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Abstract

A recent line of work has focused on training
machine learning (ML) models in the perfor-
mative setting, i.e. when the data distribution
reacts to the deployed model. The goal in this
setting is to learn a model which both induces
a favorable data distribution and performs
well on the induced distribution, thereby min-
imizing the test loss. Previous work on finding
an optimal model assumes that the data dis-
tribution immediately adapts to the deployed
model. In practice, however, this may not
be the case, as the population may take time
to adapt to the model. In many applications,
the data distribution depends on both the cur-
rently deployed ML model and on the “state”
that the population was in before the model
was deployed. In this work, we propose a
new algorithm, Stateful Performative Gradi-
ent Descent (Stateful PerfGD), for minimizing
the performative loss even in the presence of
these effects. We provide theoretical guar-
antees for the convergence of Stateful Per-
fGD. Our experiments confirm that Stateful
PerfGD substantially outperforms previous
state-of-the-art methods.

1 INTRODUCTION

A recent line of work has sought to study how to ef-
fectively train machine learning (ML) models in the
presence of performative effects (Perdomo et al., 2020).
Performativity describes the scenario in which our de-
ployed model or algorithm effects the distribution of the
data or population which we are studying. Such effects
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can be expected when our model is used to make con-
sequential decisions concerning the population. As ML
becomes ever more ubiquitous across fields, considering
these performative effects also grows in importance.

For example, suppose a bank uses a ML model which
considers user features—e.g. income, number of open
credit lines, etc.—to decide which user should be
granted a loan. Based on the original data distribution,
the model learns that people with more credit lines open
are more likely to repay their loans. After the model
is deployed, some users may open more credit lines in
order to improve their chances of receiving a loan. In
this case, the data distribution has changed as a direct
consequence of deploying a specific model. More impor-
tantly, the distribution of the outcome—whether or not
the person repays his or her loan—given the features
has changed, leading to degraded model performance.

Formally, we assume that deploying a model induces
a new distribution over test data. The goal of model
training under performative distribution shift is to min-
imize performative risk, i.e., the model’s loss on the
distribution it induces. Recently, [Izzo et al.| (2021)
proposed a “meta-algorithm” (performative gradient
descent or PerfGD) to accomplish this when the in-
duced data distribution depends only on the deployed
model. This amounts to assuming that the data dis-
tribution immediately adapts to the deployed model,
irrespective of any other conditions. In practice, such a
model of performative effects may be overly simplistic.
It is likely that the induced distribution will depend not
only on the deployed model, but also some notion of
the “state” that the population was in when the model
was deployed. In the loan example, for instance, it
will take loan applicants some time to open new credit
lines, so we can expect the distribution to change grad-
ually as applicants have more time to adapt, before
finally settling to some steady-state distribution for the
deployed model. Optimizing the test loss in the state-
dependent performative case has been understudied in
the literature, and the addition of a state (which can-
not be controlled explicitly, only implicitly) increases
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the difficulty of the optimization. We propose a novel
algorithm and analysis to fill this important gap.

1.1 Owur Contributions

In this work, we introduce a new algorithm for min-
imizing the performative risk in the state-dependent
performative setting. Our approach is similar in spirit
to that of Izzo et al.| (2021)), in that it amounts to esti-
mating an appropriate gradient and using it to perform
gradient descent. However, unlike |Izzo et al.| (2021)),
we no longer have even direct sample access to the dis-
tribution that we care about (the “long-term” induced
distribution, i.e. the distribution which the population
will finally settle to over time), and this added technical
challenge makes previous algorithms for optimizing the
performative risk ineffective. Indeed, the only way to
apply previous approaches directly is to wait for many
time steps after each model deployment so that the
induced distribution stabilizes to its long-term limit.
Our algorithm overcomes this limitation by “simulating”
waiting, without actually needing to do so. We show
theoretically that this method accurately captures the
behavior of the long-term distribution. Experiments
confirm our theory and also show its improvement over
existing methods which are not specifically adapted to
the stateful setting.

1.2 Related Work

It has long been known that changes between training
and test distributions can lead to catastrophic failure
for many ML models. The general problem of non-
identical training and test distributions is known as
distribution shift or dataset shift, and there is an ex-
tensive literature which seeks to address these issues
when training models (Quionero-Candela et al., |2009;
Storkey, |2009; [Moreno-Torres et al., [2012). Much of
the work in this area has been devoted to dealing with
shifts due to external factors outside of the modeler’s
control, and developing methods to cope with these
changes is still a highly active area of research (Koh
et al., 2021)).

Perdomo et al.| (2020) proposed studying distribution
shifts which arise due to the deployed model itself,
referred to as performative distribution shift. They
gave two simple algorithms—repeated risk minimiza-
tion (RRM) and repeated gradient descent (RGD)—
which converge to a stable point, i.e. a model which
is optimal for the distribution it induces. Other early
work in this area also explored stochastic algorithms
for finding stable points (Mendler-Diinner et al., 2020;
Drusvyatskiy and Xiaol 2020]).

State-dependence in the performative setting was intro-
duced by [Brown et al.| (2020). A notion of optimality in

this setting is the minimization of the long-term perfor-
mative loss—that is, finding a model which minimizes
the average risk over an infinite time horizon, assuming
that we keep deploying that same model. |Brown et al.
(2020)) showed that the RRM procedure introduced by
Perdomo et al.| (2020]) converges to long-term stable
points. RRM and RGD rely on population-level quanti-
ties (e.g., minimization of the population-level risk or a
population-level gradient). [Li and Walil (2021) extended
these results to show that stochastic optimization al-
gorithms also find a performatively stable point in the
stateful setting. We remark that these works differ
from ours in that they both seek to find a stable point
rather than an optimal point (i.e. one which minimizes
the test loss), and in general stable points can be far
from optimal (Izzo et al., [2021} Miller et al.| 2021)).

Izzo et al.| (2021) proposed a method (PerfGD) for
computing the performative optimum in the non-state-
dependent case. Under parametric assumptions on
the performative distribution, they show how to con-
struct an approximate gradient of the performative loss
and then use it to perform gradient descent. Miller
et al. (2021) also studied optimizing the (stateless)
performative loss. The authors quantified when the
performative loss is convex and proposed using black-
box derivative-free optimization methods to find the
performative optimum. For certain classes of performa-
tive effects, they also propose a model-based approach
to minimizing the performative loss.

A related line of work studies the setting of strategic
classification (Hardt et al.,|2016]), which is a subclass of
the general performative setting. In this setting, it is as-
sumed that individual datum react to a deployed model
by a best-response mechanism, inducing a population-
level distribution shift. |Dong et al.| (2018]) considered
optimizing the performative risk in an online version
of this problem and for a certain class of best-response
dynamics. Other recent work in this area includes de-
veloping practically useful tools for modeling strategic
behavior, such as differentiable surrogates for strategic
responses and regularizers for inducing socially advan-
tageous strategic responses (Levanon and Rosenfeld)
2021)); incorporating more realistic limitations on the
best-response behavior of the agents (Ghalme et al.,
2021} |Jagadeesan et al.l|2021)); examining the effects of
the relative frequency of updates between the modeler
and the agents (Zrnic et al.l [2021)); and studying the
statistical and computational complexity of strategic
classification in a PAC framework (Sundaram et al.
2021). While strategic classification offers a wealth of
important examples of performative effects, the per-
formative setting is more general as the change in the
data need not arise from a best-response mechanism.

The original performative optimization problem can be
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framed as a derivative-free optimization (DFO) (Flax;
man et al., [2005) problem with a noisy function value
oracle. In the stateful case, however, we no longer even
have an unbiased noisy oracle for the function we wish
to optimize (the long-term performative risk), making
black-box DFO algorithms ineffective.

2 PROBLEM SETUP

We refer readers unfamiliar with the performative lit-
erature to the introductory sections of |Perdomo et al.
(2020) and |Izzo et al.[(2021) for a complete discussion of
the original (stateless) performative prediction setting.

We consider a generalization of the performative pre-
diction problem (Perdomo et al. 2020)), introduced
by Brown et al. (2020) and referred to as “state-
ful” performativity. Let © denote the set of admis-
sible model parameters and Z denote the data sample
space. We assume that there is a distribution map
D:0x M(Z) = M(Z), where M(Z) denotes the set
of probability measures on Z. If p; denotes the data
distribution at time t and 6; denotes the model that
we deploy at time ¢, then we have

Pt = D(otapt—l)'

That is, the data distribution at time ¢ is a function of
the model we deployed, as well as the previous state
that the population was in (encoded by the previous
distribution p;—1). Note that this setting is strictly
more general than the original setup of [Perdomo et al.
(2020), in which p; = D(6;) depended only on the
deployed model. This generalization captures the fact
that in practice, it is unlikely that the population we are
modeling will immediately snap to a new distribution
upon deployment of a new model. In general, it will
take the distribution some time to adapt.

Under reasonable regularity conditions on D, if we
define 6, = 0 for all t, then there exists a limiting
distribution p*(#) = lim;_ oo p¢. (See Claim 1 of Brown
et al.| (2020)) for sufficient conditions.) That is, p*(9)
describes the limiting distribution if we continue to
deploy 6 for all time steps ¢, and it is assumed that
this distribution is independent of the initial state.
If we define the long-term performative loss £*(0) =
E,«9)[£(2;0)], then a sensible goal is to compute the
long-term optimum

fopT 2 argmin £*(6).
6eo

This is similar to the problem addressed in [[zzo et al.

(2021)), except now we do not even have direct sample
access to p*(0).

Throughout the paper, we will assume that p; belongs
to a parametric family with (unknown) parameter i

and corresponding density p(-, us). For concreteness,
one may think of the distribution as a mixture of Gaus-
sian with fixed covariances 3 but unknown means p,
but we remark that our techniques should be viewed
more as a “meta-algorithm” whose details can be di-
rectly applied to other parametric distributions. In
this setting, rather than the distribution map D, we
can equivalently consider the parameter map m, where
e = m(0y, py—1), and then p; corresponds to the para-
metric distribution with parameter p; (i.e., p; has den-
sity p(-, p¢)). Analogously to the long-term distribu-
tion assumption, we will assume that for every fixed
0 and any starting p, there is a long-term parameter
1 (0) = limg_, 0o m® (6, 1), where m(® (6, 1) = p and
m® (0, 1) = m(0,m*=(0,u)) for k > 1. That is,
m®) (0, ) denotes the distribution parameters after
model 0 has been deployed for k steps, starting from
the distribution with parameters p. For simplicity, we
will assume that the model parameters 6 as well as
the distribution parameters p are both d-dimensional
vectors: 0, u € R%, but we emphasize that this is for
notational convenience and is not required.

Algorithm [1| describes the interaction model for our
problem in terms of the parameterized distribution.
Here we have assumed that, given a sample Z = {z;}7;
from the distribution with parameter p, there is some
method (e.g. maximum likelihood) for estimating ji(Z).
Since there is a large literature on parametric inference,
we consider [ as provided.

Algorithm 1 Deployment and sampling model

procedure DEPLOY&SAMPLE(6;, fi¢—1)
Deploy 6
Population reacts: p; < m(0s, ps—1)
Collect samples: Z; < {zi(t)}?:‘l, z,gt) b P,
Estimate u;: fiz < f1(Z)
return ji;

end procedure

t

Lastly, we will use 0;f to denote the derivative of
a function f with respect to its i-th argument. So
for instance, 9ym(6, m(0, ut)) means the derivative of
m(6,m (6, p:)) only with respect to the § appearing in
the first argument (before the comma) even though 6
appears in m in the second argument as well.

2.1 Why is the State-Dependent Case More
Challenging?

As mentioned above, adding state-dependence to the
performative dynamics presents a much more realistic
model of performative effects likely to arise in reality.
However, this added realism makes the optimization
problem significantly more challenging. Indeed, we no
longer even have direct access to an unbiased estimate
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for the function that we wish to minimize—the long-
term performative loss—, as we cannot observe the
long-term performative loss simply by deploying our
model once. The increase in problem complexity is akin
the gap between bandit problems and reinforcement
learning/Markov decision processes. Thus although our
setting may seem similar to that of|Izzo et al.| (2021)) at
face value, the state-dependent case is in fact a highly
nontrivial advancement both in terms of the practi-
cal validity of the model and the technical/theoretical
difficulty of solving the problem. Therefore, the prob-
lem demands novel algorithms and analysis, which we
introduce here.

