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Abstract

We study meta-learning in Markov Decision
Processes (MDP) with linear transition mod-
els in the undiscounted episodic setting. Un-
der a task sharedness metric based on model
proximity we study task families characterized
by a distribution over models specified by a
bias term and a variance component. We then
propose BUC-MatrixRL, a version of the UC-
Matrix RL algorithm (Yang and Wang, [2019))
and show it can meaningfully leverage a set of
sampled training tasks to quickly solve a test
task sampled from the same task distribution
by learning an estimator of the bias param-
eter of the task distribution. The analysis
leverages and extends results in the learning
to learn linear regression and linear bandit
setting to the more general case of MDP’s
with linear transition models. We prove that
compared to learning the tasks in isolation,
BUC-Matrix RL provides significant improve-
ments in the transfer regret for high bias low
variance task distributions.

1 INTRODUCTION

Meta learning (Schmidhuber} [1987; |[Naik and Mam-
mone} 1992) is a long-standing quest in machine learn-
ing. The goal is to use the experience gained in past
tasks to solve new tasks, coming from the same task
distribution, quickly. Since meta learning is a problem
formulation, it can be combined with supervised learn-
ing, bandits or reinforcement learning (RL). While the
move to bandits adds the challenge of exploration, the
move to RL additionally introduces temporal depen-
dence in the data.

To better understand which type of transfer is possible
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in meta RL we ask the following questions: i) what
is a family of MDP’s? ii) how are the family mem-
bers related? iii) how can we algorithmically leverage
the shared structure? iv) given a characterisation of
a family of MDP’s, can we describe and quantify the
gain of doing meta RL compared to standard RL on
the individual tasks (Indepedent Task RL)? Recently,
there has been a growing body of empirical work in
meta RL (Zintgraf et al.|[2020; |Rakelly et al.,[2019), ad-
dressing the question of how to algorithmically leverage
shared structure. While these successes are impressive,
it remains largely open to study conditions under which
and to what extent transfer of knowledge is possible.

Depending on the setting, the definition of the task
distribution is a delicate matter. For general MDP it
remains an open question to quantify and formalise
task similarity. Recently Miiller et al.| (2020) proposed
different task embeddings, which are either coupled or
independent of the existence of a differentiable policy,
that give rise to a distance between tasks. Another
distance metric between MDP is the maximum of state-
action wise differences in transitions and reward. The
well-known simulation lemma (Kearns and Singhl 2002])
uses it to quantify the zero-shot performance of a policy
in an unknown MDP which is a known distance apart
from a known MDP.

An increasingly well-understood setting for sequential
decision-making is to assume linear structure in the
MDP, for example in the transition model (Yang and
Wang,, [2019; Modi et al., [2020; Jia et al.l 2020} |Ayoub
et al., 20205 |Cai et al. |2020; [Zhou et al.| |2020; He et al.|
2020; [Zhou et al.l |2021; Jin et al., [2020). To come
closer to study what and when meta RL is useful, we
restrict ourselves in a first step to the subset of MDP
with a linear transition model. This restriction allows
us to represent each MDP uniquely via its transition
core matrix; the space of matrix norms equips us with
a natural notion of distance between tasks. In this
restricted setting, we answer the question:

Can meta RL yield performance gains compared to
ITRL in the space of MDP with linear transition model?

To quantify the gain of using meta RL we analyse the
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transfer regret. Specifically, we propose and analyse in
section [ a biased version of UC-MatrixRL that follows
the spirit of meta learning in ridge regression settings
via learning a bias |Denevi et al.| (2018, [2019)); (Cella
et al.| (2020). While doing so, we tighten the analysis
of UC-MatrixRL [Yang and Wang| (2019) by using a
more careful log-determinant lemma. We quantify the
transfer regret in an oracle setting and characterize
properties of families of tasks for which meta RL im-
proves compared to independent task learning. Since
the oracle setting is not realistic, we conclude our paper
by proposing two practical estimators of the mean task
distribution transition core and analyse the resulting
transfer regret.

Our paper leverages results from learning to learn in
a linear regression setting. The basic concept of learn-
ing a bias vector or matrix on the meta train tasks to
transfer knowledge via biased linear regression to the
test tasks is applicable to all (provably efficient) algo-
rithms based on linear regression in any MDP setting.
For ease of presentation and because of its simplicity,
we demonstrate the machinery on MDP with linear
transition matrices.

2 RELATED WORK

While deep meta reinforcement learning has obtained
large empirical successes, we wish to emphasize the lack
of theoretical work in meta-learning for RL. A common
approach in RL theory is to study tabular problems
or MDP under linearity assumptions. This includes in
particular linear mixture MDP, whose transition model
is a linear function of an a priori given feature map
of state-action-next state triples (Modi et al., |2020;
Jia et al.) |2020; |Ayoub et al., [2020; (Cai et al., |2020;
Zhou et al., |2020; He et al., [2020; [Zhou et al., [2021)),
with the special case of MDP with linear transition
model (Yang and Wang), 2019). This is the special case
considered by our work.

Inspired from empirical successes, there is a growing
body of literature on theoretical work on learning to
learn in the supervised setting (Denevi et al.l 2018
2019; [Khodak et al., |2019; [Konobeev et al.l 2021} [ Tripuf
raneni et al 2021)). Several works studied meta learn-
ing in a bandit setting (Azar et al.l 2013; |Deshmukh
et al.| 2017} |Cella et al.l [2020; |Yang et all |2021). Some
works study multitask RL (Brunskill and Li, |2013; |Ca{
landriello et al.l 2015; [Lu et al., |2021). Conditions
under which zero-shot RL is possible were recently
investigated by Malik et al.| (2021).

A particularly related line of work (Denevi et al., [2018|
2019)) propose the idea of learning to learn via learning
a bias in supervised learning. The knowledge acquired
during the meta train phase is distilled into a bias

vector. At meta test time, the learner is regularised
towards this learned bias vector. This inspiration is
extended by |Cella et al.[(2020]) to the stochastic bandit
setting. Our paper is to [Yang and Wang (2019)) as
Cella et al.| (2020) is to |Abbasi-Yadkori et al.| (2011]).

3 BACKGROUND

We use small bold letters to denote vectors (e.g. x)
and large bold letters to denote matrices (e.g. X). Let
A € R™4 be a positive definite matrix. We denote
the Mahalanobis norm of a vector as ||z||a = Va© Ax.
Similarly, we denote the matrix version of the Mala-
honobis norm: ||A/2X |2 = tr(XT(AY2)TAY2X) =
tr(XTAX) = > X5lla = | X|%. Further, we de-
note the 2-1 matrix norm, which is the sum of the
euclidean norms of the matrix columns: || X|21 =

S Il = 50X, X,) = X5/, X2, We ab-

3 n,H
breviate the set {1,...,n} as [n]. We denote by >,
the double sum Y7,_, S

In this section, we introduce the single task objective re-
gret as well as the multi-task objective of meta transfer
regret. We review the UC-MatrixRL algorithm [Yang
and Wang| (2019) and derive a tighter regret bound
using a more careful log determinant lemma.

