Proceedings of Machine Learning Research vol 145:1137-1160, 2021 2nd Annual Conference on Mathematical and Scientific Machine Learning

Hessian-Aided Random Perturbation (HARP) Using Noisy
Zeroth-Order Queries

Jingyi Zhu JINGYL.ZHU @JHU.EDU
DAMO Academy, Alibaba Inc., Bellevue, WA

Editors: Joan Bruna, Jan S Hesthaven, Lenka Zdeborova

Abstract

In stochastic optimization problems using noisy zeroth-order (ZO) oracles only, the randomized
counterpart of Kiefer-Wolfowitz-type method is widely used to estimate the gradient. Existing al-
gorithms generate the randomized perturbation from a zero-mean unit-covariance distribution. In
contrast, this work considers the generalization where the perturbations may have non-isotropic
covariance matrix constructed from the ZO queries. We propose to feed the Hessian-inverse ap-
proximation into the covariance of the random perturbation, so it is dubbed as Hessian-Aided Ran-
dom Perturbation (HARP). HARP collects two or more (depending on the specific estimator form)
zeroth-order queries per iteration to form approximations for both the gradient and the Hessian.
We show the almost surely convergence and derive the convergence rate for HARP under stan-
dard assumptions. We demonstrate, with theoretical guarantees and numerical experiments, that
HARP is less sensitive to ill-conditioning and more query-efficient than other gradient approxima-
tion schemes with isotropic-covariance random perturbation. !

Keywords: stochastic optimization, simultaneous perturbation, gradient-free methods, Hessian
approximation

1. Introduction

Stochastic approximation (SA) is a class of recursive procedures to locate roots of equations in
the presence of noisy measurements, see Spall (2005, Chaps. 3-8) for details. When only noisy
zeroth-order (ZO) oracle is available (see Larson et al. (2019) for a comprehensive review), it is
common practice to generate deterministic perturbation (Kiefer and Wolfowitz, 1952; Blum, 1954)
or random perturbation (Ermol’ev, 1969; Katkovnik and OY, 1972; Spall, 1992) in finding extrema.
SA methods that utilize ZO oracle only have regained their popularity in evolutionary strategy (as
an alternative to reinforcement learning) (Salimans et al., 2017; Mania et al., 2018) and adversar-
ial image attack (Kurakin et al., 2016; Carlini and Wagner, 2017). To the best of our knowledge,
majorities of the existing random-perturbation-based methods generate the perturbation from a dis-
tribution with a mean of zero and a covariance of identity of scalar matrix, which enforce that every
component of the perturbation vector is of the same magnitude on average and is independent with
all other components. The resulting gradient estimate may not be robust to scaling and correlation
of different parameters, and the non-robust estimation may further slow down the optimization pro-
cess. Therefore, this work establishes the theoretical guarantee for the SA procedure using random
perturbation with non-identity covariance. Specifically, we feed the Hessian inverse approximation
into the perturbation covariance, so the newly-proposed method is dubbed as Hessian-aided random

1. Part of the work was presented at the 12th International Workshop—a venue that does nor have publication proceed-
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perturbation (HARP). HARP exhibits faster and more stable convergence performance other SA
algorithms in ill-conditioned problems, for which we provide both the theoretical analysis and the
numerical illustration (via universal image attack).

We now describe the problem setting. Let © € R? concatenate all the adjustable model param-
eters. Let the system stochasticity be represented by the random variable w € €2, whose underlying
distribution IP is generally unknown. Consider finding the minimizer for a twice-differentiable
bounded-from-below loss function L(-) : R? i R:

0" = arg min L(0), where L(0) = Eqp [¢(0,w)] . (1)
0cR?

In (1), the loss function L(-) : R — R measures the underlying system performance, and the ran-
dom variable £(-, -) : R? x Q ~ R evaluated at (0, w) represents a noisy observation of L(8) when
one realization of w ~ P is drawn from (2. Besides, the evaluation of the noisy ZO queries £(0, w)
is generally expensive. Under this setting, we implement the generic stochastic approximation (SA)
algorithm: X R X

Orr1 = O —argr(Or), k>1, 2

where ék denotes the recursive estimate at the kth iteration, gk(ék) represents the estimate for
the gradient g(0y), and a;, > 0 is the stepsize. Let us focus on the following gradient estimation
scheme using two ZO queries per iteration:

. 0O + ckAy, ;) — U0y — e Ak, W,
9:(01) = (B 1 crd k)2ck( R TR k)mk(Ak)a (3)

where cj, represents the differencing magnitude, the d-dimensional random perturbation vectors Ay,
is assumed to be drawn from a distribution with 0-mean and Zgl-covariance, and the mapping
my(-) : R? — R%is odd. The details will be discussed momentarily.

As for the statistical structure between w: and w,_, two classical scenarios are considered. The
first one where wzr and w,, are independent and identically distributed will be termed as IID. The
antithesis of IID, where w: = w,,, will be referred to as “common random number” (CRN), and it
typically arises in simulation-based optimization.

1.1. Prior Work on Gradient Estimation Using ZO Queries

The generic form for gradient estimate in (3) subsumes random direction stochastic approxima-
tion (RDSA) (Ermol’ev, 1969; Ermoliev, 1983) with A being uniformly distributed on the unit
spherical surface and my(Ax) = dAy, smoothed functional stochastic approximation (SFSA)
(Katkovnik and OY, 1972) with Ay, being standard multivariate normally distributed and my(Ay) =
Ay, simultaneous perturbation stochastic approximation (SPSA) (Spall, 1992) with each compo-
nent of Ay, being Rademacher distributed and m(Ajy) = Ay, and many other variants. Overall,
majorities of SA schemes enforce the covariance matrix Z,;l > 0 for the random perturbation Ay
to be the identity matrix or a scalar matrix. Although the randomized scheme (3) exists for a long
time and demonstrates numerical advantages over FDSA (Kiefer and Wolfowitz, 1952), theoreti-
cal foundation regarding the optimal choices of Ay, is lacking and extra caution is required in its
implementation.

We propose a novel algorithm dubbed as Hessian-aided random perturbation (HARP). The
choice of feeding Hessian approximation into X is motivated by mitigating the shortcomings of
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3t = I in Section 2.1, analyzed theoretically through proving the almost surely convergence and
convergence rate in Section 4.2, and demonstrated through two numerical experiments in Section 5.
Previously, in both stochastic optimization (Spall, 2000) and deterministic optimization, the Hes-
sian approximation is applied in parameter update only. HARP adaptively changes the covariance
E,;l of the perturbation Ay, using Hessian approximation, so that one can conveniently handle the
issues pertaining to the scaling and correlation of different parameters, see Section 2.1. Compared
with prior algorithms using unit-covariance random perturbation, HARP exhibits faster and more
stable convergence performance, especially in ill-conditioned problems.

Maheswaranathan et al. (2018) considers a non-isotropic X, yet it is built upon the assumption
that both ZO and first-order queries are accessible—which is no longer derivative-free/black-box.
Ye et al. (2018) shares some similarities with us in terms of leveraging the Hessian estimate to
achieve faster convergence. The results therein have to be interpreted carefully: the random per-
turbation Ay, affects both the gradient and the Hessian estimates at every iteration, yet the proofs
ignore the randomness lying in the Hessian estimate.

