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Abstract

Triangular flows, also known as Knothe-
Rosenblatt measure couplings, comprise an
important building block of normalizing flow
models for generative modeling and density
estimation, including popular autoregressive
flows such as real-valued non-volume preserv-
ing transformation models (Real NVP). We
present statistical guarantees and sample com-
plexity bounds for triangular flow statistical
models. In particular, we establish the statis-
tical consistency and the finite sample conver-
gence rates of the minimum Kullback-Leibler
divergence statistical estimator of the Knothe-
Rosenblatt measure coupling using tools from
empirical process theory. Our results highlight
the anisotropic geometry of function classes at
play in triangular flows, shed light on optimal
coordinate ordering, and lead to statistical
guarantees for Jacobian flows. We conduct
numerical experiments to illustrate the prac-
tical implications of our theoretical findings.

1 INTRODUCTION

Triangular flows are popular generative models that al-
low one to define complex multivariate distributions via
push-forwards from simpler multivariate distributions
( , ). Triangular flow models tar-

get the Kndthe-Rosenblatt map ( , ),
which originally appeared in two independent papers
by ( ) and ( ). The Knothe-

Rosenblatt map is a multivariate function S* from R?
onto itself pushing a Lebesgue probability density f
onto another one g:

S*#f=y
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The Kntthe-Rosenblatt map has the striking property
of being triangular in that its Jacobian is an upper tri-
angular matrix. This map and its properties have been
studied in probability theory, nonparametric statistics,
and optimal transport, under the name of Knothe-
Rosenblatt (KR) coupling or rearrangement.

KR can be used to synthesize a sampler of a probability
distribution given data drawn from that probability
distribution. Moreover, any probability distribution
can be well approximated via a KR map. This key
property has been an important motivation of a number
of flow models ( , , ;
) ) ) )
) ) ) ) ) )
, ; , ) in machine
learning, statistical science, computational science, and
Al domains. Flow models or normalizing flows have
achieved great success in a number of settings, allowing
one to generate images that look realistic as well as
texts that look as if they were written by humans. A
general theory of normalizing flows is yet a huge under-
taking as many challenges arise at the same time: the
recursive construction of a push forward, the learning
objective to estimate the push forward, the neural net-
work functional parameterization, and the statistical
modeling of complex data.

We focus in this paper on the Knéthe-Rosenblatt cou-
pling, and more generally triangular flows, as it can be
seen as the statistical backbone of normalizing flows.

( ) showed how to estimate KR from
data by minimizing a Kullback-Leibler objective. The
estimated KR can then be used to sample at will from
the probability distribution at hand. The learning ob-
jective of ( ) has the benefit of being
statistically classical, hence amenable to detailed anal-
ysis compared to adversarial learning objectives which
are still subject to active research. The sample com-
plexity or rate of convergence of this KR estimator is
however, to this day, unknown. On the other hand, KR
and its multiple relatives are frequently motivated from
a universal approximation perspective ( ,
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; , ), which underscores their ex-
pressiveness yet also only considers the approximation
theory viewpoint. Indeed, while universal approxima-
tion holds for many proposed models, slow rates of
statistical convergence can occur.

Contributions We present a theoretical analysis of
the Knothe-Rosenblatt coupling, from its statistical
framing to convergence rates. We put forth a simple
example of slow rates showing the limitations of a view-
point based on universal approximation only. This leads
us to identify the function classes that the KR maps
belong to and bring to light their anisotropic geometry.
We then establish finite sample rates of convergence
using tools from empirical process theory. Our analysis
delineates different regimes of statistical convergence,
depending on the dimension and the sample. Our theo-
retical results hold under general conditions. Assuming
that the source density is log-concave, we establish
fast rates of Sobolev-type convergence in the smooth
regime. We outline direct implications of our results
on Jacobian flows. We provide numerical illustrations
on synthetic data to highlight potential implications of
our theoretical results. Additional details can be found
in the longer version ( , ).

2 TRIANGULAR FLOWS

Knothe-Rosenblatt Rearrangement KR origi-
nated from independent works of M. Rosenblatt and H.
Knothe and has spawned fruitful applications in diverse
areas. ( ) studied the KR map for statis-
tical purposes, specifically multivariate goodness-of-fit
testing. ( ), on the other hand, elegantly
utilized the KR map to extend the Brunn-Minkowski
inequality, which can be used to prove the celebrated
isoperimetric inequality. More recently, triangular flows
have been proposed as simple and expressive building
blocks of generative models, for the problems of sam-
pling and density estimation, among others (
) ) ) ) ) )
) ). A triangular flow can
be used to approximate the KR map between a source
density and a target density from their respective sam-
ples.

Consider two Lebesgue probability densities f and g
on R?. The Knothe-Rosenblatt map S* : R? — R¢
between f and ¢ is the unique monotone non-decreasing
upper triangular measurable map pushing f forward to
g, written S*#f =g ( , ). The KR
map is upper triangular in the sense that its Jacobian

is an upper triangular matrix, since S* takes the form

Sik(l‘l, N ,J}d>
S;(Z‘Q, ‘e ,xd)
S*(x) = :
i-1(Ta-1,74)
Si(za)

Furthermore, S* is monotone non-decreasing in the
sense that the univariate map zp — S} (zk,...,2q)
is monotone non-decreasing for any (xgy1,...,24) €

R4k for each k € {1,...,d} =: [d]. The compo-
nents of the KR map can be defined recursively via
the monotone transport between the univariate con-
ditional densities of f and g. Let Fi (2|7 (441).a) de-
note the cdf of the conditional density fi(2r|T(k41).a)-
Similarly, let G (yx|y(k+1):a) denote the conditional
cdf of g. In particular, when & = d we obtain
Fy(xy), the cdf of the d-th marginal density fq(zq) =
[ f(z1,...,zq)dzy - - dzg_1, and similarly for g.

Assuming ¢(y) > 0 everywhere, the maps y, —
Gr(Yr|Y(k41):a) are strictly increasing and therefore
invertible. The dth component of S* is defined as the
monotone transport between fy(z4) and gq(yq) that is
Siwa) = G (Falaa)) ( ,

From here the kth component of S* is given by

SZ(LC}C, ..

'7xd)

= Gzl (Fk($k|$(k+1):d)

kaﬂ):d(fﬂ(kﬂ):d))

for k € [d — 1], where (3 41).q = (Tr41,...,24) and

Ster1):a(@@r1):a) = (Sig1 (@ g 41):)s - - - S (2a))-

That S* is upper triangular and monotonically non-
decreasing is clear from the construction. Under tame
assumptions on f and g discussed below, S* is invert-
ible. We denote T* = (S*)~!, which is the KR map
from ¢ to f. In this paper, we shall be interested
in the asymptotic and non-asymptotic convergence of
statistical estimators towards S* and T, respectively.

From The Uniform Distribution To Any Distri-
bution In his seminal paper, ( ) con-
sidered the special case in which g is the uniform density
on the hypercube [0,1]?. This implies that the condi-
tional cdfs are identity maps, G (Yk|Yk+1s - - - > Yd) = Yk,
and so the KR map from f to g consists simply of
the conditional cdfs, with S}(zq) = P(Xq < zq),
S (@a—1,2q) = P(Xago1 < 24-1|Xq = z4), and
Si‘(xl,...wd) = P(Xl S LL‘1|X2 = {EQ,...,Xd = l‘d).
Figure 1 exhibits heat maps of the target density
f(x1,22) and the first component of the KR map
Fy(x1|xs) for the choice g = po = 0,01 = 09 = 1, with
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Figure 1: Left: Heat map of standard bivariate Gaussian density f(x1,x2) with correlation p = 0 (leftmost)
and the first component of the KR map F(x1|zz2) from f to g, the uniform density on [0,1]?. Right: Bivariate
Gaussian density with p = 0.7 and first component of the KR map F(z1|z2) (rightmost).

p = 0 (left panels) and p = 0.7 (right panels), where f

2
is a bivariate Gaussian N ([M} , [ o1 p0'120'2:| )
M2 pO102 02

Kullback-Leibler Objective Spantini et al. (2018)
proposed to estimate the KR map using a minimum
distance approach based on the Kullback-Leibler diver-
gence. Since S* is the unique monotone upper trian-
gular map satisfying S#f = g, it is the unique such
map satisfying KL(S#f|g) = 0, where KL denotes the
Kullback-Leibler divergence,

KL(plg) = / p(x) log zggdfc

for Lebesgue densities p, ¢ on R%. As such, S* uniquely
solves the variational problem minger KL(S#f|g),
where T denotes the convex cone of monotone non-
decreasing upper triangular maps S : R? — R%. The
change of variables formula for densities states that

(S™'#9)(x) = g(S(2))| det(JS(2))], (1)

where JS(x) denotes the Jacobian matrix of S eval-
uated at z. Applying this formula to KL(S#f|g) =
KL(f|S™1#g), we rewrite minge KL(S#f|g) as

. fO0 1§
gnelgl_E {log [g(S(X))] — ;longsk(X)} . (2)

where X is a random variable on R? with density f
and Dy, is shorthand for differentiation with respect to
the kth component %. By monotonicity, DSy (z) is
defined Lebesgue almost everywhere for every S € T.
The relation (2) is proved in the Supplement.

2.1 Statistical Estimator Of The KR Map

We shall study an estimator S™ of S* derived from the
sample average approximation to (2), which yields the

minimization problem (Spantini et al., 2018)

1S S )5 ;
min ; {log [g(S(Xi))] glog DiSi(X?) ¢,
(3)
where X!,..., X" is an i.i.d random sample from f
and S is a hypothesis function class. In generative
modeling, we have a finite sample from f, perhaps an
image dataset, that we use to train a map that can
generate more samples from f. In this case, f is the
target density and g, the source density, is a degree of
freedom in the problem. In practice, g should be chosen
so that it is easy to sample from, e.g., a multivariate
normal density. The target density f could be also
unknown in practice, and if necessary we can omit the
terms involving f from the objective function in (3),
since they do not depend on the argument S.

With an estimator S™ in hand, which approximately
solves the sample average problem (3), we can generate
approximate samples from f by pulling back samples
from g under S™, or equivalently by pushing forward
samples from g under 7" = (S™)~1. As S" is de-
fined via KL projection, it can also be viewed as a
non-parametric maximum likelihood estimator (MLE).
Universal approximation is insufficient to reason about
nonparametric estimators, since slow rates can happen,
as we shall show next. In practice, S™ can be esti-
mated by parameterizing the space of triangular maps
via neural networks or some basis expansion.

Figure 2 illustrates the problem at hand in the case
where the target density f is an unbalanced mixture
of three bivariate normal distributions centered on the
vertices of an equilateral triangle with spherical covari-
ance. Panel (a) of Figure 2 displays level curves of f.
The source density g is a standard bivariate normal
density. We solved for S™ by parametrizing its compo-
nents via a Hermite polynomial basis, as described by
Marzouk et al. (2016). Since g is log-concave, the opti-
mization problem (3) is convex and can be minimized
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efficiently using standard convex solvers. By the change
of variables formula, f(x) = g¢(S*(z))|det(JS*(x)|,
where |det(JS*(x))| denotes the Jacobian determi-
nant of the KR map S* from f to g. Hence we take
fu(x) = g(S™(z))|det(JS™(x))| as an estimate of the
target density. Panels (b)-(d) of Figure 2 display the
level curves of f,, as the sample size n increases from
1500 to 5000. The improving accuracy of the density
estimates f,, as the sample size grows is consistent with
our convergence results in Section 3.