3.1 RL in MDP’s with linear transitions

We start by reviewing the undiscounted episodic setting.
An MDP is given as sextuple: M = (S, A,r, P, H, uo)
with state-space S, action-space A, reward function
r: S x A — [0,1], transition probabilities p : S x
A x S — [0,1], horizon H and starting distribution pg.
To simplify our presentation we will assume a single
starting state sg. Extending our results beyond the
setting of a Dirac initial distribution is straightforward.
The learner is to play for N episodes, each consisting of
H steps of interaction with the environment, for a total
of T = NH transitions. Throughout our discussion
we will use both notations of time interchangeably and
note the conversion: ¢(n,h) =nH + h. Thus (n,h) +1
denotes either (n,h+1) if h < H or otherwise the first
step in the next episode (n + 1,1).

A policy is a mapping 7 : S X [H] — A that maps
each state, stage pair to an action. The value func-
tion of a policy m at stage h is given as: VT (s) =
E [Zf:h r(s¢, wt(st))] and the action value function as
Qr(s,a) = r(s,a) + P(-s,a)V]T, ;. The optimal policy
7* is defined as the policy that maximizes the expected
sum of future rewards: 7* = argmax, .; V" (s) Vs €
S. The goal of the learner playing action a; at time ¢
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is to minimize the regret after T = N H steps:

H
V*(So)* (ZT(Sn,hyan,h)>‘| . (1)

h=1

N
Rp(M) = Z

A good learner achieves regret that is sublinear in
T'. Using regret as a performance metric allows us to
compare different approaches.

In this work, we consider each MDP M =
(S, A,r, P, H, np) as a task. A family of tasks is thus a
finite or infinite set of MDPs. Within this paper we
consider task families with shared S, A and r, so all
the change happening between environments is in the
transition probabilities P B We restrict our analysis
to the set of MDP with linear transition model.

Definition 3.1 (MDP with linear transition model).

A MDP M has a linear transition model, if for each
(st,ar) € S X A, si41 € S and a priori given feature
maps ¢(sy,a;) € R? and ¢(s,41) € RY | there exists an
unknown matriz M* € R which is referred to as
transition core, such that:

P(3]s,a) = ¢(s,a)" M*(3). (2)

Confining ourself to the space of MDP with linear
transition model we see that each MDP M* is uniquely
characterised by its transition core M. Let T be a
distribution of transition cores. A family of linear
transition MDP’s .# with shared S, A and features
¢ and v can similarly be characterised as a set of
transition cores M ~ 7T of its members. So, we write
interchangeably Eq~_» and Eps 2.

Our paper considers the meta learning setting. In a
first phase the learner interacts with the training tasks
from the training task distribution .#,qin € .#. The
goal of the meta learner is to reduce in the subsequent
test phase the expected meta transfer regret after T’
steps on the test task distribution Aesr C A -

Mtrr(Miest) = Epmon,.., Regret(T, M) . (3)

3.2 UC-MatrixRL algorithm

UC-MatrixRL is an algorithm for MDP with linear
transitions proposed by |[Yang and Wang| (2019). It
switches between estimating the unknown transition
core Mn on encountered transitions (s, at, s¢+1) and
acting greedily with respect to an optimistic estimate
of the Q-function build using M,,. We describe both
steps below.

Note that, [Yang and Wang| (2019) point out, that the
assumption of a shared reward function could be lifted by
adding an optimistic reward estimation step like in LINUCB
Dani et al.| (2008))

The feature maps ¢nn = &(Sph,anp) € R¢ and
Unn = V(Smn+1) € RY are fixed and a priori
given. Using the identity matrix I € R¥>? we de-
fine the following matrices: Ky = > g ¥(85)9(5)7,
Vv, = Zn/gn,th ¢n’,h¢3~;,h and V,) = M + V,,. Note
that V,, is a symmetric matrix, V3 = Al and we ab-
breviate M,, g = M,,. We have furthermore:

B[ a0l u K 5 an| = S, MT . (4)

M, can be estimated via the ridge regression problem:

n,H

argmin > [0, Kt = o MIE+ AIMIE L (5)
n’, h
which has the solution:

n,H
M, = (V) bnntbn K (6)

n’ h

UC-MatrixRL constructs optimistic value function esti-
mates based on a matrix ball, B,, = Bg, (M,,) of radius,
B, centred at the current estimate of the transition

core M,,. In episode n, the optimistic Q-function is
recursively constructed as:

Qn,H+1(5,0) =0V(s,a) € S x A
Qn.n(s,a) =7(s,a) + Ag[neaé( (s, a)TM¢TVn7h+1 helH],

where the value function satisfies V,p(s) =

max, Qnn(s,a). Let ¥ = [1/1(51), .. .,w(s‘5|)}T €
R5%" he the matrix of concatenated 1 features of
all states. In order to show regret bounds for the algo-
rithm, we require regularity conditions in feature space.

Assumption 3.1. (Feature regularity) For positive
constants Car, Cyp, Cy, qup we have:

1. ||6(s,a)||3 < Cy V(s,a) € S x A,
3. 9T vy < Cyllv)leo Yo € RS
4. |M*||% < Cud

These assumptions are almost the same as assumptions
2" in [Yang and Wang| (2019)), only 1. differs in that
they assume ||¢(s, a)||3 < Cyd. The set of assumptions
leads to a construction of a matrix ball of Frobenius
norm.

3.3 Regret bound of UC-MatrixRL

show in theorem 2
with first item

Yang and Wang
that wunder

(2019)
assumption [3.1]
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modified as described in the previous section,
UC-MatrixRL has regret upper bounded in
O [Co\JIM* [+ C2 (1 + M5E2) aH* VT, The
proof relies on a version of the log-determinant lemma
(lemma 8) on ¢ plly,-1. While the remainder of
the paper could be done based on this analysis, we
reanalyse this self normalised norm of the summed
features, which improves the horizon dependence by a
factor of vVH and allows emphasising the impact of
the bias.

For notational convenience, we will define: D =1+
nl/{g"’. In appendix |B| we prove the following version

of the log determinant lemma.

Lemma 3.1 (Alternative Log Determinant Lemma).
The following inequality holds,

ZZ bnnlly—1 < ZDHMHV 1+ %uog( D).

n=1h=1

Intuitively, this means that the self normalised norm of
the sum of feature matrices grows significantly slower
than H. Despite using an inverse norm on the left
hand side defined via the V,, matrices and lacking all
the inter-episode outer products, we can show the sum
of these inverse norms can be upper bounded by the
a constant multiple of the sum of the inverse norms
that defined by the inter-episode V/, ;, matrices plus a
term of the form O(dlog(n)). This lemma allows us to
apply the determinant lemma and save a factor of v H
in the regret.

Let us define Cy 5 == (44 Cy/N). Using our version
of the log determinant lemma results in the following
regret bound.

Theorem 3.2 (Regret UC-Matrix RL). The regret of
the UC-MatrizRL algorithm, under assumptions [3.1}
after T = NH steps in MDP M is upper bounded with
probability at least 1 — 1/(NH) as:

) < (O{w/d’dlog (NHD) + ﬁuM*HF)
QCwH\ / C¢7ATd In (D)

The theorem is a special case of theorem [£.2] the regret
of biased UC-MatrixRL, with bias matrix W = 0. Our
bound allows replacing a v2H factor by /Ce x =

\/(4+ Cy/X) which is independent of the horizon H.