1.2. Overview and Contribution

The remainder of this paper is organized as follows. Sect. 2 conveys the motivation behind adding
structures to the covariance matrix for the random perturbation and presents implementation details
of HARP. Sect. 4 provides theoretical justification (including the a.s. convergence and the rate
of convergence) for (2) under IID noise. Sect. 5 illustrates the numerical performance of HARP
and other ZO algorithms. Sect. 6 includes some concluding remarks and envisions some future
directions. Before proceeding, let us outline the key contributions.

* We present a general framework of gradient estimation techniques and prove its theoretical
properties (including almost surely convergence and rate of convergence). Its ZO queries
per-iteration may range from one to four based on Zhu (2021), depending on the structure of
the perturbation sequence. This framework unifies existing methods in Sect. 1.1 where the
mapping my(-) in (3) is deterministic. This framework allows us to explore new possible
ways of constructing perturbation and design new algorithms beyond the existing ones by
allowing my(-) to be random and measurable with respect to the information available up till
time k.

* We propose a new algorithm called “Hessian-Aided Random Perturbation” (HARP). The
choice of feeding Hessian approximation into ¥ is driven by our theoretical analysis in
Section 4 and demonstrated in our numerical experiments in Section 5. Previously, in both
stochastic optimization (Spall, 2000) and deterministic optimization, the Hessian is applied in
parameter update only. HARP adaptively changes the covariance 3, of the perturbation Ay
using Hessian approximation, so that one can conveniently handle the issues pertaining to the
scaling and correlation of different parameters, see Section 2. Theory and numerical exper-
iments show that HARP outperforms other gradient approximation schemes whose random
perturbation has an identity/scalar covariance matrix, especially for ill-conditioned problems.

2. Motivation and Pseudo-Code

Let us provide the motivation for HARP here and then present the pseudo code.
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2.1. Why Use Non-Isotropic Covariance ¥ ~! for Random Perturbation A?

Prior work summarized Section 1.1 enforce 3;, = I. Let us illustrate the potential setback while
estimating the gradient in (3) via SPSA/SFSA scheme with 7! = 3 = I and m(A) = A. The
RDSA algorithm where X is a scalar matrix can be similarly discussed.

2.1.1. DIFFERENT SCALINGS ON INDIVIDUAL DIRECTIONS

One salient feature of 3 = I is equal diagonal elements. Note that each diagonal element of
>~"2 linearly impacts the absolute value of the corresponding component of A. Consequently,
the resulting SPSA/SFSA estimate g(é) will subsequently perturb every component of 0 in (2) by
the same magnitude on average. Naturally, feeding Hessian estimate into 3 arises from generating
gradient estimate that is robust to different scalings on each direction of the underlying loss function.

Suppose we try to minimize L(0) = (10007 +02) whose optimum is the origin. For illustration,
suppose the initial estimate 0= [1,1]", the differencing magnitude ¢ = 0.1, and we get to observe
noise-free loss function for the moment.

SPSA uses independent Rademacher-distributed random perturbation ASPSA whose four equally-
likely possible values are [1,1]7,[1,—1]",[—1, —1]%, [-1, 1]". The expectation of the gradient es-

timate IE o sesa [§57SA(0)] equals the true gradient g(8) = [100, 1]” now that noise-free ZO queries

are accessible. However, the Euclidean norm of its covariance matrix Var asesa [QSPSA(é)] is in the
order of 10*. SFSA using ASFSA ~ A(0, 1) also gives an unbiased gradient estimate, but the
corresponding covariance matrix’s magnitude is twice as large as that for SPSA for this example.

HARP (algorithm details to appear) draws AHARP from a distribution with 0-mean and a co-
variance = H (0)~!, where H () represents the estimate for the Hessian function H (0) =
V2L(0) evaluated at ©. Let us defer the discussion on estimating H (-) and suppose H(-) is
perfectly recovered for the moment. Letting AHARP — [H(0)]~"/2ASPSA and m(AHARP) —
H (6)AHARP s 4 valid choice. Note that any distributions satisfying C.2 to appear are welcomed,
as they will on average impose 10% of the change magnitude in 65 onto that of 01. Predictably, the
resulting estimator gHARP () is unbiased too. Nonetheless, the covariance matrix of gHARP(8) has
a Euclidean norm of 2 x 102, which is smaller than 10* for SPSA/SFSA.

2.1.2. CORRELATION ACROSS DIRECTIONS

Another salient feature of 3 = I is zero off-diagonal elements. It immediately follows that the
perturbations along all the components of A are independent with each other. Fortunately, feeding
Hessian estimate into 32 innately helps in generating gradient estimate that is robust to various
correlations between different components of the parameter.

Say, the loss function of interest becomes L(0) = (10007 + 03 + 010,) with an extra cross-

A~

term, and © and c stay the same. Similarly, we have unbiased gradient estimator gS?54(9) and
gHARP(9). However, the covariance magnitude of the former is around 4 x 10* while the latter is

around 8 x 102.

2.1.3. HARP

The aforementioned contrived example explains that we can reduce the variance of the gradient

estimator g(0) in (3) by also estimating Hessian matrix on the fly. The gain from the gradient-
estimation side can be further propagated to a gain from the optimization perspective. With a more
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reliable (in terms of smaller variance) gradient estimator, we can expect and prove that HARP can
reduce the variance of the parameter estimate © generated from (2).

2.2. Algorithm Development

Though 2.1.3 lays out the main motivation of HARP—reducing the variance of gk(é 1) in gradient
estimation and subsequently reducing the variance of 0 in stochastic optimization—there are a
few gaps need to be handled before we carry out the intuitive idea of injecting Hessian estimate into
perturbation covariance.

)

The Hessian information has to be estimated in black-box problem. Fortunately, there are
prior work on estimating Hessian using ZO oracles. The deterministic-perturbation strategy
in Fabian (1971) uses O(d?) ZO queries per iteration. The randomized-perturbation scheme
in Spall (2000) uses four ZO queries per iteration, and Bhatnagar and Prashanth (2015) uses
three Z0O queries (but the Hessian estimate involves multiple contrived constants). Zhu (2021)
extends these estimators with the aid of Stein’s Identity. All the Hessian estimation H(® (0)is
computed recursively based on the gradient estimate g(G) after collecting ZO queries.

