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Abstract

Much of the recent success of deep reinforce-
ment learning has been driven by regular-
ized policy optimization (RPO) algorithms
with strong performance across multiple do-
mains. In this family of methods, agents are
trained to maximize cumulative reward while
penalizing deviation in behavior from some
reference, or default policy. In addition to
empirical success, there is a strong theoreti-
cal foundation for understanding RPO meth-
ods applied to single tasks, with connections
to natural gradient, trust region, and varia-
tional approaches. However, there is limited
formal understanding of desirable properties
for default policies in the multitask setting,
an increasingly important domain as the field
shifts towards training more generally capa-
ble agents. Here, we take a first step towards
filling this gap by formally linking the qual-
ity of the default policy to its effect on op-
timization. Using these results, we then de-
rive a principled RPO algorithm for multi-
task learning with strong performance guar-
antees.

1 INTRODUCTION

Appropriate regularization has been a key factor in the
widespread success of policy-based deep reinforcement
learning (RL) (Levine, [2018} [Furuta et al.l [2021). The
key idea underlying such regularized policy optimiza-
tion (RPO) methods is to train an agent to maximize
reward while minimizing some cost which penalizes de-
viations from useful behavior, typically encoded as a
default policy. In addition to being easily scalable and
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compatible with function approximation, these meth-
ods have been shown to ameliorate the high sample
complexity of deep RL methods, making them an at-
tractive choice for high-dimensional problems (Berner
et al., |2019; [Espeholt et al., [2018)).

A natural question underlying this success is why these
methods are so effective. Fortunately, there is a strong
foundation for the formal understanding of regularizers
in the single-task setting. These methods can be seen
as approximating a form of natural gradient ascent
(Kakade, [2002; [Pacchiano et al.l 2020; Moskovitz et al.|
2021a)), trust region or proximal point optimization
(Schulman et al., 2015, [2017)), or variational inference
(Levine, 2018; [Haarnoja et al. |2018; Marino et al.|
2020; |Abdolmaleki et all [2018), and thus are well-
understood by theory (Agarwal et al.| 2020]).

However, as interest has grown in training general
agents capable of providing real world utility, there
has been a shift in emphasis towards multitask learn-
ing. Accordingly, there are a number of approaches to
learning or constructing default policies for regularized
policy optimization in multitask settings (Galashov
et al. 2019} |Teh et al. |2017; |Goyal et al., 2019, 2020
Tirumala et al., [2020). The basic idea is to obtain a
default policy which is generally useful for some fam-
ily of tasks, thus offering a form of supervision to the
learning process. However, there is little theoretical
understanding of how the choice of default policy af-
fects optimization. Our goal in this paper is to take a
first step towards bridging this gap, asking:

Q1: What properties does a default policy need to have
in order to improve optimization on new tasks?

This is a nuanced question. The choice of penalty,
structural commonalities among the tasks encountered
by the agent, and even the distribution space in which
the regularization is applied have dramatic effects on
the resulting algorithm and the agent’s performance
characteristics.

In this work, we focus on methods using the Kullback-
Leibler (KL) divergence with respect to the default
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policy, as they are the most common in the literature.
We first consider this form of regularized policy opti-
mization applied to a single task, with the goal of un-
derstanding how the relationship between the default
and optimal policies for a given problem affect opti-
mization. We then generalize these results to the mul-
titask setting, where we not only quantify the advan-
tages of this family of approaches, but also identify its
limitations, both fundamental and algorithm-specific.

In the process of garnering new understanding of these
algorithms, our results also imply a new framework
through which to understand families of tasks. Be-
cause different algorithms are sensitive to different
forms of structure, this leads to another guiding ques-
tion, closely tied to the first:

Q2: What properties does a group of tasks meed to
share for a given algorithm to provide a measurable
benefit?

It’s clear that in order to be effective, any multitask
learning algorithm must be applied to a task distribu-
tion with some form of structure identifiable by that
algorithm: if tasks have nothing in common, no un-
derstanding gained from one task will be useful for
accelerating learning on another. Algorithms may be
designed to accommodate—or learn—a broader array
of structures, but at increased computational costs.
In high-dimensional problems, function approximation
mandates new compromises. In this paper, which we
view as a first step towards understanding these trade-
offs, we make the following contributions:

e We show the error bound and iteration complex-
ity for optimization using an a-optimal default
policy, where sub-optimality is measured via the
distance from the optimal policy for a given task.

e From these results, we derive a principled RPO
algorithm for multitask learning, which we term
total variation policy optimization (TVPO). We
show that popular multitask KL-based algorithms
can be seen as approximations to TVPO and
demonstrate the strong performance of TVPO on
simple tasks.

e We offer novel insights on the optimiza-
tion characteristics—both limitations and
advantages—of common multitask RPO frame-
works in the literature.

2 REGULARIZED POLICY
OPTIMIZATION

Reinforcement learning In reinforcement learn-
ing (RL), an agent learns how to act within its en-

vironment in order to maximize its performance on
a given task or tasks. We model a task as a finite
Markov decision process (MDP; (Puterman, [2010)))
M = (S, A, P,r,v,p), where S, A are finite state and
action spaces, respectively, P : & x A — A(S) is the
state transition distribution, r : S x 4 — [0,1] is a
reward function, v € [0,1) is the discount factor, and
p € A(S) is the starting state distribution. A(-) is
used to denote the simplex over a given space. We
also assume access to a restart distribution for train-
ing u € A(S) such that p(s) > 0Vs € S, as is common
in the literature (Kakade and Langford, 2002 |Agarwal
et al., |2020). The agent takes actions using a station-
ary policy 7 : & — A(A), which, in conjunction with
the transition dynamics, induces a distribution over
trajectories T = (S, at)i2-

The wvalue function V7™ S — RT measures
the expected discounted cumuluative reward ob-
tained by following = from state s, V7(s) =
Er > ov'7(se,a¢)|se = s], where the expectation is
with respect to the distribution over trajectories in-
duced by 7 in M. We overload notation and define
V7™ (p) == Esonp [V (50)] as the expected value for ini-
tial state distribution p. The action-value and advan-
tage functions are given by

o0
Z’ytr(st,atﬂst =50t = a] )

t=0

A" (s,a) = Q" (s,a) — V7 (s).

Qﬂ-(sv a’) =E,

By df,, we denote the discounted state visitation dis-
tribution of 7 with starting state distribution u, so
that

a7, ($) = Esyms [(1 — )Y AP (s = )1 ER)
t=0

where df == Ey~, [d] (s)]. The goal of the agent is
to adapt its policy so as to maximize its value, i.e.,
optimize max, V™ (p). We use 7* € argmax, V™ (p) to
denote the optimal policy and V* and @Q* as shorthand
for V™" and Q™ , respectively.

Policy parameterizations In practice, this prob-
lem typically takes the form maxpce V™, where
{mp|0 € ©} is a class of parametric policies. In this
work, we primarily consider the softmax policy class,
which may be tabular or complete (able to represent
any stochastic policy), as in the case of the tabular
softmax

exp(bs,q)
Za/eA eXP(QS,a’) 7
where § € RISIXIAL or restricted, where mg(als) o

exp(fg(s,a)), with fy : S x A — R some parametric
function class (e.g., a neural network).

mo(als) = (2.2)
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The general form of the regularized policy optimization
(RPO) objective function is given by
IN(0) = V7 (1) — AQ(0), (2.3)
where () is some convex regularization functional. Gra-
dient ascent updates proceed according to
O+ = 9 L Ve 7 (0D). (2.4)
For simplicity of notation, from this point forward,
for iterative algorithms which obtain successive esti-
mates of parameters 6(), we denote the associated pol-
icy and value functions as 7 and V®) respectively.
The choice of Q plays a signficant role in algorithm
design and practice, as we discuss below. It’s also im-
portant to note that the error bounds and convergence
rates we derive are based on the basic policy gradient
framework in Appendix Algorithm [2| in which update
Eq. is applied across a batch after every B tra-
jectories {7,}2_, are sampled from the environment.
Therefore, the iteration complexities below are pro-
portional to the associated sample complexity.