4 BIASED UC-MATRIX RL WITH
ORACLE ACCESS

In this section we describe and analyse a biased version
of the UC-MatrixRL algorithm from [Yang and Wang

(2019). We will highlight how the optimal bias improves
the regret bound.

Given a fixed bias matrix W € RdXd/, the learner faces
at the end of the n-th episode the ridge regression
problem:

n,H
M, = argmin » |1, K ' — oL, , M|?
min DG o MIB
+AN|M - W% .

We refer to W as the bias matrix or bias transition core.
Using ridge regression with the change of variables
M = B + W and solving for B yields for M,, the
solution:

n,H
V) o (VK =0l W) ()
n’ h

The resulting algorithm is given in algorithm

Algorithm 1 Within Task Biased Upper-Confidence
Matrix RL (BUC-MatrixRL)

Input: MDP(S A, P, s0, H), features ¢ : Sx A —
R? |4 : S—>Rd A>0, W07N
Initialize: My = Wy, (V) ! =
for episode n=1,...,N: do
Build optimistic Q—function using M, B,
for step h=1,...,H : do
select greedy action a,,  using Q. n
record next state s, n4+1
end for
update feature matrix V,, ;1 = Vn+ZhH gbn,hd)f’ A
recompute ellipsoid radius 3,41 like in eq.
possibly update bias estimate Wn+1
recompute core estimate Mn+1 using eq. |§|
end for

1
=51

4.1 Analysis of biased UC-MatrixRL

We begin by analysing the biased UC-MatrixRL al-
gorithm and analyse afterwards ways to obtain an
estimate of the bias. The proof works in two steps,
first we show that the optimal transition core M* is
with high probability in an over time shrinking ball
around M, and secondly we bound the resulting regret.
The employed proof techniques are primarily based on
Yang and Wang] (2019)), |Abbasi-Yadkori et al.| (2011)
and |Cella et al.| (2020).

4.1.1 Naive construction of confidence balls

In order to construct confidence balls we will use self
normalizing inequalities. We use them to bound the



Robert Miiller, Aldo Pacchiano

deviation of the optimal transition core from the algo-
rithm’s estimate M,,.

Theorem 4.1 (Confidence Ellipsoid BUC-MatrixRL).
Let § > 0. BUC-MatrizRL with bias matrix W, pro-
duces under the assumptions [3.1) with probability at
least 1 — & for all t > 0 estimates M,, of the core
matriz, that satisfy:

N 1
M, — M*||r <C/ /2d'1 — d'dlog (D
|| Ir < w\/ o8 (5 ) + daroe (o)

VAW — M ||p = 5} (3) .

Thus for all times t > 1 and recalling the regularity of
the feature map ¢ we have with probability at least 1—9,
that the true transition core M* is contained in the
ellipsoid Cp(8) = CYy (5 (M) = {M € R™¥|| M, —
M|p < BY(8)} of radius BV (8) and centroid M,,.
Clearly it holds B (6) < B9(5), which combined with
item 4 of assumption yields the radius 32():

C;\/zd' log <(15) + d'dlog (D) + VAdC,,  (11)

It is a common choice to select § = 1/(NH). We defer
the proof to the appendix [C.I] Having obtained the
confidence ball, we are now ready to obtain a regret
bound for BUC-MatrixRL.

4.1.2 Regret bound

Using the fact that an ellipsoid of shrinking volume
around the current core matrix estimate contains the
true core matrix with high probability, results in the
following regret:

Theorem 4.2 (Regret BUC-Matrix RL). Under the
assumptions of theorem[{.1| after T = NH steps, choos-
ing the ellipsoid radius BYV () as z'n BUC-MatrizRL
abides with probability at least 1—1/(NH) the following
bound on the regret:

Ry(M*) < (O{/}\/d’dlog (TD) + VW — M*HF)

QCI/JH\ / C(b,)\Td In (D)

We defer the proof to appendix[C-2} We wish to empha-
sise the behaviour of biased UC-MatrixRL for two spe-
cial choices of bias transition cores, the origin 0 € Rdxd
and the true transition core M *:

1. Choosing an uninformed transition core W =
0 € R?™? recovers unbiased UC-MatrixRL, thus
the regret bound from theorem [3.2) applies.

2. Oracle Prior When the algorithm has access to
an oracle, it is possible to set the bias transition
core of BUC-MatrixRL to the true transition core,

W = M*. As a result the term VA|W — M*||p

vanishes. Recalling the definition of D as 1+ Mig“) ,

it is clear that the regret goes to 0 as A — oo.
Thus, the bigger the regularisation strength, A,
the smaller the regret we suffer. This is since
for large A\, M,, = M*, thus the learner selects
action greedily with respect to the true Q-function
obtained by using the true dynamics.

4.2 Meta Transfer Regret Bound

The goal of meta learning to generalise from the train-
ing tasks to all tasks of the task distribution at hand.
While we bounded the single task regret in the pre-
vious section, what we are really interested in is the
transfer regret, thus Exq~_g Rr(M), where 4 is the
distribution of all MDP. To do so, we define the mean
and variance of the task distribution. As each sampled
transition core M gives rise to an MDP M € .Z, we
have an equivalence of sampling transition cores M
from the distribution of transition cores 7 or sampling
MDP M from the distribution of MDPs .#. Thus,
we can write interchangeably Exq._» and Eps . Re-
call the transfer regret from equation [3] as being the
expectation of the individual task regret across the
distribution of considered MDPs .Z .

We are interested to study the impact of the bias matrix
W on the incurred transfer regret. Let us define the
variance and the mean absolute distance of the bias
matrix relative to the distribution of environments 7

Vary (T) = Ennr [|M — W3]
Madw(T) = ]EMNT [HM — W”F] .

We skip the argument, the task distribution 7", when-
ever it is clear form the context that it is either the
training task or test task distribution. We are now
ready to state a first bound on the Mtr:

Theorem 4.3 (Meta Transfer Regret BUC-MatrixRL).
Under the assumptions of theorem [{.4 we have with
probability at least 1 — 1/(NH) for a task distribution
T the following Mtr after T steps per task (where we
absorb constant factors into C):

Mirp(T) <CCyHC)dy[/d'TCy 5 log (TD) In (D)

+CCyHMadyy /AT Cy rdIn (D)

<CCyHC}d\/d'TCy xlog (TD)In(D)

+ CCyH\\[Varw ATCy 5d1n (D)
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We will now interpret the obtained upper bound on
the transfer regret for different choices of regularisation
strength A and bias matrix W:

1. We obtain in the limit of an infinite regularisation
strength (omitting a constant 4 from Cy »):

lim Mtrr(T)
A—00

< lim CC¢H\/ Varw ATdIn (1 4o C“’)
— 00

Ad
= CC@[,H\ / Vaer20¢

a v/ Vary dependence of the transfer regret on the
variance of the task distribution with respect to
the bias matrix W.

2. It turns out that for a particular choice of \ we can
actually improve the y/Vary dependence of the
transfer regret. For a matrix Q € RdXd/, we de-
fine the function DVar : R4 — R ; DVar(Q) :=

14 TV2raCe) Lot A = goh—
vated by the following two aspects. Firstly, the
reliance on the prior should shrink the more sam-
ples are seen in a particular task, thus the 1/T
part. Moreover, we want the learner to rely less on
the prior W if the task distribution is very broad
as indicated by a high task variance Varyy, thus
the 1/Vary,. The resulting transfer regret is:

, which is moti-

Miry(T) = (1 + €} /@dT og (TDVar(W)) )

CCyH\/Cy rdIn (DVar(W)) .

