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Abstract

As one of the most popular methods in the
field of reinforcement learning, Q-learning has
received increasing attention. Recently, there
have been more theoretical works on the re-
gret bound of algorithms that belong to the
Q-learning class in different settings. In this
paper, we analyze the cumulative regret when
conducting Nash Q-learning algorithm on 2-
player turn-based stochastic Markov games
(2-TBSG), and propose the first gap depen-
dent logarithmic upper bounds in the episodic
tabular setting. This bound matches the lower
bound only up to a horizon term. Further-
more, we extend the conclusion to the dis-
counted game setting with infinite horizon
and propose a similar gap dependent loga-
rithmic regret bound. In addition, under the
linear MDP assumption, we obtain another
logarithmic regret for 2-TBSG, in both cen-
tralized and independent settings.

1 INTRODUCTION

Recently, designing an effective and efficient algorithm
to obtain a near-optimal strategy in sequential decision-
making tasks has attracted an increasing interest in
the field of reinforcement learning (RL) (Sutton and
Barto, 1988). By estimating the optimal state-action
value function (a.k.a Q-function), Q-learning method
(Watkins and Dayan, 1992) is one of the most popular
classes of algorithms. In each iteration of Q-learning
algorithms, the agent greedily chooses the action with
the largest Q value and achieves its reward and the next
state by interacting with the underlying RL environ-
ment. At the same time, the algorithm keeps updating
the Q-values by using Bellman Equation. In compari-
son, the model-based methods attempt to reveal the
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structure of the environment, which lead to more mem-
ory and worse time efficiency. These advantages of
Q-learning make it play an important role in a wide
range of RL problems (Mnih et al., 2013, 2015).

In this paper, we study a more complicated scenario,
two-player turn-based stochastic Markov game, which
is a special case of multi-agent reinforcement learning
(MARL). In this setting, two players, known as the
max-player and the min-player, interact with each other
one by one and optimize their individual rewards. The
max-player’s goal is to maximize the cumulative reward
while the min-player attempts to minimize it. In order
to measure the quality of the two players’ policies,
we study the total regret, where the players learn a
policy tuple (7, ux) for a sequence of episodes k =
1,2,..., K, and suffer a total regret, which is the total
sub-optimality of the policies 71, mo,...,7Tx. From the
regret minimization perspective, many related works
(Kearns and Singh, 1998; Sm, 2003; Azar et al., 2013;
Jin et al., 2018; Dong et al., 2019; Liu and Su, 2020; Bai
et al., 2020) have provided a VK -type upper bound of
total regret in various settings where K is the number
of episodes. Although these v/ K-type upper bounds
are easy to understand and match the lower bound,
they paint an overly pessimistic worst-case scenario on
the Markov decision processes.

Recent works (Yang et al., 2020; Ok et al., 2018; He
et al., 2020; Simchowitz and Jamieson, 2019; Xu et al.,
2021) limit the MDP with certain structures and pro-
pose much tighter upper bound or provide new perspec-
tives. One line of works assume the existence of mini-
mal sub-optimality gap, and establish the C'log K-type
of total regret upper bound, where C' is an instance-
dependent constant associated with the minimal sub-
optimality gap, named gap,;,:

8aPyin = min{gap(s, a) = V*(s) — Q" (s, a) > 0}.
Here, V* and @Q* denote the value function and Q-
function for an optimal policy 7*.

Another line of works (Xie et al., 2020; Jin et al., 2019;
He et al., 2020) assume a certain structure of reward
function and probability transition kernel, such as the
linear function approximation. For instance, Jin et al.
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(2019) studies the episodic MDPs with linear MDP
assumptions, which means that both the transition
probability function and reward function can be repre-
sented as a linear function of a given feature mapping.
He et al. (2020) combines the two ideas and provides
a gap-dependent logarithmic regret bound with linear
function approximation.

However, all the provable logarithmic regret bounds
are under the single agent setting where the sole player
attempts to achieve the highest cumulative rewards
by interacting with the underlying environment. For
the two-player settings or multi-agent settings, the
gap-dependent logarithmic regret bound still remains
absent because the sub-optimality gaps are not non-
negative and the concept of minimal sub-optimality
gap no longer makes sense in these settings. In this
paper, we overcome these difficulties and propose a
gap-dependent logarithmic cumulative regret bound
of 2-TBSG in all the tabular, discounted and linear
function expression settings for the first time. Next, we
introduce the three main contributions of this paper,
which are listed below.

e In two-player episodic turn-based general sum
stochastic games (2-TBSG) with finite horizon
(Jia et al., 2019; Shapley, 1953), we propose
a new concept named minimal positive sub-
optimality gap gap,, . Based on that, we pro-
vide a gap-dependent logarithmic total regret
bound O (W) when using the Nash

gap;hi,
Q-learning algorithm.

e Based on the result above, we further extend
it to the discounted 2-TBSG with infinite hori-

zon, and obtain a total regret upper bound

SA . SAT . .

(gaan(l—v)S log(1/%) log gaprtin(l—v)) » Which is
gap dependent and logarithmic on 7.

e We analyze the finite-horizon 2-TBSG with lin-
ear function expression. Under the linear MDP
assumption, we propose the 2-TBSG version of
LSVI-UCB algorithm (Jin et al., 2019) and pro-

. ~ [ d®H® log(16dK° H®
vide a provable O (%

upper bound which is also gap dependent and loga-
rithmic on K, in both centralized and independent
settings.

) total regret

Technically, we are using a new set of algorithms when
solving the pure Nash Equilibrium of 2-TBSG, which
provably exists, and it makes our proof novel and more
difficult. Compared with Xie et al. (2020) that estab-
lishes v/T-regret, to achieve the gap-dependent logarith-
mic regret, we utilize a different regret decomposition
method links the regret to a sum of gap terms, which

are further bounded via a peeling argument. See Sec-
tions B.1 and B.3 for details. Meanwhile, compared
with He et al. (2020); Du et al. (2019), we face new dif-
ficulties since the game setting we are analyzing has a
max-player as well as a min-player. Therefore, we need
to propose a new technique to control the influence of
the opponent, which results in developing both upper
confidence bound (UCB) and lower confidence bound
(LCB) at the same time. To our best knowledge, our
result establish the first logarithmic regret bounds for
zero-sum Markov games under both the tabular and
linear settings.

2 RELATED WORKS

Tabular and Infinite-horizon MDP There is a
long list of results focusing on the regret or sample
complexity on tabular episodic MDPs and discounted
MDP with infinite horizon. They can be recognized
as model-free methods or model-based methods, which
are two different types of methodology. Model-based
methods (Jaksch et al., 2010; Dann et al., 2017; Os-
band et al., 2016) explicitly estimate the transition
probability function while the model-free methods (Jin
et al., 2018; Strehl et al., 2006) do not. One line of
works (Sidford et al., 2018; Lattimore and Hutter, 2012;
Ghavamzadeh et al., 2011; Wainwright, 2019; Azar
et al., 2012; Koenig and Simmons, 1993) assume the
existence of a simulator (also called a generative model)
where the agent can freely query any state-action pair
to the underlying environment and return the reward as
well as the next state. In the episodic setting without
simulators, Jin et al. (2018) achieves a O(V H3SAT)
regret bound for a model-free algorithm and Azar et al.
(2017) proposes a UCB-VI algorithm with Bernstein
style bonus with achieves a O(v H2SAT) regret bound
for a model-based algorithm. Both of the two up-
per bounds nearly attain the minimax lower bound
Q(VH?2SAT) (Jaksch et al., 2010; Jin et al., 2018; Os-
band and Roy, 2016). Recently, Zhang et al. (2020);
Jin et al. (2018) provide a v/T-type regret bound for Q-
learning algorithms (which is a widely used model-free
algorithm) where T is the number of episodes.

Another line of works focus on providing log T-type
regret bound based on instance-dependent quantities.
Ok et al. (2018) shows us that log T is unavoidable as
a lower bound. Tewari and Bartlett (2007) proposes an
OLP algorithm for average-reward MDP and achieves
an asymptotic logarithmic regret O(C'logT) where
the constant C' is instance-dependent. Jaksch et al.
(2010) provides a UCRL2 algorithm and provides a
non-asymptotic regret bound O(D?S%Alog T'/gap, i)
where D is the diameter and gap,,;, is the minimal
sub-optimality gap. A recent work (Wang et al., 2019)
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proves a O(SAHSlog(SAT)/gap,,;,) regret bound for
the model-free optimistic Q-learning algorithm.

