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Abstract

Fully Bayesian approaches to sequential
decision-making assume that problem pa-
rameters are generated from a known prior.
In practice, such information is often lack-
ing. This problem is exacerbated in setups
with partial information, where a misspeci-
fied prior may lead to poor exploration and
performance. In this work we prove, in
the context of stochastic linear bandits and
Gaussian priors, that as long as the prior is
sufficiently close to the true prior, the per-
formance of the applied algorithm is close to
that of the algorithm that uses the true prior.
Furthermore, we address the task of learn-
ing the prior through metalearning, where
a learner updates her estimate of the prior
across multiple task instances in order to im-
prove performance on future tasks. We pro-
vide an algorithm and regret bounds, demon-
strate its effectiveness in comparison to an
algorithm that knows the correct prior, and
support our theoretical results empirically.
Our theoretical results hold for a broad class
of algorithms, including Thompson Sampling
and Information Directed Sampling.

1 INTRODUCTION

Stochastic bandit problems involve sequential
decision-making in the face of partial feedback, aim-
ing to maximize cumulative reward or minimize regret
gained over a series of interactions with the environ-
ment (for a comprehensive overview see Lattimore and
Szepesvari (2020)). Bandit algorithms often differ in
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their prior knowledge about the nature of the rewards.
In a frequentist setting, one assumes a reward distri-
bution with fixed, but unknown parameters, while in
a Bayesian setting, these parameters are generated
from a known prior. While much effort has been
devoted to devising effective algorithms with provably
low regret in both settings, the situation is far less
clear in a mixed setup, where the reward parameters
are drawn from some unknown or partially known
prior distribution. A particular challenge in this
case is that exploration based on an incorrect prior
assumption may lead an algorithm to waste resources
by exploring irrelevant actions or, on the other hand,
to disregard good ones (for earlier discussions of the
influence of prior choice see Chapelle and Li (2011);
Bubeck and Liu (2013); Honda and Takemura (2014);
Liu and Li (2016)).

In the frequentist settings, for algorithmic reasons,
some algorithms treat the parameters as if they arise
from a prior distribution even though it does not reflect
nature (Agrawal and Goyal, 2013; Abeille and Lazaric,
2017). Although these algorithms can be applied in the
mixed setup, it is natural to expect improved perfor-
mance when an adequate estimate of the prior exists.
In this work we demonstrate in Theorem 1, for Gaus-
sian prior distributions, that as long as the prior esti-
mate is sufficiently accurate, the performance of an al-
gorithm that uses the approximate prior is close to that
of the same algorithm that uses the true prior. This
analysis is challenging, since it compares two learning
algorithms, both evolving throughout their interaction
with the environment.

One natural approach to acquire a good prior estima-
tion is based on metalearning. We study d-dimensional
linear bandits in a metalearning setup where, at the
beginning of each one of the IV instances, each of du-
ration 7', a linear bandit task is sampled from an un-
known prior distribution. The meta-learner maintains
a continually updated meta-prior estimator across in-
stances, and uses it as a prior for each instance. Then,
within an instance, she selects actions in pursuance
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of maximizing accumulated rewards, based on an up-
dated within-instance posterior. We provide an ex-
plicit algorithm and establish regret bounds with re-
spect to (WRT) the algorithm that knows the prior.

The main contributions of this work are the following:

e In the single instance setting, we prove that when
the prior deviation is small, an algorithm’s regret
is close, up to a multiplicative constant, to the
regret of the same algorithm that uses the cor-
rect prior. This result holds even when the prior
deviation is not restricted by a function of the in-
stance duration as implied in previous works, e.g.,
(Bastani et al., 2021).

e We present a class of algorithms that can use
any single-instance prior-based approach in a
metalearning setup to derive regret bounds with
(5(\/ NT) regret, as opposed to previous results
with O(vVNT®) regret, a > 3/2. As far as we are
aware, our results provide the first regret bounds
of order O(vV/NT) when both the prior mean and

covariance are unknown.

e Technically, we develop a two-stage approach to
compare algorithms using different priors, and
hence different actions along the run. This signif-
icantly reduces the time-dependence of the regret
bounds, and allows us to deal with the uncertainty
in both the mean and covariance of the prior (See
Table 1).

e We demonstrate empirically the importance of
meta-prior learning in general, and covariance es-
timation in particular.

2 PRELIMINARIES AND SETTING

We use the following convention: variables appear
with small letters x, vectors with capital letters X
and matrices with bold capital letters X. For X €
RY A, B € R¥xd | X[, is the I, norm, [|X]| is the
lo norm and ||A||,, is the l> operator norm. The
smallest and largest eigenvalues of a matrix A are
Amin (A) ; Amax (A) and A > B represents that A — B
is PSD. The unique square root of a PSD matrix A
is A2, We introduce the notation A[B], when we
wish to emphasize that A is a function of a matrix B.
This notation is used for vectors and variables as well.
The set {1,...,n} is denoted by [n] for n € N and the
indicator function is denoted by 1 {-}. Finally O rep-
resents the O notation up to polylogarithmic factors
and so does  and .

2.1 Setting and Assumptions

We consider a metalearning problem where a learner
interacts with N instances sequentially. At the start
of each instance n € [N], a random vector 6, € R¢
is sampled from a multivariate Gaussian distribution
N (p«, X)) with unknown parameters. At each time
t € [T], the learner chooses an action A,,; € RY
from a subset of available actions A, ; presented to
her and receives a reward @, ¢ [A,¢] = A;t@n +&n i,
where &, + is a noise term sampled independently from
a known distribution A(0,02). We also define the vec-
tor Xpt = [Tn1,...,2Zn,) and the matrix A, ;, which
is formed by concatenating the vectors {AI’S}Zzl in
its rows.

The following technical assumptions are required for
the proofs. We first define B,(0) as a d-dimensional
ball of radius a centered at 0 and the density function
fa(A) 2 fa(A)1{||A|| < a}/Z, for some function f4

and an appropriate normalization constant Z,.

Assumption 1. The set of actions can be either de-
terministic, A, = B,(0), or a set of actions of any
size, An 1 C B,(0), each of which is sampled i.i.d. from
a distribution fa with a covariance matrix whose min-
imal eigenvalue is lower bounded by a known constant
Amin (Z4) > As, > 0. The function fA(A), can be
either a zero mean Gaussian distribution or one which
satisfies monotonicity, i.e., for every ||Ai| < ||Az| in
the support of fa, fa(A1) > fa(As).

Assumption 2. The minimal and maximal eigenval-
ues of the prior covariance matriz are lower and up-
per bounded by known constants, Amin (Bx) > As, >
07 )\max (E*) S 5\2*-

Assumption 3. The norm of the prior mean is upper
bounded by a known constant, ||p«|| < m.

Regarding Assumption 1, only the boundedness of the
actions is necessary during all time-steps, while the
monotonicity and the eigenvalues bound are used just
during the exploration steps of the algorithm.

2.2 QB, Algorithms and Regret Definition

While optimal Bayesian approaches operate by an ex-
act computation of predictive distributions, we con-
sider algorithms that work with posterior estimates,
and which are not committed to Bayesian optimal-
ity. We refer to such algorithms as Quasi-Bayesian
(QB), including, for example, Thompson Sampling
(TS) (Thompson, 1933; Russo and Van Roy, 2014),
and Information Directed Sampling (IDS) (Russo and
Van Roy, 2018). The Bayesian regret of a QB algo-
rithm that uses a prior N (i, X,,) in the ny, instance
is defined WRT an oracle that chooses at each step
the action that yields the highest expected reward, i.e.,
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The expectation is taken over the prior used by the
learner, which may be random, due to previous ob-
servations, the realization of ,,, the actions that were
presented during the instance, the randomness of the
algorithm and the received noise terms.

We analyze algorithms that use the first 7 steps of each
instance to explore the actions uniformly at random in
order to gain information. We refer to such algorithms
as QB, (for example TS, IDS;) and select 7 so as to
minimally affect the regret.

For clarification, there are three degrees of knowledge
in this problem setup. The highest one is direct knowl-
edge of the realization of each instance {Hn}gzl. The
oracle which knows these realizations always chooses
the best actions A}, ; and does not need to learn any-
thing in the environment. The second level is knowl-
edge of the prior. We use the term KQB_ for the
special version of each QB algorithm that knows the
true prior and denote its actions by Af,t. Such algo-
rithms attempt to learn the realization of 6,, within
the instance, but do not need to learn the meta en-
vironment between the instances. Hence their regret
scales linearly in the number of instances N. This
type of algorithm is the one usually analyzed under
the Bayesian setting, e.g., (Russo and Van Roy, 2014,
2018). The last level of knowledge includes general
QB, algorithms that are unaware of the prior and the
realizations and may learn both within and between
instances.

The regret of a QB_ algorithm incurred by the incor-
rect prior is defined WRT KQB._ and essentially mea-
sures the cost of ‘not knowing’ the true prior. We refer
to it as the relative regret,

E [R&s, (tn, Z0, T)]
T
= Z Tn t — Tt [An,fH (2)
t=1
= [ Nn72n7T) RgBT (M*72*7T)] .

Note that a naive approach that uses the same ini-
tial prior, without transferring knowledge between in-
stances, yields a relative regret linear in N.

By rewriting (2), we can view the Bayesian regret of
a QB algorithm as a sum of the ‘cost of not knowing
the realization of 6,, when the prior is known’ and the

AW N

w

‘cost of not knowing the prior’,

E I:R‘(*QBT (/J'n7 zna T)}

=E (R}, (14, 20, T) + RE, (0, T, 7)) ®)
QB * * QB mny “n,

For brevity, we now omit the index n until presenting
the meta setting in Section 4. Given an assumed prior
N (1, X) at the beginning of an instance, a QB, al-
gorithm updates its posterior at time ¢ based on the
actions taken and the rewards received,

1 -1
¥ = (21 + ogvt—1> )

1 (@
Mt = Et <E_1N + OQA;F_lXt_l) 5

for the Gram matrix V; = A;'—At. We remind the

reader that A;, X; contain the actions and rewards

up to time t respectively. The full derivation of the

posterior calculation can be found in Appendix B.

Algorithm 1 presents a general scheme of a QB algo-
rithm. The specific mechanism of each algorithm is re-
flected in Line 6. For example, at time ¢ > 7, TS, sam-
ples from the posterior 6 ~ P (ut, 3X¢) and then plays
the best action given that sample, argmax 4, 4, Al 6.

Algorithm 1: QB_(u, X, 7,0)

Inputs :u, ¥, 7,0

Outputs: A, X, // for meta estimation

Initialization: empty matrix Ay and vector Xj

fort=1,...,T do

if t <7 then // within instance exploration
‘ Sample A; uniformly from A;, observe a

reward x;

else
Play A; according to the specific algorithm
scheme, observe a reward x;

Concatenate the actions and rewards
A A 10A, Xy X0y
| Update the posterior N (ps41, X¢41) by (4)

3 SINGLE INSTANCE REGRET

Our main result, Theorem 1, bounds the relative re-
gret (2) of any QB, algorithm in a Gaussian prior
setting. In order to establish the result, we follow
common practice in the bandit literature of dividing
random events into the set of ‘good events’ and their
complement, e.g., (Lattimore and Szepesvéri, 2020).
The former refers to situations where the various esti-
mates are ‘reasonably’ close to their true or expected
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values, and the latter is the complementary event that
is shown to occur with low probability. The bulk of
the proof consists of bounding the regret for the good
event. In our setting, the good event £ is defined as
the intersection of four basic events for § > 0,

o 2 {0l on(50)).
{Amin (V,) > AZ;d},
Em 2 {lli— pll < VT } 5)

5.

lI>

&y

(1>

& </fs0, ﬁzz*},
op
£

(1>

(EoNENELNESY.

The event & is an instance-based event, unrelated
to the performed algorithm, and represents the event
that the realization of 6 is not too far from its mean.
The event &, indicates that the QB. algorithm ex-
plores sufficiently in all directions during the explo-
ration steps. The events &,,, Es represent the distance
between the prior of the QB algorithm N (ji, 3) and
the true unknown prior N (g, X.). The arguments
fm and fs, introduced in (5), quantify these distances.
Moreover, the event &g specifies that the estimated
covariance is wider than the true covariance, reflect-
ing the learner’s lower level of certainty compared to
an oracle that knows the true prior and thus prevents
under-exploration. This issue can be also realized from
a Bayesian point of view, where in the case that both
the mean and covariance are unknown, the posterior
mean distribution is broader compared to the case that
only the mean is unknown (see section 4.6 in Murphy
(2012)). The arguments f,, fs, as well as 7, may de-
pend on the dimension and the horizon, and may also
depend logarithmically on 1/s.