3 STATEFUL PERFGD

Our approach is to estimate the (long-term) performa-
tive gradient and then use this estimate to do approxi-
mate gradient descent. In an ideal world, we wish to
compute the gradient

VoL*(6) = Vo [ [ a0t ) dz]
- / Vol 0)p(z; i (6)) d=

dp* T
+ [0 Vvt 0)d.

(Note: V,p denotes the gradient of the density p with
respect to its p argument. In terms of the J; notation,
we have V,;,p = 82pT.) There are two unknown quan-
tities in this expression: p*(0) and %. The various
subroutines in the algorithm are all aimed at estimating
these unknown quantities. As we no longer have direct
sample access to the long-term distribution p* (), the
steps needed to estimate the long-term performative
gradient are different from [Izzo et al.|(2021)), and the
error analysis is more involved. There are two main
components in the algorithm. First, we use the most
recent H steps in the training trajectory to estimate
the derivatives of the update function m (Algorithm 2),
which can then be used to estimate % (Equation (2)).
With this estimate in hand, we can compute an esti-
mate of the total gradient of the long-term loss and take
a gradient descent step (Equation (1) and Algorithm [3)).
The precise steps for the algorithm are given below. In
the following, v; = [0, , ] ;] denotes the full input
to m at time ¢, and for any collection of vectors v;, vy
denotes the matrix with columns v;, v;y1, ..., v;.

The other estimation functions ESTLTJAC and Es-

Algorithm 2 Estimating 9;m

Require: Estimation horizon H
procedure ESTPARTIALS(¢t—pr.¢, fit—p:t)
A < g1 — Pl
A/u\<— flt—H:t-1 — fulyy
[01m, Oam]  (Ap)(Ay)T
return 0ym, dom
end procedure

Algorithm 3 Stateful PerfGD
2

Require: Estimation horizon H, perturbation size o<,
learning rate n
Initialize for d steps and record fi;—1, 6, and fi;
while not converged do
iy < DEPLOY&SAMPLE(6y, ty—1)
8/1;1, 8/2;1 < ESTPARTIALS (¢t —1.¢, flt—H:t)
d ESTLTJAC(O1m, dam)

VL; ¢+ ESTLTGRAD(6;, fir, %)
0111 < 0, — (VL +g1), 90 ~ N(0,0°1)
t—t+1

end while

TLTGRAD are given by

ESTLTJAC(Oym, dam) = (I — 8ym) ™' Orm (1)
ESTLTGRAD(0;, fit, dL) = (2)

do

N d
/ Vol(=:0)p(=: ) d= + / (00

Next, we give the basic motivation for each step of this
algorithm. Algorithm [2] estimates the derivatives of m
using finite difference approximations gathered from
the optimization trajectory so far. The columns Az
are the differences in the input of m, and the columns
of Ay are the corresponding differences in the output
of m. We then estimate the derivatives of m by solving
the matrix equation (Aoutput) ~ (Jacobian)-(Ainput).
The estimation horizon H is a hyperparameter which
should be tuned via standard techniques. In our proofs,
we require that H be polynomially larger than the
dimension d, but in practice we find that choosing
H € [2d,3d] or just using the entire previous trajectory
for this step works well. We also note that H > 2d
should be enforced so that the “input difference matrix’
At € R2¥H will have a right inverse.

V,up(Z? lat) dz

)

The formula for ESTLTJAC arises from the recursive
definition of m*) (see Section . Taking a derivative
with respect to 6, unrolling the recursion, and sending
k — oo leads to the formula .

The formula for ESTLTGRAD is derived by taking a
derivative of the long-term performative loss, recalling
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that this is an expectation with respect to the known
density p with unknown parameter . As we do not

know p* or its Jacobian ddTv we simply bubbltute our

best approximations for each of these (ji; and 4 re-
spectively) to obtain the formula 1. In Sectloni we
bound the error of our approximation and show that it
vanishes as the number of steps increases and as the
error in i goes to 0. This yields an estimate for the
long-term performative gradient, which we then use to
take an approximate gradient descent step. The Gaus-
sian perturbations g; are a technical necessity which
borrows ideas from smoothed analysis (Sankar et al.l
2006)). They ensure that the optimization trajectory
has traveled enough in each direction so that the deriva-
tives of m can be estimated even in the presence of
errors in /i and can often safely be omitted in practice.
See Appendix [A] for a full derivation of the algorithm.

3.1 Performativity through Low-Dimensional
Statistics

Performativity in ML is primarily concerned with
changes in human populations as the result of a de-
ployed model. Unless the population being model con-
sists mostly of data scientists, it is unlikely that the
constituent individuals will have a reaction based on
the particular parameters of the model. Instead, indi-
viduals (and therefore the distribution of the popula-
tion on the whole) likely modify their behavior based
on a low-dimensional proxy, such as a credit score or
classification probability. If it is the case that the dis-
tribution shift depends on a low-dimensional statistic,
then we can still apply stateful PerfGD for a very high-
dimensional model (e.g. a neural network) without
incurring a large error due to the high dimension.

We formalize this intuition as follows. Suppose that
the stateful parameter map actually takes the form
pe = m(Op, pe—1) = m(s(0, pe—1), 1), where s
is a known score function with s(6,u) € R% and
ds < dim(#). In this case, we may estimate the par-
tials of m with respect to s and then use the chain rule
to compute the partial of m with respect to 6, yield-
ing Oym(0y, pe—1) = Ovm(se, pe—1) O15(0, pe—1), where
st = (04, ue—1). Note that since s is known as a func-
tion of 6 and p, computing 01 s(0;, ui—1) just requires
estimating ps—1 (which we have assumed is easy) and
we instead need only estimate the derivative 9;m. This
is a derivative with respect to ds variables, whereas in
general for this step we must compute a derivative with
respect to dim(6) variables. When ds < dim(6), this
can make the derivative estimation task signficantly
easier. We can then plug this estimator for d;m into
Algorithm [3] and proceed as usual.

4 THEORETICAL GUARANTEES

In this section, we quantify the performance of Stateful
PerfGD theoretically. We require the following:

1 oum(0, p)| < B

2. Oym(0, )] <5 <1

3. Omin(Gam(0, 1)) > «

4. [€(z;0)], [Vol(z: 0)|| < lomax

5. |[V2m| < C, where V?m is the tensor of second
derivatives of m, and |[V2L*(0)|| < L.

6. diam({p}) < D, where {u} denotes the set of all
possibile stateful distribution parameters.

7. The estimator fi satisfies ||z — pel| < €.

For simplicity we will also assume that the stateful
performative distribution is a Gaussian with unknown
mean, i.e. the distribution parameters p are just the
mean of the Gaussian and p(z, 1) denotes the Gaussian
density of z. We will also assume that the covariance
is fixed and nondegenerate. The Gaussian assumption
simplifies some of the already extensive calculations,
but we remark that all of the results still hold for
any continuous distribution with sufficiently light (e.g.
sub-Gaussian) tails and smooth dependence on the
distribution parameter.

With the exception of Assumptions [2] and [3] the above
are all standard smoothness assumptions (Perdomo
et al.| [2020; [Brown et al., [2020; [Izzo et al., 2021} [Miller
et al.l [2021)). Assumptlon I 2 is a Sufﬁ(:lent condltlon
to guarantee that m®*® (0, u) — p*(#) independent of
p, and, when combined with Assumption [6] gives us a
bound on the speed of this convergence. On the other
hand, Assumption [3|ensures that we are able to perturb
¢ by perturbing 6;; without this, estimating dym will
be impossible. Finally, we remark that Assumption
can easily be converted into a high-probability state-
ment depending on the size of the sample collected at
each step. For instance, in the case of a Gaussian mean,
we have e = O(y/log(T")/n) by a simple Gaussian con-
centration/union bound argument.

In all of the following statements, O hides depedence
on any of the problem-specific constants introduced in
the assumptions, as well as dependence on the problem
dimension and the failure probability v. Our concern
is how the error of the method behaves as the time
horizon T" — oo and the estimation error € — 0. O
hides these same constants as well as log factors in T.
Our main theoretical result is the following convergence
theorem for Stateful PerfGD:
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Theorem 1. Let T be the number of deployments of
Stateful PerfGD, and for each t let VLT = VL*(0).
Then for any v > 0, there exist intervals [Nmin, Mmax)
and [0 min, Omax| (which depend on T and the estima-
tion error €) such that for any learning rate n in the
former and perturbation size o in the latter interval,
with probability at least 1 — ~y, the iterates of Stateful
PerfGD satisfy

min [|[VL|? = O(TV/5 4+ ¢'/%).
1<¢t<T

Theorem (1| shows that Stateful PerfGD finds an ap-
proximate critical point. As Stateful PerfGD can be
viewed as instantiating gradient descent on the long-
term performative loss, and gradient descent is known
to converge to minimizers (Lee et al., |2016), Stateful
PerfGD will converge to an approximate local mini-
mum. In the case that the long-term performative is
convex, Stateful PerfGD will converge to the optimal
point.

While the full proof of Theorem [I] requires extensive
calculation, the structure of the proof is intuitive and
we outline it below. We begin by bounding the error
of the finite difference approximation in Algorithm

Lemma 2. Suppose that |V L% are bounded by a con-
stant for s < t. Let il—:Z denote the true Jacobian of

m with respect to its input, and let ‘fi—m = [8/1;1, 8/27\n]
denote the estimator from Algorithm|d. Then for ap-
propriate choices of n, o, and H, we have

m”—“ﬂ<6("+53)zmw
o no

Here, a smaller step size results in smaller error from
the finite difference approximation, but magnifies any
error in . Next, we analyze how the error on our
estimate of the short-term derivatives translates to
error on our estimates of the long-term derivatives.

Lemma 3. The long-term Jacobian estimate % from

Eq. [4 satisfies

dp*  dy* A _
ST =0n+Ey,)=E,-,

where E,, is the upper bound on the error in estimating
the Jacobian of m from Lemma[3

Note that the error on the long-term Jacobian estimate
also depends on the distances || — p*(6;)||. A smaller
learning rate gives the distribution time to adapt during
training but without needing to wait, making these
distances shrink. This can be thought of as similar
to multiscale considerations in the study of PDEs (El

2011). Next, we show that the estimation errors on

% and fi; remain small when we use them to estimate

VL.
Lemma 4. The estimator V/Z;‘f from Egq. satisfies

IVL; = VL] = O(n + Eye),

where E,« is the error bound on dd%o* from Lemma B

We show that the errors E,, and E,- from Lemmas
and |3| vanish at a polynomial rate as T — oo and
e — 0, so that the error in our long-term loss gradient
also vanishes as the step size decreases. Finally, we use
a standard analysis of gradient descent on L-smooth
functions which allows for error in the gradient oracle.

Lemma 5. Let h be any L-smooth function and let
Vh be a gradient oracle with bounded error: ||§71(x) -
Vh(z)|| < e, and assume that e = o(1). Then for n
sufficiently small, the iterates x; of gradient descent
with gradient oracle Vh satisfy

1
. 2 _
min (IVh(ze)||* = O <T77 + e) .

Combining Lemmas yields a set of dependencies on
1, o, €, and T which can be balanced to prove Theo-
rem [I} All of the proofs can be found in Appendix [B]

5 EXPERIMENTS

In this section, we conduct experiments for all of the
relevant methods, showing Stateful PerfGD’s improve-
ments over existing algorithms. First, we discuss the
algorithms against which we will compare.

5.1 Previous Algorithms

Repeated Gradient Descent (RGD) This
method was introduced by [Perdomo et al.[ (2020) and
refers to simply taking a gradient of the loss assuming
that the distribution is fixed, then updating the model
with a gradient descent step and redeploying. |[Li and
Wai| (2021) showed that RGD converges to a stable
point in the long run in the stateful performative
setting. Since the stateless performative problem is
a subclass of the stateful one, there are cases where
a stable point can be arbitrarily far from an optimal
point. (See §2.2 of [[zzo et al.| (2021).)

PerfGD (PGD) If we repeatedly deploy each model
# until the induced distribution settles to its long-term
state, then we can directly apply PerfGD from [Izzo et al.
(2021)). While this method will eventually converge if
we wait long enough at each step, we will have to deploy
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many suboptimal models if the induced distribution
takes a long time to settle, leading to losses for the
user.

