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Abstract

In supervised learning, it is known that over-
parameterized neural networks with one hid-
den layer provably and efficiently learn and
generalize, when trained using stochastic gra-
dient descent with a sufficiently small learning
rate and suitable initialization. In contrast,
the benefit of overparameterization in unsu-
pervised learning is not well understood. Nor-
malizing flows (NFs) constitute an important
class of models in unsupervised learning for
sampling and density estimation. In this pa-
per, we theoretically and empirically analyze
these models when the underlying neural net-
work is a one-hidden-layer overparametrized
network. Our main contributions are two-fold:
(1) On the one hand, we provide theoretical
and empirical evidence that for constrained
NFs (this class of NFs underlies most NF con-
structions) with the one-hidden-layer network,
overparametrization hurts training. (2) On
the other hand, we prove that unconstrained
NFs, a recently introduced model, can effi-
ciently learn any reasonable data distribution
under minimal assumptions when the underly-
ing network is overparametrized and has one
hidden-layer.

1 Introduction

Neural network models trained using gradient-based
algorithms have been very effective in both supervised
and unsupervised learning. This is surprising for two
reasons: First, the optimization of training loss is typ-
ically non-smooth and non-convex and yet gradient-
based methods often succeed in making the training
loss very small. Second, even large neural networks
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whose number of parameters are more than the size
of training data often generalize well on the unseen
test data, instead of overfitting the seen training data.
Recent work in supervised learning attempts to theo-
retically analyze these phenomena.

In supervised learning, the empirical risk minimization
with quadratic or cross-entropy loss is a non-convex
optimization problem even for one hidden layer fully
connected network. In the last few years, it was real-
ized that when the network is overparametrized, i.e.
the hidden-layer size is large compared to the dataset
size or some measure of complexity of the data, one
can provably show efficient training and generalization
for these networks. This hinges on the fact that over-
parametrization makes the optimization problem close
to a convex one. See, e.g., Jacot et al.| [2018], Du et al.
[2018], |Allen-Zhu et al.| [2019], Zou et al[[2020], |Arora;
et al. [2019].

The role of overparameterization and its effect on prov-
able training and generalization guarantees for neural
networks is far less understood in unsupervised learn-
ing. Generative modeling of a probability distribution
when we are given samples drawn from that distribu-
tion is an important, classical problem in statistics and
unsupervised learning. The goal of a generative model
is to generate new samples from the distribution and
give a probability density estimate at any queried point.
Popular categories of generative models based on neu-
ral networks include Generative Adversarial Networks
(GANS) |Goodfellow et al.| [2014], Variational AutoEn-
coders (VAEs) (e.g., Kingma and Welling| [2014]), and
Normalizing Flows (NFs) (e.g., Rezende and Mohamed
[2015]). All categories of models, especially GANs, have
shown an impressive capability to generate samples of
photo-realistic images but GANs and VAEs cannot give
probability density estimates for new data points. All
categories present various challenges in training such as
mode collapse, posterior collapse, training instability,
etc., e.g., [Bowman et al.|[2016], Salimans et al.| [2016],
Arora et al.| [2018], [Lucic et al. [2018].

Unlike GANs and VAEs, NFs can do both sampling and
density estimation, leading to a potentially wider range
of applications; see, e.g., the surveys [Kobyzev et al.
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[2020], Papamakarios et al.|[2019]. Theoretical under-
standing of learning and generalization in generative
models remains a natural and important open ques-
tion even after some recent work (Buhai et al.| [2020],
Kong and Chaudhuri| [2020], Koehler et al.| [2020], [Lee
et al.| [2021]). Appendix |J| contains further literature
review. In this paper, we focus on the theoretical anal-
ysis of NFs. For constrained NFs which underlies a
large class of NF constructions, we show that theoreti-
cal analysis in the overparametrized regime runs into
difficulties. This is also seen in experiments where over-
parametrization hurts the performance of constrained
NFs in many settings. In contrast, a recent class of
NFs called unconstrained NFs, admits provable training
and generalization guarantees in the overparametrized
setting. Before stating our contributions in detail, we
introduce NFs followed by a very brief discussion of
overparametrized supervised learning to provide the
necessary context.

Normalizing Flows. The general idea behind normal-
izing flows (NFs) is as follows: let X € R? be a random
variable coming from the data distribution and Z € R¢
be a random variable associated with base distribution
which can be the standard Gaussian or exponential
distribution. Given i.i.d. samples of X, the goal is to
learn a differentiable invertible map fx : RY — R? that
transports the distribution of X to the distribution of
Z: in other words, the distribution of f);l(Z) and X
are same. (We tacitly assume that the distribution of X
is nice enough to allow for the existence of fx.) We as-
sume that function fx is autoregressive, means fy is of
the form fx (z) = (fxa1(z1), fx2(@1:2), ..., fx.a(T1:a))
where fx;: R’ — R and ;. is first ¢ dimension of a
data sample z from X (i.e., if z = (21, x2,...,24), then
214 = (z1,...,2;)). The nice thing about autoregres-
sive functions is that their invertibility is easily ensured
by making fx ;(z1:;) a strictly monotonically increasing
function in z; for any fixed value of xy.;_1). We will
call such an f monotonic autoregressive function. Such
a function is also called a Knothe-Rosenblatt map and
is known to exist and be unique under very general
conditions sufficient for our purposes, in particular for
any pair of probability measures on R? with density;
see Chapter 2 in [Santambrogio| [2015].

Learning of fx is done by representing a monotonic
autoregressive map f by neural networks, setting up
an appropriate loss function, and doing gradient-based
training with the aim of achieving f = fx. A num-
ber of approaches have been suggested for carrying
out this general plan. We distinguish between two
classes of approches: (1) Represent f directly using
neural networks. In this approach there are d neural
networks Ny,..., Ny with f;(z1,) = N;(z14). Since
the functions represented by standard neural networks

are not necessarily monotone, the design of the neu-
ral network is constrained to make it monotone. For
example, if {a,,w,, b}, are the parameters of the
neural networks, with a,,w,, b, € R for each r, and p
is a monotonically increasing activation function, then
the univariate one-hidden layer network of the form
Yot ar p(wyz +b,) can be made monotonically in-
creasing by ensuring positivity of a, and w,. This
can be done in multiple ways: for example, instead of
a,,w,, one can use a2, w? in the above expression; see,
e.g., [Huang et al., 2018| (Cao et al.,[2019a]. (2) Repre-
sent the Jacobian matriz 24 using neural networks.
In this approach, we model diagonal entries of the Jaco-
bian by neural networks 2i{*1:i) = ¢(N; (x1.;)) where
¢ : R — RT takes on only positive values. Positivity of
%f}) implies monotonicity of f; (x1.;) with respect
to ;. Note that the parameters are unconstrained in
this approach. This approach is used by [Wehenkel and
Louppe] [2019].