This means that the choice of regularisation

strength m yields a y/log(1 + Vary/) depen-

dence, whereas the limit of A\ — oo yields a worse
dependence of v/ Varwyy .

3. Keeping A\ = m the transfer regret BUC-
MatrixRL with the bias matrix chosen as mean
transition core M goes to zero as the variance of
the task distribution goes to 0.

4. Oracle BUC-MatrixRL improves against indi-
vidual task learning, whenever the variance of the
task distribution is much lower than its offset from
the origin:

Vary; = Ewr||M — M||%
< Epn||M||3 = Varg .

Choosing an appropriate step size of A = m allows
for a dependence of the upper bound of the transfer
regret of \/In(1 + Varwy/ ). In the limit of no variance of
the task distribution we recover the single task regret
bound from theorem

5 PRACTICAL META LEARNING
WITH BIASED UC-MATRIX RL

So far we assumed access to an oracle of the optimal
transition core M* and showed its usefulness in terms
of incurred transfer regret. In any practical setting we
do however have no access to an oracle, thus we want
to transfer knowledge from previous tasks. Following
the meta learning protocol, we have access to G many
training tasks. Each task g was created by sampling
Mgy ~ T. We run biased UC-MatrixRL with a bias
transition core based on the transition core estimates
of previous tasks for N episodes a H steps in MDP
M. To enable generalisation across the full distribu-
tion of tasks, we use at meta test time BUC-Matrix
RL with a bias distilling the transferable knowledge
from meta training. The full training protocol is given
in algorithm In the case of sequentially arriving
tasks 1, ..., g we can always consider all previous tasks
1,...,9—1 as training tasks, and the test set as the one
element set containing only the g-th task. Thus, our
approach caters also to the continual learning setting.

Algorithm 2 Meta Train

Input: set of training tasks Mi,..., Mg, features
p:Sx AR p: S = RY N> 0, bias for the
first task Wg, episode number N, horizon H
Initialize: Moo= Wy, V; ' = 11
for train task M, € {M;,..., M¢c}: do

run alg. on MDP M, with bias W = Wg_1
end for

Inspired from the bias estimators in [Cella et al.| (2020)
we describe now two methods to estimate the bias
transition core matrix in episode n of task g, Wy ,,
based on previous experience.

To account for the multitask setting we add a sub-
script indicating the task index g € [G]. Recall
our assumption that all tasks share the same feature
maps ¢ and ¥ and the interchangeability of the T
and nh time within a task. For the g-th MDP, we
have the transition core M, feature matrix V,; =
Vo) Hi%H = Zpgt ¢(59,p)¢(397p)T = Zpgt ¢Q;P¢§,p’
the concatenation of all features in episode n: ®,, =
[¢g,n,la sy ¢g,n,H}T and \I[g,n = [Z/}g,n,la s awg,n,H}T
and the radius of the confidence ellipsoid at stage t as

g,r A quantity central to our analysis is the mean

estimation error of the bias W, at stage (n,h) of
the g-th task with respect to the true mean transition
core M:

€gnn (M) = M ~ Wy nnllf - (12)

As the learner faces the tasks in a sequential manner
there is an inherent estimation error, due to the fact
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that it has only samples from the task distribution. We
define Wg ; = ﬁﬂ (Z?Zl TM, + tMGH) the mean
transition core of the observed MDP and denote the
estimation error relative to the true mean transition

core M as H 4(G+1,M) = |M — Wg.|p.

5.1 Averaging previous transition core
estimates - a low bias estimator

The first approach is to use an weighted average of pre-
vious transition core estimates as bias. The motivation
is that the knowledge acquired in previous MDP My,
..., Mg is distilled in the respective final estimate of
the transition core WQT. Knowledge transfer between
the tasks is achieved by aggregation of the individual
estimated transition cores:

G-1
R T - nH +h
Wonn = Lap,, + "HEh

g=1

Mg, (13)

with normalisation factor Z = T(G —1)+nH +h. This
choice of bias estimator results in the following bound
on the transfer regret.

Theorem 5.1. BUC-MatrizRL incurs after T inter-
actions in G previous tasks, using the bias estimator

x . . _ 1
Wa.n,n as in equation |15 A = TVarg, and under

assumptions with probability at least 1 —1/(NH)
at most the following meta transfer regret:

MtrT(Mg+1) < CC¢HdC{p

3 _
\/ CordTlog (T | T3Co (Vary + eaT(///)))

d

The mean estimation error can be upper bounded as:

- ° (1/NH
6G7T(‘///) < H4(G+1,M)+ max %
oclel A”{i”(vg).\T)

The proof is based on theorem [£.3] and deferred to
appendix [D] Analysing the bound on the noise we show
that, by a Frobenius matrix norm version of Bennetts
inequality, the first term goes for an increasing number
of tasks to zero. This means the estimation error
is dominated by the second term. Recall our choice
of A =1/(T'Vary,), we see that the estimation error
increases with the variance of our bias matrix estimator.
The meta learning procedure comes with an additional
storage requirement of the size of the transition core in
which the estimates of the training tasks are averaged.

5.2 Global ridge regression - a high bias
estimator

The previous estimator shared knowledge between
MDP’s M, via the final estimated transition cores.

Here we present an estimator that instead builds fea-
tures on all transitions seen in all previous MDP and
performs one global ridge regression to estimate the
transition core matrix which we use as bias in biased
UC-MatrixRL. This approach is inspired by the high
bias estimator in (Cella et al., |2020) and is in line
with previous estimators in the multitask bandit lit-
erature. The knowledge transfer between tasks works
thus in form of feature embeddings of the observed
(s,a,s’) transitions instead of aggregated objects. Let
VG,mh = Zle Va,r 4+ Vaii,n,n. Global ridge regres-
sion uses the estimator:

G—-1N,H

Z Z qsg,n,h"bg,n,hKQ;l

g=1 n,h

WG,n,h :(VG)\,n,h)_l

(14)
n,h
+ Z ¢G,n’,}z’wG,n',}z/KJ1] .

n’ !
This yields the following meta transfer regret:

Theorem 5.2. BUC-MatrizRL incurs after T inter-
actions in G previous tasks, using the bias estimator
Wa n,n as in equation A= W and assump-

WaG . n,h
tions with probability at least 1 — 1/(NH) at most
the following meta transfer regret:

MtrT(Mg+1) < ch/,HdC:/)

3 _
\/ Cyd'Tlog (T L T°C (Vary + 6G,T(T))>

d

Let Viin = Amin (VG,n,h> be the minimal singular value

of the global feature matriz. Then the mean estimation
error can be upper bounded as:

eG,T(%) S H//[(G—F I,M)

2172
dCu + Llog NH—i—M
v A+Vmin

+ A + Vmin Ad
BO(1/(GNH))
A+Vmin
+2(G+1) max H(G+1,M,).

g€[G+1]

H(G+1,M,) is a weighted version of the estimation
error H (G + 1, M) towards the current transition
core M :

H(G, My) = H.a(9, My)omax (Vor Vi k) + (15)
where omax (V;]TVG_}VH) quantifies the misalignment
of task g to the other tasks observed so far.