Slow Rates Without combining both a tail condi-
tion (e.g., common compact support) and a smooth
regularity condition (e.g., uniformly bounded deriva-
tives) on the function class F of the target density f,
we show that convergence of any estimator 7" of the
direct map T from g to f can occur at an arbitrarily
slowly rate.

Theorem 2.1. Let F denote the class of infinitely
continuously differentiable Lebesgue densities supported
on the d-dimensional hypercube [0,1]% and uniformly
bounded by 2, i.e., supsex || flloo < 2. Let g be any
Lebesque density on R?.

For any n € N, the minimax risk in terms of KL
divergence is bounded below as

inf sup Ef[KL(f[fn))] = 1/2,
feF

where T™ : RY — [0,1]¢ is any estimate of the KR map
from g to f based on an iid sample of size n from f,
and f, = T"#yg is the density estimate of f.

Theorem 2.1 underscores the importance of going be-

yond universal approximation results to study the sam-

ple complexity and statistical performance of KR es-

timation. The proof of this “no free lunch” theorem

follows an idea of ( ); see also ( );
(2004); (1983, 1995);

( ); ( ). We construct a
family of densities in F built from rapidly oscillating
perturbations of the uniform distribution on [0, 1]¢.
Such densities are intuitively difficult to estimate. As
is evident from the construction, however, a suitable
uniform bound on the derivatives of the functions in
F would preclude the existence of such pathological
examples. As such, in what proceeds we aim to derive
convergence rate bounds under the assumption that
the target and source densities f and g, respectively,
are compactly supported and sufficiently regular, in
the sense that they lie in a Sobolev space of functions
with continuous and uniformly bounded partial deriva-
tives up to order s for some s > 1. For simplicity, our
theoretical treatment assumes that f and g are fixed,
but our convergence rate bounds as stated also bound
the worst-case KL risk over any f and g lying in the

17 Sobolev ball F = {h: )<, | D*hll < B} for
any fixed B > 0.

Theorem 2.1 provides a lower bound on the minimax
KL risk of KR estimation over the hypothesis class
of target densities F. The following stronger result,
based on work of ( , );

( ), demonstrates that convergence can still occur
arbitrarily slowly for the task of estimating a single
target density.

Theorem 2.2. Let g be any Lebesque density on R?
and {a,}>2, any sequence converging to zero with
1/512 > a3 > ag > --- > 0. For every sequence of
KR map estimates T™ : R4 — R? based on a random
sample of size n, there exists a target distribution f on
R? such that

Ef[KL(f|fn)] = an,

where f, = T"#g is the density estimate of f.

3 STATISTICAL CONSISTENCY

Setting the stage for the theoretical results, let us
introduce the main assumptions.

Assumption 3.1. The Lebesgue densities f and g
have convex compact supports X, C R, respectively.

Assumption 3.2. The densities f, g are bounded away
from 0, i.e., infrex yey{f(z),9(y)} >0

Assumption 3.3. Let s > 1 be a positive integer. The
densities f and g are s-smooth on their supports, in
the sense that

N N olal
D f(x) := mf(x)

. ,ad) S
Z4 satisfying | := ZZ:1 ar, < s and similarly for g.

is continuous for every multi-inder o = (v, . .

It is well known that the KR map S* from f to g is
as smooth as the densities f and g, but not smoother
( , ). As such, under Assumptions
3.1-3.3 we can restrict our attention from 7, the set of
monotone non-decreasing upper triangular maps, to the
smaller function class of monotone upper triangular
maps that are s-smooth, of which the KR map S*
is an element. That is, we can limit our search for
an estimator S™ solving (3) to a space of functions
with more structure. This restriction is crucial to
establishing a rate of convergence of the estimator S™,
as we can quantitatively bound the complexity of spaces
of smooth maps. We discuss these developments in
further detail below. Proofs of all results are included
in the Supplement.
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(a) Truth

(b) n = 1500

(¢) n = 3000 (d) n» = 5000

Figure 2: (a) Level curves of the normal mixture density f(x) = g(S*(x))| det(JS*(x))|; (b)-(d) Level curves of
the density estimates f,,(z) = g(S™(z))|det(JS™(z))| trained on n = 1500, 3000, 5000 samples, respectively.

3.1 Upper Bounds On Metric Entropy

We first derive useful estimates of the metric entropy
of function classes previously introduced. Assumptions
3.1-3.3 allow us focus on smooth subsets of the class of
monotone upper triangular maps 7T .

Definition 3.1. Let M > 0. Fors € Z% and k € [d],
let 5, = (sp + 1, Sk41,.-.,84). Define T(s,d,M) C
T as the convex subset of strictly increasing upper
triangular maps S : X — Y satisfying:

1. infyerg) zex DrSk(z) > 1/M,

2. |D*Skllooc < M for all k € [d] and ag.q =< k.

For s € N, we also define the homogeneous smoothness
class T (s,d, M) ="T((s,...,s),d, M).

Condition 1 guarantees that the Jacobian term in (3) is
bounded, and condition 2 guarantees smoothness of the
objective. In Section 4 below we consider densities with
anisotropic smoothness, in which case the number of
continuous derivatives s varies with the coordinate xy.
For simplicity and clarity of exposition, we first focus
on the case when f and g are smooth in a homogeneous
sense, as in Assumption 3.3, and we work in the space
T(s,d,M). As remarked above, the KR map S* from
f to g lies in T (s,d, M*) under Assumptions 3.1-3.3
when M™ is sufficiently large. The same is true of the
direct map T™ from g to f. In fact, all of the results
stated here for the sampling map S* also hold for the
direct map T, possibly with minor changes (although
the proofs are generally more involved). For brevity,
we mainly discuss S* and direct the interested reader
to the Supplement.

Henceforth, we consider estimators S" lying in
T (s,d, M*) that minimize the objective in (3). We
leave the issue of model selection, i.e., determining
a sufficiently large M* such that T (s,d, M*) con-
tains the true KR map S*, for future work. In
the Supplement, we calculate explicit quantitative

bounds on the complexity of this space as measured
by the metric entropy in the d-dimensional L*° norm
[1S]loc,a = maxpeiq) [|Skllco- The compactness of
(T (s,d, M*),|| * |lco,a) derived as a corollary of this
result is required to establish the convergence of a se-
quence of estimators S™ to S*, and the entropy bound
on the corresponding class of Kullback-Leibler loss func-
tions over T (s,d, M*) in Proposition 3.3 below allows
us to go further by deriving bounds on the rate of
convergence in KL divergence. This result builds off
known entropy estimates for function spaces of Besov
type (Birgé, 1983, 1986; Nickl and Potscher, 2007).
Definition 3.2. For a map S € T, define the loss
function g : X — R by

d
ps(x) =log f(x) —logg(S(x)) — > log DySk ().

k=1

We also define the class W(s,d, M*) of loss functions
over T (s,d, M*) as

U(s,d, M*) := {tbs : S € T(s,d, M*)}.

By (2) we have E[t)s(X)] = KL(S#/fl|g), where X ~ f.
Similarly, the sample average of ¥g is the objective
in (3). Hence, to derive finite sample bounds on the
expected KL loss, we must study the sample complexity
of the class U(s,d, M*). Define N (e, U(s,d, M*), || ||x)
as the e-covering number of ¥(s,d, M*) with respect
to the uniform norm || - ||, and the metric entropy

H(e, W(s,d, M"),||-[[oc) = log N(e, W(s,d, M), [|[oc)-

Proposition 3.3. Under Assumptions 3.1-3.3, the
metric entropy of W(s,d, M*) in L*°(X) is bounded as

H(€’ lI/(87d’ M*)7 H . ”OO) 5 e_d/s'

Consequently, V(s,d, M*) is totally bounded and there-
fore precompact in L™ (X).
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Here, for functions a(e),b(e) (or sequences ay, b,) we
write a(e) < b(e) (resp. an < by) if ale) < Cb(e) (resp.
an < Cby,) for all € (resp. n) for some constant C' > 0.
For brevity, in this result and those that follow, we
suppress scalar prefactors that do not depend on the
sample size n. As our calculations in the Supplement
demonstrate, the constant prefactors in this and sub-
sequent bounds are polynomial in the || - || radius
M* and exponential in the dimension d. This depen-
dence resembles other results on sample complexity of

transport map estimators ( , ).

3.2 Statistical Consistency

For the sake of concision, we introduce empirical pro-
cess notation ( , , ;

, ; , ). Let H be a collection
of functions from X C RY — R measurable and square
integrable with respect to P, a Borel probability mea-
sure on R?. Let P, denote the empirical distribution
of an iid random sample Xi,...,X,, drawn from P.
For a function h € H we write Ph := E[h(X)], P,h :=
LS h(X,), and [Py — Plly = supper |(Pa — P)hl

Let P denote the probability measure with density
f. With these new definitions, the sample average
minimization objective in (3) can be expressed P,¢g,
while the population counterpart in (2) reads as Pyg =
KL(S#/f|g). Suppose the estimator S™ of the sampling
map S* is a random element in 7 (s,d, M*) obtained
as a near-minimizer of P,vg. Let

Rn = n’(/}sn — inf

P,ps >0
SeT (s,d,M) 1/’5 -

denote the approximation error of our optimization
algorithm. Our goal is to bound the loss Pign. Fix € >
0 and let S be any deterministic element of 7 (s, d, M*)
that nearly minimizes Pig, i.e., suppose

Pys < inf Pyg +e.
QZ)S_SeT(lgaz,A/I*) Vs te

It follows that

Pign — iIS1f Pips < 2||Py — Pllw(s,a,m) + Bn + €.
As € > 0 was arbitrary, we conclude that

Prpgn —f Pys < 2|[Po = Pllus,ame) + Bo (4)

Controlling the deviations of the empirical process
| Pn — Pllw(s,d,nr+) as in Lemma 3.4 allows us to bound
the loss of the estimator S™ and establish consistency
and a rate of convergence in KL divergence.

Lemma 3.4. Under Assumptions 3.1-3.3, we have

n~1/2, d < 2s,
EHPH_PH‘I’(s,d,M*) S n—1/210gn’ d = 2s,
n=s/d, d > 2s.

Remark 3.5. Consider the case where 2s > d, for
example when both f, g are the densities of the stan-
dard normal distribution, then we have by the cen-
tral limit theorem that for any S € T (s,d, M*),
VN [Pybs — Pig] converge in law towards a cen-
tered Gaussian distribution. Therefore, for any S €
T (s,d, M*), E||P, — Pl|lw(s,a,n+) is at least as large as

sup  E[|P,ys — Pys|] 2 n1/?
SeT (s,d,M*)

which shows that our results are tight at least in the
smooth regime.

The proof of Lemma 3.4 relies on metric entropy
integral bounds established by ( ) and

( ). Although we have
phrased the sample complexity bounds in Lemma 3.4
in terms of the expectation of the empirical process
| Pn — Pllw(s,a,a), high probability bounds can be ob-
tained similarly ( , ).

Hence, the following KL consistency theorem is ob-

tained as a direct result of Lemma 3.4 and the risk
decomposition (4).