Theorem 1. Let § ~ N (., =.) and let N(ji, ) be
the prior of a QB algorithm. For T < T, if for some
0 < ¢ < 1/m the event € holds with probability larger

than 1 — 3—%, then the relative regret is bounded by,

#[w, (5.1)]

cost of not knowing
the prior

Cbadd

*

<k E [RQBT (/1‘*,7+172*,T+17T_7—)] + \/g s
cost of not knowing the realization of 6 bad

when the prior is known event

whereMe(’j(fm—i-TQfs), k1 G@(vfm5+7\/m>-

The definitions of M, k; and cpaq are in (21) in Ap-
pendix C as well as further details. The relationship
between the performance of the algorithm and the ini-
tial prior deviation in the events &,, and &, is repre-
sented by k1. The term M ties § to the arguments f,,

and fs, thus forcing the prior deviations to be small,
and cpaq € O(1) stems from the bad event.

An immediate consequence of Theorem 1 and (3) is
a bound on the Bayesian regret (1) of any QB.. algo-
rithm,

E [RZBT (MET)} (6)

cost of not knowing both the
realization of 6 and the prior

< (1 + kl) E [RSBT (N*,‘r+1> E*,T+1a T - T)] + (7)(7-)

Note that for 7 € O(d), ||ji—p.|| € O(1) and
Hﬁ - E*Hop € O (Ya), QB, is a (14+a)-approzimation
of KQB, for some constant a > 0 which is determined
by the constants in 7, ||fi — .|| and |2 — E*Hop. See
Appendix C.6 for a concrete example.

Having bounded the regret of a QB_ algorithm by the
standard Bayesian regret of KQB,, we can leverage
previous results for Bayesian algorithms. For example,
proposition 6 and Lemma 7 in Lu and Van Roy (2019),
adjusted to the Gaussian prior in Basu et al. (2021),
bound the prior-dependent Bayesian regret for T'S and
a Bayesian version of UCB (Upper Confidence Bound)
in the case of finite action spaces. Plugging this bound
with § = 1/72 into (6) we get,

2 i, (55.7)

S\E*GQ
In (1 n AE*“Q)

o2
1 s, T
X \/2dT1n (1 +—

>—|—\/2/\§;*a2

An interesting implication of Theorem 1 is for the of-
fline learning setup. With the increasing amount of
data available, the opportunity arises to form more in-
formative priors, which are guaranteed by the theorem
to have the same regret (up to constants) as any KQB..
algorithm in a single instance. Another implication is
for sequential settings, where N instances are sampled
from the same distribution one by one. We elaborate
on the latter in Section 4 and show that the suggested
meta-algorithm produces the conditions for the good
event to hold with high probability.

<(1+k)|4 In (4]A]T?) (7)

+O(7).

Proof sketch The difficulty in bounding the regret
based on the comparison between an algorithm that
knows the prior (KQB.) and another that estimates
it (QB,), is twofold. First, since the posteriors of
both algorithms depend on the actions and the re-
wards throughout the instance, it is hard to track the
distance between the posteriors as the instance pro-
gresses. Second, although regret bounds on TS with
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a known prior are proved to be tighter as the prior
is more informative (Russo and Van Roy, 2016; Dong
and Van Roy, 2018), an improved bound does not en-
sure an actual improvement in the regret of the algo-
rithm. Therefore, establishing low estimation error at
the start or during the instance, does not suffice.

To establish a within-instance regret bound between
QB and KQB_, we adapt the idea of mean alignment
from Bastani et al. (2021) and adjust it to cover co-
variance alignment as well. This analytic tool is used
to cause the two algorithms to mathematically posses
an identical posterior at a specific time and thus to
behave identical (on average) until the end of the in-
stance. Specifically, with a two stage technique, we use
the randomness of the first 7 exploration steps to align
both the means and the covariance matrices at time
7 4+ 1. Since the two compared algorithms start with
different covariance matrices, they can only align if the
learners would take different actions (see (4)). Prac-
tically, for every set of actions chosen by QB_ with a
certain probability, there is a nonzero probability for
KQB, to choose the set of actions that would give rise
to covariance alignment. This occurs due to the ran-
domness in the actions selection and due to the action
space properties in Assumption 1. The cost of ana-
lytically switching between these two probabilities in
order to align the covariance matrices is termed covari-
ance alignment cost and it is reduced as a function of
the distance between the covariance matrices at the
beginning of the instance. The covariance alignment
is analyzed in Appendix C.2.1.

Yet, aligning the covariance matrices does not imply
mean alignment as well, but rather leads to an align-
ment with a surrogate algorithm, that has started the
interaction with the true covariance but with an incor-
rect mean. Since the mean is a function of the actions
taken and the reward noise received, after using the
randomness in the actions to align the covariance ma-
trices, we can use the noise terms to align the different
means (Appendix C.2.2) and thus to align the surro-
gate algorithm to KQB_ at time 7 4+ 1. See the full
proof in Appendix C.

4 MQB, ALGORITHM

QB algorithms are designed to minimize the regret
within a single instance, by refining their estimation
of 8, while exploiting their knowledge, as the interac-
tion with the instance proceeds. Using the same line
of thought, MQB,_ aims to minimize the regret along
multiple instances by learning the meta-prior, while
using the improved prior to reduce the per-instance re-
gret. Since the prior distribution is Gaussian, one may
think to form MLE estimators for the mean and covari-

ance prior to the ny, instance. However, it is inapplica-
ble in the linear bandits environment, since the learner
has no access to the true realizations of {9]};:11 A
simple approach would be to utilize the inner-instance
estimation of the QB algorithm. This straightforward
approach has two problems that the MQB_ algorithm
solves, using two levels of exploration.

The first problem rises from the adaptive nature of
bandit algorithms, which leads to biased instance-
estimators, as discussed in Shin et al. (2019). This in
turn, would lead to an inconsistent meta-estimation of
the prior. The solution is within-instance exploration.
At the beginning of each instance the learner performs
T exploration steps, in which she chooses actions uni-
formly at random to ensure sufficient estimation of 6 in
all directions. The information from steps 7+1,...,T
is ignored during the meta-estimation to keep it un-
biased. The inner mechanism of the QB, algorithm
remains the same, i.e., all the actions taken during the
instance participate in the inner estimation of #. The
number of exploration steps, defined so as to balance
the regret incurred and the quality of the estimators,
is set to

{ 8a? R }
T=max<d, — In(d°N-T) ;. (8)
Ax .

The second problem is the limited amount of knowl-
edge on the meta-prior during the first instances. Us-
ing the inaccurate meta-prior in these instances may
result in poor performance as compared to an algo-
rithm with frequentist guarantees which by its nature
explores sufficiently in arbitrary environments. Hence,
the MQB, algorithm uses a second level of exploration
and during the first Ny exploration instances gath-
ers information on the environment without exploiting
it yet. The number of exploration instances, derived
from several requirements along the regret proof, is
discussed in Section 5.

The full scheme of the MQB,. algorithm is presented in
Algorithm 2. Next, we elaborate on the main idea be-
hind the prior estimation. We use the Ordinary Least
Squares (OLS) estimator to obtain a meta estimation
for 6; in every instance,

T -l 5
0; = (Z AMAL) > Ajewie =V A X
t=1 t=1 9)
9

The estimator for the mean before the ny, instance,
[in, uses these estimations from all previous instances,

n—1
N 1 A
n—14
j=1
The bias-corrected MLE for the covariance before Athe
beginning of the ny, instance would be —L- ;:11 0;—
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ﬂn)(éj — fin) T. However, as we show in Appendix D.3,
the estimation errors of {6, };:11 cause it to converge

to X, + n%zl Z?:_ll E [VJ_H . In order to cancel out the
added variance, we add a further term,

S = ni2 g (05— ) (5 —an)T ~ Gy, (11)

where Gy = n"—jl Z;’;ll V;i Although this estimator
is unbiased, in practice it can be wider or narrower
than the true covariance, and, as explained in Sec-
tion 3, we aim for the former. Hence we use a widened
version of the covariance as suggested by Bastani et al.

(2021) and proved in Lemma 25. Given the initial es-

timation fln and a confidence level Hﬁn -3 Hop < s,
the widened version is given by ZA]X 2%, +s-1
which ensures that 3} > 3, with high probability.
In Lemma 1 in Section 5 we show that the confidence
level prior to the ng, instance dictates,

. . 5d 4 21n (dnT
SV LS by ) 20E2IMUENT) g
n—1
where ¢, = 50 (AQ):"Qd + ;\2*) . To align with the
A 4

MQB, scheme, we adjust the QB algorithm to out-
put the actions taken and the rewards received during
the first 7 steps. Any algorithm can be used in Line 3,

as long as it is adapted to perform 7 exploration steps
and to return A, X,.

Algorithm 2: MQB_

Inputs: N, T, a,)x,, As,, As., m, o

Initialization: set 7 by (8)

for n=1,...,Ng do // meta exp. instances
(A7, Xn,7) < Run any QB, algorithm with

frequentist guarantees

Compute 6,, by (9)

forn=Ny+1,..., N do

Update fi,, by (10)

Update 3, by (11) and =¥ by (12)

(Anrs Xnr) = QB, (jin, 5,70
Compute 6,, by (9)

5 MQB. REGRET

The meta algorithm consists of two key phases, as de-
picted in Figure 1:

1. Within-instance phase, where actions are taken
based on the estimated meta-prior and on the
within-instance updated posterior.

2. Between-instance phase, where the estimated
meta-prior is updated based on information from
previous instances.

Any algorithm Algorithm prior

Regret - Rging N (fin, ﬁ))})
\ )\ )
v % Instances
Exploration ~ Np Regular N
instances A instances
Compute 6,
True prior Ap,t ~ uniform Ap,¢ based on N (ji i, )i)}'_,)
0, ~N(p..2.)  Maximal regret Theorem |
\ J\ ) o
Algorithm prior Y = 2\ Time-steps
V(}Q ﬁ]“) Exploration T € 0(d) Regular T
) time-steps time-steps

Figure 1: MQB_ algorithm and regret scheme. See
Section 3 for the regret analysis in a single instance,
and Section 4 for the complete algorithm scheme.
Rging is defined later in the section.

We address the first in Theorem 1, which bounds the
per-instance relative regret given a bound on the de-
viations between the estimated and the true prior.
The second, addressed in Lemma 1, explained be-
low, demonstrates that as the number of instances in-
creases, these prior deviations approach zero. Finally,
Theorem 2 combines these two basic components in
order to establish a regret bound for MQB_ over N
instances. In order to emphasize the instance depen-
dence, we denote in this section several of the argu-
ments with a subscript n.

Next, we present Lemma 1, which provides bounds on
the distance between the prior constructed by MQB.,
and the true prior. In particular, we show that be-
fore the ny, instance, MQB_ meets the events &, Es
defined in (5) with §,, = 1/(n — 1) and closed-form
expressions of fo, n, fon € O(d) (see Appendix D.1).
We denote this adjusted per instance good event by
Enuq,). The adjusted formalization and the proof
of Lemma 1 can be found in Appendix D.1, based on
the mean estimation error (Appendix D.2) and the co-
variance estimation error (Appendix D.3).

Lemma 1. (MQB. conditions) For every instance
n > 10d + 41n (16dT), P (€, pqn. ) > 1 — Sant.

The expressions of fy, n, fs,n, 0 and the expression of
7 in (8) define M and k; in Theorem 1 as a function of
n, i.e. My, k1. We define the number of exploration
instances for MQB. as Ny £ [My,1], which ensures
for every n > Ny that 4,, < 1/m,. Having established
the two components described at the beginning of this
section, we can bound the regret incurred by the incor-
rect prior of MQB, using the following theorem. The
single instance regret of the algorithm used during the
first Ny instances is denoted by Rging.



Amit Peleg, Naama Pearl, Ron Meir

Theorem 2. For Ny < N, the MQB_ N-instance
relative regret is bounded by,

S8 R, 55.7)]
n=1

< k2\/NE [RZBT (M*,T-‘rl? Yry1, T — T)] + NoRising;
——

exploration
instances

regular
instances

where ko € ) (d3/2), Ny € 9] (d3). The definitions
of ko and Ny are in (82) and the proof is in (83) in
Appendix E.

During the first Ny instances, MQB.. suffers as much
regret as the frequentist algorithm it chooses, for ex-
ample when using the IDS algorithm of Kirschner and
Krause (2018), Rging € O(dVT).

An immediate consequence of Theorem 2 is a bound
on the Bayesian regret (1) of the MQB,. algorithm,

S5 R (i 53.7)] a3
n=1
< (N + /@\/N) E Rl (Heirt1: Zersr, T — 7))
+ (5 (NORsing + Nd) .

N + kovV/N
two parts; NN, that stems from the inherent regret
of the KQB, algorithm and cannot be avoided, and
kov/N which represents the price of the ‘prior align-
ment’. The second term on the right-hand-side of the
inequality is the ‘cost’ of the two exploration levels.
Both the ‘prior alignment’ and the exploration costs
become vanishingly small WRT the inherent regret as
N and T increase, implying negligible cost for ‘not
knowing the prior’.