3 RELATED WORK

Single-task learning Most theoretical (Agarwal

et al., 2020; Grill et al.}|2020) and empirical (Schulman|

et al.| [2015], [2017; [Abdolmaleki et al., [2018; [Pacchiano

et al., [2020)) literature has focused on the use of RPO
in a single-task setting, i.e., applied to a single MDP.
These methods often place a soft or hard constraint on
the Kullback-Leibler (KL) divergence between the up-
dated policy at each time step and the current policy,
maximizing an objective of the form

oo
\7)\(7rpa 7Tq) = ZEStNqu]EatNWq(»|st) [g(St, at)
t=0

— NKL(m, (-] 54), 74 (5))]
(3.1)

where G : S x A — R is typically the Q- or advan-

the objective using the Wasserstein distance (Pacchi-
rather than the KL divergence pro-
duces updates which approximate those of the Wasser-
stein natural policy gradient (Moskovitz et al., [2021al).
Other approaches can be understood as trust region
or proximal point methods (Schulman et al.l 2015
2017; Touati et al.) 2020)), or even model-based ap-
proaches (Grill et al) [2020). It’s also important to
note the special case of entropy regularization, where
Q0) = ~EoougHimo(ls)] = EouoKL(mo(-]s),U)
(where Uy denotes the uniform distribution over a
space X') which is perhaps the most common form of
RPO (Haarnoja et al., 2018; [Levine, [2018; |Mnih et al.,
[2016}; [Williams and Peng}, 1991} [Schulman et al., [2018)
and has been shown to aid optimization by encourag-
ing exploration and smoothing the objective function
landscape (Ahmed et al.l [2019).

Multitask learning Less common in the literature
are policy regularizers designed explicitly for multitask
settings. In many multitask RL algorithms which ap-
ply RPO, shared task structure is leveraged in other
forms (e.g., importance weighting), and the regular-
izer itself doesn’t reflect shared information
lholt et all |2018; Riedmiller et al. 2018)). However,
in cases where the penalty is designed for multitask
learning, the policy is penalized for deviating from a
more general task-agnostic default policy meant to en-
code behavior which is generally useful for the family
of tasks at hand. The use of such a behavioral default
is intuitive: by distilling the common structure of the
tasks the agent encounters into behaviors which have
shown themselves to be useful, optimization on new
tasks can be improved with the help of prior knowl-
edge. For example, some approaches
construct a default policy by marginal-
izing over goals g for a set of goal-conditioned poli-
cies mo(als) = >, P(g)me(als, g). Such partitioning of
the input into goal-dependent and goal-agnostic fea-
tures can be used to create structured internal repre-

sentations via an information bottleck (Tishby et al.|

tage function and mg,m, € {m,mo} (Furuta et al.

[2000), shown empirically to improve generalization. In

2021). At each update, then, the idea is to maximize
reward while minimizing the regularization cost. From
a theoretical perspective, such methods can often be
framed as a form of approximate variational inference,

with either learned (Abdolmaleki et al) 2018 [Song

et al.] 2019} [Peng et all, 2021} [Nair et al. 2021} [Peters

other multitask RPO algorithms, the default policies
are derived from a Bayesian framework which views
T as a prior (Wilson et all [2007; |(O’Donoghue et al.|
. Still other methods learn 7y online through dis-
tillation (Hinton et al.|2015) by minimizing KL (7, 7)
with respect to my (Galashov et all 2019; [Teh et al.|

et all [2010) or fixed (Todorov, 2007; Toussaint and

2017). When 7y is preserved across tasks but 7y is re-

Storkeyl [2006; Rawlik et al.| 2013; [Fox et al., 2016)
mo. When 7y = mp, we can also understand such ap-
proaches as approximating the natural policy gradient
Kakade, [2002), which is known to accelerate conver-
gence (Agarwal et al) 2020)). Similarly, regularizing

initialized, my learns the average behavior across task-
specific policies. However, to our knowledge, there
has been no investigation of the formal optimization
properties of explicitly multitask approaches, and ba-
sic questions remain unanswered.
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4 A BASIC THEORY FOR
DEFAULT POLICIES

At an intuitive level, the question we’d like to explore
is:  What properties does a default policy need in or-
der to improve optimization? By “improve” we refer
either to a reduction in the error at convergence with
respect to the optimal value function or a reduction in
the number of updates required to reach a given error
threshold. To begin, we consider perhaps the simplest
default: the uniform policy. The proofs for this section
are provided in Appendix [C]

4.1 Log-Barrier Regularization

For now, we’ll restrict ourselves to the direct softmax
parameterization (Eq. (2:2))) with access to exact gra-
dients. Our default is a uniform policy over actions,
i.e.: mo(als) = U4, resulting in the objective

\7)\(9) = Ve (M) - )\ESNUS [KL(U.A? 71—9(‘8))]

_ o A (4.1)
=V (lu’) + |S||A| &Zalogﬂﬂ(a|s)v

where we have dropped terms that are constant with
respect to 6. Importantly, it’s known that even this
default policy has beneficial effects on optimization
by erecting a log-barrier against low values of my(als).
This barrier prevents gradients from quickly dropping
to zero due to exponential scaling, leading to a poly-
nomial convergence rateﬂ We now briefly restate con-
vergence error and iteration complexity results for this
case, first presented by |Agarwal et al.| (2020) (Theorem
5.1 and Corollary 5.1, respectively):

Lemma 4.1 (Error bound for log-barrier regulariza-
tion). Suppose 8 is such that |VoIr(0)|l2 < €opt, with
€opt < W. Then for all start state distributions p,

2\
1—7

-
&

V™(p) = V*(p) - p

o0

*
L3
4

We briefly comment on the term (in which the

oo
division refers to component-wise division), known as

the distribution mismatch coefficient, which roughly
quantifies the difficulty of the exploration problem
faced by the optimization algorithm. We note
that p is the starting distribution used for train-
ing/optimization, while the ultimate goal is to perform
well on the target starting state distribution p. The
iteration complexity is given below.

't remains an open question whether entropy regular-
ization, which is gentler in penalizing low probabilities,
produces a polynomial convergence rate.

Lemma 4.2 (Tteration complexity for log-barrier reg-
ularization). Let 8y = (lfizf);; + \%)\I Starting from
any initial 00, consider the updates Eq. 1) with

A= U0 gnd g = 1/Bx. Then for all starting

pr
gdﬁi

oo

state distribution p, we have
i *(0) — 1/ ®) <
min{V*(p) — V*(p)} < ¢
dp

I

320|S|?| A2

whenever T > =)

o0

These results will act as useful reference points for the
following investigation. At a minimum, we’d like a
default policy to provide guarantees that are at least
as good as those of log-barrier regularization.

4.2 Regularization With An a-Optimal
Policy

To understand the properties required of the default
policy, we place an upper bound on the suboptimality
of my via the TV distance. For each s € S, let

drv (7 (-[s), mo(-[s)) < a(s)
Our regularized objective is
IS(0) = V7 (1) = MNEsnus [KL(mo(-|s), 70 (-|5))]
=V () + |§| Z mo(als) log mg(als)

(4.3)

(4.2)

for starting state distribution p € A(S). We then have

aja(e) _ 1 o o
S = T (mo(als) A7 (s.0)
4 i(71'0(a|s) — 7g(als)).

S|
(4.4)

Our first result presents the error bound for first-order
stationary points of the mp-regularized objective.

Lemma 4.3 (Error bound for a(s)-optimal 7). Sup-
pose 0 is such that |VIX(0)||2 < €opt- Then we have
that for all starting distributions p:

V™ (p) > V*(p) min{li,yx

€opt|S|
_ _60pt|3|
max 41— a(s) 0

€opt|S|
)

Aa(s)

s
P

Esus —
"

oo

A (B fote)

o
dp’

1
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The min{-} operation above reflects the fact that
the value of X\ effectively determines whether reward-
maximization or the regularization dominates the op-
timization of Eq. . Note that a similar effect also
applies to log-barrier regularization, but the “high” A
setting is excluded in that instance because as A — oo,
mo(als) = U4. In this case, however, as @ — 0, a high
value of A might be preferable, as it would amount to
doing supervised learning with respect to a (nearly)
optimal policy. When the reward-maximization domi-
nates, we can see that the error bound becomes vacu-
ous as a(s) approaches &~ = 1—¢€,pt|S|/A from below.
In other words, as a approaches this point, the error
can grow arbitrarily high.

