Predictive variational Bayesian inference as risk-seeking optimization

Futoshi Futami! Tomoharu Iwata!
INTT Communication Science Laboratories

Abstract

Since the Bayesian inference works poorly
under model misspecification, various solu-
tions have been explored to counteract the
shortcomings. Recently proposed predictive
Bayes (PB) that directly optimizes the Kull-
back Leibler divergence between the empirical
distribution and the approximate predictive
distribution shows excellent performances not
only under model misspecification but also for
over-parametrized models. However, its be-
havior and superiority are still unclear, which
limits the applications of PB. Specifically, the
superiority of PB has been shown only in
terms of the predictive test log-likelihood and
the performance in the sense of parameter esti-
mation has not been investigated yet. Also, it
is not clear why PB is superior with misspeci-
fied and over-parameterized models. In this
paper, we clarify these ambiguities by study-
ing PB in the framework of risk-seeking opti-
mization. To achieve this, first, we provide a
consistency theory for PB and then present
intuition of robustness of PB to model mis-
specification using a response function theory.
Thereafter, we theoretically and numerically
show that PB has an implicit regularization
effect that leads to flat local minima in over-
parametrized models.

1 INTRODUCTION

Bayesian inference is a popular choice in statistics and
machine learning as a stochastic modeling tool (Murphy,
2012). In Bayesian inference, we update a prior distri-
bution that represent our assumptions to a Bayesian
posterior distribution and obtain a predictive distribu-
tion with Bayesian model averaging. However, it has
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been theoretically and experimentally reported that
the Bayesian framework has sub-optimal performance
under some conditions.

For example, it is widely known that Bayesian inference
works poorly when the model is misspecified (Griin-
wald, 2012; Masegosa, 2020). Nevertheless, many mis-
specified models are still useful for understanding the
mechanism of the data (Wang et al., 2017). To per-
form inference in a Bayesian framework even with mis-
specified models, various methods have been proposed,
including the tempered posterior (Griinwald, 2012; van
Erven et al., 2015; Heide et al., 2020), which assigns
a small weight to the likelihood function, and using
maximum mean discrepancy (MMD) instead of the like-
lihood function (Chérief-Abdellatif and Alquier, 2020).
These methods are a kind of “pseudo Bayes” (Bissiri
et al., 2016) that aims to resolve the difficulty of model
misspecification by changing the likelihood function in
some way.

While these methods focus on parameter estimation,
a method called predictive Bayes (PB), which focuses
on the prediction performance, has been attracting
much attention in recent years to address the model
misspecification (Masegosa, 2020; Futami et al., 2021;
Morningstar et al., 2020). PB minimizes the Kullback
Leibler (KL) divergence between the approximate pre-
dictive distribution and true data generating distribu-
tion based on the PAC Bayesian theory (Germain et al.,
2016). The likelihood function in standard Bayesian
inference is replaced by the KL divergence between the
empirical distribution and the approximate predictive
distribution.

Masegosa (2020), Futami et al. (2021), and Morningstar
et al. (2020) have theoretically shown that when a
model is misspecified, PB shows a better predictive
test log-likelihood than the exact Bayesian predictive
distribution. In addition, unlike the tempered posterior,
PB has shown superior empirical performance to stan-
dard Bayesian inference even with over-parametrized
models, such as Bayesian neural networks (Masegosa,
2020; Futami et al., 2021).

However, despite these excellent properties, theoretical
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and practical ambiguities remain in PB, and thus, its
application to a wider range of fields is still limited.
Following ambiguities remain: i) Although existing
work assured a superior performance in terms of the
predictive test log-likelihood, the performance in the
sense of parameter estimation has not been investigated
yet. ii) Although existing work showed that the PB’s
predictive distribution has a larger variance than the
standard Bayesian predictive distribution, this does not
explain why PB is robust under model misspecification.

These two understandings are vital in practical applica-
tions. As we discuss in Section 3, when the target task
is regression, we are interested not only in the predic-
tive test log-likelihood but also the mean squared error
(MSE). In this scenario, when a model is misspecified,
the predictive test log-likelihood can be maximized by
increasing the variance of the predictive distribution, al-
though the MSE remains significantly large. Therefore,
applying the solution of PB can be counterproductive
in these cases.

As for over-parameterized models, it is unclear why
PB outperforms standard Bayesian inference. This
question is an important since deep learning has been
widely used in modern probabilistic modeling (Johnson
et al., 2016). Another limitation of existing work is that
applying PB is difficult to such latent variable mod-
els as variational autoencoders (Kingma and Welling,
2013), since those models are optimized by maximizing
the marginal likelihood, which is different from the
objective of PB.

In this paper, to clarify these ambiguities, we ana-
lyze PB by comparing its distorted loss function to
a standard Bayesian inference. Note that distorted
loss functions have been discussed in the field of risk-
seeking optimization (Lee et al., 2020), which provides
an elaborate analysis to reflect the variability of the
loss functions in the problem. By focusing on PB’s risk-
seeking property, we present its theoretical properties
in model misspecified and over-parameterized settings.

First, we show a parameter estimation property of
PB by providing a frequentist consistency when the
model is both well-specified and misspecified. We show
that PB converges to the closest model to the true
data generating distribution in the Hellinger distance.
Next, we describe our intuition of PB’s robustness
to model misspecification using a response function
theory (Lindsay, 1994). Then we numerically validate
the superior performance of PB for regression tasks
where standard Bayesian inference fails.

For over-parameterized models, we numerically and
theoretically demonstrate that PB has an implicit reg-
ularization effect that guides the solution to a flat
minimum, which is considered to have a higher general-

ization ability (Keskar et al., 2016). Finally, we extend
PB to latent variable models by providing a novel lower
bound of the marginal likelihood, which incorporates
its risk-seeking property.

2 RELATED WORK

The tempered posterior has been studied theoretically
and numerically as the “safe inference” under model mis-
specification. Heide et al. (2020) and Alquier and Ridg-
way (2020) proved its concentration and consistency
properties, which are closely related to the parameter
estimation performance. The most significant difference
between PB and the tempered posterior is the implicit
regularization effect, which is useful when the model
is over-parametrized as shown in Section 4.5. Unlike
the tempered posterior, the cold posterior, which down-
weights the prior distribution, empirically improves
the performance in over-parametrized models (Wenzel
et al., 2020).

Several existing works proposed to replace the like-
lihood in Bayesian inference with different loss func-
tions. Futami et al. (2018) proposed robust variational
inference that uses §- and 7-divergences to enhance
robustness to the outliers in training data. Chérief-
Abdellatif and Alquier (2020) used MMD as a loss
function and showed the consistency property, which
leads to robustness to model misspecification. We
found that entropy-stochastic gradient descent (SGD)
(Chaudhari et al., 2019, 2018) is a particular case of PB
where a mean-field (MF) Gaussian distribution is used
for variational posteriors. Then the loss is equivalent
to the convolution of the original log-likelihood with
Gaussian distribution. Thus, the surface of the loss
function becomes smoother and leads to flat minima in
over-parameterized models. They proposed a two-time
scale approximation for the optimization and manually
tuned the variance of the MF Gaussian distribution.
On the other hand, PB uses a multi-sample bound and
does not need to manually tune the variance parameter.

Existing risk-seeking methods in machine learning (Lee
et al., 2020; Chow et al., 2015) tried to find a high
variability solution concerning the training dataset,
and their theoretical analysis considered a deterministic
hypothesis. On the other hand, PB seeks a solution
with high variability concerning the randomness of the
posterior distribution.

3 PRELIMINARIES

Here we introduce this paper’s notations and settings
and briefly describe PB.

3.1 Notations and settings

Assume that a training dataset consists of N identi-
cally independently distributed (i.i.d) random variables
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(r1,...,2n5) = oV according to unknown data gen-
erating density v(z) on X C R¥. Our goal is to
model v(z) using a parameterized statistical model
p(z|0), where § € © C R?. If there exists parameter
0* € © such that v(z) = p(z|6*), then our model
is well-specified. If such a 6* does not exist, the
model is misspecified (Alquier and Ridgway, 2020).
We express the log-loss as [,(0) := —Inp(z,|0) and
Ly(9) = 22[21 1,,(#). In Bayesian inference, we incor-
porate our prior knowledge into a prior distribution
7(#), which is updated to the Bayesian posterior dis-
tribution as p(f|z™) ocexp(—Ly (8))7(6). Since calcu-
lating the exact posterior is computationally infeasible
for many practical models, we need to rely on approx-
imation methods. Variational inference (VI) (Attias,
1999; Beal, 2003), which approximates the exact poste-
rior by a predefined parametric distribution, has been
widely used for this purpose because of its computa-
tional efficiency. We express the approximate posterior
distribution as ¢(0; ¢), where ¢ is called a variational
parameter. The standard VI optimizes ¢ by minimizing
the objective:

KL(q | 7)

o In ()] + ()

Objyi(¢) == N

Here KL(g|7) is the KL divergence and « is the tem-
perature. When a = 1, —Objy;(¢) is a lower bound
of marginal likelihood Inp(z?) > —Objy;(¢). When
a < 1, the solution is called a tempered posterior
distribution. We obtain the variational parameter:

@Y1 = argmin, Objy(¢). (2)

Then the predictive distribution is given by p(z; ¢31) =

Eq(9.6+ yp(x|0). Note that in the objective function of
Q( 74)\/1)

VI, Eq.(1) is decomposed to loss function E,[Ly(6)]

and regularization term KL(g|w). The loss function

in VI corresponds to KL(?(z)|p(x|0)), where 0(z) :=

= 25:1 0z, (x) and 6, (z) is the Dirac mass at x,.

The theoretical property of ¢(¢; ¢3;) has widely been
investigated. For example, Alquier and Ridgway (2020)
clarified that the variational posterior distribution can
concentrate on true parameter 6 in the well-specified
case. Thus, when we use the variational posterior as
an estimator of the parameter, our statistical model
can converge to true model p(z|0*). When the model
is misspecified, they also proved that the tempered
posterior converges to the parameter that minimizes
KL(v(x)|p(x|6)). In this sense, parameter estimation
performance in VI is well understood.

3.2 Predictive Bayes

Masegosa (2020), Futami et al. (2021), and Morningstar
et al. (2020) directly minimized the KL divergence

between the approximate predictive distribution and
data generating distribution:

KL(v(x)|[Eq(o;0)p(x]0)) =

Since the data generating distribution is unknown, we
approximate it with a training dataset. Motivated by
the PAC Bayesian theory (Germain et al., 2016), they
added regularization term KL(g|7). The final objective
function is

Eu(z) [— In Eq(9;¢)p($|9)} +Const.

2

KL(q | 7)

Objpp(o aN (3)

Z —InEy 9,0y (20 10)]+

We refer to this approach as predictive variational
Bayesian inference (PB-VI). Note that by using the
Jensen inequality, we have

Ey (o) [— InEyg)p(2|0)] < Eyayqe0)[— Inp(z]0)].  (4)

Thus the objective Eq.(3) is a tighter bound than
Eq.(1). Masegosa (2020), Futami et al. (2021), and
Morningstar et al. (2020) claimed that this tightness
improves the performance, especially when the model
is misspecified. Moreover, Masegosa (2020) and Fu-
tami et al. (2021) argued that the tight bound creates
the diversity-enhancing term in ensemble learning and
particle VI (Wang et al., 2019). To optimize Eq.(3),
previous works used a multi-sample bound. Morn-
ingstar et al. (2020) directly optimized it by relying
on a biased Monte Carlo objective like the importance
weighted autoencoder (IWAE) (Burda et al., 2015):

m

1
_lnEq(e)P($|9)S—Eel.uomw(e)a Z Inp(z|0m). (5)

m’'=1

On the other hand, Masegosa (2020) and Futami et al.
(2021) considered the upper bound of Eq.(3) using the
second-order Jensen inequality:

KL(q\W)

N
Objary (¢):= ELN(o Z +=—N > (6)

where Varg(1,(0)) is the variance of {,,(#) with respect
to g and c is a coefficient of the variance. See Ap-
pendix B.1 for the details. We refer to this approach
as mean-variance VI (MV-VI).