The regret bound follows from theorem [:3] and is
derived in appendix [E] Comparing this to the low
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bias solution in theorem [5.1] we see that the variance

[o]
is now w instead of %@H) From ob-
F¥min )\min(vg‘T)
serving, Vmin > %)\mm(Vg) Vg € [G] it follows that

we shrink the variance by a factor (dd’')/G. As the
number of training tasks G goes to infinity, the vari-
ance goes to zero. This comes however at the price
of increased bias 2(G + 1) max,e(g41 H(G +1,M,)
which increases proportional to the task misalignment,
Omax (VQVTVGT’ }v H) We illustrate its behaviour on two
corner cases.

First, assume that the task distribution 7 = {M}, so
our task distribution, consists of a transition single core
matrix. As we face always the same task, we expect
extremely favourable transfer. In particular, we suffer
in this case no bias as H(G + 1, M,) = 0.

The other extreme are completely unrelated tasks. The
minimal relatedness we can generate is if correspond-
ing vectors of the transition cores are orthogonal to
each other. Consider the task distribution, where each
column of the transition cores is a d-dimensional ba-
sis vector. In this case one can do meta learning on
d — 1 mutually different training tasks without seeing
an improved meta transfer regret on the d-th task.

Note that the linear MDP models requires feature
maps ¢ and 9 as input. The transition cores live in
a feature map dependent space, making it hard to
connect properties of the transition cores of a task
family to interpretable properties of the environments.

5.3 ITRL vs MTRL

We can now compare the gain of doing meta learning
compared to independent task learning. In the inde-
pendent learner scenario, the transfer regret depends
on the variance of the tasks relative to the origin, Varg.
Doing meta learning allows us to obtain estimators
that replace the variance with respect to the origin by
the variance to the mean task Vary; plus an additional
error term. In the oracle case, the error term is zero.
Since in practice there is no oracle, we bound the ad-
ditional error term for two different bias estimation
methods. For any task distribution of small variance
but large offset, the obtained transfer regret incurred
by meta learning is lower than from ITRL.

6 DISCUSSION

Our paper gives an affirmative answer to the initial
question of the usefulness of meta RL. Using the one-
to-one correspondence of MDP with linear transition
core and the core matrix, we have a notion of distance
between tasks. This allows the characterisation of any
distribution of linear transition core MDPs via its offset

and variance. We prove a decrease in transfer regret
of meta RL compared to independent task learning
whenever the variance of the task distribution is small
compared to the offset from the origin. While we
show this improvement first in a setting with access
to an oracle that reveals the offset of the transition
core distribution, we extend the result to two practical
estimators.

One estimator performs knowledge transfer between
the tasks using an aggregation of distilled knowledge
obtained on previous tasks in the form of estimated
transition cores. This method suffers, however, a possi-
bly large error due to the direct proportionality of the
estimation error, thus transfer regret with the variance
of the transition core estimator. The second proposed
estimator suffers bias proportional to the task misalign-
ment in a trade-off for a variance that goes to zero as
the number of tasks goes to infinity. Here, the transfer
of knowledge happens via the sharing of embeddings
of the observed transitions. Note that similar meta
learning via learning a bias estimators can be combined
with any (provably efficient) RL algorithm based on
linear regression for similar gains compared to ITRL.

Our work chooses meta transfer regret at performance
measure, which weights all test tasks equally. An inter-
esting avenue of future work is to analyse alternative
objectives, for example the worst case transfer regret
within the test distribution.

A major limitation of the framework of linear tran-
sition core MDP is the assumption of known feature
maps ¢ and ¥. This allows studying the usefulness of
meta learning for rapid learning in a newly encountered
task. In empirically successful meta deep RL works,
the feature embeddings are, however, not given but in-
stead learned. Thus, the effectiveness of meta learning
could lie within learning a good initialisation/bias or
in learning a set of reusable features. For the case of
model agnostic meta learning (Finn et all 2017)) the
empirical study (Raghu et al., [2019)) finds that feature
reuse is the dominant factor in the examined few shot
classification and RL tasks. To fully understand the
usefulness of meta learning in general MDP’s, it is thus
necessary to also take feature learning into account.

We lastly wish to emphasize that each linear MDP can
be trivially embedded as its generating vector/matrix.
The space of vector-/ matrix norms gives immediately
rise to distances between tasks. It remains however
an open question how to embed general MDP and to
develop distance metrics between the task embeddings
that are meaningful, for example in the sense that
learning in nearby tasks aids learning in target tasks.
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SUPPLEMENTARY MATERIAL

Organization of Supplementary Material

[Al NOTATTON]
15}
ANALYSING THE REGRET OF (BIASED) UC-MATRIX RIj

[Constructing Confidence Sets|
[Doing RL using the estimated matrix balll

[Meta Transfer Regret]

PROOF OF THE TRANSFER REGRET FOR THE LOW BIAS ESTIMATORI

[El PROOF OF THE TRANSFER REGRET FOR THE HIGH BIAS ESTIMATOR]

A NOTATION

Let z € R? and A € R¥? a positive definite matrix. We define the Mahalanobis norm || a = VT Ax.
For a matrix X € R¥? we have the Frobenius norm and the inducing matrix inner product norm || X||r =

Vir(XTX) = /(X,X)r =, /22 ;1 Xi,j1>. We have further the Mahalanobis version of the Frobenius norm for

a symmetric positive definite A € R4¥¢:

|AY2X 3 = (X T (AT AV2X) = tr(XTAX) = 31X, 4 = X (16)
J

We denote the column indices of X as j € {1,...,d’} and row indices i € {1,...,d}. We denote the 2-1 matrix
norm, which is the sum of the euclidean norms of the matrix columns: [ X|[2,1 = 32, | X;[l2 = >°;(X;, X;) =

> y > Xf ;- Similar we can define the A —1 norm, which is the sum of the Mahalanobis norms of the individual

columns: [ X|la1 =3[ X;lla=2; XTAX;. We have further:

JAY2X [l = 3 IAY2X 2 = 30 \/XTAX; = 371X = X Las -
j i J

We will also use the 2 — oo norm of a matrix || X |2 o = max; || X||2

B USEFUL LEMMAS

Throughout the proof we will need at different locations the elliptical potential lemma:

Lemma B.1 (Lemma 19.4 in (Lattimore and Szepesvari, 2020)). Let Vy € R%? positive definitive and ¢1,. .., dp €
R? a sequence of vectors with ||¢¢||3 < CzVteh], Vi=V +3 o, T ¢y. Then:

h
. det Vj, trVo 4+ hL?
1 2 ) <2l < 2d1 —_— 17
;mln( ’H@HVt 1) < Og(det%) S Og(ddetVJ”) (17)
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Recalling our feature regularity assumption ||¢(s,a)||3 < C, we get:

21og (detvh> < 2dlog (M’) = 2dlo <1+ HC¢> . (18)

det Vg i Ad

Note that (Yang and Wang, 2019)(lemma 10) would get here by virtue of choosing ||¢(s,a)||3 < dCy and X = 1:

det Vj, A + hdC,
< 2T e = .
21og (d va) 2d1o ( = ) 2d1og (14 hCy) (19)