Linear Function Approximation A recent line of
works (Jin et al., 2018; Wang et al., 2019; Yang and
Wang, 2020; Jia et al., 2019; Zanette et al., 2020; Du
et al., 2019, 2020; Zhou et al., 2020; Weisz et al., 2020)
solve MDP with linear function approximations and
propose a regret bound. After parameterizing the Q-
function with feature mapping under the linear MDP
assumption, Jin et al. (2019) proposes LSVI-UCB algo-
rithm with O(v/d3H3T) total regret bound. Zanette
et al. (2020) improves the bound to O(Vd2H2T) by in-
troducing a global planning oracle. Later, a new linear
mixed model assumption is proposed and a number of
works (Jia et al., 2019, 2020) introduce the UCLR-VTR
algorithm to solve MDP under the new assumption, and
provide O(Vd?H3T) regret bound. In the discounted
setting, Zhou et al. (2020) provides a O(dv/T/(1—~)?)
upper bound where v is the discount ratio.

3 PRELIMINARIES AND
NOTATIONS

In this section, we introduce some important concepts,
notations and background knowledge.

Setting of Two-player Turn-based Stochastic
Games In two-player turn-based games (2-TBSG),
only one player takes his action at each step. Denote
the two players as P;, P>, which are the max-player and
the min-player respectively. We partition the whole
action space as A = A; U As, where A; is the state
space of player P;. Since the stochastic game is episodic
under our setting, we denote 2H as the number of steps
in one episode. At each step h € [2H], when h is an
odd number, it’s the max-player P;’s turn to observe
the current state s, and take an action a, € A;, and
then we receive the reward rp,(sp, ap). Similarly, when
h is an even number, the min-player P, observes the
current state s, and takes the action a; € As, and
then they receive the reward ry,(sp,ap). After taking
the action, the system makes transition to a new state
Sh+1 ~ Pr(:|sn,ar). For each action a € A, denote
I(a) € {1,2} as it indicates of the current player to
play, so that a € Aj(q).

General Notations We denote the tabular episodic
Markov Game as MG(2H, S, Ay, A, P, r), where 2H
is the number of steps in each episode, S is the set
of states, and (Aj, Ag) are the action sets of the max-
player and the min-player respectively. Since we an-
alyze the two-player turned base games in this pa-
per, the odd number steps are the max-player’s turn
and the even number steps are the min-player’s turn.

P = {Ph}hep2m) is the collection of transition matrices
and Py (+|s, a) outputs the probability distribution over
states when a is the action taken at step h after state s.
rp S x A —[0,1] is a deterministic reward function
at step h.

Markov policy, Q-function and Value function
We denote (7, u) as the Markov policy of the max-
player and the min-player respectively. Max-player’s
policy 7 is a collection of H mappings {m, : S —
Ai}p=1,3... 2:—1, which maps the current state to the
action. Similarly, min-player’s policy u is a collection
of H mappings {un, : S = Aa}tp=24,... 2. We denote
7r(s) and pp(s) to represent the following action to
take under Markov policy 7, u. Next, we define the
well-known value functions and Q-functions. we denote
V;iH S — R as the value function at step h un-
der Markov policy 7, u which calculates the expected
cumulative rewards:

Vit(s) i=En

2H
Z rh/(sh/,ahr) I Sp = S‘| .

h'=h

We also define Q" : S x A as the Q-function at step
h so that Qp*(s,a) calculates the cumulative rewards
under policy (7, 1), starting from (s,a) at step h:

2H

QZ’#(S’G) =E., lz T (Shry anr)

: sh—s,ah—a].
h'=h

It’s worth mentioned that the Markov policy of these
two players are both deterministic, which means given
a current state, their policies point to a specific action,
instead of a probability distribution over all actions.
That is because under the two-player turn based game
setting, the Nash Equilibria is simply a pure strategy.

For simplicity, we introduce the commonly-used no-
tation of operator P, which is [Pn(V)](s,a) :=
Eg p,(.|s,a)V (") for any value function V. By this
definition, we have the Bellman equation as follows:

Q;?H (5’ a) = (rh + thiﬁﬂ)(sa a)

holds for all (s,a,h) € & x A x [2H].
Voilii(s) =0 for all s € Sopry1.

We define

Best response and Nash equilibria Given the
Markov policy 7 of the max-player P, their exists a
best response for the min-player, which we denote as
pl (7). Tt satisfies:

V7 ™) (s) = inf VT (s)
"

holds for any (s,h) € S x [2H]. For brevity, we de-

.
note V"1 .= v# (™) Similarly, we can also denote
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7 (p), V,j * as the best response for the max-player and
the corresponding value function. Furthermore, it is
well known that there exists Markov policies 7*, u*
which are the best responses of each other, and they
satisfy:
Vil s) = sup V(). VI (s) = it VI (s)
s

holds for V(s,h) € S x [2H]. This definition of Nash
equilibria is Markov perfect Equilibrium, which de-
pends on the states, following the exact same definition
in prior work. They can be treated as a solution to the
saddle point optimization in the policy space. Here we
use inf and sup instead of min and max because the inf
and sup are taken from the policy space, which may
be infinite or non-compact in a general case.

Discounted 2-TBSG with Infinite Horizon In
such a game, the max-player P; and the min-player
P, take turns to take action. However, different from
standard 2-TBSG, there is only one episode in this
game and there are infinite steps in this episode.

2-TBSG with Linear Function Expression A
Markov Game MG(2H, S, A, P, r) is defined as linear
when the probability transition kernels and the reward
functions are linear with respect to a given feature map
¢:S x A— R? Specifically, for each h € [2H], there
exists an unknown vector p;, € R? and unknown mea-
sures 0, = (0}21 , 9(2) .. ,Hgld)) whose degree of freedom
is |S] x d, such that for V(s,a) € S x A:

Pr(s'ls,a) = (¢(s, a),0n(s")) and r(s, a) = (¢(s,

For the complete version of the definition, we put it
into Assumption 1 below.

Connection with Linear Saddle Point Problem
Linear saddle point problem with linear constraints
can be formulated as LP while the Markov games can
not. According to Schultz (1992), the Markov game
proposed by us can only be formulated as a linear
complementarity program (LCP), which means given
the policy of one player, it is a linear program for
the other player. Therefore, it is not simply a linear
saddle point problem. That being said, the Markov
game can be formulated as a saddle point problem
optimization where the variables are the policies of
two players. However, such an optimization problem
is infinite dimensional as the set of all possible poli-
cies is infinite-dimensional and nonlinear because the
state transition involves the policies of both players.
Intuitively, to see why the optimization problem is non-
linear, notice that the transition operator of the Markov
chain induced by the joint policy (71, m2) is given by
prome(slls) = 37, mi(als)ma(bls)P(s']s,a,b). Here

a)’ﬂh>'

Algorithm 1 Optimistic Nash Q-learning on Two-
player Turn-based Stochastic Games

Initialize: Let Q,(s,a) + 2H, Q,(s,a) < 0, and
Np(s,a) < 0 for all (s,a) € S x A.

Define: a; = 38+, 1 « log(SAT?).

1: for episode k € [K] do

2 observe the initial state s;

3:  for step h € [2H] do

4: Take action aj, < argmaxgre4 Qp, (s, a’) if b
is an odd number, (i.e. I(ap) = 1),else take ac-
tion ap < argming ¢4 Qh(sh, a’). After that,
observe the next state sj,41.

5: t:Nh(s;“ah) <—Nh(sh,ah)+1.

6: ﬁt <~ cC (2H) /

7 Qp(sn,an) +— (1 — ) - Qpsn,an) + ay -
[rh(shsan) + Vi1 (sne1) + Bel-

8: Qh(sh,ah) — (1= ay) - Q Sh,an) + oy -
[rn(shs an) + Vi (She1) — 3.

9: Vi(sn) < Qp(sn,an), Vi(sn) < Q, (sn,an).

10: end for

11: end for

the optimization variables m; and my are multiplied
together, making the optimization problem nonlinear.

Pure Strategies Can be Optimal for 2-TBSG
Given a 2-player turn-based stochastic game with hori-
zon 2H, optimal pure strategy always exists in the final
step 2H, since the optimal action of that player is the
one that leads to the optimal reward. If optimal pure
strategy exists for horizons ¢ + 1,...,2H, then for the
i-th step, the optimal action is simply the one with
the optimal expected reward given the optimal pure
strategy in the following steps. By using the method
of induction, we obtain the existence of pure Nash
Equilibrium.

Mathematical Notations Let f(n),g(n) be two
positive series, we write f(n) = O(g(n)) or f(n) <
g(n) if there exists a positive constant C' such that
f(n) < C-g(n) for all n larger than some ng € N. Sim-
ilarly, we write f(n) = Q(g(n)) or f(n) 2 g(n) if there
exists a positive constant C' such that f(n) > C - g(n)
for all n larger than some ng € N. If these two con-
ditions hold simultaneously, we write f(n) < g(n) or
f(n) = ©(g(n)). If logarithmic terms should be ig-
nored, then we use the notations 6, (NZ, o.