The multiplicative factor ( ) is a sum of

Using the same prior-dependent bound as in (7), now
with § = 1/(v1)2, (13) can be further extended to a
prior-dependent bound,

> [ (1 52.1))

8As,aZln (4]|A| (NT)?)
In (1+2242)

< (N +kVN) (14)

s, T ~

x \/m (1 + = ) dT' | + O (NoRexp + Nd) .
o

Note that a simple policy that runs all the tasks sepa-

rately will incur regret of O(Ndv/T) regardless of the
“informativeness” of the correct prior. On the other

hand, for the MQB,_ algorithm with TS as a sub-
routine, as the prior is more informative, the regret
is lower, and in the extreme case (Amax(2«) — 0 and

N becomes large), only the inner exploration cost re-
mains, i.e., O(Nd).

6 RELATED WORK

While a significant amount of empirical and theoretical
work has been devoted to metalearning in the domain
of supervised learning (see recent review in Hospedales
et al. (2021)), including methods based on prior update
(Pentina and Lampert, 2014; Amit and Meir, 2018),
there has been far less theoretical work on this topic
in sequential decision-making problems (for a recent
survey of algorithmic issues, see Ortega et al. (2019)).

We mention several works that deal with metalearning
of stochastic bandits. Cella et al. (2020) consider linear
bandits tasks drawn from a more general prior distri-
bution, but assume a known variance. They establish
prior-dependent regret bound for their proposed regu-
larized optimism-based algorithm, similar to (7). How-
ever, our result is a consequence of the tighter bound
in Theorem 1 that holds for every QB, algorithm rel-
atively to its best scenario when the prior is known.
Two recent papers that answer a question similar to
Theorem 1 are Kveton et al. (2021) and Bastani et al.
(2021), both suggest TS based meta-algorithms. The
main difference between the approaches is the analy-
sis technique, leading to the gap in the regret bounds,
summarized in Table 1.

Kveton et al. (2021) focus on a fully Bayesian multi-
armed bandits (MAB) setting, where tasks are drawn
from a Gaussian prior. The prior is parameterized
by a known scalar covariance and an unknown mean,
that is itself drawn from a known hyper-prior. The
authors derive a regret bound which depends on T
as O(T?). Our result preserves their linear depen-
dence in the initial mean deviation, while keeping the
same time dependence as the algorithm that knows
the prior. When using TS, this leads to a worst-case
regret whose T dependence is O(v/T). Note that in
the setting of known covariance, it is possible to use
our proof scheme and still achieve the same regret
guarantee of O(v/T), even if we drop the somewhat
restrictive action assumption (Assumption 1). Bas-
tani et al. (2021) consider contextual linear bandits in
a dynamic pricing setting. Their O(d*vNT3/?) re-
gret bound is effective after Ny € O(d*T?) instances,
while we obtain O(d%/?v/NT) regret, effective after
Ny € O(d?) instances in which the learner suffers re-
gret of Reing € @(d\/T)

Finally, three very recent papers warrant mention.
Basu et al. (2021) assume a fully Bayesian framework
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Table 1: Comparison of worst-case relative regret bounds for state-of-the-art meta TS algorithms

SETTING ACTIONS COVARIANCE MEAN RELATIVE
ASSUMPTIONS ASSUMPTIONS ASSUMPTIONS REGRET
Kveton et al. K-arms . - Known Bayesian, known ~ 2
(2021) MAB irrelevant c-I hyper-prior O(KVNT?)
Bastani et al. Dy.rlgmiic known bounds Unknown, Unknown, o(d \/ij/ 2; ),
(2021) pricing on actions known bounds known bound No € O(d°T7)
Ours, Li and elgenvalue;s on eigenvalues O(d/2/NT
MQués i b;ﬁgirs (Assumption 1") (Assumption 2) (Assumption 3) ]Efo € O( d3)),

'?Adapting the analysis to a linear bandits setting results in a reduction of @(\/g) from the regret.
"In our work there exists an extra requirement on the distribution ‘monotonicity’.
HWith an exploration algorithm for which Reing € O(dV/T), for example IDS (Kirschner and Krause, 2018).

where the covariance is known and the mean is sam-
pled from a known Gaussian distribution. These as-
sumptions allow the authors to elegantly expand the
information theory analysis previously used in the sin-
gle instance setup (Lu and Van Roy, 2019) to the
new framework of multiple instances. However, re-
laxing the assumption of a known covariance within
their Bayesian setting complicates their analysis sig-
nificantly and was not pursued in their paper. They
establish a prior-dependent regret bound whose worst-
case dependence on T is O(V/T). Simchowitz et al.
(2021) bound the single instance misspecification er-
ror for a wide class of priors and settings and achieve
an upper-bound of O(¢T?), where ¢ is the initial total-
variation prior estimation error, while our bound from
Theorem 1 is O(v/T). In addition, they derive a lower
bound of Q(eT?) for MAB with T < |A| (|A] is the
number of actions). To the best of our knowledge, this
is the only lower bound in the literature, and it is not
applicable for most settings, including ours. For mul-
tiple instances, they derive a bound only for the MAB
setting. Wan et al. (2021) studies a generalized version
of a meta MAB environment, in which they allow the
distribution to depend on task-specific features. Their
algorithm uses TS in a Bayesian hierarchical model.

We briefly highlight differences in the proof techniques.
Kveton et al. (2021) performs history alignment, focus-
ing on the probability that the two algorithms have the
same history. The alignment process separates each
time-step into two events. (i) Both algorithms per-
form the same action and receive the same reward,
hence have zero regret WRT each other. (%) The
algorithms perform different actions that violate the
alignment, and therefore suffer a worst case regret of
@(T) over the rest of the instance. Summation over
the time-steps leads to regret of O(T2). Bastani et al.
(2021) first performs 7 exploration steps, in which the
two algorithms choose the same actions but receive
different rewards due to noise, thus enabling the mean

alignment. From this point, the proof continues using
tools from importance sampling (Precup et al., 2000).
We believe this technique has a shortcoming. While
aligning the means in the first 7 steps facilitates the
analysis at time 7 + 1, the resulting posterior updates
of the means do not render them equal in subsequent
steps, even if the two algorithms choose the same ac-
tions, since the covariance matrices differ (see (4)).
Our work aligns both the means and covariance ma-
trices. This line of proof establishes at a specific time a
full prior alignment at a single cost that scales with the
distances between the priors, while the two other tech-
niques are applied separately for each step, thus their
per-step cost is multiplied by the horizon. These dif-
ferences lead to a significant gap in the upper bounds.

7 EXPERIMENTS

We demonstrate the effectiveness of MQB, with TS as
a subroutine (MTS;) in a synthetic environment as in
Kveton et al. (2021); Simchowitz et al. (2021), compar-
ing it to several baselines. (i) TS algorithm that does
not know the prior and uses a zero vector as p and a
diagonal covariance matrix 3 with Apax (34) in its di-
agonal (UKTS); (i4) TS algorithm that knows the cor-
rect mean and uses the above covariance ¥ (KMTS);
(443) TS algorithm that knows the correct prior (KTS).
None of the above perform any forced exploration.
Other metalearning algorithms in the literature, which
do not assume known covariance, mostly differ from
our work in their settings and analysis. Adapting the
algorithms to our setting with empirical adjustments
results in an algorithm similar to ours. Therefore we
do not use them as baselines.

We compare three versions of the algorithm. The first,
Th-MTS,, uses only the first 7 steps in each instance
to form the meta estimator as suggested by theory;
the second, All-MTS,, still performs the 7 exploration
steps which ensures an invertible Gram matrix V; .,
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however it uses the information gathered from all time-
steps for the meta estimation; the third, All-MTS,
is similar to All-MTS,, but does not perform inner-
instance exploration (exploration is only used towards
the end of an instance in case that the Gram matrix
V) ; remains singular). Since in realistic environments
the learner is often unaware of T and N, 7 was ad-
justed to be the first time in each instance in which
Amin (22 Vj¢) > 0.03. We also set Ny to be d* instead
of the exact definition of Ny € O(d®) and the covari-
ance widening constant ¢, to be 10 for Th-MTS, and
1 for the versions that use all samples.

We use a linear bandits framework with d = 5 and
N = 10,000 instances all drawn from a Gaussian dis-
tribution N (s, X ), where p, = [2,2,2,2,2] and X,
is a non-diagonal covariance matrix, with ones along
the diagonal and 0.8 elsewhere. The horizon is T' = 200
and in each time-step, 20 actions are available to the
learners, all sampled from a uniform distribution over
an a = 0.25 radius ball. The reward observed by
the learners is corrupted by a standard Gaussian noise

N(0,1).

(a) Bayesian regret (b) lgty — psll
—— Th-MTS,
3 AIl-MTS,
o
24l AI-MTS " ‘ _
2 | —— UKTS 3
B 3{— KmTS 2500 5000 7500
:T: KTS 2 () X, — 2’-““op
5] 1
Z, 10 K
1 M
10°4
2500 5000 7500 2500 5000 7500

instances instances

Figure 2: Comparing MQB_. using TS as a sub-routine
to several baselines, averaged over 10 runs with error
bars equivalent to one std (hardly noticeable in the
scale of the plots). The Bayesian regret is normalized
by the KTS regret, such that its maximal regret is
equal to 1. The prior convergence graphs ((b) and
(¢)) are in logarithmic scale.

As can be seen in Figure 2(a), all versions of the MTS..
algorithm achieve better results than UKTS, indicat-
ing the importance of prior learning. Meta algorithms
that assume a known covariance (Kveton et al., 2021;
Basu et al., 2021) may achieve good results WRT KTS
when their assumed covariance is correct. However
in realistic environments when the covariance is un-
known, KMTS represents their best scenario of es-
timating the mean alone. The results of the MTS,
versions that reach and even outperform this oracle
that knows the correct mean, demonstrate the signif-
icance of covariance learning. As can be seen in Fig-
ure 2(b) the mean of Th-MTS, approaches the true

prior mean, in contrast to the other two versions that
used all the samples, and incur the known bias of
adaptive algorithms (Shin et al., 2019). However, due
to scarcity of samples, the covariance convergence is
slower (Figure 2(c)) and results in higher regret com-
pared to AIl-MTS,. This, and the additional ‘cost’
of exploration, as demonstrated by the gap between
All-MTS, and AIl-MTS, suggest that empirical ad-
justments are needed for purely theoretically justified
algorithms, perhaps using advances in bias reducing
techniques, e.g., (Deshpande et al., 2018).

8 CONCLUSIONS

We presented algorithms and expected regret bounds
for stochastic linear bandits where the expected re-
wards originate from a vector 6, sampled from a Gaus-
sian distribution with unknown mean and covariance.
For QB, algorithms with a good estimation of the
prior, we derived single instance regret bounds, which
are a multiplicative constant away from the regret of
the algorithm that uses the true prior. For TS and
IDS in the metalearning setup we established a rel-
ative regret of O(d®/?/NT) when using frequentist
IDS during the exploration instances, a multiplica-
tive improvement of O(d*/2T') from previous results of
O(d*V/NT3/?). Two limitations of our approach are
the somewhat restrictive Assumption 1 and the need to
compare with algorithms whose first 7 within-instance
steps are purely exploratory. We believe that Assump-
tion 1 can be made more flexible without harming per-
formance. Removing the initial 7 exploratory steps, in
a theoretically justifiable way, is left as an open prob-
lem.
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Supplementary Material:
Metalearning Linear Bandits by Prior Update

A SUMMARY OF NOTATION

Some additional notations we use in the appendix are the trace and the determinant of a matrix A, Tr (A) and

Det (A), respectively. We use || X ||, = VX TAX for the weighted norm matrix of a PD matrix A. We define
the vector E,,; = [€n1, ..., &n,¢] and often use fE with an abuse of notation to indicate that we are integrating
over all the terms that maintain the event E. Next, we summarize the notation used along the paper.

At The actions available to the learner at the ny, instance at time-step t.

a Bound on the actions available to the learner.
A The action covariance matrix.
Ay The optimal action at the ny, instance at time-step t.

The action taken by KQB. at the n, instance at time-step t.

At The action taken by the QB_ learner at the n;, instance at time-step t.

A, : A matrix formed by concatenating the vectors {AI>S}Z:1 in it’s rows.

V.,  The Gram matrix 23:1 AnVSA;L'—’S = A:;tAn,t-

Tt The reward at the ng, instance at time-step t.

Xnt A vector containing all the rewards at the ny, instance up to time-step t.
Ent The reward noise at the ny, instance at time-step t, sampled from N(0,0?).

Ent Vector containing all the reward noises at the n;;, instance up to time-step t.

Sht Summation of the action-noise terms 23;1 A s&ns = AI’SEn’S.

T The number of exploration time-steps taken in each instance.

0, The realization of 8 at the n;, instance.

0,, Meta approximation of 6,, using the rewards from the first 7 time-steps.

On The inner ny;, instance error, én -0, = V;}T 22:1 Ap séns-

L The true unknown prior mean.

m Bound on the prior mean, ||| < m.

fin The prior mean of the learner for the ng, instance.

A, The difference between the realization of the instance and its mean. Can be viewed as it were sampled

from N (0, X,).
I The true unknown prior covariance.

b The estimated prior covariance for the n;, instance
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b The widend prior covariance for the n, instance.