Lemma B.2. If B > C > 0 be d x d dimensional matrices then,

‘1 x'Bx < det(B)
x;é%x Cx ~ det(C)’

Proof. Given any y € R% let x = C~'/2y. Then

xTBx ch—1/2B0—1/2y
sup = sup 5
x#0 X TCx y#0 ||YH2

_ HC—1/2BC—1/2

op

by the definition of the operator norm. Recall that by assumption B — C = 0 therefore C~/2BC~1/2 —1 > 0,
and hence all the eigenvalues of C~'/2BC~1/2 are at least 1. Thus

x'B

det(B)
< 1/2 1/2
= det(C™*BC~ /%) = dct(C)’

sup

C HC 1/2g0-1/2
xqéOX X

where the last equality follows since geEEC) = det(C~1/2) det(B) det(C~1/2) = det(C~/2BC~1/2). This completes
the proof. O

Recall that V,, , =V, + >, <h qﬁn,hrqbl - We are now ready to proof the doubling log-determinant lemma.

Lemma 3.1 (Alternative Log Determinant Lemma). The following inequality holds,

N H C(b
<D D 2lénnlly-1 + S>dlog (D).
n=1h=1

Proof of Lemma[3.1 Define e, =1 (”(b”vh”(VnA,h)’l < 2H¢n,h||vx);1)~ We define ef, , = 1 — e, p.

”h) 1+Zzef7'h b\ .

n=1h=1

N H N H
DD lbnnlivp-r <D 2
n=1h=1 n=1h=1

If ¢ , =1 and as a consequence of Lemmal‘EﬁZl7

H¢n,h||(vk);}h < det(V,, )
B H¢n,h||(vx);1 T det(Vy)

And therefore it must be that,
an 1 h e < M

n,h

= “det(A)

Furthermore, as a consequence of Lemma

det(Vy) nHC
-~ 7 < .
g ( det(A\D) ) < dlog (1 TN
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We therefore conclude that,

N H 2
ZZech<dlog 1—|—an¢ .
= Ad
The result follows. O

Intuitively this means that the self normalised norm of the sum of feature matrices grows significantly slower
than H. Despite using an inverse norm on the left hand side defined via the V,, matrices and lacking all the
inter-episode outer products, we can show the sum of these inverse norms can be upper bounded by the a constant
multiple of the sum of the inverse norms that defined by the inter-episode V;, ;, matrices plus a term of the form

O(dlog(n)).
C ANALYSING THE REGRET OF (BIASED) UC-MATRIX RL

The analysis of UC-MatrixRL works in two steps. First we show that the optimal transition core M* is with
high probablility contained in an ellipsoid around the current estimate M,,. Subsequently we proof the regret for
the case that M* is with high probability in the constructed confidence ellipsoid.

We give the proof for the general biased case. The unbiased case follows immediately by choosing the zero matrix
as bias, W = 0.

C.1 Constructing Confidence Sets

Theorem 4.1 (Confidence Ellipsoid BUC-MatrixRL). Let § > 0. BUC-MatrizRL with bias matric W, produces
under the assumptions with probability at least 1 — § for all t > 0 estimates M, of the core matriz, that
satisfy:

. 1
— * < / '’/ _ !
| M,, — M*||p _Cw\/2d log (5> + d'dlog (D) 10)

VAW = M*[p = B (5) .
Thus for all times t > 1 and recalling the regularity of the feature map ¢ we have with probability at least 1 — 0, that
the true transition core M* is contained in the ellipsoid C,(0) = C’g‘&,(é)(Mn) = {M e R™*?||M,, — M||p <

BW(5)} of radius BV (8) and centroid M,,. Clearly it holds BV (5) < B2(8), which combined with item 4 of
assumption yields the radius 3%(5):

C;\/Zd/ log (;) + d’dlog (D) + VdC,y, (11)

Proof. The proof leverages the confidence ellipsoid from theorem 2 in (Abbasi-Yadkori et al., [2011)).

We start with the solution of biased UC-Matrix RL and write out the regression target to illustrate the impact of
the noise:

My = (V)| Y b (bnnKS = ob W) |+ W (20)
_n’<n,h§H

=) Y bun (G M s — 6L, W) |+ W (21)
_n’<n,h§H

We denote by 5, = Kglwn,h — (M*)T ¢, € R* the noise vector. Using assumption ﬁ, 2., we have:

H(M*)%n,h

[ s ezl

<E [IK; b nllal Fan] < CY - (22)
2
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As a result we have E [, = 0] and [[n,xll5 < 2C,, thus our noise is 2C;, subgaussian. Using the identity
> ennci Gnn®t , = (V,}) — A on the terms involving M* and W we can write:

M, — M = (V)™ Y Gummn+ AV (W - M) (23)

n
n’'<n,h<H

Using Cauchy-Schwarz we have for any X € R%";

(X, M, — M) 5 — <x, VI Y b + AL (VD)W M*>> (24)
F

n'<n,h<H

- <<v,$>1/2x, V2 S bumman)e + MV VX, (VAW - M*>> (25)

n'<n,h<H F

foere

H(Vn)\)_l/Q Z (bn,hnn,h
F

n'<n,h<H

FANVHTVEW =M | . (26)
F

Inserting the choice X = (V,})(M,, — M*), using the symmetry of (V;}') to split it and observing ||(V;})~1/2A|% <
1/ Amin (VAR < 1/X[| A3 yields:

V(M - M3 < [(VA2(M, — M)z H(%*)”Q S b
n’'<n,h<H

+ VAW = M)||r
F

(27)

Division by |[(V,MY2(M,, — M*)||r yields:

Y R L (USRS
n’<n,h<H

+ VAW =M | (28)

We can write the Frobenius norm of a matrix as the root of the squared two norms of the columns of the matrix,
thus |Allr = 1/E:jH(A)ng. Note that each ¢y p(1n,n); term is a vector.

dl
1M, =M< | (D

j=1

Z (bn,h(nn,h)j

n'<n,h<H

2
+ VAW = M)|F | (29)
(v

We apply the self-normalising bound for vector-values martingales from theorem 1 in (Abbasi-Yadkori et al.),
2011)/ theorem 20.4 (Lattimore and Szepesvari, [2020) to the noise term and obtain:

det((V,})'/2

1M, — M| < Nd’?(%)? log S aervy iz VIOV - M*>|F> . (30)

Invoking the elliptical potential (lemma equation on this yields:

1 H
| M, — M*||p < C{b\/Qd’log <6) + d'dlog (1 + nd)\C(z,) + VAW — M) . (31)

Here we used the assumption || ®(s,a)||3 < C,. Using the dC, constraint from [Yang and Wang| (2019) would
have given an extra in the nominator which would have cancelled with the denominator.

O
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C.2 Doing RL using the estimated matrix ball

We start by showing that the estimation error is along the directions of the exploration.