Masegosa (2020), Futami et al. (2021), and Morningstar
et al. (2020) proposed a PAC Bayes generalization
error bound for KL(v|E,p(z|f)) and also demonstrated
promising numerical performances of PB-VI not only
in misspecified settings but also for over-parametrized
models as discussed in Section 1.

One major drawback of PB is that its generalization
performance is only assured for the predictive test log-
likelihood. As mentioned in Section 1, this is problem-
atic for regression tasks under the misspecified setting.
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For example, consider (z,y) € X x Y C R4 x R.
Assume that the true data generating distribution is
v(z,y) = N(y|R(x),p*)v(z), where N(y|R(x),p?) is
the Gaussian distribution with mean R(z) : X — R
and variance p? € R. Assume that our model is
p(y|z,0) = N(ylre(x),0?). We predict y given z with
y = Eq9;4)[ro(2)]. Under this setting, Watanabe (2009)
showed that
E|R@)~Eqfro(@))|? | 1, o°
552 + 5 In 7

E,KL(v(y|z)|Egp(y|z, 0)) =

0_2

- 1 2
51 (Varglre(z)] =1) = 53 Vary[re(z) G (z) +[|re-—rel|"];

+E, 951
where G(z) := (R(z) — ro-(z))?. Note that the first
term in the right-hand side corresponds to the MSE.
When the model is misspecified, e.g., p?> # o2 or
R(z) # ro«(x), we can increase the test log-likelihood
by increasing the variance of the predictive distribution,
which corresponds to the third and fourth terms in the
right-hand side while the MSE is not changed. Since
a large variance in PB was numerically reported in
Masegosa (2020) and Futami et al. (2021), there is a
possibility that PB achieves a high test log likelihood
with the large MSE, which is unsuitable for prediction.
Thus, it is unclear whether PB really works well in
regression tasks.

To guarantee the MSE of PB under model misspefica-
tion, the consistency property, which is closely related
to parameter estimation performance, should be as-
sured. However, existing work only clarified the PB’s
performance in the predictive distribution, which is
averaged over the approximate posterior distributions.

4 METHOD

Here we present our main theory. First, we point
out the relation of PB-VTI to risk-seeking optimization
(RSO) in Section 4.1 and present the theory for PB-
VI in model misspecification in Sections 4.2 and 4.3.
Finally, we present the results for over-parameterized
settings in Sections 4.5 and 4.6.

4.1 Risk-seeking objective function

When focusing on the loss function, the loss function
of VI corresponds to ) Eyl,(#). On the other hand,
the loss function of PB-VIis >, —InE,e~'»(®). This
observation indicates that original loss [,, in VI is ex-
ponentially distorted in PB-VI. The idea of distorting
the objective function is extensively studied in RSO
(Lee et al., 2020). The exponentially distorted loss is
known as an entropic-risk in RSO, which is defined as
—% lnEq(9;¢)e_Vl"(9), where v € RT. We propose us-
ing entropic-risk as a loss function in VI for theoretical

analysis:

KL(q|m)

N
. 1 1 1 (0)
ObJEmw)-—N;[—;lnEqw;@e O S0 (T)

We refer to this as entropic-risk VI (Ent-VI), which is
equivalent to PB-VI in Eq.(3) when v = 1. We denote
the the solution of Ent-VI as

¢Ent = argmin¢0bjEnt (¢) (8)

and we express the optimized variational posterior dis-
tribution as ¢®"*(0) := q(0; ¢, )-

Interpreting PB as RSO has the intuitive and theoreti-
cal advantages. We describe the intuition in Section 4.4
later. As for the theoretical advantages, we can eas-
ily analyze PB by utilizing techniques in the field of
RSO. In particular, we utilize the fact that objective
functions of RSO have dual forms, which are easier
to analyze theoretically. Another motivation is that,
we can analyze not only Ent-VI but also MV-VI in a
unified manner. In particular, the loss in MV-VI in
Eq.(6) has also been widely used in RSO and is often
called a mean-variance (MV) loss. The MV loss is par-
ticularly important in RSO since various risk-seeking
objective functions can be upper or lower bounded by it
(Lee et al., 2020). Due to page limitations, we analyze
MV-VI in Appendix I.

We analyze PB-VI based on its variational dual form
(Ben-Tal et al., 1991). For an entropic-risk, we have

1 . 1 /
_ ;hﬂEq(g) el (0) 1{111f Eqqo)lln (0)]+ ;KL(q (0)|q(6;0)), (9)

where the infimum is taken for all the probability mea-
sures that are absolutely continuous regarding ¢. Thus,
the Ent-VI problem can be expressed in a dual from

N

1 1
'f'ffE E, (o)1, (0)]+=KL(¢|¢)] +
12 121/ anl[ q(0)[ ( )] 5 (q |‘])]

KL(q|m)
—N (10)
This is a double-loop optimization, where the inner op-
timization addresses the variational problem of Eq.(9)
and the outer loop is the optimization concerning vari-
ational parameter ¢. We used Eq.(10) to analyze the
convergence properties of Ent-VI in the misspecified
model and its implicit regularization effect in the over-
parameterized model in Sections 4.2 and 4.5.

4.2 Convergence property of Ent-VI

Here, we analyze the parameter estimation property of
PB-VI and the guarantee for the MSE loss as discussed
in Section 3.2. First, we study the consistency of the
posterior distribution since it provides the frequentist
guarantee for the approximate posteriors.
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We define the discrepancy of the misspecification
using the KL divergence. We define 6* =
argmingeo KL(v(z)|p(x]0)) and write:

p(ﬂ?lff*).

KL(v(2)|p(2[0)) =KL(v(2)[p(2[0")) +EIn e

(11)
The first term corresponds to the error caused by the
misspecification. Then, we introduce the following
assumptions.

Assumption 1. Assume there exists ey > 0 for which
there is a variational distribution q(0;¢n) such that:

p(z|6*)
/Eu(z) In ) q(0; ¢n)dO < en, (12)

KL(q(0; on)|m) < Nen. (13)

These assumptions, Eqgs.(12) and (13) are the same as a
previous work (Alquier and Ridgway, 2020). Intuitively,
this assumption implies that a prior gives sufficient
mass near the true parameter, and a family of ¢(0; ¢n)
contains distributions that are concentrated near the
true parameter. We also introduce assumptions about
q""(0), which is required to control the dual problem:

Assumption 2. i) The entropy of ¢"™(0)
is upper-bounded by a positive constant Hy,
Egene(g)[—Ing™™(0)] < Hy. i) There exist a
positive constant g, 52 such that for all 0 < A < A,
Equ(e)e)\lnﬂ < e)\zéz.

Assumption 2 are satisfied when we choose ¢ and 7
appropriately. For example, when ¢ and 7 are both
Gaussian distributions, Assumption 2 holds. We fur-
ther discuss assumptions in Appendix F. With this
assumption, we first present the consistency property
of Ent-VI for a misspecified setting;:

Theorem 1. For a giwven o € (0,1) and v €
(0,2N/(AN + «)), wunder Assumption 1 and 2,
q"(0) = q(0; f,,) satisfies

E, () /H612(V(w)7p(x|0))qE“t(0)d0

N 267 + H§

1+a
€
Na2 '’

< KL(v(z)|p(z|6*))+

N (14)
where Hel? is the Hellinger distance defined in Ap-
pendiz A.

The proof is shown in Appendix E. When the model
is well-specified, the first term disappears. If ey — 0
as N — oo, the Ent-VI is consistent.

Here we cite an example of ey from Alquier and
Ridgway (2020). Assume that ¢ is MF Gaussian
q(0; ¢) = N(0; u,0%1;) and 7(0) = N(6;0,021,), where
1, is the d-dimensional identity matrix. Moreover, we

assume that there exists a measurable function M (z)
for p(z|0) that satisfies

| Inp((6) — Inp(z|6")] < M(2)[|6 — &' (15)

and furthermore we assume that E, M (x) := L < oo,
then we have

ex =4V {# [t @3N + 5] + ML L)
(16)

This holds for a linear and logistic regression model,
see Alquier and Ridgway (2020) for details. Thus,
substituting this ey, the convergence rate is O(In N/N)
for the Ent-VI, which shows the same convergence rate
as tempered posteriors. This rate is a minmax optimal
within a log-factor. See Appendix H for a detailed
comparison.

Using this consistency property, we provide a guarantee
in the MSE as discussed in Section 3. Our statistical
model is p(y|z,8) = N(y|re,(z),0?), where 8 = (6, 0?)
and rg,(x) is linear in parameters. We define 6* as
0* := argmingoE, () KL(v(y|z)[p(y|z, 0)). We do not
assume that v(y|z) is a Gaussian distribution. Instead,
we introduce the assumptions below:

Corollary 1. Assume © and X are compact, and there
exists a constant n such that sup,c Ey(y‘x)emy‘ < 00,
and B, (yjz)[y] = ro; (x). Then, under the assumptions
in Theorem 1, there exist constants c1,co > 0, which
only depends on the parameters of the problem

' Euz T )— 2 1 2
Eoe) /( @ lIre; (z)—ro, ()] R U—*)qE“t(H)de

202 2 o2
14+a 262 + H
a N + Na? ’

(17)

< (cl—l—chnN)(

This is the direct consequence of Heide et al. (2020),
see Appendix G. We remark that this corollary is not
restricted to when p(y|z, 6) is a Gaussian distribution.
The similar statement also holds for a generalized linear
model, see Appendix G for details. Note that the as-
sumption requires £,y 2)[y] = 74z (). Intuitively, this
corollary provides the guarantee even when the noise
function is misspecified. In Section 5, we confirm this by
considering a Bernoulli heteroscedastic noise for v(y|x)
and a Gaussian homoscedastic noise for p(y|x,0). With
this corollary, we can upper-bound the MSE. Note that
if ey = 0 as N — oo, the estimated regression model
converges to the optimal model in the MSE. When us-
ing Eq.(16), we obtain an O((In N)?/N) bound, which
is only a log factor worse than Theorem 1.

In the previous work, e.g, Masegosa (2020),
the performance of PB-VI is guaranteed in
KL(v(2)[Egene g)p(x|0)), where the model is av-
eraged inside the KL divergence. On the other
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hand, our Theorem 1 and Corollary 1 guarantee the
performance when the expectation with respect to
¢™™(0) is outside the Hellinger distance or the MSE.
Using the convexity of f-divergences and the MSE,
we can move the expectation inside the Hellinger
distance and the MSE. Then our theoretical guarantee
about the consistency and the MSE holds for the
approximate predictive distribution Egentgyp(z]0)
similarly.