Theorem 3.6. Suppose Assumptions 3.1-3.3 hold. Let
S™ be a near-optimizer of the functional S — Ppis on
T(s,d, M*) with remainder R, given by

R, = nwsn - inf Pn’(/)s = OP(l)'

SeT (s,d,M*)

Then Pipgn 2 Pipge = 0, i.e., S™ is a consistent
estimator of S* with respect to KL divergence.

Moreover, if R, is bounded in expectation as
E[Rn] 5 EHPn - PH\I}(s,d,M*),

then the expected KL divergence of S™ is bounded as

n=1/2 d < 2s,
E[Pysn] < n~1/2logn, d=2s,
n=s/d, d > 2s.

Remark 3.7. Note that, as we work on a compact
set, we also obtain the rates of convergence of 5™ with
respect to the Wasserstein metric thanks to Pinsker’s
inequality:

n~1/4, d < 2s,
E[W (S"#f,9)] < n~Y*logn, d=2s,
n=s/2d, d > 2s.

where for any probability measures p and v on R?
with finite first moments, we denote W (u,v) the
Wasserstein-1 distance between p and v.
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Uniform Convergence Although Theorem 3.6 only
establishes a weak form of consistency in terms of the
KL divergence, we leverage this result to prove strong
consistency, in the sense of uniform convergence in prob-
ability, in Theorem 3.8. The proof requires understand-
ing the regularity of the KL divergence with respect to
the topology induced by the || - ||o0,¢ norm. In the Sup-
plement, we establish that KL is lower semicontinuous
in || - ||co,a utilizing the weak lower semicontinuity of

KL proved by ( ).

Theorem 3.8. Suppose Assumptions 3.1-3.3 hold. Let
S™ be any near-optimizer of the functional S — Ppig
on T (s,d, M*), i.e., suppose

P, n = inf
ns SeT(s,d,M*

: Ps +op(1).
Then ||S™ — S*||oo.d 2 0, i.e, S™ is a consistent esti-
mator of S* with respect to the uniform norm || - ||oc,d -

Inverse Consistency We have proved consistency
of the estimator S™ of the sampling map S*, pushing
forward the target f to the source g. We can also get
the consistency and an identical rate of convergence
of T" = (8™)~! estimating T* = (S*)~!, although
the proof of the analog to Theorem 3.8 establishing
uniform consistency of T™ is much more involved. We
defer to the Supplement for details.

4 LOG-CONCAVITY, DIMENSION
ORDERING, JACOBIAN FLOWS

Sobolev-type Rates Under Log-concavity Sup-
pose the source density g is log-concave. Then
minge7(s,d,0m) Patbs is a convex problem; moreover if
g is strongly log-concave, strong convexity follows. The
user can choose a convenient g, such as a multivariate
Gaussian with support truncated to a compact convex
set. In this case, we can establish a bound on the rate
of convergence of S™ to S* in the L? Sobolev-type norm

d
2 — 2 2
190y = 3 (184125 ey + 1DxSkI25 0 -
Here | - ||2(x) denotes the usual L? norm integrating

against the target density f.

Theorem 4.1. Suppose Assumptions 3.1-3.8 hold. As-
sume further that g is m-strongly log-concave. Let S™
be a near-optimizer of the functional S — Ppig on
T (s,d, M*) with remainder R, satisfying

E[Rn] 5 EHPn - PH\II(s,d,M*)-

Then S™ converges to the true sampling map S* with

respect to the norm H}’Q(X) norm with rate

n=1/2, d < 2s,
E|S™ — 5*||§,},2(X) <<n2logn, d=2s,
n=s/d, d > 2s,

With more work, we can establish Sobolev convergence
rates of the same order in n for T = (S™)~! to T* =
(8*)~1, yet now in the appropriate norm || - ||H;,2(y);
see details in the Supplement.

Remark 4.2. Note that here we obtain the rates with
respect to the H}’2(X ) norm from which we deduce

immediately similar rates for the H }’p (X) norm with
p > 2. In addition, for fixed p, under Assumptions 3.1-
3.3, the H}’p(X) norm is equivalent to H*?(X’) norm
with the Lebesgue measure as the reference measure.
Finally, here we show the rates of the strong consistency
of our estimator with respect H}(X) norm as we do
not require any additional assumptions on the higher
order derivatives of the maps living in T (s,d, M*).
Additional assumptions on these derivatives may lead
to the convergence rates of higher order derivatives of
our estimate with respect to the H}”’(X), k> 1 norm
which is beyond the scope of the present paper.

Dimension Ordering Suppose now that the
smoothness of the target density f is anisotropic. That
is, assume f(x1,...,xq) i sg-smooth in z; for each
k € [d]. As there are d! possible ways to order the co-
ordinates, the question arises: how should we arrange

(21,...,24) such that the estimator S™ converges to
the true KR map S™* at the fastest possible rate?
( ) provide a discussion of this issue

in the context of autoregressive flows in Section 2.1
therein; they construct a simple 2D example in which
the model fails to learn the target density if the wrong
order of the variables is chosen.

This relates to choices made in neural architectures
for normalizing flows on images and texts. Our results
suggest here that one would rather start with the coor-
dinates (i.e. data parts) that are the least smooth and
make their way through the triangular construction to
the most smooth ones. We formalize the anisotropic
smoothness of the KR map as follows.

Assumption 4.1. Let s = (s1,...,5q4) € Z% be a
multi-index with s, > 1 for all k € [d]. The density f
is s-smooth on its support, in the sense that

oled
~ oo

D f(x) :

erists and is continuous for every multi-index a =
(a1,...,0q) € Zf,l_ satisfying a = s, i.e., a < Sk
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for every k € [d]. Furthermore, we assume that
9(y) s (||5llcos - - - » |I5]|co ) -sOOth with respect to y =
(Y155 ya) on Y.

As the source density g is a degree of freedom in the
problem, we are free to impose this assumption on g.
Note that (||5]|ccs - - - » [|5]lco )-smoothness of g is equiva-
lent to ||s||co-smoothness of g as defined in Assumption
3.3. The results that follow are slight variations on
those in Sections 3.1 and 3.2 adapted to the anisotropic
smoothness of the densities posited in Assumption 4.1.

Under Assumptions 3.1, 3.2, and 4.1, there exists some
M* > 0 such that the KR map S* from f to g lies in
T (s,d, M*); see the Supplement for a proof. We also
define the class of loss functions

U(s,d,M*)={¢ps: S €T(s,d, M*)},

which appear in the objective P,1s. Hence, we can
proceed as above to bound the metric entropy and
obtain uniform convergence and Sobolev-type rates for
estimators in the function class T (s, d, M*). Appealing
to metric entropy bounds for anisotropic smoothness
classes ( , , Proposition 2.2), we have the
following analog of Lemma 3.4.

Lemma 4.3. For k € [d], let dy = d—k + 1 and
-1
oL =dg (Z;—l:k s{l) . Under Assumptions 3.1, 3.2,

and 4.1, we have

d
E|Pn = Pllw(s,am) S Z Cr k-
k=1

where we define

n_1/2, dy < 20,
Cnk = n~Y2logn, di = 20y,
nfck/dk, di > 20%.

Lemma 4.3 is proved via a chain rule decomposition
of relative entropy which relies upon the triangular-
ity of the hypothesis maps T (s,d, M*). From here we
can repeat the analysis in Section 3.2 to obtain con-
sistency and bounds on the rate of convergence of the
estimators S™ and T" = (S™)~! of the sampling map
S* and the direct map T = (S*)~!, respectively, in
the anisotropic smoothness setting of Assumption 4.1.
All the results in these Sections are true with >, ¢,
replacing the rate under isotropic smoothness.

In order to minimize this bound to obtain an optimal
rate of convergence, we should order the coordinates
(21,...,24) such that oy is as large as possible for each
k € [d]. Inspecting the definition of o) in Lemma 4.3,
we see that this occurs when s1 < .- < s4.

Theorem 4.4. The bound on the rate of convergence
Y ok Cnk s minimized when sy < --- < sq, i.e., when
the smoothness of the target density f in the direction
. increases with 1 < k < d.

Our result on the optimal ordering of coordinates com-
plements the following theorem of ( ).

Theorem 4.5. Let f and g be compactly supported
Lebesgue densities on R, Let € > 0 and let 4¢ be an
optimal transport plan between f and g for the cost

d
ce(m,y) = M) (@r — yr)?,
k=1

for some weights A\ (e) > 0. Suppose that for all k €
{1,...,d =1}, M(€)/Ag41(e) = 0 as e — 0. Let S*
be the Knéthe-Rosenblatt map between f and g and
~v* = (id x S*)#f the associated transport plan. Then
5€ ~> 7" as € — 0. Moreover, should the plans v¢ be
induced by transport maps S€, then these maps would
converge to S* in L2(f) as e — 0.

With this theorem in mind, the KR map S* can be
viewed as a limit of optimal transport maps S€¢ for
which transport in the dth direction is more costly
than in the (d — 1)th, and so on. The anisotropic
cost function c¢.(z,y) inherently promotes increasing
regularity of S€ in x, for larger k € [d]. Theorem 4.4
establishes the same heuristic for learning triangular
flows based on KR maps to build generative models.

In particular, our result suggests that we should order
the coordinates such that f is smoothest in the zq4
direction. Intuitively, this is because the component
maps S}, k € [d] all depend on the dth coordinate of the
data. As such, we should leverage smoothness in x4 to
stabilize all of our estimates as much as possible. If not,
we risk propagating error throughout. In comparison,
only the estimate of the first component ST depends on
x1. Since our estimator depends comparatively little
on x1, we should order the coordinates so that f is
least smooth in the x; direction.

Suppose now we solve

inf KL(S#f|g) = inf Ps

Jacobian Flows

where the candidate map S is a composition of smooth
monotone increasing upper triangular maps U’ and
orthogonal linear transformations X7 for j € [m], i.e.,

S(x)y=UmoXmo---0U o X}(2). (5)

We call S a Jacobian flow of order m. This model
captures many popular autoregressive flows (

, ), such as Real NVP ( , ), in
which the ¥7 are “masking” permutation matrices.
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For simplicity, in this section we assume that f and
g are supported on the unit ball By(0,1) C RY cen-
tered at the origin. Since ¥’ are orthogonal, we have
7 (B4(0,1)) = Bq(0,1). Hence, to accommodate the
setup of the preceding sections, we can guarantee that
S maps from X = B4(0,1) to Y = B4(0,1) by requiring
SUDyc g, (0,1) U7 (2)]|2 < 1 for j € [m].

Definition 4.6. Define the class T (2,s, M) of s-
smooth Jacobian flows of order m to consist of those
maps S of the form (5) such that

1 2= (3,
2. SUPgep,(0,1) |U7 (x)||l2 <1 for j € [m],

3. Ul € T(s,d, M) for j € [m].

.., 2™) are fized orthogonal matrices,

We also define U, (E,s, M) = {¢ps : S € T (2,5, M)}.

By expanding our search to 7, (3, s, M), we are not tar-
geting the KR map S* and we are no longer guaranteed
uniqueness of a KL minimizer. Nevertheless, we can
study the performance of estimators S™ € 7,,(2, s, M)
as compared to minimizers of KL in 7, (X, s, M), which
are guaranteed to exist by compactness of J,,, (%, s, M)
and lower semicontinuity of KL in ||+ ||cc,4-

Since the 7 are orthogonal, we have | det(J%7 (z))| =
| det(37)| = 1, and therefore

m d
s (x) =log[f(x) =3 > log DU} (%),

j=1k=1
where we define

2 =Y oUIT oXiT oo U o 2 (), j € [m]

Hence, with a loss decomposition mirroring that in
Definition 3.2, we can apply the methods of the pre-
ceding sections to establish quantitative limits on the

loss incurred by the estimates S™ in finite samples.