Black-Box Derivative-Free Optimization (DFO)
Black-box DFO seeks to optimize a function given only
a function value oracle and no direct access to gradi-
ents or higher-order derivatives of the function to be
optimized (Flaxman et al., 2005). The non-stateful
performative prediction setting is a special case of this
general problem, and black-box DFO algorithms can
obtain reasonable results for non-stateful performative
prediction (Miller et al., 2021). In the stateful setting,
however, we no longer have a function value oracle for
the long-term performative loss, so we expect black-
box DFO methods to have degraded performance (if
they work at all). We could take the same approach
as mentioned above with PerfGD, i.e. deploying each
model many times until the distribution settles to its
long-term state. We note that since this method de-
ploys perturbed versions of its best internal estimate,
the cost in terms of suboptimal model deployments
can be even greater than that incurred by adapting
PerfGD to the stateful setting.

In all of the following figures, the solid lines denote
the mean of the reported statistic and the shaded error
regions denote the standard error of the mean. OPT
denotes the long-term optimal loss, STAB denotes the
loss of the performatively stable point, and SPGD
denotes Stateful PerfGD. For details on the specific
constants and hyperparameters, refer to Appendix [C}

5.2 Linear m

We begin with a simple case with a linear point loss
{(2,0) = —2"0. The long-term performative loss is
L*(0) = —p*(0) 0. We take the mean update function
to be m(0, ) = u*(0)+(1—95)p and set p*(0) = A0+b
for some fixed 6 € (0,1), a fixed matrix A and a fixed
vector b. When A < 0, the long-term optimal point
can be computed exactly as opr = —%A‘lb.

Figure [1| compares the performance of SPGD with the
other algorithms as the “amount of statefulness” varies.
The z-axis is the number of deployments required be-
fore 99% of the effect of the previous mean has been
removed, which corresponds to a particular 6. (If 6 is
deployed for k steps starting from distribution mean
i, then the mean is (1 — (1 —6)")u*(0) + (1 —6)*, so
we want (1 —6)F = 0.01 or § = 0.01'/%.) The y-axis
shows the best (over a grid search of hyperparameters
for each method) final performance as a fraction of
OPT achieved by each of the methods after 50 model
deployments. Note that since OPT is negative, a lower
final loss corresponds to a larger fraction of OPT.

1.0

o
S

—==ORL

STAB
— RGD
—— DFO
—— PGD
—— SPGD

o
o

°©
S

% of optimal revenue

<}
N

0.0

1 2 4 8 16 32 64
Steps for mean to settle

Figure 1: Fraction of optimal performance obtained
by each method (higher is better, blue line is the best
possible). SPGD is able to reach OPT even when
the short-term mean is highly state-dependent. The
other methods fail to find OPT, and their performance
degrades as the statefulness of the problem increases.

While PGD and DFO make some progress towards
OPT, their performance suffers even in the presence of
mild state-dependence and continues to degrade as the
“statefulness” of the dynamics increases. These methods
must choose between longer wait times or larger errors
in estimating the long-term distribution. By specifically
accounting for the state dependence of the problem,
SPGD maintains near-optimal performance even as the
distribution takes longer to settle. For comparison, in
the setting with k = 64 (the right-most point in Fig-
ure , the distribution takes 64 steps to settle, but we
have only allowed 50 deployments for optimization. By
simulating rather than waiting for the distribution to
adapt, SPGD still reaches a near-optimal point quickly.

5.3 Nonlinear m

We alter the first example so that the rate of con-
vergence to the long-term mean depends on the cur-
rent mean and varies by coordinate. In particular, we
take m(0, u)[i] = 0#° p*(0)[i] + (1 — 6117 )u[i], with
p*(0) = A0 + b as before. Here v[i] denotes the i-th
component of a vector v. The long-term performative
loss and optimal point are the same as before since
m*) (0, 1) — A0 + b, but 9;m are more challenging to
estimate.

Refer to Figure 2] Here we plot the results for a fixed
0 so that we can see the training dynamics within a
given scenario. The z-axis is the training iteration and
the y-axis is the test loss at that iteration. In spite of
the increased complexity in the derivatives of m, we
see that SPGD manages to find 8ppr, while the other
methods have poorer performance.
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0 5 10 15 20 25 30 35 40
Training iteration

Figure 2: Results for nonlinear map m. SPGD is able
to converge to fopr, while the other methods fail to
cope with the state-dependence.

5.4 Classification

We next consider a more realistic spam classification
simulation which was studied by [Izzo et al.| (2021)). The
dynamics for this experiment arise when the spammers
behave strategically according to the following (state-
dependent) cost function. Each spammer has some
original message, denoted by the features xz°", that
they would like to send. This should not be thought of
as an actual saved message, but rather encoding the
information (e.g. a virus, scam, etc.) that they want
to deliver to their victims. Their message also has a
current form, denoted by the features x°"*. We follow
the strategic classification framework (Hardt et al.
2016|), where each spammer updates their message by
maximizing their utility minus a modification cost,
given by

o L~

max—acTG—EHac cur)|2
T N~~—~—~ 2

Utility

Long-term cost Short-term cost

The utility corresponds to the spammers’ desire to
receive a negative (non-spam) classification from our
deployed logistic model. If we take a = ¢~ ! and 8 =
e~ (671 — 1), we get the individual dynamics 2"
§(z°"i8 —e6) 4 (1— )z, which in turn yields the mean
map m(6, ) = 6(forig — €0) + (1 — 6) . The point loss
for this experiment is ridge-regularized cross-entropy.

The results are shown in Figure [3} DFO, PGD, and
SPGD are all able to eventually find 8gpr, but by simu-
lating the long-term change in the distribution, SPGD
is able to find this optimum in only 6 deployments.
PGD requires long waits for the mean to settle in order
to converge (leading to the flat regions in the training
curve), and DFO requires deploying highly perturbed
models to overcome the noise in the mean estimation.

RGD
DFO (i)
DFO (q)
PGD
SPGD

IS
=)

Long-term loss
=N N W
w o w o

=
=)

0 5 10 15 20 25 30 35 40
Training iteration

Figure 3: Results for spam classification. DFO (i)
denotes the internal estimate of DFO, while DFO (q)
denotes the models which are actually deployed by this
algorithm. While DFO and PGD both find the optimal
model, SPGD converges to it more rapidly. DFO must
also deploy perturbed models (red curve) in order to
find a good internal estimate. RGD converges to a
stable point, resulting in ~ 10% higher final loss.

5.5 Low-Dimensional Score

Finally, we test SPGD’s performance in the setting de-
scribed in Section [3.1] where the distribution dynamics
are constrained by a low-dimensional bottleneck. The
point loss is £(2;0) = —2T 6+ 4||0||?, the score function
is s(, 1) = 0" i, and the stateful mean map is given
by m(0, 1) = m(s(0, 1)) = (1 — 07 u)uo for some fixed
to- Under some restrictions on the model space © and
the parameter pg, there exists a long-term distribution
w*(0). See Appendix |C|for a derivation.

Refer to Figure 4| BSPGD (Bottleneck SPGD) refers
to SPGD where we account for the one-dimensional
bottleneck in the dynamics. Both SPGD and BSPGD
are able to find ppr, but by adapting the method to
the one-dimensional score, BSPGD converges faster.

6 CONCLUSION

We considered the stateful performative setting and
introduced Stateful PerfGD to optimize the long-term
performative risk. We proved a convergence result
for our method, and we verified empirically that our
method is able to adapt to complicated stateful per-
formative dynamics and find fpopr, whereas existing
methods not tailored to this situation prove ineffective.

While our work does require parametric data assump-
tions, optimizing the performative loss for a fully gen-
eral distribution map D is intractible. The parametric
framework still provides a great deal of modeling flexi-
bility, leaving the entire toolkit of parametric statistics
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Figure 4: Performance of each method when the distri-
bution shift depends only on a low-dimensional statistic.
BSPGD denotes SPGD adapted to this setting. While
vanilla SPGD outperforms both DFO and PGD, by
taking into account the low-dimensional dependence,
we can get even faster and more accurate convergence.

available to the user. The assumption of a fixed long-
term distribution may also appear restrictive, but for
many types of performative effects—such as strategic
behavior on the part of the modeled population—this
assumption will indeed hold, as the agents will have no
incentive to change their behavior in the face of a fixed
model once their desired outcome has been reached.

6.1 Societal Impact

The goal of optimization in the performative setting
is to minimize the test loss. This is accomplished by
choosing a model which is both accurate and induces a
favorable data distribution, where “favorable” is mea-
sured only with respect to the model’s goal. When the
population in question consists of people, this amounts
to trying to induce these people to behave in a way
which makes them easy to classify, which may not align
with behaviors that benefit these people the most. In-
deed, it has been observed that in some cases, such a
procedure can maximize a certain measure of negative
externality (Jagadeesan et al.| [2021). However, manip-
ulation of the data distribution also has the capability
to produce the opposite effect, i.e., inducing a data dis-
tribution which is advantageous both for the modeled
population and the modeler. The distribution induced
by the optimal model should also be studied to address
these concerns.

6.2 Future Work

There are a number of interesting directions for fu-
ture work. While minimizing the long-term perfor-
mative risk is a sensible goal, other goals can also be

considered—for instance, we can attempt to minimize
the total loss incurred over the whole time horizon.
In its current form, the problem is equivalent to a
determinstic and highly structured Markov decision
process, but relaxing some of the assumptions on the
underlying MDP is of interest for improving the practi-
cal efficacy of this setting, and offers the potential for
connections with reinforcement learning. Lastly, our
current method works in the batch setting where we
have enough samples to accurately estimate population-
level quantities. Developing methods that can work in
a stochastic/limited sample regime is also of interest.
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A DERIVATION OF STATEFUL PERFGD
The long-term performative loss is given by
£ = [ 00001 (00) =

Its gradient is therefore given by

1

d
VL (6,) = /V@E(Z;Qt)p(z;u*(Gt))dz + /4(2;0,5) % V(25 1 (6:)) dz.
The general form of our gradient estimate arises by substituting p; for p*(6;) and dzl';k for dé‘(; .

The derivation for Algorithm [2[ is as follows. For each time ¢, let vy = [0, i/ ], and define m(v;) =
m (0, pi—1) = pe. By Taylor’s theorem, we have

dm
m(ys) —m(te) & — | (%5 = V). (3)
Yl

then we can vectorize equation and obtain

dm dm

Apr ) Ay = D~ (ap ).

dy WPy dy e

The expression for dﬁ—;k) arises as follows. Observe that
d

@m(k)(&u) = d%[m(&,m(k_l)(evﬂ))]

= oum(0,m* (0, ) )
+ dom(0, m*F=1 (0, 1)) - %m(k_l)(é',,u).

Since m®* =1 (@, ;1) is unknown, as are the derivatives d;m and d%m(k_l)(ﬁ,u), we simply substitute our “best

—1)
. Thus we

guess” for each one. That is, we substitute g for m®*=1 (0, u), 8/Z;L for ;m, and 422 for dm >

S 0 0
ave
dm/(F) — ———  dm(-1D)
= 0 O, 1) ————

de alm( ,ILL) + 82m( ’ILL) da ?

with the base case d’g‘éo) = 0 (the 0 matrix). Let dym = a,ﬁw\,m. It can easily be shown via induction that
dm®) — o
e = (L o+ (Bm)? -+ (Gom)* ) (@ym).

Assuming that ||9am)|| < 1 (which we expect to hold since [|@ym|| < 1), taking k — oo yields

_ dm®
lim

k—o0

— (1 = Gym) "M (Grm)
which is precisely the expression in .
B PROOFS FOR

B.1 Properties of the Gaussian distribution

In the proofs which follow, we make use of several key properties of the Gaussian distribution. Some of the
well-known facts we state without proof.
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Lemma 6. Let p(z, ) be the probability density function of a N(u,X) random variable, where ¥ is a fized
covariance matriz. Then we have [ ||V ,p(z, )| dz < ||S~H|Vd.

Proof. We have
/ 19,z )l dz = / 157z — @) lp(z 1) d=

< =12 / 12712z — p)llpz, ) d=

= IS 2| Eemnro,1) 11211 (5)

< =7V3Va. (6)
Here () holds because z ~ N'(1,£) = S7Y2(z — p) ~ N(0,1,) and (6)) holds by the well-known inequality
E.n0,10lIll] < V. O
Lemma 7. Let 02 = ||||. Then we have

P.onus) (|12 — pll = 7+ 00Vd) < 1 exp{—car?/o3},

where ¢1 is a constant which can depend on d and X2, and cy is a universal constant.

Lemma 8. Let g ~ N(0,021) € R%. Then ||g|| < o(Vd + c\/logy=1) with probability at least 1 —~ for some
universal constant c. By a union bound, this means that with probability at least 1 —1, ||g¢] < U(\/a-i-c\/logi%) =
(5(0) foralll <t<T.