To form a Fi-measurable second-order approximation, HARP is comprised of two recur-
sions, a natural form inspired by 2SPS A Spall (2000) is

Hy, = {mk(sk)[mk(Ak)]T + mk(Ak)[mk(&k)]T} Ok /(dexC) - )

In (4), ¢, and ¢ are the differencing magnitudes, the d-dimensional random perturbation
vectors A and Ak are drawn from a distribution with O-mean and 33, L_covariance, the
mapping my(-) : R? — R is odd, and ¢, = E(Gk + cpLAL + ckAk, k’+) — ﬁ(ék +
CcL AL, w;r) — f(ék — AL + Ek&ka w;’J“) + é(ék — cp Ap, w;)

Inspired by Zhu (2021) (5) provides another estimator when Ay, is drawn from multivariate
standard normal distribution and my(-) i 1s an identity mapping. For succinctness, write the
noisy ZO queries Zk = [(Gk + cAy, wy; ) and /;, = E(Gk, wy), and write the observation

noise sk = Ei L(0y, + cAy) and ¢, = ¢, — L(},). Depending on the number of noisy
Z0 queries per iteration, we have several possible Hessian estimates Zhu (2021):

e 20 my(AR) AL 1], (5a)

o ) Gl — ) lma (AR AT - T, (5b)

(2¢0) 71 (6 + ) Imu(An) AL — 1], (5¢)

(2¢0) M6 + 6, — 260) [mi(Ap) AL — 1] (5d)

A valid covariance matrix has to be positive-definite, i.e., 3 > 0. However, due to the

randomness w in (1), there is no guarantee that the random matrix H (é) can be a valid
covariance matrix a.s. To ensure positive-definiteness of the covariance matrix, we impose
a mapping f(-) from R%*? to the set of symmetric and positive definite matrices at every
iteration. The straightforward form for f(-) is the Levenberg-Marquardt method: f(H) =
H + nlI for n larger than the smallest eigenvalue of the input matrix H. Another possible
mapping is f (H) = (H” H+nI)"/? for smalln > 0 (say, 10-5), which can be implemented
in O(d?) FLOPs (Zhu et al., 2020), where the matrix square root is the unique positive-definite
square root (implementable via sgrtm in MATLAB).
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Overall, we propose to solve the stochastic optimization problem (1) using the recursion (2)
to mitigate i)—ii), where the gradient estimate gy (0y) takes the form in (3) where the perturbation
covariance 3l is computed as below:

{ ¥ = fe(Hy), (6a)
Hy = Hy —wip(Hy, — Hy,), (6b)

for k£ > 0 with weights wy, > 0. To handle i), (6b) produces estimate for H (-) through a weighted
average of the seen Hessian estimates H,’s. The weights wy, governs the smoothing rate for Hessian
estimate and ), w,%c,;4 < oo is crucial to ensure the convergence of (1). For Hy = I, the
early iteration of HARP resembles the randomized-perturbation strategy reviewed in Sect. 1.1.
Responding to ii), (6a) imposes a positive-definite mapping on the recursive Hessian estimate H .
Zhu et al. (2020, Algorithms 1-2) provides a way to achieve O(d?) FLOPs. Other forms of f(-)
satisfying conditions in Spall (2000) also work.

The implementation procedure for HARP using estimator (5) is summarized in Algorithm 1.
This special case requires Ay is drawn from multivariate standard normal distribution and my(-)
is an identity mapping. For other general distribution of Ay, additional hyper-parameter ¢ and
random perturbation A § are required per (4).

Algorithm 1 A Special Case of Hessian-Amended Random Perturbation

Input: initialization ég, IEIO =1, 3¢ = I, and coefficients ay, ¢, wy for 0 < k < K.
1: set iteration index k = 0.
2: fork=0,1,--- K do
generate A from a distribution with mean-0 and a covariance of 2,;1 per (6a) and com-
pute mk(Ak) = EkAk.
collect two ZO queries Ef and estimate gk(é ) via (3).
update parameter 0 1 via (2).
estimate H, & via (5) and update H, via (6b). > We may collect /i, is if (5d) is used.
end
Output: terminal estimate Ok.

2.3. Notation Convention

Matrix and vector operations Let A € R?*? be a matrix and let & € R? be a vector. ||| returns
the Euclidean norm of @, |||« returns the infinity norm of &, and || A|| returns the spectral norm
of A. If A is real-symmetric, Apin(A) and Apax (A) return the smallest and the largest eigenvalues
of A. The binary operator ® represents the Kronecker product.

Probability and SA conventions Let Fj represent the history of the process (2) until the kth
iteration:

‘Fk‘:{é()a"',ék‘;Aoa"'vAk‘—l;wOi"”7wj—1}' (7)

Note that the precise definition of F; may vary, depending on the estimator forms (5) and the
corresponding ZO queries. Furthermore, let E(-) denote the conditional expectation [ -| Fy].
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Miscellaneous notation [y represents the indicator function of a logical expression F. In addi-
tion to g(8) = VL(0) € R and H(0) = V2L(0) € R¥, we also let V3L(0) € R1*® (asa
row vector) represent the third-order derivative of L(-) evaluated at 0.

3. Performance Metric

Before analyzing HARP listed in Algorithm 1, let us discuss the metric that evaluates the algorithm
performance.

3.1. Convergence Mode

Now that all randomness in ék stemming from €2 x A, it is standard practice to measure the
algorithmic performance of the recursions (2) by showing

6}, converges almost surely (strongly) to 8%, (8), == 8*) (8)
or
0k converges to 0" in mean-squared sense,, (ék % 9%). 9

Robbins and Monro (1951) gave conditions for (8) whereas Blum (1954) for (9)>. We will prove
(8) in Section 4.

3.2. Rate of Convergence

When either (8) or (9) is shown, finding the rate of convergence naturally follows. The asymptotic
root-mean-squared (RMS) error [I(]|0) — 0*||)%]'/? of the underlying estimate 0}, is a sensible

measure of the distance between the 0, and 0™ average across all sample paths. Therefore, we aim
to find the smallest upper bound T* such that £*/2(8, — 6*) = Op(1) for all T9 < T*, which is

formalized as:
maxgs T, ) . ) (10)
s.t. random sequence (0 — 0*) is Op(k~7?),

where the hyperparameter set S includes all the controllable stepsizes, and both T and Op(1) are
functions of S. Thanks to the algorithmic form (2), the decomposition (18), and Billingsley (2008,
Sect. 27), the constraint in (10) always takes the following form:

K728, — 0%) % A (u, B) for finite u, B = 0, (11)

where 8% represents “convergence in distribution,” and (T, u, B) are functions of S. When (11)
holds and [k7?(0; — 0*)] is uniformly integrable for any T < t*, (9) holds. The RMS error is
asymptotic to limy_,.o[B(]|0x — 0%]|2)]/2 = k~72[||u||? + tx(B)].

2. Neither (8) nor (9) implies the other (Billingsley, 2013, Chap. 5). Both (8) and (9) imply convergence in probability
and convergence in distribution.
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3.2.1. FURTHER REMARKS ON RMS

To minimize the RMS, it makes more sense to perform
msin{k—T/Q IME +tr(B)]} : (12)

as opposed to (10). When k is small, the finite constant [||t|> +tr(B)] that are hidden from the big-
O notation O(k~"/?) can be dominating. For sufficiently large , the effect of the scaling coefficients
dies down, and (12) reduces to (10). Sections 4.1-4.2 show that the solution to (10) is

. { 2/3,  for IID noise, (13)
T =
1, for CRN noise, (14)

when L(-) is is non-quadratic® and three-times* continuously differentiable.