4 REGRET BOUND OF TABULAR
2-TBSG

In 2-TBSG, we use a Nash Q-learning method: Algo-
rithm 1 to obtain a policy tuple sequence (7%, u*) to
approximate a Nash equilibrium. In this algorithm,
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Q(s, a), @, (s,a) are the upper and lower estimation
of Q7 (s,a) respectively. The max-player chooses action
based on the upper estimation @ while the min-player
chooses action based on the lower estimation ). By
using the Upper Confidential Bound (UCB) technique,

we can prove that

Qh(sva) < QZ(S’G) < @h(sva)

holds with high probability. The total regret of this
algorithm is defined as:

K
Regret(K) = 3 ’(Vf‘ - Vf'“*“") (s’f)’ .
k=1

Here, V;* is the abbreviation of V;" . In this sec-
tion, we will focus on upper bounding the expected
regret E[Regret(K)]. Notice that, unlike our related
papers, there is an absolute value in our definition
above, which is because under the two-player game

k  k
setting, (Vl* — Vo ) (s¥) can be either positive or
negative.

Theorem 1 (Main Theorem 1: Logarithmic Regret
Bound of Q-learning for Episodic 2-TBSG). After using
Algorithm 1, the expected total regret for episodic two-
player turn-based stochastic game (2-TBSG) can be
upper bounded by:

E[Regret(K)] < O (W) :

+
83Pmin

Here, the definition of gap. will be left in the follow-
ing section. Notice that the theorem is not a straight-
forward extension of existing works since Algorithm 1
is originally proposed by us and it is the first gap depen-
dent logarithmic regret bound for 2-TBSG. In Xie et al.
(2020), the authors have proposed a similar algorithm,
but their setting is 2-player zero-sum simultaneous-
move Markov Games and prove a O(vVd3H3T'12) regret
bound guarantee. The policies of the two players are
mixed strategies, which makes it impossible to define
gaps. Next, we provide the proof sketch of Theorem 1
and leave all the proof details to appendix.

4.1 First Step: Split the Total Regret into
the Expected Sum of Gaps

In the first step, we split the total regret defined above
into several single-step sub-optimality gaps.

Lemma 1.

(v =) ) =

2H
> gapy(sh, ap) | Wk,u’“] :
h=1

Here, gapy,(sy, af) := Vi (sp) — Qy (s, af).

It is obvious to find that: when aZ € A;, which means
af is the max-player’s action, then gap, (s¥,a¥) > 0.
In contrast, when af € Ay, which means af is the min-
player’s action, then gap, (s, a¥) < 0. This is because
the optimal strategy group (7*, u*) stands for both the
optimal point for max-player and min-player, though
at different directions. Therefore, we introduce a new
notation:

gap;, (sn, an) := |gapy, (s, an)|

_ {Vi(Sh) — @y, (sn,an)
Qi (sn,an) — Vi (sn)

Combining the two equations above, we obtain that:

if ap, € Ay (or h is odd)
if a5, € Ay (or his even) |

K 2H
ERegret(K)] = 3" [ |3 gapn(shrab) | u]
k=1 h=1
K 2H
<Y E | gap)(sh,af) | ﬂkm’“] SNCY
k=1 h=1

4.2 Second Step: Concentration Inequalities
and the Extension

According to an existing lemma in a related work (Bai
and Jin, 2020), we have the following conclusion as its
special case in the 2-TBSG setting:

Lemma 2 (Lemma 11 of Bai and Jin (2020)). For
any p € (0,1], we let + = log(SAT/p). Then, with
probability at least 1 — p, Algorithm 1 has the following

property:

Qn(s.a) > Qj(s.a) > Q (s, a),

o (2)
Vi(s) = Vii(s) = Vi(s)

holds for Vs € S,h € [2H],a € A,k € [K|. We call the
event above €cone and then P(econe) = 1 — p.

This lemma indicates that V,Q and V, Q proposed by
Algorithm 1 are exactly the upper bound and lower
bound of the optimal point (Nash equilibrium) V*, Q*,
with high probability. Similar to the episodic setting,
we can make the following conclusion:

—k
gap) (sf, af) < Qu(sh,a) — Q@ (sk,af)  (3)

holds for Vh € [2H],k € [K] as long as €conc holds.
Then, Equation (3) is transformed to:

gap;f (sf,af) = clip [gap) (sf, af) | gap;s,]
. [=k
< clip [Qn(sh, af) — QL (sh.ah) | gavfn] - (@)
4.3 Third Step: Peeling
Like Yang et al. (2020), we separate all the gaps

—k . . .
Qy(sk,al) — Qz(si,aﬁ) into different intervals and
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count them individually. Note that when the gap
Qh(smah) Qk(sh,ah) belongs to [0, gap,,,), then
it will be chpped to 0 by Equation (4). For the
other gaps, we divide them into N different intervals
[ga’pmin? anpmin)v Ty [2N71gapmin7 2Ngapmin)' Here?
N = [logs(2H/gap,,i,)]- The following lemma tells
us the upper bound of the counting number in each
interval.

Lemma 3 (Bounded Counting Number of Each In-
terval). Under the concentration event €conc, for each
n € [N], we denote:

O = [{ (k. ) : Qi(shyah) — Qs af) € A}

where A, = [2" Lgap, i, 2" 2D min) -
the following upper bound:

dmgo(

Then, we have

HSS A
4ngapr2nin
where t = 1log(SAT/p) is the logarithmic term.

Once we have this lemma proved, we can easily estimate
the upper bound of expected cumulative regret.

K 2H
<E[SS gart <sz,az>]
k=1 h=1

K 2H

Z (traj) - ZZchp{

Econc k=1h=1

+ > Pt

trajéeconc

E[Regret(K)]

Q) (shsak) | Py

-2TH

"gap,inC™ +p- 2TH

( H%SA,

) +p-2TH<LO <
2ngapm1n

gaPmin

<3
<o

In the last step, we let p = %, and then ¢ =
log(SAT?) = O(log(SAT)). This leads to our main
theorem. However, the proof of Lemma 3 is difficult.
We rely on a general lemma about the upper bound of

the weighted sum of (@: - Q:)(s’ft, ar).
Lemma 4 (Peeling Argument). Under the event econc,
the following holds for Yh € [2H] and a weight se-

quence {wy p}rex) which satisfies: 0 < wgp <
w, Zle wgn, < C, it holds that:
K
Zwk,h (@Z - QZ) (sh» af)
k=1
< AdewSAH? + 60cV SACewHb5.. (5)

After proving this lemma. We can make

wy =1 K@Z - Qﬁ) (Shaah) €A }

H®SAlog(SAT)

and
i k
Y =S 1[ (@ - Q) (shyak) € A
k=1
where A,, = [2"lgap,,,2"gap,in)- Then, the se-

quence {wy , bre(x] is a 1,0,(Ln) -sequence. According
to Lemma 4, we know that:

K

n— n n =k
2 1gapmincf(L ) < Zwk},h (Qh - Q:) (527 CLZ)
k=1

< 4eSAH? 4 60c\/ SAC™ e Hb,

which leads to the fact that:

o( sy

o <
h 4nga‘pmin

Finally, after summing them up:
2w HSS AL
:Zch =0 4n(a+)2 ’
h=1 &aPnin

which comes to our conclusion of Lemma 3.

o

Connection Between the Vanilla Regret and
Duality Regret. Here we remark on the connection
between the vanilla regret and duality regret.

e In this paper, we analyze the vanilla regret |V;* —

Vfrk’“ ' |. Since the game setting we are analyzing
is 2-player turn-based stochastic game (2-TBSG),
and (7*, *) is a Nash Equilibrium rather than the
optimal policy. The vanilla regret actually mea-
sures the distance between the two value functions
proposed by (7*, u*) and (7%, u*).

k
e Another type of regret is the duality regret Vf’” —

.
V7. It can measure how close the policy (%, 1i%)
is to a Nash Equilibrium.

Therefore, it’s an important question whether a small
vanilla regret implies a small duality regret. (Notice
that the inverse would not be true since there might
be more than one Nash Equilibria.) To answer this
question, we propose the following proposition.

Proposition 1. If for Vs € S,h € [2H], the vanilla
regret

o 1
V l( )‘ < 5 ZaPmins

we can conclude that (m, 1) is a Nash Equilibrium,
which means its duality regret is 0.

Vi (s) =
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Proof of Proposition 1. We are going to prove
(mh, ) = (75, i) Vh € [2H] by using the method of
induction. When h = 2H, notice that for Vs € S:

Vo' (s) = 7(s, pan (5)) = Q3 (5, piam (s))-

Since

1 * s
5 * 8aPmin > H/QH(S) - ‘/QF}M(S)‘
= [Vou(s) — Qau (s, pau(s))l,

therefore we have pj;(s) = pom(s) according to the
definition of gap". . It means that (7, ) and (7%, u*)
make the same decisions at the 2H’s step. On the
other hand, assume that (7, ) = (7], py) holds for
t=h+1,h+2,...,2H, then for t = h: if h is an odd
number, then it’s max-player’s turn to take action, and
it holds that for Vs € S:

VTF’H( ) T( 7”(8))+Es’|s,7r(s)vh7zﬂ( )
=7(5,7(5)) + Egrjs,n(s) Vi1 (8) = Qp (8, T (s)).