We will refer to the models in the first class as con-
strained normalizing flows (CINFs) and those in the sec-
ond class as unconstrained normalizing flows (UNFS).

Most existing analyses for overparametrized neural net-
works in the supervised setting consider a linear approx-
imation of the neural network, termed pseudo-network
in [Allen-Zhu et al.| [2019]. The convexity property of
loss function for pseudo-network and closeness between
neural network and pseudo network help in proving
convergence and generalization of neural network.

1.1 Owur Contributions

In this paper, we study both CNFs and UNFs theoreti-
cally when the underlying network has one hidden-layer
and empirically validate our theoretical findings. We
now describe our contributions.

Architectural variants. The practical CNF and
UNF architectures can be quite detailed involving mul-
tiple layer neural networks and stacking of flows. It is
difficult to get a theoretical handle on such models—
presently there are no satisfactory results even for
two-hidden layers networks in the supervised learn-
ing setting. In this paper, we identify very simple and
natural NF models (gleaned from the existing architec-
tures) reducing the architecture to the essentials and
yet providing satisfactory results in experiments. These
models are the starting point of our analyses. A natu-
ral approach to analyze NFs is to adapt the successful
techniques from supervised learning to NFs. While
there is a natural definition of pseudo-network in the
case of CNFs, for UNFs this is not clear. We are able to
define linear approximations of the neural network to
analyze the training of both CNFs and UNFs. However,
one immediately encounters some new roadblocks: the
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loss surface of the pseudo-networks is non-convex in
both CNFs and UNFs for the simple NF models men-
tioned above. Therefore, analyzing pseudo-networks
still remains difficult. Barring a major breakthrough
in non-convex optimization for deep learning, one way
to proceed is to find architectural variants of simple
NFs that may lead to pseudo-networks with convex
optimization problems without adverse effect on their
empirical performance. We follow this path and identify
novel variations that make the optimization problem
for associated pseudo-network convex. It is pertinent
that our variations are arguably natural.

Architectural variants for CNFs. To resolve the
non-convexity arising from using a2, w? as parameters,
we simply impose the constraints a,, > € and w, > €
for all » € [m] where [m] = {1,...,m}. To solve this
constrained optimization problem, we use projected
SGD, which in this case incurs essentially no extra
cost over SGD due to the simplicity of the constraints.
In our experiments, this variation slightly improves
the training of NFs compared to the reparametrization
approach mentioned above and may be of a separate
interest in practical settings.

Architectural variants for UNFs. Similarly, for
UNFs we identify two problems in the model of [We/
henkel and Louppe| [2019] that make the theoretical
analysis difficult. We resolve these as follows: (1)
Change in numerical integration method. Instead of
Clenshaw—Curtis quadrature method for numerical in-
tegration employed in [Wehenkel and Louppe| [2019],
we use the simple rectangle quadrature. This change
makes the model slightly slower (in our experiments, it
typically uses twice as many samples and time to get
similar performance). (2) Change in the base distribu-
tion. We use the exponential distribution as the base
distribution instead of the standard Gaussian distribu-
tion. In experiments, this does not cause any changes
in performance. Note that NFs require only efficient
sampling and density estimation from the base distribu-
tion but the Gaussian is far from the only distribution
to have those properties.

Our results about these variants point to a dichotomy
between these two classes of NFs:

Overparametrization hurts CNFs. Our theoreti-
cal findings provide evidence that overparametrization
makes training slower. To be more precise, we show
that in a bounded number of training iterations or for
bounded change in weights such that neural networks
and pseudo networks are close, overparameterized CNFs
can not learn the target function. We also point out the
reasons that lead overparametrization to adversely af-
fect the training of CNFs. Our experimental results also
validate our theoretical results and confirm that over-

parameterization in CNF makes training slower. Note
that in supervised learning, it is known that overpa-
rameterization makes training faster [Neyshabur et al.,
2015| |Allen-Zhu et al., [2019]. Therefore, the finding
that overparametrization is significantly detrimental
to CNFs is novel and we are not aware of any other
settings where overparametrization has such a strong
negative effect. Thus, for theoretical analysis of CNFs,
one must work with moderate-sized networks. But this
is likely to be difficult as analysis of such networks has
remained open even for supervised learning leading us
to a “barrier”.

Analysis of overparametrized UNFs. We theoret-
ically analyze UNFs and prove that overparameterized
networks for UNFs indeed learn the data distribution.
To our knowledge, this is the first “end-to-end’’ analysis
of an NF model—and in fact for any neural generative
model using gradient-based algorithms for a sufficiently
large class of distributions (please see Appendix for
additional extensive related work). This proof, while
following the high-level scheme of supervised learning
proofs, requires several new ideas, conceptual as well as
technical, due to different settings and will be discussed
in the sequel.

To summarize, our contributions include:

o We identify difficulties in the theoretical analysis
of existing NF models. We resolve these by propos-
ing new versions of these models without loss of
experimental efficacy.

e We identify a “barrier” to the training conver-
gence and generalization analysis of CNFs: over-
parametrization is detrimental to CNFs.

e We provide efficient training convergence and gen-
eralization analysis for UNFs. To our knowledge,
this is the first result on training and generaliza-
tion of NFs.

o We experimentally validate our theoretical claims.

Paper outline. Sec. [2| contains preliminaries, Sec. [3]
contains our results on CNFs and Sec. @l contains results
on UNFs. Sec. [f] briefly describes our empirical studies.
We conclude in [6] Appendix [A] contains outline of the
appendix.