B Represents the error between the covariance matrices that should be canceled during the covariance
alignment phase.

A'/2  The unique square root of a PSD matrix A.
A[B] Represents the matrix A as a function of the matrix B, used for vectors and scalars as well.

A > B Represents that A — B is PSD.

||X||p The [, norm.

Xl The I3 norm.

| X A The weighted norm matrix for a PD matrix A, VXTAX.

A, The Ily-operator norm.

Aj(A),0;(A) The j;, eigenvalue and singular value of a matrix A respectively, arranged in a decreasing
manner.

Amin (A) ; Amax (A) Smallest and largest eigenvalues of a matrix A respectively.
A, A Bounds on the smallest and largest eigenvalues of a matrix A respectively.

Res. (1, 3,1) The regret of QB, with mean p, covariance 3 and remaining horizon ¢ WRT the optimal
algorithm (an oracle that knows the true realization of 6,,).

REB, (1,3, t) The relative regret of QB with mean y, covariance 3 and remaining horizon ¢t WRT the
KQB, algorithm.

B WITHIN INSTANCE POSTERIOR CALCULATIONS

We recall a basic result from Bayesian statistics.

Lemma 2. (Bayes rule for linear Gaussian systems - Theorem 4.4.1 in Murphy (2012))

Suppose we have two variables, X andY . Let X € RP= be a hidden variable and Y € RPv be a noisy observation
of X. Let us assume we the the following prior and likelihood:

P(X)=N(ux,2x), P |X)=N(AX+B,Zy).
The posterior P (X | Y) is given by the following:
P(X |Y) =N (bx)v: Zx|v) »

-1 —1 Ts—1
2X|Y =35 +A XA,

nxly = Ixpy (Bx'nx + ATEL(Y - B)).

Given a prior N (g, 2,,) and using Lemma 2, the prior before choosing an action at time-step ¢ is,

-1
_ 1
Yt = (Ené—l + O,QAn,tlAr—zr,tl)
= -1
~1 T
SRR An,sAnys>
s=1

-1
_ 1
- (znl + ,ﬂA’I’tlA”’t1>
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_ 1
Hn,t = z)n,t (2n,}§_1,un,t—1 + 0_2An,t—1-rn,t—1>
-1 LT
= 2n,t En Hn + ;An,tlen,tfl

= (16)
:En,t (E Mn+ Vnt 19 + QZAnsfns>

s=1

_ 1 1 -
- z]n,t (Enlﬂn + ;Vn,tflan + O_QA;';tl\:n,t1> .
Specifically, for MQB_., the meta-prior is N/ (,Um ) hence the inner-instance posterior is,
. | -1
2= ((22) 7+ Vo) (17)
3 N DU 1, -
//Lnt - E (E ) fn + ;Vn,t—len + ;Amt_l:*n,t—l . (18)

For KQB,, the prior is N (i, X.) and the inner-instance posterior is,
-1
Zo= (=0 SV (19)
— T =
Pt = Dt (2* e T VKt 10n T2 (Arlft 1) Enee 1) (20)

C SINGLE INSTANCE REGRET PROOF

In this section we prove Theorem 1, which bounds the regret incurred by the incorrect prior within a single
instance. We do so by decomposing the regret (Appendix C.1) into the good and bad events defined in (5). By
(85) in Lemma 29 and a union bound argument, we have that P (&) > 1 — -%. Thus, if the QB. algorithm

dT
maintains P (£, N &, NEs) > 1 — 5% the conditions for Theorem 1 hold.

Theorem 1. Let 0 ~ N (ps, X *) and let N'(j1,%) be the przor of a QB, algorithm. For T < T, if for some
0 < < 1/m the event € holds with probability larger than 1 — then the relative regret is bounded by,

2[w, (5.7)]

cost of not knowing
the prior

dT’

Cbadd
*
<k E [RQBT (/j‘*,7+1’2*,T+1aT_T)] + \/8 )
cost of not knowing the realization of 6 bad
when the prior is known event

M = max {3, chzfs, 180208 (fm + (61d + 0205/36) fs)} )

k=124 /cgcs\/fmé + (CST + 124 /cgcscld + 20205) V£, (21)

202 dT 2 d*T da2T
CS:A%}*TEA’ ce=0 5ln<5>, = >\2 In ( 3 ), cbad:22a<m+ 4)\2*1n( 3 ))

Note The expression for M depends polylogarithmicly on 1/s, which in turn has to satisfy 0 < ¢ < 1/wm, leading
to an implicit inequality for §. We show in Appendix C.3 that there exist M > M, independent of §, such that
0 < d < Vnr < 1/um is well defined, while maintaining the same asymptotic behavior.
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The expectation in the regret analysis includes all sources of randomness in the problem: the prior of the QB
algorithm at the start of the instance, the realization of 8, the actions that were presented to the learners during
the instance, the randomness of the algorithms and the received noises. It is worth mentioning that in this work
both the actions and the noises can differ between the algorithms compared. In most sections we abbreviate
some or all of the notations to improve readability.

Intuition on Theorem 1

In order to provide intuition on Theorem 1 we analyze the demand 0 < § < 1/m. To do so, we start from the
equivalent demand, 0 < M < 1 and derive a stricter version of it. Plugging the definition of M and rearranging,

0 < max {35, 0272]‘55, 180?05 (fm6 + (01d + 0205/36) fsé)} <1
Splitting into two demands,
0 < max {27 fs6,18¢7¢s (fm + (c1d + Zes[36) fo6)} <15 0<6<1/3.
Focusing on the first demand, since all the terms are positive, using max {a, b} < a+b yields the stricter demand,
180§csfm5 + (057'2 + 180?0S (cld + 0205/36)) fs0 < 1.

Taking the square root, using va +b < y/a + Vb, and demanding a stricter condition,

,/18c§cS fmd + <CST + 1/180§cscld+ \[0505> vV [0 < 1.

From the similarity between the above expression and that for k; we can conclude the following. First, every
0 that meets the demand, dictates k1 to be bounded by a constant. Second, the initial prior deviations in (5)
are bounded by /.0 and /9, therefore k1 and hence the relative regret have linear dependence in the initial
prior deviations. Third, by Lemma 24, 7 € O(d) meets the event &,, thus the demand holds for ||i — p.| € O (1)
and || — Z*Hop € O (Ya).

C.1 Single Instance Regret Decomposition

E[RE,, (2.7)] =E[RE,, (fre1,5r00, T - 7)]

_E [R (Mm, ST — T)] —E[Riy (i1, Zurin, T = 7). (22)

QB, KQB,

The first equality uses that the QB algorithm does not incur regret during the exploration time-steps WRT
KQB, since both algorithms choose actions randomly with the same distribution and for the same period of
time. Decomposing the regret of QB.. in (22) based on the event &,

E {R;;BT (ﬂm, S0, T — 7)} —E {R;BT (ﬂm, ST — T) 1 {5}] +E {R;;BT (ﬂm, S0, T — 7) 1 {5}}.

“Bad event” “Good event”
(23)
In (76) in Section C.5 we bound the regret incurred under the bad event. We state here the final result,
[z 3 5 9cbadd d2T
E[Ri, (jirer 8o T - ) 1{E}] < = 0 Cona £ 22 <m + /435, In ( =1 (24)

Next, we bound the single instance regret under the good event.
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C.2 Regret Incurred Under the “Good event”

Before the beginning of the instance, the learner possesses a prior mean u and a prior covariance 3. Within the
instance, this prior is being used by the learner, regardless its origin, whether it is an estimation, heuristics or
comes from previous knowledge. At time-step ¢, given 6 and these priors, the covariance matrix of the learner is
only influenced by the actions taken (15), while the mean is influenced by both the actions and the noise terms
received (16). Thus, we denote,

-1 -1
1
3 [Avq] = <2 + A 1A 1> = <21 + O_QVt—1> ;
pe (A1, Za] =B [A ] (B + ?At_lAt—lo + ;At_l-:t—l .
We adapt the notations for the specific case of QB, and KQB, summarized in (17), (18), (19), (20).

C.2.1 Covariance Alignment

The first step towards bounding the regret incurred under the “Good event” is the alignment of the covariance
matrices of QB, and KQB, . For each set of actions A, we define AX [A.] as a specific set of actions that may
be taken by KQB. and brings (17) and (19) into equality. This requires,

VEKIA,]=V,-B ; B2,? (2;1 —2—1). (25)

Even though this requirement is not unique, we may choose a specific mapping between the two set of actions,

1/2

AS[A ]2 A (ATA,) P (ATA, —B) P = A, V2 (v, - B)'/? (26)

We first prove that V, > B under the event &, and for 6 < !/am, thus the square root and the inverse exist and
AK[A,] is well defined,

)\gAd 0'2\/.]055

Amin (V7 —B) > Anin (V7) + Amin (—B) = Amin B op = > 0, 27
( )(a) (Vo) ( )(b) (Vo) =l ||p 5 % o (27)

where (a) uses Weyl’s inequality, (b) uses that B is PSD by Lemma 33 and that for PSD matrices under the
la-operator norm /\max (A) = Omax (A) = [|A]|,,; (c) uses &, for the first term and Lemma 36, &, for the latter

and (d) uses that o by 0 < 22al /\E < for § < /M.

For AX in the image of (26), VE » 0, so we may define the inverse function,
A, [AK] = AK (VE) V2 (vE 4 B)2 (28)

Since every action in the first 7 time-steps is chosen independently from the previous actions, we may view the
actions as they are drawn from the following distribution, fa (A) = [[;_, fa(A:). We continue from (23) by
evaluating the integral of the good event over the action space. Since the actions in the first 7 time-steps are
independent of &, &, Es we often omit them to improve readability.

E [R(’;BT (,zm, ST — T) 1 {5}}
=E / fa (A Ry, (iiri1 (A7 2], 5011 [AL],T — 7) dA,
(29)

<E maX{ } /fA Ar]) RS B, ([LT-H A, =] 727-&-1 [A-], T — T) dA; |,

fal( AK

Term A Term B

where the inequality uses that the regret is non-negative.
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Analyzing “Covariance alignment” - Term A

In order to bound term A, we first prove two auxiliary lemmas. The first lemma proves that for A, in the support
A T . .
of fa, AF is in the support as well, where A/, (AK) " are the ), rows of the matrices A, A¥ [A.], respectively.

Lemma 3. For everyt <,

LAl <a) _
L{[|AF]| < e} —
Proof.
A = A7V (v, By Vi,
= 4" = ATVCEBY 1R,
< [ Ad?
Where (a) uses that V. is PD and B is PSD by Lemma 33, thus V;/?BV; Y% is PSD. O

The second lemma implies that the probability to sample the set of actions A is lower than the probability to

sample AKX [A,],
~( fa (A)
(#4) < w

Lemma 4.
Proof. For fa(A), s.t. for every ||A;|| < ||Az]| in the support of fa, fa(A1) > fa(As3) the result can be obtained
directly from the proof of Lemma 3. For the case where f4 = N (0,3X), for some general X,

Tl falA) ) T exp (34 =714,)
t1;[1 (fA(A$)> - t];[l exp (—% (Af)T 2*%45)
_ =P (32 AZTA)
exp (3 37, (4K) T =14K)
exp (—3 >y Tr (4] X71A4))
@ exp (—3 307, Tr ((45) " m145))
exp (—3Tr (o7, B 4,4[))
O exp (-4 (S, T14K (4F) 1))

where (a) applies trace on a scalar, (b) uses Tr (ATB) = Tr (BAT) and the linearity of the trace, (c) uses the
definition of VX in (25) and (d) uses Lemma 32. O

Term A is finally bounded by Lemma 3 and Lemma 4,

-

(ﬁuaﬂ{mms@>}§L (32)

Fa(AF) L{[|AE] < a}

1
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Analyzing “Covariance alignment” - Term B

K
Term B in (29) is an integration over A,. Denote Jo = Z‘XT as the Jacobian matrix that transforms the integral

to AX. We further refer to Ja as the actions Jacobian.
[ 1n (AKIAD Ry, (irss (A 2] S [A,],7 - 7) dA,

R} 7 =1.3 33
=n { |Det JA } /fA AK B, (MT+1 [ATa :‘T] s 41 [AT] T — T) |Det (JA)| dA;, ( )

The Jacobian The integral

where the inequality uses that the regret is non-negative.

Analyzing “Covariance alignment” - Term B - The Jacobian

The following lemma bounds the determinant of the actions Jacobian.
Lemma 5. Let matrices X € R"*4 B € R¥*?, such that B = 0,X"X = B.

Define the matriz U £ X (XTX)il/2 (XTX — B) 1/2 and denote the Jacobian matriz J = g—g, then

1 << Det (X TX) ))"/2'

[Det (J)] ~ \ Det (XTX — B

Lemma 5 is highly important in the proof, since it allows later to perform a change of measure over the actions
space. The proof is mostly technical and uses properties of Kronecker product and PSD matrices. Due to its
length, it can be found in Appendix C.4.