4.3 Analysis based on response theory

Here we study Ent-VI’s the robustness to model mis-
specification using the associated residuals and the
response function (Lindsay, 1994). These concepts are
utilized to investigate the robustness of the Hellinger
distance, which is appeared in the consistency propo-
erty of Ent-VI in Theorem 1. First, we define the
Pearson residual (PR) at x:

8(x,0) := (v(z) — p(x|0))p(x|0)~". (18)

Lindsay (1994) clarified that the maximum likelihood
(ML) estimator of ming KL(v(z)|p(z|f)) can be ex-
pressed as VoKL(v(z)|p(z]0)) = [d(x,0)Vp(z|0)dz +
Const. The coefficient of Vp(x|0) is called the residual
adjustment function (RAF), which is defined as a func-
tion of . Thus, the RAF of ML is §(z,6) and shows
a linear response to PR. The intuition of RAF is that
since ¢ is the relative deviation, model misspecification
implies a large 6. Thus, robustness to model misspeci-
fication requires a damped response as an increasing
0. Lindsay (1994) argued that since the RAF of the
Hellinger distance minimization shows v/ + 1 — 1, it
is more robust than the KL divergence. Thus, to inves-
tigate the robustness, our goal is comparing the RAFs
of the Ent-VI and the standard VI.

Since the loss of the standard VI is
Eq(0:0)[KL(v(2)[p(2]0))], we derive its RAF by
differentiating it with respect to ¢. We use a repa-
rameterized gradient with 6 ~ T'(6y; ¢), where T is a
translation, ¢ is a variational parameter, and 6y obeys
a simple distribution p(6y) like a Gaussian distribution.
More details are discussed in Appendix J. We use an
m-sample bound, and we draw 6} ...05" from p(6o)
and obtain 6,,, = T(5" ; ¢). Then, we have

VsEq(0:0)KL(v (2)|p(x]0))

1 & v(z) i
:]Ee})...egup(ao)/a Z WG(‘% )dz,  (19)
m’/=1 m

where G(63") := V4T(05"; §)Vop(x|6ms). Since VT
is determined by the choice of the variational distri-
bution, we define the RAF of the standard VI as
v(x)
p(x]0,,)
ML estimation. As for Ent-VI, we use an m-sample

:= 6 + 1. This shows a linear response like

10— EntVi(y = 1.0)
Ent-VI(y = 0.1)
8  —— VI(KL)

—— Hellinger

RAF

Figure 1: RAF of different methods

bound as in Eq.(5). To eliminate the summation’s
non-linearity, we approximate the loss of Ent-VI:

m B m Yy
(& orrmms 3 ()
w

m/=1 m/=1

where we define 0 := argmaxy , Inw(f,,) and w(f) :=
p(x|0)/v(x). The derivative of loss function is

VoEu () (—7_1 InEqg;6)¢" lnp(mle))

~Egyoppion) | - O R0 )G} Yz, (20)
m/=1

where an explicit form of R(z,60,,) is shown in Ap-
pendix J. When v > 1, we can approximate it as
R(x,0,,) ~ v(z)/p(x|f). Since f is a sample that fits
the model best among m drawn samples, the Ent-VI’s
RAF is much smaller than that of the standard VI,
although both show linear responses. In Figure 1, we
visualized RAF as a function of § in the standard VI
and the Ent-VI using the model of the toy data exper-
iment in Section 5. The Ent-VI’s RAF shows a low
response compared to VI and we believe that this is
the key mechanism of Ent-VI for a robustness to model
misspecification. See Appendix J for the detailed set-
tings.

Response analysis fuels the intuition of Ent-VI as a
risk-seeking objective. If an approximate posterior has
a large variance, we might draw a sample that fits
better than a small variance approximate posterior.
Thus, this increases the variance of the approximate
posterior since the loss of the best fitting sample only
matters to the estimator as shown in Eq.(20) from the
response analysis. In this way, PB-VI and MV-VI show
large variance as reported in Futami et al. (2021) and
Morningstar et al. (2020).

4.4 Intuition of the risk seeking property

Following the response analysis in Section 4.3, here
we briefly describe the intuition of the risk-seeking
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property of PB. By interpreting PB as RSO, it becomes
clear why PB has a larger variance in the posterior
distribution than ordinary VI or Bayesian inference
since the standard VI corresponds to the risk-neutral
objective function. This intuition is difficult to obtain
from the original PB objective function in Eq. (3).

Moreover, this large PB variance may explain PB’s
good performance in over-parametrized models and
model misspecification. For over-parametrized mod-
els, the solution with the larger variance means the
flatter local minima, which gives an intuitive explana-
tion for PB’s good performance in such a model. We
present an analysis for this in Section 4.5. As for the
model misspecification setting, we describe its inuition
in Appendix K.

4.5 Implicit regularization of Ent-VI

In Section 4.2 and 4.3, we have focused on the parame-
ter estimation and robustness to model misspecification
of PB-VI, where we assume that models are rather
simple. On the other hand, recent Bayesian models
can successfully incorporate deep learning methods
(Johnson et al., 2016). In such a situation, we are
more interested in finding a local minimum that shows
a good generalization performance than finding the
global minimum.

It has been hypothesized that local minimums with
flat geometry show better generalization performance
than sharp local minimums (Keskar et al., 2016). Thus,
we hypothesize that the good performance of PB-VI
(Ent-VI) compared to the standard VI has a relation
to a flat minimum. Intuitively, since a flat minimum
can be specified with lower precision than a sharp
minimum (Keskar et al., 2016), a local minimum of
a large variance obtained by a risk-seeking objective
have some relation to a flat minimum.

We elaborate this intuition using the dual problem
in Eq.(10). The entire derivation is shown in Ap-
pendix L. We focus on a Bayesian neural network
(BNN) and consider the MF approximation with
q(0;¢) == N(0;u1,0%14). We restrict ¢’ in Eq.(10)
to parametric distributions and consider the MF Gaus-
sian distribution: ¢'(0;¢’) := N(6; pa,0214). Here for
simplicity, we assume that the variances of ¢ and ¢’
are identical. We express the difference of the mean
of g and ¢’ as s = 2 — 1. Then the samples from ¢’
can be written as s + p1 + o€, where ¢ is drawn from
N (£]0,1;). Then, Eq.(10) is approximated:

N

. 1

Is)1*] , KL(q|m)
202 + aN (21)

n=1

Since we restrict ¢’ to a specific parametric distribution,
the objective function of Eq.(10) is upper-bounded by

Eq.(21). We first solve the inner problem concerning
s and assume that s is small enough. Then using the
Taylor expansion, the inner problem can be solved:

inf Eell, (11 + 5+ 7€) + (290%) s
~ ln(ﬂl)JFTr[vzln(Ml)]UQ/Q*VZn(Ml)THVZn(Hl)a (22)

where s=HV1,(u1) and H :=[y 1o 21;+V?1,,(p1)] L.
On the other hand, the loss of the standard VI can also
be expanded by the Taylor theorem:

Eq(o:0)ln (0)] ~ L (1) + T[V2L, (u)]o?/2. (23)

Comparing Eqgs.(22) and (23), Eq.(22) of Ent-VI has
additional regularization term —V1,(uu1) " HV1, (j11).
This implicit regularization pushes the solution to a flat
minimum as follows. Denote the eigenvalues and eigen-
vectors of H as (A\s,v;). Then —Vi,(u1) " HV I, (1) =
=3, (VI v;)?\; and this is a weighted sum of the
eigenvalues of H. Thus the additional regulariza-
tion term in Ent-VI provides a solution such that the
weighted sum of \; increases. On the other hand, since
H = [07%1; + V?,,(p1)] 7!, increasing the weighted
sum corresponds to a decrease in the eigenvalues of
V21,,(p1), which is the Hessian of our loss function
when o is fixed. Since low eigenvalues of H are related
to flat geometry, Ent-VI has implicit regularization that
leads to a flatter minimum than the standard VI. In
Section 5, we numerically compare the generalization
performance of the standard VI and Ent-VI.

4.6 Novel lower bounds of the marginal
likelihood

Based on the discussion about the implicit regulariza-
tion of PB-VI in Section 4.5, introducing those risk-
seeking property even when learning latent variable
models (LVMs) seems promising to improve the perfor-
mance. When learning LVMs, we are often interested
in maximizing a marginal likelihood, not the distorted
risks. For example, many deep latent models optimize
the lower bound of the marginal likelihood. There-
fore, we present a novel objective that is a valid lower
bound of the marginal likelihood and still incorpo-
rates the risk-seeking property. We use a multi-sample
bound and express z; as the j-th random variable
drawn from latent posterior distribution ¢(z). We de-
fine w; = p(x|z;)m(2;)/q(z;). We regard this Inw as a
risk function and apply an MV loss, as in Eq.(6). We
present two novel lower bounds. The first one is

Inp(x)> Eq}]ZJ: (log w;+ h;’ﬂ(ln w;— Z lnflﬂj) 2),

J=1 Jj=1

(24)

where hYY are the weights of the variances, which depend
on x and w, see Appendix M for the detailed expression
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and the proof. We refer to Eq.(24) as VI-VAR since the
first term corresponds to the objective of the standard
VI. Thus, thanks to the weighted variance term, VI-
VAR bound is tighter than the standard VI objective.

The second bound is

Inp(z)
1 M J w™ e J w™ 1 J W 2
]‘—mz:: (ln;%+hz‘ <1n;l—;fﬁglnz ;) )
(25)
where wj" := p(z|z]")7(2]")/q(2]") and {27'} are JM

samples drawn from ¢(z) and hY are the weights of the
variances, which depend on x and w, see Appendix M
for the detailed expression and the proof. This bound
is tighter than the IWAE bound due to the weighted
variance term of the second term. We refer to this as
IWAE-VAR.

Thus, these bounds include the weighted variance term,
which induces a risk-seeking property like PB. They
are rigorous lower bounds of the marginal likelihood
and tighter than the standard VI and IWAE bounds.
In Section 5, we use them to optimize the variational
autoencoder models (VAEs).

5 NUMERICAL EXPERIMENTS

We numerically confirmed the Ent-VI properties in
model misspecified and over-parameterized settings.
See Appendix N for details of the experiments and
additional results.

5.1 Model misspecification

We addressed a toy data regression task and mea-
sured its performance in the MSE. Motivated by
Heide et al. (2020), we considered a task where the
standard VI completely fails. We generated toy-
data (z;,y;)N, as follows: x; = (lu; and y; = (/G
where w; ~ Uniform[-1,1], ¢; ~ N(0,1), and (!
follows a Bernoulli distribution, which takes 0 with
a probability 1/2. Thus, the true conditional ex-
pectation is IE[Y|X] = 0. As our model, we used
N(y\f(;v|w) ) with a linear model of Fourier basis
flzlw) = Zk o Wy cos(kx) 4+ wi sin(kz). Follow-
ing the theory from Section 4.2, our model includes
E[Y|X] = 0, although the noise assumption is misspec-
ified. Prior distributions are imposed on w and ¢2. For
7(w), we assumed a Laplace distribution, which induces
sparsity. We used the non-centered parameterization
and used MF Gaussian posteriors, see Appendix N for
details. For example, when N = 40, we visualized the
obtained functions in the upper row of Figure 2 and
found that VI showed severe over-fitting and Ent-VI

0.4

0.2

= 00

—0.2

—0.4

1.0 0.5 0.0 0.5 1.0
x
Performance in MSE
0.03 _ VI
—— Ent-VI

L 0.02
%)
=

0.01

0.00
50 100 150 200 250

Num of data

Figure 2: Regression results with a misspecified model

(v = 0.1) suffers less over-fitting. In the figure, VI-NN
is a result of a two-layer ReLU BNN and VI-NN fit the
true regression function well in-domain areas. Thus,
when a model is misspecified, standard VI fails in this
setting. Next, we studied the MSE changing N. The
results are shown in Figure 2 in the bottom row. Ent-
VI outperformed in the MSE compared to the VI. A
strange convergence behavior of VI was reported in a
previous work (Heide et al., 2020); Ent-VI converged
well. We show additional numerical experiments in-
cluding the real data experiments in the Appendix N.1.