Lemma 9 (Anderson| (1955)). Suppose X and G are independent and G ~ N (0,%). Then for any s > 0, we
have
P(IX + G| < s) < P(J|G| < s).

Lemma 10. Let g ~ N(0,1,), and let A € R™™™ have singular values s1 > --- > s,,. Suppose that s, > c. Then
P(|Ag| < vk —1t) < 2exp(—c’2—z) for some universal constant ¢ .

Proof. Let A = Z?:l slu/uj be the SVD of A. Define g; = viT g. Since the v; form an orthonormal basis, we have
g N(0,1). Next, observe that

1Agll = 11 Y siv g)uill

izln
= [[(s191, -, snGn)ll
> ||C(§17 R gk)”
= |4l
where § = (g1, ..., gx) ' ~ N(0,I;). The result then follows directly from (Vershynin, 2018)), Theorem 3.1.1. [

Lemma 11. Let A € R™*™ and let s1 > -+ > s, be the singular values of A. Suppose that ||Al|r < cn and

[Ti, si = B™ for some B> 0. If c1y/n < k < coy/n for some universal constants ¢1 and ¢y then there exists
ng = O((log %)2) such that for all n > ng, sk > g

; B
Proof. Let k be arbitrary and suppose that s; < 5. Then we have

n k ﬁ n—k k ﬂ k
B"SH‘%S <H31> (2) = Hsi22" (2) )
=1 i=1 =1

On the other hand, we have

k n
Y s <> s = Al < ValAllp < en®.

i=1 i=1
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A simple Lagrange multiplier argument implies that max Hle s; s.t. Zle s; < Cis (C/k)k. Plugging in
C = cn®/?, we arrive at the inequality

k 3/2 k 9 3/2 k 3/2
() <1 ( ) — TS(?k> — ”SMF&5+MJ%) ™

Now because ¢14/n < k < cav/n, (7)) implies that

2 2
n'2 < ey(log, EC +log, ) < ¢ log, Ec + egnt/ (8)
1

for some universal constant c3. Now inequality is quadratic in n'/4, so applying the quadratic formula and
simplifying, we see that it can only hold when n < ng for some ny = O((log %)2) This completes the proof. O

B.2 Useful Properties of m and p*

We will make use of the fact that m*+t0 (8, ) = m® (0, m® (0, u)) for any k,1 > 0. This is a simple consequence
of the fact that m(k)(ﬁ, 1) is the distribution parameters after k& deployments of 8 starting from p, and deploying
0 for | steps followed by k more deployments is the same as deploying 6 for k + [ steps. It can also be shown
rigorously by a simple double inductive argument.

Lemma 12. For any k > 0, we have ||0om® (0, )| < 6%. In particular, since 0 < § < 1, we have
0am ) (0, 1)|| < 6 for all k > 1.

Proof. The claim is trivially true for £ = 0. Inducting on k, we have:
d
[02m ™0, )l = 17 m(8;m® (6, w)

< |0am(8,m™) (0, )] - |02m™ (0, )|
< g6k
The above makes use of Assumption [2| and the inductive hypothesis. This completes the proof. O

Lemma 13. For any k > 0, we have ||0:m®) (0, p)|| < B(llf_gk). In particular, since 0 < 6 < 1, we have

[0vm®) (0, )| < £ for all k > 0.
Proof. The claim is trivially true for £ = 0. Inducting on k, we have:

d
[0rm &0 (O, )| = ll5m(@,m™ (0, )

< [|0vm(0,m™ (0, )| + [102m (0, m™ (8, 1) [[|81m ™) (0, )|
B(1 — %)
1-9
B(l _ 5k:+1)
1-9
The above uses Assumptions [I] and [2| and the inductive hypothesis. This completes the proof. O

<B+94

Lemma 14. There exists a function p*(0) such that limy_,.o m® (0, n) = p*(0), independent of the starting
parameters p. Furthermore, for any 0, p we have

Im™ (8, ) — 1 (8)|| < Ds".

Proof. Let p be arbitrary and consider the sequence m*) (6, 11). We claim that this is a Cauchy sequence. WLOG
let k£ <. Then by Lemma we have

1m® (0, 1) = m© 0, )| = m® (0, 1) — m® (6, m =9 (0, )|
< 8| — mER 0, )|
< Dé*.
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Since 0 < d < 1, the sequence is Cauchy and therefore has a limit for any p. Furthermore, again by Lemma
we have
Im™ (0, ) = m™ (0, )| < 6"l — /|| < Ds",

which implies that the limit of these Cauchy sequences is independent of p. We can thus set p*(0) =
limy,_s0o m*) (0, 1) for any p, and the above argument implies that p* is well-defined. It is also easy to see from
this logic that p*(6) must be a fixed point of m(6,-).

Since m(®) (0, u) = p and || — p*(0)|| < D by definition of D, the claim holds for k& = 0. We now induct and
suppose the claim is true for arbitrary k. Then we have

lm @00, 1) = p* @) = (0, m ™ (0, 1)) — m(0, p* (0))] (9)
< 8llm™ (6, ) — ()l (10)
<§-Dé".
Here ({9) holds by the recursive definition of m*+1) and the fact that p*(6) is a fixed point of m(6,-), and .

holds by Assumption [2l This completes the proof.

1’35 -Lipschitz in 6, and therefore W erists and we have

Lemma 15. The long-term parameters p*(6) are 0

1% 1l < 25

Proof. By Lemma m®) are uniformly Lipschitz in @ with Lipschitz constant B/(1 — §). Since u* is the limit
of Lipschitz functions with Lipschitz constants uniformly bounded by B/(1 — §), the result follows. O

Lemma 16. Let ¢ = CD(1+ {Z5) and B' = {Z5. Then | d’zg ) d“ | < ckd*~1+ B'6k = O(kd*). In particular,

dm D duly ),

hmk—)oo ||

Proof. In what follows, we will occasionally drop the dependence of m®) (6, ;1) on 6 and p and the dependence of
w1*(0) on @ when this dependence is clear from context.

Since d’” =0 and || “|| < B’ by Lemma |15} the claim holds for k = 0. We induct:

dm/(E+1) dﬂ
=g~

(6, m®) (6, p)) ~ (0, 5*(6))]

1 () x
= [2rm (0, m )0, 1)) + Bom (0, (0, 1) T — (0, " (0)) azmw,u*(e))d;;

< |9rm(8,m™) —(91m(<97u*)H £ 0am (6, m®) — dam(6, ") | 22 ||

du*
om0, )| 2 —

B dm®)  dp*
< (k) % (k) ¢ _2 am-—  ap
< Cllm® — | + Cllm u||1_5+5|| -

du*
<CD(1+4 ——)&*

CDU+ 1 55 4

< 6k 4 6(ckst Tt 4 B’é’“)
= c(k + 1)6% + B/o" L.
The above makes use of Lemma[I4 and Assumption[f] The second part of the lemma then holds since 0 < § < 1. O

Lemma 17. The norm of the gradient of the long-term performative loss is bounded by a constant:

emaxBnEl/?nﬁ)

* < _
IvL*0)] < G 0< —
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for all 6.

Proof. By Assumption [4] and Lemma we have

|| IV up(z; 17 (0))] d=

IVE @) < [ 190t(ei0) | p(ai @)z + [ Jez0)] 1%

B .
ngax"f'gmaxm/nvup(Z?M (9))”(12
—-1/2
SG:O(@wmz H%ﬁ.

1-9§

The last line follows from Lemma [6l O

We remark that, by a proof similar to the preceding, the bound on [|[V2£*(#)| in Assumption 5| can be replaced
with a bound on the second derivatives of £. This constant will not appear in the leading order terms of our final
bounds, so we opt for the simpler route of just assuming a priori that £* has a bounded Hessian.

B.3 Approximation Results

Throughout, we will assume that 7' = O(e~°) for some universal constant ¢ > 0. (We can always stop the
optimization procedure early if T is larger than this.) This implies that logT = o(n~¢ ), o(c~°) for any positive
constant ¢’.

In our bounds, we will keep track of terms which are of leading order as 7, o, e, T~! — 0. Given our eventual
choices of 7 and o, we will always have € = o(n), n = o(c), and o = o(1). We will also track the problem-dependent
constants (e.g., B, C, D from the assumptions, the dimension d, etc.) which form coefficients for these leading
order terms, but we still consider these as constants and therefore drop terms which are high order in 7, o, &, T~!
but with worse dependence on the aforementioned constants. We also remark that we have not attempted to
optimize our bounds with respect to these constants, and the dependence on them is likely not tight. Lastly, since
the constant G defined in Lemma [17] appears frequently, we will make use of it rather than repeatedly writing
W, but it should be noted that G can in fact be replaced by constants which exist a priori by the
assumptions.

The overall structure of these proofs is inductive in nature. That is, we assume some conditions on the optimization
trajectory so far—mnamely, bounds on the errors of various estimators—, and show that these properties continue
to hold at the next step of the optimization.

We begin by showing that, after an initialization or “burn-in” period, the observed population means will be
close to their equilibrium values. (In practice, the initialization can be quite short.) For ease of notation, we
will always denote the 6 update steps as @E;‘ + g¢, though for the initialization phase we will just take @C;“ =0.
(That is, we initialize by updating 6; by random Gaussian perturbations.)

Lemma 18. Suppose that t > log %, o =o0(1/,/log %), and ||[VLE| < ¢G for each s < t. Then we have

. 1
[t — 1" (01)[| = O(BG(log 5)277)7
with probability at least 1 — v simultaneously for all t.

Proof. We claim that

k—1

l[pe = 1™ (60)|| < 6B Z 101 = Ol + m ™) (O, o) — (8 (11)
=1

forany 1 <k <t. For k =1, is just the statement ||y — p* ()] < |[m™ (0, pus—1) — p*(6;)||, which is true
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since p; = m(l)(9t7 ui—1) and thus the LHS and RHS are equal. Now we induct on k:

[m ™ (0, k) = 1 (00) | = m ™ (O, m(Or—s k1)) — 1* (60) |
< [m™ (G, m (O, pre——1)) = m™ (O, m(0y, pre——1)) | (12)
+ [m®) (6, m (0, pe—k—1)) — 1" (62|
< 8Osk, pre—r—1) = (O, pre—re—1) | + [m* O, m(Or, po-1-1)) = p*(00)]|  (13)
< 6B|0r—r — Ocl + [[m ™ (B, m (81 pre—1—1)) — 1 (8:)]|- (14)
Here ) follows from Lemma u and uses Assumptlon I If we use the fact that m(k+1)(0 i—k—1) =

(k)(Qt m(9t, Itk 1)) (thls is simply unrolhng the recursive definition for m(*+1) from the inside out instead of
outside in) and plug (14]) into the inductive hypothesis, we complete the induction and (| . ) holds for all k < ¢.

Next, for | < k, observe that
16—t — Oull = M1V L, + grt+ -+ VL, + gi1
!
<n 3 IVL ) + o]
<n-l-(cG+o(1)) (15)
< 'Gkn. (16)

Here holds since we have assumed the the high-probability guarantee of Lemma (8| holds for all ¢t. Plugging
this inequality into , we have that

e = (00| < 6B - (k—1) - ¢"Gkn + Ds*
= O(BGK*n + Ds")
where we have also used Lemma to bound ||m™) (0;, i) — p* ()| Setting k = log% (which is valid since
t > log %), we obtain
" 1
[l = p™(00)]] = O(BG(log ;)2?7) =0).
O

Lemma 2. Suppose that ||V£*|| are bounded by a constant for s < t. Let ™ denote the true Jacobian of m

with respect to its input, and le [81m agm denote the estimator from Algomthm@ Then for appropriate

choices of n, o, and H, we have

dm
td

dm

- ]softs2)en

Proof. We begin by decomposing Ay and Ap.

Ap = [/:Ltfl —flt o g — ﬂt}
= [,Ut—l R L : Ht} + [5t—1 —& -t Et—H — €t]
TM erry,
Ay — [ﬂ“ —0 - G0, }
Ht—2 — Ht—1 - Ht—H—-1 — Ht—1
_ etfl_et Gt,H—Ht I 0 0
Mt—2 — Mt—1 - Mt—H—-1 — Ht—1 €t—2 —&t—1 -+ Et—H-1—Et—1

A erry,
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—

Using this expression, we can rewrite ‘Z—Zj:
dm - - -
W (Bu)(AY)T + (err,)(AP)T + (Ap)[(AY + erry) T — (A)T].

o~

This allows us to decompose the error of %’ as

d dm o~ A A Ay
150 = () (@)l < G = Bn) (D) + e |39 + | Apll| (B0 + erry)! — Bd)T). (1)
)

Before we begin, let us decompose () further. By (Wedin, 1973)), if A and A are both full rank, then

~ ~ ~ Tl
I(AY + erry) — (AP)T|| < V2| (A9 + erry) (|| A || lerry .- (18)
By Weyl’s inequality for singular values, we also have
1
Omin (M + errl/,)

1
Omin (M) — Omax (errw )
1

(A + erry) || =

IN

= — llerry |

[l
-t

_ 1A 19)

71- .