According to the following inequality:

1
5 88Pmin > [Viy () — Qn(s,mn(s))l,

; V(s = Vi (s) -

we can conclude that 7, (s) = 77 (s) according to the
definition of gap!. . Therefore, (7, 1) and (7%, u*) also
make the same decisions at the h’s step, which finishes
our induction. When A is an even number, we can finish
our induction in the same way, and that comes to the
conclusion of Proposition 1 since (, p) = (7%, u*) and
then the policy pair (m, ) is a Nash Equilibrium. It
leads to fact that:

Vit =yt = v

which means policy pair (7, 1) has zero duality regret.

O

The conclusion shows that when vanilla regret is suf-
ficiently small for all h € [2H], s € S, then the policy
pair is a Nash Equilibrium. It bridges the gap between
the vanilla regret and the duality regret, and makes it
more reasonable and convincing for us to work on the
upper bound for the expected sum of vanilla regrets.

5 REGRET BOUND OF
DISCOUNTED 2-TBSG

In this section, we study the discounted 2-TBSG with
infinite horizon. In order to obtain a policy tuple se-
quence (pik , ,uk) to approximate a Nash equilibrium,
we propose the following Algorithm 2, which is simi-
lar to Algorithm 1. We also use the UCB technique

Algorithm 2 Optimistic Nash Q-learning on Dis-
counted 2-TBSG with Infinite Horizon

Initialize: Let Q(s,a),Q(s,a) < 1/(1 —~) and
Q(s,a),Q(s,a) + 0 for all (s,a) € S x A Also
N(s,a) < 0.

Define: (k) = log(SAT(k + 1)(k + 2)), a1, = %

log(2/(1—v)gaph;,)
where H = —==q -7,

1: Observe the initial state s;.

2: for episode ¢ € [T] do

3:  Take action a; < argmax, e 4 Q(s¢, a’) if t is an
odd number, (i.e. I(a;) = 1), else take action
a; + argming e 4 Q(st,a’). After that, observe
the reward r(s;, a;) as well as the next state s, 1.

4: k:N(st,at) %N(St,at)%’l.

5. by + Hu(k)/E, Here c¢5 is a constant
that can be set to 44/2.

6:  Q(st,ar) + (1 —ag)-Q(sy, ar) + g - [r(se, a0) +
YV (st41) + b

7 Q(se,ar) — (I — o) - Q(s¢,ar) + g - [1(s¢,a¢) +
")iV(St_;,_l) — bk] R . .

8 Q(st,ar) + min(Q(shat), Q(st;ar)), Q(st,ar) <
max(Q(s¢, as), Q(s¢,ar)).

9: V(St) — Q(st,at) ( ) —

10: end for

Q(St, at)-

to establish a upper estimation Q(s,a) and a lower
estimation Q(s,a) of the optimal Q-function Q*(s,a).

Since the V-function denotes the expected discounted
sum of rewards given the initial state s and the Q func-
tion denotes the expected discounted sum of rewards
given the initial state s and the initial action a, so they
can be described as:

i—1 . —
E Y rsl,az : 81—S‘|7

i—1 . — —
E Y T‘S“SZ : 81—8,a1—a‘|.

where 7 is the discounted ratio. In the following state-
ments, @,V stand for the @),V functions in the ¢-th
iteration, and so does the other subscripts.

T(s,a) :=E

5.1 Sub-optimality Gap and the Splitting of
Total Regret

Similar to the episodic setting, given (s,a) € S X A,
define gap(s,a) as:

gap(s, a) := V'(s) = Q"(s,a).

Notice that, when a € A;, which means the action a
is taken by max-player P;, then V*(s) > Q*(s,a) =
gap(s,a) > 0. In contrast, when a € Ay, which means
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the action a is taken by min-player P, then V*(s) <
Q*(s,a) = gap(s,a) < 0. Here, we can introduce a
notation gap™(s,a) := |gap(s,a)| which stands for the
absolute value of gap(s,a). Also, we denote gap. as
the minimum non-zero absolute gap:
gap,;, 1= min{gap” (s,a) : gap*(s,a) # 0} > 0.

In the main theorem proposed in the following section,
we will estimate an upper bound of the expected total
regret for the first T steps

Regret(T) := Z [(V* — Vel (s)].
t=1

5.2 Main Theorem

In this section, we propose our main theorem in the
infinite-horizon setting. Unlike dual gap regret (Xie
et al., 2020), the total regret above proposed by Liu
and Su (2020) follows the sample complexity defini-
tion in Sm (2003) and directly compares the actual
value function and the value function from the first
t iterations. Similar to the episodic setting, we can
obtain a gap-dependent logarithmic upper bound for
the expected total regret.

Theorem 2 (Main Theorem 2: Logarithmic Regret
Bound of Q-learning for Infinite-horizon Discounted
2-TBSG). After using Algorithm 2, the expected total
regret for infinite-horizon two-player turn-based stochas-
tic game can be upper bounded by:

E[Regret(T)] <
SA SAT
@) ( - 5 -log —— ) .
gap i, (1 — )5 log(1/7) gap i, (1 —7)

We put the whole proof of Theorem 2 into the appendix.
Its proof has the same structure as that of Theorem
1. We need to first split the regret into expected sum
of gaps, then use concentration properties and peeling
technique to finish the whole proof.

6 EPISODIC 2-TBSG WITH
LINEAR FUNCTION
APPROXIMATION

In this section, we analyze the gap dependent total
regret bound of episodic 2-TBSG under the linear func-
tion expression assumption. Here, we have two different
settings, centralized version and independent version.
As follows, we are going to introduce the centralized
version and put the independent version into the ap-
pendix. Besides, gap dependent regret bound will be
provided in both settings.

6.1 Centralized Setting and Algorithm

Assumption 1 (Assumption 4.1 from He et al. (2020)).
A Markov Game MG(2H, S, A, P,r) is defined as lin-
ear when the probability transition kernels and the re-
ward functions are linear with respect to a given fea-
ture map ¢ : S x A — R? where d is the feature di-
mension. Specifically, for each h € [2H], there exists
an unknown vector u, € R4 and unknown measures
0, = (9;11),9}&2), .. .,9,(1(1)) whose degree of freedom is
|S| x d, such that for ¥(s,a) € S x A:

P (s'|s,a) = (¢(s,a),0,(s")) andr(s,a) = (¢(s,a), up).

For simplicity, we assume that ||¢(s,a)ll2 < 1, ||pnll2 <

Vd and [|6,(S)|| < V.

In the centralized setting, a central controller controls
both players, and this central controller’s goal is to
learn a Nash Equilibrium. In our algorithm, both
the max-player and the min-player update their poli-
cies (7%, u*) according to the history information. Un-
der Assumption 1, we know that for any policy ,
the action-value function Q7 (s, a) is a linear function
(p(s,a),07) with respect to the feature ¢(s,a). In
order to estimate the optimal action-value function
Qi (s,a) == (¢(s,a),0;), we only have to estimate the
parameters ¢;. Since Assumption 1 only gives a condi-
tion on the linear structure of the stochastic game, it
is still a two-player turn-based general sum stochastic
game with finite horizon. Therefore, we have exactly
the same definition on the cumulative regret (or total
regret) as Section 4:

K
Regret(K) = 3 ’(Vl* . ka’“k) (s’f)’ :
k=1

In the following Least Square Value Iteration on 2-
TBSG (LSVI-2TBSG) algorithm, we introduce two
new variables Efw w’,f” which are the upper and lower
estimations of 6} in the k-th episode. They are com-
puted by solving the following regularized least-square
problems:

W« arg min Al|lw||* + Fy(w),
weR?

(7)

wi < arg min \|w|* + Fp(w),
weRd

where

k—1 o o . 4 5
Fi(w) = [6(sh, i) "w = ru(sh ah) = Vi (shyn)|

=1

k—1 . . . . ) 2
Fa(w) = [6(shs al) Tw = ru(sh, ah) = Vi (shn)| -
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Actually, these two least-square problems can be easily
solved as:
k—1 i
wh = ()Y 0sheah) [ralshy ah) + Vi (shen)
1=
wh = (AF) ™17 6(shsah) [ralsh ah) + Vi (shn)]
i=1
where Af = Zf;ll o(si,al)p(sh,al)" + M. Then, we
update the estimated Q-values by:

1
1

Q) (s,a) = min(2H, ¢(s,a) '@k + 5 T(s,a)),
Qﬁ(sv CL) = maX(07 ¢(87 a)TMIFCL - B : T(Sa a))a

where T(s,a) = 4/d(s,a)T (AF)~1¢(s,a) can be re-
garded as a UCB term. For the pseudo-code of LSVI-
2TBSG algorithm, we leave it to the appendix.

6.2 Main Theorem for the Centralized
Setting

In this section, we propose the main theorem under
the linear function expression assumption in the cen-
tralized setting. When using LSVI-2TBSG algorithm,
the expected total regret can be upper bounded by the
following theorem:

Theorem 3 (Main Theorem 3: Logarithmic Regret
Bound of LSVI-2TBSG (Centralized)). Under Assump-
tion 1, after using LSVI-2TBSG algorithm (centralized)

Cd3H5 log(16dK2(K + 1)H?)