In the KL-minimizing case, we can see that as the pol-
icy error a — 0, the value gap is given by %
Intuitively, then, as the default policy moves closer to
7*, we can drive the value error to zero as A — oo.
Interestingly, we can also see that as the distribution
mismatch ||d;§*/u||00 — 0, the influence of the policy
distance « diminishes and the error can again be driven
to zero by increasing A. We leave a more detailed
discussion of the impact of the distribution mismatch
coefficient to future work. Note that in most practi-
cal cases, neither « nor ||dz* /t|loo will be low enough
to achieve a lower error via KL minimization alone.
We will therefore focus on the reward-maximizing case

(A < 1) for the majority of our further analysis.

Before considering iteration complexity however, it’s
also helpful to note that Lemma [4.3] generalizes
Lemma given the same upper-bound on €y as
Agarwal et al.| (2020)).

Corollary 4.1. Suppose 6 is such that |VIX(0)] e <
€opty With €qpt < m and A < 1. Then we have that
for all states s € S,

. Eoovue [64(8)] A dr’
V() 2 V(p) - Dte AR S

a _ 2lA|(1—a(s
where kK% (s) = m,

We can see that in this case, the coefficient £%(s)
takes on key importance. In particular, we can see
that the error-bound becomes vacuous as «(s) ap-
proaches a~ = 1 — 1/(2|A]) from below. The error
bound is improved with respect to log-barrier regular-
ization when the coefficient £%(s) < 2, which occurs
for a(s) < 1 —1/]A|. Note that this is the TV dis-
tance between the uniform policy and a deterministic
optimal policy. These relationships are visualized in
Fig. We can see that the range of values over
which a-optimal regularization will result in lower er-
ror than log-barrier regularization grows as the size of
the action space increases. This may have implications

for the use of a uniform default policy in continuous
action spaces, which we leave to future work.

We can then combine this result with standard results
for the convergence of gradient ascent to first order
stationary points to obtain the iteration complexity
for convergence. First, however, we require an upper
bound on the smoothness of J5* as defined in Eq. .

Lemma 4.4 (Smoothness of J7).
parameterization, we have that

IV T (0) — VoI (0)]l2 < Bl — 0|2

where By = ﬁ + %

For the softmaz

We can now bound the iteration complexity.

Lemma 4.5 (Iteration complexity for J). Let p be
a starting state distribution. Following Lemmal[{.]}, let
By = 1?71)3 + \%)\I From any initial 0©) and following
Eq. with n = 1/B\ and

e(1-9)

A= e <1,
Eovus [63(5)] | % .
we have
i * _y® <
min{V*(p) =V (p)} < e
o (V2 1512] 412 || g7 2

whenever T > 80Es~us [k (s)]” |S*|A] a,

(I —7)%€ o

It is also natural to consider the case in which g is
used as an initialization for .

Corollary 4.2. Given the same assumptions as
Lemmal{.5, if the initial policy is chosen to be my, i.e.,
Ty = 7o where mo(+|s) is a(s)-optimal with respect to
7*(-|s) Vs, then

min{V*(p) = VW(p)} < €

*
T
dy

I

21 Q|2
whenever 1T > w
(1 —7)7

FHHLEMAmm.

In the case of random initialization, note that when
a(s) = a = 1—-1/|A], Ek%(s) = 2, recovering the
iteration complexity for log-barrier regularization, as
expected. We also see that as the error a moves higher
or lower than 1—1/|.A|, the iteration complexity grows
or shrinks quadratically. Therefore, a default policy
within this range will not only linearly reduce the er-
ror at convergence, but will also quadratically increase
the rate at which that error is reached. When the ini-
tial policy is mg, the iteration complexity depends on
the factor Eswug[a(s)]. Hence, for good initialization,
« is small, resulting in fewer iterations. The natural
question, then, is how to find such a default policy,
with high probability, for some family of tasks.
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Al=2 Al =4 Al =8
0 || 0 Al 0 A
vacuous
8 error > Unif 4 8 8
6 error < Unif 4 6 6
4 4
2 2
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Figure 4.1: As | A| grows, regularizing using mo with larger drv (7*(-|s), mo(:|s)) will converge to a lower error
than log-barrier regularization. In other words, there is a more forgiving margin of error for the default policy.

5 MULTITASK LEARNING

The results above provide guidance for the construc-
tion of default policies in the multitask setting. The
key insight is that if the optimal policies for the tasks
drawn from a given task distribution have commonal-
ities, the agent can use the optimal policies it learns
from previous tasks to construct a useful my. More
precisely, consider a distribution P4 over a family of
tasks M = {My}. (The simplest example of such
a distribution is a categorical distribution over a dis-
crete set of tasks, although continuous distributions
over MDPs are possible.) We assume only that the
tasks have shared state and action spaces S and A,
and we denote their optimal deterministic policies by
{m;}. We assume that the other task components (re-
ward function, transition distribution, etc.) are inde-
pendent. Then by Corollary [£.1]and Lemma[£.5] if the
TV barycenter at a given state s, given by

mo(|s) = argminEpsop. [drv(mi(]s), 7(]s))] (5.1)

is such that E[dpv (7 (-]s), mo(-]s))] < 1 —1/|Al, then
regularizing with 7y will, in expectation, result in
faster convergence and lower error than using a uni-
form distribution. Crucially, when there is a lack of
shared structure, which in this particular approach is
manifested as a lack of agreement among optimal poli-
cies, mo(+|s) collapses to U 4. Therefore, in the worst
case, regularizing with mo(+|s) can do no worse than
log-barrier regularization, which already enjoys poly-
nomial iteration complexity.

With deterministic optimal policies, the following gives
a convenient expression for the TV barycenter:

Lemma 5.1 (TV barycenter). Let Paq be a distribu-
tion over tasks M = {My}, each with a deterministic
optimal policy 77 : S — A. Define

§(s,a) = Banpn [L(mi(s) =a)]. (5.2)

as the average optimal action. Then, the TV barycen-
ter mo(+|s) defined in Eq. (5.1) is given by a greedy pol-

icy over &, i.e., mo(als) = d(a € argmax, ¢ 4 &(s,a’)),
where §(-) is the Dirac delta distribution.

The proof, along with the rest of the proofs for this
section, is provided in Appendix [D} Interestingly, this
result also holds for the KL barycenter, which we
show in Appendix Lemma Because the aver-
age optimal action £ is closely related to a recently-
proposed computational model of habit formation in
cognitive psychology (Miller et all 2016), from now
on we refer to it as the habit function for task family
M. When the agent has observed K tasks sampled
from Py, € is approximated by the sample average
£(s,a) = + 22(:1 1(7}(s) = a) provided that the opti-
mal policies 7} are available. In practice, however, the
agent only has access to an approximation 7y, of 7 ob-
tained, for instance, through the use of a learning algo-
rithm A, such as Appendix Algorithm Hence, £(s, a)
is instead given by £(s,a) = %25:1 1(7x(s) = a)
which induces an approximate barycenter 7y by taking
the greedy policy over é . The following result provides
the iteration complexity for the multitask setting when
using 7o as the default policy.

Lemma 5.2 (Multitask iteration complexity). Let
My, ~ Pum and denote by 7 : S — A its optimal
policy. Denote by T}, the number of iterations to reach
e-error for My, in the sense that:

min {V"(p) =V (p)} <e.

t<T

Set X\, Bx, and n as in Lemma [[.5. From any initial
6©), and following Eq. (2.4)), Enp~pu [Ti] satisfies:

a |
P

I

80141215 .
A=) M |

s~Ug

Ear~p g [Tk] >

oo

where oy (s) == drv(mi(-|s), 7o(-|s)). If 7o is also used
for initialization, then Epyp,., [Tk] satisfies:

3

Err~pa [ ()],
o R

320 A[?|S|?
(L —7)"

1

EMkNPM [Tk] > 1
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Lemma [5.2| characterizes the average iteration com-
plexity over tasks when using 7y as a default policy.
In particular, when the learning algorithm is also ini-
tialized with 7y, we obtain that the average number
of iterations to reach e accuracy is proportional to
the expected TV distance of &y to the optimal poli-
cies 7y for tasks {My} ~ Par. We expect this dis-
tance to approach E [drv (mo(-|s), 75 (+]s))] as the num-
ber of tasks increases and 7 become more accurate.
Note that even in this case, the regularization is still
required to assure polynomial convergence. To pro-
vide a precise quantification, we let 7z(-|s) be, on
average, ((s)-optimal in state s across tasks {My},
ie. Enponm [dov(Tr(cs), mi(-s))] < ((s) for some
¢(s) € [0,1]. The following lemma quantifies how close
#to grows to the TV barycenter of {m}}X_; as K — oc:

Lemma 5.3 (Barycenter concentration). Let d be 0 <
0 < 1. Then with probability higher than 1 — 4§, for all
s €S, it holds that:

—drv(mj(- NI

/210g L0 /\A

for some constant C' that depends only on |Al.

|E, ~Prm [drv (i (|

In other words, in order to produce a default policy
which improves over log-barrier regularization as K —
00, the margin of error for the trained policies is half
that which is required for the default policy.