L —[[Ay ||[lerry|]

Combining and and substituting them into , we obtain
——t
dm dm — Ay ||?
155 — (Ap)(Ap)T|| < 155 — (D) (AD)T || + [lerr, [[I|AG" || +v2 ]| Apl| — [[erry || - (20)
v L —_— 1— |89 |[lerry|

(I1)
M (111

Let us address (I) first. Recall that % refers to the Jacobian of m evaluated at (0y, u;—1). By Taylor’s theorem,
for any 1 < ¢ < H, we have

d
fhi—i — bt = £(¢t—i — ) + V2m(§i)[¢t—i — Uy, Yr—i — Pyl (21)

Here ¢ = (0] ;1 1_,)T and V?m(&;) denotes the tensor of second derivatives of m evaluated at some
point &; specified by Taylor’s theorem. For each &, V2m(&;) is a bilinear map from R?? x R?¢ — R? and
V2m(&)[s—i — ¢, i — 1by] denotes evaluation of this map at the inputs specified in the brackets. Define

e?aylor = V2m(&)[e—i — 1, i — ¢y By (1)), we have

Ap = {%(%-1 — ) + €1Taylor e %(%—H — ) + ezaylor}
d
= ﬁ (e — e o g — ] 4 [T e
dm—— aylor aylor
:@Az/”r[efy ey (22)

ETaylor
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@ume for the moment that @has full rank; we will prove this later. Since we have chosen H > 2d and
At € R?¥H | this implies that A has a right inverse. Combining this fact with , we have

1) = H% @&

_ dﬁ _ d7m Taylor (A 7\ T
=55~ (g +E™ @I
< | BT | AT (23)

We now bound ||ET®!°r||. Because the operator norm ||V?m|| < C by Assumption [5} we have

e || = IV2m(&) [Wi—i — e, Yi—i — el < Cllebe—i — il (24)
It follows that
HETaylorH S HETaylorHF
H
aylor
=\ [ D lle ™2

\ i=1

H
<D (Clle—i — ve|2)2. (25)

i=1

By definition of ¥;_; and 1y, we have

2

o — o2 = H { b-i — O }

Ht—1—7 — Ht—1

= |0p—i — Ou)|® + | ptr—1—: — p—1]|?

< O(GHN?) + (=i = 1" Orm1=0) | + 11" Oem1-0) — 1" Oe=1)l| + |7 (1) — pu—a)*  (26)

< O(GAH*?) + (O(BGl10g L)1) + 75 -1 = Orea + O(BG(loz *n)° (1)
< O(G*H*)’) + [O(BG(log %)Qn + %GHU)]Q (28)
= O(B*G(log )P (29)

Inequality (26) holds by the logic from (16]), as well as by splitting ||s—1—; — pe—1]] with the triangle inequality.
Inequality (27)) holds by Lemmas [15| and Finally, inequality again holds by the logic from .

Plugging the result of into , we have

H
1
IET| < C| Y _[0(B2G2(log 5)402)]2

i=1

1
< C\/H~ [O(B2G2(log 5)4772)]2
= O(CVHB?G*(log %)4772)

= O(n?). (30)
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Combining this with yields that
1 ol
() = O(CVHB*G*(log ;)4772)HA1/1 I (31)
Next, observe that since ||e;—;|| < &, we have
lerry |l < llerr,|lr = O(VHe),  Jlerry| < [lerry[lr = O(VHe). (32)

We now turn our attention back to (III); in particular we will bound ||Apu||. By the definition of Ay, we have

[Apl < [[Ap] + llerr,]|

dm A aylor
< II@HIIMJII + BTN 4 Jlerr, | (33)
1
=0 <B||A1/)|| + CVHB?*G?(log 5)4772 + \/Hr-:) . (34)

Here follows from equation . Equation follows from , , and Assumptions (1| and
To bound ||A%||, we make use of (29). We have

1AY] < [AY]|F

H
> e — vl
=1

1
< \/H - O(B2G?(log 5)4772) (35)
~ 0BGV (1og 1)
= O(n). (36)

Inequality follows from . Plugging into , we find that

|Aul| = O(BGVH (log %)% +Ve)

2 VS Al
= (IIT) = O(B G\/E(logﬁ) n) - W -O(VHe) (37)
— g

1 it
= O(B*GH(log 5)277€||A1/) I1%). (38)
Equation uses the definition of (III) and the bound on ||Ay|| (which we have reduced using that fact that

e = o(n)), as well as inequality (32). Equation holds under the assumption that ||T¢T|| llerry|| < 1, which
we will show holds given the final choice of 7 and o.

Let us combine what we have shown so far to reduce the expression :
1 el it 1 el
15 = Q8w = O (CVABGHtog L) PIST| + Vel ST + BGi(log el 83 ) . (39

We have thus reduced the problem to showing that At has full rank and bounding ||MT|| from above. By



How to Learn when Data Gradually Reacts to Your Model

Lemma below, HMTH = (9(17%) Plugging this into (39), we arrive at

dm 1 1 1 1 1
— — (Ap)(Ay)T|| = HB?*G*(log ~)*n*— + VHe— + B*GH(log - )?
15 = Qa0 = 0 (CVABGH tog L)p L+ VEe L+ BGH{og e
22 Liun 2 1o e\ _
=0 |(CVHB*G*(log—)" = + B°GH(log —)*—5 | = E,.
noo n o
This completes the proof. O

Lemma 19. Suppose that |VL*(0;_;) — VL*(0;_;)|| < By, where
By =0 <033G2¢Hd||2-1/2|| 1 BGHVA|S
v ==

(1 — (5)2 (log ;) ; +

1, € =M €
1—0)7 (log ;) 1702) = O(; + 7%7)' (40)

Furthermore, assume that
BH3?E
(o2 Z 26/17; and g = O(].)

where ¢’ is an absolute constant to be specified later. Then with probability at least 1 — 3%, A has full rank and
71- 8 74

1Ay || = (’)(n%) as long as H = @(%(bg %)4).

Proof. Define e;_; = @E*(Qt,i) — VL 0;—) for i = 1,...,H, so |le;—i|| < Ey for i = 1,...,H. (Note: If
t—i<log % so that step ¢ —¢ was during the intialization phase, then VL*(6;_;) and V.L*(6;_;) are both replaced

with 0 and the error is 0 for these steps. The logic that follows can trivially be extended to this case.)

Claim 1: We have . -

O rri =0 mei =Y G-Ht; N ermij+0 S myi,

j=0 j=0
Gt H4i Ei—mii
where ;g is independent of all of the Gaussian perturbations 9t—H+4,J =0,...,H—1,and S;_pg; is defined
recursively by
i—1
Si-mvi = VL Gorj)(Giorivy + Errryy — 1S i)
j=0

for some collection of vectors (;—pg; in R%.

Proof of Claim 1: The claim holds trivially when ¢ = 0, so we induct on i. We have:
Or—tyiv1 = 0—mi — (VL (Oi—m4i) + G—H4i + €1—H+i)
=0mgri —0(Gr—mvi +et—mri) — VL Or—pgri —Gr—mri — NE— i + 12 Si—mi)
=0t myi —N(Gt—Hyi +e—H1i)
— (VL Or—pr4i) — V2L (CGmpti) (Gi—pi + Br—psi — 1Si—p14)) (41)
=0r—rri — VL Or—pyi) = (Gii + G—mti) — N(Er—pti + €r— i)
+ 02 (S i + V2L (Coomri) (Goomai + Bi_myi — 1Si_myi)-
Equation follows by Taylor expanding VL£* about ;_ ;. We observe that

i—1

GimyitGmyi= Y Ge-mij+ g mii
=0

[
= E gt—H+j
j=0

= Gi—Htit1-
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Similarly, we have

B pyit+e—gei = EB_piiv

St tri + V2L (o) (Giopri + Br—myi — 0Si—m+i) = St—mrit,

which completes the induction and proves Claim 1.

Before we proceed, we first bound ||E;— ;|| and ||Si—g4i||. By the formula for E;_ g, and the fact that
ller—m+;] < Ey for all j, it is clear that

|Ei—m+ill < HEv

for all 4. Furthermore, we have assumed that we are on the high-probability event that ||g;|| = O(o(v/d + ,/log %))
for all 1 <t <T (see Lemma . This implies that

1Gs—rrsil| = O(Ho(Vd + ,/log%) = 0(0)

for all 4. Thus we can choose G such that ||Gy_ || < G < cHo(vVd + /log %) for some universal constant c.

Finally, we claim that ||S:— 44| < % - (G + HEy) for all i. Since S;—g = 0, the claim holds for i = 0.
We induct:

1St—mtis1ll < 1Se—maill + IV L (Gmmr) 1IGe—m4ill + 1 Er— il + 1l Se—m4ill)

< (L+Ln)||St—a+il| + L(G + HEvy) (42)
< (HL”)H;]_ (1+ L) (G + HEv) + (G + HEy) (43)
_ A+ Iy —1 (G + HEv). (44)

Ln

This completes the induction. Since i < H, we have ||Si— gy < %(G + HEv). Since n = o(1), by
expanding, we see that (14 Ln)? =1+ O(HLn). It follows that

1Sl < ”wﬁ’”‘lm + HEg) = O(H(G + HEy)) = O (H%wm \/log %) + Ev)) .

To summarize, we have:

T
| Et—rivill = O(HEv), |Ge—n+il = O (H <\/ﬁ+ \/log ,y) U) : (45)
2 T 2
[St— il = O <H (ﬁ‘f‘ \/ 108 7) o+ H Ev) :

Claim 2: We have the decomposition
po—brvi = - i = NGy = B g 7S g

where [i;_p4; is independent of all of the Gaussian perturbations g:—g+; and the remaining terms in the
expression are given by recursive definitions below.
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Proof of Claim 2: The claim holds trivially when i = —1, so we induct on i. In what follows, to avoid
notational clutter, we replace the index ¢ — H + i by i. Define ¢; = (0;, fi;—1), and set dym; = dym(y;) and
ani = 82m(¢1) Lastly, define

Gi+ Ei —nS;

U = .
Gy +E" —nSi,

We have:

pivr = m(0iy1, 1i)
=m(0i11 — nGip1 — NEix1 + 0°Siy1, i —nGY —nE! +n°Sk)
= m(lf_wrl)
—no1m(Vit1)(Git1 + Eig1) — ndom(Yi1)(GY + EX)

v 7 Giy1+ Eip1 —nS; Giy1+ Eip1 —nS;
+ 02 0im(Pie1)Sivr + 0 0m(ir)S) + 0 VEm(wip)[| T G +E;1_ 7779”+1] ; { v +E;1_ 7779”“ ]

(46)

=m(hit1) — 1((O1miy1)Git1 + (9omiy1)GL) — n((Ormiv1)Eiy1 4 (2mip1) ELL )
+ 02 (VPm(wit1)[Uit1, Uisa] + (01mig1)Sig1 + (92mig1)St) (47)

Thus if we set

fiiv1 = m(is1)
G = (01mig1)Gig1 + (Oamig1)GY
EHH = (O1mir1)Eiy1 + (32mi+1)Ef

(3

Sty = VPm(wiy)[Uigr, Uita] + (Ovmig1)Sivr + (82miy1)SY,

then mu, 41 has the desired independence property and we have recusrive definitions for G%,,, EY |, and S, ,.
This completes the proof of Claim 2.

Before moving on, we remark that it can be easily seen via induction that

%

Gl = (Dami) -+ (Dam;11)(01m;) Gy

J=1
i j—1
= (9ami) -+ (Dam;y1)(0m;) Y _ g
j=1 =0
i—1 i
=> | D (@2mi) - (9amjga)(0rmy) | gi- (48)
1=0 \j=i+1
M;,
We also have that
IMal < > N|02mi]| -+ [|0amjgall|ormy|| < > 6" B<BY ¢ = 15 (49)
j=l+1 j=l+1 j=0

This uniform constant bound on ||M;;|| will be useful later.