5.2 Flat minimum in deep learning

We numerically validated the implicit regularization
of Ent-VI shown in Section 4.5 by following previous
work (Masegosa, 2020; Morningstar et al., 2020). We
considered a structured prediction task and trained a
BNN to predict the bottom half of an image using its
top half as input. We used a two-layer MLP with 20
hidden units with ReLLU activation and considered an
MF Gaussian for the posterior. We used the Fashion
MNIST and the CIFAR10 datasets. To observe the
flatness of the obtained solutions, under different tem-
perature as, we measured KL(q(0; ¢*)|m) where ¢* is a
solution of VI and Ent-VI and the sum of the squared
Frobenius norms of each weight matrix. We chose these
indicators since they show strong correlations to the
generalization performance (Tsuzuku et al., 2020; Jiang
et al., 2019). A small KL(q(6; ¢*)|7) with a large test
log-likelihood means that an obtained model needs less
information in the posterior for a reasonable prediction.
This is closely related to the principle of the minimum
description length (MDL) theory, which states that a
statistical model that requires a fewer rate shows better
generalization, and thus, MDL is closely related to the
flat minimum. The results are shown in Figure 3. Ent-
VI requires a smaller KL divergence and a Frobenius
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Figure 3: Left column is the result of Fashion MNIST
and right column is CIFAR10. LL indicates the log-
likelihood. Horizontal line in upper row indicates
KL(q(0; ¢*)|r). Low indicates squared sum of Frobe-
nius norm of weight matrices. Stars indicate a = 1.
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Figure 4: The same experiments as Figure 3 using
different PB-VI methods. Stars indicate a = 1.

norm to achieve the same test log-likelihood with VI.
Next, we compare the relation of the test log-likelihood
and KL(¢(0; ¢*)|m) using different PB-VI methods in
Figure 4. We used different s for Ent-VI and used
the method of Masegosa (2020) as MV-VI, which is
denoted by PAC2E in Figure 4. We found that these
PB-VI methods consistently outperform the VI. These
numerical results support the theoretical findings that
Ent-VI has an implicit regularization effect for over-
parameterized models.

5.3 Application to variational autoencoder

We applied the bounds developed in Section 4.6 to
VAEs and described the detailed network architecture
in Appendix N. We used MNIST and the CelebA
datasets (Liu et al., 2015). For MNIST, we evaluated
the test log-likelihood. For the CelebA dataset, we
evaluated the FID score (Heusel et al., 2017) between
the real data and the randomly generated data from
the models. A smaller FID score means that the dis-

Table 1: MNIST VAE results

Method ‘ IWAE-VAR IWAE VI-VAR VI

Test LL ‘ -88.8 -89.0 -89.7 -89.9
CelebA
82
—8— VAE
—>— VAE-var
80 —— IWAE
IWAE-Var
78
o)
.

5 10 15 20 25 30 35 40 45
Training epochs

Figure 5: FID score results of CelebA dataset

tribution of the generated images is closer to the data.
The experimental settings, including the network archi-
tecture and hyperparameters, are the same as in Shi
et al. (2017).

We trained the VAEs using VI-VAR, IWAE, and a
standard VI with J = 10, and IWAE-VAR with
J = 2,M = 5. The MNIST results are shown in
Table 1, which shows that a tighter bound shows a bet-
ter test log-likelihood. The CelebA results are shown in
Figure 5 and the VI-VAR showed the best performance.
From these experiments, incorporating the risk-seeking
property to learn latent variable models seems promis-
ing. Perhaps the worse performance of IWAE-VAR was
caused by the larger variance of the gradient estimator.

6 CONCLUSION

We analyzed predictive Bayes under model misspecified
and over-parameterized settings from the viewpoint of
risk-seeking optimization. We provided the consistency
and a MSE performance guarantee for PB, both of
which are useful when studying parameter estimation.
We also clarified that PB has an implicit regularization
effect, which induces a better generalization perfor-
mance. Our future works will replace the loss function
in VI with a general risk-seeking objective function and
study its theoretical and practical benefits.
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Supplementary Material:
Predictive variational Bayesian inference as risk-seeking optimization

Symbolslist
Sign Description
0% A temperature parameter in an entropic risk
N A number of training dataset
m The number of samples for the multi-sample bound
v(z) True data generating distribution
2N = (z1,...,2x) Training data drawn from v(z)
p(z|0) A model, also called as a likelihood function
1.(0) A log loss, defined as 1,,(6) := — Inp(x,|0)
In(6) The sum of the log loss, defined as Ly (6) := =", 1,(0)
() A prior distribution
p(0]2Y) Bayesian posterior distribution, p(8|2™) o exp(—Ly(0))m(0)
q(6; ¢) An approximate posterior distribution with a variational parameter ¢
qpnt A solution of Ent-VI

A DEFINITIONS OF DIVERGENCES

Here we introduce the definitions of divergences used in the paper. Consider probability distributions P and @ in
some measurable space. We define KL divergence between P and @

dP
KL(P = 2
(Pl@):= [mG5ap (26)
if @ dominates P, otherwise KL(P|Q) = oo. We also define a-divergence between p and q as
1 dpP\*!
D, (P = —1 — P, 2
(P = oty [ (55)ap (27)

if @ dominates P, otherwise D, (P|Q) = oo. When a = 1/2, D,, is closely related to the Hellinger divergence,
Hel?(P|Q) := / (VdP — +/dQ (28)

B FURTHER PRELIMINARY OF EXISTING WORK

Here we introduce additional results for PB and risk seeking optimization.

B.1 Predivtive bayes

As explained in the main paper, Masegosa (2020), Futami et al. (2021), and Morningstar et al. (2020) directly
minimized the KL divergence between the approximate predictive distribution and data generating distribution:

KL(Z/(I) |]Eq(9;¢)p(x|9)) = Eu(a:) [— In Eq((g;(ﬁ)p(ﬂiwn +Const (29)
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Table 3: Summary of loss functions

Name | Loss g(t) dual divergence
VI E,l, t -
Ent-VI | —InE,e %e”t — % KL
MV-VI | E,l, — Vary[l,]  t+ ct? e

and motivated by the PAC Bayesian theory (Germain et al., 2016), they added regularization term KL(g|r). The
final objective function is

2

KL(q|m)

aN (30)

Objpp(¢):= Z —InEqg.4)-p(znl0)]+

The exact integral is intractable when optimizing this objective function. Therefore, existing work considered
different approximations. As shown in the main paper, Morningstar et al. (2020) considered the multi-sample
bound like IWAE Eq.(5). On the other hand, Masegosa (2020) and Futami et al. (2021) applied the second-order
Jensen inequality. For simplicity, we only cite the result of Futami et al. (2021). They proved that

Eq (o) Inp(]9) < nEq(oyp(x]6) — Eyo) <lnp(x|9)2_}LéE;,<g>)lnp(x|9))27 (31)
:=R(z,h)
where
h(z,0)"2 = exp <1np(ac|9) + Eq(o) Inp(x]0) — 2max lnp(x|9)> . (32)
And then they proposed the objective function
Obiunty (6) 1= LB L (0) By L 3 Ry ) + KT, (33)
n=1

where the second term is the weighted variance. Thus, this is the weighted mean-variance objective function.

B.2 Risk seeking optimization

First, we introduce the general risk-seeking objective function as follows. We define inverted optimized certainty
equivalents (I-OCEs)(Lee et al., 2020) as

OCE’(q(0; ¢),1(9) =sup {A=Eqo.6)[90— 1,(0))]}, (34)

where g : R — R is a non-decreasing convex function that satisfies g(0) = 0 and 1 € 9¢(0). This g express a
distortion of the original loss function /,,. Important point is that many risk-seeking distorted functions can
be derived by choosing appropriate g function. Examples of g are shown in Table 3. For example, by setting

g(t) := %e'yt - % where v € RT, we get the entropic-risk.

I-OCE risk is called risk-seeking objective function because it tries to find the solution which is more dispersed
concerning the distribution used for the expectation in Eq.(34).

As written in the main paper, some OCE risk has dual forms and are discussed in various works (Ben-Tal et al.,
1991). For example, the duality of entropic risk is discussed in Féllmer and Knispel (2011). Relation to MV-loss
and y square divergence is discussed in Gotoh et al. (2018):

Eala(0) = 3 Var (1) = inf Eyiofl (O)1+ =3 (d(0)]a(0:0). (35)
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where x2(¢’|q) := f(% —1)2pd# is the y square divergence.
As written in the main paper, MV-loss plays an important role in the I-OCE risk framework. Lee et al. (2020)
proved that I-OCE risk is upper and lower bounded by the risk functions as

Lip,

L — Vary(l,) < OCE’ (g, 1,) < L, — CyVary(l) (36)

where Lip, is the lipscitz constant of ¢ and Cy := info |y ‘b(tt)*t. Thus, studying the I-OCE risk is closely related
to studying MV-risk in a sense.

In the case of entropic risk, if a log-loss is bounded, then there exists a constant ¢ such that

N
1 1 _ )\ln
i g X Zl — cVar, (1, (37)
Thus, the risk functional of Ent-VB is upper bounded by MV-VI.

C RISK SEEKING OBJECTIVE IN VI

As we introduced in Section 1 and 3, PB uses the distorted loss functions. When focusing on loss function, VI
optimizes ), Eql,(0), on the other hand. PB-VI optimizes ), —In qu’l"(o). This observation indicates that
the original loss [,, in VI is exponentially distorted in PB-VI. The idea of distorting the objective function is
known as risk-seeking objective (Lee et al., 2020). Motivated by this connection, we can consider a general
risk-seeking VI, of which loss functional is replaced with the risk-seeking objective as follows.

, KL(glm).

Objgs (¢ ZOCE @ ln(0) + =%

(38)

We refer to the VI, which uses Eq.(38) as risk-seeking VI (RS-VI). Significantly, by choosing the appropriate g

functions, we can recover VI, PB-VI, and MV-VI as shown in Table 3. For example, by setting ¢(t) := %e”t — %

where v € RT, get Ent-VI. Also, when we use MV-loss, we get the MV-VI. The intuition of the problem in Eq.(38)
is that we enhance the variation of loss function similar to Eq.(6).

We leave it a future work to analyze the theoretical properties of RS-VI and numerical performances.

D Discussion about MSE

Here, we discuss the behavior of MSE when using the standard VI and the PB-VI. First, as we introduced in
Section 3.2, the objective of PB-VI is given as

E, KL(v(y|z)[Eqp(y|z, 0))

_ EV||R($)_EQ[T9($)]H2 + 1 In (;j + EV 0'2 - p2 (Varq [7’9(33)} _1)

L Vargfro(@)I(@) +lro—rol)]  (39)

202 2 204 204

where I(z) := (R(x) — rg«(z))?. When the model is misspecified, e.g., R(x) # rg«(z), we can make the objective
of PB-VI small by increasing Var,rg(x). Even when R(z) # 7o+ (), we can make the objective of PB-VI small by
increasing Var,[||rg- — rp||?]. This indicates that we can make the objective of PB-VI, E,KL(v(y|z)|Eqp(y|z,6)),

small, while the MSE E”HR(z);E%[”’(I)]“Q is large by manipulating the dispersity of the function ry.

Next, we consider the objective of the standard VI, which is given as

E,Ey )l R(x) — ro(2)||?
202

n
n—

+

1
E,Eq)KL(v(ylz)|p(y|z, 0)) = 3

Note that when fixing ¢(#), the optimal o2 is
0% = E,Ey) | R(z) — ()], (41)
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which is pointed out in Griinwald and Van Ommen (2017).