E[Regret(K)] <1+ -
&aPnin

Ly

Cd3H*log(4dK H)

P ) is a logarithmic term.

where ¢ = log (

By using similar techniques, we can prove the theorem
and propose the first gap-dependent logarithmic regret
bound under the linear MDP assumption. We leave
the technical proof of this theorem to the appendix.

7 CONCLUSION

In this paper, we gave the first set of gap-dependent
logarithmic regret bounds for two-player turn-based
stochastic Markov games in both tabular and cases, and
in both centralized setting and independent settings.

The current bound is tight on 7" but not tight on the
horizon H, so one of our possible future directions is to
further improve our bounds in terms of the dependency
on horizon. Another fruitful future direction is to
extend our analysis to more general settings (Wang
et al., 2020; Jiang et al., 2017; Du et al., 2021; Jin
et al., 2021), including the multi-player setting and the
mean-field game setting.
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SUPPLEMENTARY MATERIAL

A  Proof of Lemma 4

According to the update rule of Algorithm 1, we can get the following equations: let t = N (s, a) be the total
times when state-action tuple (s,a) appears at the h-th step in the first £ — 1 episodes. Suppose tuple (s,a)
previously appeared at episodes k', k2 --- k' < k at the h-th step. Denote 73,(s,a,i) := k*. Then, it holds that:

Qh(s a)=a}-2H + Zat [Th (s,a)+ Vh+1(5h+1) +51] ;

i=1 (8)
(s,a :Za [rh s, a) —&—Vh_%l(slfb._ﬂ) ,8}.

=1

Then, we can upper bound the weighted sum of upper-lower gaps.
K k
> win (Qh - Qi) (st ap)
k=1

Th(8,a,1) Th(s,a,? T(s,a,t
ok 2H + Za K (Vh}+1 o Vh}j,-(l ) (Sh,(+i )) + Qﬁn’;

k=1 i=1
K K Ni(shan)
- Wk, h * 2H + 2’LUk hﬁnk + (Vh+1 Vthl) (Sh—i-l) a; w'rh(s;i,aﬁ,i),h
k<K nZ:O k=1 i:nﬁ-‘rl
K K .
Va) k k k
<2SAHw+ ) 2w pnfur + D wini (Qh+1 —Qhﬂ) (Sh1s py1)s (9)
k=1 k=1
where
Ny (sh,ah)
k
— E nh
Wk,h+1 = «Q; wrh(sﬁ,aﬁﬂi),h'
i:nﬁ+1

We can prove that:
K
> winBr < 10ey/SACw(2H)?:. (10)
k=1

Also, we can prove that: {wg ni1}reik) is a (C, (1 + ﬁ) w)—sequence. Therefore, after reversing this argument
for h+1,h+2,...,2H, we obtain the following inequality:

K . 2H—h 1 h' 1 h'
o) k k _k
;whh (Qh - Qh) (Sh7 a’h) é Z QSAH . (1 -+ 2]{) w + 100 SAC (1 -+ 2]{) W(2H)3L

h/=0

H <2S’AHew + 10c SAC’ew(2H)3L)
= 4ewSAH? + 60cVSACewH?5..
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B Proof of Theorem 2
In this section, we are going to provide the whole proof of Theorem 2.

B.1 First step: Splitting the Regret into Expected Sum of Gaps

The splitting of the regret is just the same as that in the finite horizon setting:

T +oo
]\ [ZZ’Y "gap™ (spryan) | - (11)

t=1 h'/=t

T

B2

oo

[Regret ’Y gap St4h, Gtth)

Notice that when ¢ is an odd number, it’s the max-player’s turn to take action, so gap(s,a;) > 0 and then:

gap"‘(st,at) = gap(st, at) = V*(St) - Q*<5t; at)

= Q" (s1,0%) — Q" (st,ar) < Qilse,a") — Qu(se, ar)
< (Qt - Qt) (8¢, a¢).

Similarly, when ¢ is an even number, it’s the min-player’s turn to take action, so gap(s:, a;) < 0, and then:

gap™ (¢, ar) = —gap(st, ar) = Q" (51, ar) — V*(st)
=Q"(st,a¢) — Q" (8¢,a") < Qt(shat) - Qt(st,a*>
< (Qt - Qt) (8¢, a4).

Therefore, we can conclude that gap™(ss, as) < (Qt — Qt) (s¢,ar). By the definition of gap", , we have:

gap ' (s¢, a;) = clip[gap™ (s;, ar)|gapys;,] < clip [(Qt - Qt) (st, at)|gap$in} .

Combine it with Equation (11), we obtain that:

T +oo

Z Z A"t clip [(Qh’ - Qh’) (sh/,ah/)|gap;in” ) (12)

t=1 h'=t

E[Regret(T

B.2 Second step: Concentration Properties

Extended from Dong et al. (2019), we can obtain the following lemma which shows that Algorithm 2 satisfies
bounded learning error with high probability.

Lemma 5 (Concentration Property). When applying Algorithm 2, event Eqone occurs with probability at least
1— 4. Here, Econe occurs if V(s,a,t) € S x A x N:

0< (Qt - Q*> (s,a) < (Q, — Q%) (s, + Z’yant ( r(s,a,0) — V*> (8r(s,a,i)) + Bt

t

0< (Q* _ Qt) (s,a) < (Q* 7@) (s,a) <

1 j iz‘ (V* - Vf(s,a,i)) (ST(s,a,i)) + ﬂnt'

C: Hu(k
Here, 1(k) = log(SAT(k + 1)(k +2)) and B, = 12/ 2.

Then, under E.ope, we know that:

+ Zvant (VT(S,a,i) - VT(S,&,i)) (ST(S,G.,i))' (13)
=1
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B.3 Third step: Peeling

Similar to Lemma 4, we upper bound the weighted sum of upper-lower gaps and then bound the counting number
of gaps in different intervals, just like we did in the episodic setting.

Lemma 6 (Peeling Argument). Under the event Econe, the following holds for any weighted sequence {w;} which
satisfies: 0 < wy < w, Z;Olo wy < C.

+oo
S5 (0 @) o< 10 (T )

L—y (1 =)

After that, we classify the positive gaps into different intervals. Since all the positive gaps gap™(s,a) €
[gap; ;. ,1/(1 — 7)) and this interval can be separated into N intervals

Ay = 2" 'gapr,, 2" gap )

where n =1,2,...,N. Here, N = [log2 (mﬂ Under the event Eone, for n € [N], we define:

c) = Ht eNy ¢ (Qt - Qt) (st,at) € An}‘ .
By using the sequence
Wt(n) =1 [(Qt - Qt) (5¢,a1) € An} ;

we can upper bound the C'™ by using Lemma 6.

Lemma 7. We can upper bound the C™ by:

SA SAT
© (4"(gap$m)2(1 —y)*log(1/7) o ((1 - v)gap&n)) '

Finally, we come to our main theorem. According to Equation (12), we know that: if the trajectory satisfies the
Econe condition, then:

Regret(T) < 1 Zchp [(Qt Qt) (s¢, at)\gapmm} < Z Q”gapmmC’("

nl

a SA SA
<20 <2”gap$m(1 — )5 log(1/7) L) =0 (gapiﬁn(l —7)5log(1/7) L) ' (14)

n=1

Here, ¢ = log (ﬁ) is the logarithmic term on T'. For the other trajectories outside E.one, we have a

trivial upper bound:

T +oo y R . T Hoo ’yh/_t T
Regret(T) < Z Z Y -t (Qh’ — Qh/) Sh’, CLh/ Z Z — 1 — )2. (15)
t=1 h'=t t=1 h'=t "
Now we combine Equation (14) and Equation (15), we obtain that:
T +oo
E[Regret(T lz Z Y ~tgap(sp, ah/)]
t=1 b=t
T SA
<P(conc) - 5 + P(Econc) - O .
(eone) - T+ FlEeone) (gapﬁlin(l—v)ﬂog(l/v) L>
SA
@] ( . L> . (16)
gap (1 —7)° log(1/7)

which comes from P(E.onc) < 1/T. Theorem 2 is proved and it provides us an upper bound which is logarithmically
dependent on T'.
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B.4 Proof of Lemma 6
By using the conclusion of Lemma 5, we know that:

+oo nt

Zwt (Qt Qt) (50, 01) < Z thant + ZQO)t/Bnt + ’YZ Zwtant (V (s,a,i) — ‘U/T(S’a’i)> (ST(S’G’Z‘)).

t=1 t=1 i=1

Now, we analyze the three terms above one by one.