In practice, due to the epistemic uncertainty about the
task family early in training (in other words, when only
a few tasks have been sampled), regularizing using 7
risks misleading 7y by placing all of the default policy’s
mass on a sub-optimal action. We can therefore define
7o using a softmax 7g(als) o exp(£(s,a)/B(k)) with
some temperature parameter S(k) which tends to zero
as the number of observed tasks k approaches infinity.
Therefore, my converges to the optimal default policy
in the limit. This suggests the simple approach to mul-
titask RPO presented in Algorithm [I, which we call
total variation policy optimization (TVPO). Note that
if Paq is non-stationary, the moving average in Line 8
can be changed to an exponentially weighted moving
average to place more emphasis on recent tasks.

6 UNDERSTANDING THE
LITERATURE

As stated previously, many approaches to multitask
RPO in the literature learn a default policy my(als; ¢)
parameterized by ¢ via gradient descent on the KL
divergence (Galashov et al. [2019; [Teh et all 2017)),

Algorithm 1: TV Policy Optimization (TVPO)

1: Input Task set M, policy class O, fixed-myg RPO
algorithm A(M,©,m,\), as in Appendix Algo-
rithm [

2: initialize mo(-|s) = &0 (s,-) = U Vs € S

3: for iteration k =1,2,... do

4:  Sample a task M®) ~ Py,

5. Solve the task: 6(%) = A(M;, 0, ﬂ(()kfl), A)

6: Set 7, + (k) -

7:  Update habit moving average V(s,a) € S x A:
€9(sa) LD (s,a)

1 ~ ’
+ %1 a € argmax 7 (a’|s)
8:  Update default policy V(s,a) € S x A:

758 (als) o< exp(€®)(s,a) /B(K))

9: end for

e.g., via

¢ = arg;/ninIESNUs [KL(mo(-[s), mo (|53 8))] -

(6.1)

The idea is that by updating ¢ across multiple tasks,
mo will acquire the average behaviors of the goal-
directed policies my. This objective can be seen as
an approximation of Eq. in which we can view
the use of the KL as a relaxation of the TV distance:

mo([s) = argmin Esp. [drv (mi(s), 7(:]s))]
< argmin By, ~p,. [drv(mi(]s), 7(]s))?]

< argminEM}«NPM [KL(W2(|S)7 7T(|S))] )

where the first inequality is due to Jensen’s inequality
and the second is due to [Pollard| (2000) and where
mo(-|s) = 7*(-|s). The use of the KL is natural due
to its easy computation and differentiability, however,
the last approximation is crucial. Distilling 7y from 7y
from the outset of each task implicitly assumes that
Ty &~ 7* even early in training. This is a source of
suboptimality, as we discuss in Section

7 EXPERIMENTS

We now study the implications of these ideas in a sim-
ple empirical setting: a family of tasks whose state
space follows the tree structure shown in Fig. In
these tasks, the agent starts at the root s; and at each
timestep chooses whether to proceed down its left sub-
tree or right subtree (]A] = 2). The episode ends
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Figure 7.1: A tree environment. Each task in the fam-
ily randomly distributes rewards among leaves marked
with a ‘7. All other states result in zero reward.

when the agent reaches a leaf node. In this setup,
there is zero reward in all states other than the leaf
nodes marked with a ‘?’, for which one or more are
randomly assigned a reward of 1 for each draw from
the task distribution. To encourage sparsity, the num-
ber of rewards is drawn from a geometric distribution
with success parameter p = 0.5. One training run con-
sisted of five rounds of randomly sampling a task and
solving it. Despite the simplicity of this environment,
we found that it could prove surprisingly difficult for
many algorithms to solve consistently. As can be seen
in Fig. [7.1] the key structural consistency in this task
is that every optimal policy makes the same choices in
states {s1, s3, S5, 56}, with necessary exploration lim-
ited to the lower subtree rooted at s7.

For comparison, we selected RPO approaches with
both fized default policies (LOG-BARRIER, ENTROPY,
and NONE) and learned default policies: DISTRAL
(=KL(mg, mo) + Hlmg]; (Teh et all, 2017))), FORWARD
KL (=KL(m, 7)), and REVERSE KL (—KL(mg,m)).
To make the problem more challenging for the learned
default policies, the reward distribution was made
sparser by setting p = 0.7. Each approach was ap-
plied over 20 random seeds, with results plotted in
Fig. (fixed mp) and Fig. (learned mg). Hyper-
parameters were kept constant across methods (fur-
ther experimental details can be found in Appendix.
We see that TVPO most consistently solves the tasks.
This is not surprising, as Eps, ~p,, [ax(s)] = 0 for all
states en route to the rewarded leaves until s;. Thus,
7o(-|s) = 7 (s) quickly for these states as the number
of tasks grows. This dramatically reduces the size of
the exploration problem for TVPO, confining it to the
subtree rooted at s7.

To gain a better understanding of the results and the
learned default policies, we plotted the average default
policies for each method on the 2-simplex for states s;
and s7 in Fig.[7-4] For all tasks in the family, the opti-

mal policy goes right in s1, while, on average, reward
could be located in either subtree rooted at s7. This is
reflected in the default policies, which prefer right in
s1 and are close to uniform in s;. There is a notable
difference, however, in that the KL-, gradient-based
methods are much less deterministic in s;. The criti-
cal difference is that the KL-based methods are trained
online via distillation from suboptimal 7wy % 7*. Early
in training, mp is inconsistent across tasks and runs,
resulting in a more uniform target for mg. This de-
lays its convergence across tasks to the shared TV /KL
barycenter. To test this effect empirically, we repeated
the same experiment with REVERSE KL but started
training my progressively later within each task.

0.88

reward

0.82
00 10 20 30 40 50 60 7.0
Mo training start (time steps, X le4)

Figure 7.5: Delayed training of my improves perfor-
mance.

Fig. depicts the average final reward across tasks
for different time steps at which the default policy be-
gan training. Note, however, that 7 is still used to
regularize my, it just isn’t updated based on 7y until
Ty is a reasonable approximation of 7*. We can see
that, as predicted, delaying training within each task
improves performance. There is a slight drop in per-
formance if my does not have a sufficient number of
updates at the end of training.

8 DISCUSSION

In this work, we introduce novel, more general
bounds on the error and iteration complexity of KL-
regularized policy optimization. We then show how
these bounds apply to the multitask setting, showing
the first formal results for a popular class of algorithms
and deriving a novel multitask RPO algorithm with
formal guarantees. We then demonstrate the impli-
cations of our findings in a simple experimental set-
ting. Taken together, we believe our results provide
preliminary answers to our guiding questions for KL-
regularized RPO:

A1: In order to provide benefit, a default policy must
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Figure 7.2: Fixed 7y baselines. Results are averaged over 20 seeds, with the shaded region denoting one standard

deviation.
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Figure 7.4: Learned default policies in states s; and sy
after five tasks. In the simplex for s7, the marker for
TVPO is behind the markers for the other methods.

i expectation be at least as close to the optimal policy
as the uniform policy.

A2: For KL-reqularized RPO to provide a measurable
benefit, a group of tasks must induce optimal policies
which agree over some portion of the state space.