On the other hand, the squared loss for prediction is given as E, ||R(z) — Eq@yro (x)||? , which is upper-bounded
by

E, || R(z) = Eq@oyro(2)]|* < EvEqo) | R() — ro(2)]*. (42)
Thus, compared to PB-VI, the standard VI directly control the squared loss for prediction.

E PROOF OF THEOREM 1 (CONSISTENCY)

Proof. Following Alquier and Ridgway (2020), from the definition of the a-divergence, we obtain

EV(X)®Ne—arN(PeW)Hl—a)NDa(pe,V) =1, (43)
where
N
v(X,)
rn\Po,V) = In 44
(o) = 3 e ) “

and expectation is taken with respect to the draw of the training dataset.

Next, we take the expectation concerning a prior m and, using Fubini’s theorem, and we swap the expectation.
We obtain

E [/ e—am(pew)-&-(l—a)NDa(pe,V)dW(g)} - 1. (45)
Then by using the measure change formula in Lemma 2.2 in Alquier and Ridgway (2020), we obtain

B |exp {sun { [ (~ar(pa) + (1= N Do) )dot6) - K161 } | =1 (16)

p

where the supremum is taken over all the probability distributions on the given measurable space. For completeness,
we show the Lemma 2.2 in Alquier and Ridgway (2020)

Lemma 1 (Lemma2.2 in Alquier and Ridgway (2020)). Given a measurable space, for any probability = and any
measurable function h that takes real values such that fehdﬂ' < 00, we have

ln/ehdw = sup [/ hdp — KL(p|7T):| . (47)

p

We take the log function on both hand-side in Eq.(46), and by applying the Jensen inequality. Then we have

E [sup { [ (Farson.)+ (1= N Dap0.0) dot0) - KL<p|7r>}] <0, (18)

P
Recall the dual form of the Ent-risk
1 1
-3 mEge """ = inf{Ey[l,] +;KL(q’(9)\Q(9; o)}, (49)
q

and we express the solution of this ¢’ as ¢*. Then, we substitute p = ¢* in Eq.(48), we obtain

E [/(—am(p@, ) + (1 — a)NDq(po, u))q*d& - KL(q*|7r)] <o0. (50)

Then by rearranging the above inequality, we have

E, / Da(po,v)q"d0 < E, [

/TN(pf’» v)q*df + KL(q*IW)]

N(1-aq) N(1-a)



Predictive variational Bayesian inference as risk-seeking optimization

Next, we lower bound the left-hand side of Eq.(107) by the expectation of ¢®"*(6). We use the following relation

1 _
/HelQ(pe,V)qE‘“(@)d@ < /Dl/z(pew)q*d9+2KL(q*|qE“t) < Ta /Da(pe,l/)q*d(?+2KL(q*\qE“t)- (52)

This can be derived using

11—«

Dy /2(po,v) < Dq(po,v) (53)

and
/ Hel® (pg, v) g™ (0)d0 < —2InE wui gy /2P1/2®0) < B .[D 5(pp, v)]+2KL(g"|§™). (54)

Thus, we have

N
KL Ent 0
Eu(z)/Hel (p97 ) Ent 9<E *d9+ ZKL(q*mEnt)+Q(qEIlt(9)7q*)+ (qNa( )|7T)
(55)
where
Ent 0
QA" (0),4") : = 3= / ln— e / In 2 W( ) Bt (9)dp. (56)

We upper bound this term as follows. From Theorem 2 in Xu (2020), when the exponential integral condition
Egengye” Inm < 7% ig satisfied for 0 < v < 70, we have

Eg Inm — Egene gy Inm < 4 /262KL(g*[¢"nt). (57)

Using the above relation, we have

Ent
* 6 n
Aq™(0).¢") = 5 /ln* a/l g W( )qE *(6)do
1
< - N 1n7rq*d9—|—7/1n7rqEnt(9)d9+N—H0
1
< =2 * | ,Ent
< Na V20°KL(a*lg )+NaHo
< o + > KL(¢"| Ent)+iH (58)
= Naz Ton M Na 0

where we also used the assumption that the entropy of variational posterior ¢®"(6) is upper bounded by Hy,
Eeue (g)[— In ¢*()] < Hy. Then we have

E, () / Hel? (pe, 1/)qE“t (0)do

+ Z </ i) ¢*df + (2 + o/ (2N))KL(q"| E‘“)) - KL(Q?SG)W + ;; + ]\;HO] - (59

Then by using the definition of the dual form of Ent-risk,

N ~
1 1 1. KL(¢g®(0)|m) o 1
> ——InEgn i —H,
N &y TReof + Nal T Naz TWao (60

]E,,@)/Heﬁ(pg, ) Em(&)d@ <E

where v = 2N/(4N + «) Then, by definition ¢***(6) is the solution of the problem, we can write above as

N

1 1 KL 52
N Z 7; lnEqEnt(g)ei’yli + M + — 7 + H0‘| . (61)

Eu(w)/HGIQ(p97 V)™ (0)do < Emf Na No2 ' Na

9
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Then, applying the dual form of Ent-risk again, we obtain We substitute p = ¢,

E, () / Hel?(pg, v)q¢™™ (8)d6

1 & v(;) KL(p|r) = &2 1

<Einf | — 1 Ay 2 2N)KL(p' _— —Hy| . 2
<Bint | 730 ([ g0+ @ e/ NIKLG) + SR 4 o) (@

Then from the assumption, we assumed that ¢(0; ¢ ) such that
JKLO@)p(al8))a(6: 0x)d0 < e, (63
KL(q(0; ¢n)|m) < Nen. (64)

So, we substitute this to p’ = ¢(0; ¢,) and p’ = p, we obtain
1+« o 1
2 Ent < - .

Ey(m)/Hel (po,v)g~"™(0)do < oeN + NaZ + NaHO (65)

So far we focused on model is well specified setting. As for the model misspecification, we just replace the log loss
in Eq.(107) by

(Xn|07)

KL(V($)|P(~”C\9)):KL(V($)|P($|9*))+]E1HZW~ (66)
Then, the proof goes almost in the same way, and we add model misspecified term KL(v(z)|p(z|0*)). O
F DISCUSSION ABOUT THE ASSUMPTIONS
Recall the assumptions
HIE(0))i= — [ g™ 0)g™" (6)d6 < Ho, (67)
and there exists a 7 and &2 such that for all 0 < v < 7o
()¢’ 7™ < 77 (68)

Assume that an approximate posterior distribution is a Gaussian distribution. Then the entropy condition
is equivalent to the condition that the log determinant of the covariance matrix of the approximate posterior
distribution is finite. This condition will not be satisfied only when the covariance matrix has 0 or co as an
eigenvalue. Thus, the finite entropy condition is satisfied when we restrict the domain of the variational parameter

¢.

The exponential integrable condition with respect to In is satisfied because Gaussian distribution is subGaussian
distribution. Note that the exponential condition is closely related to subExponential condition of ¢®%*(#).

G PROOF OF COLLORARY 1 (Excess risk bound)

G.1 The outline of the proof

To prove Collorary 1, we introduce two assumptions used in the previous work in Griinwald and Mehta (2020);
Heide et al. (2020). Here, we express lp := — Inp(z|0) and lg- := —Inp(x|0*) and Ly = lg — lp-. Here * indicates
the parameter that minimizes the KL divergence between v(z) and p(x|6). We introduce several definitions to
use the results of Griinwald and Mehta (2020); Heide et al. (2020).

Definition 1. Given n, we say that (v(x), Lg) satisfies the n-strong central condition if
Ee~ e <1 (69)

is satisfied.
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The model that satisfies Assumption 1 is, for example, the generalized linear model, in which the linear regression
model is included (Griinwald and Mehta, 2020; Heide et al., 2020). Another assumption used in Griinwald and
Mehta (2020); Heide et al. (2020) is the witness condition

Definition 2. We say that (u,c) witness condition holds for a constant u > 0 and ¢ € (0,1] if
]EV[L0 : 1Lg§u] > C]EVLH (70)

holds. We say that for a function T : RT — [1,00) and constant ¢ € (0,1], we say that (7, c) witness condition
holds if ELy < 0o and

Eu[Lo - 11,<7&,Ls)] = cEuLo. (71)

Then, Lemma 13 in Griinwald and Mehta (2020) show that

Lemma 2 (Lemma 13 in Griinwald and Mehta (2020)). when n-strong central condition in Assumption 1 and
(1,¢) witness condition in Definition 2 are satisfied, then, for all A > 0 we have,

1 /
E,Ly <AV (CT(A), (1-Ee Le)) (72)
n
where
1n'r(A)+1
O R (73)

and 1’ is a arbitrary constant such that 0 < n’ <.

Our strategy is that:
1. we prove that PB-VI under our assumptions satisfies n-strong and (7, ¢) witness conditions
2. We upper bound # (1 — E,,e_”/Le) in Eq.(72) of PB-VI.
3. Combine i) and ii) and using Eq.(72), we upper bound the RMSE.

G.2 Proof

First, we consider step 1) in the above. We check the n-strong and (7, ¢) witness conditions. We use the following
lemma:

Lemma 3 (Lemma 16 in Griinwald and Mehta (2020)). If there exists a x that satisfies

supE, e o < oo, (74)
0

then the (1, ¢) witness condition holds under ¢ =1/2 and

2M,
=1V tip=F 75
() =1V At 2 (75)
where
M, =supE, e < oo, (76)
0

To analyze the condition of Eq.(74), we use Proposition 1 in Heide et al. (2020). They studied that under what
condition the generalized linear model (GLM) satisfies the condition of Eq.(74).

To state that condition, we introduce the definitions of a GLM:

p(y|z,0) := exp (Q:Tﬁy —F(0)+ r(y)) . (77)
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Here, given z € X C R? and the mean value parameter is given by g~ (x#) where g is the link function. F is
the normalizing constant and 7 is the reference measure. With this setting, E, |z 0)[ylz,0] = g~ (z76).

Under this definition, Proposition 1 and lemma 1 in Heide et al. (2020) states that i) © and X is restricted on a
compact domain, ii) for some 7 sup,cx E, (v x) [l X = 2] < oo, and 44i) there exists a true mean parameter
E,vx)[Y|X] = g~ (z T 0*), there exists > 0 that only depending on the parameters of the problem and satisfies
n-strong central condition. Moreover the condition of Eq.(74) will be satisfied in GLM, which means (u, ¢) witness
condition is satisfied.

Since we assumed these conditions, n-strong and (7,c) witness conditions are satisfied for our settings.

Next, we consider the step 2), that is derive the upper bound % (1 — Eue_”/L9>. We use the following relation:
Using Proposition 1 in Griinwald and Mehta (2020), for all 0 < ' < 1/2 we have

1
'

; (1 - ]E,,e_"/Lg) <2 (1 - E,,e—%Le) . (78)

Thus, we define the right hand side as

’ (z]6*)
Hel? (po, pp) =2 (1 — Eye_%ln BGh ) , (79)

We need to bound this Hellinger like metric function.

For that purpose, we need to slightly change the result of in Theorem 1. Recall that Theorem 1 states that

€ + —H)

1+« o 1
Nt Ne T Na } (80)

Eu(m)/Hel2(pe,V)qu(9)d9 < [

So when we want to use Lemma 13 in Griinwald and Mehta (2020), we need to change the Hellinger divergence
between v and p(x|d) to p(x|6*) and p(x|d) given as Hel® (pg, pj).