3.2.2. ITERATION AND QUERY COMPLEXITY

The complexity analysis for (2) is straightforward when the RMS metric (12) is in use. To achieve
e-accurate estimate 0y, s.t. [E(]|0, — 0*?)]Y* < e, (15)

the the average desired number of iteration is

N O(e~3), IID noise,
(IizsuByyey= = § O, notse (16)
O(e™2), CRN noise.
3.3. Other Forms of “Convergence” Rate
Nesterov and Spokoiny (2017, Sect. 4) uses the following notion
e-accurate estimate 0y, s.t. E[L(6;) — L(8*)] < e, (17)

as opposed to (15), and (17) is popular for analyzing ZO algorithms (Ghadimi and Lan, 2013).
Let us offer a few remarks on the differences between (15) and (17). First of all, the resultant
“convergence” rate under the notion (17) require non-decaying rate. Zhu (2020, Chap. 4) points out
that ék will not converge to ©* in standard statistical sense (either a.s. or m.s. in Subsection 3.1)
when a; # 0. In fact, there is no “convergence” per se Zhu and Spall (2020), as ék will be
“random-walking” within a neighborhood of 0* even for sufficiently large k£ Zhu and Spall (2018).
Second, Nesterov and Spokoiny (2017); Ghadimi and Lan (2013) and all the subsequent work on ZO
algorithms require additive CRN noise, and the corresponding analysis can not be generalized to the
general CRN noise case discussed in Section 4.2, not to mention the IID noise case in Section 4.1.
Third, the complexity result (Nesterov and Spokoiny, 2017, Eq. (59)) does not reveal the eigen-
structure of H (-) under certain smoothness assumption. On the contrary, B in (11) conveys all
the eigen-information of H (0*), as we shall see momentarily. It makes more sense that the RMS
should be larger for ill-conditioned problems compared with well-conditioned problems. Last but

3. For a quadratic function L(-), T = 1 for both IID and CRN noise.
4. For a function L(-) that is p-times continuously differentiable for odd p, the fastest rate for the RMS is O (k= 7~ /27),
which goes to O(k~"/?) as p — oo (Fabian, 1971).
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not least, [E(||6), — 8*]|2)]"/? < e implies E[L(8;) — L(6*)] < €', but generally not the other way
around.

Overall, the notion (17) and the analysis in Nesterov and Spokoiny (2017); Ghadimi and Lan
(2013) are useful when (i) additive CRN noise scenario is possible, and (ii) the experimenter aims to
report an acceptable output within the neighborhood of 6* given a limited iteration/query complex-
ity. In fact, the non-decaying gain does provide better performance under a budget-limited context
(Zhu and Spall, 2020, 2016). Finally, it is advisable to use “concentration” and “concentration rate”’
Kushner and Yin (2003, Chaps. 7-8).

4. Convergence Result

4.1. IID Scenario

Although all estimators in (5) has bias term decreasing at the same rate, we use (5d) which has
the smallest covariance matrix Zhu (2021). For clarity, this section analyzes g, in (3) (using two
ZO queries) and I:Ik in (5d) (using three ZO queries). Besides, we focus on the uncontrolled
noise scenario where w;f, wy, are i.i.d., frequently encountered in datastream for online learning.
O(k~"?) in terms of root-mean-square (RMS) error [E(||6), — 0*||2)]"/2 is the fastest rate possible
for ar, = O(k™Y), ¢, = O(k~Y%), 3", wie, * < oo, when L(-) is thrice continuously differentiable
and is not quadratic. The difference between Algorithm 1 and prior work in Sect. 1.1 lies in the
covariance of the resulting estimate.

As pointed out in Subsection 3.2.1, not only the rate itself but also the scaling coefficient play
a role in the algorithmic performance. This section first show the a.s. convergence of the estimate
0 , generated from (2) when the covariance of the perturbation sequence may be varied, and then
discuss the impact of the perturbation covariance on the finite constant [||u||? + tr(B)].

4.1.1. ORDER OF BIAS AND VARIANCE OF §;(6})

Let us first discuss the bias-variance trade-off in g (é x) for IID noise. Several assumptions are im-
posed on the underlying loss function L(-), the procedure to generate random perturbation Ay,
especially the Fj-measurable covariance matrix X, and the observation noise ef = ((0f +

CkAk, (,Uzt) — L(ék + CAk) and &L = f(ék, (,Uk) — L(ék)

Assumption A.1 (Loss Function) Assume that there exists some K, such that for k > K, LB)(@)
evaluated for all © in an open neighborhood of 0, exists continuously and ||L®)(0)||s < D1
almost surely (a.s.).

Assumption A2 (Perturbation) Assume that the perturbation sequence { Ay} are independently
distributed with a mean of 0 and a covariance matrix 2,;1. Meanwhile, the mapping my(-) is

an odd function. Moreover, both Ay and my,(Ay) are independent of 0. Finally, assume that
B [my(Ar) Ar] S T and By[|| Agl|® | mu(Ag)||2] < Dy uniformly for all k.

Assumption A.3 (Noise) Assume E[e; — ¢} | 0, Ayl =0, and E[(e]f — ¢;,)? O, A a'gs' D3
uniformly for all k.

a.s.

Remark 1 For example, m(Ay) = XAy, is a valid choice to enable E[my(Ay)AL] = I for
all k. Alternatively, we may generate independent and identically distributed (i.i.d.) sequence {8y}
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. . . —1
from a zero-mean and unit-covariance distribution, and then let A}, = X, / *8k and my(Ay) =

EZ/QSk. Also note that By [|| Ay ||S|my(85)||?] being bounded implies all the lower-moments are
bounded.

A.1 and A.3 are assumptions imposed on the underlying loss function and the stochasticity,
which we are not aware of in blackbox optimization, yet they are fundamental so that the resulting
estimators make sense. On the contrary, C.2 is some verifiable conditions that the experimenter can
control. Let us first discuss the asymptotically unbiasedness of both the gradient estimator and the
Hessian estimator. Note that gk(ék) in (2) can be thought of as an estimate of g(ék) and can be
rewritten as:

1(0%)
= g(0k) + Ex[gx(0r) — g(0x)] + {91 (6x) — Exlgr(6x)]}
= g(0x) + Br(0r) + £x(05), (18)

where B,(0},) represents the bias of §;,(0},) as an estimator of g(0}), and &(8;) represents the
noise term.

Lemma 1 When assumptions A.1, A.2, and A.3 hold,

Br(61) = LB {[LP(8)) + LO@))(Ar © Ax © Aymi(Ap) | (19)
+ — - ~
£x(00) = L5y (a4) + (81 AT — T1g(01)

) .
n %[L(:a)(g;) +LO(0,)](Ar ® Ap ® Ap)my(Ag) — Be(0k),  (20)

where 6; is some _convex combination of ék and (ék + ¢ Ag). Overall, the magnitude of the
bias term Ty ||B1(0y)|| is O(c?), and the second-moment of the noise term Ey[||Ex||?] is O(c,?).
Besides, the Hessian estimator (5d) satisfies E(Hy) == H(0;) + O(c}) and E (| Hy|?) =
O(c,h).

Discussion on A.1 The O(c?) bias and O(c; %) variance in Lemma 1 remain valid when the
“three-times continuously differentiablility” in A.l is changed to “twice-continuously differen-
tiablility and Lipschitz Hessian.” Under such condition, we may still obtain Ey || (0x)|| = O(c3)
and By [||€4(8)] = O(c;?).