We will now bound |G|, [|E}'||, and [|S}|. When i = 0, all of these quantities are 0, which accounts for all of

our base cases. We proceed inductively for each one. We first claim |G| < BG - 11%561 (recall that G was chosen
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so that [|G;]| < G < cHo(Vd + /log T):

1GE N < N0vmia [[|Gigall + [[Oamig [IGY |

1-0
< .
<BG+0-BGT—
1— ot
:B —_—
“15

This completes the induction. Since § < 1, we have [|G|| < £5 = O(o) for all i. By the exact same logic and
the fact that ||E;|| < HEy for all 4, we also find that ||E! || = O(ZEZE<) for all 4.
Lastly, define S = ¢/ H?((v/d + ,/log %)cr + Evy) for some universal constant ¢’ so that ||.S;|| <'S for all 4; this can

be done by ([5)). We claim that [|S¥| < B’S 1{_‘? for all i. We have our base case i = 0, so we induct. Observe
that, by definition of U;;1, we have

Ui l? < (IGisall + 1 Eia | + nllSiva 1)? + (IGE L+ I I+ nllSED

< o(G?* + EY +1°S* + 1*(|SH(*) (50)
o(S) (51)

Here holds by the bounds on ||G;]|, || E:|, etc., and the elementary inequality (x +y + 2)? = O(2? + y? + 22)
for any x,y,z > 0. Inequality holds since G, Ey, ||S¥| = O(S), and S = o(1).

Now, by the recursive definition of Sf,, and the bounds on V2m, we have:
ISE 1 < CllUa 1% + BS + 6815

1—4°

:o(S)+BS+6-B’Sl 5 (52)
1—¢"
<B - B’
<B'S+4 81—5
_ Sitl
:B'Si

1-9

B’ can be selected properly in since the o(S) term is vanishingly small compared to S. This completes the
induction. Summarizing our results, we have

B2 = O(S), 164 = OHo(Vi+ log ), |8 = O(o) + O(Es). (53

With this in mind, we can can now write:

Or—t1+i —NGi—t+i —NE—mi + 0 Si—m+i — (0r — nGy — nEy + 1n*Sy) }

wtiHH —e= [L_Lt—HH—l - nt—H-&-i—l - nEf—H-&-i—l + UQStIL—HH—l - (ﬁt—l - nts:l - nEéil + 7725#71)

Or—pryi — O ] [ Gt — Gi—Hyi ] [ Ei—FEi_mgy } 2 [ St — St—Hti ]
— | oy + + :
|:,Ut—H+i—1 — 1] G = G ) T B - B TSt St i

t—H+i—1
A AG; AE; AS;

Recall that v;.; denotes the matrix whose columns are v; through v; for i > j:
Vizj = [Ui Vi1 Uj] .
Using this notation, define

Ap=Ad, AG = AGH 1.0, AE = AEy_qy, AS = ASy_1.0.
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Recalling the definition of A1), we then have

Ay = Ay + nAG +nAE + > AS.
Using the same Weyl’s inequality calculation as in , we the have
1(AY +nAG)|

ol
Ag|| < . 54
1A < T &G T naa) T TWIAET + 2IAST) (54
By , , and the definitions of AE and AS, we have
BH3/2
1aB] < jag)e = o2 ) |AS] < [AS]r = B(o) + O(Ev). (55)

Thus we have reduced our problem to showing that Ay + nAG has full rank and bounding ||(At + nAG)T|| with

high probability. Note that since Ay +nAG € R24xH and H > 2d, it suffices to show that for any vector v € R2d
with [Jv]| = 1, we have
1(A% +nAG) Tv|| = no. (56)

First, observe that nAG "v is Gaussian. Furthermore, for any mean 0 Gaussian vector g and deterministic vector
w, by Lemma [J] we have
P(llw + gl = s) = P(|lgll = s). (57)

Thus it suffices to lower bound ||AGTv|| with high probability. By the homogeneity of the Gaussian, it suffices to
prove the result for o = 1.

Again to avoid notational clutter, we will changes indices t — H + i + i. Let v = (vy,v2) with vy, vy € R
Observe that ((AG)Tv); = (Gf v1 + Gt Tv2) + G v1 + GY_| Tve. Define

H-1
AGTv = |G v + G Twy c RY,

| =0

We will begin by analyzing AGTv and address the constant offset to this later. First, by definition of G; and G,
we have:

Glo +GF [Ty = Zgl v1 + My v2) + g o(v1 + (1mi—1) Tv2) + g, 1. (58)

We now consider two cases. Recall that we have assume that omin(9;m) > « for all ¢ and some constant « > 0.

Case 1: |[v1|| > § In this case, we write
i—2
Gl + Gt [Ty = Zg?wﬂ + g n (59)
1=0
with w;; = v1 + Mi—}—vg. Define u = ”z—hl, and for each 4,[ form the unique decomposition w;; = a;u + wfl with

u'w; = 0. Define §; = g, u, and note that since ||ul| =1 and g, i N(0,1;), we have g ~ N (0, Ig) where g is
the vector with entries g;. With this notation, becomes

- 2
Gloi+ G Ty =Y aadi+ Y g wir +l|vi]|gi (60)

=0
—_———
Z;

Note that Z; is Gaussian and independent of g, since

i—2
EZ;g, :ZE[(wfl‘T Zw Eglgj U*Zﬂ{l J}w Tu=0

=0 =0
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by definition of u}zll Now from , we can write

—~—

AGTv = Ag+ Z,
where Z 1l g and A is lower triangular with Os along the diagonal, ||v1|| on the first subdiagonal, and the other
entries given by a;;. That is,
0 1>
Ail: H’UlH l=i—1.
a;; 1 <i—2

Furthermore, by applying (60)) to i = ¢, we have

t—1 t—2
Gloi+ Gl o= bigi+ > g/ wy
=0 =0

——

z

for some coefficients b; and z Gaussian and independent of §. Let b € R¥ denote the vector with entries b, so
that

Glog +G! [ Tva=0b"G+ 2.

It then follows that

(AG)Tv = (G vy + G Twa)1 — AGTw
=1(0b"g+2)—Ag—2Z

— (1T - A)g+ 7,
where Z' = 21 — Z is a mean-0 Gaussian vector independent of §.
We now claim that there exists a constant H; = O(1) such that for all H > Hj, O’\/ﬁ(]lb—r —A) > 16- By
Theorem 2.1 of (Zhu et all 2019), for any k, we have or(1bT — A) > o441(A), so it suffices to show that
o /i1(A) = 15- By (Horn and Johnson, 2012), Corollary 7.3.6, if M is any matrix and M’ is a matrix obtained
by deleting a row or column of M, for any k we have oy (M) > o3 (M'). Thus if we define A to be the submatrix
of A obtained by deleting the first row and last column of A, it suffices to show that o 7. ,(A4) > 5.

Observe that A is lower triangular with diagonal entries [v1|| > §. Furthermore, all of the entries of A are

bounded by a constant: |A4;;| = ||v1]] < 1, and

B 2B
<

il < Jlwa|l < M; <1 < —
ol < Nl < a1l ol < 1+ 2 < 2.

¢,

where the penultimate inequality holds by and the final inequality holds by assuming WLOG that B > 1. It
follows that ||A||r < c(H — 1). Furthermore, since A is lower triangular, we have

H-1

H-1 QN H-1
7:(4) = [det(4)] = ] floall = (5)

i=1

Thus we can apply Lemma withn=H —-1,8=%,c= 12735, and k = v/H + 1. This implies that there exists
a constant Hy = O((log —{=57)?) such that for all H > H, we have o /7, ,(4) > & > {& as desired.

a(l—9)

We will now show that (AG)Tv has a similar decomposition in the other case (when v; is small), and after doing
so, we can proceed with a unified analysis.

Case 2: [[v1|| < § Observe that since we chose |[v|| = 1, we must have

lvzll = V1= [0l > V1~ (a/4)? > V15/4
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since o < 1. Furthermore, note that

V15
4

V15 -1

= Q.

o1 + (01mi—1) 02|l > Omin(O1mi—1)||va] — [[v1]| > @ 1

=~ e

Define ¥;_5 = vy + (01m;_1) "va; the above calculation shows that ||7;_o| > 5. We now proceed similarly to
Case 1. As before, we have

i—3
Glon+ Gy Tv = Zgl—rwu + 9ol + g 01 (61)
1=0

with w;; = v + Mi—lrvg. For each i,1, define u; = 9;/||%;]|, and write

1 T,,L
w; = a;u; + wyp, up Wy =
1 T, L
v1 = aiu; + iy, u; v, = 0.

Set §; = g, u; and let § be the vector with entries §;. Since ||u;|| = 1 and g; i N(0,1;), we have g ~ N (0, I).

We can now rewrite (61) as

i—3 i—3
Gl + Gl Toy = Zailgl + [|Bi-2llGi-2 + ai—1gi-1 + Zgz—rwfz' + 9;';171%,1'4 . (62)
=0 =0
Z;
Again, Z; is Gaussian and independent of §:
i—3
EZg; = E(Y ol wif + 97 yvii-1) (9] uy)]
1=0
i—3
= wi "Elgig; Ju; + vi_1Elgi1g; lu;
1=0
i—3
=D Lijwi uy+ Liimoi gy (63)
1=0
=0

where each term in is 0 by definition of wfl and vii_l. Furthermore, specializing to i = t, we find that
there is a vector of constant coefficients b such that

Gl +G [Toa=b"g+2

where z is a mean-0 Gaussian independent of §. Defining (AG)Tv as in Case 1, we then have:
(AG) v = (16" — A)g+ 7'
where Z' = 21 — Z is a mean-0 Gaussian vector independent of §, and the lower-triangular matrix A is defined by
0 1>
Ag={m =il
||’Ui_2|| l=1—-2
(077 l S 1—3

We now claim that there is a constant Hy such that for all H > Hs, U\/ﬁ(]lb—r — ;1) > %. Define A to be A

with its first row and lost column deleted. Let D = diag(ai)f]:_ll be the diagonal al A, and finally define A to be
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the matrix obtained by deleting the first row and last column of A — D. Note that A € RE-2x(H=2) jg Jower

triangular with diagonal entries ||0;_s||, ¢ = 2,..., H — 1. Furthermore, we have:
U\/ﬁ(ﬂbT — A) Z U\/ﬁ—i-l(‘zl) (64)
2 0 (A) (65)
Za\/ﬁ+1(A—D)—max\az| (66)
> U\/ﬁ.:,.l(A) - meX |ail (67)
!
> 0 a4 - 5. (69

Here, follows from (Zhu et al., |2019) Theorem 2.1; and follow (Horn and Johnson, [2012) Corol-
lary 7.3.6; holds by Weyl’s inequality for singular values and the fact that o1 (D) = max; |a;|; and holds
because [a;| < |lv1]| < § by definition of a;. It therefore suffices to show that o 7z ,(4) = > %

Note that A has entries which are bounded by a constant: |A;;| = ||0;—2|| < |Jvr| + [[O1mi—1||||lv2]] < 1+ B, and

jaal < Jhwall <14 2 < 22
a; w; < =c
! ! —5"1—9¢

as in the previous case, so ||A||r < ¢(H — 1). Furthermore, since A is lower triangular, its determinant is the
product of its diagonal entries, and therefore

H-2 H—1 H-2
N V15 -1
O'i(A) = |det(A)| = H ||Ui—2H Z (40{ .
i=1 =2

Thus we can apply Lemma [11{withn = H — 1, 8 = @a, and ¢ = % to conclude that J\/EH(A) -9
@a — § > g forall H > Hy with Hy = O((log ﬁ)Q).

Y

In both cases, we have that (AG)Tv = Mg+ Z’, where M € R¥*# is a matrix with o 7(M) > 55, § ~ N (0, 1)
and Z’ is a mean-0 Gaussian with Z’ 1 §. Thus by Lemma |§| and Lemma with k = VH, for all H >
max{Hy, Hy} we have:

B(I(AG) "ol < G H = 1) = B(|Mg + 2/ < aHY* — 1)
<P(|Mg| < aHY* —7)

7“2

<2 —c .
< Zexp(=¢ 7oy
Then for any € > 0, setting r = 10\F’ /log + 2dlog 2. we have that
T 3 2y reN2d
AG) ol > S HA - ~+2dlog>  with probability >1- - (3) 69
I(AG) vl = 35 10\7 log — +2dlog = with probability >1-— = (o (69)

for any fixed v.