Theorem 4.7. Suppose f,g are s-smooth and sup-
ported on Bg(0,1). Let S™ be a near-optimizer of the
functional S — P,vs on Jn(X, s, M) with

n — an" - inf inS - OP(1)~

S€ETm(2,s,M)

Further, let S° be any minimizer of S + Pig on
TIm (2,8, M). It follows that

Pipgn 2 Pigo.
Moreover, if R, is bounded in expectation as

]E[Rn] 5 E”Pn - PH‘IM,;,(Z,S,]VI)?

then the expected KL divergence of S™ is bounded as

n_l/z, d < 2s,
E[Psn] — Pthgo S < n~2logn, d=2s,
n=s/4, d > 2s.

5 DISCUSSION

Related Work Previous work on KR couplings has
focused on existence and approximation questions in
relation to universal approximation (

; , , ). ThlS
universal approximation property of KR maps has fre-
quently motivated normalizing flows from a theoretical
viewpoint; see Sec. 3 in ( ). KR
maps have been used for various learning and inference
problems ( , ; , ;

) Y Y )'

( ) study the expressiveness
of basic types of normalizing flows, such as planar flows,
Sylvester flows, and Householder flows. For d = 1, they
show that such flows are universal approximators. How-
ever, when the distributions lives in a d-dimensional
space with d > 2, the authors provide a partially neg-
ative answer to the universal approximation power of
these flows. For example, they exhibit cases where
Sylvester flows cannot recover the target distributions.
Their results can be seen as complementary to ours as
we give examples of arbitrary slow statistical rates and
we develop the consistency theory of KR-type flows.

( ) investigate the properties of the in-
creasing triangular map required to push a tractable
source density with known tails onto a desired target
density. Then they consider the general d-dimensional
case and show similarly that imposing smoothness con-
dition on the increasing triangular map will result in
a target density with the same tail properties as the
source. Such results suggest that without any assump-
tion on the target distribution, the transport map might
be too irregular to be estimated. These results echo
our assumptions on the target to obtain fast rates and
complement ours by focusing on the tail behavior while
we focus on the consistency and the rates.

Conclusion We have established the uniform consis-
tency and convergence rates of statistical estimators
of the Knothe-Rosenblatt rearrangement, highlighting
the anisotropic geometry of function classes at play in
triangular flows. Our results also lead to statistical
guarantees for Jacobian flows. Identifying other func-
tion classes of source densities that lead to faster rates
is an interesting venue for future work.
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This Supplement collects the numerical illustrations to illustrate the theoretical results in the main text, as well
as the detailed proofs of the theoretical results stated in the main text. Sec. B.1 details the derivations of the
Kullback-Leibler objective. Sec. B.2 details the proof of the slow rates in Sec. 2 of main text. Sec. B.3 provides
estimates of metric entropy from Sec. 3 of main text. Sec. B.4 provides the proofs of the statistical consistency
from Sec. 3 of main text. Sec. B.5 provides the proofs of the Sobolev rates under log-concavity of g from Sec. 4
of main text. Sec. B.6 expands on the dimension ordering from Sec. 4 of main text. Sec. B.7 expands on the
extension to Jacobian flow from Sec. 4 of main text.

A Numerical illustrations

We conducted numerical experiments to illustrate our theoretical results. Code to reproduce our experiments is
available at https://github.com/njirons/krc-stat.

To estimate the KR map, we used Unconstrained Monotonic Neural Networks Masked Autoregressive Flows
(UMNN-MAF), a particular triangular flow introduced in ( ), with code to implement
the model provided therein. UMNN-MAF learns an invertible monotone triangular map targeting the KR
rearrangement via KL minimization

Sl(xl, e ,xd;Q)
Sl(xg, . ,xd;H)

Sa—1(xa—1,q;0)
Sd(.’L'd; 9)

where each component Si(x.q;0) is parametrized as the output of a neural network architecture that can learn
arbitrary monotonic functions. Specifically, we have

Sk (Tr:a,0) :/o ) Sie (s M (@ (go1):a5 D1 ); Vi)t + B (P (@ (o 1):a3 )5 Ui (6)

where hy(-;¢r) : R77F=1 — R is a g-dimensional neural embedding of T(kt1).a and Br(5¢Yr) : RT — R is
parametrized by a neural network. Each f; is a strictly positive function parametrized by a neural network, which
guarantees that fox" fx is increasing in xj,. Here the total parameter 6 is defined as 6 = {(¢x, ¢1)}¢_,. Further
details of the model are provided in ( ). We note that UMNN-MAF is captured by the
model setup in our theoretical treatment of KR map estimation.

The model was trained via log-likelihood maximization using minibatch gradient descent with the Adam optimizer
( , ) with minibatch size 64, learning rate 10~%, and weight decay 10~°. The integrand network
architecture defined in equation (6) consisted of 4 hidden layers of width 100. Following

( ), the architecture of the embedding networks is the best performing MADE network (

) used in NAF ( , ). We used 20 integration steps to numerically approximate the mtegral
in equation (6). The source density g is a bivariate standard normal distribution. The population negative
log-likelihood loss, which differs from the KL objective by a constant factor (namely, the negative entropy of the
target density f), was approximated by the empirical negative log-likelihood on a large independently generated
test set of size N = 10°.

Figure 3 exhibits our results for UMNN-MAF trained on 8 two-dimensional datasets considered in

( ) and ( ). Heatmaps of the target densities are displayed in the top rows, while
the bottom rows show the log-likelihood convergence rates as the sample size increases from n = 103 to n = 10*
on a log-log scale. For each training sample size, we repeated the experiment 100 times. We report the mean of
the loss over the 100 replicates with 95% error bars.

These experiments highlight the impact of the ordering of coordinates on the convergence rate, as predicted by
Theorem 4.4. The blue curves correspond to first estimating the KR map along the horizontal x; axis, then the
vertical axis conditional on the horizontal, z5|z1. The orange curves show the reverse order, namely estimating the
KR map along the vertical x5 axis first. The 5 densities in the top rows (2 spirals, pinwheel, moons, and banana)
and the bottom right (swiss roll) are asymmetric in (z1, z2) (i.e., f(x1,z2) is not exchangeable in (z1,x2)). These
densities exhibit different convergence rates depending on the choice of order. The remaining 3 densities in the
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Figure 3: Experimental comparison of convergence rates on 2D examples (top: density; bottom: rates) for the 8
datasets considered in Wehenkel and Louppe (2019); Grathwohl et al. (2019).
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Figure 4: Experimental comparison of convergence rates on 2D examples (top: density; bottom: rates) for the 3
datasets considered in Kong and Chaudhuri (2020) and the sine density with varying frequency ks € {3,5,7}.

bottom rows (8 gaussians, 2 circles, checkerboard) are symmetric in (z1,z2) and do not exhibit this behavior,
which is to be expected. We also note that a linear trend (on the log-log scale) is visible in the plots for smaller n,
which aligns with the convergence rates established in Theorem 3.6. For larger n, however, approximation error
dominates and the loss plateaus.

As an illustrative example, we focus in on the top right panel of Figure 3, which plots the banana density f(x1, z2)
corresponding to the random variables

Xo ~ N(0,1)
X1|Xs ~ N(X2/2,1/2).
It follows that f is given by
f(@1,22) = f(z1|z2) f(22)
X exp {— (z1— x%/2)2} - exp {—x%/2} .

Intuitively, estimating the normal conditional f(z1|r2) = N(23/2,1/2) and the standard normal marginal f(x2)
should be easier than estimating f(z2|z1) and f(z1). Indeed, as x; increases, we see that f(x2|x1) transitions
from a unimodal to a bimodal distribution. As such, we expect that estimating the KR map S from f(zy, )
to the source density ¢ should be more difficult than estimating the KR map SU'? from f(z1,z2) to g. This is
because the first component of SV targets the conditional distribution f (z2]21) and the second component
targets f(x1), while the first component of S(*?) targets f(x1|z2) and the second component targets f(z3). Indeed,
this is what we see in the top right panels of Figure 3, which shows the results of fitting UMNN-MAF to estimate
S(2) (orange) and SV (blue). As expected, we see that estimates of S(*!) converge more slowly than those of
S(2) These results are consistent with the findings of Papamakarios et al. (2017), who observed this behavior in
estimating the banana density with MADE (Germain et al., 2015).

In the first 3 panels of Figure 4, we repeat the experimental setup on the 3 normal mixture densities considered by
Kong and Chaudhuri (2020). The conclusions drawn from Figure 3 are echoed here. We observe no dependence
in the convergence rates on the choice of variable ordering, since the target densities f(x1,x2) are exchangeable
in (z1,z2). Furthermore, we observe a linear convergence rate as predicted by Theorem 3.6.

Inspired by the pathological densities constructed in the proof of the “no free lunch” Theorem 2.1, which are
rapidly oscillating perturbations of the uniform density on the hypercube, we now consider the sine density on
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the hypercube, defined as

d
flay,. .. xq) =1+ H sin(2mk;x;)
j=1
where k; € Z for j € [d], and x = (z1,...,74) € [0,1]%. The smoothness of f, as measured by any LP norm of its

derivative(s), decreases as the frequency |k;| increases. As such, f parametrizes a natural family of functions
to test our theoretical results concerning the statistical performance of KR map estimation as a function of the
sample size n, the smoothness of the underlying target density, and the order of coordinates. The rightmost
panels of Figure 4 plot the sine density with k1 = 1, ks = 3 (top row) and convergence rates for the choices k; =1
and ks € {3,5,7} (bottom row). The dashed lines correspond to estimating the marginal x; first, followed by
x2|x1; the solid lines indicate the reverse order. We again see an effect of coordinate ordering on convergence
rates. It is also apparent that convergence slows down as ko increases and f becomes less smooth.

B Detailed proofs

B.1 Kullback-Leibler objective

Derivation of (2). By the change of variables formula (1), the density S#f is given by

(S#)(y) = F(S™H ()| det(J(S™H)(y))]-
Consequently, KL(S#f|g) rewrites as

KL(S#fl9) = [ (S#1)(0) o ((S#”y)) dy

9(y)
[ 557 a5 o (LSS0,
-1
/f y))| det(JS(S™ ( )))|_1log (g(y)djeft(fJS((?—)l(y)))> dy (inverse function theorem)

~ [ @l detrsel- Hog(g(s(x))":fe?us(x)))-det<J8<x>>|dx (2= 51(y))

= X ) 10 ( ) i
= [ s g<g B@)| det(75(z >>|)d
=B {logJX) ~ loga(S() ~ o 4t (75(0)

=Ex~f {log f(X) —logg(S(X)) — Z log DkSk(X)} :

k=1

The last line follows because S is assumed to be upper triangular and monotone non-decreasing, and therefore
|det(JS(x))] = HDkSk

Note that in the above calculation, we have also established that

KL(S#/f1g) = KL(f|S™'#9),

for any diffeomorphism S : R¢ — R?, since

oo f(@) .
KL(S#flg)—/ J(@)! g( (S ))det(JS(o:»l)d

(x
/ f(z)log ( f; )) @ )> dx (change of variables)

= KL(f[S™'#9).
This completes the proof. O
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B.2 Slow rates
B.2.1 Proof of Theorem 2.1

Our proof follows the argument in Section V of ( ).