4.1.2. ALMOST SURELY CONVERGENCE

With the gain sequence properly weighting the bias and variance in gradient and Hessian estimators,
we can establish the almost surely convergence 0;, == 0* as k — oo.

Assumption A 4 (Iterate Boundedness and ODE Condition) Assume ||0y|| 2 00 forall k. Also
assume that ©* is an asymptotically stable solution of the differential equation dx(t)/dt = —g(x),
whose solution under initial condition xo will be denoted as x(t| xo). Moreover, let D(0*) =
{@o : limy 00 2(t| 20) = O*}. Further assume that 0y, falls within some compact subset of D(0*

infinitely often for almost all sample points.
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Assumption A4’ (Unique Minimum) Assume that ©* is the unique minimizer such that sup{||0|| :
L(8) < L(0*) + C1} < oo for every Cy > 0, infjjg_g«>c,[L(0) — L(0%)] > 0 for every Cy > 0,
inf|jg_g+|>cy [19(0)[| > 0 for every C3 > 0. Moreover, there exists some K, such that for k > K,
H (") satisfies | H(0)||so < D4 for all © in an open neighborhood of 0, a.s.

Assumption A5 (Stepsize) aj, >0, ¢, >0, ar, =0, ¢, =0, ), ap =00, >, aiclf < 0.

Theorem 1 (Almost Surely Convergence) Under the assumptions A.1, A.2, A.3 (as in Lemma 1),

along with A.4 and A.5, we have 0, "2 0* a.s. and H, g H(0") a.s.

Theorem 1’ (Almost Surely Convergence) UnderA.l, A.2, A.3, along with A.4’ and A.5, we have
~ a.s.
i) |0kl < oo forallk.
i) Oy "% 0% a.5. and and H, o H(06%) a.s.

Discussion on A.4 and A.4’ First of all, note that neither A.4 nor A.4’ implies the other. More-
over, H (-) being strongly convex is a sufficient condition for both A.4 and A.4’. Nonetheless,
strong convexity is not a necessary condition for either A.4 and A.4’. Therefore, both Theorem 1
and Theorem 1’ imply a.s. convergence when L(-) is strongly convex, but they also imply the
a.s. convergence result for functions that are more complicated beyond strongly convex functions.
Kushner and Clark (1978, pp. 40-41) discusses why the iterate-boundedness in A.4 may not not a
restrictive condition and could be expected to hold in most applications.

4.1.3. ASYMPTOTIC NORMALITY

Additional assumptions are needed to facilitate the weak convergence result.

Assumption A.6 (Additional Conditions on Perturbation and Noise) Assume that there exists a
> = 0 such that j, "= . There exists some Cy > 0 such that Er[[[mr(Ag)||?T] Z 0o and

E[(e) — £;)2+C4| 01, Ay T uniformly for all k. Finally, H(6*) > 0.

Remark 2 Note that under IID scenario for the observation noise, we have E[ (¢} — ¢;)? } Ok, Ay —

IVar(£(0%, w)) a.s., where the variance is taken over w € . This is due to 0}, == 0* shown
Theorem I and c, — 0 assumed in A.5S.

We now show the rate of convergence of HARP in Algorithm 1. According to A.5, we use
ar = o/k* and ¢, = ¢/kv for k > 0, where o € (1/2,1] , andy € (0, x — 1/2). Granted, there are
other forms for stepsizes (a, cx). However, they do not necessarily provide improved rates (Sacks,
1958). Before stating Theorem 2, we introduce extra notations. Let T = «—2y and T4 = T-[15—13.

Let T, = aH(0}) with 0}, being some convex combination of 0, and 0%, t;, = —ak:T/QBk(ék),
and vy, = —ak Y EL(O).

Theorem 2 (Asymptotic Normality) Assume A.1, A.2, A.3, A.4 or A.4’, A.5, and A.6 hold. Pick
a > T+/[2Amin (H(0%))] and & < 6y, we have

K720 — 0°) &5 A (u, B) | Q1)
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where (u, B) satisfies the linear system (22) and the Lyapunov equation (23) respectively:
(T —wlj2)u=t, (22)
2 *
a*Var[((0*, w)] 5
2c2
In (22-23), T = limy oo Ty = aH(0%), the Var[l(0*, w)] and 3 are defined in Remark 2 and
A.6 respectively, and

(T —wI/2)B + B(T" — 1+1/3) = (23)

2
t= lim t = ———To 6y ELP(0%) - (A® A® A) - m(A)], 24)
k—o0 6

where A is 0-mean and ¥~ '-covariance.

Remark 3 Bartels and Stewart (1972) provides the explicit solution to (23):

2 * 0
B=12 Varz(f )] / el (+1/2-T) gt (4 1/2-T) gy (25)
c 0

4.2. CRN Scenario

This section considers the CRN noise scenario, where the fastest rate O(k~"/?) for RMS is achieved
when & = 1 and y > 1/4. Here, the bias-variance trade-off as arising in Lemma 1 no longer applies,
see Lemma 2, whence Section 4.2 has a faster convergence rate compared to Section 4.1. The
previous assumption on the noise is now changed for the CRN scenario.

Assumption A3’ (CRN) wy(= w; = wy) are i.i.d. and are independent from Fy. Let g(-,-)
R? x Q +— R? be the partial derivative of (0, w) w.r.t. 0. Assume that ||g(0,w)|lec < Ds
uniformly for all © and a.s. for all w.

Lemma 2 (Second Moment of gk(é k) WhenA.l, A.2, and A.3’ hold,
A /A \2117 &.S. A 2 a.s. A 2
Er{llge(0)°[} = Ellg(0k, wi)[|” + o(1) = / Q\Ig(ek,w)H dP(w) + o(1). (26)
we

The a.s. convergence result is similar to Theorem 1 or Theorem 1°. The corresponding proofs
are similar using Lemma 2. We turn to finding the convergence rate directly. Before stating The-
orem 3, we define some notations. Let ocy = & - [q—1y. Let T'y = aH (01) with O being some

convex combination of 0, and 0%, t; = —ak:“/Qﬁk(ék), and vy, = faik(ék).

Theorem 3 (Asymptotic Normality) Assume A.1, A.2, A.3’, A4 or A4’, A5, A.6. Pick a >
%t [ [2Amin (H(0%))] and o < 4y, we have

k2(8), — 0*) L% A(0, B), 27
where B satisfies
(T — «+I/2)B + B(TT — «+I/2) = % . (28)
Here, T’ = limy_,oo T'y = aH (0"), and X has elements
Fy =Ty [ 180" @) PIP@) + Ty [ (0" 0)lla0" @) dP(w). @)
where [g(0*, w)]; denotes the ith component of g(0*, w).
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Recall that in IID scenario, (21) involves a nonzero p when the fastest rate O(k:fl/ %) is achieved
at («,y) = (1,1/6). On the contrary, in the CRN scenario, the mean in (27) is zero when the fastest
rate O(k~"/?) is achieved whenever («,y) = (1, > 1/4).