2wta 2w _ 25Aw
I , (17)
; Z —7  1—n

N(s,a) c \/» N(s,a) )
Zwtﬁnt _Z Z W‘r(saz)ﬂz_ & Z Z W‘r(saz)v

s,a 1=1 s,a 1=1

(18)
Cs a/w
[e( 2 2
< 03\ﬁ A - CS\F Zq/ s,awt(C 63 \/SAHCWL
s,a 1= 1 L
Here, Cs , = Zili(ls’a) Wr(s,a,) 15 the partial sum of the sequence {w;}, and therefore:
Y Cia<C
Equation 17 and Equation 18 stand for the first and second terms. Now we analyze the third term.
—+oo nt R 5
’YZ ZWtOént ( T(s,a,i) — V‘r(s,a,i)) (S‘r(s,a,i))
t=1 i=1
400 R . s
=33 (V= V) (s111) D wriseannf (19)
t=1 iznt+1
00 R . 00 R R 00 . .
=y 0w (V= Va) (50 +7 Dwin (Ve = Vi) (s000) +7 D epn (Vir = Vi) (s40).
t=2 t=1 t=1

Here:

can be easily verified as a (C, (1 + 1/H)w)-sequence. By the update rule of Algorithm 2, Q¢ (s, a) is decreasing
and Qy (s, a) is increasing by ¢ for V(s,a) € S x A. Therefore, (V)(s) is decreasing and V;(s) is increasing by ¢
for Vs € S. Then:

7Z:""tﬂ ( Vt+1) (st41) < Y(1+1/H)w Z:; (Vt Vt+1> 5) < (1—;1_/5)0-/57
and similarly:
7+§“’£+1 (‘ZH - ‘715) (5141) < +1/H)w ZZ (VtJrl Vt) 5) < w

t=1 s t=1 1—x

Therefore, Equation (19) leads to:

“+00 nt
YYD wa ( T(s,a,0) ~ ‘77<s,a,z'>)( Sr(s,a,i)) Zwt (Qt Qt) (st,at)+w.

1—
t=1 i=1 t=2 v
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After combining with Equation (17) and Equation (18), we obtain that:

+§Wt (Qt - Qt) (3t7at)
t=1

< 2S5 Aw n 2¢3 SAHCt(C) + 2y(1+1/H)wS
1—v 1-—v 1-—-

o(SAme)HZM(Qt Qr) (sr.ar).

’Yf:owi (Qt - Qt) (st,az)
t=2

We can repeat this unrolling argument for H times, and get a (C, (1 + 1/H)"w < ew)-sequence {wIEH)}t}HH.
Then, we get the following result.

+o0
Zwt Qt*@t (Stvat)
> Q-1
H
SAw + \/SAHCWL v
=Y 40 < > oad Z w| ( Qt) (st a)
h=1 t=H+1
—+o0
< 1 N, SAw + \/ SAHO(UL Z ng)
1-7 - 1 STt
SAw+ /SAHCuw.(C
=0 ;
(1—=9)? 1 -7

which comes to our conclusion.

B.5 Proof of Lemma 7

Since O = Y77 wi") and {wt(")} is a (O™ 1)-sequence. According to Lemma 6,

SA+ /SAHCW,(C™)\ AHCm
n—1 n
(2" 'gapti) Zwt (Qt Qt) (s1,a) < O < oy + L=
_ 83D o 4 o SA+/SAHC™,(C™) .
2 (1—7)?

o
Here, we use the fact that v = W%M. Denote C(™ = SAC', then:

1 A AHC ™) (n)
(2n—2gapl+nin) . C(n) < <2n—1 _ §)gapl+ninc(n) < 0O (S + \/k?1 6)(2 L(C ))
-7

1+ MHC@(C(n))) <o (1 +HC log(SATC')>

(1—7)2 (1—=7)

After solving the inequality above, we obtain that:

=(2"2?gap}. )-C' <O <

SAT
1Og ( gapiin(l_')’) )

C'<0o
47 (gap; ;1 )2(1 — 7)*log(1/7)

Therefore,

SA SAT
ol g(g( -log ())7
4n(gap;h;, )2 (1 —7)*log(1/7) gap i, (1 —7)

which comes to our conclusion.
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C Independent Setting and Algorithm for 2-TBSG with Linear Function
Expression

In the independent setting, we do not have a central controller who controls both players. We can only control
the max-player and play against the min-player whose policies are arbitrary but potentially adversarial. Since we
only control the max-player, our goal is not to learn a Nash Equilibrium, but to maximize the reward of the
max-player. Because of the differences between the centralized setting and the independent setting, we are going
to redefine the gaps and regret functions in this section.

Since we can not get access to the min-player’s policies and the Markov model of the game a priori, we are
interested in the exploitability of max-player:

Explicit (), i) := Vi (o) — V0" (s5),

which measures how much better the max-player can perform. Then, the cumulative regret can be defined as the
sum of exploitability in different episodes:

K K
Regret , (K) := ZExplicit(ﬂ Z (VT sy =V Fon (5’f)>

k=1

Also, we need to redefine the gap. Previously, the gap is defined as gap,(s,a) = |V, (s) — Qj(s,a)| and
gaan = miny, s o {gap, (s, a) > 0}. However, in the independent setting, we can not control the min-player so it
is not suitable to only consider (m, u) = (7*, u*) since the Nash Equilibrium point is our final target. In order to
measure the gap caused by max-player, we define:

gap} (s, a) = |V;""(s) — Q)" (s, a)].

Here, we still need the absolute value since V,j H(s) — Q}LL’“ (s,a) is non-negative when h is an odd number (and
it’s the max-player’s turn to take action) while non-positive when A is an even number. The minimal gap can be
obtained after taking minimum over all the (h, s, a) tuples and all possible pure strategy p:

gapl. = Mn}zin {gap} (s,a) > 0}.

k) )870’

Notice that the total number of pure strategies is finite, so the minimal gap above is positive and well-defined.

Similar as the LSVI-2TBSG algorithm, we introduce a new variable U’Z» which is the upper estimation of 67

in the k-th episode. Here, we do not need the lower estimation @ﬁ since the min-player’s policy is beyond our

control. In each episode, the wF is computed by solving the following regularized least-square problem:
k-1 . . . —k . 2
wr « arg mln Mw||* + Z [ B(st,ab)Tw—ry(sth,al) — Vh+1(3;z+1)} .
i=1
Actually, it can be solved as:
k—1

wy = (A})~! Z¢> Shs ) [Th(shaah) + Vh-i—l(sh-i-l)}

i=1

where AF = Z;:ll B(st,al)p(st,ai)T + M. Then, we update the estimated Q-values by:

Qi(s,a) = min(2H, ¢(s,a) @ + B T(s,a)),

where T'(s,a) = \/gb(s, a)T (AF)=1¢(s,a) is the UCB term. We leave the pseudo-code of the algorithm to the
appendix.
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C.1 Main Theorem for the Independent Setting

In this section, we propose the main theorem under the linear function expression assumption in the independent
setting. The expected cumulative regret can be upper bounded by a logarithmic term:

Theorem 4 (Main Theorem 4: Logarithmic Regret Bound of LSVI-2TBSG (Independent)). Under Assumption
1, after using LSVI-2TBSG algorithm (independent)

Cd3 H5 log(16dK2(K + 1)H?)

gap i

E[Regret(K)] <1+ L,
Cd®*H* log(4dK H)
(ga‘p;rtin)2

where + = log (

) is a logarithmic term.

We provide a logarithmic regret upper bound for 2-TBSG under the linear MDP assumption, in both centralized
and independent settings. To the best of our knowledge, this is the very first gap dependent upper bound for
2-TBSG, which makes our results novel and complete.

D Proofs for 2-TBSG with Linear Function Expression

In this section, we will give a theoretical proof on the Theorem 3. First, we prove some common lemmas of both
settings.

D.1 Concentration Properties

The concentration property is important in controlling the fluctuations through the iterations. First, we introduce
the following three lemmas proposed by Jin et al. (2019).

Lemma 8 (Lemma B.3 of Jin et al. (2019)). Under Assumption 1, there exists an absolute constant C' that is
independent of cg, such that with probability at least 1 — p, the following event Eqone holds: For centralized setting,

k—1
i T i o i

V(k,h) € [K] x [2H] : Z¢h[vh+1(sh+1) —PuVii1(shyap)] < C-dHVY,
i=1 (Aﬁ)—l
Z GV h 1 (Shi1) — PuV o (sh af)] < C-dHVY,
i=1 (Aky-1

For the independent setting,

V(k,h) € [K] x [2H] : Z¢;1[Vh+1(52+1) = PuViga(sh, ap)] < C-dHVY,

i=1 (A;cl)—l

where 6 = log[2(1 + cg)dT/p] and A¥ = ¢(s¥,ak).

By using Lemma 8, we can upper bound the difference between the optimal Q-function values and the Q-function
values proposed by Algorithm 3.