Corollary 2. Under the assumption as theorem 1, we have

1+« 52 1

6NJFNOP JrNoz

Eveo) / Hel? (pg, p})g™™" (6)d6 < { H] (81)

Proof. We proceed the proof in the same way as the Theorem 1 except for the beginning.

At the beginning of the proof of Theorem 1, we use the following results: From the definition of the Hellinger
divergence, setting o = 1/2, we have the relation,

EV(X)®Ne—aTN(p97p§)+(1—a)ND;(pe,p§) =1, (82)
where
N
. p(Xn|07)
rn(Dpg,pp) = In ——-—-, 83

and we define

* a—1
Dy, (po,pg) = ﬁln/ (];((ai@g))) v(z)de. (84)

With these new notation, the proof is same as the Theorem 1. U

Thus, for all 0 < 7' < 1/2 we have

1 , 1 5 1
(1—E,,e_" Le) < { LN +H0]. (85)
« « «

i
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From Lemma 13 in Griinwald and Mehta (2020) for all A and for all 0 < 1’ < nV 1/2we have,

1+ 52 1
E,Ly <AV (cT(A) [ vt MHOD

where

with ¢ =1/2.
Since A can take an arbitrary positive value, we set A = 1/N. Then we have

1n7(1/N)+1
CT(l/N) = 271 1« .

n
and
2M,.N
7(1/N) =1V r'In ——,
K
Thus, in conclusion, we have
1+a 72 1
E E, Log™ (0)d6 < —— + —H
V(z)/ 0q " (0)dl < cr1/ny { eEN + Na? + Na 0]

From the definition of c(1,n), there exists a constant c; and cz, s.t.
cra/Ny =c1+c2In N

and ¢ and ¢y only depend on the parameters of the problem. Thus, we have

€N + + ——Ho

N 1+« 52 1
Ey (2) /EVLQQE t(@)d@ <(ec1+c2InN) |: N2 " Na :|

Then if we assume that the likelihood is the Gaussian distribution, we proved the corollary.
Remark 1. Note that Eq.(92) can be expressed as

Ey / E, (o) KL(v(y]2) [p(yz, 67)) g™ b

. l+a 262 + HZ
< By KLl ool ) + (e + catn V) (T ey 4 2700 )

(93)

which is known as the excess risk bound. In Theorem 1, the metric is the Hellinger divergence. On the other hand,
above bound uses KL divergence, which is stronger than the Hellinger divergence. By controlling KL divergence,

we can bound other useful metrics, such as Wasserstein distances.

Remark 2. Here we discuss the condition ) of Lemma 1 and Proposition 1 in Heide et al. (2020), that is,
it) for some 1 sup,cy Ey(y‘x)[emy‘\X = z] < 00. For example, when the true data generating distribution is

Gaussian distribution used in Section 3 in the main paper, this holds since

Euvixle™ X = 2] = By 1) [ Ly 1< X = 2] + Byyix) [ 1)y 511X = 2]

2
<el+ Ey(yp()[enlyl . 1|y|>1‘X = z].

(94)

Since the distribution of Y? is sub-exponential distribution (Wainwright, 2019), from the definition of sub-

exponential distribution, there exists a n such that ]E[e"‘YF] < 0o. Thus the condition is satisfied.

H FURTHER DISCUSSION ABOUT THE RELATED WORK

Here we discuss the relationship between our theoretical results with existing works in more detail.
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H.1 Comparison with tempered posterior

In the analysis of tempered posterior distributions Alquier and Ridgway (2020), we only need Assumption 1 to
get the consistency result. On the other hand, ours requires Assumption 2 in addition to Assumption 1 to control
the dual problem of Ent-VI. Replacing Assumption 2 with weaker ones should be addressed in the future work.

As for the convergence speed Alquier and Ridgway (2020) showed that

14+«
95
170[6]\77 ( )

Butey [ D™ (00),p(al6))a(6: d4v1)db < KL (@)lplald")) +

where D® is the a-divergence. Compared to our result, the difference is twofold. First, ours has additional term

20;253 in the right-hand side. This is the term to control the dual problem. If ¢ = O(1/N), ours show the same
order as the result of Alquier and Ridgway (2020). The second difference is that Alquier and Ridgway (2020)
showed the consistency in a-divergence for o < 1, on the other hand, we showed the consistency in the Hellinger
distance, which is the special case of the a-divergence when o = 1/2. It is widely known that for any distribution
Pand Q, DY?(p,Q) < I_TO‘D“ (P, @), we can transform the result of Alquier and Ridgway (2020) into a Hellinger

distance.

Griinwald and Mehta (2020); Heide et al. (2020) also worked on the tempered posterior distributions, and they
focused on the exact posterior distribution. On the other hand, ours and Alquier and Ridgway (2020) focused on
the variational posterior distributions. Alquier and Ridgway (2020) focused on the log-loss by considering the
standard variational inference, and we focused on the distorted log-loss by considering the risk-seeking objective
function. On the other hand, Griinwald and Mehta (2020) considered the more general risk function and derived
the excess risk bound in various assumptions.

H.2 Some examples of ¢y

In the main paper, we introduced the €5 for logistic regression model. The result holds for more general lipschitz
log-loss models. From Alquier and Ridgway (2020), assume that ¢ is MF Gaussian ¢(0; ¢) = N(0|u,0?14) and
7(0) = N(0|0,021,), where I, is the d-dimensional identity matrix. Then we assume that for any 6,0’ € x there
exists a function M (z) where x € X' that satisfies

| Inp(x|0) — Inp(z]0")] < M(z)[|6 — 0’2, (96)
and M(z) < L. Then we have
_L d |1 2772 71/2 1 167 d
eN—N\/{N{an(JONd )+NU§ +N0(2) 5N (- (97)

Other than this, Alquier and Ridgway (2020) provided examples of ¢y for a matrix completion problem and
non-parametric regression problem. In Chérief-Abdellatif and Alquier (2018), the examples of ey for various
mixture models are derived.

I THEORY FOR MV-VI

Here present the theory for MV-VI. Recall that the MV-VI is given as

N
Objyuy (6) 1= (EqmmVZVarqanw))wKL(qw)), (98)

and we denote the solution of arg min Objy (¢) as dmy and ¢}t := q(6; ¢mv). Then we have the following
@
theorem,
Theorem 2. For a given a € (0,1) and v € (0, (2 + a/2) 7L, under assumption 1 and 2, ¢)'V satisfies
14+« 267 + Hj
+ EN + No2

Ey o) / Hel((z), p(x]0))g)V db < KL(v(z)|p(z|0"))

where Hel? is the Hellinger distance defined in Appendiz A.
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Proof. The proof goes almost same as the Ent-VI. From Eq. 59 and the dual form of MV risk T Following Alquier

and Ridgway (2020), from the definition of the a-divergence, we obtain
EV(X)®NefaTN(pé',l/)Jr(lfa)NDa(peﬂ/) =1, (100)

where

N
rn(pg,v) = len py(gging) (101)

and expectation is taken with respect to the draw of the training dataset.

Then we take the expectation with respect to a prior 7 and using Fubini’s theorem we swap the expectation, we
have

E [/ e—Oﬁ'N(pe7V)+(1_O‘)NDa(p67V)d7T(9):| - 1. (102)
Then by using the measure change formula in Lemma 2.2 in Alquier and Ridgway (2020), we obtain
E [exp {sup {/(—arN(pg, v)+ (1 — a)ND,(pg, V))dp(Q) - KL(p|7r)}H =1, (103)
P

where the supremum is taken over all the probability distributions on the given measurable space. Then by
applying the Jensen inequality, we have

E [sup { [ (Farson.)+ (1= QN Da(p0. ) dot) - KL(pIﬂ)H <0 (104)

P
Recall the dual form of the MV-risk
. 1
Eq(0)0n(0) — %Varq(ln) :lg,f Eq/w)[ln(t‘))]+;x2(Q’(9)\Q(9;¢)), (105)

and we express the solution of this ¢’ as ¢*. Then, we substitute p = ¢* in Eq.(104), we obtain

E [{/(—QTN(pg, v)+ (1 — a)ND,(po, V))q*d9 - KL(qﬂﬂ')}] <0. (106)
Then by rearranging the above inequality, we have

KL(Q*|7T)] _ (107)

(67
* < - * B N
Ey/Da(pe’y)q do <E, [N(la) /TN(po,u)q df + N —a)

As for the left-hand side, we have

[ L w00 < [ Dyjolpn)qdd + 2K ) < S [ Dalowv)ads+ 2K ), (108)
where we used the relation
Dy o(ps,) <+ Dalpy,v) (109)
and
/HelZ(pg, Vg™V do < —21n qu/[ve_l/2D1/2(p97”) < Eg+[D1/2(pa, v)]+2KL(g* ;™). (110)

Thus, we have
KL(gg" |7)
Na ’
(111)

Ey(z) / Hel?(pg, )}V do < E )

N N
1 v(z) 2 MV MV

— g In *do + — g KL(q* +Q ,q") +
N/ i 7a( q N : (q"lgg™ ") (a9 ,q")
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where

. 1 * . 1 Ent 0
Q(qg/lv’q )= N—a/ln q?q do — m/ln qT()qg/[Vd& (112)

We upper bound this term as follows. From Theorem 2 in Xu (2020), when the exponential interal condition
Euve? Inm < %% is satisfied we have

EgInm — Eguv Inm < 1/262KL(q*[gy" ). (113)

From the assumption of the upper bound of the entropy, we have

MV
A", q") = = /mf “df — 7/111‘197(134%19

< - No /1n7rq*dt9—|— 7/1n7rq9 Vag + ﬁHg
< ]\: 262KL(q* |yt + NiHo
< Af; + WKL(Q*IqQW) + mHo- (114)

Then we have

Ey(w)/HQIQ(Pe,V)qudQ
. Z (/ g*d0 + (2 + o/ (2N))KL(g* |g)! )) + KL(;@:V'”) 4 ;; + NlaHo] S 1)

Since KL(g*|g)™) < x%(¢*|¢}"Y), and using the definition of the dual form of MV-risk,

KL@™ (0)) | 6> 1
2 Ent
]El/(a:) /Hel (po,v)g"™ (6)dd <E ZE v ( VVarqli(G) + Na + NaZ + RHO , (116)
where v = 2N/(4N + «). Then, by definition ¢}V is the solution of the problem, we can write above as
1 & KL(p|r) &2 1
Ev(z) / Hel?(pg, v) )™V do < Ei%f N ;El,eliw) — yVar,l;(0) + o T Na T NO[HO] (117)
Then, applying the dual form of Ent-risk again, we obtain We substitute p = ¢,
E, () /Hel2 (pe, I/)qé\/wdQ
<]E1nf Z i pdo+ (24 a/(2N)x2 (0| p) +M+ o +LH (118)
N (z:)” P Na ' Na2 " Na °|
Then from the assumption, we assumed that ¢(6; ¢x) such that
/KL v(@)|p(2]0))a(6; o )do < en, (119)
KL(q(0; ¢n)|m) < Nen. (120)
So, we substitute this to p’ = ¢(0; ¢,) and p’ = p, we obtain
1+« o? 1
Ey($)/Hel2(p97ll)q3/[Vd9 < [ en + Na? + MHO . (121)
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So far we focused on model is well specified setting. As for the model misspecification, we just replace the log loss
in Eq.(107) by

. P(Xn07)
KL(v(z)|p(x]0)) =KL(v(x)|p(x|0*))+EIn——=. 122
(V(0)lp(el6) =KL plp”) + B e (122)
Then, the proof goes almost in the same way but we add model misspecified loss KL(v(z)|p(z|0*)). O

J DISPARITIES AND ROBUSTNESS

The robustness of Hellinger distance has been analyzed by the disparity distance and associated residuals (Lindsay,
1994). Here we present the model misspecification property of Ent-VI from the disparity analysis similarly to
Hellinger distance.