Now let {vz‘-‘et}gi/f)u C R?? be an e-net for $2?~1. (An 5 net with (3/¢)2? elements exists by, e.g., (Vershynin,
2018) Corollary 4.2.13.) By taking a union bound of over each vP®" in the net, we have that ( . ) holds
simultaneously for all v}** with probability at least 1 — X A further union bound shows that this holds over the
entire T steps of the trajectory with probability at least 1-Z

Next, consider any v € S2¢=1 and choose v} such that ||v — U?EtH < e. We have

1 3
AG) ol = AG) vl — (AR (v; — v)|| > < HY4 — — % log = + 2d1og > — ||A .
I(AG)Toll = 1(AG) T~ I(AG) (v )l = GH/* = = log ~ - 2dlog 2 — |AG] ez (70)
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We can bound ||AG||F:
H-1
IAGIE =" (1Gr = Gill* + G, = GI_i|1?)
=0
H—1
<23 (IGul? +IGil* + 1G> + IGE L [1%).
=0

We showed previously that ||G;|, |G| = O(:&5 (Vd + /log %)H) for all ¢ with probability at least 1 —~ over

the whole trajectory. Thus
B T
2 _ L 703/2
IAG||% (’)(1 751/log ’YH )

with probability at least 1 —~. By another union bound, combining this inequality with implies that with
probability at least 1 — 3~ we have

e’ a 1 3 cB T
AG) || > —HY* — —— [log — + 2dlog = — log —H?/%¢. 71
I(AG) vl = 35 TG 0g  +2dlog - — g [log —H""e (71)

Setting ¢ = H~11/8, becomes

B T
I(AG) Tv|| > 1%Hl/‘1 10\/» log -+ 2d(log 3 + glogH) - ﬁ, [log ;Hl/s (72)

1B
Z%H1/4_1_5 dlg H1/8 (73)

for some universal constant ¢;. The inequality > 1 is quadratic in H'/8, and with a simple application of
the quadratic formula we see that > 1 whenever H > Hj for some H3 = O(%(log %)4).

Combining with (57), we have shown that for H > max{2d, Hy, Ho, H3} = (’)(#ié)s(log%)‘i)7 with
probability at least 1 — 37, equation holds at every step in the optimization trajectory. (Recall that it was
sufficient to prove this for the special case o = 1 by homogeneity.)

We are almost done. Plugging this upper bound into (54)), we have

I(Ay +nAG)T|
— (&Y +nAG) (| AE] +n*[ AS]])

1

no

1— L(enBEEEy +12(0(0) + O(Evy)))

1

vl
A <
1550 < 1

IN

no
S [ oBETEr (74)
1-6 o
=0(-") (75)
—o1),

where holds because 1(O(c) + O(Ey)) = o(Ey) and holds provided that o > 20’%. Given our
eventual choices of 7 and ¢ and the resulting bound on Ey from Lemma 4] both of these conditions will indeed

hold. Thus we have that At is full rank and ||Aw | = ( =), as desired. O

—

Lemma 3. The long-term Jacobian estimate dd%f from Eq. @ satisfies

dp*  dy
o do

0(77+E ) EIL7
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where E,, is the upper bound on the error in estimating the Jacobian of m from Lemma[3

Proof. Throughout this proof, m(*) denotes m*)(6;, j1;_1) and p* denotes 1*(;). We also seek to evaluate d’sém

at the point (6, p¢—1) as well as % at 6;. To avoid notational clutter, we will drop the dependence on the time
t, so 0 denotes 0; and p denotes p;_1.

As % = limy_y 00 & m(k) and ||dm( ) %H — 0 by Lemma we have
iy i 000 _
—>oo d do
o dm®  dm®  dm®
S e L AL o

Thus it suffices to bound || dm(k) dm(k) || and take the limit as k — oo.

Define B’ = £5 and ¢; = C(1 + B')D. Take c; to be a constant such that [|p; — p*(6,)]| < c2BG(log %)277, which
exists by Lemma Finally, define 8 = ¢oC(1 + B’)BG(log l)277 + 2B'E,,, and set 6’ = § + E,,.

We claim that | dm( ) dm(k) I <ca Zf 0161(6')k =i gl 1 6, . For k =0, both dm( " and d”;ék) are 0, so the
claim holds tr1v1ally We mduct

dm* /\m

dmE+D (D)
= D < 10um(6.m )  dym(@ )]+ 2o (6. m ) T oy I

I 9 df

< ||o1m (8, m*)) — 8ym(6, p)| + Halm(& p) — Orm(0, )|
dm(
+ 1|102m (0, m ™)) — dom(0, 1 H|| H + ||G2m(0, 1) — azm(H =1
— dm®  gm®
+ ||a2m(9aM)H||W - WH
®) B
< Clm® — | 4 By + Clm™ — u| B + BB + (6 + By)| T2 I ()

de de

dm®  dm®

— ! (k) _ ! -
1+ B)[m® — | + (14 BB + (5 + Bn)| T = S|

dm®  gm®

< C(1+ B)(|m™ — p*|| + [lu* = pll) + (1 + BB + (5 + Em)”W T

m®  dm®

1
gC(l—l—B’)(Dék—&—CQBG(log;)Qn)+QB'Em+6’||d 77| (77)
; o 3 a1t 4 gl O
< Z @ P S
cadF + B8+ 01;5 + A5 (78)
51_(6/)k+1
k z k 2
10 +Z6 )+ B0+ — 55—

k
S G (10
:c1§:5l(5l)kl+571(_351 .

1=0
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In the above, holds by Assumption holds by Lemma and [78 holds by definition of ¢1, ¢, 8, ¢/,
and the inductive hypothesis. Since E,;, > 0, we have that §' > §. Furthermore, since E,,, = 0(1), we may assume

that 0 < ¢’ < 1. It follows that

1—(0)F

dm(k) dm(k) 1 s\k—1—1
|— — |<c125 &) + B

1

1
< e1k(8')"! + (2C(1 + B') BG(log 5)217 +(1+ B)En)

B

CB2%G 1
- 6>2E’”> ‘

Taking k — oo, we find that
CB?*G 1 B
_ = — ———(log —)? ——E, | =E,
iy O (2 gaton P+ 2B ) = B,

as desired. Substituting the expression for E,,, we see that the (log %)217 term does not contribute to leading
order, so we have

CVHB®*G?*,  1.,n B’GH 1, e

Lemma 4. The estimator V/Ef from Ejq. satisfies

IVL; = VL] = O +Eye),

where K« is the error bound on % from Lemma B

Proof. We have

V.L*(0) V2L (0)

* T
VL (0) = [ VubleO)pleun (0)) o+ [ 62,00 % V(e ©)ds

/\
*

-
(] /Vgézﬂ) (zgdz—f—/(zﬁ 7 V.up(z, ft) dz

V1L*(0) Va2 L*(6)

We write ||VL* — VL*|| < |[V1L* — V1L*]| 4 || V2L* — VoL£*|| and bound each of these terms separately. For the
remainder of this proof, we will assume that || — p*|| = o(1). By the result of Lemma this will be the case
when n = o(1).
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Let 02 = |||, and let B%(R) denote the Euclidean ball in R? of radius R. For the first term, we have

IVAL" = V1L < fonae / Ip(z, 1) — p(z, )| d=

< linax l/ Ip(z, 1) — p(z, 1) dz + / p(z, f1) dz + / p(z, 1) dZ]
lz—pll <R lz—al>R lz—al>R

< bmax le,zu* — jillvol(B*(R)) +/| p(z, 1) dz +/

z—pll>R lz—p*||>R=lla—p*|

= EmaX[LpQ”:U/* - ﬂHVOl(Bd(R))
+Ponv@e)lz = All =2 R) + Ponur sy (lz — 17|l = B = [l — w7 )]

< EmaX[6Lp,2Rd||,u* - ﬂ”
—es(R — ooV o3 Ces(R— ooV — i — )03
+ c1 exp{—ca( ooV d)* /o5 }] + 1 exp{—ca( 0o i —p ) /o5 }

= O(R?||u* = pll + exp{—ca(R — ooVd — ||t — u*[|)* /o5 })
for any R > ooVd + ||s — p*||. In the above, holds because
lz—=all >R = llz=p"| > llz = 4l = la—w*| > R =l —p.

Equation holds by the inequality vol(B%(R)) < 6R%, and by Lemma [7} If we then set
R=ooVd+ i — il + 22, flog ———,
Ve 14— p|

o 1
ViLY — V1LY = OB (ooVd) + || — p]|* + (2 (log ———)2)4) || — || + || —
V1 1£7 = OB oo V) 4 17 = w1+ (= Clog = e S = il + N = 1)

1 /2
o (1ogw) TES
i — |

Equation holds by the elementary inequality (a + b+ ¢)? < 3%(a? + b? + ¢?) for any a,b,c,d > 0.

substituting into yields

p(z,17) dZ] (80)

(83)

The bound on the second gradient term is similar to the first. First, for the Gaussian density p, note that

Vup(z, 1) = 7 (p — 2)p(z, p). Using this fact, we have

— T

§ R i} dM*T . d/j/* )
||VQ£ _VZE H S&nax/”% vup(znu )_ E V,U«p(za:u)”dz

— T
dM*T . . dﬂ*T d/J,* R
< o (155 1 [ I900e7) = Vel o 1% =0 [ 19 )z
B * ~ d ~
< e | 725 Lzl — FNOl(BY(R)) + 19,z ) d2
- lz—al>R

dp*  dp .
+ / IV, ) dz + || 22— 22 / 1Y,z ) dz]
le—pr >Rl —all g de 8

. . dps dpr
=0<Rdllu —MH+/ IVup(z, 1 )IIdZﬂLllﬁ—WIIHZ 1/QI\/5>~ (84)
llz—p* 1> R—|u*—all
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Equation follows by applying Lemma |§| to [||V,.p||. We bound the integral in the last line separately. For
any r > 09v/d, we have

/| L I¥aple )l = / 15" — 2)llp(z, i*) dz
Zz—p*||>r

lz—p*||>r

=E.onue o157 (2 = ) - L{llz = w7l > 7}

< \/EZNM,L*,z)[IIE*l(Z = )] Banur, ) (112 — p*]l > 732 (85)

< I 2 IPE e ) (157122 = p)I2] - Barearer 3y (12 — 7] > 1)

= [I=72) \/EZNN(0,1d>[IIZ|I2] -erexp{—ca(r — 09 Vd)? a3} (86)

= =72V - ey exp{—ca(r — o0Vd)? /203 }. (87)
Inequality holds by the Cauchy-Schwarz inequality. Equation holds because

2~ N(p*,2) = Sz — p*) ~ N(0, 1),

and by Lemmalﬂ Finally, equation holds because E..zr0,1,)||2[|* = d. We can now plug into (84):

* - * * ~ * ~ dp” g—\* —
IV2£" = Var ||=0<Rd||u — il + exp{—ea (R — | = jill — 00V/d)?/203} + | T = T2 1/2M>.

If we take R = oovVd + |1 — p*|| + \/\/ici;’ 4 /log m, then by the same logic as was used in Equation , we
obtain

= 1 vz dp* CTM\* 1/2,/q
VoL* = Vo lL*|| =0 <log A) b=+ 1= — =~llIIE" d].
|| H ) Wl 1 = S
Thus the bound on ||V, £* — V1 £*|| can be absorbed into the bound on ||Vo£* — V2L£*||, and we have

e — v = 0 (log—1 ) = e 1 sz v (8)
=] 6~ db |

Now, when we take 6§ = 0; (so p* = p*(6;) and we are evaluating % at 0;) and 1 = [, by Lemma for
t > logs n, we have

~ * ~ * 1
e — (O < e — puell + [[e — " (0e) || < O(e + (log 5)277)-
Substituting this into and using the definition of E,-, we have
/2
* S nxk 1 1 2 —1/2
v —vLr =0 | | log————5— e+ (log=) n|+Vd|=~V2|E,-
€+ <log %) n "
= O +1) + O(Vd|=~V?||Ey.).