Lemma 9 (Lemma B.4 of Jin et al. (2019)). For any fized policy 7, with the event Econc holds, we can conclude
that V(s,a, h, k) € S x A x [2H] x [K]: For centralized setting:

(¢, a), W) — QF (s,a) = Pa(Viryy — Vi) (s,a) + By (s, )
<¢(Sva)vw2> - QZ(&CL) = Ph(KZJrl - VhﬂJrl)(Sva) +éﬁ<sva)'

Here, |ZZ(S,CL)|, |AF (s,a)| < ﬁ\/qﬁ(s,a)T(A’fL)—l(b(s,a). If we make m = (7%, u*), we have:

(6(5,0),T5) — Qf(s,0) = Pu(Vipiy — Vi )(s,0) + By (s,0)
<¢(57 a),wlfJ - QZ(Sa a) - Ph(zﬁ+1 - Vi;k+1)(sa a) JFA]}CL(Sv a)7
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and therefore,

(B(s,), ) — (3(s,a),wf) = Pp(Viypy — Vi1 )(s,a) + Bp(s, a) — Af(s,a).

For the independent setting:

(@(s,a),wh) — QF(5,0) = Pu(Vy 41 — Vi) (5,) + By (s, )

where |ZZ(s,a)\ < 6\/¢(s,a)T(Aﬁ)—1¢(s,a). If we make © = (br(p®), p*) := (1, p*) and © = (7%, u*), we have:

(6(s,a),wf) — Qb (s,0) = Pu (Vg — Vi )(s,a) + By (s, a),
(6(s,a), wf) — Qi (s,a) = Pu(Visy — Viip1)(s,) + By (s, a).

Finally, by using the method of induction, we obtain the following lemma, which shows that for centralized
setting, (), @ are the upper and lower bounds of Q* respectively. For the independent setting, @) is the upper

bound for every QT’M.

Lemma 10 (Lemma B.5 of Jin et al. (2019)). On the event Econe proposed in Lemma 8, we have: for the
centralized setting, ¥(s,a,h, k) € S x A x [2H] x [K]:

7k: *

Qh(87a) = Qh(sv a) 2 Qi(s’ a)'
For the independent setting, V(s,a,h, k) € S x A x [2H] x [K]:

Qi (s,a) 2 QI (s,a) = Q}(s,a).

We also need the following technical lemma.

Lemma 11 (Lemma 6.5 of He et al. (2020)). When A = 1, for any subset C = {c1,¢a,...,ck} C [K] and any

h € [2H], we have:
k

D (@) T AR ey < 2dlog(1 + k).
i=1

D.2 Classifying Positive Gaps into Intervals (Centralized version)
Consider the term @: (s af) — QZ(S?L, af). Under the event Econc, when h is odd:
ko k w( k wik kK k kik k
gap;(shaah) = Vi (sp) — Qn(sp.ap) < Qp(sy,a”) _Qh(shaah)
—k " —k
< Qh(sfw a ) - Q:(wa CLZ) < Qh(8;€w ai) - Q:(Sfm aﬁ)
and when h is even:
gapyf (s, ak) = Q(sh, ai) — Vi (s) < Qi (sh, ap) — Qi (s, a”)
—k o =k
< Qu(sh,ar) — @y (sh,a*) < Qu(si, ap) — Q) (sh, ap)-

Here, we've applied Lemma 10, and the way of choosing af. Since for V(s,a,h, k) € S x A x [2H] x [K],
the gap; (sF,af) < @i(sﬁ,aﬁ) - Q:(s’,fb,al,i) < 2H. So we can classify all these gaps into different intervals.
According to the definition of gaprf]in, if one gap gapZ(s’Z, a’,i) belongs to [O,gap:;in), then it must be 0. For
the other gaps, we divide them into N different intervals [gap/. ,2gap,. ),...,[2V " tgap’. ,2Ngap’. ). Here,
N = [log,(2H /gap;:;)]. Then, we obtain the following conclusion:

K 2H 2H
E[Regret(K)] < ZIE lz gap,f(sﬁ,afl)] < ZE
k=1 Lh=1 h=1

N
> 2mgap,, - Th"”] : (20)
=1

where 7;(") = 22{21 I [gap:(s’fl, a¥) € 2" 1gap?, 2”gap1flin)]7 which is the number of positive gaps at the h-th
step that belongs to the interval [2""1gap®. 2"gap™. ) during the first K episodes.
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D.3 Classifying Positive Gaps into Intervals (Independent version)

For the independent setting, notice that:

E[Regret,,( ZE[V“‘ S =V ] =3B Y sanf(sh,ab) it it
k=1 1<h<2H
h odd

Consider the term Qh(sh, af) — Q; (s¥,ak). Under the event E.one, when h is odd:

gapl (sf, af) = Vi () — QI (sh, af) = QI (sk,a) — Q1" (sf, af)
Qh(sh,) Qh(shaah) Qh(shaah) Qh(shaah)

Here, we've applied Lemma 10, and the way of choosing ah. Since in the regret decomposition above, we only
need the gap with odd steps, we have:

K 2H
st )] € 35 | (@) 03 oh) |
k=1 h=1

Since for V(s,a,h,k) € S x A x [2H] x [K], the gapl(sk,af) < @i(sﬁ,aﬁ) — Qi(sF,af) < 2H
when h is an odd number. So we can classify all these non-zero gaps into N different intervals
[gap;. ,2gapl. ), ..., [2V tgap. .2Ngapt. ). Here, N = [log,(2H/gap;; )]. Then, we obtain the follow-
ing conclusion:

2H

K
E[Regret(K)] < S E| S gapli(sh.af) \Z

k=1 1<h<2H =1
h odd

N
2" gap,, Th"”] : (21)

where T, ) Ek I [gap), (s, af) € [2"~ lgapt. | Z"gapmm) h is odd], which is the number of positive gaps at
the h-th step that belongs to the interval [27~! gapmln7 Q"gapmm) during the first K episodes. In the next two

sections, we will upper bound the counting number 771("), which is the final step of our proof. By using Equation
(20, 21), we can upper bound the expected total regret in both centralized and independent settings.

D.4 Upper Bounding the Counting Number (Centralized version)
For a fixed h € [2H] and n < [log,(2H/gap;-, )], we will upper bound the 7;(n). Under Eonc, denote:
{k € [K] : gapy (si,ah) € 2" gapy,, 2"gap i)} = {ki, ke, ke} == D

where t = ’7'h("), then consider the sum Zzzl[@:(sﬁ, af) — Q’Z(sfb, af)]. On one hand, this sum has a lower bound:

Z[Qh(sh»ah) Qk(sh,aﬁ)] > Z gapI(SZ,a’ii) > 2n_1gapr+nin T(n) (22)

keD keD

On the other hand, we can also establish an upper bound. By using Lemma 9:

Z[@i(sh,ah) Q) (s, af)] < Z [23\/¢(827a2>7(/\§)—1¢(827a;cl) (s, abyT (@t —w’,j)}

keD keD

<28 Z o (sh, a; ||(Ak -1t Z (st af) IZ ¢(5§aah)TU’Z]

keD keD

—k
<283 60k, ab)llagpy—r + D [Pa(Vier = Vh)(shs af) + 2811605k, af) l ag—

keD keD
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—k
=4p Z ||¢(527a’;)||mﬁ),1 + Z[Vthl(SZJrl) — Vi (shi)] + Z en

keD keD keD
—k
=4p Z p(sh, aﬁ)||(A’}j)*1 + Z[Qh+1(5§+1a aj i) — QZH(SZ-Ha aj )] + Z eh- (23)
keD keD keD
Taking summation over o' = h,h +1,...,2H, we have:
—k
Z[Qh(S’i,aﬁ) Q (sh,ap)] <48 Z Z b (s, at ||(Ak,) 1 Z Zeh/ (24)
keD =h keD =h keD

Here, e = IP’h(ViH — Vi )(skaf) - (V:H - Kﬁﬂ)(sﬁﬂ), which forms a martingale difference sequence. For
each k € [K], with probability at least 1 — p, it holds that:

Z Z et < /8kH?2log(2/p).

i=1 h/=h

After taking a union bound for all k € [K], we know that, with probability at least 1 — K'p, it holds that:

2H
S Y e < \/ST,fﬁ>H2 log(2/p). (25)

kED h'=h
According to Lemma 11 and Cauchy Inequality, we have:

S otk a)llapy+ < VT ¢Z lo(st a2y = VT[S0 (65T (Ah) 16}

keD keD keD (26)

< \/2dT,f"> Jog(1 4+ T,™).

Combine the martingale concentration with E.onc, by using Equation (24, 25, 26), we have: with probability at
least 1 — (K + 1)p,

S [Qh sk ak) — @ (sk, ab)] < 481/2aT™ - log(1 + ) + /T H2 log(2/p). (27)

keD

Finally, by Equation (22) and Equation (27), we know that with probability at least 1 — (K + 1)p:

2" Lgapt. . T(n) < 2H - 4ﬂ\/2d7'(n) log(1 + T(n) + \/87;l(n)H2 log(2/p)

= 8cpdH2/log(4dK H/p) - \/ 24T, -log(1 + T,'™) + \/ 8T H210g(2/p).