Remark 4 The asymptotic result shows that the covariance structure Xy (— X) for Ay no longer
impacts the asymptotic normality (rate of convergence). Instead, the moments of g(0*, w) takes
over given the assumed differentiablility of the random function (0, w) in A.3".

4.3. Comparison Between HARP and SPSA

Let us see what happens when X, — ¥ = H(0*). Let us write out (25) in Remark 3 for « < 6y.
Let the eigen-decomposition of H(0*) be PAPT, for orthogonal matrix P and diagonal matrix
A = diag(A1,- -+ ,Ag). Then B in (23) equals PM P”, where the (i, j)th elements of M is

a*Var(£(0*, w
2¢2

) (PTSP); j(ah; +ahj —14) .

mi; =

For all the algorithms listed in Subsection 1.1, with 3, = I, the trace of the covariance term is
asymptotic to

2 d
Var Z 2aN;i — 14)7L, (30)

whereas HARP in Algorithm 1, with 3, = H), — H(0*), gives

d

a?Var[((0*, w)] Z 1
. (3D

2c2 — 2a — /N

Note that both (30) and (31) diverge when any one of the eigenvalues of H (0*) is close to zero.
Nonetheless, (31) is smaller than (30) when A; < 1 for some 1 < ¢ < d, under which circum-
stance the iteration complexity (16) of HARP can be better than that of SPS A—at the cost of two
additional ZO queries per iteration, see the last line in Algorithm 1.

5. Numerical Illustration

We now present two empirical examples to demonstrate the fast optimization and the wide applica-
bility of HARP.

5.1. Synthetic Problem: Skew-Quartic Function

Section 4.3 demonstrates that HARP performs better under ill-conditioned problem. This synthetic
example uses the skew-quartic function in Spall (2000) as the true loss L(:) in (1). The corre-
sponding Hessian has one single large eigenvalue and (d — 1) close-to-zero eigenvalues. This loss
function is poorly-conditioned. The noisy loss observation £(6, w) in (1) is the true loss corrupted
by an i.id. A(0,1) random noise. We use d = 20 and initialize 8¢ within [—20, 20]%. We use
ar = o/(k+1+4)* with &« = 0.602 and A equals 10% of the iteration number, ¢ = ¢/(k+1)¥ with
v = 0.101. Number of replicates is 25 (i.e., all the plots below are averaged performance over 25
replications). The corresponding implementation details ca be found at the attached code. The al-
gorithm we compare against is SPSA (Spall, 1992), which has comparable/better performance than
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other algorithms reviewed in Section 1.1. During the implementation, both SPSA and HARP use
exactly four ZO queries each iteration, so the query complexity aligns with the iteration complexity.
We see from Figure 1 that that HARP with 3 = H  outperforms SPSA with 3; = I for the
ill-conditioned problem of minimizing a skew-quartic function.

—_

-~ SPSA
0.8
B —HARP
B 0.6
- \
2 M
= 0.4 % o
= i
<] iz
= S T
L \ i
E T
S
0 0.5 1. 1.5 2
Iteration 4
x10

Figure 1: Performance of SPSA and HARP in terms of normalized distance Hék—e*H/ |60—6*| aver-
aged across 25 independent replicates, and both algorithms use four ZO queries per iteration. The
underlying loss function is the skew-quartic function with d = 20, and the noisy observation is
corrupted by a NV (0, 1) noise.

5.2. Universal Image Attack As A Finite-Sum Problem

We consider the problem of generating black-box adversarial examples universally for I > 1 images
(Chen et al., 2017; Cheng et al., 2018) using zeroth-order optimization methods. We consider the
constrained problem

I
1
ming L(0) = |03 + = > loss(Z; + 0),
NN
=1.(0) =t (32)
ELQ(G)
s.t. (¢ + 0) € [—0.5,0.5]%, Vi,

where the constraint is to normalize the resulting pixels within the range [—0.5,0.5]%. The loss(-) :
R? — R imposed on each image takes the form

loss(¢) = max {pS(C,i)— max [ps(C,j)]}, (33)

i1<i<C j#i1<<C

where ps(C, ) denotes the prediction score of the i-th class given the input . The model ps(-, -)here
is trained using the structure specified in Carlini and Wagner (2017). Note that 21‘1:1 loss(¢;+0) =
0 when the chosen images {Ci}le are successfully attacked by the universal perturbation ©. The
noisy loss observation £(0, w) is

J
1
00, w) = k[0 + 5 > 10ss(C(w) +0), (34)
j=1
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for J < I, and the J indexes {i1(w), - ,iy(w)} are i.i.d. uniformly drawn from {1,--- I}
(without replacement).

Consider (32) with k = 1/10. The I images arising in (32) are those correctly classified by the
trained model. d = 784 for MNIST dataset. The algorithm we compare against is ZO-ADAMM
(Chenetal., 2019). Both algorithms are initialized at éo = 0, i.e., no attack is imposed initially. The
Z0-query per iteration for both algorithms is 60, so the query complexity aligns with the iteration
complexity. We perform 25 independent replicates, each with K = 1000 iterations. The stepsizes
are ay = 9/(k+1+A4)9-62 and ¢, = ¢/(k+1)°-191. The details of the hyper-parameters are in the code
attached.

200 === ZO-AdaMM
—— HARP

EI! 260 460 E(IJU B(iﬂ IUICID
Iteration
Figure 2: Average (expected) loss function evaluation of ZO-ADAMM and HARP in terms of loss

after K = 1000 iterations averaged across 25 independent replicates. The query complexity aligns
with the iteration complexity.

Figure 2 shows that HARP exhibits faster convergence rate than ZO-ADAMM given a fixed
query-budget. Recall that the loss function L(-) is the sum of the magnitude cost L;(-) and the
attack loss Lo(-). Here Lo(-) measures the attack loss on I = 10 images of the letter three, and its
noisy query is evaluated using a batch-size of one. E[Lg(é k)] for ZO-ADAMM and HARP are
approximately 9.8 and 0.2. A close-to-zero Lo(-) loss is equivalent to a close-to-one attack success
rate.

6. Concluding Remarks

This work proposes HARP to use the second-order approximation from ZO queries in both the
random perturbation and the parameter update, and demonstrates its superiority in ill-conditioned
problems theoretically in Section 4.3 and numerically in Section 5. Note that all the prior work use
an identity/scalar matrix as the covariance matrix for the perturbation A and use a deterministic
mapping my(-). This work shows the benefits of using non-isotropic matrix as the covariance
matrix for Ay and a stochastic mapping my(-) which is Fi-measurable. This generalization allows
experimenters to incorporate various self-learning structure on the random directions Aj—at the
cost of two additional ZO queries per iteration, see Algorithm 1.

