) be a de-
composable logic and — : Th(L) x L — Th(L) be a belief
change operation. — is an AGM contraction, i.e. satisfies
AGM’s six original postulates, iff for any K = Cn(K) and
v ¢ Cn() it holds that K — p € K~¥.
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From AGM’s original characterisation of AGM contrac-

tions as partial meet contractions, it is easy to obtain the
following result.
Proposition 28. Let £ (L,Cn) be a monotonic and
compact logic, and C' be a tarskian, boolean and compact
L-sound consequence operator. For any set of formulas
K ¢ Lst. K = C(K) and formula ¢ € L, it holds that
any set K' € K st. ¢ ¢ K and K = Cn(K' v {¢}),
K'e KJ_[;C ®.

From that, we can obtain the simple result that, if the logic
L is compact and boolean, every AGM contraction on £
can be obtained as a hyperintensional contraction on L.

Corollary 29. Let £ = (L,Cn) be a monotonic and com-
pact logic, and C' be a tarskian, boolean and compact L-
sound consequence operator. Let — : Th(L¢) x L —
Th(Lc) be an AGM contraction on C, then there is a hy-
perintensional C-base contraction © s.t. forany K < L s.t.
K =C(K)and p € L, it holds that K — ¢ = K © ¢.

This result is not particularly surprising since the connec-
tion between partial meet contractions and AGM contrac-
tions for boolean and compact logics has been known since
the seminal work of AGM. It seems, however, that these con-
nections cannot be extended further if the logic £ does not
satisfy one of such properties. Consider the following exam-
ple.

Example 30. Consider the tarskian logic L = {(L,Cn),
with L = {a‘? b7p07p17 40,41, } and Cn with:

Cn(L)=1L

Cn(D) = &

Cn(a) = Cn({p1}) = Cn({p2}) = -+ = {a,po, 1, }
Cn(b) = Cn({a1}) = Cn({g2}) = -+ ={b,q0. 1, -}
Cn({po}) = {po}

Cn({q0}) = {qo}

Cn({pi,q;}) = Lfori,jeN
Take also the L-sound consequence C with the following

structure:
C(L) =L
C(D) =

C(a’) Cn({p()vplv"'} = {aap()apla'“}
C(b) = Cn({quqlv"' } = {baquQI7”'}
CE{pi}) ={po, - -pi} forieN

C({pi.q;)) = Lfori,i € N

Clearly, Cn is boolean and compact and C' is boolean.
Consider the agent with a belief set K = C(a), there is a
set K' = 3 K s.t. C(K'u{a}) = Kand K' ¢ K1%a.
Thus, there is some AGM contraction — with K — a = (J
that is not a hyperintensional belief set contraction, for any
of such notions investigated in this work.

More yet, Ribeiro (2013) shows a compact and non-
distributive logic in which the notions of AGM contraction
and partial meet contraction do not coincide. This indicates
that these notions may be irreconcilable for non-boolean or
non-compact logics.

7 Final Considerations

As Berto and Hawke (2021) point out, a useful framework
for epistemic logic needs to be both robust enough, i.e. have
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enough logical structure, to allow one to draw interesting
conclusions regarding epistemic phenomena, and flexible
enough as to be able to encode disputing positions in the
philosophical and logical literature. We believe our frame-
work for hyperintensional belief change achieves this bal-
ance by allowing the construction of a broad class of belief
change operations for a wide range of non-classical logics
while still guaranteeing minimal criteria (or properties) for
minimal change.

Besides the connections with belief change in non-
classical logics, established in (Souza and Wassermann
2021), our approach also is similar, in some sense, to the
idea of approximate belief change (Chopra, Parikh, and
Wassermann 2001). In their work, Chopra et al. (2001) aim
to approximate belief contraction operations on a logic £
through belief change operations for a sequence £-sound
consequence operators C. Our approach, however, em-
ploys belief change operations in the “well-behaved” logic
L to construct (or approximate) belief change operations in
the logic defined by a £-sound consequence operator C.

Notice that, by encoding hyperintensional reasoning us-
ing the relation among two different consequence opera-
tors C' and Cn, our approach is general enough to be con-
nected to different foundational theories of hyperintension-
ality - such as the structural perspective underlying the struc-
tured propositions tradition (Cresswell 1975) and the infor-
mational perspective of Berto’s (2019) mereological treat-
ment. This allows the investigation of dynamic phenom-
ena in several modellings of hyperintensionality. In fact,
the connection of these operations to one such framework,
namely impossible-world semantics, is the object of future
work developed by the authors.

Our framework also provides a richer setting to study the
connection between different competing notions of rational
belief change in the literature as partial meet belief change
and AGM belief change. Our results indicate, for example,
that these two notions may be irreconcilable in a wide vari-
ety of logics.
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