2 Preliminaries

In this section, we will continue our description of the
problem of learning probability distributions using NFs
and introduce necessary notation.
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2.1 Problem of learning distributions in
Normalizing Flows

Recall that the goal of NFs is to learn a probability
distribution given via i.i.d. samples from the distribu-
tion. Let X be the random variable corresponding to
the data distribution we want to learn. We denote the
probability density (we often just say density) of X
at u € R? by px (u). We will work with distributions
whose densities have a finite supportﬂ We will further-
more assume px (u) = 0 when |lul|, > 1, without loss
of generality. Let Z be a random variable with either
standard Gaussian or the standard exponential distri-
bution. There seems to be no well-accepted definition
of multidimensional exponential distribution; for our
purposes the following natural definition will serve well.
The density of the standard exponential distribution
at z = (21, 22,...,24) € R?is given by e~ >{-1% when
all z; > 0, and by 0, otherwise. We will refer to the
distribution of Z as the base distribution.

Let f: R? = RY be monotonic autoregressive as de-
fined previously; thus, f is invertible. Let ps z(-) be the
density of the random variable f~1(Z). Let z = f(x).
Then the standard change of density formula using the
invertibility of f gives

af(x)) ‘ (2.1)

ps.z(x) = pz(f(2)) ’det < o

We would like to choose f so that pyz = px. As men-
tioned before, such an f always exists and is unique
and we will denote it by F*. If we can find F*, then
we can generate samples of X using F*~1(Z) since gen-
erating the samples of Z is easy and so is the inversion
of F* using monotonic autoregressive property. Sim-
ilarly, we can evaluate density px(z) using standard
change of variable with F** because pp+ z(z) = px ().
To find F* from the data, we set up the maximum
log-likelihood objective:

mj%X% > logpy z(x)
rzeX

= max L[ 32 Togpz(f(@) + X log (det (%52))),

where training set X € R? contains n i.i.d. samples of
X, and the maximum is over differentiable invertible
functions. When Z is standard exponential and f is

1This is often without any real loss of generality because,
for most purposes, light-tailed distribution (e.g., the Gaus-
sian distribution) can be assumed to have a finite support.
(Exception to this are heavy-tailed distributions which are
seldom encountered; we believe our work here could be
extended to deal with such distributions too.)

monotonic autoregressive, then (2.2)) simplifies to

mfinL(f,X) =1 % L(f,z) and

reX

L) = 35 (o) — log (25212). - (23)

We denote average loss by L(f, X) =15 . L(f, 2).
Informally, we expect that as n — oo, the opti-
mum f, in the above optimization problem satisfies
Dt,.,z — px. To make the above optimization problem
tractable, instead of f we work with d neural networks
Ny, Ny, ..., Ny as previously touched upon in our brief
description of CNFs and UNFs. All our networks will

have one hidden layer with the following basic form:

a, p((0, +wy, x) + (b +b,.)).

NIE

N (x;0) =

r=1

Here m is the size of the hidden layer, p is a strictly
increasing activation function, the weights a,., 1, b, are
the initial weights chosen at random according to some
distribution specified later, and w,., b, are offsets from
the initial weights. We only train w, and b,., and the
outer weights remain frozen at their initial values. Let
0 = (W1, ..., Wm;b1,...,by) denote the vector of initial
parameters and similarly 8 = (wy,...,Wm;b1,...,bm)
denote the matrix of offsets from the initial weights.
Similarly, we denote offsets at time step ¢ by #*) and
the corresponding network by N (z) or N(z;0®).

2.2 Supervised learning analysis

We now very briefly outline a proof technique for ana-
lyzing training and generalization for one-hidden layer
neural networks for supervised learning (e.g. |Allen{
Zhu et al. [2019]). For simplicity, we restrict the
discussion to the realizable setting. Data z € R?
is generated by some distribution D and the labels
y = h(x) are generated by some unknown function
h : RY — R. The function h is assumed to have
small “complexity” C}, which (informally speaking) mea-
sures the required size of a one-hidden-layer neural
network with smooth activations to approximate h.
The loss function is the square loss on the training
set X, that is, Ly(N®, X) =13 1 L(N®, ) with
Ly(N®W z) = (N(z;0®) —y)2. The training is done
using SGD to update the parameters 6 of the neural
network.

The problem of optimizing the square loss is non-convex
even for one-hidden layer networks. One instead works
with the pseudo-network P(x;6) which is the linear
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approximation of N (z;6):

m —

P(z;0) = 3 ar(p((w,, ) + b;)

r=1

+ o' ((Wr, ) + by) ((wr, ) + br)).

Similarly to N® and N (2;0®), we can also define P(*)
and P(z;0®) with parameters (*). When the network
is overparameterized, i.e. the network size m is suffi-
ciently large compared to C}, and the learning rate
is small (n = O(1/m)), SGD iterates when applied to
L (N® 2®) and L,(P®,2®) remain close through-
out. Moreover, the problem of optimizing Ly(P®, X)
is a convex problem in ) for all ¢t and thus can be
analyzed with the existing methods. An approzima-
tion theorem then states that there exist parameters
0* with small norm such that the pseudo-network with
parameters 6* is close to the target function. This to-
gether with the analysis of SGD shows that the pseudo-
network, and hence the neural network too, achieves
small training loss. Then by a Rademacher complexity
argument that the neural network after T' = O(Cr/e?)
time steps has population loss within € of the optimal
loss, thus obtaining a generalization result.

3 Constrained Normalizing Flow

In this section, we will first describe problems in analyz-
ing current CNF architectures. Then, we will describe
a new architectural variant which is easy to analyze
and our theoretical result on CNF.

3.1 Problems in analyzing CNF architectures

In CNFs, monotonic autoregressive functions f(z) =
(f1(z11), fa(z1:2), ..., fa(z1:4)) are represented by d
neural networks via f;(z1;) = N;(21.4) = N(21:4;0;)
where N(x1.:;0;) is given by

N(z1.4;0;) =T

i

where 7 is a normalization constant chosen to com-
pensate for the effect of overparameterization. We use
0; to denote parameters of N;(x1.;) and 6 to denote
parameters of all neural networks. To make f;(x1.;)
monotonically increasing in x; for each fixed z1.;_1, we
ensure that a; ,; > 0, W; ; + w;r; > 0 for all r. One
way to do this is by replacing @;, and w;,; + w; ; by
their functions that take on only positive values. For
example, the square function would give us the neural

network
m
Ni(ry14) =7
r=
where ¢ : R® — R’ is given by ¢ (y1,v2,...,¥i) =
(yl, e Yie1, ylz) . After reparameterization, parame-
ters have no constraints, and so this network can be

ai,r p((wi,r + Ws,r, Il:i> + (Ei,r + bi,r)) )

d?,T p((C ('[Di,r + wi,r) , X14) + Z_?i,r +bir),
1

trained using SGD. But we need to specify the (mono-
tone) activation p to complete our description of CNF.