Proof of Theorem 2.1. For fixed € € (0,1), let ﬁ(m, €) be a C* bump function on R satisfying

1.0§ﬁ(x;e)§1 Vz € R,

2. h(x;€) =1 on the interval [e/4,1/2 — €/4],

3. h(z;¢e) = 0 outside of the interval [0,1/2].

Now for r € N, define the function he, : [0,1] — [-1,1] by
hew(x) = h(z1r;€) — h(zr — 1/2;5¢€).

It is clear that A, is smooth, sup,c( 1ja |her(z)| <1, and [ he,(z)dz = 0. Therefore, 1 + h., € F is a smooth
Lebesgue density on [0, 1]¢ uniformly bounded by 2. Also note that |h ()| = 1 whenever [¢/4 < x17 < 1/2—¢/4]
or [1/2 +¢€/4 < z17 < 1 — €/4]. Furthermore, the support of h., is contained in the set [0,1/7] x [0,1]¢7%. It
follows that

TV(L + hep 1 — hey) = % / (1 + her(2)) — (1 = her(2))|dz

[ est)ias

/[e/4§$1r§1/2—5/4]U[1/2+e/4§ac1rSl—e/4]
1—e€

)

>

1 dl’l

r

and

TV + hery 1 — hey) = / |he r(z)|dz
<

S / 1 dl’l
[0,1/7]

=1/r.

As we will see, these bounds on the total variation imply that the perturbations 1+ h¢,, 1 — h¢, are sufficiently
similar to make identification a challenging task, but sufficiently different to incur significant loss when mistaken
for each other.

Now define the translates h;(z;€,7) = he (xl — i;l s Ty ,:cd), which are disjointedly supported with support

contained in H; = [(i — 1)/r,i/r] x [0,1]¢"! for i = 1,...,r. Hereafter, we suppress dependence of h; on ¢,r for
notational convenience. Consider the family of densities

Fle,r) = {14-251‘}11:5,' Z:El} c F

i=1

with cardinality 2". For 6 € {£1}" we write

fs=1 +Z5ihi~

=1
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The worst-case KL risk on F of any density estimate f,, = T"#g derived from a KR map estimate T™ can be
bounded below as

sup Ef[KL(f[f,)] > sup E;[KL(f|f.)]
feF

feF(e,r)

> sup E;2TV(f, fa)?] (Pinsker’s inequality)
feF(e,r)

> sup 2E;[TV(f, fa)* (Jensen’s inequality)
feF(e,r)

We aim to lower bound the total variation risk on F(e, ). We have

sup Ef[TV(f, fa)] 2277 Y Ef[TV(f, fa)]

feF(en FEF(er)

Z Efa [TV (f67fn)] ,

se{£1}"

i.e, the worst-case risk is larger than the Bayes risk associated to the uniform prior on F(e, 7). Now note that

Vfsud) =5 [ 1n(o) = fola)lde
_ % _ (1 + Zr;dihi(x)> dz
== Z/ | fn(z 1+ 6;hi(z))|dz. ({H;} are disjoint)

Define 1 1
G =5 [ 5@ = h@ldn, G =5 [ 150 = (= h(o)lds

and note that, by the triangle inequality,

LU+ 2 g [ 10 ) - (0= @i = [ Ih)d

Writing F§' to denote the cdf of an iid sample of size n from f5, we then have

2TZ]Ef5 TV (f5, fn)] ZTZ{ZELS Z]Efsz' £l }

5;=1 5;i=—1
- E fn 21 T gl fn [21 T Fr
z{ / | poge

0;=1

}

>Z{/ (fn) + L (f))d (2”ZF5A2“2F5>}
5;=1 §;=—1
1- r r
g [l g 2
=12_TEZ (2“2175,2“21%)
=1 9;=1 6;=—1

where A y = min(z,y). In the last line we defined the testing affinity = between two distribution functions
F,, F, with Lebesgue densities p, g,

w(Fp B = [ B AE) = [rads
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which satisfies the well known identity
w(Fp, Fy) =1—=TV(p,q).

Since min is concave, Jensen’s inequality implies that
HCROLEES WA EED wRU
si=1 si=—1 (8,60

where A; = {(6,6") : 0; = 1,0; = —1,6; = 8} Vj #i}. For any (6,8") € A;, we have
m(F5, Fy) =1 —TV(fs, f5)
=1- */|fa — [y (z)|dz

1 [ Ihita)ldz

1
>1—--.
r

Hence, we conclude that

W<Tfr§:E$2PT}:1?>>2L*§:<1—i>:1—i.

6;=1 6;=—1

Thus, putting this all together, we have shown that

sp By (TV(. A > L6y (1_1>

feF(er) 2r o

I
—_
N
[a))
N
—_
|
S| -
~_

Sending € — 0 and r — oo, it follows that

sup  Ef[TV(f, fa)] = 1/2,
fEF (e,r)

and hence

B KL(7If)] > sup 2E,[TV(S, f.)° > 1/2.
fer feF(e,r)

This completes the proof. Note that, with a little extra work, the lower bound can be improved to d/2 using the
chain rule of entropy, since we have considered here perturbations A, varying only in the x; dimension. U

B.2.2 Proof of Theorem 2.2

Proof. Let h,, denote the first marginal of the density estimate f,, = T"#g. Note that h, is a density on R.
Defining 71 : R* — R to be the projection along the first factor, we have

hn = m# frn = (m1 0 T")#g.

By Problem 7.5 in ( ), for any positive sequence 1/16 > by > by - -+ converging to zero and any
density estimate h,, there exists a density h on R such that

{/m m}>m.

Letting TV denote the total variation distance, this inequality can be rewritten as

E[TV(h, h)] > by
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Setting a,, = b2 /2, which satisfies a; < 1/512, we find that

E[KL(h|h,))] > E[2- TV(h, hy,)?] (Pinsker’s inequality)
> 2E[TV(h, hy)]? (Jensen’s inequality)
> 0, /2
= Q.

Finally, let f = h®? be the density on R? defined as a d-fold product of h. By the chain rule of relative entropy,
it follows that

E[KL(f|£)] > EKL(h|h,)] > an.

This completes the proof. Note that, with a little extra work, the lower bound can be improved to d - a,, by
looking at the univariate conditional densities of f,, and using the chain rule of entropy, since we have only
considered the first marginal of f,, here. O

B.3 TUpper bounds on metric entropy

We begin by defining relevant Sobolev function spaces, for which metric entropy bounds are known.
Definition B.1. For X C RY, define the function space

Dy (X) = {¢: D are uniformly continuous for all |a| < s}.
and its subset

CoX)=Q¢: X 5 R: > Do < 00 p ND(X).

0<al<s

endowed with the Sobolev norm

IBll sz () = Y 1D*@|oo-

lof<s

Proposition B.2 (Corollary 3, ( ). Assume X C R? is compact and let F be a bounded
subset of Cs(X) with respect to || - || s, (x) for some s > 0. The metric entropy of F in the L> norm is bounded
as

H(e, F |- loo) S .

With this result in hand, we can proceed to the proof of Proposition 3.3.

Proof of Proposition 3.3. This is a direct consequence of Proposition B.2. Indeed, under Assumptions 3.1-3.3 and
Definition 3.1, for every S € T (s,d, M), every term in exp(ts(z)) is bounded away from 0 and s-smooth with
uniformly bounded derivatives. Since log is smooth away from 0, it follows that that every g € W(s,d, M) is
s-smooth with uniformly bounded derivatives. Consequently, ¥(s,d, M) is a bounded subset of Cs(X) for every
M > 0. O

We also provide a metric entropy bound for the space T (s, d, M), which in particular establishes compactness of
T (s,d, M) with respect to || - ||s0,a (although this can also be proved with the Arzela-Ascoli theorem).

-1
Proposition B.3. Let s = (s1,...,84) € Z‘j_, dp =d—k+1, and 6 = dy, ((sk + 1)1+ Z?:,H_l s;1> for
k € [d]. Under Assumptions 3.1, 3.2, and 4.1 the space T (s,d, M) is totally bounded (and therefore precompact)

with respect to the uniform norm || - ||eo.a with metric entropy satisfying
d
H(e,T(s,d, M), || loo,a) <Y _ cr(e/2M) /%
k=1

for some positive constants cy, k € [d] independent of € and M
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This result relies on known metric entropy bounds for anisotropic smoothness classes.

-1
Proposition B.4 (Prop. 2.2, ( ). Lets=(s1,...,8q4) €Z% and o =d (Z;l:l sj_l) . Assume that
® is a family of functions R — R with common compact convex support of dimension d and satisfying

sup  [|DY¢||o < 00.
peP,axs

The metric entropy of ® in the L norm is bounded as

H(e, @, - [loo) S 7.

We now proceed to the proof of Proposition B.3.

Proof of Proposition B.3. For every k € [d], define the set of functions Xj.; — R given by
T ={Sk:S€T(s,d M)}
By Definition 3.1, for each k € [d] we have that T /M satisfies the assumptions of Proposition B.4, and hence
ng = H(e, Tr, L) < cx(e/M)~%/7x
for some ¢ > 0 independent of ¢ and M.

Now note that T (s,d, M) C szl Ti. For each k € [d], let {gr1,---,9kn,} be a minimal e-cover of T;, with
respect to the L norm, and define the subset

d
E={firia = (G105 +9dia) 1 <y <y} C H Tk
k=1

which has cardinality Hi:l ng. Now fix an arbitrary f € HZ:1 Ti. For each k € [d], we can find some gy, ;, such
that || fx — gk.iplleo < €. It follows that

1f = fir.ialloo.a = max || fr — gr.iy [0 < €.
ke[d]

Hence, £ is an e-cover of szl Tr and so
d d d
i (T ) < (T ) = o
k=1 k=1 k=1
To conclude the proof, we claim that T (s,d, M) C HZ:1 Tr implies that

d
H(G,T(S,CL M)’ H ) Hoo,d) <H (6/27 H Tre, || - HOo,d) :

k=1

Indeed, suppose {f1,..., fm} C HZ:1 Ti is a finite (e/2)-cover of HZ:1 Ti- Foreach j=1,...,m,if T(s,d,M)N
B (f;,€/2) is non-empty, we define g; to be an element of this intersection. Here B (f;, €/2) denotes the ball of
radius €/2 in szl Ti centered at f; with respect to the norm || - ||oc,q. Now let g € T(s,d, M) be arbitrary. Since
g€ HZ:1 Tk, there is some j € {1,...,m} such that ||g — fj||c,a < €/2. This implies that g; is defined and hence

19 = gjlloo.d < Nlg = filloo.a +1f5 = gilloc,a < €/2+¢€/2 =€

It follows that {g;} is a finite e-cover of T (s,d, M) with respect to || - ||oc,4, Which establishes the claim and
completes the proof.

O
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B.4 Statistical consistency
B.4.1 Proof of Lemma 3.4

Proof of Lemma 3.4. Assume d < 2s. By Theorem 2.14.2 in ( ), since functions in
U(s,d, M) are by definition uniformly bounded there exist positive constants C, Cs such that

0102/1\/1+H(Ce\11(3dM) |- lloc)de
Vi o T

1!
< N / V14 e 9/5de (Proposition 3.3)
n Jo

<n7l2 (d < 25s)

B[P = Pllw(s,a.an) <

The last line follows since d < 2s implies that the integral on the right side is finite.