202

3255 bounding the Jacobian term in (33),
A%, AT

”~ 1 Vo[ Det(ve) T
Det (Ja)| f @) & Det (V. — B)

( T2, A (V) )”2
(—B))

A
Define ¢, =

< max p
() v [Tz (G (V) + A5 (=
—7/2
_ Aj (=B)
= max H<1+)\-(VT))
j=1 J

)\qu (B) ) dT/2
< max 1-—
(c) &v { ( Amin (VT)

1By, ™"

= 1— 9P
(d) H}’%X { ( /\min (V‘r))

c —dr/2
<l1-2|z-x,
(e) ( d OP)
c —dr/2
< (1-24/f0
(7) ( d f )
CsT -1
< (1—=2-/fd
(9) ( 2 f )
— 14 CsTV [0

2 —csTV fs0
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< 1+ ot/ [0, (34)
(h)

where (a) uses Lemma 5 and (27), (b) uses Lemma 35, that both matrices are symmetric and (27), (¢) uses
that both B and V. are PSD matrices, (d) uses that for PSD matrices under the ls-operator norm Apax (A) =
Omax (A) = [|A[|,,, in (e) the numerator uses Lemma 36 and the denominator uses the event &,, (f) uses event
Es, (g) uses Bernoulli inequality and that cs71/fs0 < 2 for 6 < 1/m and (h) uses that c,7/fs0 < 1 for § < 1/m.

Analyzing “Covariance alignment” - Term B - The integral

Imagine a QB algorithm with the correct prior covariance 3, and a prior mean fi which is defined by the following
scenario: If this algorithm would have taken the specific set of actions AX [A;] and would have received the
specific set of noises =., it would end up with the same mean as QB, at time-step 7 + 1, i.e. the vector that
brings the following two equations to equality,

X S| 1
firi1 = Br41 [Ar] (2 L+ EVTG + U2AI:T) ,

g

1 1
/27-—&-1 = E*,T-i-l [AE [AT]] (2*—1[1 + ?VE [AT] 0+ 2 (AE [AT])T ET) :

Describing fi as a function of the terms determined during the instance,

A 1 1
LA, 2] =3, (2*@ + B0+ — (A, — AX [AT])T ET> : (35)
p[AY. =] =3, <ﬁ]1ﬂ + %BH + % (A, [AK] - AK)" ET> ‘ (36)

Analyzing the integral in (33),

/ fa (AX[AL) Ri, (i1 [Ar 2], 801 [AL], T = 7 ) [Det (4)| dA,
&y

< | ia (KA Ry, (frsr [ArZ) St (AT - 7) [Det ()] dA,

V,-B

5 / fa (ARIAD R, (1 [AN[AL]LE], S0 i1 [AR[AL]] T — 7) [Det (J4)| dA, (37)
V.-B

(f) / ‘fA (AE) R:ZBT (ﬂ""’rl I:A"II'<7 ET} 5 2*,7—4-1 [Af_(] 771 — 7‘) dAE_(
VE>~0

= E{ I:RZBT (/'17—"‘1 I:A7I'<7ET] 72*,T+1)T - 7) 1 {VE — O}] ,

where (a) uses (27) and that the regret is non-negative, (b) uses the definition of AKX [A ] and (c) uses a change
of measure.

Plugging (32), (33), (34) and (37) back to (29), the regret incurred under the “Good event”,

B[Ry, (1 8ein, T 1) 1{E)] < (14 erVIO)EE, [Re (rsn [AK,E] B, T = 1) 1{VE - 0}].
SV A

Covariance
alignment cost

(38)
C.2.2 Mean Alignment

After the covariance alignment, in order to bound QB by KQB_, we still need to align the mean. At this stage
of the proof, the actions at the exploration time-steps have already been determined, yet we still have a degree
of freedom in the randomness of the noise terms. In the Bayesian update rule for the mean (16) the noise terms
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appear only in the expression A, T=.. Since in this stage of the proof, both algorithms use the set of actions AKX,
we denote S, = (AIf)T =, and SK £ (Af)T =K. To comply with this definition we further denote g1 [S,]
instead of -1 [AX,Z;]. During the exploration time-steps, the actions are chosen independently of the rewards

achieved, hence, independent of the noise terms and of 8. Given these actions, S; is a Gaussian vector, i.e.
S, | A~ N (0,(A%) B [2.2]] AK) = (0,0°VE).
We denote by SX [S;] the vector SX that brings the following equations to equality,

- . 1 1
firs1 5] = Surn (2* it 5 VE+ ST) ,

o?
_ 1 1
fs 41 [SE] = Birin (2* Y + gvfa + 0255> .

Define,

G2o*S™ (- p) + B0 — ). (39)
We get,
S‘z}'{ [S‘r] =5 + 022;1 (/1 - /1'*)

a1 n 1 1 T _
(7)574—02 (2 1M+§B9+§(AT [AX] — AK) :T_g*lu*>

=S+ i+ BO+ A, [AK] 2, - S, — 025y,

. T - (40)
= 0?5 (i — ) + BO+ A, [AX] T 2, + 02 (2—1 - 2;1) L
—G+A,[AK] =,
G (VELB) (v s,
where (a) uses the definition of fi from (36) and (b) uses the definition of A, [A¥] from (28).
Mean Alignment - Regret Decomposition
Denote c¢ £ 5,/51n (%) and the event,
e 2 {I1Sr sy < ceVd}. (41)
By Lemma 28 with X = Z; and A = (Vf)fl/2 AKX we have that,
P (& | AY) 10 (42)
T ar
Continue from equation (38),
EE ER:, (firg1 [S7], Bsre1, T —7) - L{VE =0}
ErAf,( QB - T Ti» s T b T
=5l18-11% k) -1
BE [ R: (a1 [S)], Seis, T — 1) dS, - 1 {VE + 0)
= . T Ty &x 41,4 — T T -
Ak J@r)Det (VK) avr it i
Ee (43)

small noise terms

+ EE{%ERZ;BT (fir1 [Sr], Zurt, T — 1) L{E&} -1 {VE =0} .

large noise terms
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The second term complements the first, but uses an expectation notation. It is bounded by,
B[R, (iri 5. B rin, T =) 1 {E6)] < B o (R, (1 (871 B T = 7)) ] o P (| AY)
a =T

0
< — * i —
= dTE [n%aix {RQBT (firg1 [S7], Bw rg1, T T)} ’ 59]

Cbad?

© 11Vd’

(44)
where (a) uses that the regret is non-negative and (b) uses (42) and (c) uses the same derivations as Lemma 11.

Analyzing “Mean alignment” - small noise terms

We bound the small noise term by a change of measure of the integral. Given AX,

oSk
08,

Js = (VE4+B)? (vE) T2

Hence,

(Det (VX +B))"/*

Pt I = per v 72

> 1, (45)

_ (Det (VE +B)>1/2

Det (VK)

where the last equality uses determinant laws and that both matrices are PD and the inequality uses B > 0.

—318- 17 k)1
(27) Det (VK) Ry (fir11[S+], a1, T = 7)dS-
Ee T
IS s —SKISAl )1 »
< max

. RYy (firss [Sr] ) S rs1, T — 7) [Det (I 5)| dS,
N\ IS g [ B e (vE) (Brt1 571, Zesr42, T = 7) [Det (J5)]
(3

Term A Term B
where the inequality uses that the regret is non-negative and (45).
Analyzing “Mean alignment” - small noise terms - Term A

_1 2
e 2”57”(\,7}'{)—1

1 K 2 1 2
R BT EAT: - {eXp (2 R ”STH(V?V)}

Vi)
2 1 9
vy~ 3 15l )}

= max {exp (1 HG + (Vﬁ< + B)l/2 (V§)71/2 S
(a) &¢ 2

1 ) K 1/2 ;o x\—1/2
< - _ LevEEBYA (v .
& m;:X{ exp <2 ||G||(V§) 1+ ||G||(vIT<) [(VE+B) T (VE) S (i)t
1 K 172 o oxy—1/2 o ||2 1 2
| (VB VT s | g IS )
(47)

where (a) uses the definition of SX [S,] in (40) and (b) uses Cauchy—Schwarz inequality.
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Defining ¢; £ % In (dzTT> and analyzing the first term of the exponent in (47),

1Gliovey - = |27 (=) + (B2 ) = 0 - ) HjVi‘)’l

gx;:**ﬂz Hp(m—um?wKi—zgzxwe—m>

< % (ﬂ—u :
© d :

< 2¢50 (fm + c1dfs)
() d

)
)

where (a) uses the definition of G' in (39) and B in (25), (b) uses Lemma 26, [[AY[| < [|A]|, [[Y]], triangle
inequality and (a + b)? < 2(a® + b?), (c) uses the event &,, that for PSD matrices [Allop = Amax (A), -3,
Assumption 2, [[AY]| < [|A[,, [|Y]l and the sub-multiplicative norm property, (d) uses the triangle inequality,

(a+b)* < 2(a® 4 b), the events &, &, Es, that for PSD matrices [|A[l,, = Amax (A), 3 = %, and Assumption
2.

—1/2|?
.

R0 - )

)

Analyzing the third term in the exponent in (47),

2

(Vi) v

—1/2 1/2 -1 1/2 —1/2
oy =57 VT (VB (V)T (v ) (vE) s,

5 A ((V5 +B)* (VE) T (VE+ B)l/g) 157 vy

= A (V) (VI B) (VE) ) IS v

—~

A (T (VE) 2B (VE) ) 18y

~1/2 ~1/2 (49)
= (1 4+ Amas ((VK) B (VE) ™) )11 v
max 2
é) <1+ rmn VK ) ||ST||(VIT()71
< (14522 ) 1selivn
op

—
s
=

< (1+ %\ﬁfsa) [EA e

€

—
~

where (a) uses the same derivation as in Lemma 26, (b) uses Lemma 31, (¢) uses Lemma 31 and sub-multiplicative
norm properties, (d) uses Lemma 36 and event &, and (e) uses event ;.

Plugging (48), (49) to (47)

LIs-117 75
€ 2 v~ csé(fm'i_cldfs) 0569 f9
< s \Jm T FHs)
- B TEERT e - ( d 2V 50 (fm - rdlfs) + =5
c2es/Fs0

2 EsvIsT

(_f) exp (3\/c£cs5 (fm + cardfs) + 5 >
czes/fs

<142 3\/c§c55(fm +oendfy) + fe0 (50)
) 2
<

1+6@W+6(W+c§cs) V7o,

where (a) uses that 14 %+/fs6 <2 for § < 1/m and (41), (b) uses that \/cs0 (fm + c1dfs) < ced for 6 < 1/m, (c)
uses Lemma 37 and (3\/0305 (fm + c1dfs) + %cgcs\/ﬁ) V6 <1 for § <1/m and (d) uses va + b < v/a+ Vb.

—~
S
=
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Analyzing “Mean alignment” - small noise terms - Term B

1 ERiCal e

(277)"Det (VK) RZBT (ﬂ‘rJrl [ST] ) 2*,T+17 T — T) |Det (JS)| dS‘r

e—%HSE[ST]szl})*l

< Ris (firg1[S+], 2w 41,7 — 7) |Det (Jg)| dS-
@ (27) Det (VE) Q T(M +1[S7] T+1 ) (Js)l

e—%HSE[ST]“?vI;)*l

Ri. (ters1 [SK[SH]], Buri1, T — 7) |Det (Js)| dS,
(27)7Det (VK) QT(M,“rl[ [ H TH1 )| (Js)l

(?) E [RZBT (:u‘*,‘r+1’ Z]*,‘I’Jrlv T - T)] )

where (a) uses that the regret is non-negative, (b) uses the definition of SX [S,] and (c) uses change of measure.

Denote ki = 12, /cZesv/Fmd + (csr +12, /cieserd + 202(35) V/fs0 and plugging equations (50), (51), (46) and (44)
back to (43) and (38) we get that the regret incurred under the “Good event”,

E [R;BT (ﬂTH, S0, T — T) 1 {5}}

< (1 + csT f55> {(1 + 6\/6275 Fmd + (6‘ /cgcscld + cgcs) \/ﬁ) E [RZBT (ar41, Barg1, T —7)] + ;Tijg

2¢padd

11vVd’

where the last inequality uses that c;7+/fsd < 1 for 6 < 1/m.

<(1+4+k)E [RZBT (a1, B ri1, T — 7)) +
(52)

Plugging back the regret from the bad event (24) and the good event (52) to (23) and then to (22) the proof of
Theorem 1 follows.

C.3 Derivation of M

Along the proof of Theorem 1 there were several upper bounds on ¢ that hold for § < !/am. Next, we summarize
them to derive the exact expression for M.