Activation function. Unlike supervised learning,
the choice of the activation function needs more care
for CNFs as we will now see. Let o(x) denote the RelLU
activation. If we choose p = o, then in we have
. . m
% =73 @7, (Wi + wi i) T (w5
L r=1

+w; ), T1:4) + by + bi e > 0]

The derivative 25421 and consequently log(det( 2422 ))
are discontinuous functions of « and . Gradient-based
optimization algorithms are not applicable to problems
with discontinuous objectives, and indeed this is re-
flected in experimental failure of such models. By the
same argument, any activation with a discontinuous
derivative is not admissible. Convex activations with
continuous derivative (e.g. ELU(z)) also cannot be used
because then N(x1.;;6;) is also a convex function of z;,
which need not be the case for the optimal f. Hence
in such cases, N(z1.;0;) can not approximate f. To
our knowledge, among the commonly used activations
tanh (and the closely-related sigmoid) is the only one
that does not suffer from either of these defects and
also works well in practice |Cao et al.| [2019D].

Non-convexity of pseudo-network. Pseudo-
network with activation tanh is given by

P(xlzi; 91) = TZT:IZ”?,T ( tanh(«: (wi,r) 7x1:i> + Bi,r)
+ tanh/(<<‘ (1[}1'77») ,171;i> + Biﬂn) (<< (wi,r + wi,"")
- C (wiﬂ”) ’z1:i> + bi,r))-

Note that P(z1::;6;) is not linear in w;,. Hence, it
is not obvious that the loss function for the pseudo-
network will remain convex in parameters; indeed, non-
convexity can be confirmed in experiments.

3.2 A variant of CNF architecture

To overcome the non-convexity issue, we propose an-
other formulation of CNFs. Here we use standard
form of the neural network, but ensure the constraints
@i > 0 and w; ,; > 0 by the choice of the initialization
distribution and w; ,; + w;,; > € by using projected
SGD for optimization.

N(z1:4;0;)

m
=T Z ai,r tanh (<7I7i,r + w; g, 'Tl:i> + (bi,r + bi,r))7

r=1

with constraints w; ,; + w; ,; > €, for all 7.

€ > 0 is a small constant to ensure strict monotonicity
of N(x1.;;6;). These constraints are very simple and
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projected SGD incurs very little overhead. The pseudo-
network in this formulation is given by

P(214;6;) = Pe(21:4) + Pe(21:4;6;)

with constraints w; . ; + w; s > € for all r, where

i,r tanh((w; ., 1.5) + b; ) and

I
ﬂ

NIE!
Q_\

Pc(xlzi)

ﬂ
I
-

NIE

Py(x1.4;0;) =T i, tanh' ((0; ., T1.)

3
I
—

_|_
Sall

i) (Wi g, @1:) + biy) -

Pseudo-network P(wlzi;Qi) is linear in 6;, therefore
the objective in with f; replaced by P(x1.;6;)
is convex in 0; and hence, in §. Note that P.(x1.)
does not change during training, therefore Py(z1.:;0;)
must approximate the target function with P.(x1.;)
subtracted.

3.3 Theoretical analysis of CNF

Our results for CNFs are negative: we identify barriers
in the analysis of highly over-parameterized CNFs and
show that surmounting these barriers entails analyzing
moderately overparameterized neural networks—a long-
open problem even in supervised learning. Let F™*
denote the target function and C(F™*) denote some
complexity measure of F*. Initial weights a;, and
Wj,r,; are sampled from half-normal distribution with
parameters (0,62) and (O,Ufub), respectively. The half-
normal random variable Y with parameters (,u,az)
is given by simply ‘Y’| where Y/ ~ N (u, 02). Here
N (u, 02) denote the Gaussian distribution with mean
@ and variance o2. The bias term b;, is sampled
from N (0, O’?Ub). We divide our analysis into two cases

based on the value of o,: (1) oy is between -+ and
70(“)\;@, (2) o is between 70(“)@ and 1. In
case (1) we have:

Theorem 3.1. For any ¢ > 0, for any i € [d], any
hidden layer size m > Q(poly (C(F*), %) ), by choosing
learning rate n = O( ) and T = O(<%2), with
at least probability 0.9, there exist constants o; € R’

and B € R for which projected SGD after T iterations
gives

m-r£2 log m

|N($1:i§9§T)> — (i, z14) + B) <O (€)

for all z with ||z||2 < 1.

(3.1)

Theorem [3.] tells us that if we choose n and T as
suggested in the theorem statement then the function
learned by overparametrized neural networks is close
to a linear function. Recall from Sec. that choosing
similar values of n and T in supervised learning enables
the provable successful training of the neural network.

The same issue in approximation arises for all activa-
tions with continuous derivative. More details about
case (1) is given in Appendix [Hl The result in case (2)
is given by the next theorem.

Theorem 3.2. For any constant ¢ > 0 and any n > 0,
T > 1, if norm of change in parameters ||07)||; 2 <

(crsmrbemzs)» then for alli € [d] and for all x with
llz|l, <1, we have

P10 < O(————).
| f(fE1 7 )| - (crwbmc log(md)>

Most extant theoretical analyses require that the
change in weights from initialization is small so that
the pseudo-network remains close to the neural net-
work. Small change implies | Py(z1.:; H(T))| O(=) for
some constant ¢ > 0. Therefore, Py(z;6(")) can not in
general approximate the target function (with P.(z1:;)

subtracted). And the same happens with N (z1.;; H(T))

because it is close to P(x1.; 01( )). More details about
case (2) is provided in Appendix

We also show the negative effect of overparameteriza-
tion for CNF in experiments (Section [f)).

4 Unconstrained Normalizing Flow

In this section, we first describe our UNF model that
we analyze and then present our main theoretical result
on training and generalization of the UNF model.