Lemma C.1 (similar to lemma 5 in [Yang and Wang (2019))). For any M € B,, we have

p(s,a)” (M — M, ||1<6n¢¢sa (V)" 2é(s, a) (32)
Proof.
¢ (s, a)" (M — M)y = [[6(s, )T (V) "2(V)Y2(M — M) | (33)
< lo(s,a)" (V) TVl (V)V2(M — M) |2 (34)
= ll¢(s,a)" (V) 72|12 l|(M — M)l vay 1 (35)
< Buallp(s,a)" (V) 2|, (36)
O

While |Abbasi-Yadkori et al.| (2011) directly decompose the regret, in case of MDPs with linear transition modules
we show first that the value iteration error per step is not too large which allows us to subsequently bound the
regret. For notational purposes it wil be convinient to define:

Wate =\ B @0 ) (V)05 @) = \JOL, (VD) (37)
Lemma C.2 (Like Lemma 6 in [Yang and Wang| (2019)).

Qn.h(Snhy n,n) = [7(Sn,hs an,n) + PCsnny @nn) Vanga] < 200 H Bpwn p (38)
Proof. Similar to [Yang and Wangj (2019) and using the updated bound in lemma O

Using this we refine lemma 7 of [Yang and Wang (2019) as follows:

Lemma C.3 (lemma 7 in|Yang and Wang| (2019)). Assumptions hold, 1 < 8; < --- < By, then we can bound
the regret at terminal time T = NH:

N H
Regret(T) < 2C,HB,E lz Z min(1,w? ;)

n=1h=1

N
+Y HP[E, =0 (39)

The only term that remains to be bounded is:

N H N H
ZZ min(1, wy, ;) < HNZZ min(1, w;, (40)

Looking at the structure of Zﬁle Zle min(l,wi’ ) it is tempting to reapply the classic elliptical potential
lemma However, this uses at step n, h the V,, j, induced Malahonobis norm. We shall however have a fixed
Malahonobis norm |||y, throughout episode n. We derive a related log determinant lemma, which is quite similar
to lemma however we need to pay a factor H.

Lemma C.4 (Analogous to lemma 8 in (Yang and Wang}, [2019)).

N H

det NH A
E :E :mlnlw )< 2HIn MSQHdlni (41)
n=1h=1 det(VO) A
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Proof. Note that for any u > 0 it holds min(1,u) < 2In(1 4 u). Thus we get for the Lh.s. of AT}
N

H

N H
SN min(Lwl,) <2) 0> W(l+wl,). (42)
n=1h h=1

=1 n=1

We are now going to bound the r.h.s. by a log determinant ratio. Recalling the structure of (V) we have:

H
Vg1 = (V) + Y bnndhy - (43)

The determinant is a multiplicative map, thus we can decompose det(V,,11) as

det(Voy1) = det(V;,) x det(T + (V;)) /> Z% (Vi) H2). (44)
h=1
Thus we get:
H
det(V;,41) > det(( (1 +w? )YH > det(V,_1)... (45)
h:l
N H
>det(Vo) [T JT0 +wi )™ (46)
n=1h=1
Putting things together and recalling eq. [I§ we get:
H
det(V; NHC,
ZZlnl—i—w )< 2HIn e N“)<2Hd1n 1+ 2. (47)
— det (Vo) A
n=1h=1
O

It remains to combine this with the confidence ellipsoid we constructed in theorem We begin by restating the
regret bound.

Theorem 4.2 (Regret BUC-Matrix RL). Under the assumptions of theorem after T'= NH steps, choosing
the ellipsoid radius BYY (8) as in BUC-MatrizRL abides with probability at least 1 —1/(NH) the following
bound on the regret:

Ryp(M*) < (C’{p\/d’dlog (TD) + VAW — M*HF)

QCwH\ / C¢7)\Td In (D)

Proof. By theorem [£.1] we choose:

1
B c;\/Qdflog (5) +d'dlog (D) + VW — M*||p . (48)

Then the bad event, thus the optimal laying being outside the confidence ellipsoid, occurs only with small
probability:

PVn< N|E,=1>1-6 (49)
Thus we get by lemma [C.3| when using lemma [C-4] :

NH
Regret(T, M) < 2Cy, Hpy \/ 2T HdIn <1 I Adc¢) (50)
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Using lemma [3.1] instead of lemma [C.4] yields:

NHC
Regret(T, M) < 2C, Hpx \/ CyaTdIn (1 T ¢> (51)
In the remainder of the paper we use the regret bound obtained by using lemma [3.1] O

C.3 Meta Transfer Regret

Theorem 4.3 (Meta Transfer Regret BUC-MatrixRL). Under the assumptions of theorem we have with
probability at least 1 —1/(NH) for a task distribution T the following Mtr after T' steps per task (where we absorb
constant factors into C):

Mirp(T) <CCyHC)dy/d'TCy 5 log (TD)In (D)

+ CCwHMadW\ / /\TC@)\CHH (D)

<CC4HC}d\|d'TCy 5 log (TD)In(D)

+ CCyH,\[Varw XTCy 5d1n (D)

Proof. The first inequality is a result of applying theorem with task distribution 7 and recalling the definition
of transfer regret in equation [3| Jensen’s inequality yields the second inequality. O

D PROOF OF THE TRANSFER REGRET FOR THE LOW BIAS ESTIMATOR

This analysis is inspired form the analysis of the low bias case in (Cella et al.l |2020). We start by stating the
following vectorial version of Bennett’s inequality which we shall need to bound the estimation error.

Lemma D.1 (Vectorial Version of Bennett’s inequality; lemma 2 (Smale and Zhou, 2007)) /lemma 3 (Cella et al.,
2020)). Let m1,...,mg be G independent random vectors in R% drawn from a joint distribution T with mean n
and variance o,,. Assume a bounded 2-norm at all stages: |myl|ls < Cp Vg € [G]. For any ¢ € (0,1) it holds
with confidence 1 —§:

G
1 _ 210g(2/5)CM 210g(2/6)aM

= lmy —mlls < + (52)
G = G G

Using the interpretation of the Frobenius norm of a matrix as the 2-norm of a flattened version of the matrix we
obtain the following corollary:

Corollary D.1.1 (Frobenius Version of Bennett’s inequality). Let My, ...,Mg be G independent random
matrices in R sampling from a joint distribution T with mean M and variance oy. Assume a bounded
Frobenius norm at all stages: || My||r < Cym Yg € [G]. For any 6 € (0,1) it holds with confidence 1 —¢:

G
1 - 21og(2/6)Cu 2log(2/0)onm
e > My — M|p < o + o (53)

g=1

Recalling the definition of the empirical mean task Wg; = ﬁ (Z?zl TMgy+ tMG+1) and the estimation
error relative to the true mean transition core M as H 4 (G +1, M) = || M — Wg || r we get from corollary

lim H.,(G+1,M)=0. (54)
G—o00
Bg.r(1/NH)

Al in (Vo)
linear regression results [Lai et al.| (1982) we know that A, (V1) > logT. By construction of the V]?‘ we have as

We deduce that the observation error is dominated by the variance term max (g . From standard
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such )\mm(%’\’T) > A+ Anmin(Vgr) > A +1ogT. We see that the smaller T the larger the impact of the size of .
Recall further our regularisation strength schedule: A = W We see that if the variance of our estimator is
W

large, the resulting A is small. This leads to smaller A, (Vy 1), which yields to a higher variance, thus we are
left with a circle of potentially self reinforcing variance. This is particularly problematic for task distributions .#
of high variance.