2T 2% As 2
From (27), (50) (transition (a)): 02\%{‘55 < 2\22“4(1 — i< (22;*22;‘5> 5(?) 27
1
From (34), (52) L CsT f55 <l <=6 (f) M,
cng

From (50) (transition (b)): v/¢csd (fon +1dfs) < ced <— 6§ < —————

( ) ( ( )) (f 1 f) 3 (i) Cs (fm+cldfs)
From (50) (transition (c)): <3\/Cgcs (fm + ardfs) + ;cgcsx/fs) Vi<

1
<~ 4§ < . (53)

) (3\/es (o + erdfs) + been/T2)
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Note that inequalities (i), (iii) in (53) are directly implied by inequalities (ii), (iv) respectively. To ensure
inequality (iv) we tighten its Right-Hand-Side (RHS),

2
(3\/0503 (fm + Cldfs) C€C5\/E> (S) 2 (90265 (fm + Cldfs) Cgczfs>
= 2C§Cs (9 (fm + Cldfs) + icgcsfs)

= 186?05 (fm + crdfs + 366505fa>
= 18¢c, <fm + <c1 ) fs>

M = max {3, C§T2fs7 180?05 (fm + (c1d + 0205/36) fs)} .

Using (ii), (v) and adding 3 to ensure that M > e,

In the remainder of the section, we emphasize the dependence of M on § by M(§), even though it is only poly-
logarithmic. Specifically, since the constants and f,,, fs, 7 have at most logarithmic dependence, the expression
for M is a p-degree polynomial of In (1/s), for p < 3. By definition, M (§) > e, thus § < /e and In (/s) > 1,
hence we can upper bound the expression by,

M($) < aln? (;) + b, for p <3,

for the minimal a, b that upper bound M (9) and satisfy a > 1/p, b > 0. Next, we define M, which is not a function

of 4, yet preserving the same asymptotic dependence, such that for § < 1/a1, it follows that § < e (1 o < M(&)

Sl>ME (4pa1/p In (2pa1/p) + 2b1/p>p — 6 YP > 4pa'/PIn <2pa1/p> + 2677,
Thus using Lemma 38 with z = 6~/?, a; = pa'/?, by = b'/?,

1 1 1/
6P > pal/PIn (5_1/1’) +bY/P =P In (5> +bt/P > (alnp (5) + b) )

where the last inequality uses that (z + y)l/p < x'/? 4 y'/» for p € NT and z,y > 0. Since both sides are positive,
we can raise both sides to the power of —p and get,

—_

1
§ < < .
= aln? (1) +b ~ M)

C.4 Action Jacobian

In this section we prove Lemma 5. The proof uses some technical matrix relations appearing in Section C.4.3.

Lemma 5. Let matrices X € R"*4 B € R¥™?, such that B = 0,X"X > B.

Define the matriz U £ X (X—'—X)fl/2 (XTX B)l/ and denote the Jacobian matriz J =

1 << Det (XTX) ))"/2_

Det (J)] = \ Det (XX — B

BX , then

Proof.
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C.4.1 Jacobian Derivation

Using differentials,
dU = dx (X"X)"? (x"x - B)"?
+Xd(XTX) "V (xTx - B)"? (55)

+X (XTX) 2 a(xTx - B)".

Applying vectorization (Lemma 6) on (55), where ® is the Kronecker product and @ is the Kronecker sum,

vec(dU) = ((XTX - B) 1/2 (XTX)_l/2 ® In) vec(dX)

273,

+((xTx-B) o X) vee (a(x7X) ) (56)

A term vec
=J24 2

+ (Lo X (XTX) ) vee (4 (XX - B)"?).

A term vecs:
=J3a 3

Define Ny £ 1 (I;2 + Ky) as in page 55 in Magnus and Neudecker (2019), for the commutation matrix Kq and
analyzing term vecs,

- (xx) e (xTx) ) (xTx) e (XTX)1/2)7lvec (d(XTX))

(
(
- ((xX™x) e (xTx) ) (xTXx) Ve (xTx)”Q)’1 2N, (I, ® X T)vec (dX) (57)
(
(

A
=Jac

A
=Ja2p

Similarly for term vecs,

vee (d(X"X-B)"*) = (X"x-B)"" & (XX - B)”Q)f1 vee (d (XX — B))

®)
-1
= (x™x-B)"" @ (X"X-B)""") 2N, (14© X") vec (dX), (58)

£33,
where (a) uses table 9.7 in Magnus and Neudecker (2019), (b) uses Lemma 9, (¢) uses table 9.6 in Magnus and
Neudecker (2019), (d) uses (67) in Lemma 7 and (e) uses (69), (67), (66) in Lemma 7.

Plugging back (57), (58) to (56) and using the definition of the Jacobian (bottom of page 196 in Magnus and
Neudecker (2019)),
J=J1 4+ Joadowdoc + Jzadsp-
—_— =

27, 27,
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C.4.2 Non Negative Eigenvalues of C
Denote,
1
C 2537 (Ja+ Jy). (59)

In order to use Corollary 2.2 in Zhan (2005) (Lemma 10) with A; = J3 + J3 and By = J;, we need to prove
that the matrix C has non negative eigenvalues. We start by deriving an expression for the matrix C and then
show that its eigenvalues are the same as the eigenvalues of a multiplication of two PSD matrices G1Gs, defined
later in the proof.

Finding a Matrix With the Same Eigenvalues as C

Starting with the following auxiliary expressions,
D, 2 J;! ((XTX _ B)1/2 ® X) (Id ® (XTX)_l/Q)
-1
= (x"x-B)""(x™x) " 01,)  (Xx-B)"0X) (10X X))

= (x™x)"*(x™x-B) o1,) (XTX-B) " e X (X"X)"") (60
= ((XTX)”2 ®X (XTX)’1/2> ,
D 23,7 (LeX (XTX) )
= (x™x-B)"* (xTx) e In)_l (aox (x7X)"""%)
(x'x)"*(x"x-B) oL (Lex (X'X) )

—1/2

(X'x)"” (x"x-B) P ex(X"x)"”) (61)

(
(

= (x™x)""ex) (x™x-B) e (x7x)")
(x"%)*0X) (e (X)) (x'x-B) " a1,)

= (x™%)"exx™x)"") (x"x-B)" "« Id)_l ,

where (a) uses (69) and (b) uses (67), both from Lemma 7.
Using (60),

1
%J;l.]2 =D, (X"X) 21+ (X"X) 2 (X7X)*) Ny (LioX")
(62)
-1

- (X)) ex (X"X) ) (XTX) 2L+ (XTX) e (XTX)7) N (Lo XT).
Using (61),

%Jfng -D: (X'x-B)" 0 (X'x-B)") N (LX)
1

_ ((XTX>1/2 ©X (XTX)71/2) ((XTX B B)1/2 . Id)_l ((XTX B B)1/2 o (XTX - B>1/2>
Ny (Ia®XT")

= (X7 x (7)) (XX - B) oL+ (XX - B) s (X - B) )

Ny (Is®@X"),
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where (a) uses (67), (66) from Lemma 7.
Denote,

—1 —1
G2 ((X'X-B)eL+(X'X-B)" e (X'x-B)"") -(X'X)eL+XX)"exXx)")
Plugging (62) and (63) to (59),

1 _
C= 33 (24 3y) = (X)X (X™X) ") GiNs (lu2 X ). (64)

Using Lemma 30, C has the same non-zero eigenvalues as,

1/2

GiN, (Lo XT) (X7X)? e X (XTX) ) = 6,6, (65)

where the equality uses (67) from Lemma 7 and Gy £ Ny ((XTX)U2 ® (XTX)l/Q).

The Matrices G, G, are PSD

In order to prove that Gs is a PSD matrix, we prove that it is symmetric and that all its eigenvalues are non
negative. Using Theorem 3.1 in Magnus and Neudecker (1979), K, is a symmetric matrix with eigenvalues equal
{—1,1}, so using observation 1.1.8 in Horn and Johnson (2012), Ng = £ (I;2 + Kg) is a PSD matrix. Using (68)

from Lemma 7 and Theorem 2.1 in Magnus and Neudecker (2019) we get, that ((XTX) ) (XTX) 1/2) is PD.
Using Lemma 31 we get that the eigenvalues of Go are the same as the eigenvalues of,
1/2 1/2

(X7%)" 0 (X)) TNy (xX7X) 2 (x7X) )

so the eigenvalues of Gg are non negative. Showing that G4 is symmetric,

G = (N (xX"x)" e (XTX)1/2))T

)

.
= ((x™%)"* e (x7x)"*) N}
= (x™X)" e (x"X)"*)N,

=N, (x™%)"* 0 (x7X)"7),

where (a) uses that Ny is symmetric and (b) is from Theorem 3.9 in Magnus and Neudecker (2019).
Next, we prove that G; is a PSD matrix. Using Lemma 33 it holds only if the following matrix is PSD,

H 2 ((XTX) ®Ig+ (XTX)1/2 ® (XTX)1/2) _ ((XTX - B) @I+ (XTX _ B)l/2 ® (XTX B B)1/2>

1/2 1/2

= (X7X) - (XX B) oL (XTX) e (XTX)

—Bol+ ((X'X)e (X"X)’ - (X'X-B) 2 (X"X-B))"”’
£H,, AH,,

~ (xX'x-B)"* & (X"X - B)

)

—~
=

where (a) uses (66) from Lemma 7 and (b) uses Lemma 8.

Since Hj, is a PSD matrix, it is left to show that Hy; is a PSD matrix. Define M £ XX — B,

Hy, = (XTX) @ (XTX))? = (M e M)Y?

=(M+B)® M+B)"* - MaM)"/?

1/2

—[MeM)+ M@B+Be(M+B))| —MeM)"/?
~—— \T—/
AK AL
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where the last equality uses (66) from Lemma 7.

The matrix K is PSD, the matrix L is PSD since it is an addition of two PSD matrices, thus using Lemma 34
H,; is PSD and subsequently Gy is PSD.

C.4.3 Bounding the Jacobian Determinant

1/2

Using (65) and Lemma 31 we get that the eigenvalues of C are the same as the eigenvalues of G}/QGQG1 ,

which are non negative, hence the demands of Lemma 10 are met. Finally,

1 1
<
[Det (J)[ (a) [Det (J1)]

~1/2 ° In)il

(
= Det (x"x-B)"” (X"X)
( ~1/2

xX'x)"?(x'x-B) ?s In>

= (et (x7X) " (x7x = B) %)) (Det (1))

n/2
[ pet(x7x) |
() \ Det (XTX — B) ’
where (a) uses Lemma 10, (b) uses that all the eigenvalues are positive, (¢) uses (69), (d) uses Corollary 2.2 in
Magnus and Neudecker (2019) and (e) uses Det (I) = 1. O
Lemma 6. (Vectorization) Theorem 2.2 in Magnus and Neudecker (2019)
For matrices A € R"*?: B, C € R4¥¢,

vec(ABC) = (C'BT @ 1,,)vec(A)

vec(ABC) = (CT ® A)vec(B)

vec(ABC) = (I; ® AB)vec(C).
Lemma 7. (Kronecker properties) From page 32 in Magnus and Neudecker (2019)
If A+ B and C+ D exist,

(A+B)@(C+D)=ARC+A®D+B®C+B®D. (66)

If AC and BD euxist,
(A®B)(C®D)=(AC)® (BD). (67)
(AoB) =AT@BT. (68)

If A and B are nonsingular,
(AoB) '=A'@B . (69)
Lemma 8. (Square root of Kronecker product)

Let A, B be PSD matrices. Then,
(A®B)/? = A2 @B

Proof. The square root of a matrix X is defined such that X = X2X!/2 = (X1/2)TX1/2 and equiva-
lently, defined in terms of the eigenvalue decomposition X = UXxU' as X'/2 = UE;(/QUT. Using (67),
(A2 @ BY/2) (A2 @ B'/?) = A @ B. Hence we can define (A ® B)"/? = (A/2 @ B1/2), O
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Lemma 9. (Square root vectorization)

Let A € R¥*4 pe PD matriz. Then,

vec (dA1/2> = (A1/2 ) A1/2) B vec (dA) .

Proof.
A =AZAY2

Taking the differential from both sides,

dA = (dAl/Q)A1/2 +A1/2(dA1/2),

vec(dA) ~ (((A”Q)T ® Id) + (Id ® A1/2)> vec(dA'/?)

= ((A1/2 ® Id) + (Id ® Al/Q)) vec(dA'/?)

= (A1/2 @ A1/2> vec(dA'/?),

where (a) is from Lemma 6 and (b) uses that A is symmetric. Rearranging the equation, the proof follows. O

Lemma 10. (Corollary 2.2 in Zhan (2005))

Let A1,B; € C™" (n > 2). If By is invertible and Re{\;} > 0 (k = 1,2,....,n), where \(B]'A;) =
{)\17)\27~-~>)\n}7 then,

IDet (A; + By)| > |Det (A1)| + [Det (By)] .

C.5 Regret Incurred Under the “Bad event”

Lemma 11. (Expected mazimal regret incurred during a single instance)

* G Cbad\/gT < d2T
IOE |:u,,rélii(,5 {RQB.,. (u'; E,T)} ‘ 59:| S T, Chad 2 22a (m + 4)\2* In (5)) .