4.1 Owur UNF model

Unlike the constrained case, where we model f(z) using
neural networks, here we model the Jacobian 24) using
d neural networks by setting

dfi(x1:4)
TLL‘Z‘ —¢( (1‘1 145 z))7

where ¢ is ELU + 1 function given by
p(u) =e"Tu < 0]+ (u+1) I{u > 0] and

m
N(xl 0y 7,) Z (<1I)7L,r + Wi, r, jl:i> + (bi,r + bi,r))
with p = ReLU. In the expression for N(z1.;6;) in-
stead of x1.;, we use Z1,; € R*T! to aid in analysis;
the extra coordinate is added to make ||Z1,]l2 = 1.
No normalization factor is needed in the expression
for N(x1.4;0;) because of the choice of initialization
distribution specified later. We can reconstruct f by
integration:

filz1a) = /w1 8f1(t)dt and

Ot
fi(xln-) = ' 8fl(x1,x278t . 7xi717t) dt
-1
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for i € [d]. The lower limit in our integral is —1 because
|||y <1 by our assumption on the support of the data
distribution. We also denote 2fiz1i) by V; f; (21:).
The monotonicity of f is achieved by ensuring that
Vifi (x1:) is positive for all . Although positivity was
the only useful property of ¢ mentioned by [Wehenkel
and Louppe| [2019], it turns out to have several other
properties which we will exploit in our proof: it is 1-
Lipschitz and increasing, its derivative is 1-Lipschitz,
and its second derivative is non-negative (except at 0,
where it’s not defined).

Quadrature. To reconstruct f, from the Jacobian
we need to evaluate the integrals. While this cannot be
done exactly, good approximation can be obtained via
numerical integration (also known as quadrature). We
estimate f;(x1.;) via the general quadrature formula by

N Q
fi(z14) Z:: 4 Vifi (75 (2124)) -

Jj=1

Here, @ is the number of quadrature points and the
q1,---,qq are the corresponding coefficients. We use
simple rectangle quadrature, which arises in Riemann
integration, and uses only positive coeflicients with g; =
Ay, = migl and Tj (-lei) = (.1'17 e, T, —1 +]Am1)

Wehenkel and Louppe| [2019] uses Clenshaw—Curtis
quadrature where the coefficients ¢; can be negative.
Compared to Clenshaw—Curtis quadrature, the rectan-
gle quadrature requires more points for similar accuracy
(about doubling the number of quadrature points in
our experiments). This is a small price to pay because
rectangle quadrature makes the problem of minimiz-
ing the loss of the pseudo-network (defined shortly)
easier to analyze via the positivity of the quadrature
coefficients.

Exponential base distribution. Taking the stan-
dard Gaussian as a base distribution as in [Wehenkel
and Louppe| [2019] causes two difficulties: it is not
clear that the loss function in the pseudo-network is
convex (see Remark [F.2). Moreover, it is not clear that
throughout training the Lipschitz constant of the loss
function will remain bounded by an absolute constant
and hence independent of the parameters. (This issue
also arises in supervised learning, e.g. |Allen-Zhu et al.
[2019], though the authors seem to have not realized
the problem and do not address it.) Both of these
difficulties with the Gaussian can be circumvented by
using the exponential as the base distribution. This
does not cause any negative effects in our experiments.

Learner network parameterization and train-
ing procedure. We initialize a; , ~ N(0,€2), w, ~
N (0, L) and b, ~ N (0, %), where ¢, = O(57) is

) m Tog m

a small constant. Additionally, using the estimates
fi(z1.), we get approximate loss function

L(Vfx)= éfz‘(wl:i) - i:l log (Vi fi (z14)) -

Define average approximated loss as f/(V LX) =

% cex L (Vf,z) and expected approximated loss ass

L(Vf,D)=E,pL(Vf,z). The parameters of neu-
ral networks are updated using SGD:

O = 9y VL(V f,21)

where V; f; = ¢(N(21.; 9§t)))7 and 2 € X is chosen
uniformly at random from the training set at each
step. We assume that our data is generated from a tar-
get function F* = (F} (z1:1), F5 (z1:2) ..., F} (21:))
where F : R — R. Thus, F*~1(Z) = X.

Target function class. We consider target func-
tions whose derivative are given by

OF; (x1:4) _ AN .
T =9¢ (rgl :u‘i,rwz,r(<ui,r7x1:1>>

where |puf,.| < 1Jluf .|, <1 forall i € [d] and ¢y, :
R — R are smooth functions with Taylor expansion
and p; are positive integers. Our target function class
is rich: the argument of ¢ is two-layer neural network
with smooth activations.

Target function complexity. We need to quantify
the complexity of the functions: more complex func-
tions allow representing more distributions but are also
harder to learn. We begin by defining the complexity
of univariate smooth functions used in the definition
of target functions. Let ¢ : R — R have Taylor expan-
sion ¢¥(y) = Z;io cjy?, then, for € > 0, its complexity
Co(1),€) is given by

Colwe) = 0 (i:: (i+ 1>”5ci|> poty ()

which is a weighted norm of the Taylor coefficients.
For example, when v (y) is one of poly(y), sin(y), e¥ —
1,tanh(y), it is known that Cy(¢,e) = O(poly(1))
|[Arora et al., [2019, |Allen-Zhu et al., 2019]. Very
roughly, Cy(,€) captures how many samples are
needed to learn % up to error e. For F* in our
target class, complexity C(F*,¢) is defined to be

poly(d, max;c|q) i, MaX;c(d),re[p;] Co(Yir€)).
4.2 Theoretical analysis of UNF

We state the main theorem for UNFs informally. (For
the complete version, see Theorem [G.6] in the ap-
pendix.)
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Mixture of Gaussian Dataset
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Figure 1: Effect of over-parameterization on training of CNF and UNF on mixture of Gaussian (left figure) and

mixture of Beta (right figure) dataset

Theorem 4.1. For any € > 0 and for any target func-
tion F* with finite 2Zi1) for all i € [d], hidden layer
size m > I the number of samples n > F.0
the number of quadmture points Q > O(CE"9) and
total time steps T > O(<E2) with probability at least
0.9, we have

sgd Z ]EmNDL(f(t) )} - EIND [L(F*71')] = 0(6)

Recall that KL(pF*,Zpr(i),Z) — ]EX].Og pp* z(X)

P 50
which gives Eqga[+ 31— KL(pr+ zllpso.2)] = O(e).
Using Pinsker’s inequality, we can also bound the to-
tal variation distance between the learned and data
distributions p¢, z and pgp« z. The theorem can be
interpreted as saying that the target density pp- z
of X = F*~1(Z) is close to the density given by the
learned function, namely py«) » (which is the density of

(f®)=1(Z)). Note that Theorem [4.1| gives the learning
guarantee for all probability distributions which has a
two-layer low complexity neural network with smooth
activation as the derivative of the target function F*.
An example of such functions is any positive low degree
polynomial with small coefficients.