We define the Pearson residual at x as

§(z) = W. (123)

We then define a disparity measure between v(z) and p(z|f) as

pwmw:/wammmm, (124)

where G(§(x)) is the strictly convex function. By choosing appropriate G, p corresponds to the family of power
density divergences

(146 —1
D 0)) = | —————p(z|f)dx, 125
eolp(0) 1= [ S el (125)
where A = 0 correspodns to the KL divergence and A = —1/2 corresponds to the Hellinger divergence. We

differentiate p concerning a parameter and obtain the estimating equation:
Vop = /(G’(é)(é +1) — G(6))Vp(z|0)dz = 0. (126)
We then define a response function as
R(5(z)) =G (6)(6 + 1) — G(9). (127)

This measures how much the estimating equation changes under the difference of the Pearson disparity function.
This response function is called the residual adjustment function (RAF). The intuition of RAF is that since 6(x)
is the relative deviation of the model and data generating distribution and model misspecification implies large
0(z). Thus, robustness to model misspecification requires to have damped reponse as increase §(x) and put small
R(6(x)) for large § For example, when p corresponds to the maximum likelihood estimation, R(4) = 4, thus, this
is efficient but not robust to model misspecification. On the other hand, Hellinger distance shows v/ +1 — 1.
Thus it is robust compared to KL divergence.

We extend above concepts in a Bayesian way. Since a model p(z|@) is generated from approximate posterior
q(0; ). We focus on the objective function of VI. We consider using multi-sample bound. We define a disparity
measure for each sample as

_ v(z) = p(2|0n)
5(x, 0p) = BT (128)

Since the loss function of the standard VI is written as Eqg,4)[KL(v(2)|p(|0))], we define it as the disparity
function:

p(v,p6,q) := Eq(o;4)KL(v(z)|p(]0)). (129)
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Figure 6: The illustration of risk-seeking property under model misspecification. Under model misspecification,
the predictive distribution obtained from PB can get closer to the true distribution v(x) than a single model

p(x”).

We then differentiate the objective as follows. Assume that we use a reparametrized gradient where 6 ~ T'(6g; ¢).
Here, T is a translation, ¢ is a variational parameter, and 6y obeys some simple distribution. Then we calculate
the derivative by considering a multi-sample bound:

VoEq0:0) KL(v(2)p(210)) = Egs _gm (o) / Z e oT (07 3)Vop(|0, ) da. (130)

Next we consider the loss of Ent-VI. We upper bound the objective by using the Jensen inequality:

m

1
—_—— hl E9(1) 9(771.) — Z e’ I w () < —E (1) 0(771,) — ln E Z e’ lnw(gm'). (131)
m’ 1 m’/=1
Then we calculate the gradient and we obtain
1 1 & eYInw(0,,) eYInw(0,,/)—yInw(m)
Vo—In— R p— Volnw(l) = = — Vg Inw(0)
5 m mz/::l Zm’:l evInw(0,,,) Zm’:l evnw(0,,/)—yInw(0sm)

evln w(0,,/)—yInw(0z)
= Vo lnw(6) (132)

W

m In - —
L4+ et e’ Wl

where we define 05 := argmax, , Inw(f, ). With this expression, we have

VB o (7 InEy (g€ ™ 50
o (x) 1 g (6;9)€

m , eYIn w(0,,)—yInw(0ys) l/( )
=E, <m>/ VT (05" 5 0) ; Vop(|0)ly ,_p@r .4 | 42 (133)
Por o 777,’221 Ty + Tt € atty P(@]0m) O =T (85" 30)

Thus, when v > 1, the weights of the gradient other than the maximum become very small. Thus the RAF is
given as

eYInw(®,,)—yInw(0sm) v(x)

- . (134)
L+ 0w € In 5=y p(a|bm)

This shows much smaller response than the RAF of the standard VI. We numerically check the RAF as shown in
the main paper, Section 4.3.

K INTUITION OF RISK SEEKING PROPERTY UNDER MODEL
MISSPECIFICATION

Here we discuss the intuition of risk-seeking property under model misspecification. Fig. 6 depicts the settings
under model misspecification. In the figure, the area below the curve is the set of parameterized models p(z|6),
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and 6* is the closest point to true distribution v(z) in KL divergence. The usual variational inference makes
the posterior distribution around §*. Under appropriate assumptions, the set of probability distributions p(x|6)
may not be a convex set (Griinwald and Van Ommen, 2017). For example, the average of Gaussian distributions
results in a Gaussian mixture, which is outside the set of Gaussian distributions. Therefore, a mixture of models
p(x]@) can be closer to v(z) than p(x|60*). Thus, when an approximate posterior ¢(#) which is the solution of PB
generates samples 6; and 62, the predictive distribution >°,_, , w;p(z]0) can be closer to v(x) than the standard
Bayesian predictive distribution if the weights {w;} are approi)riately chosen. RSO may provide such a dispersed
approximate posterior as a solution. Thus, PB might be more capable of dealing with model misspecification
since it uses risk-seeking optimization.

L DERIVATION OF THE TAYLOR EXPANSION OF PB

Here we present the derivation of Egs.(21), (22), and (23) in the main paper.

Recall the definitions. We focus on deep Bayesian models and consider the MF approximation with ¢(6; ¢) :=
N(0|u1,0214). We restrict ¢’ in Eq.(10) to the parametric distributions, and consider the MF Gaussian distribution:
q(0;¢') := N(0|uz2,021;). Here for simplicity, we assume that the variances of ¢ and ¢’ are the same. We express
the difference of the mean as s = ps — 1. Then samples from ¢’ can be written as s + 1 + o€, where £ is drawn
from N(0,1;).

Then, first by using the formula of the KL divergence between Gaussian distributions, from Eq.(10), we obtain

|Is|I*T , BKL(g|r)
27| TN (135)

N
. 1
M}ggfasﬁ,; {Eé[ln(ﬂlJreraf)]Jr

Before solving the inner problem concerning s, we consider to expand the loss of the standard VI by the Taylor
theorem as

Eq(0:6) 12 (0)] ~ Lo (p11) + Te[V21 (1)) 0. (136)

This expansion was introduced Tsuzuku et al. (2020) and approximation error is discussed there. To derive the
above expansion, we assume that loss is twice differentiable, then by the taylor expnasion, we expand [, (¢’)
around 6. Then there exists a constant ¢ € (0, 1] such that

1
1,(0) = 1,(01) + Vol (0)]g, (6 — 61) + 5(9/ — 91)TVZln(9)|a(9/,gl)+9l (0" —61). (137)
Assume that the Hessian matrix satisfies M lipschitzness

[V51n(0)lor — V5ln(8)lo, ll2
0" — 012

< M. (138)

Then we have
1 1
1,(0") <1,(01) + Vol (0)]o, (0 —01) + 5(0’ - Hl)Tvgln(G)\gl (0" —01) + §MHO’ - 91||§’. (139)

Then we take the average and set 7 = 1, we obtain

1 1
Eq0:0)[1n(0)] < (1) + Eq(o:6)[Voln(0)]e, (6 — p1)] + Q]Eq(o;qs)w — 1) V5l (0)]4, (0 — 61) + 3 MEq(o:9) 116 — pa 13-
(140)

Then by using the trace and Gaussian relation, we obtain
1
Eq(0:6)[ln(0)] < Ln(p1) + §Tr[V21n(u1)]a2 +M a®. (141)

Thus, in the main paper, we drop the third term for simplicity.
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With this expansion, first, we solve the inner problem concerning s. We further assume that s is small. This is a
kind of parametric assumption on ¢’.

Then by using the Taylor expansion, we can expand the inner problem of Eq.(135) using Eq.(140), and by
dropping the third order term for simplicity, we obtain

. s||? . 1 1 s||?
H;ng[ln(,ul +s+08)]+ g*y|02 ~ Hslfln(m) + §Tr[v2ln(u1)]0’2 + Vol (p1)s + isTVQZn(m)s + ;'Py;
= 1y (1) +Tr[V21, (101)]0% = Vi (1) " HV L, (1), (142)
Note that from the first line to the second line, since the objective function is the quadratic function of
2
Voln(1)s + %sTvgln(,ul)s + % with respect to s, we solved it analytically as follows:
. s||? 1
i Eell o+ 5+ 0€)] + L %1, 1)+ STV, ()] = Vo) TH 0 1), (143)

where s=HVI,(u1) and H:=[y 1072, + V21, (u1)] 7 .

M DERIVATION OF THE LOWER BOUND OF THE MARGINAL
LIKELIHOOD

We use the second order Jensen inequality developed in Futami et al. (2021). We cite their theorem

Theorem 3. When p(x|0) < oo for all x and 0, we have

Inp(]0) — Eq(9) Inp(a]6) \
Eq(0) Inp(]0) < InEyo)p(2]0) — Eq) < o (;( 9>) ) , (144)
where
h(x,0)° = exp (lnp(x|9) + Eq0) Inp(z|6) — ngx lnp(x|9)) . (145)

They call this the loss function based second order Jensen inequality. We apply this to the marginal likelihood.
Define

_ pl@lz)p(z)

YT ) (146)

where z; is the j-th drawn sample from the approximate posterior distribution. We also define a empirical
distribution of z;:

1
pp(2) =5 > 6.,(2) (147)
Next, We express a marginal log likelihood by using the multi-sample of z; as
Inp(x) = ln/p(a:\z)p(z)dz =In [E(zhwz‘,)Nq(z)]Epij]

J
1

j=1

First, we derive a bound of IWAE-VAR. We apply the second order Jensen inequality assuming that ¢(8) = ¢(2)
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and p(z|0) = & Z}I:1 wj in Theorem 3, and then we obtain
Inp(z)

Lo
=1In ]E(zl,.i.,z‘;)Nq(Z)j Z Wi
j=1

M

1 J
2 Bptepr, oy, q(z)M Zl jzl’“f
p

+Eiep,

J
> w , (149)
j=1

~l =

J M
Z Z In
j=1 m:l

k\*—‘

M

> :
my\M — —
27 Vm=1~a(2) p ] (2h(z, {zm}))?

where

J

J M J
1 1
h(z, {z™}) "2 = exp [ 1 Z m+— Zl ij?—ngxlanw;" . (150)
j=1 = j=1

Here we consider that we prepare M sets of empirical distribution {pg(2™)}¥_; and applied the second order
Jensen inequality. Thus, this is the multi-sample bound that requires N M bamples

This bound is similar to the bound developed in Rainforth et al. (2018), when we dropped the weighted variance
term. The first term in

Next we derive VI-VAR bound. From a multi sample bound, we first apply a normal Jensen inequality with
respect to ¢(z) to Eq.(148), we obtain

Inp(x) > Eer,oz))~g(z) I [Eypw;] . (151)

We then apply the second order Jensen inequality with resepct to pg, then obtain

2

J J
1
Inp(x) > E., .. 2 ~a(z) i ;hlw] 7 Z 20w, %) Inw; — jgllnwj , (152)
where
12
h(z,2;) % =exp | Inw; + = Zlnwj —2maxlnwj; | . (153)
J = j

N EXPERIMENTAL SETTINGS AND ADDITIONAL EXPERIMENTAL
RESULTS

Here we present the detailed settings of the experiments in the main paper and present additional experimental
results.