Proof.
L. 05 2 8] 8[5 s0 8] o[ a3
T
- 219[5 |Jt-1 Egﬁi {|A 6’} ‘ 89]
(%) 2B ;ﬁ%{llz‘lll 161} ’ 501 (70)

< 2aTE (0] | &),
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where (a) is the maximal regret of any algorithm, (b) uses Cauchy-schwarz inequality and (c¢) uses Assumption 1.
Denote Z 2 3,1/ (0 — 1) and analyzing the expectation,

E [0l | &) 5 il +E N0 = gl | 6]

sm As. E[]1Z]| | &]

where (a) uses the triangle inequality, (b) uses Lemma 26 and Assumptions 2 and 3, and (c¢) uses Jensen inequality.

E[z}1{Z}>z}]
P(Z?>z)
note that Z; is a standard normal variable and calculating the numerator,

E[Z}-1{Z} > z}] b 2E [2} - 1{Z; < —\/z}]

The expectation in the last expression can be written as £ [Zl2 | é_’g] = for z £ {/2In (dQTT). Taking

5 -z
=— [ 2, zZe 2% 4z,
v 21 /
3 (72)
2 g, 47 7ﬁ+ 2 / Ziaz
= -0 Z-.e 2 e 2“1
® V2 - o
22’ 1
= /= e72F 420 (—/2),
SV (—Vvz)

where (a) uses the symmetry of a standard Gaussian distribution, (b) uses integration by parts and in (¢) ®()
stands for the standard Gaussian CDF.

Calculating the denominator,

P(Z; > 2) =P (|Zi| > Vz) =2® (—V2) . (73)
Using the symmetry of a standard Gaussian distribution and (84) in Lemma 29,
1 z2—1 _1,

Bounding the second moment given &y,

E[z2-1{Z? > z}]
P(Z2 > z)

Rk
(a) 20 (—/z)

F —1iz
£ . 2
27 €

Toe(—vE)

2

E[Z} |2} > 2] =

+1

< +1
®z—1
<z4+3

(e

< 4z,
(e
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where (a) uses (72), (73), (b) uses (74) and (c) uses In ( ) >2

Plugging back to (71),

_ 2 _ 2
E[|6]l | E] < m+ (| 4As.dy/21n (déT) < <m+ 4z, In (‘f)) V. (75)

Plugging into (70) the proof follows. O

Finally, the regret incurred under the bad event,
B[R, (s Bren 7= 7) 1{E}] < B Lnéaj)f (R (12,7 — 7)) ‘ 54 E[1{&)]
96 _
ﬁ% anla;;( {R (1,2, T—7)} ‘ 59] (76)
9Cbad5

3 11vd’

where (a) uses that the events influence only the prior or the actions taken during the instance and (b) uses
Lemma 11.

C.6 A Demonstration of Theorem 1

We demonstrate that using Theorem 1, a QB,. algorithm with an adequate prior is a (14«)-approzimation of
KQB,, by presenting a case where k; is constant, using the following values of f,, fs, 7T

TZHI&X{d,fth’l(dz )} ||/.L M*H< \/fm _\/dT < \/fs :\/g
Za

A op

(22

The value for 7 ensures that &, occurs with probability larger that 1 — % by Lemma 24. In order to find a valid
value of ¢, we first bound M (defined in Theorem 1),

M <max {3+ 272 fs . 3+ 18¢ics (fm + (c1d + ey /36) fs)
, ,

20, 20,

We begin by bounding M, M5 separately,

2\ 2 2
My <3+ (d+ (8“ ) In® (”)
() Az, J

8a2 \? 8a2 \ 1
< 3+c2d* +2¢2 () In? (d*T) + 2¢2 () In? (>
® As . (¢°7) A, o

éle éG«M1
dT 4 502c
My < 349002 1n? [ = &?+—d 5
Q(Z) + 900 In (5> ( +/\2: + 36
4d 50“c 4d 502¢ 1
< 34 1800%¢s | d? + — 5 ) n? (dT) + 1800%¢,  d® + — Slm? (=
& JC‘(+A2+36>H()+ e\t T ) \G
Lbary Zanr,

where (a) uses that max{a2 b2} < a® + b2, (b) uses the (a+ b)? < 2a® 4 2b% and (c) uses that In (4-) > 1 and

( TT ) 2 ln Flnally,

1 1 1
M < max {M;, Mz} < {bM1 +ang In® (5> ,bar, + ang, In® (5)} 2 by + ay I’ (5> .
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Noticing that aps, by € o (d2) and using the same derivations as in Appendix C.3 we choose,

. < 25 — d =

”/1‘ :U’*” — d 5 8(1%2 In (4(1}\42)4_21)%2 € O(l)

5 < \/g: 1/2 11/2 1/2 € O(l/d)
1

8a,;” In (4aM )+2b1v

1
1/2 1/2 1/2 27 pIJD 5
(83”1 (4a}) -+ 2637*) .

Furthermore, for § defined above,

k= 12\/(:203 fmd + (CST + 12, /cgcscld—i— 202%) Vfs6 € O(1),

The O notation indicates that & is at most polylogarithmic in d,T. We can cancel this dependence by choosing
fm = 4/k2, fs = 1/k? instead, while preserving the same value of d.

5 &

o

D PRIOR ESTIMATION ERROR

In the following section we prove that the prior formed by the MQB_ algorithm meets the events of Theorem 1

with probability greater than 1 — %.

D.1 Good Event Definition and Proof

The proof of Lemma 1 requires the events &, to hold for every instance j € [n] where each event is denoted by
&Ey;. The MQB, version of the events, based on the events in (5), is defined as follows,

gv(MQBT) £ {gv]v] € [n]}’

. 1 202 -
Em(MQB,) £ g with § = e fmn =3 ()\):Ad + )\2*) (d+In(dnT)),

. 1 5 [ 202
ES(MQBT) £ Ss with § = m, fs)n =100 (AEA

y +)\)3*)2 (5d + 21n (dnT)), (77)

Envqn,) = {Eman,) N Emaian,) N Esqs,)}-

Lemma 1. (MQB, conditions) For every instance n > 10d + 41n (16dT), P (E,qp,)) = 1 — 8/dnT.

Proof. Using the union bound on Lemma 24 with § = 1/n? for all instances up to the ny, instance,

1
>1———.
P (gU(MQBT)) > 1 dNT
Lemma 15 and Lemma 22 for n > 5d + 2In(dnT), with n, = 5= yield,
1 6
>1——: P >1— —.
P (Emqp,)) > 1 T (Esman,)) = InT

Using the union bound argument, for n > 5d + 21In(dnT), P (5n(MQB,)) > 1—8/dnT.
Next, using Lemma 38 with a; = 2, by = 5d + 2In(dT’), we get that n > 10d + 41n(16dT") implies n >
5d + 21n(dnT). O

D.2 Mean Estimation Error

The mean estimation error originates from two different sources. First, after n — 1 instances, the learner has
interacted only with n — 1 samples of the prior distribution N (i, 3,). Second, at the end of each instance, she
only has an estimator 6; for the true value of each sample 6;. More formally,

1 N 1 R
i = pll = | == > (05— ) | = Sol0-0,+0
n_ljzl n—lj:I —— HA,_/

n—1 n—1
2p; =4
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In order to bound the mean estimation error we first prove that each inner instance error p; is unbiased and
sub-Gaussian. Then, we show that a single instance error 0; — i, is sub-Gaussian as well.

Lemma 12. (Unbiasedness of the inner instance error)

Under the event &, qB, ), for every instance j € [n],
Elpj] =E [93' —93} =0
Proof.

Elp;] = E[d; - 6]
ot
_zlva i; A (AT0;+64) — 9;‘1
=E|V;} zi; Aj’sgj’sl
_ z:;E [V 1A4;4).]

= E [V;iAj,s] E[&;,s]

where (a) uses that the actions taken in the first 7 time-steps are independent from the noise terms and (b) uses
that ;s is a zero-mean noise. O

Lemma 13. (Sub-Gaussianity of the inner instance error)

Under the event €, mqB. ), for every instance j € [n], pj is a ¢\2>:Ujd sub-Gaussian vector.

Proof. For any s € R and U € R? s.t. ||U]| =1
exp <5UTV ! ZA] &5, s)]
E |exp <sUTV ! ZA] &) )] ‘ T]

exp ( UTijiAj,s)2>]

s*0® ¢ 1 Ty—1
exp< 5 ZA LUU VjJAJ,S)
5°0” 1 Tyr—1
(C) lexp< 2 (Z AJS UU VJ’T>>‘|
()]

82
< ex
) P ( 2 )\EAd)

E [exp (sU p;)] =E

E

<E
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where (a) uses the law of total expectation, (b) uses that the actions taken in the first 7 time-steps are independent
from the noise terms, the MGF of a Gaussian variable and the law of total expectation, (¢) uses the linearity
and the product properties of the trace and (d) uses Lemma 26 and the event &,(mqB.)- O

Lemma 14. (Sub-Gaussianity of the single instance error)

Under the event &, mqB. ), for every instance j € [n], 0} — Uy 1S @ /)\2;2(1 + A, sub-Gaussian vector.
T R}

Proof. For any s € Rand U € R? s.t. |U]| =1

E [exp (s (0~ )] = Elexp (sU7p;) exp (U7 4)]
(

o [exp SUij)] E [exp (SUTAj)]
_ s2 207 sSUTEU (78)
5 exp | - N d exp| ——5—

where (a) uses the definitions of p;, A;, (b) uses that the actions taken during the first 7 time-steps are indepen-
dent of the noise terms and 6;, (c) uses the MGF of the Gaussian variable U A; and Lemma 13 and (d) uses
Lemma 26, together with Assumption 2. O

The following lemma bounds the mean estimation error of MQB_ algorithm with high probability.

Lemma 15. (Mean estimation error)

For every n, > 0 and for every instance n > 1,
P (5m(MQBT) | gv(MQBT)) >1—n,.

. =
Proof. We start by proving that [, — p is a 2074 2m Ae.d o} Gaussian vector. For any s € R and U € R¢

AE_Ad(nfl)
st U] =1,

(@ 1= {eXp (nilUT (e + Aj))]

(82 202 +2\2A5\2*d)

< .
5 TP \2 Tamadn - 1)

(b)

where (a) uses that the actions taken during the first 7 time-steps are independent of the noise terms, ¢; and
the inner instance errors of other instances and (b) uses the same steps as in (78).

From Lemma 28,
R 202 + Ass, A d
P (1~ > 2220 (2T + 200 ) ) < 0,
A4 (TL - 1)

and using the inequality of arithmetic and geometric means, \/d1n (1/n,) < (d+1In (1/5,))/2, the proof follows. O

D.3 Covariance Estimation Error

In this section, we bound the estimation error of the estimated covariance matrix 3, (Eq. (11)), WRT the true
covariance matrix 3,, under the operator norm.
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D.3.1 Covariance Estimation Error Decomposition

Define,
0_2 n—1
A -1
e Y BV (79)
Jj=1
|80 -=.
op
n—1 n—1
1 N ~ A A\ o? 1
- anZ (aj_un> (ej_un) T n—1 ZVjT 2
Jj=1 j=1
op
n—1 n—1 n—1
1 A R A N\ T o? _ _
<z X (i) (=) -2 | (Vi - XEV
j=1 j=1 j=1
op op
n—1
1 A 5 T n-1 T
& n_2Z<J p ) (05 — 1 g (A = ) (i — )
Jj=1 op
0_2 n—1 n—1
-1 -1
+ 1 ZVJ}T B ZE [VJ;T]
j=1 j=1
op
<77,—1 1 nl(é_ )(é_ )T_E +TL—1 1 nil(A . )(A . )T_
T n—2|n—1+4 i 3T n—2|n—14% Hn = o) Win = H n—1
j=1 =1
op op
Term A Term B
0_2 n—1 n—1
—1 —1
7 [ Ve -2 EVA | (80)
j=1 j=1
op
Term C

where (a) uses fi, = ﬁ Z;:ll éj and both inequalities come from the triangle inequality.

We bound each of the three terms separately, using Theorem 6.5 in Wainwright (2019) for terms A and B. For
convenience, we state it here.

Lemma 16. (Empirical covariance bounds, Theorem 6.5 in Wainwright (2019), constants were taken from
Bastani et al. (2021)).

For any row-wise o sub-Gaussian random matriz X € R"*?, the sample covariance matriz 3 = %Z?:l X X,
satisfies the bound

2 2
> 3202 - max 5d+21n(5)75d+21n(6)
op n -

P Hﬁ—z <6 VO<s<l1.

The first part of Terms A and B in (80) are of the form —- Z;’:ll XXT for vector X equal to éj — px and
fin — s, respectively. Lemmas 14 and 15, proved during the mean estimation analysis (Appendix D.2), show that

these vectors are sub-Gaussian. The proof of Lemma 16, implicitly requires that E [2] = %, i.e. the estimator

3 is unbiased, which we prove next.

D.3.2 Lack of Bias of the Covariance Estimator
Lemma 17. (Lack of bias of the covariance estimator - auxiliary)

Epipj ] =’E[Vi,]
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Proof.