Proof Outline. The general outline of the proof
follows that for supervised learning mentioned earlier,
but details differ substantially and require new ideas.
First, unlike prior work which only works with one
neural network, NFs have d neural networks which are
trained jointly. But we show that each neural network
behaves essentially independently which allows us to
analyze each neural network separately. Therefore, for
each neural network V, f; (z1.;), we define its pseudo-
network by

0gi (z1:4)

Vigi (x1:4) = O,

= ¢(P(z1:4365))-

Note that our definition of pseudo-network is not a
straightforward generalization from the supervised case:
V.igi (21.;) is not a linear approximation of V, f; (x1:)
because we are not taking linear approximation of final
activation ¢. For every i € [d], we show the existence
of pseudo-networks close to the target function

8Fi* (mlti)
013

for some parameters 6} and for all z (Lemma [E.g).
However, for this we cannot directly use prior work:
since our pseudo-network approximation is used in
quadrature, it needs to be pointwise (close in Ly)
unlike only on average (close in L1) as in the prior work.
Next, we show that for each i € [d], the corresponding
neural network and pseudo-network remain close during
optimization and the same holds for the gradients of
their respective loss functions (Section |§| on coupling).
Specifically, for all ¢ € [d], all t € [T] and all x, we show
that

¢ (P(x1:i§ 9:))

Vif{" (12) © Vig,” (1:)  (Lemma[D.4)
Vo, (Visl" (@16)) = Vo, (Vig” (21.)) (Lemma D)
L(Vi©,2)~L(vg®,z)  (Lemma[D3)

VoL (Vf®,2) ~ VoL (Vg¥,a)  (Lemma[D3.

Using coupling and independence of neural networks
mentioned above, we show that SGD achieves near-
minimum training loss (Theorem , that is, for suf-
ficient large T,

1 T-1 .
il Z Esga[L (vf(t)aX)] < L(VF", X) + O(e).

Compared to the supervised setting the details in these
sections are considerably more involved due to the
presence of Vf and f and other features of the loss

function. Finally, the full generalization result is proven
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in Theorem showing that for sufficiently large T,
population loss L(f(T), D) is close to L(F*,D):
1 T—1
= % B [L(f9,D)] < L(F*. D) +O(0).
t=0

This is proven by stringing together several approxi-
mate equalities. First, we show that the loss L(VF*, z)
(and i(V f® 1)) using the approximation via quadra-
ture is close to the true loss L(F™*,x) (respectively

L(fD, x)):
L(VF*,z) ~ L(F*,z) and L(Vf® )~ L(f®, )

It is also shown that the empirical and population
versions of approximate loss are close:

(Lemma |G.3))
(Lemma |G.4]).

These results together with the optimization result
mentioned earlier give Theorem [G.6]

L(VfY, x) = L(VfY, D)
L(VF*,X) ~ L(VF*,D)

5 Experiments

In Sec. 3] we theoretically show that overparameter-
ized neural networks in CNFs can not approximate the
target function in the bounded time steps or in the
bounded change in weights, and in Sec. [4] we show
that highly overparameterized neural networks prov-
ably learn target distribution. We now give empirical
evidence of these claims. In Fig. [T} we plot training
error after a fixed number of training iterations for
a different amount of over-parameterization for both
CNF and UNF models on a mixture-of-Gaussian and
a mixture-of-Beta distribution datasets. The left and
right y-axes represent training error in CNF and UNF
models, respectively. CNF-SNWB and CNF-NNWB
denote CNF models with standard normal and nor-
malized normal (N (0, %)) initialization of parameters,
resp. We see that as we increase overparameterization
in CNF models, training error becomes larger after a
fixed number of training iterations, which means that
larger CNF models need larger number of training it-
erations to learn the target function. But in UNFs,
by increasing overparameterization, training error be-
comes smaller, which means that larger UNF models
need smaller number of training iterations to learn the
target function. Thus, our experimental results sug-
gest that overparameterization in CNFs makes training
slower and overparameterization in UNFs makes train-
ing faster. These experiments were done for a fixed
learning rate. Similar patterns were observed for var-
ious different settings of learning rates except when
training becomes unstable in CNFs. Since results in
supervised learning also suggest that overparameteriza-
tion makes training faster |Neyshabur et al.| [2015], our

results on CNF are novel and surprising. Results on
CNFs as well as results on UNFs on additional synthetic
and real datasets, deeper models, various initializations,
different learning rates and full experimental setup are
given in Appendix [Il

6 Conclusions and Limitaions

We gave the first end-to-end theoretical analysis of nor-
malizing flows. We introduced the dichotomy between
CNFs and UNFs: overparametrization seems to be hurt-
ing training of CNFs but for UNFs overparametrization
does not hurt and we can analyze UNFs when the
underlying network has one hidden-layer. We also pro-
posed NF variants with desirable properties and these
may find use in future work.

The main limitations of our work are the following
which also suggests the main open problems: (1) A
clear theoretical and empirical understanding of the role
of overparameterization in CNFs remains an interesting
open direction. As shown by our negative theoretical
results, it seems necessary to analyze CNFs in the mod-
erately overparametrized setting. However, this setting
is not well-understood even in the supervised case. (2)
For UNFs our analysis requires the overparametrized
setting. (3) For the analysis we distill NF architec-
tures to essentials—while this permits us to zero in on
the main phenomena the more practical architectures
are far more elaborate and performant and pose new
theoretical challenges. (4) Our work assumes the au-
toregressive structure of the flow models. However, the
role of overparameterized neural networks in other nor-
malizing flow models such as coupling flows, residual
flows, and other generative models such as VAEs is
not well understood. (5) Our theoretical results have a
one-hidden layer flow model but invertible flow models
can be sequentially composed to construct an invert-
ible map and in practice, flows models are sequentially
composed to learn flexible target distributions. Extend-
ing our theoretical results for such models is an open
problem.
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Supplementary Material:
Learning and Generalization in Overparameterized Normalizing Flows

A Outline

In this section, we give outline of details and proofs of supplementary. We define common notations between
Constrained Normalizing Flows results and Unconstrained Normalizing Flow results in Appendix [B] Our results
on CNFs from Section 3| from the main paper are discussed in detail in Theorem (Section [H.1)) and Theorem

(Section [H.2)) and their proofs.