There are several important ramifications for fu-
ture work. First, these results imply an algorithm-
dependent definition of task families, such that a group
of tasks can be considered a family for a given al-
gorithm if that algorithm can leverage their shared
properties to improve optimization. For RPO algo-
rithms, then, the choice of divergence measure, default
policy, and distribution space implicitly determines
task groupings. As an example, the particular class
of algorithm we investigate here is sensitive to state-
dependent similarities in the space of optimal policies
for a group of tasks. There are a multitude of other
forms of shared structure which alternative approaches
can leverge, however, such as consistent transition dy-
namics (Barreto et al.| [2020; [Moskovitz et al.l [2021b)
or even structure in an abstract behavioral space (]E

chiano et all, 2020} [Moskovitz et al] 2021a} [Agarwa

50000

task 4 task 5
|
— TV
,,«/"'" —— Distral
. 2 forward KL
0 s 0 AR reverse KL
0 50000 0 50000
timesteps timesteps

Results are averaged over 20 seeds, with the shaded region denoting one

2021)). From Fig. it is important to observe

that the performance gains relative to log-barrier reg-
ularization are, ultimately, relatively small. It may
be necessary to develop algorithms with stronger as-
sumptions about the task family and/or sensitivity to
a different form of structure in order to drive further
improvement. Conducting an effective taxonomy of
algorithms and associated task families will be crucial
for the development of practical real-world agents.

We also believe this work provides a formal frame-
work for settings where forward transfer is possible
during lifelong learning scenarios with multiple inter-
related tasks (Lopez-Paz and Ranzato, |2017). While
we tested these ideas in a toy setting, the underlying
theory has implications for state-of-the-art deep RL
methods. When state and action spaces grow large,
however, my is necessarily represented by a restricted
policy class. Both TVPO and the learned 7y baseline
methods can be scaled to this domain, with TVPO’s
7o being trained online to predict the next action taken
by 7. One useful lesson which equally applies to KL-
based methods, however, is that it’s preferable from
an optimization standpoint to distill o from 7y only
late in training when my &~ 7*. Given the promise of
this general class of methods, we hope that the insight
garnered by these results will help propel the field to-
wards more robust and general algorithms.
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A  Appendix Overview
Appendix contains policy gradients pseudocode, Appendix contains proofs for the single-task results (includ-

ing additional results for state-dependent A\ and ¢), Appendix @] contains proofs for the multitask RPO results,
and Appendix [E] contains experimental details.

B Generic Policy Optimization Algorithms

Algorithm 2: Generic policy gradient algorithm
1: Input MDP M, policy class ©
2: initialize 6°) € ©
3: for iteration k =0,1,2,... do
4:  sample a trajectory:

oo

7 = (S0, 00,51,...) ~ Prﬂe"” (-) = u(so) HP(St+1|8t,at)”9<k>(at|3t)
t=0

5: update parameters:
) — g0 4TV ()

where

VV’TG Z Q’TG st,at)Vlog mo(ag|st), Q’TG St,aq) Zv r(sy,ap)
t=0

t'=t

6: end for

Algorithm 3: Regularized policy gradient algorithm

1: Input MDP M, policy class O, regularization strength A, default policy g
2: initialize 0¥ € ©
3: for iteration k =0,1,2,..., K do
4:  sample a trajectory:
(oo}
T = (S0,a0,81,-..) ~ PTZGW () = p(so) HP(St+1|5t’at)”9<k>(at|3t)
t=0

5: update parameters:
g+ — g(k) | nvm/\(g(k))
where
Voda(0) = VgV (1) = AV Q (o, )
and VoV (1) is as in Algorithm

6: end for
7: return %)

C Single-task results

We now counsider the error bound for 7y such that dpy (7*(:|s), mo(-|s)) < a(s) Vs € S.
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Lemma 4.3 (Error bound for a(s)-optimal 7). Suppose 0 is such that |[VI{(0)||2 < €opt. Then we have that
for all starting distributions p:

V™ (p) > V*(p) — min{ T i 7><

Esvus €opt 5] S Aa(s) L ,
max{l—a(s)—%‘l,O} -

|A] -1 dﬁ €opt|S|

(1 _ ,Y)z ]ESNH [a(s)] - + Y

Proof. Let’s assume that 7* is a deterministic policy. By |Puterman| (2010) such an optimal policy always
exists for an MDP. We'll use the notation a*(s) to denote the optimal action at state s. This, combined with the
assumption that dpv (7*(:|s), mo(+]s)) < a(s) for all s € S, tells us that mo(a*(s)|s) > 7*(a*(s)|s) —a(s) = 1—a(s).
Similarly, for a # a*(s), mo(als) < a(s). Using this, we can start by showing that whenever A™ (s, a*(s)) > 0 we
can lower bound mg(a*(s)|s) for all s.

The gradient norm assumption [|[VJ(0) (e < €opt implies that for all s, a:

copt 2 DO _ Lo )y (a)s) A7 (s, a) + §|<vro<a|s> — mo(als))

80570, 1- Y

In particular for all s,

€opt > gé{i(e) (ZZ) 1 iyd;e (8)mo(a®(s)|s)A™ (s,a™(s)) + %(W*(a*(sﬂs) —a(s) —mp(a*(s)]s))

\ (C.1)
fd”( s)mo(a”(s)]s)A™ (s,a*(s)) + E(l —a(s) —mp(a”(s)]s))
And therefore if A™ (s,a*(s)) >0,
€opt, > )\|(1 —afs) —mp(a*(s)]s))
Thus,
mola*(5)ls) > 1 - a(s) — S (€2)

‘We then have

T (s,a™(s 1-7 L 8Jf(9)_i L —a(s) — mp(a™(s)|s
AT ) = ) (m)(a*(S)IS) T i o)~ o)

“ a5 (e j()||<<<(>)>>>

A
* €opt + a7 |S| ( (1 - OZ(S)))

—
\/\-
S

| A

A
- €opt + Ea(s)

d”e
€opt|S|
( e ]
( (1—af

>>—%‘S',0}

where (i) follows because d7;?(s) > (1 —)pu(s), 6579* ©) < €opt and max(l — a(s) — €°"‘IS| ,0) < mg(a*(s)]s) < 1.
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Then applying the performance difference lemma (Kakade and Langford, [2002) gives

Vi(p) = V™ (p) = —— Zd“ m*(als)A™ (s, a)

Fp— Zd” VAT (s,a™(s))

1 * o * o *
T dr (s)A™ (s,a"(s))1(A™(s,a"(s)) > 0)

IN

S

1

1 d;r(s) .
: 1—7252 #s) \ {1 a(s) - =150}

opt + - a(s) | 1(A™ (s,a%(s)) = 0)

*

P

1 €opt|S
T EsUnifs vt J 5 + Aa(s)
v {1—@(3)—%,0}

Now let’s relate the values of 7* and my. We will again apply the performance difference lemma, this time in the
other direction:

IN

o0

V™ (p) = V*(p) = ﬁ > (sJmlals) A7 5.0
<:1> Z ( 7&2 d7? (s)m(als) A™ (s,a))
¢ % s a7 (s) (a(s)+ €°P;|S|) '1“‘”__71
--F= ( D a0+ S8y C?“?) (ble S5 =1
_ M ( d;ﬂ_(s)a(s)> _ (A= DeoplS|
l—y \F 17 Al =9)
-t (Z o <s>a<s>) - (8 el
|A| AL~ )12 (Z g’ (s) )> - (Ml ; 1_>e;)p;|5|
. (';“'_7; = (zu ) - A el

where (1) is due to the fact that A™ (s,a*(s)) = 0, and (2) is due to the fact that A™ (s,a) for a # a* is
lower-bounded by —1/(1 — ) and Eq. (C.18|). Therefore,

Al —1 dg* Eopt|$‘
Ve Esop —+ ——— | > V*(p).
( ) (1 _ ,,Y)Q F [O[(S)] /'L + )\ - (p)
This completes the proof. O

We now present a comparatively looser bound which applies the same upper bound on the norm of the gradient
used by |Agarwal et al.| (2020]).

Corollary 4.1. Suppose 0 is such that ||[VIX(0)|loo < €opt, With €opr < m and XA < 1. Then we have that
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for all states s € S,

*
T
4

1

ESNUS [5?4 (8)] A

V(o) 2 VI (p) - e A

o0

a 2|A|(1—a(s
where kK%(s) = 72|A‘(‘1(_a(s()))11.