When d > 2s, the metric entropy integral above is no longer finite. In this case, we appeal to Dudley’s metric
entropy integral bound ( , ) (see also Theorem 5.22 in ( )), which states that there
exists positive constants Cs, D > 0 for which

Ccs [P
{5+ %/(S VH (e, ¥(s,d, M), ]| - ||Oo)de}

E||P, — Pl|lw(s < mi
| lw(s,a,00) sin

D
< 5?[1333] {5 + Cj/\ﬁﬁ/é e_d/23de} . (Proposition 3.3)

First assume d = 2s. Evaluating the integral in Dudley’s bound, we obtain

To minimize the expression on the right side in §, we differentiate with respect to  and find where the derivative
vanishes. The bound is optimized by choosing § proportional to n~'/2, which implies that E|| P, — Pllws,anm S

E|Pn = Pllws,anm < 62[1311

)

[log D — log 5]} .

n~1/2logn.

Now assume d > 2s. Evaluating the integral in Dudley’s bound, we obtain

. Csy/c /Oo —d
E||P, — Pllg(s < 54+ 2¥- /254
| llw(s,a,n) < 6m017n { + Jn Js € €

€[0,D]
_ . C’4 1—d/2s
-l G}

We optimize this bound by choosing § proportional to n~%/¢, which implies that E| P, — Plly(s,amn S n=s/d. 0O

B.4.2 Proof of Theorem 3.6

Before continuing on to the proof of Theorem 3.6, we first prove that indeed S* € T (s,d, M*) for M* > 0
sufficiently large, and similarly for T%.

Lemma B.5. Let s = (s1,...,84) € Zi. Under Assumptions 3.1, 3.2, and 4.1, there exists some M™* > 0 such
that the KR map S* from f to g lies in T (s,d, M) for all M > M*.

By symmetry, if we switch the roles of f and g in Assumption 4.1, we see that the same is true for the KR map
T* from g to f. In particular, if s = (s,...,s) for some s € N, then we are in the case of Assumption 3.3. It then
follows from Lemma B.5 that S*,T* € T (s,d, M*) for M* > 0 sufficiently large.

The proof of Lemma B.5 requires an auxiliary result establishing the regularity of marginal and conditional pdfs
and quantile functions associated to a smooth density.

Lemma B.6. Let h be a density on R? with compact support Z . Assume further that h is strictly positive on Z
and s-smooth in the sense of Assumption 4.1, where s = (s1,...,84) € Zf_. The following hold.
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1. For any index set J C [d], the marginal density h(zy) = fRd,w hag,x_y)dx_y is sj-smooth. Similarly, the
conditional density h(zj|lv_;) = h(}f&if;)") is s-smooth as a function of v = (zj,7_7).

2. For any J C [d], k € J°, the univariate conditional cdf H(xi|xs) = [** h(yklzs)dys is (sk + 1,57)-smooth
as a function of (xg,xy).

3. Assume further that Z is convex. Then the conditional quantile function H(pg|zs) is (si + 1, s5)-smooth
as a function of (px,xy) for any J C [d], k € J¢, pr € [0,1].

Proof. For (1), the regularity assumptions on h imply that we can differentiate under the integral. For any
multi-index a < s satisfying a_ ; = 0 we have

Dah(x.]) = /D“h(x.]7m,J)dx,_].

Since D*h(xj,z_ ) is continuous and compactly supported by hypothesis, the dominated convergence theorem
implies that for any sequence z;,, — x; we have

Dah(l‘t]yn) = /Dah(.’ﬁj)y“ J,‘_J)dx_J — /Do‘h(xJ, Z‘_J)dx_J = Dah(Z‘J)

This proves that h(x ;) is sj-smooth. Since h > 0 on its support and z — 1/x is a smooth function for = > 0,
this implies that 1/h(x_;) is s_j-smooth. As products of differentiable functions are differentiable, we conclude
that h(zs|z_;5) = h(zs,2_75)/h(x_ ;) is s-smooth.

For (2), the result from (1) implies that the univariate conditional density h(xzy|z ) is (sg,ss)-smooth. For
any multi-index o = s satisfying a = 0, we can repeat the differentiation-under-the-integral argument above,
combined with the dominated convergence theorem, to see that D*H (zy|z ) is continuous. If oy # 0, we
apply the fundamental theorem of calculus to take care of one derivative in x and then recall that h(zg|z ;) is
(sk, sj)-smooth to complete the proof, appealing to Clairaut’s theorem to exchange the order of differentiation.
Note that this shows that H(xg|zs) is (sg + 1, ss)-smooth as a function of (z,z 7).

For (3), the assumption that Z is convex, combined with the fact that A > 0 on its support, implies that H(xg|z )
is strictly increasing in zp. As such, H !(py|r;) is defined, strictly increasing, and continuous in pj. Since
H(zg|xy) is differentiable in xy, we have

0 1 1

7H71 T — = )
oo P = S ) R il )

which is continuous in py as a composition of continuous functions. Continuing in this way, we see that H ! (pg|z ;)
is (sg + 1)-smooth in py.

For the other variables, note that the following relation holds generally:
H(H ' (pilzs)|zs) = pr-
Defining the function
w(pk, g, xx) = H(zp|zs) — pr,
we see that u is (00, 87, s;, + 1)-smooth in its arguments (p, s, xx) and satisfies

w(pr, x5, H™ (prlay)) = 0.
0
6:Ck
theorem (stated precisely below) to conclude that H = (pg|xs) is (s + 1, 57)-smooth in (pg, ;). For example, for
any j € J we can evaluate the partial derivative in x; by implicitly differentiating the above relation. Letting

zk(pr,xy) = H 1 (p|zs) we obtain

Furthermore u > 0 by assumption, since h > 0 on its support. Hence we can appeal to the implicit function

9 _om o OH
T%H(xk(pk,m)uﬂ = P (zr (P> z5)|T ) - oz, (P, ) + oz, (zk|zs)
_ Opk
8;10]-

=0.
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Rearranging terms and noting that giz’;(pk, xy) = %H‘l(pkpcj), we find that

9 H (puley) Gor(H ™ (prlas)|zs)
— xg)=— .
ow; P T TR E el )
O
Theorem B.7 (Implicit function theorem ( , )). Let u: R"™™ — R™ be continuously differentiable

and suppose u(a,b) = 0 for some (a,b) € R™ x R™. For (z,y) € R™ x R™ define the partial Jacobians

Jpu(z,y) = {aijui(a,b)} Imu(z,y) = {;yjui(a,b)} ,

(4,3)€[m]x[n] (4,3)€[m]x[m]

and suppose that Jyu(a,b) is invertible. Then there exists an open neighborhood V. C R™ of a such that there
exists a unique continuously differentiable function v:V — R™ satisfying v(a) = b, u(z,v(x)) =0 for allz €V,
and

Ju(z) = —Jmu(z,v(z) " Tz, v(z)).

We now proceed to the proof of Lemma B.5.

Proof of Lemma B.5. By definition of the KR map, for each k € [d] we have

Skl er1):a) = G (Fr(@rlr1):a) 1S (o 1y:a (7))

The requisite smoothness in Definition 3.1 of S}.; then follows from the chain rule of differentiation, appealing
to Assumption 4.1, and an application of Lemma B.6. Note also that z; — G,;l(Fk.(xk|x(k+1):d)|5*k+1):d(x))
is strictly increasing as a composition of strictly increasing functions, since f, g are bounded away %rom 0 on
their supports by assumption. Defining 7 (s,d) C T as the subset of strictly increasing triangular maps that
are s-smooth (although not necessarily with uniformly bounded derivatives), we see that S* € T (s,d). Since
T (s,d) = Upr>0o7 (8,d, M), there exists some M* > 0 for which S* € T (s,d, M*). Since T (s,d, M1) C T (s,d, Ms)
for all M; < M> by definition, we conclude that S* € T (s,d, M) for all M > M*. O

With Lemma B.5 in hand, we can now prove Theorem 3.6.

Proof of Theorem 3.6. The theorem is a direct result of inequality (4) and Lemma 3.4. Indeed, since S* €
T (s,d, M*) by Lemma B.5, we have infgc7(s,a,m+) Ptbs = PYs- = 0, and therefore

E[Pygn] = E{PZ/JSTL — _inf PZ/JS}

SeT (s, d,M*)
<E{2||Py — Pllw(s,am) + Bn} (inequality (4))
SE|P, = Pllys,aume)-

Appealing to Lemma 3.4 establishes the stated bound on E[Pygn]. To conclude that Pign RS 0, we apply
Markov’s inequality:
P(Ptpsn > €) < e 'E[P¢)gn] — 0.

As e > 0 was arbitrary, this completes the proof. O

B.4.3 Proof of KL lower semicontinuity

Although Theorem 3.6 only establishes a weak form of consistency in terms of the K. divergence, we leverage
this result to prove strong consistency, in the sense of uniform convergence of S™ to S* in probability, in Theorem
3.8. The proof requires understanding the regularity of the KL divergence with respect to the topology induced
by the | - [|c0,¢ norm. Lemma B.8 establishes that KL is lower semicontinuous with respect to this topology. It
relies on the weak lower semicontinuity of KL proved by Donsker and Varadhan using their dual representation in
Lemma 2.1 of (
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Lemma B.8. Under Assumptions 3.1-8.3, the functional S — Pig on the domain T is lower semicontinuous
with respect to the uniform norm || - || co,d-

Proof. Assume ||S™ — S||0o,q — 0 for fixed maps S™, S € T. We first claim that v,, := S"#u ~» S#p =: v for any
probability measure . We will show that [ h dv, — [ dv for all bounded continuous functions h € Cj,(R%).
Note that [h dv, = [ hoS™ du. By assumption, h o S™ is bounded and measurable with ||h o S|« < ||A]le
for all n. Furthermore, h o S™ — h o S pointwise, since h is continuous. Then by the dominated convergence
theorem, [|hoS™ —hoS|du — 0. In particular, this implies that [h dv, = [hoS™ du— [hoS du= [h dv.
This proves the claim.

Combining this fact with the weak lower semicontinuity of KL divergence ( ) proves
the lemma. Indeed, since ||S™ — S||co,a — 0 implies that S™#p ~» S#p for any p, it follows that

Pypg = KL(S#fg)

< liminf KL(S"#fl|g) (KL is weakly lower semicontinuous)
n—oo
= lim inf Pign.
n—roo
Thus, S +— Pig on T is lower semicontinuous with respect to || - ||oo,d- O

As a corollary, we also obtain an existence result for minimizers of S — Pig on T (s,d, M).

Corollary B.9. Under Assumptions 3.1-3.3, for any M > 0 the minimum infsem Pig is attained.