Some potential future work includes (1) the generalization to root-finding problem where the
Jacobian matrix is possibly asymmetric®; (2) the generalization to the one-measurement counterpart

5. Note that in our discussion, the Hessian matrix for minimization problem is symmetric.
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to (3) as Spall (1997) to further reduce query complexity; (3) the extended discussion on global
convergence in line of Maryak and Chin (2001); (4) the extension to constrained minimization
problems, and the follow-up discussion when sparsity-promoted constraints are imposed; (5) the
potential exploration on (early) stopping SA iterations based on the root-mean-squared error; (6)
other forms of 3, including diagonal forms to reduce floating point operations per iteration.
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Appendix A. Supplementary Proofs

Proof [Proof for Lemma 1] First consider the bias term Bk(ék) of gk(ék) as an estimator for

g(6p).
Er[gr(0)]
o, L6y + CkAk)zsz(ek — CkAk)mk(Ak) + i [mé((sz)E[(sﬁ - 5;)‘ O, Ak]]

(35)
a.s. A Cz 3) A+ 3) A
= By (A0 AFlg(0) + EE{[LP(0)) + LO©@,))/(Ar ® Ac® Agmy(Ay) }

(36)
= g(0r) + Br(O4), (37)

where equation (35) uses Chung (2001, Thm. 9.1.3 on p. 315), equation (362 uses the third-order
Taylor expansion with mean-value forms of the remainder and E[efg — sﬂ 0, Ar] = 0in A3,

equation (37) uses the expression (19) and Ej [m(A;) AT] 2 I assumed in A.2. Then

TN

C

~ a.s.
Ex[lBr(8x)] < gllL(S)(e)HooEk[HAk ® Ap @ Agll|lmi(Ag)l] (38)
2
as. C
= nglEk[llAkH?’mk(Ak)] (39)
as. 2
<% pyp,, (40)

where inequality (38) uses the mean-value theorem ([, | f1(z) fo(x)| dz < sup,ep | f1(2)| [5 | f2(2)] dz
for two functions f; and f> and some domain of integration D), equality (39) uses the independence
between 0 1 and Ay assumed in A.2 and Lancaster and Farahat (1972), and inequality (40) uses A.2.
The representation of E,k(é k) in (20) follows directly from (18) and (19).

We then consider the second-moment of Ek(é &) through the following computation:

. as L(© AL) — L0y — cA 2
Ej {”gk(ek)”2} = Ey {H (O + e k)2 (O — e k)mk(Ak) } (41)
Ck
1
+ 2 Beley — &) lme(Ap)|] (42)
Ci,
1 A .
+ ﬁEk [L(Bk + CkAk) — L(ek — CkAk)](EZ — 8;)“mk(Ak)H2 .
20k
(43)

The term on (42) becomes 0(0,22) because

Bil(ef — & )2llmp(An) 2] 2 By I (AOIPEL (6 - e7)? 0, AK)]  @4)
= Dy - By[llmi(Ag)[) (45)
< DsDs. (46)
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where inequalitx (44) uses Chung (2001, Thm. 9.1.3), inequality (45) uses A.3 and the indepen-
dence between 0 and Ay, and inequality (46) uses A.2. The term on (43) becomes zero thanks
to Chung (2001, Thm. 9.1.3) and IEJ[&%|r - s;‘ 0k, Ag] assumed in A.3. The term on (41) can be

bounded from above by Da||g(6})]|? + O(c2), as

Ep {H L(Oy + ckAy) — L(0k — crAy) 2}

A
2¢p M (Ar)

= [g(01)] " Er{Ar[mi(Ay)] " my(Ar) AT }g(0r)
2

+ ilEk

2

n C’“[g<ék>]TEk{Ak[mkmkmw) @)+ LO@,)] x (Ar® Ay & Ak>mk<Ak>}

(L& @0) + LP0,)](Ar © Ar ® Ay)my(Ay)

6
=0 (|lg(84)]12) + O(c). (47)

thanks to A.2 and third-order Taylor expansion. B _
If we adopt the Hessian estimator form in (4), we shall first consider the term E,:lﬁkmk(A k)-

E(Elzlzkmk(gk)’ Ok, Ax) = g(0, + crAy) — g(0), — crAy) +0(ch) (48)

where the O(c}) term in (48) is the difference of the two O(c?) bias terms in the one-sided gradient
approximations for g(0y, &+ ¢;A}) in ¢ Wpmy(Ay) and ¢, = O(cy,). Hence, by an expansion of
each of g(0y, + ¢, Ay), we have for any i, j

Z -~ a.s. A
E (2 3 mkmk)[mkmm\ fk,Ak) S F(8,) + 0(c2), (49)
CiCh

where (49) uses (48) and Ej,(my(Ay)A]) = I in A.2. Note that the O(cz) term in (49) absorbs
higher-order terms in the Taylor expansion of g(é k+ crAg) — g(ék — cpAy) in (48). Another
symmetrization operation of (QCkEk)*lzkmk(ﬁk)[mk(Ak)]T gives the latter part of (4), in order
to ensure a symmetric Hessian estimate. Given (49), the statement that H, 2N H (6*) follows
from the Theorem 1 or Theorem 1°, the updating recursion (4), the algorithmic form in Algorithm 1
and the corresponding analysis in Zhu et al. (2020).
If we adopt the Hessian estimator form in (5), we can conclude that Ey, (H},) 2 H(0;,)40(c)
and By (|| Hy||?) = 0(0;4) using C.2 and following Zhu (2021, Proof of Lemma. 3).
|

Proof [Illustration for Paragraph 4.1.1] The proof directly follows from the second-order Taylor
expansion and the Lipschitz Hessian condition on the remainder terms.

Ek[gr(61)]
e, | HOL 0B PO 0B )| 4 [T (e )]0 ]|
= Fyfmi(A0)ATlg(0) + LE {ATH(E,) - H(E,)A) (50

)
»

"g(61) + Br(61),
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where (50) follows from the second-order Taylor expansion. Then 3 k(é k) satisfies

ExBe(O0)]] < FE (AT 00)]126cAl]] Ar} (51)
Z0(}) (52)

where the O(1) in (51) represents the Lipschitz parameter of H (). Note that the explicit scaling
constant in (52) is no longer available as (19).

Proof [Proof for Theorem 1]
Under assumptions A.4, and A.5, we known from Kushner and Clark (1978, Thm. 2.3.1 on p.
39) that Thm. 1 holds when the following two conditions hold:

i) [|B#(8x)]| < oo for all k and B, (65) — 0 as.
i) limy_o0 P {supjzk 1577, ai&i(8y)]| > n} — 0 foranyn > 0.

Obviously, i) holds thanks to Lemma 1. Under assumption A.3, Ek(ék) defined in (20) is an Fp-
martingale. Using Kushner and Yin (2003, Eq. (4.1.4)), we have

J o0
P {sup 1 ai&i(8:)]] > n} < B ) aiki(:)] (53)
izk ok i=k
=177 aE|&(8)]°, (54)
i=k

where inequality (53) uses Markov’s inequality, equality (54) uses E|] E,i(éi)TEj (éj)] = {&;(0,)"E] &; (éj) é]]} =

0 for all ¢ < 5. Given A.5, ii) is also satisfied. The a.s. convergence from 0 to 0* is arrived. |
Proof [Proof for Theorem 1°] Let us first show part i). Under A.4°, we have

Ex[L(0)]

o
»

IN%

Ek{uéwauméwvmxm»+lh

ai A A Y12
5 ||gk(9k)||} (55)

a.s. R R R a2 ~
2 101 — axllg(@I + xOD a0 + 2% [0() + 0(6?) + O(la (01 )?
(56)
~ ~ ~ a? ~
ngw—%M@@W+Oww%mwwWHXﬁi»+O(é)+OWMMWMF

I

S.