Since € = O(n), we obtain the desired result. From the expression for E,-, we see that the O(n) term does
not contribute to leading order, and we obtain

) 32 -1/2 3 —1/2
VLt — O = 0 (CB G2VHd||x Uogrl,)w* B3GHVA|IE 2|, 1, ¢

(1—9) 107 (logn)27va2> =Ev. (89

Note that this matches the definition of Ey given in . O
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Lemma 5. Let h be any L-smooth function and let Vh be a gradient oracle with bounded error: ||ﬂ(x)—Vh(z)|| <
e, and assume that e = o(1). Then for n sufficiently small, the iterates x; of gradient descent with gradient oracle

Vh satisfy
1
. 2 L
min (IVh(ze)||* = O (TU +e> .
Proof. We require the additional assumptions that ||Vh(z)|| < G and that |h(z)| < hmax for all z, and that
G7 hmax = 0(1)
Since h is L-smooth, we have h(y) < h(z)+ Vh(z)" (y— )+ %[z —y||? for any z,y. Define e; = Vh(z) — Vh(zy),
SO ﬂ(wt) = Vh(x:) + e;. Taking x = x4 and y = 441, we have

Waep1) < hxe) + V() T (20 = n(Vh(z:) + e0) — x4) + g”ift = n(Vh(z:) + er) — ||

< hxe) = 0| Vh(ze) |2 + nll Vi@ llled| + n*LIVh(ze)[I* + 57 Lile: | (90)
< hxe) = 0| Vh(ze)|* +nGe + > L| Vh(x)||* + 1 Le®
= h(z:) + (L — n)||[Vh(z,)||> + nGe + n*Le”.

Here holds by the Cauchy-Schwarz inequality. Since n = o(1), we may assume that n —n*L > 0. Rearranging,

it follows that
h(xy) — h(ziy1) + nGe + n? Le?

h(z)||* < 91
[Vha)|? < s (o1)
We now sum from ¢t =1 to T. This yields
T
. 2 2
T i, IV < 32 90
N~ h(@) = h@is) + nGe + 0’ Le?
= — 2
P n—nL
_ h(x1) — h(xr41) T. nGe + n?Le?
IR n—n°L
2hmax T nGe + n?Le?
=L n—n’L
hmax
=0|——+GTe]. (92)
n
Here holds since n = o(1) and e = o(1). Dividing both sides of by T yields the desired result. O

Theorem 1. Let T be the number of deployments of Stateful PerfGD, and for each t let VLY = VL*(0;). Then
for any v > 0, there exist intervals [Nmin, Mmax] @Nd [Omin, Omax] (which depend on T and the estimation error €)
such that for any learning rate n in the former and perturbation size o in the latter interval, with probability at
least 1 — =y, the iterates of Stateful PerfGD satisfy

min [|[VL|? = O(TV/5 4+ ¢'/%).
1<¢t<T

Proof. First, we remark that in order for Lemma (18| to hold, we need a “warm-up” phase of length log % We will
always take n = Q(T~2/%), in which case this warm-up phase has length O(log T%/%) = O(log T') = o(T). This
does not change the asymptotic length of the trajectory, so we will simply ignore it in the following calculations.

We will also assume that all of the required high-probability events hold from each of the previous lemmas,
making the following statements hold with probability at least 1 — O(y).

We split into two (very similar) cases. First, we consider when e > .
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Suppose that for s < ¢, we have that |[V.L*(0,) — VL*(0,)|| < Ey with

CB3G*VHd|x~ /2|
Ev—(?( -0 (log

Loy BGHVAST) 1)2s> | (03)

(1-20)? 50’ no?

(Again, note that if s < log %, then we replace VL*(,) and V.L*(6,) with 0 and the above bound holds trivially.)

Since Ey = o(1) and ||[VL*(6,)|| < G + Ev, we have |[VL*(0,)| < ¢G for some absolute constant ¢. Furthermore,
if we require that
) ,BH3/?Ey
022 ——,
then Lemma [2 holds. Then we have the chain Lemma [2] = Lemma [3| = Lemma [4] and in particular Lemma [4]
holds with the same Ey as in (93). Inductively, we see that IVL*(0;) — VL*(0,)|| < Ey forall 1 <t <T.

(94)

We can now apply Lemma |5 with e = Ey + O(0/log %) (The second term accounts for the fact that the
perturbation g; must be included in e, and ||g;|| = O(o4/log %)) This yields

14 T lrax€ T
. 12 max L _ max L
in VLI =0 (TU + G(Ey +04/log 5 )) O ( ” + G [log 5 O’) (95)

where the second bound holds by condition and e > 1/T.

Next, let us analyze the condition ; it takes the form o > ¢;(log %)43 + ca(log %)QW% Dividing both sides of
this inequality by o and setting n = \/e/0, holds if

1/2 1/2

1,7 1, € 1,e 1,e
C1(10g5) o +02(10g;) p < (e —i—cz)(log;) P < (c1 + c2)(log g) P <1.

The rightmost inequality holds when o > (¢; + ¢2)%/®(log é)8/5€1/5. Furthermore, the expressions for the
coefficients ¢; and ¢y are given by

_ 2¢BH®? CB3G?*VHA||£7Y?||  "B*G?H*Vd||$~1/?|

ATy ° 1-0)2 - 1-0)3

2¢BH?/?  B3GHVA|7V?||  ¢'B*GH®/?V/d|x~1/?|
C = - C —
? 1-6 (1-10)2 (1—16)3

It follows that

BB/SG4/5Hd1/5H271”1/5
2/5 _
(er )™ 0( L =0)/5 )

which finally yields that holds for

BS/5G4/5Hd1/5||271 H1/5
o < (1= 8)°7

(logi)8/5€1/5> . (96)

Finally, we set o = c(log 1)8/°¢!/5 and n = \/e/o. Observe that in this case, £ = el/251/2 = O(e3/5) = 0(0), so

the €/n term in can be ignored. Recalling the fact that we must choose H = @(%ﬁl‘;)s(log %)4) in order
for Lemma [19] to hold, we have

B8/5G9/5Hd1/5||2—1”1/5 T 1
: #2 _ 4 Li8/5 _1/5
12/}51%1’11 ||v£t || O ( (1 - 5)6/5 log v (log E) €

BOSGI8q2 | n-1|02 T 45 Lie _1/s
( oS oz s Z) s D) e / >

Il
a

= O(e'/%).
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This completes the case when & > % Otherwise, we have € < % Starting from , WLOG we can replace each
occurence of € with % and all of the bounds will still hold, so in this case we get

o <BQ.6G1.8d4.2”El HO.Z

T - A(T—1/5
oS3 (1og;)4'5(10gT)1'6oT 1/5) =0T %)

Since we are always in one case or the other, we always have
. %112 ~ _1 1
min |VL} || =O(T75 +¢€5).
1<t<T

The fact that there are interval of nonzero width for n and o follows from the fact that we can multiply or divide
both of these by constants close to 1 and not change any of the asymptotics (since the constants can be chosen
such that still holds). This completes the proof. O

C EXPERIMENT DETAILS

For all of the experiments, we did a grid search over the relevant parameters for each method, then chose the best
results for that method. The parameters we considered were:

RGD — learning rate (Ir)

DFO — learning rate (Ir), wait, perturbation size (ps)

PerfGD — learning rate (Ir), wait, horizon (H)

SPGD — learning rate (Ir), perturbation size (ps), horizon (H)

The grid ranges for each parameter were as follows:

o lrc {107%/2 : k=1,...,6}

wait € {1,5,10,20}

DFO ps € {107%/2 : k=0,...,3}

SPGD ps € {0} U{107%/2 : k=0,...,3}

e« PGD H € {d, d+1, ...,2d, oo}

SPGD H € {2d, 2d + 1, ..., 3d, 0o}

For each experiment, we specify the dimension d. We also require that 6 € [~R, R]? for some R. If any of the
optimization methods took 6 outside of this constraint set, we simply clamped 6 back to the required range.

Rather than having deterministically bounded error on the mean estimates [i;, we take fi; = s + e;, where

et R (0,02,1) are Gaussian error terms which would arise from taking /i; to be the mean of a finite sample.

For we set d = 5 and R = 5. The matrix A was chosen as —0.8x a random PSD matrix. The vector b was

set to be 2x the all 1’s vector. We used a time horizon of T' = 50, and the noise on estimating the mean was
Oerr = 1073, We did 5 trials per scenario.

For §5.3, we set d = 5, R = 5, and the mean estimation noise is still oe;; = 1073, We set A = —0.81, b to be
2x the all ones vector, and § = 0.684, and conducted 50 trials. In a small fraction of runs, the SPGD gradient
estimate would explode, so we also clipped the gradient if its norm exceeded 10 by normalizing it to a unit vector.

For we set d =2 and R = 3. We had o = [2,1]T and p; = [1,2]". The proportion of spammers was 0.5.
We set o = —2, the regularization strength to be 107!, and § = 0.25. The mean estimation noise was e,y = 1073,
and we conduct 50 trials.
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C.1 Bottleneck

The long-term mean for 6 is given by
1
* 0 = — .
1% ( ) 1 + GT,UrO Ho

The long-term performative loss is then

_GTMO

£O =157,

X g2
+ ol

If there is a long-term distribution, then the mean satisifes the fixed point equation u = (1 — 67 y)ug. This
equation implies that p = cug for some scalar c¢. Substituting and solving the resulting equation, we see that The
long-term mean for 6 is given by

1

*(0) = ————po-

To avoid the denominator blowing up, we would like to enforce some constraints on 6 and p. We accomplish this
by setting @ = {# € R? : 0 >0 and [|0]|o. < 1/V/d}. If we also choose pg so that |[uoll2 = 1 and g > 0, then we

claim that [|g]] <1 and 0 < 0T <1 for all £. It trivially holds for ¢ = 0. At time ¢ + 1, we have:
lpeallz = 11 =07 el ll2oll2
=1- 9THt|~
Since GTut > 0, we trivially have 1 — GTut < 1. To see that it is also nonnegative:
L= 0T 21— (102l el2

1
>1—-Vd—-1=0.
- Vd

It follows that ||ui+1]l2 < 1. Furthermore, since po > 0 and 1 — 0T > 0, we have 47 > 0 and therefore

0 <67 sy <1, completing the induction.

A simple calculation yields

) =\ — —FHo
VE(0) =20~ (97)
N 2

If we assume that ||ugll2 = 1, then implies that £* is convex precisely when 2/(1+ 67 pg)® > —A for all 6.
Since pg, 0 > 0, it follows that £* is convex for any nonnegative regularization strength A. Thus we should expect
(approximate) gradient descent to find the minimizer for this problem.

D ADDITIONAL EXPERIMENTS

D.1 Extended Results for the Linear Experiment

Here we extend the results of Section [5.2] as the mean takes longer and longer to settle. For both of the following
experiments, we kept the number of model deployments at T' = 50. Figure |5 shows the performance of each
algorithm at the same noise level as the previous experiment (oe, = 107%). Figure |§| shows the results with no
noise on the mean (oe, = 0).

At the same noise level as the previous experiments, SPGD maintains its superior performance when it takes the
distribution 128 steps to settle. However, as the number of steps required for the distribution to settle increases,
the noise in mean estimation becomes larger than dom and SPGD can no longer get an accurate estimate of the
long-term loss gradient. However, as the error on fi; decreases below the size of dym, SPGD is able to form a
good estimate of the long-term performative gradient even for extremely slowly adapting distributions, obtaining
near-optimal performance even when the distribution takes 512 or even 2048 steps to settle to its long term value.
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Figure 5: Additional results for the linear m experiment. SPGD retains its superior performance even when the
distribution takes 128 steps to settle, but for slow enough dynamics, SPGD eventually degrades to the level of
the other algorithms due to the noise in estimating p;.
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Figure 6: When there is no (or very little) noise in estimating p;, SPGD can still get an accurate estimate
for the long-term gradient and manages to retain its superior performance even for extremely slowly adapting
distributions.
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Figure 7: A demonstration of the oscillating distribution dynamics for this experiment.
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Figure 8: Performance of each of the algorithms for the oscillating distribution dynamics shown in Figure [7}
SPGD still outperforms the other algorithms and finds a near-optimal point.

D.2 Dynamics with Oscillations

We consider another experiment where the distribution parameters do not converge monotonically to their
long-term values. We still use the point loss £(z,0) = —z "6, but we take

m(6, 1) = 5(A0+b) — (1)

for some fixed 0 < § < 1. In this case, m®*) oscillates around the long-term value of ;*(6) = %(AQ + b). This
oscillation can be seen in Figure[7]in dimension d = 2. Consecutive updates of p oscillate back and forth on either
side of the long-term value.

In spite of the oscillations present in the dynamics, by choosing a fized base point for the finite difference
approximations used to estimate the long-term derivatives, SPGD still performs well in this setting. Figure
shows the results for § = 0.134. (Roughly speaking, this corresponds to a situation where it takes 32 steps for the
effect of the initial distribution to decay.)
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