Proof. This follows from the direct method of calculus of variations, since T (s,d, M) is compact with respect to
| - [|oo,a (Proposition B.3) and S +— Pig is bounded below and lower semicontinuous with respect to || - ||oo,a. O

B.4.4 Proof of Theorem 3.8

Proof. Recall that T (s,d, M*) is compact with respect to || - ||co,a- Together, lower semicontinuity of KL in |- ||cc,a
and compactness guarantee that the KR map S*, which is the unique minimizer of S +— Pig over T (s,d, M*), is
well-separated in T (s,d, M*). In other words, for any ¢ > 0,

v SET (5,d,M*):||S—5*||00,a € v

Indeed, suppose to the contrary that we can find a deterministic sequence S™ € T(s,d, M*) satisfying HS’” —
S5*|loc,a = € such that Pig, — Pig-. Since T (s,d, M*) is precompact with respect to || - [|oc,a, We can extract a
subsequence S"* converging to some S* € T (s,d, M*), which necessarily satisfies ||5'* — 5%||co,d > €. By lower
semicontinuity of S +— Pig with respect to || - ||oo,q¢, it follows that

Pws«* < lim inf ngnk = P’l,/)s*.
k—o0

We have a contradiction, since the KR map S* is the unique minimizer of S +— P1g. This proves the claim that
S* is a well-separated minimizer.
Now fix € > 0 and define

0= inf Piyg — Pig« > 0.

SeT (s,d,M*):[|S—5*||00,a>€ ws ws

It follows that

{15 = 5%[lsc,a = €} € {Ptpgn — Pipg- > 6}.
We have shown Pign RN Pig+ in Theorem 3.6. As a consequence,

P(||S™ = 8™|loc,a = €) < P(Ptpgn — Pipg- > 6) — 0.

As € > 0 was arbitrary, we have ||S" — S*||o0.a — 0. O
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B.4.5 TUniform consistency of the inverse map

We have proved consistency of the estimator S™ of the sampling map S, which pushes forward the target density
f to the source density g. However, we require knowledge of the direct map 7% = (S*)~! to generate new
samples from f by pushing forward samples from g under T*. In this section we prove consistency and a rate of
convergence of the estimator T" = (S™)~! of the direct map T*.

First note that KL(S#f|g) = KL(f|S~!#g) for any diffeomorphism S : R? — R? as we proved in Section
B.1. As such, the consistency and rate of convergence of KL(S"# f|g) obtained in Theorem 3.6 yield the same
results for the estimator 7™ in terms of KL(f|T"#g¢) under identical assumptions. We can also establish uniform
consistency of T" as we did for S™ in Theorem 3.8, although the proof of this fact requires a bit more work.

Theorem B.10. Suppose Assumptions 3.1-3.8 hold. Let S™ be any near-optimizer of the functional S — P,g
on T (s,d, M*), i.e., suppose
nYs sert™ wbs +op(1)

Let T" = (S™)~Y. Then |T™ — T*||oo.a = 0, i.e, T™ is a uniformly consistent estimator of T*.

The proof of Theorem B.10 relies heavily on the bounds on S™ and its derivatives posited in Definition 3.1, which we
utilize in conjunction with the inverse function theorem to uniformly bound the Jacobian JT™(y) = (JS™(T"(y)))~*
over y € Y and n € N, thereby establishing uniform equicontinuity of the family of estimators {T"}%2 ,. We
combine this uniform equicontinuity with the uniform consistency of S™ from Theorem 3.8 to complete the proof.

First we establish a lemma that allows us to bound the derivatives of the inverse map estimates 7.

Lemma B.11. Suppose A € R%*? is an invertible upper triangular matriz satisfying

Al <L d Aji| > 1/M
”g[lﬁ)f<]| il an JHEHIIN il /

for some positive L, M > 0. Then A™' is upper triangular and the diagonal entries are bounded as

maX|A | < M.
J€ld]

Furthermore, the superdiagonal terms i,j € [d] with i < j are bounded as

| A < MPL(ML+ 1)1,

Proof. Let D = diag(A) denote the matrix with diagonal entries D;; = A;; for j € [d] and zeros elsewhere. Note
that D is invertible since A is, and D~ is diagonal with entries Dj_j1 =1/A;; for j € [d]. Let U = A — D denote
the strictly upper triangular part of A. Now note that

A'=D+U)"'=[DUI+D'U) ' =I+D'U)'DL

To calculate (I + D71U)~! we make use of the matrix identity

d—1
(I —X) lZXk] =17
k=0

We plug in X = —D~!'U and note that D~'U is strictly upper triangular, which implies that it is nilpotent of
degree at most d, i.e., (D~'U)? = 0. Hence, we obtain

d—1
(I+D'U) Fl =1 - (-D7'U)4 =
k:o
which implies that (I + D~*U)~! Z (1)( D=IU)*. Tt follows that
d—1
A™h =3 (-D7'U)
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This shows that A~! is upper triangular as a sum of products of upper triangular matrices. Note also that the
terms in the sum with k > 0 are strictly upper triangular. Hence, we see that diag(A~!) = D! and therefore
the diagonal entries of A~* satisfy [A}}'| = ﬁ < M by hypothesis.

Now we bound the superdiagonal entries. By repeated application of the triangle inequality and appealing to the
bounds on A;;, we can bound Ai_j1 for i < j as

d—1
[AZ =) (D70 D)

k=0
d—1

= [(D~'U)*D™1; (i < j)
k=1
d—1

< (DU D
k=1
d—1

<O |[(MU)* M) (ID;;' = 145" < M)
k=1
d—1

=) MMHU);).
k=1

Now let V denote the d x d matrix with ones strictly above the diagonal and zeros elsewhere, i.e.,

17 .<'7
V=4 "7
0, i>7.

We now claim that for k > 1,

Our proof of the claim proceeds by induction. The statement is clearly true for the base case kK = 1 by definition
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of V. Suppose the claim holds up to k. It follows that

(VF) = (VFE- V),
d
= Z(Vk)w‘/ej
=1
d ‘
{—i—1 ' .
- ( E_1 >1[k§€—i] <) (inductive step)
=1
i1 ‘
(—i—1
= lperrzimi ) ( o >
t=i+k
el
-1 . i
wrasin D (") (b= t—i-1)

G—i—2
p
= przy— 1+ D (k— 1)
p=k

j—i—2
+1
=lppri<i—g g1+ Z {(p 1 ) - (Z)} (Pascal’s formula)

p=k

= lppt1<i—1 {1 + <‘7 B Z_ 1> - <Z)} (telescoping sum)

This proves the claim for £ + 1. The result then follows by induction.

Note now that |U;;| < LV;; for all 4,5 € [d] by hypothesis. Again applying the triangle inequality and the
assumption max;«; |A;;| < L, it follows that

d—
A <Y MEF(UF) )

Ju

< MMY((LV)F)]

k=1
& —i—1
=M°L Y (ML) <‘7 . > (C:=k—1)
=0
= M?L(ML +1)771, (binomial formula)
This completes the proof. O

We now use this lemma to establish strong consistency of the direct map estimator.

Proof of Theorem B.10. First note that convexity of X along with positivity f > 0 on X implies that the inverse
KR map T* = (S*)~! is well-defined and continuous, as noted in Lemma B.5. Furthermore, by definition of
T (s,d, M*), the inverse maps 7™ = (S™)~! exist and are continuous also.
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We first prove that the sequence {T7}22; is uniformly equicontinuous with respect to the £, norm || - ||oo on R9.
For a function S : X — Y let JS(x) denote the Jacobian matrix at z € X. For a matrix A : R? — R? let ||A]|,
denote the operator norm induced by the £, norm on RY, ie.,

1Allp = sup {[|Az], : = € RY, ], = 1} .

When p = oo, this norm is simply the maximum absolute row sum of the matrix:

d
|Afloo = max > " |Ajl.
1<i<d

j=

We aim to bound ||JT"(y)||cc uniformly in y € Y, n € N. Since {S™} C T (s,d, M*), the Jacobian matrix JS™(x)
is upper triangular for every x € X and

max sup |[JS" (2)];;| = max |[D; S |lc < M™.
1<J zeXx 1<J

Similarly, we also have that

in i n | = min i . Qn > *
min inf, |[JS™ ()] min inf |D; S} (x)] > 1/M

It follows that for each x € X, the Jacobian JS™(z) satisfies the hypotheses of Lemma B.11 with L = M*.
Applying the inverse function theorem, we conclude from the lemma that the entries of JT"(y) = (JS™(T"(y))) !
are bounded as

max sup |[JT" (y)]i] < (M*)*((M*)* +1)"7 7,

1<g yey

max sup |[JT" (y)] ;] < M.

Jeld] yey
It follows that the f., operator norm is bounded as

d
sup [|[JT"(y)lloo < M* + Y (M*)P((M*)? + 12
yey =2
— {M* + (M*)B : 1_((M*)2+1)d727 d 2 27

1=((M~)?+1) (partial geometric series)

M*, d=1
MM 1) d > 2,
= M* - max{1, (M*)* + 1)}
= C(d, M™).

Here we have used the convention that Zj:z a; = 0 for any sequence {a;}. Now we apply the mean value
inequality for vector-valued functions to deduce that the {T"} are uniformly equicontinuous. Indeed, for any
Y1,y2 € V, we have

1T (y1) = T"(y2)lloo < sup 1T (Y)lloollyn = Y2l
Yy

< C(d, M7)|lyr = y2lloe-

Now let y € Y and note that y = S*(x) for some x € X. We then have

IT"(y) = T*(W)lloo = IT"(y) = T"(5™(2))loo
= [1T"(y) — 2l
= 17"(5%(2)) = T" (5™ (@)l
< C(d, M™)[|5™(x) = 5" (2)]| o
< C(d, M7)[|S™ = 5"|[co,a-
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Since y € Y was arbitrary, we can take the supremum over y on the left side to obtain the desired result:
1T — T*||00,a < C(d, M*)||S* — S™||0,a 50. (Theorem 3.8)

O

B.5 Sobolev rates under log-concavity
B.5.1 Proof of Theorem 4.1

Suppose the source density ¢ is log-concave, which implies that S — Pg and S +— P,1g are strictly convex
functionals. Since T (s,d, M) is convex,

min  Pg min  P,ig
SeT (s,d,M) Vs SeT (s,d,M) ny

are convex optimization problems. If in addition g is strongly log-concave, we obtain strong convexity of the
objective, as we show in Lemma B.12.

Lemma B.12. Suppose Assumptions 3.1-3.3 hold. Assume further that the source density g is m-strongly
log-concave for some m > 0:

[Viogg(y1) — Viog g(y2)]T (1 — y2) < mllyr — yal2  Vyi, 52 € V.

Then the map S — Pis on T (s,d, M) is min{m, M ~2}-strongly convex with respect to the L? Sobolev-type norm

d
181332y = ISI1Z2 ) + > IDkSkl 72 -

k=1

Proof. We first calculate the Gateaux derivative of S — Pi)g in the direction A € T (s,d, M).

Pipsiia — Pig

VPihs(A) = lim :

—tim ¢ 5{ logg((5 + £4) (X))  og(S(X)

d
+ 3 [log Di(Sk + tA44)(X) — log Dy.Sk(X)] }
k=1

=_F {Vlogg(S(X))TA(X) + Z DiSi(X)

We can differentiate under the integral by the dominated convergence theorem, since the integrand is smooth and
compactly supported by Assumptions 3.1-3.3.