N.1 Misspecified settings

In this section, we present the settings and additional results for the misspecified models.

N.1.1 Toy data experiments

The experimental settings are similar to Heide et al. (2020). The difference is that they used MCMC to approximate
the posterior distributions. We approximate the posterior by VI. As our model, we used N (y|f(z|w),o?) with a
linear model of Fourier basis f(z|w) = Zk o w cos(kz) + wj, sin(kx).
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Performance in MSE
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Figure 7: MSE using sparse priors under different vs

MSE of toydata using Gaussian priors
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Figure 8: MSE using Gaussian priors

Prior distributions are imposed on w and ¢%. For o2, we put on an inverse Gamma, prior distribution. For w,
we considered using Gaussian and Laplace distribution priors. In the main paper, we only showed the result of
a Laplace distribution setting. By assuming a Laplace distribution, we expect that it induces a sparsity and
w become close to 0, which is the true model. We used the non-centered parameterization (Papaspiliopoulos
et al., 2007) to approximate the posterior distribution by mean-field VI. For example, Ingraham and Marks (2017)
proposed to approximate sparse priors using Gaussian MF posteriors using the on-centered parametrization.
We use their approach to parametrize the approximate posteriors. To draw a posterior sample of w, we draw
two Gaussians z; and zy from two different approximate posteriors of Gaussian distribution. Then we regard
W = z1 ® z9 as the sample of approximate posterior of w.

Under this setting, we trained the objective of Ent-VI using the multi-sample bound m = 1000 and v = 0.1 in the
main paper. We also use 1000 samples for the standard VI.

Here, we show additional results for different ~.

Next, we present the result when the prior is Gaussian distribution. We trained the objective of Ent-VI using the
multi-sample bound m = 100. The results are shown in Fig.8. We found that using v = 1. seems not enough to
enhance the robustness.
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Table 4: MSE real dataset using sparse prior

Dataset | VI Ent-VI(y = 0.1) Ent-VI(y =0.5) Ent-VI(y =1.0) Ent-VI(y = 2.0)
Variable star | 2.0 £ 0.9 2.0 +£0.8 18+06 19+£0.7 25.0 £ 12.9
(ppm)? 155 4 20 153 + 22 149 + 21 129 + 16 255 + 23

N.1.2 Additional toy data experimetns

We addressed an additional toy data regression task and measured its performance in the MSE. We generated
toydata (z;,y;), as follows: 7; = u; and y; = —x + 1 + € + 2 * €'¢/ where u; ~ Uniform[—2,2], ¢,¢ ~ N(0,1),
and ¢! follows a Bernoulli distribution, which takes 0 with a probability 1/2. Here € and € are independent.

Thus, the true conditional expectation is E[Y|X] = —x + 1. As our model, we used p(y|z,0) = N(y|f(x;w,b),0?)
with f(z;w,b) = wz + b where 6 = {w,b,0} € R. Following the theory from Section 4.2, our model includes
E[Y|X], although the noise assumption is misspecified. Prior distributions are imposed on w,b and 2. For
7(w,b) = N(w|0,1)N(b]0,1).As for 02, we put on a inverse Gamma distribution (InvGamma(1.,1.)). As for the
posterior distribution, q(w, b) = N(w|w,,ws)N(blb,,bs) and ¢(0?) = InvGamma(a, 3).

We observed i) Excess risk, E, 4 Inp(y|z, ), which is controlled by Corollary 1, ii) Test LL, E, In E p(y|z, §), iii)
MSE, E, |E[Y|X] — f(x;w,b)|?, iv) variational parameters a, 3,w,,, b,, Wy, by, and v) the mean of the posterior
variance given as the mean of the InvGamma distribution, 5/(c — 1).

We measured those values by changing the number of training datasets from 20 to 500. We optimized the objective
function by GD by approximating the posterior expectation using 3000 samples drawn from q. We compare the
standard VI and Ent-VI using different vs. The result is shown in Figure 9.

We found that MSEs are almost the same in Ent-VI and the standard VI methods, and w, and b, seem to
converge to optimal values, w, = —1 and b, = 1. On the other hand, the noise parameter o, which is related to
the model misspecification, behaves differently in Ent-VI and the standard VI. Especially, o and 3 are significantly
different in all the methods. When comparing the mean of the InvGamma distribution, 8/(« — 1), it is much
larger in the standard VI than in Ent-VI. Since 3/(a — 1) corresponds to the mean of o2, this means that the
standard VI method fails to estimate o2 especially when the number of the training dataset is small. On the
other hand, Ent-VI methods estimate it appropriately. Thus, the better estimation of ¢ in Ent-VI results in
better performance in the test LL and the excess risk of Ent-VI methods.

N.1.3 Real data experiments

Next, following Heide et al. (2020), we consider a linear regression task on real datasets. The settings are almost
the same as the toy data experiments. We trained the objective of Ent-VI using the multi-sample bound m = 100
for all the experiments.

The first experiment is the variable star dataset. The data is available in R-package, asta. We consider a
one-dimensional input and one-dimensional output regression task similar to the toy dataset experiment. The
input is the time, and the output is the feature of stars in the dataset. We randomly select 500 data points as
training data and 100 data points as the test data. We used the 51 number Fourier basis.

The second experiment is the London air pollution dataset. This data is also available in R-package, openair.
We use the data from a monitoring station at London N. Kensington (code is KC1). Our task is that given
one-dimensional time data, we predict the concentration value of NO2. As the training dataset, we used the
time series air pollution data starting from Monday, January 7, 2013, at midnight until the final date of January
2013. We also have data from Monday, January 6, 2014, at midnight until the final date of January 2014. As the
test data, we predict the NO2 value starting from Monday, January 5, 2015, at midnight until the final date of
January 2015. We used the 201 number Fourier basis for the air pollution dataset. These results are shown in
Tables 4 and 5 under using sparse priors and Gaussian priors.

From these experiments, we found that using v < 1 seems promising for these simple tasks. On the other hand,
using v > 1 should be avoided.



Futoshi Futami, Tomoharu Iwata, Naonori Ueda, Issei Sato, Masashi Sugiyama

—2.6
-2.0 4.0 3.0
—2.8
—3.0 —92.1 3.8 25
% 32 =
@ 2 % 36 3
§ 34 g 22 = 2.0
fin}
—36 ) 3.4
t —2.3 1.5
—3.8 3.2 W.\_‘
—4. 9.
0 2.4 1.0
0 200 400 0 200 400 0 200 400 0 200 400
Num of data Num of data Num of data Num of data
3.75 0.7 i 12 0.6
3.50 —0.8 1.0
0.5
3.25 —0.9 0.8
= 2 s
= 3.00 L 10 = 06 S04
2.75 —1.1
0.4
0.3
2.50 —1.2
N""H«t—“o—./* 0.2
5 0= -1.3 2
2.25 0.2
0 200 400 0 200 400 0 200 400 0 200 400
Num of data Num of data Num of data Num of data
0.9
<0 [ —+ Vv
0.8 = —— Ent-VI(y = 0.8)
3
01 I —— Ent-VI(y =0.3)
. g 60 —— Ent-Vi(y=0.1)
0.6 e
S £
0.5 ki 40
z
0.4 %
2 20
8
0.3 s J'
*_._u e .
0.2 0
0 200 400 0 200 400
Num of data Num of data

Figure 9: Comparison of Ent-VI using different ~ys and the standard VI

N.2 Flat minimam in deep learning

Experimental settings are almost the same as previous works (Masegosa, 2020; Morningstar et al., 2020). We set
m = 4 for the multi-sample bounds in the main paper.

Here we show additional numerical experiments. We changed the number of samples in Ent-VI. We measured at
m = 4,8,16. As for the standard VI, we used m = 4. The result is shown in Figure 10. We found that using
large m results in better generalization error behavior. Since when we increase m, the bound becomes tighter.
This indicates that using a tighter bound might be useful for obtaining better generalization ability.

N.3 Variational autoencoder

The experimental settings, including the network architecture and hyperparameters, are the same as in Shi
et al. (2017). As for the MNIST experiments, we used two hidden ReLU layers with 500 units, and the latent
space dimension is 8. We used J = 10 for VI-VAR and VI and IWAE. As for IWAE-VAR, we need to split the
multi-samples for J and M. We used J = 2 and M = 5. The test likelihood is calculated by using the annealed
importance sampling.

Next, we also present different results for changing the number of particles we use in the experiment. We used
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Table 5: MSE real dataset using Gaussian prior

Dataset ‘ VI Ent-VI(v =0.1) Ent-VI(y =0.5) Ent-VI(y =1.0) Ent-VI(y = 2.0)
Variable star 5.5 £2.7 5.5£3.1 4.4+32 6.0£3.2 18.0£5.5
(ppm)? 129.72 £ 25 123 £ 30 130 £ 30 129.72 £ 29 260 +£ 25
yy X10° Fashion MNIST | <0 CIFAR10
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Figure 10: The results of changing the number of samples in the multi-sample bound. LL indicates the
log-likelihood.

J = 20,40 for VI-VAR and VI and IWAE. As for IWAE-VAR, we show the best result in the table from the
combination of (J, M) = (2,10), (4,5) for J = 20 and (J, M) = (4,10), (4,10), (2, 10) for J = 40.

Table 6: MNIST VAE results

Method ‘ IWAE-VAR IWAE VI-VAR VI

Test LL (J = 10) -88.8 -89.0 -89.7 -89.9
Test LL (J = 20) -88.0 -88.1 -89.6 -88.9
Test LL (J = 40) -87.9 -87.8 -88.6 -88.8

As for the CelebA experiments, we used DCGAN structure for the decoder, and the latent dimension is 32. As
for the encoder, we used the symmetric structure to decoder except for the final layer, which is flattened and
added Gaussian noise. We used J = 10 for VI-VAR and VI and IWAE. As for IWAE-VAR, we need to split the
multi-samples for J and M and used J =2 and M = 5.

N.4 Contextual bandit

Motivated from the previous work of Futami et al. (2021), we applied Ent-VI and MV-VI methods to the
contextual bandit tasks. The experimental settings are precisely the same as the previous work of Futami et al.
(2021).

We place a prior for a reward depending on the context and action. This prior distribution is updated to a
posterior distribution. At each step, Thompson sampling selects the action, and then the corresponding posterior
is updated by the observed reward.
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We consider a neural network where the input is the context and the dimension of the output is the same as
the action space, and we assume a prior on parameters of the network. We approximate the posterior of the
neural network and express the uncertainty by the approximate posterior distribution. Following Futami et al.
(2021), we consider a ensemble framework to approximate posteriors and we tired PACE in Masegosa (2020) and
VAR in Futami et al. (2021) as MV-VI. We consider Ent-VI with v = 1 and approximate the objective using
the multi-sample bound in Eq.(5) with ensembles. We considered 20 ensembles for all experiments. The result
is shown in Table 7. We found that Ent-VI shows inferior performance in all the experiments. We conjectured
that since PAC?E and VAR are MV-VI methods, thus there exist repulsion forces, which pushes away ensembles
with each other. This leads to better performance in ensemble learning. On the other hand, since Ent-VI with
Eq.(5) does not have such a diversity enhancing term in the objective function. Thus Ent-VI showed inferior
performance as ensemble learning.

Table 7: Results of contextual bandit

Dataset PAC3, VAR Ent-VI
Mushroom | 0.033+0.010  0.029+0.004  0.41040.060
Financial | 0.1914+0.028  0.152+0.027  0.68540.051
Statlog 0.0324+0.0027 0.006+0.0005 0.397+0.040
CoverType | 0.390£0.005  0.28940.003  0.80140.040