Proof. The proof proceeds as in Lemma except that we use the upper bound on €yt in Eq. (C.18) to get

eopt|8|> B 1 240 —a(s) — 1
N 2 lmels) m g = oA

In this case we can upper bound A7 (s,a*(s)). From Eq. (C.1) inequality (i), we have

T (s,a*(s 1—7 L 8‘7;‘1(9)—i L —a(s) — mp(a*(s)|s
700000 = s (o e~ S o)~ )

- 70 (m(aj(sns) aajew '+ i (1 - m»

= 11(s) ((1 — afs)) — CerlS] HCopt F gy |S] 1-Q- a(S))))

mo(a*(s)[s) > 1 —a(s) —

(C.3)

A

1 1 A
< ,U(S) <(1 _ a(s)) _ GO%LS\ * €opt + |SC¥(8)>
(i) 1 2| 4] AL A
< ) (<2|A|<1—a<s>>—1>2|8||A| ) ”)
o 1 +a(s)
" TSI | 20— a1 L
_ | 2ia—ae)
< (8100 | A0 —a(s) 1

::ni’j‘(s)

Where (i) follows because di? (s) > (1 —y)u(s), 2o < eope and max(1 — a(s) — <251 0) < mp(a*(s)]s) < 1.

(i4) is obtained by plugging in the upper bound on eqpt.

We now make use of the performance difference lemma:s:

V*(p) — V™ (p) = Zd” 7*(als)A™ (s, a) (C.4)
- f ng (s)A™ (s,a*(s)) (C.5)
< — = Zd“ YA™ (s,a™(8))L(A™ (s,a"(s)) > 0) (C.6)
<R 6 1 () 2 0 )
S LESNUIIHS [/f:lc\(s)] ﬂ (CS)

(I—=7) mlL

This completes the proof.
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We can bound the smoothness of the objective as follows.

Lemma 4.4 (Smoothness of Jy). For the softmazx parameterization, we have that
IVo TN (0) = Vo IR (0)]]2 < BAll6 — ¢/

where By = = 7)3 + |3|

Proof. We can first bound the smoothness of V™ (u) using Lemma D.4 from |Agarwal et al.| (2020). We get
(IVoV™ (1) = VoV (1)]]2 < BII0 — &'||2

for

R
We now need to bound the smoothness of the regularizer ﬁQ(Q) where

= " mo(als)log my(als).

s,a

Using that 09 — logm (als) =1(s = ¢')[L(a = a') — mg(a’|s)] for the softmax parameterization, we get

Vo, Q(0) = mo(-|s) — mo(-|s),
V3. Q0) = —diag(ma(+|s)) + o (-)ma("]s)".
The remainder of the proof follows directly from that of Lemma D.4 in|Agarwal et al.| (2020)), as the second-order

gradients are identical. We then have that Q(#) is 2-smooth and therefore ﬁQ(G) is %—smooth7 completing the
proof. U

Note that the second value of A will nearly always be greater than 1 for most values of €, €opt, |S], | A|, as that’s
2

the case when E, [a(s)] > (|1£|W—)1€ — €opt|S|, which is usually negative, thus trivially satisfying the inequality for

a(s) € [0,1] Vs € S.

Lemma 4 5 (Iteratlon complexity for Jy). Let p be a startmg state distribution. Following Lemma let

By = (1 v E \SI From any initial 09 and following Eq. with n = 1/Bx and

e(1

A: =)
Eovug [15(5)]|

<1,

p
4

m

o0

we have

min{V*(p) - VO (p)} < e

t<T

80]ESNU5 [HQA(S)]Z |$|2 |A‘2
(1= e

whenever T >

I
o0
Proof. The proof rests on bounding the iteration complexity of making the gradient sufficiently small. Because
the optimization process is deterministic and unconstrained, we can use the standard result that after T' updates
with stepsize 1/8,, we have

26\(T3(07) — T (0)) _  26»
T 1-T’

: * (n(t) 2 <
i [ V75 (6]} < (©9)

where ) upper-bounds the smoothness of J; (). Using the above and Corollary we want

208 A
€opt < < .
vt (L=7T ~ 2[S[|A]|
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Solving the above inequality for T' gives T > %. From Lemma we can set By = g + 2.

Plugging this in gives

7 SISPIAPS _ (B4SPIAR | 16S|IAF

R RN (R D S (R P
Corollary gives us the possible values for A for value error margin e. Then if
€1 —7)

By [ () || -

A=

<1,

oo

we can write

64|S[*|A]* | 16|S[lA]* _ 80[S|*|A]*
(T=y)A% Q=X = (1 —7)4\2
_ 80E, (k5 (5)]” |SI?| AP ‘
€2(1—~)8

.
&

I

‘ 2

O

Corollary 4.2. Given the same assumptions as Lemma if the initial policy is chosen to be my, i.e., o) = T
where 7o (+]s) is a(s)-optimal with respect to w*(+|s) Vs, then
i *() 17 ®) <
min{V*(p) = V¥(p)} < ¢

2
320]412|S|?

(1 —=9)7

*
K
4

"

1
whenever T' > HH Esp [a(s)].

I

Proof. The proof rests on bounding the iteration complexity of making the gradient sufficiently small. Because
the optimization process is deterministic and unconstrained, we can use the standard result that after T" updates
with stepsize 1/8,, we have

28:\(J5(0%) = TX(0)) _ 285
T T

min Ve T3 (0M)][3 < A, (C.10)

where 3y upper-bounds the smoothness of J; () and we. define A := J3(6*) — J3(0(?))) for conciseness. Using

the above and Corollary we want
26,A A
< < .
VT s

Solving the above inequality for T gives T > AS‘S@#. From Lemma we can set ) =
Plugging this in gives

8 2
= T ISl

T>A

BISPIAPOY _ 5 (SUSPIAPE | 161S|IA]
P N e ) '

Corollary [4.1| ensures that ming<r V*(p) — V®(p) < € provided that \ is of the form:

5\ = €1 —-7)

< 1,
By [k (5)] |

14

we can therefore write:
64|S|%|A? n 16|S||.AJ2 < 80|S|%|AJ?
(1 —7)3A2 AT (=)
80K, [£5(s))* S| A2 ‘
a 2(1 — )"

i,
&

I

‘ 2

oo
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This implies the following condition on 7'

SOA|A2|S?
(1 —7)°

It remains to control the error A due to initialization with policy 7. Denote by 7} the optimal policy maximizing
Jx. We have the following:

4
1

T>

Ey [x5(s))” (C.11)

o0

A=V (p) — V™(p) — AKL(m, %)
<V™(p) — ( )+ V*(p) = V™ (p)
<V*(p) = V™(p) (C.12)
1 dg°
SW 7 OOESNM' [Oz(S)]

where the first line is by definition of A, the second line uses that the KL term is non-positive. The third line
uses that V™ (p) — V*(p) < 0 and the last line follows from Lemma Hence, it suffice to choose T satisfying;:

2‘
|OO

As a final step, we simply observe that E, [x%(s)] <2 and d}° < 1.

dr’

- S80JAPIS?
el =)T

dro
w

By [55%(5)] By [a(5)] (C.13)

u

o0

O

Lemma C.1. Following Lemma let By = (1571)3 + % From any initial 89 and following Eq. {i with
n=1/Bx and

€opt|S[(|A] = 1)
(1—=7)%e = (JA] = DE,, [a(s)]”

for all starting state distributions p, we have,

A= (C.14)

min{V*(p) = VW (p)} < e

t<T
. [ 8OE,, [k% ()] [S[*|A[* | @ 2 € Ey [a(s)]
> e "
whenever T > mm{ (- pe ‘ 80|S|| A copt(1— 7)2(A = 1) €opt(1 T )
(C.15)
Proof. The proof proceeds identically as above, except we set
€opt|S|(|A] — 1)
A= ot > 1,
(1 —=7)2e = (JAl = DE, [o(s)]
we have
64S[*|A]* | 16]S[|A]* _ 80[S[*|A]*
T=7)t2  1=7)A 7 1=7)*A
_ SOIS|IAP” (1 — )% — (JA = D)Ey [a(s)])
(1—7)*€opt(|A—1)
Ey [o(s)] )
= 80/S|| A2 ( < Z
S N Ty RPN (g
completing the proof. O

Note that this value of A\ will nearly always be greater than 1 for most values of €, €ops, |S|,|A|, as that’s the

case when E, [a(s)] > (lli"’_)ie — €opt|S|, which is usually negative, thus trivially satisfying the inequality for
a(s) € [0,1] Vs € S.
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Lemma C.2. Assume that 7 is such that w(a*(s)|s) > 1 — B(s) for some state dependent error s — [(s) and
that p(s) > 0 for all states s. Then the following inequality holds:

vwm—vwm>—ufw2fmeAM$] (C.16)
Proof.
vwmfwwwjég 5 (o)r(als) A7 (5.0
- gj;g)( als)A™ (s,0))
> _W Zsde(s> a;éaz*(s)w(am
>—0;2V2;MH$M®)
>~ [ w0

where the first line follows by application of the performance different lemma (Agarwal et all 2020, Lemma
3.2), the second line is due to the fact that A™ (s,a*(s)) = 0, the third line from A™ (s,a) > —1/(1 — ) for
a # a*. The fourth line uses that }°, .., m(als) =1 —m(a*(s)[s) < B(s) for a # a*(s) since by assumption
mw(a*(s)|s) > 1 — f(s). Finally, the last line uses that d7 is a probability distribution over states s satisfying