We give details about our result on UNFs (in Section [4]) in Theorem and its proof (Section . Our analysis
begins with showing that if change in weights and biases from the initialization is small for a neural network, then
training dynamics of the pseudo-network (linear approximation of neural network) is close to training dynamics of
the neural network in Section [D] In Section [E] we show that with high probability there exist a pseudo-network
which can approximate the derivative of target function. In Section [F] we show that optimization problem for the
pseudo-network is convex; therefore, combining results from Section [E] and Section [D] will give us the result that
the loss of UNFs on the training data is close to the loss of target function. In section [G] we prove generalization
guarantees to test datasets and complete the proof of Theorem

We also provide experimental results to verify our theoretical claims on UNFs and CNFs in Section [5| and Section
[ Discussion of related work is given in Section [J}

B Notations

In this section, we define commonly used notations. We denote (e, 8) as a concatenation of 2 vectors @ and S.
For any 2 vectors @ and B, @ ® B denotes element wise multiplication of & and B vector. We use ||e||1, ||et]|2 and
le|loo to denote Ly, Ly and L, norm of vector . For any matrix M € R™*?, we denote matrix norm as

1/q
1M, = ( Z]Ilmilli> ,

i€[m

where m; € R? denotes row vector of matrix M. We denote vector 1 = (1,1,...,1) € R™. Big-O and Big-Q
notation to hide only constants. We use log to denote natural logarithm. For any constant n, [n] is denoted by set
{1,2,...,n}. We use N'(u, o) to denote Gaussian distribution with mean p and variance o. We use I [E] to denote
the indicator of the event E. We say a function f : RY — R is L-Lipschitz continuous if| f(z) — f(y)| < L]z — y||,
for all ,y € R%.

C Preliminaries

Recall that X is the random variable corresponding to the data distribution and Z is a random variable with
standard Gaussian or multivariate exponential distribution. There seems to be no well-accepted definition of
standard exponential distribution; for our purposes the following natural defintion will serve well. The density of
the standard exponential distribution at z = (21, 22,...,24) € R? is given by e~ {1 % when all z; > 0, and by
0, otherwise. Let flow f:R? — R? be an monotonic autoregressive function. Then standard change of density
formula using invertibility of f gives

1209 = o (212,

To make f(x) = (fi(x1:1), fo(z1:2), ..., fa(r1:4)) an monotonic autoregressive function, we force function f;(x1.;)
to be monotonic with respect to x; for any fixed xy.;_1) where z; is i*" dimension of z. Recall that x1.; represents
the vector including first ¢ elements of vector x for any i € [1,d].
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Unlike the constrained case where we model f using a neural network, in unconstrained case we model derivative

of function using d neural networks. In normalizing flow, for all ¢ € [1,d], we model W using a neural
network N (z1.;;6;). To be specific,

5fi($1:i)

Vifi (flzi) = O,

=9 (N(»”Cl:i; 91)) .

We denote V[ as (V1f1 (1:1) 5+, Vo fr (@10) .., Vafa (CEl;d)). Here, ¢ is the ELU-+1 function given by
o(x) = eIz < 0]+ (x+ 1) I[z > 0] for all z € R. we use a one-hidden-layer neural network in N(z1.;;6;),
which is given by

N(Jfl %5 z) Z (<wi,r + Wi j1:z'> + (Bim + bi,r))

We construct #1; € R = (z1,79,...,7;,\/1 — [|21,4]|?) such that |||z = 1. We can reconstruct f by
integration:

T4

z1
filz1a) = / 2 dt  and  fi(x14) = / ilmeatiot Dt for 1 < 4 < d.

—1 -1

The lower limit in our integral is —1 because ||z||, < 1 by our assumption on the support of the data distribution.
Note that to reconstruct f from the Jacobian, we need to evaluate the integrals. While this cannot be done
exactly, good approximation can be obtained via numerical integration (also known as quadrature). We estimate
fi(x1.;) via the general quadrature formula by

. Q
fi(w1:) = Z Vifi (75 (1)) -
=1
Here, @ is the number of quadrature points and the ¢, ..., gg are the corresponding coefficients. We use simple
rectangle quadrature, which arises in Riemann integration, and uses only positive coefficients with ¢; = A, 1= =it
and 75 (z1:) = (21, ..., 2i—1,—1 + jA;,). The loss function for normalizing flows is given by
E(77.0) = ~10g (pz () ) = tog (WL, (1))
Using standard exponential distribution as a base distribution, we get
- d d d .
L(Vfz)= Z fi(w1a) — 21 log (Vifi (r14)) = 3 Li (Vf,x) (C.1)
i=1 r= i=1

where

Li (Vf,2) = fi(x14) — log (Vifi (21:1)) -
For our theoretical result, we consider target functions whose derivative are given by

61;’1975511)_ (Z Mzrwl”‘“ 17‘7 1Z>))7

where |pif | < L[luf .|, <1 for all i € [d] and ¢;, : R — R are smooth functions with Taylor expansion and p;
are positive integers. Our target function class is rich: the argument of ¢ is two-layer neural network with smooth
activations.

We need to quantify the complexity of the functions: more complex functions allow representing more distributions
but are also harder to learn. We begin by defining the complexity of univariate smooth functions used in the
definition of target functions. Let 1) : R — R have Taylor expansion 9(y) = Z;io cjyj, then its complexity
Co(1,€) for € > 0 is given by O((> 5 (i + 1)*75|c;|)poly(2)) which is a weighted norm of the Taylor coefficients.
For example, when 1 (y) is one of poly(y), sin(y), e¥ — 1, tanh(y), it is known that Cy(¢), €) = O(poly(%)) |Allen-Zhu
et al.|[2019]. Very roughly, Cy(¢),€) captures how many samples are needed to learn ¢ up to error e. For F* in
our target class, complexity C'(F'*, ) is defined to be poly(d, max;e[q pi, maxX;c(d),re[p,] Co(Pi,r, €))-
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For each neural network V, f; (z1.;), we define its pseudo-network by V,g; (x1.;) = GQ;S;“) = ¢(P(21:4;6;))., where

P(r1.4;0;) = Z_: 0 (Wi, T1:3) + bir)

Note that our definition of pseudo-network is not the straightforward generalization from the supervised case:
V.gi (1) is not a linear approximation of V; f; (z1.;) because we are not taking linear approximation of final
activation ¢.