T T T
E[pjp] ] =E (Vj_,i Z Aj,sﬁj,s> (Vj_,i Z Aj,kfj,k)
s=1 k=1

(f) E [(Vji ; Aj,sfj,s) <; Azkv$i§j’k>] (81)

=E le_,i S AATVIIE B VIS N A ATV &Gk
s=1

s=1k#s

same time-step different time-steps

where (@) uses that V; ; is symmetric.

Analyzing the same time-step

E|Vir D AjsAL Ve, (T)ElV;iZAj,sALV;i E[¢.]
s=1 s=1
=o’E |V;} (Z Aj7sAjT,s> V;j]
s=1
=o’E[V;]].

Analyzing the different time-steps

EVir 2D AnsAiaVis&istin| = 3D E[ViiAiAL V] EIGElG] =0,
s=1k#s s=1k#s

where (a) uses that the actions during the first 7 time-steps are independent of the noise terms.
Plugging back to (81) the proof follows. O

Lemma 18. (Lack of bias of the covariance estimator - Term A)

1 n—1

n—lz(éj_u*) (éj—u*)T =5>)

Jj=1

Proof.

E [(éj - ﬂ*) (éj - H*)T =E [éjéﬂ -k [éj} pi — peE [9” + fapt)
o E [(ej +pj) (05 + Pj)q — fapty
=E[0,6]] = s +E[p;p] ]

=Tt o’E [V 1],

where (a) uses that 6; is unbiased i.e. E [0}} = s, (b) uses that the actions taken during the first 7 time-steps
are independent of the noise terms and of ; and Lemma 12 and (¢) uses Lemma 17.

Using the definition of ¥ in (79), summing over the instances and dividing by n — 1 the proof follows. O

Lemma 19. (Lack of bias of the covariance estimator - Term B - auxiliary)

. 3
E [,u'nﬂq—mr] - m + /L*NJI'
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Proof.

1 2 n—1 n—1 n—1
= <n—1) E ;eiehzze)ﬂﬁ;pmi

(a)

i=1 jti
Bt no2 o PR E V]
®» n-—1 n—1"""" (n—1)°
_ BT CELEVG]
n—1 (n—1)

where (a) uses Lemma 12 and that the actions taken during the first 7 time-steps are independent of the noise

terms, of 6; and of other inner instance errors and (b) uses Lemma 17.
Using the definition of ¥ in (79) the proof follows.
Lemma 20. (Lack of bias of the covariance estimator - Term B)

by
n—1

E [(ﬂn — ) (fin — :u*)T} =
Proof.

E |(fin — ps) (fin — :U'*)T} =E [ﬂnﬂl] = E [fin] NI — pE [ﬂ;[] + N*NI

=E [finfly | — praps
>

= b gl — e
a)yn—1

—

where (a) uses Lemma 19.

Lemma 21. (Covariance estimation error - Term C)

For every instance n > 1, § > 0, with probability greater than 1 — 9,

2 n—1 n—1 2
o _ _ o 2Ind + 21n (2/s)
VI-N"E[Vv] <4. \/ )
K D DACEED 9117 ) | PR LR
Jj=1 Jj=1 op

-1
JT

Proof. The maximal eigenvalue of V;i —E [V ] is upper bounded by,

Amax (V2 =E[Vi7]) < Mmax (V) + Amax (-E [V7])

i) & jir
< Amax (V71
() Vi)
2
< 3
(¢) Az..d

where (a) uses Weyl’s inequality, (b) uses that V; ;. is PD and (c) uses the event &,qB.)-

O
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Using Lemma 27 with X; £ Vj_i ~E[V:}] JAZE AT and 57 = 2=l we get,
: %,

1 2 2
T L @

n—1 2
P Amax ZV;;_]E[V;H >0 | <dexp <_()\2Ad)5> )
j=1

32(n—1)

multiplying the RHS by 2 to achieve the spectral norm bound, rearranging and multiplying by ¢°/n—1 the proof
follows. O

D.3.3 Covariance Estimation Error Bound
Lemma 22. (Covariance estimation error)
For every n, > 0 and for every instance n > 5d + 21n (1/n,.),
P (€spuas,) | €ugp,)) 2 1 = 6.

Proof. Using Lemma 16 on terms A and B in (80), together with Lemma 21 on Term C and a union bound
argument, we get that for n > 5d + 21n (1/,,), the three following expressions exist in probability greater than
1 - 617?’“

1 n—1 ) . T 20’2+>\2 5\2 d 5d+21n(1/n”)
) (0 —pe) =2 <32 A= =
n—l;@J ,u)(ﬁj H) - Az d n—1
J= op
n—1 )\

1 R . T > 202 + As  As. d 5d + 21n (1/n.)
- n — Mx — M - <32- 2 — - ’
T 2 U = ) (= ) = 7 <82 ST n—1

Jj=1 op

9 n—1 n—1 2
o - B o 2Ind + 21In (1/x,,)

v1i_ E[v:1 <4. \/ :

op

)ﬁln_z* <32 5d +21n (/n,.) n 202+2\2A5\2*d o2
op n—1 n—2 As . d 8As . d
5d+21n(1/7]n) 20’2 _
< A
<50 T Amad + As, |,

where the last inequality uses that # < 3/2 for n > 6.

Using the covariance widening scheme suggested by Bastani et al. (2021) and proved in Lemma 25 we get,

1 2
<100 5d + 21n (1/n,,) ( 20

op n—1

oz

A DI SN
L\EACZ—'_ 2*>, n =

E META ALGORITHM REGRET

In the following section we prove Theorem 2.
Theorem 2. For Ny < N, the MQB, N-instance relative regret is bounded by,

SB[, (i 5.7)]
n=1

< koVNE Rl (tteir41, Bars1, T — 7)] + NoReing,
N—_——

regular exploration
instances instances
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ky 224, [cics \/3 (202/(As4d) + As,)V/d+In(dNT) + 4cy, [CST +124/ceserd + 26?63] 5d +21In (dNT),

Ny = max {3, 4c? 212 (5d 4 21n (d(N + 1)T)), (82)
18cZcs (3 (20%/(As4d) + Ax,) (d+ In (d(N + 1)T)) 4 4¢3, (crd + ¢ges/36) (5d + 21n (d(N + 1)T))) }

where 7 defined in (8), ¢y in (12) and the other constants are as in (21) with § = 1/n.

Proof.
N No N
S ERE, (2 7)] = Y B[RS (#S0 1)+ Y E[RE, (i E0.7)]
n=1 n=1 n=Nop+1
exploration instances regular instances
ol ko(n) c
< NORex + ; E [Rg (.U’*,T 172*,7' lvaT) + —_bad
(a) P n:;o-i-l (2\/71 —1 [ QBr + + ] ﬁ(n . 1)
(S) NORexp + kQ\/NE I:RZBT (,LL*,T+17 2*,7’-&-1’ T— T)] )
a
- (83)
where (a) uses Lemma 1 and Theorem 1 with ka(n) £ 2ki(n)//d6(n) for the regular instances and (b) uses
ks = ka(N) and Y00 1 A < [ —Ade < 2VN. O

F AUXILIARY LEMMAS

Lemma 23. (Matriz Chernoff, Theorem 5.1.1 in Tropp (2015))

Consider a finite sequence {Xy} of independent, random, Hermitian matrices with common dimension d. Assume
that,

0 < Amin (Xg) and Apax (Xg) < L for each index k.

Then for every 0 <t <1,

-n? min
P <)‘mi“ (Z Xk) < tAmin (ZE[Xk]>> <de e Kt

k k

Lemma 24. (Minimum eigenvalue of Gram matriz)

For 7 = max {d, f}‘:li In (‘fTT) }, the probability of the event &, is bounded by,

Proof.

From Theorem 5.1.1 in Tropp (2015), Lemma 23 with ¢t =

P (Amm (Vo) < Az;d) <P (Amin (Vo) < AE;T) <demmE <
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Lemma 25. (ﬁ]w =-3.)

< s. Define ﬁ]wzﬁ]+s-l, then

Let 3 be a symmetric matriz and 3, be a PD matriz s.t. Hﬁ) -,
op

~ N —1
SV -3, and X' (zW) .

Proof.
Min (£ =) 2 A (5D F duin (£ %) 25— |2 - 5| =0,
(a) (b) op
where (a) uses Weyl’s inequality and (b) uses Amin (2 — E*) = —Amax (E* — 2) > — HE* -3 . Since
(ﬁ)w — 2*) is PSD, ¥ is PD, thus using Lemma 33 the proof follows. ' O

Lemma 26. (mazimal eigenvalue inequality)

Let A be a vector and B a PD matrixz, then,
[All < v/ Amax (B) [ Allg-1 -

Proof. Since B is symmetric we can use an eigenvalue decomposition B = QAQ T, where A is a diagonal matrix
containing all the eigenvalues of B and Q, Q' are orthonormal matrices. Then,

1Al = VAT A
— VATB-1/2BB-1/24
— \/ATBq/zQAQTBq/zA
= VUTAU

(a)

S >\max (B) Vv UTU
(b)

_ \/)\max (B)\/ATB—I/QQQTB—l/QA
= VAmax (B)VATB-14

=V Amax (B) [|Allg-1

where (a) uses U 2 Q B~1/2A4, (b) uses that U U is a sum of non negative elements and (c) uses that Q is
orthonormal. O

Lemma 27. (Matriz Hoffeding, Theorem 1.3 in Tropp (2012))

Consider a finite sequence {X;} of independent, random, self-adjoint matrices with dimension d, and let {A;}
be a sequence of fixed self-adjoint matrices. Assume that each random matriz satisfies,

E{X;} =0 and X} =< A3 almost surely.

Then for every 6 > 0,

P | Amax ij >0 < de™57  where s22 Z A?
J J op
Lemma 28. (Concentration bound sub-Gaussian vector, Theorem 1 in Hsu et al. (2012))

Let A € R™*™ be a matriz, and let ¥ = ATA. Suppose that X = (X1,...,X,,) is a random vector such that
for p =0 and some o > 0,

E [exp (UTX)] < exp <”U”2202> ,
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for allU € R™. For all § > 0,

P (HAXH2 > o (Tr () +2V/Tr (226 + 2|3, a)) <e .
Lemma 29. (Gaussian tail bounds, section 7.1 in Feller (1968))
Let z be a standard normal variable. Then for any t > 0,

]P’(z>t)>127r<1—1>e2tz, (84)

Lemma 30. (Same non-zero eigenvalues for AB and BA, Theorem 1.8.22 in Horn and Johnson (2012))

Let A € R™*" gnd B € R™"™ with m < n. Then the n eigenvalues of BA are the m eigenvalues of AB together
with n —m zeros. If m =n and at least one of A or B is nonsingular, then AB and BA are similar.

Lemma 31. (Same eigenvalues for product of PSD matrices \; (AB) = \; (Al/QBAl/Q))
Let A, B PSD matrices. Then,

A (AB) = \; (AWBAW) — X\ (BA) =\, (B1/2AB1/2) :
Proof. AB = AY/2A'/2B. Using Lemma 30 this matrix has the same eigenvalues as A'/2BA'/2. In the same
line of proof we get that the eigenvalues of BA and B'/2AB'/2 are the same. Finally, by Lemma 30 AB and

BA has the same eigenvalues. U

Lemma 32. (Non negative trace for product of PSD matrices)
Let A and B be PSD matrices. Then, Tr (AB) > 0.

Proof. From Lemma 31,

d
Tr (AB) = Tr (A1/2BA1/2> =3 (A1/2BA1/2) >0,
j=1
where the inequality uses that the matrix B is PSD, hence A/2BA'/2 is PSD. O

Lemma 33. (Corollary 7.74.(a) in Horn and Johnson (2012))

Let A, B € R"*™ PD matrices. A > B iff B~! = A~L,

Lemma 34. (Corollary 7.74.(b) in Horn and Johnson (2012))

Let A,B € R™ "™ be symmetric matrices. If A =0, B = 0 and A = B, then AY/? = B/2,
Lemma 35. (Exercise VI.7.2 in Bhatia (1997) (page 182))

Let A and B be Hermitian matrices. If Amin (A) + Amin (B) > 0, then

d
[T (A)+ 2 (B)) < Det (A +B).
Lemma 36. (B bound)
o2

B, < 57 = - =
AN

op
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Proof.

op
<o?|m| 2o =,
(a) op P

2

A SN
(b) ()\min (E*)) op

2

S 2 E* )
() 2% op

where (a) uses sub-multiplicative norm properties, (b) uses that 3 > 3, and Lemma 26, and (¢) uses Assump-

tion 2.

Lemma 37. (Ezponent bound, Lemma 20 in Bastani et al. (2021))

For any x € 0,1], €* <1+ 2z.
Lemma 38. (Log bound, Lemma A.2 in Shalev-Shwartz and Ben-David (2014))

Let a1 > 1 and by > 0. Then,

x> 4a1ln(2a1) +2by = x > ayln(z) + by.

O
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