ZSES dTpr( ) =
O

C.1 State dependent )\ and ¢

We can further generalize these results by allowing the error € and regularization weight A to be state-dependent.
The gradient with state dependent regularized A equals

jﬂ'o( V‘ﬂ'e Z |8| 7'('0 a| logﬂg(a|8)

Lemma C.3. Suppose 6 is such that (VIL(0)), . < €opt(s,a). Then we have that for all states s € S,

s,a

)1 opt (5, a*(5))|S dj
V™ (p) > V*(p) — mm{l_ESNUnifs €opt (5, a ES))(L (J*(s))|8\ +A(s)a(s)| |2
v max ((1 —a(s)) — """)\(75)70) Pl
Al dﬁ S| >_q Eopt(s,a)
G- PO T Te

Proof. Let’s assume that 7* is a deterministic policy. By [Puterman| (2010) such an optimal policy always
exists for an MDP. We'll use the notation a*(s) to denote the optimal action at state s. This, combined with the
assumption that drv (7*(:|s), mo(+]s)) < a(s) for all s € S, tells us that mo(a*(s)|s) > 7*(a*(s)[s)—a(s) = 1—a(s).
Similarly, for a # a*(s), mp(als) < a(s). Using this, we can start by showing that whenever A7 (s,a*(s)) > 0 we
can lower bound 7y(a*(s)|s) for all s.

The gradient norm assumption (V7 (0)), , < €opt(s,a) implies that for all s, a:

o) 2 2950 — D (el 47 5,0 + S (ro(als) el
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In particular for all s,

copi (5,07 (5)) g‘gj(j 2 el (1947 (5,076 + 5 (@ )1 als) ol (0)19)
— (e (9947 (50" (6) + 16 (1 ale) = e’ ()}9)
(C.17)
And therefore if A™ (s,a*(s)) > 0,
o (5:0) 2 51~ als) = moa* (9)15)
Thus,
mo(a*(s)]s) > max (1 ~als) - Wo) >1—afs) - W (C.18)

In this case we can upper bound A™ (s, a*(s)). From Eq. (C.1)) inequality (), we have

70 (s,a™(s 1—7 L BJ/{*(Q)_A(S) L —a(s) — mp(a*(s)|s
000 < s (T ey~ 5] ey )l 1)

1—x 1 OTx(0) | As) ([, 1—als)
i (s) (Wa(a*(sﬂs) Bouiy 1S (1 7Te(a*(<‘3)|3))>

! ot (8, a* (s & — (1= als
p(s) (max ((1—0[(3))_M70) opt(5,07(5)) + S| 1-@ ())))

A

IN

! - €opt(s,a™(s ﬁa s
p(s) (max ((1_a(8>) _ et @S] ) ot (8 47(5)) + S| ( ))

Where (i) follows because dj?(s) > (1 — y)u(s), 8‘879* ) < €opt and max (1 —a(s) — M,O) <
mo(a*(s)|s) < 1.

We now make use of the performance difference lemma:

VZi(p) = V™ (p) = Zdﬂ $)A™ (s, a)

< —— YA (5)A™ (5,0"(5))L(A™ (5,07 (5)) > 0)

p 1 eopt(8,a*(s @Oé s
= 1—7252 () (max ((1 —a(s)) — Mﬂ) el 5] ( )>
x 1(A™ (s,a™(s)) > 0)

1 €opt (S, a*(s))|S ay
< liEssznifs all ( ))l |*( 5] + A(s)a(s) | ||
-7 max ((1—&(3))—%&) pol

Now let’s relate the values of 7* and 7g. We will again apply the performance difference lemma, this time in the
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other direction:

VT (o) = V*(p) = E:W@ (s)mo(als)A™ (s, a)

LS Y dre)malAT (5,0

s \aza*(s)
Q- ata*(s) Copt\S; @ S
= 1}722@9(8) (04(8)(|A—1)+Z3fé ())\(s)( ) ) 1i7
1 dro(s) y com(s 0
_ dﬂ'e |S‘ ata*(s) eopt(s7a)
Z A== (1—9)? A(s)
4 S| || S on(5.)
Z_ﬂ—vﬁmwym“”‘a—vv M)
S als dﬁ __1sl €opt (8, @)
> A | £ - | Betetea)

where (1) is due to the fact that A™ (s,a*(s)) = 0, and (2) is due to the fact that A™ (s,a) for a # a* is
lower-bounded by —1/(1 —v) and Eq. (C.18). and (3) holds because of Holder and ) d7¢(s) = 1. Therefore,

Al ‘ dp’ IS] || 220 Copt(s: @) ‘
V™ (p) + ———=E.u, [a(s)] || ¢ > V*(p).
O
A simple corollary of Lemma is,
Corollary C.1. If eopt(s,a) < % then
. 1 2¢e0pt (8, a*(9))|S| ar’
o > 1/* _ . Pt P
V™ (p) =2 V*(p) mm{ : _,YESNUme [ o) + A(s)a(s) =
|A| dg? S| €opt (8, a)
M g a
EEmR ] e e As) e
Proof. If €(s,a) < % then max ((1 —afs)) — %,0) > 17%(8) The result follows. O

Corollary recovers the results of Agarwal et al.| (2020) by noting the TV distance between the optimal policy
and the uniform one equals 1 — ﬁ and therefore 1 — a(s) = \7:E|

We now concern ourselves with the problem of finding a true € > 0 optimal policy. This will require us to set
the values of A(s) appropriately. We restrict ourselves to the following version of the results of Corollary If

€(s,a) < w then

*

€opt (S, a*(s dj;
VT (p) > V*(p) — ﬁEswUnifs 2 Opl(_ a((s)))|8| + )\(s)a(s)} "
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By setting A\(s) = % and €opt (s, a) = min (170‘(5216*(17”), (17’1‘(;)'))‘(5) we get
2a(s) || & 418||| —2£—

VTe(p) = V*(p) — e

Observe that the level of regularization depends on the state’s error. If the error is very low, the regularizer A(s)
should be set to a larger value.

D Multitask learning

Assume we are given K i.i.d. tasks M}, sampled from Py, denote by 7} (+|s) their corresponding optimal policies

and let 7 (-|s) be a(s) policies, i.e. dpry (Ti(-|s), T5(:]s)) < a(s) for some «(s) < 1. To simplify notation, we may

also refer to P directly as the distribution over these optimal policies. Let 7y be the total variation barycenter
.. ~ . ~ . 1 K ~ . . *

of the policies 7y, i.e.: g = argming = >, drv (7, 7;), while 7o = argming Epg, ~p,, [drv (7, 7).

Lemma 5.1 (TV barycenter). Let Paq be a distribution over tasks M = {My}, each with a deterministic

optimal policy 77 : S — A. Define

£(s,0) = Engnpy, [L(mi(s) = a)]. (5:2)

as the average optimal action. Then, the TV barycenter mo(-|s) defined in Eq. (5.1)) is given by a greedy policy
over &, i.e., mo(als) = 0(a € argmax,,c 4 {(s,a’)), where 6(-) is the Dirac delta distribution.

Proof. Let’s first express the barycenter loss in a more convenient form:

Eermp [dry (r(1s), 7 (1)) =Enp [ 5 3 (o) + 501~ 7(an(s), ) (D.1)
a#a,(s)
—Erp [(1 - m(an(5), 5))] (D.2)

=1-> P(r'(als) = 1)m(als) (D.3)
=1- meopilals)m(als). (D.4)

Therefore, the barycenter loss is minimized when m(a|s) puts all its mass on the maximum value of s,z (als)
over actions a € A.

O

The KL barycenter can be described as follows.

Lemma D.1 (KL barycenter). Let Paq be a distribution over tasks such that for every My € M, there exists a
unique optimal action aj(s) for each state s such that wj(s) = a*. Then the KL barycenter for state s is:

argmin En, ~p KL(7(1s), 7([3)) = 8(a = Eagynpwi(s) (D.5)
where §(-) is the Dirac delta distribution. This holds for both directions of the KL.