Therefore, we conclude that there exists an absolute constant C' such that:

3174 3174
7;5”) < Cd*H*log(4dK H/p) log (Cd H log(4dKH/p)) .

(28)
4n(gap;;,)? 4n(gap;i,)?

D.5 Upper Bounding the Counting Number (Independent version)

For a fixed odd number h € [2H] and n < [logy(2H/gap;". )], we will upper bound the 7;”) Under Econe, again
we denote:

{k € [K] : gap; (s),ah) € [2" ' gapyiy, 2" 8P )} = (k1. ko, ke } =D

where ¢t = 775"), then consider the sum Z [Qh(sh, af) — Qk (s, af)]. On one hand, this sum has a lower bound:

S [@n(shaf) - Q(ska)] = > gapy (s, af) > 2" 'gap,, - T, (29)

keD keD
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On the other hand, we can also establish an upper bound. By using Lemma 9:

> [@h(sh.af) — Qi(sh,ab)] < [ﬁwsh,ah )T(AR)"16(s, af) + (o(sh, af), wk) — Qh(sk, a)
keD

keD
—k %
<28y llo(shs ap)llasy - + D Pa(Vigy = Via) (s, ap)
keD keD
—k N ,
=20 Z ||¢(52>alﬁ)H(Ag)—1 + Z Vi1 (shi) = Vi (sh0)] + Z en
keD keD keD
<28 Z [[é( 3h7ah H(Ak -1+ Z Qh+1 sh+1aah+1) Qh+1(3h+1,ah+1 + Z Eh- (30)
keD keD keD

The final step holds since
V. (sk ) = max Q7 (sk a) > Q; (sk ak )
h+1\Sh+1 p h+1\Sh+1,a) Z Wh41(Sp41,Apy1)-

After taking summation over A’ = h,h +1,...,2H, we have:

Z@:(Sﬁvah) Qi (sy,ar)] <2 Z Z I p(shr, at ||(Ak,) 1+ Z foh' (31)

keD =h keD =h keD

Here, ef = Ph(VﬁH — Vir)(sk,af) — (V:_H — Vii1)(sf 1), which forms a martingale difference sequence. For
each k € [K], with probability at least 1 — p, it holds that:

Z Z el < /8kH?2log(2/p).
i=1 h'=

The following is exact the same as the centralized version. We take a union bound for all k& € [K], we know that,
with probability at least 1 — Kp, it holds that:

2H
S0 e < ST R 0s(2/) (32)

k€D h'=h

Combine the martingale concentration with E.one, by using Equations (31), (32), (26), with probability at least
1— (K + 1)p, we have

SOk (sk k) — Qi(sk, ab)] < 284/2aT™ - log(1 + ) + /ST H2 log(2/p). (33)

keD

Finally, by Equation (33), we know that with probability at least 1 — (K + 1)p:

2" tgapf. - ’T(n) < 2H - 2ﬂ\/2d7;fn) -log(1 + T(n) + \/87;5,”).7{2 log(2/p)

= dcgdH?\/log(4dK H/p) - \/ 24T, -log(1 + T,'™) + \/ 8T H? log(2/p).

Therefore, we conclude that there exists an absolute constant C' such that:

T <

3 74 SH4
Cd°H*log(4dK H/p) log (Cd H 10g(4dKH/p)) . (34)

4n(gap;i,)? 4n(gap;i,)?
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D.6 Final Step of the Proof

Here, we come to final step of our proof. For the centralized setting, we combine Equation (20) with the upper
bound of counting numbers (Equation (28)), we have:

2H N
E[Regret(K)] < ZE Z 2"gap, - 72(”)]
h=1 n=1

N 5
Cd®H5 log(4dK H/p) Cd®H*log(4dK H/p)
< (K +1)p-4H?K + 2"gapt. - -log < )
> et TIPS
Cd® H5 log(4dK H/p) Cd® H* log(4dK H /p)
+ -log + 32 :
&3P min (gapmin)

<AH?K(K +1)p +

Let p = ALH"’I(IW’ we can rewrite the inequality above as:

| CdPH? log(164K>(K + 1) H?)
L

E[Regret(K)] < 1 T
&aPnin

)

Cd®H* log(4dK H/p)
(gap);,)?
proved. The independent version is very similar. After combining Equation (21) with the counting number upper
bound (Equation (34)), we can get exactly the same result: for any sequence of policies p := {¢*}xe(x], we have:

where ¢ = log ( ) is a logarithmic term. Till now, our main theorem for centralized setting is

43 H% log(16dK>(K + 1)H?
E[Regret, (K)] < 1+ = 0g(16 & (K+DH)
ga‘pmin

Cd®H* log(4dK H/p)
(gap;,)?

where ¢ = log ( ) is a logarithmic term.



Gap-Dependent Bounds for Two-Player Markov Games

E The Pseudo-code of LSVI-2TBSG

In this section, we introduce the formal pseudo-code of LSVI-2TBSG algorithm in both centralized setting and
independent setting.

Algorithm 3 Optimistic Nash Q-learning on two-player Turn-based Stochastic Games with Linear Function
Expression (Centralized)

Initialize: Let @,11(8, a) < 2H, Q}ll(s, a) < 0, and V,ll(s, a) < 2H,V} (s,a) « 0 for all (s,a,h) € S x A x [2H].
A< 1,8 < cp - dH+/t where cg = 160 is an absolute constant and ¢ = log(2dT’/p) = log(4dK H/p).

1: for episode k € [K] do

2:  Observe the initial state s¥.

3 forstephk:QH,2H—1,...,1do
i Al

4: AZ =3 sk, al)p(sh,al) T + NI

5

wh = (Ak) f 11 9( Shva'h {Th(SZvah + Vh+l(8h+1)}
6: wy = (Af)™! f 11¢ (81> ap,) [Th(sﬁwah +Vh+1( htl )}
7: @Z(s, a) < min <2H, &(s,a) Eh + B\/(b s7a)T(AZ’)_1¢(s,a))

8: QZ(S, a) < max (O, B(s,a)Twh — ,8\/¢(s, a) T (AF)=1e(s, a))

9: end for

10: for step h=1,2,...,2H do

11: If h is an odd number, take action aﬁ + argmax, @ﬁ(si’,a), otherwise, take action al,fL +—
arg min, Qk(sz, a). Then, we receive the next state sf_ ;.

12: Vh(sh) « Qh(shvah) Vi(sp) < Qk(sh,aﬁ)

13:  end for

14: end for

Algorithm 4 Optimistic Nash Q-learning on two-player Turn-based Stochastic Games with Linear Function
Expression (Independent)

Initialize: Let @i(s,a) + 2H, and Vi(s, a) < 2H for all (s,a,h) € S x Ax [2H]. A+ 1,8 < cg-dH+/L where
¢g = 160 is an absolute constant and ¢ = log(2dT/p) = log(4dK H/p).

1: for episode k € [K] do
Observe the initial state s¥.
for step hl€:12H,2Hf 17..4.714 do
AZ =i ¢(827a2)¢5(827@2)T + Al .
- k— i i i i 174 i
w}’j = (A’Z) 1 Zi:ll P(sh,al) {rh(sh,ah) + Vh+1(sh+1)}

—k .
@i(s.0) = min (2H,6(6.0) T + 51006, () 0(5,0))
end for
for step h=1,2,...,2H do
If h is an odd number, take action af <+ argmax, @:(sﬁ,a), otherwise, let the min-player choose his
action afl. Then, we receive the next state slfLH.
—k —k
10: Vi(si) < Qp(sk, ).
11:  end for
12: end for




	INTRODUCTION
	RELATED WORKS
	PRELIMINARIES AND NOTATIONS
	REGRET BOUND OF TABULAR 2-TBSG
	First Step: Split the Total Regret into the Expected Sum of Gaps
	Second Step: Concentration Inequalities and the Extension
	Third Step: Peeling

	REGRET BOUND OF DISCOUNTED 2-TBSG
	Sub-optimality Gap and the Splitting of Total Regret
	Main Theorem

	EPISODIC 2-TBSG WITH LINEAR FUNCTION APPROXIMATION
	Centralized Setting and Algorithm
	Main Theorem for the Centralized Setting

	CONCLUSION
	Acknowledgements
	Proof of Lemma 4
	Proof of Theorem 2
	First step: Splitting the Regret into Expected Sum of Gaps
	Second step: Concentration Properties
	Third step: Peeling
	Proof of Lemma 6
	Proof of Lemma 7

	Independent Setting and Algorithm for 2-TBSG with Linear Function Expression
	Main Theorem for the Independent Setting

	Proofs for 2-TBSG with Linear Function Expression
	Concentration Properties
	Classifying Positive Gaps into Intervals (Centralized version)
	Classifying Positive Gaps into Intervals (Independent version)
	Upper Bounding the Counting Number (Centralized version)
	Upper Bounding the Counting Number (Independent version)
	Final Step of the Proof

	The Pseudo-code of LSVI-2TBSG