~ ~ 2
< L(6y) — ‘;i (Hg(ek)H - 0(c§)) +0 (a2c2) + O(aZe?) ,for large k s.t. O(az) < 1/2,
(57)

where (55) uses A.4’ and mean-value theorem, (56) uses Cauchy-Schwartz inequality and (41)—(43),
and (57) uses A.5.
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Therefore, for sufficiently large k, we have

IS

A~ .S.

E4[L(0x) — L(0°)] £ L(8x) — L(0%) + Oa}) + Oatei®)  — % (g0 - 0(e))” |
(58)

Under A.4” and A.5, Lai (1989, Thm. 1) ensures that the nonnegative random variable [L(é ) —
L(07)] converges to a finite random variable on a.s. Now that A.4” assumes sup {||0]| : L(0) < L(0*) + C1},

the boundedness of L(0}) a.s. implies the iterate boundedness supy, ||0 < oo a.s.

Next we show part ii). When (58) hold, Robbins and Siegmund (1971) ensures that limy,_, Zle ail]|g(8:)—
O(c2))? < oo a.s. Together with A.5, we have ||g(8)|| — 0 as k — oo as.

For any fixed sample point within a subset of 2 x QA with a measure of 1, the sequence
{90, Gk, }is a bounded sequence per i). By Bolzano-Weierstrass theorem, we can pick
a sub-sequence {0y, - ,0p,,---} such that [|g(6y,)|]| — 0T as i — oo as. Moreover, the
fact that Hg(ék)H — 0 a.s. and the smoothness of g(-) ensure that the limit point of the sub-
sequence {Gko, e ,éki, ---} as i — oo coincides with the limit point of the entire sequence
{60,---,0y,---} as k — oo. Finally, A.4" asserts that ©* is the unique minimizer such that all
nelghboring points around it have nonzero gradient evaluation, so the claim in ii) is shown. |

Proof [Proof for Theorem 2] The asymptotic normality result will be shown once the conditions
(2.2.1), (2.2.2), and (2.2.3) of Fabian et al. (1968) hold.

We first show that Fabian et al. (1968, Eq. (2.2.1)) hold. We see that 'y, — aH (6*) a.s. by the
result in Thm. 1 and the continuity of H (-) as assumed in A.1. When & < 6y, we have t; — 0 a.s.,
as Lemma 1 shows that || B (0| = O(c}) = O(kY) a.s. When o« = 6y, using A.2 and Thm. 1,
we know that ¢, = —a(k + 1)® - O(c?) = O(1). Using (19), A.1, and Thm. 1, we have

Bl o éciE[L“)(O*) (A2 A®A) -m(A)as., (59)

thanks to the dominated convergence theorem. Multiplying —a(k + 1)7> = —a(k + 1)2¥ on both
sides of (59) gives (24). Combined the cases for & < 6y and «x = 6y, we know that £; converges
to a finite vector for x < 6y.

We then show that Fabian et al. (1968, Eq. (2.2.2)) hold. By definition (18), E,k(ék) is a Fy-
measurable martingale sequence, and so is vy.

2

By (vy0]) aé’%jbilw@k{gk(ék)[gk(ékm Ex[gn(85) {Exlgr(04)]}") (60)
a2 . ) a2 N . . A
= ?CiEk{gk(ek)[Qk(ekﬂT} + ?Ci[gk(ek) + Br(0x)][gr(Ok) + Br(61)]" (61)
as a? 5; — € 2 T
s 2, <2> ma(Ag) ma( AT | +o(1)

2 ~
i gEk { k(AR [mi (AR E[(ef — &) Ok, Ak]} +0(1)

¢
»

as. ;WE{mk(Ak)[mk(AkﬂT} +o(1) (62)
N a”Var[((6 w)]E, as k — oo, (63)
2¢2
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where (60) follows from (18), the o(1) term on (61) is due to A.2, (19), Lemma 1, and Theorem 1,
both (62) and (63) are due to A.6 and Remark 2.

We finally show that either (2.2.3) or (2.2.4) in Fabian et al. (1968) hold. That is, for every
N > 0, im0 B(||0k 2Ly 25nky) = 0. For any C5 € (0,C4/2), we have

G5 1
lim B ([[og | *Igjoy 23nrey) < limsup[P([[og|* > nk®)] 76 - [B(]|og]|H )] e
k—o0 k—o0

Cs

E 2 1+C 1

< limsup <(Hv;;||)> t [E(||vk||2(1+05))} +05 | (64)
k—oo ﬂk'

where the first inequality is due to Holder’s inequality and the second inequality is due to Markov’s
inequality.

Using Minkowski inequality, we have ||v[|20FC5) < 2(1 4 C5)k=2(1+C5)v []| gy (85)2(1+C5) +
1g(65)|120+C5) + || B (64 ||20+C5) ||]. From Lemma 1 and A.4, we know that there exists some K
such that both B1,(6},) and g(6},) are uniformly bounded a.s. for all k > K. Lemma 1 also implies
that [|g (0| = O(c,.?). Combined, we have E|jvy||2(1+¢) = O(1).

Now that all relevant conditions in Fabian et al. (1968) are met to ensure the asymptotic nor-
mality. |

Proof [Proof of Lemma 2]
Under A.3’,

a.s. 1 A Ja
= MEk{mk(Ak)[mk(Ak)]T X [0(Ok + crAg, wy) — (O — cr Ay, wk)]Q}
A
s. 1 n R .
= MEk{mk(Ak)[mk(AkHT X B[[((0k + ck Ak, wi) — (0 — ci Ak, wk)]2‘ O, Ak]} :
A

(65)

Similar to the third-order Taylor expansion in Lemma 1, we have

7]

1 ~ ~ A a.
@EHE(G}C +CkAk,wk) —E(ek —CkAk,wk)]2 Gk,Ak]
k

B {[A78(0k wi)?| 0 Ak} + O(c)

N
w

~ 2 4
: [Agg(ek, wk)} +O(ch.
(66)

Whence, (65) becomes

Er[gr(04)[9x(01)]"] = Ey {mk(Ak)Aig(ékv wp)[g(Ok, wk)]TAk[mk(Ak)]T} +o(1).
(67)
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Now that A.2 assumes independence between 0 . and Ay, then the (7, j)—th component of (67)
equals the following a.s.:

d d
E Z Z My i Ak pAkgMij | - Br (8kp8k,q) + 0o(1)
p=1q=1
= ey lp=g) + Liirsy Qpmiig=s) + Lp=jig=i)] X B (8kp&hq) + 0(1) (68)

as {z;i_l Ex(grp)? +o(1), ifi=j )

2B (8k,igk,;) + o(1), if i  j.
where my, ; is the ith component of m(Ay), A, is the pth component of Ay, gy, is the pth

component of g(ék, wy), equality (68) uses E[my(A,)AT] = I in A.2. Taking the diagonal
terms of (69) gives (26). |
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