Now note that VPiyg(A) is a bounded linear operator in A. Furthermore, since the KR map S* is the global
minimizer of S +— Pig, we have VPig-(A) =0 for all A € T (s,d, M) satisfying S* +tA € T (s,d, M) for all ¢
sufficiently small. We now check the strong convexity condition. Assume A, B € T (s,d, M) for some M > 0. We
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have
(VPYa —VPyp)(A—B)=VPyYs(A—B) - VPyp(A— B)
= E{[Vlog g(B(X)) — Vlog g(A(X))]" (A(X) — B(X))
N Z {Dk (Ar = Be)(X)  Di(Ax — Bk-)(X):|}
)

Dy By(X) Dy Ap(X)

SE {mnA( XI+3 R e v }

(strong log-concavity of g)

[Dr(A X))?
E{m”A( N+ X Dkgk&)}

> E {mllA(X) B(X)II3 + ]\;2 [Dr(Ax — Bk)(X)]Q} (4, B eT(s,d, M))
k

1
= m||A — BH%Q(f) + W Z ||Dk(Ak - Bk)”%z(f)
k
> min{m, M ~2}||A — B||?{1(f).

Hence, S +— Pig satisfies the first-order strong convexity condition. O
We now proceed to prove Theorem 4.1.

Proof of Theorem 4.1. By Lemma B.12, strong convexity of S — Pwg with respect to || - ||H}‘2(X) implies that

Pipgn = Pipgn — Pipg-

min{m, (M*)~?2 " "
> VPys- (57— 5 + P Dyen g
_ min{m, (M*) 2} o,
- 9 ||S ) ||H1 2(X)’

since VPig-(S™ — S*) = 0, as S* minimizes Pig. We complete the proof by appealing to the bound on E[Ptgn|
established in Theorem 3.6. O

B.5.2 Sobolev rates for the inverse map

Now we prove a rate of convergence of the inverse map estimator in the L? Sobolev norm || - || gl2(y) assuming
9

strong log-concavity, as in Theorem 4.1.

Theorem B.13. Suppose Assumptions 3.1-3.3 hold. Assume further that g is m-strongly log-concave. Let S™ be
a near-optimizer of the functional S — Ppibs on T (s,d, M*) with remainder R,, satisfying

ER,| =E< P,tpsn — inf P, <E|P,—P .
(R =& { Pben = __int | Povss} SEIP: = Plleatar

Then T™ = (S™)~! converges to T* = (S*)~1 with respect to the norm || - ||H;,2(y) with rate

2 n=1/2 d < 2s,
E|T" — T*pr(g) <<n2logn, d=2s,
n=s/d, d > 2s.

min{m, (M*)~
2
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Proof. We aim to bound ||T™ — T*”H;*’“(y) by a multiple of ||S™ — S*”H}’z(x)v which will establish the same rate

of convergence for the inverse map (up to constant factors) as derived for S™ in Theorem 4.1.

In the proof of Theorem B.10 we showed that we can bound the ¢, matrix norm of the Jacobian J7"(y) uniformly
as

sup ||JT™(y)|oo < C(d, M*) := M* - max{1, (M*)* + 1)d_2}.
yeY

Since JT"(y) is upper triangular, we can use the exact same argument to arrive at the same bound on the ¢;
matrix norm, which equals the maximum absolute column sum of the matrix,

d
Al = g}gdzglfhjh
1=

Hence we conclude that sup,cy |[J7"(y)|1 < C(d, M*). Now we apply Hélder’s inequality for matrix norms to
conclude that

sup [|JT"(y)[l2 < sup V[IJT" () [ [T (y)] o < C(d, M*).
yey yeY

Consequently, we can bound the first term in || - ||H51,’2()}) as

17" =TIy = [ 1770) = T* )R 9(w)iy
= / 1T (S*(x)) — T*(S*(x))||5 | det JS*(x)|g(S*(x))dx (Change of variables)
= [T (57 @) - T (5" (@)1} Sy (9= Tpf)
= [T (st @) = T (5" @) B S
< [sup 1T @)IES" @) = 5" @) fe)ie

§C(d,M*)Q/HS*(m)*S”(x)H% f(z)dx

= O(d, M*)?||S* — S"||%?(X).

To bound the deviations of the first derivatives, note that

| Dy T (y) = DiTy (y)| = ‘DkS}CL(T"(y)) - DkSZ(T*(y))‘
) —

_ ‘Dksw”(y DiSE(T* (4) ‘
(D1 Sp T (y)[Dx S} (T ()]
(M*)? [ DySE(T™(y)) — DiSi (T (3)
(M*)? [DySE(T™(y)) — Dy} (T* (9)
+ (M*)? | DSE(T* () — DiSH(T* ()]

< (M*)ngg IV(DeSE) @)1 T (y) = T ()2

+ (M*)? | DS (T*(y)) — DpS;(T*(y))| . (mean value inequality)

< )| (S,8™ € T(s,d,M*))
< )

Now note that S7 depends only on (z,...,zq), and therefore, since S™ € T (s,d,M*) implies that
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max;e(q) || Dj DrSi oo < M*, we have

d
sup Z |D; Dy S} (x)|?

sup ||V (DgSE) ()2
zeX reX

d
=sup | > [D;DuSp ()|

reX

-

<
Il
=

(M*)?

d—k+1.
Hence, we conclude that

|DT3E (y) = DiT3 (y)* < {(MFP°Vd — k + 1T (y) = T*(y)ll2
+ (M*)? | DS (T (y)) — DiSi(T™ ()1}
<2M*)°(d — k+ DT (y) = T*(y)II3
+2(M*)* | DpSE(T (y)) = DiSp(T™ () - ((a+b)? < 2(a® + 7))

Summing over k and integrating against the density g, we obtain

d d
D IDWTE—DiTE |13y = Z/IDsz?(y) — DiTj; (y)Pg(y)dy
- d
<> [20r @k I ) - T W g0y
k=1

+ Z 200 DS ) = DS ) 0

= (M*)ﬁd(d + DT = T*|[72 )

/|DkS,C DkSZ(x)|2g(S*(m))|detJS*(m)|dm

_ (MY )T — T a3
0 / D8P (x) — DeSE() [ f(x)de
k=1
= (M*)%d(d + 1)||IT" - T*||2Lg(y) +2(M Z Dk (Sk — Sk) ||L2(X)

< (M*)%d(d + 1)C(d, M*)?(|S™ — S*H%?(A’) +2(M Z Dk (5% — Sk) ||L2(X)
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Putting all of these calculations together, we have shown that

d

IT™ =T 312y = IT" = T3 9y + D IDR(TE = T)lF2 )
k=1

< C(d, M*[|S™ = S7|[72 2y + (M) d(d + 1)C(d, M7)?||S™ =S¥ 72

d
M)t Z [ De(SE — 52)”%3(2«)

< C(d, M*)2HS” S*|2, 12

(x)’

where we define }
C(d, M)?* = max{C(d, M)*[1 + M5d(d + 1)],2M*}.

Finally, we appeal to the bound on ||S™ — S*||2 derlved in Theorem 4.1 to conclude the proof:

H12

min{m, (M*)~2} “ min{m, (M*)*} ~ * *
5 E|T" —T ||§{gl‘2(y) < 5 C(d, M*)*E||S™ — S ||H12
n=1/2, d < 2s,
<<nY2logn, d=2s,
n=s/d, d > 2s.
O
B.6 Dimension ordering
B.6.1 Proof of Lemma 4.3
Now we establish a rate of convergence in the anisotropic smoothness setting. Define
V&(x) = log fr(xrlzki1).a) — 108 gk (Sk(2)|S(kt1):a(x)) + log Dy Sk (),
which is (sg, ..., sq)-smooth in (zg,...,x4) whenever each S is (s +1, Sg41,- .., Sq)-smooth in (g, Trr1,...,2q)

by Assumption 4.1 and Lemma B.6. Since

$k|$ k+1): )

”::&

by the chain rule of densities, and similarly for g, we have

d
(Pn_P)wS:Z(Pn_P)wg‘
k=1
Note that 1% is a function of Sj.4 and the dj variables (zy,...,xq) only. Defining

Uy (s,d, M) = {p% : S € T(s,d, M)},

we have the following analog of Proposition 3.3.

Proposition B.14. Under Assumptions 3.1, 3.2, and 4.1, the metric entropy of Uy (s,d, M) in the L™ norm is
bounded as
H(e, Up(s,d, M), || - ||loo) S e /o,

~

Consequently, Ui (s,d, M) is totally bounded and therefore precompact in L™ (Xy.q).

Hence, we obtain in Lemma 4.3 a bound on the supremum process analogous to Lemma 3.4 now applied to the
family Wy (s,d, M) of (s, .., sq)-smooth maps k.
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Proof of Lemma 4.3. The metric entropy integral bounds utilized in the proof of Lemma 3.4, combined with the
entropy bound on Uy (s,d, M) derived in Proposition B.14, yield the following rate

E|Pn — Pllw, (s,a,01) = E{ sup  [(P, — P)¢§|} S Cake
SET (s,d, M)

Applying the triangle inequality then yields

El|Py = Pllw(s,anm) =
SET (s,d,M)

sup |(Py — P)%}

d

> (P - Py
k=1

E

sup
SeT (s,d,M)

,—/h\,—’h«

}

E{ sup |uz—Pwﬂ}

SeT (s,d,M)

INA
a WMR

1

E(| Py — Pllw, (s,d,m)

A
>
SA
=
o
s
ES

=
Il
-

B.7 Jacobian flows

Proof of Theorem 4.7. The proof is practically identical to that of Theorem 3.6, since the functions in ¥,, (%, s, M)
are s-smooth with uniformly bounded derivatives (analogous to ¥(s,d, M)) by definition of 7,,(3, s, M), the
chain rule of differentiation, and the relation

m d
Ys(x) =log[f(x) ZZlongU] z7),

j=1k=1
where we define 4 ' ‘
=Y ol oxi T oo U o (a), € [m]

Hence, the entropy estimates for W(s, d, M) in Proposition 3.3 hold also for ¥,,,(2, s, M). Thus, we obtain similar
bounds on E||P, — P|y, (s.s,m) as in Lemma 3.4. Combining this with the risk decomposition (4) and the
argument in Theorem 3.6 completes the proof. O

B.8 On separability

Suppose the source g is a product density, i.e., g(y) = szl gx(yx) for some smooth densities g : R — R. As the
source density ¢ is a degree of freedom in our problem, we are free to choose g to factor as such. For example, g
could be the standard normal density in d-dimensions or the uniform density on a box J ¢ R%. We will show
that the task of estimating the KR map S* is amenable to distributed computation in this case.

Assumption B.1. The source density g factors as a product: g(y) = HZ:1 9 (Yk)-

Recall the minimization objective defining our estimator:

1 & , d ,
_ 1 2 K2
oD |logg(S(X1) + > log DiSp(XT) |,
=1 k=1
where X' = (X{,...,X%),i=1,...,n is an iid random sample from f. Here we omit the entropy term involving

f that does not depend on S without loss of generality. For a general density g, we can simplify the above
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expression by appealing to the chain rule for densities

d
H yk|yk+la"'7yd)7

where
oy, ya)dys - - - dyr—

S 9y, ya)dyr - - - dys,

9k WklYks1, -, Ya) =

The objective then becomes
—=3 ) [log gk (Sk(X")|Sks1(X7), ..., Sa(X?)) + log DiSp(X7)] .

i=1 k=1

3\*—‘

When g is a product density we have gi (yk|yk+1,-- -, yd) = gk (yr) and we obtain

d

Z{_i 1oggk(sk(X”>>+longSk<Xi>]}7
1 =1

which is a separable objective over the component maps Si. In this case, we can find our estimator S” =
(ST, ..., S7) by solving for the components S} in parallel.