Theorem 5.1. BUC-MatrizRL incurs after T interactions in G previous tasks, using the bias estimator VAVG’n’h
as in equation A= W and under assumptions with probability at least 1 — 1/(NH) at most the
WG,n,h

following meta transfer regret:

MtI“T(MG+1) < CCdeC{b

3 _
\/Cdmd’Tlog (T + T°Co (Vaer+ EG’T(///))>

The mean estimation error can be upper bounded as:

_ ° (1/NH
eq.r( M) < H 4(G+1, M)+ max %
aclcl A2 (V)

min

Proof. Recall the upper bound on the meta transfer regret from theorem: [I.3}

MTRy(T) < COypHCdy/d'TCy \log (TD)In (D) + CCyHyVarw XTCy xd1n (D) (55)

Inserting A = and focussing for the ease of presentation on the dominant term we get:

_1
TV arw

T3
MTRy(T) < CCuHAC), \/ Cyrd'Tlog <T + G"X”“’)

Recall the choice of bias matrix estimator from equation

G-1
Wenn = Z - Mg+
g=1

The regret upper bound for this choice of bias matrix amounts to:

MTRy(T) < CCyHACY, | Cy2d'T log (T +

By the triangle inequality we have:

VVarvg = y| Enm~r l|M - WG,n,h”F] <V Varyr +/eagnn(T) -

Plugging this into equation [57] yields the desired meta transfer regret bound. It remains to analyse the estimation
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error e (A ):

Vear( ) =M -We |
<||M - Werllr+ Wy — Warle
= H4(G+1, M)+ |Wy1— W rllr
< H 4(G+1, M) + max | M, — M, r
g€lG]

|F

: 1(My = Myr ) (V)2 e
< H4(G+1, M)+ max

9€lc] >‘r1n/ii (V;\,T)
_ AM1/T
< H 4(G+1,M)+ max ?{2(7/)
gEKﬂ Anﬁn(‘[;TJ

O

E PROOF OF THE TRANSFER REGRET FOR THE HIGH BIAS ESTIMATOR

The estimator as well as the way to prove its properties is adapted from section 5 in (Cella et al. 2020) to the
matrix case. To this end we introduce firstly an additional variable:

_ -1 (&
Vvé¢+4 = (vb¢> <§£:‘//TA454—‘Gv+1iﬂfg+1>
g=1

Using the triangle inequality we can now separate error causes. We get the estimation error Wét 11 Wcl;,t 41
which we handle in and the estimation bias V_Vé 1~ WG,tH which we cover in lemma

Lemma E.1 (Estimation error of global ridge regression). The following rewriting holds:

. B R L,/ G T t ) o
Wé\,t+1 - W(/;7t+1 = (Vé\,t) (Z Z Pg,sMg,s + Z ¢G+1,s77G+1,s> - A (Vé\,t) WC/J,t+1
g=1s=1 s=1
Proof. Follows immediately from (Cella et al.| |2020]). O

Lemma E.2 (Estimation bias of global ridge regression). From Section@, we use:

G
- 1
WG,t+1 - W—‘,—t (; TMg + tMG+1> .

Differently from W&t this definition is a weighted average of the transition cores of the G previously encountered
tasks. Thus, we have:

G
3 [|M Wellr + (GT +0)[Wey — We s
g=1

= H7(G+1,M) +[[Weg.. — W l|r

where we have denoted with H(G + 1, M) according to what we have done in subsection . We can now focus
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on the term ||V_Vét — Wa.illF which can be equivalently rewritten as:

(Voo My + Vi1 :May1) — Wa

G
=1

_ _ o1
W i1 — Waeillr = H <VG,t)

g

F

[Mc41— We,lr

G
< Z ‘VG?V;J»T‘”MQ ~Wa,lr+ ‘Vc;,tIVGH,t
g=1

Ma

Hr(G +1, My)| Vi 1V, | + Hr (G + 1, M)V 1 Vi

<
Il
—

I
Ma

H’T(G +1, Mq)amax (‘/(]71&‘76;_72) + HT(G +1, MG+1)0max <Vq,tVG_j)
1

g

(G+1) max (HT(GH,Mj)amax(vg,tVC;g))

g=1,...,.G+1

IN

=(G+1) max H(G+1,M,)

g=1,...,.G+1

We have used the fact that the matriz norm of a given matriz A induced by the Fuclidean norm corresponds to the
spectral norm, which is the largest singular value of the matriz omax(A) .

Theorem 5.2. BUC-MatrizRL incurs after T interactions in G previous tasks, using the bias estimator VAVG’n’h
as in equation A= W and assumptions with probability at least 1 —1/(NH) at most the following
WG.n,h

meta transfer regret:

MtI‘T(MG+1) < chpHdC;)

3 _
\/ CrdTlog <T+ T3C, (Vary, + eg,T(T)))

d

Let Vinin = Amin (Vg,n’h) be the minimal singular value of the global feature matriz. Then the mean estimation

error can be upper bounded as:

(M) < Hy(G+1,M)

dC)y , 2 GN2H?C,
_— —1 NH A+ ——
* )\+Vmin +Ow\/>\+ymin o8 ( * Ad

BO(1/(GNH))
A+vYmin

+2(G+1) max H(G+1,M,).
g€[G+1] ’

H(G +1,M,) is a weighted version of the estimation error H 4(G + 1, M) towards the current transition core

g°
(G, My) = H.a(9, My)omax (Vo Vi o) (15)
where Tmax (%TVG_JI\,H) quantifies the misalignment of task g to the other tasks observed so far.

Proof. The bound on the meta transfer regret is obtained similar to the first part of the proof of theorem by
using the triangle inequality:

VVar, . = | Em~T [HM - VAVé\THQFl <VVarg +1/eq.(T) .
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It thus remains to bound the estimation error. According to lemma we rewrite:

ec+(T) < Hr(G+1,M) + (G +1) max, H(G +1,j) + |Wip — WazllF
g=1,...,

Recalling the definition of the Frobenius Malahonobis norm for matrices (equation it remains only to apply
lemma which gives:

Wer - Warle = | (72r) (Zzasg,mg, + Zm) | 1 (%) Wl

g=1s=1
G T T
sTg,s + Gsns + AW/ i B
Z:jg s + 3 s IWerl gy -2
G T 1
<5T—— ZZ gsngs+Z¢sns b [ Weallr
mln(Vé\T g=1s=1 = (VA ) )\mm(VG T)
(GT + T 1 -
ST G \/ )+IIWGT Werllr + —=—IWerlr
m1n V(?T )\min(VG)T)
(GT + T = S
- C \/ log ) +||WGT WG,T”F"'i—v)\
mm VC?T )\min(VG,T)
(GT T TL? -
§ C \/QIOg T—|— + ) +(G+1) max_HH(G—i—l,j)
Amm(f@T)

In the last inequality we used again lemma We can now introduce vy, = )\min(VG’T) as eigenvalue of the
global feature matrix. It follows as desired:

ear( M) < Hy4(G+1,M)+2(G+1) max H(G +1, M,) (58)
S
dChs 2 GN2H?2C,
_— —1 H4+ —).
>\ + Vmin - C"Z)\/)\ + Vmin o8 (G - Ad ) (59)
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