Proof. We have

. 0
= Enfpnpy, |~ logm(ai(s)]s) + ;;( OB )
aFarp(s

=0

= Enjnpp[—log m(ag(s)]s)]
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Therefore, the barycenter loss is minimized when 7(a|s) puts all its mass on the expected aj(s). Note that we
consider the underbrace term zero because lim,_,qxlogz = 0. It is easy to verify that this result holds for the
reverse KL. 0

Lemma 5.2 (Multitask iteration complexity). Let My ~ Paq and denote by wy : S — A its optimal policy.
Denote by Ty, the number of iterations to reach e-error for My in the sense that:

VT () — VO
min{V™(p) = V0 (p)} < e.

Set X\, Bx, and 1 as in Lemma . From any initial 8, and following Eq. (2.4), Enp~po [Tk] satisfies:

art|[*
P

o

80|A2|S|2 N
SIS e

En~ T] >
e 2 G B,

where a(s) = drv (7} (-|s), To(-|s)). If 7o is also used for initialization, then Epr ~p,, [Tk] satisfies:
3

Engnpug lak(s)],

s~

1

I

320|.AJ2|S|?

Ear~ T >
M;, PM[ k]— 62(1—’7)7

o0

Proof. Let M; be a random task sampled according to M and denote by 7} its corresponding optimal policy.
Set a(s) = dpy (#o, ) and choose A = <U=2) By Lemma , we have that:

min{V*(p) - VW (p)} < e

t<T

<12 R

160 2 S 2 dﬂ' dﬂ'o (D.6)
whenever T > L60IATIST (145 LN Egp [a(s)] -
E(1-7)7 || W
o0 (o)
By choosing 1’ to be uniform and recalling that d;“’ < 1, it suffice to have:
160A12[SP || dzn ||°

> 1 |2 || Eguu[drv(fo, 7). D.7
= 62(1 — 7)7 L ‘ H [ TV(7T0 ;i )] ( )

Taking the expectation over the tasks and treating T" as a random variable depending on the task, we get that:

160|A2|SP?
e2(1—7)7

*
T
dy

I

E[T] >

| ESNu/W/ ~P [dTv(’fro,Wl)] . (DS)

O

The following lemma quantifies how g is close to be the TV barycenter of {7} }1<x<x when K grows to infinity.
We let 7% (-|s) be, on average, ((s)-optimal in state s across tasks My, i.e. Ear o [drv(Tr(]s), T (]s))] < C(s)
for some ((s) € [0, 1]. For concision, we shorten m(:|s) as .

Lemma 5.3 (Barycenter concentration). Let § be 0 < § < 1. Then with probability higher than 1 — ¢, for all
s € S, it holds that:

—~
VA
~
~—

|Enr~pue[drv (i (l8), 7o (-[s)) — drv (i (-]s), mo (-

for some constant C' that depends only on |Al.
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Proof. To simplify the proof, we fix a state s and omit the dependence in s. We further introduce the following
notations:

f(m) = Eagiepy [dry (m,77)] (D.9)
= =N dpy(m,7) (D.10)
7
1 1,;(1
== ;dﬂ,(ﬂ,w;) (D.11)

Let mp = argmin, f(7) and 7y = arg min, f(7r) It is easy to see that:

F(#0) <f(0) + £ (7o) — f(70)| + | f(70) — f (7o)
<f(mo) + |£(70) — f(#o)| + |f (7o) — F(70)]
<f(mo) + | f(#0) — f (o)l + | f(70) — £ (7o)
+|F (o) = f(mo)| + | f(m0) — F(m0)]

|

where the first line follows by a triangular inequality, the second line uses that f () < f (mp) since Ty minimizes
f . The third line uses a triangular inequality again while the last line follows by definition of the supremum.
Moreover, recall that f(m) < f(#o) as mp minimizes f and that | f(7) — f(7)| < ¢ since, by assumption, we have
that dpy (7], 7;) < ¢. Therefore, it follows that:

/(7o) = f(mo)| < 2C + 2sup |f () = f (). (D.12)

By application of the bounded difference inequality (McDiarmid’s inequality) (Sen, |2018| Theorem 13.8), we
know that for any ¢ > 0:

P |lsuplf(r) ~ £(m)| B [sup () — £} | > o] < 2% (D.13)
This implies that for any 0 < 17 < 1, we have with probability higher than 1 — n that:

o 2 ~
sup ) = 1) < | B2+ [sup )~ 1) D.14)

Combining Eq. (D.12) with Eq. (D.14]) and using Lemmato control E {sup7T |f(m) — f(7r)|] , we have that for
any 0 < § < 1, with probability higher than 1 — ¢, it holds that:

| f(70) — 7T0|<2C+\/ % +2C\/|A (D.15)

for some constant C' that depends only on |.A|.

Lemma D.2.
E s3p|f<w>—f<w>|} <o (D.16)

where C is a constant that depends only on |A|.



Towards an Understanding of Default Policies in Multitask Policy Optimization

Proof. To control the quantity E [supw | f (m)—f (7r)|} , we will use a classical result from empirical process theory

(Van der Vaart), 2000, Corollary 19.35). We begin by introducing some useful notions to state the result. Denote
by F the set of functions 7’ + dry (m,n') that are indexed by a fixed 7. Given a random task M; ~ M, we
call w} its optimal policy and denote by P the probability distribution of 7} when the task M, is drawn from
M. Note that we can express f(7) as an expectation w.r.t. P: f(r) = Exp [dpy (m, ')]. Moreover, f(r) is an
empirical average over i.i.d. samples 7} drawn from P.

The bracketing number Nj(e, F,L2(P)) is the smallest number of functions f; and g; such that for any T,
there exists j such that f;(n') < dpy (7, 7') < g;(’) and || f; — gjl|L,p) < €. The following result is a direct
application of (Van der Vaart, 2000, Corollary 19.35) and provides a control on E [sup7T |f(m) = f (7r)|} in terms
of the bracketing number Njj:

R
VNE [supl(m) - S| < [\ lor Ny (e, 7 La(P)). (D.17)

where R? = E..p [sup7T dry (7,7’ )2} < 1. It remains to control the bracketing number Nj. To achieve this,
note that the functions in F are all 1-Lipschitz, meaning that:

‘dT\/(TF,W) — dT\/(TF/,W)‘ S dTv(ﬂ',Tr,) S 1. (D18)

Moreover, the family F admits the constant function F(7’) = 1 as an envelope, which means, in other words,
that the following upper-bound holds:

supdpy (m,7') < 1. (D.19)

Therefore, we can apply (Van der Vaart|, 2000, Example 19.7) to the family F, which directly implies the following
upper-bound on N:

Al
1
Ny(e, F, L2(P)) < K (6> (D.20)
where K is a constant that depends only on |A|. Combining and and recalling that R < 1, it follows
that:
Al

E s3p|f<w>—f<w>|} <oyl (D.21)

where C is a constant that depends only on |.A|. O

E Experimental details

The policy model for all algorithms was given by the tabular softmax with single parameter vector 6 € RIS
such that

exp(bs,q)
Za/E.A exp(gs,a’) .

All agents were trained for 80,000 time steps per task using standard stochastic gradient ascent with learning rate
n = 0.02. For methods with learned regularizers, the learning for the regularizer was halved, with 7., = 0.01.
Each episode terminated when the agent reached a leaf node. For those using regularization, the regularization
weight was A = 0.2. For DISTRAL, this weight was applied equally to both the KL term and the entropy term.
Each task was randomly sampled with r(s) = 0 for all nodes other than the leaf nodes of the subtree rooted at s7
(Fig.[7.1). For those nodes, r(s) ~ Geom(p) with p = 0.5 for experiments with fixed default policies and p = 0.7
for those with learned default policies. The sparsity of the reward distribution made learning challenging, and
so limiting the size of the effective search space (via an effective default policy) was crucial to consistent success.
A single run consisted of 5 draws from the task distribution, with each method trained for 20 runs with different
random seeds. For TVPO, the softmax temperature decayed as §(k) = exp(—k/10), with k being the number of
tasks. The plotted default policies in Fig. [7.4] were the average default policy probabilities in the selected states
across these runs.

T (als) =
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