D Coupling

In this section, we will establish closeness between training dynamics of neural networks and pseudo network, which
we will call as coupling. First, we will establish the coupling between V; f; (z1.;) and V;g; (z1.;) (Lemma

Using coupling between V, f; (x1;) and V,g; (z1.;), we prove coupling between L; (Vf(t), x) and L; (Vg(t), x

(Lemma . We also prove coupling between gradient VoL (Vf(t)7l') and VgL (Vg(t),x) in Lemma

which will be used in proving global optimization of neural network in Section [F}

We define \; as

AL = sup id ( (o 0( )))

TR (D.1)
te[T) i€ld],re[m),w’) b{") |z|<1 ¢>(N(m;9i ))

which will be used later in the proof of coupling between V, f; (x1.;) and V;g; (1.;). The upper bound on ), is
useful to bound derivative of L (Vf, z) w.r.t. w;,. We get the following upper bound on A;:

¢’ (N(aflzz‘; 9@)))
AL = sup p
telT] i ld]relm] w6 Jzl<1 ¢(N(:vu,9( )))

exp (N(xm; el@)) i [N(xl.i; oY) < o] +I {N(mlzi; o) > o]
( (210! >)+1)11 [N(xlzi;el(t)) > 0}

= sup
te[T) ild],re[m]w!’) ") z|<1 eXp (N(a;m; 9?))) I {N (21:4; 0 Z

L77

1V |_|

= sup I {N(xl;i;ﬁgt)) < O] + (t)
te[T),ield],re[m],w'® b |z|<1 N(xy.450;7) +1

17"17"

<1. (D.2)

Define A as

A = 6c1641/21logm (D.3)

for any fixed constant ¢; > 10.

Recall that loss function in case of CNFs is given by
- _ d
L(Vfx)=3 fi(z1i) - ;log (Vifi (1:4))

= Zd: (f: Amvifi(t) (75 ($1:i))> - l_é log (Vifi (%1:4))

é Ay <N (Tj (z1:) ,99))) - é log <¢ (N (xm-,eg”))) ,
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Lemma D.1. (Bound on change in weights) For every i € [d], for all v € [m], for any positive constant ¢; > 10
and for every x1.; with |1, < 5, with at least 1 — é probability over random initialization, bound on change in
weights after t steps with learning rate n is given by

[l

()
bi,r

< nAt,
2

< n]\t.

Proof. By taking derivative of L (Vf,z) wrt. w;,, we get

oL (VfW,z Q _
M < (Z Agg (N (Tj (71:4), 99)) @ip0’ ((wzr + wz(,t27 T (w124)) + (bm + bE?)) Tj (%:i))
j=1

awi,r
2 2
1 _
= <¢/ (N(-'L'l:iQ 9§t>)) i o’ ((w +w® i) + (bi,r + b§f2)> :zm>
¢(N(1'1:i;91' ))
2
Q _
<> 1Aze (N (Tj (w1:4) ;9§t))) i r0’ (<wi,r + wﬁfﬁ,ﬁ (71:4)) + (bi,r + bS?)) 7 (21:4)
j=1 )

& <N (m; 9§”))
& (N (m; 95“))

_|_

Using|g;| < 3. [17 (@1) | = 1, Jrall = L and [¢ (N(@14:60) ) /6 (N(2156{"))| < 1 (by D), we get

oL (v 7O, sc)

dn, < 3lair| .

2
Using Lemma with probability at least 1 — % we get
oL (Vf®,2)

8’[01'77,

IN
ol
S
N

2

where A is defined in (D.3)). Using the same reasoning for b, ., with probability at least 1 — é we get

oL (v J208 x)
——

Q _
3 80 (¥ (73000010 a0’ (i + 0075 on) + (B +182) ) |
Jj=1

+ M <¢' (N(SClzi; th))) @i’ (<U_}i,r + wz(tgvi'11> + (l_)i,r + bg?)))

Using (D.4)), (D.5) and the fact that we are using SGD, we obtain
i, <

b!)| < nAt.




Kulin Shah, Amit Deshpande, Navin Goyal

O

Lemma D.2. (Bound on the number of changes in activation patterns) For every i € [d] and for all r € [m],
suppose Hwiﬂ“Hz < A; and |bl-7r| < A;. Then, for every w1 such that ||z14| < %, with probability at least

27
1 32(ca—1)°m3A2 e L. .
—exp | —=—————*) over random initialization, the number of activation patterns that change is at most

C4 4A\"f‘7{m, In other words, for at most cy 4A\if‘7r/m fraction of r € [m], we have

H |:<wi,r + wi,r? 'jlzi> + (Ei,r + bi,r) Z 0:| 7é I[ [<wi,m jl:i> + l_)i,r Z 0}
for any positive constant cq4 > 1.

Proof. Define
H; = {T‘ c [m] | |<’lZ)i7r7i’1;i> + Ei,r| > 4A1} (D?)

The set H; contains indices of neurons for which indicator function doesn’t change its value if change in weights is
bounded by A;. For every zi.; such that |||, <1 and for all € [m], ‘(u’)i’r, T14) + bi,r| < 2A;. For all r € H;,
we have

I [(w +w® F) + (13 + bgfj) > 0] =1 [(Wi,r, Z1:6) + bir > 0] (D.8)

1,17

Now, we need to bound the size of H;. We know that for all x with ||z, < 1, (Wi 5, T1:4) + bi - is Gaussian with
E [(m,;m,a}l:,;) + bi,r] =0 and Var [(wm,ilﬁ + bi,r] = 7% Using Lemma we get

4Ai/m
N

Using Fact (Hoeffding’s inequality) for H; (where H; = [m]\H,;) for any positive constant c4 > 1, we get

Pr (”Hi

Pr (| (i, 1) +Bis| < 407) <

2

> C4m4A\i/\%/m> <exp|—2m | (eg — 1) <4A\i/\%/m> ,

1)2,2 A2
Sexp<—32(c4 1)mA1>7

™

which gives

44 2cy — 1)2m2A2
Pr ”Hi|2m<1—04 Aﬁ) Zl—exp<—3(04 )°m Z>'

s ™

O

Lemma D.3. (Bound on the difference between Vifi(t) (1) and Viggt) (x14)) For every i € [d], for all x with

|z, < % and for every time step t > 1, with probability at least 1 — % over random initialization, for any positive

constants c¢; > 10, we have

ﬁfﬁ v/2logm.

‘Qf) (N(ﬂﬂm; 95”)) - ¢ (P(xm‘; 91@))‘ < 24crea;

Proof. Using 1-Lipschitz continuity of ¢, we get

‘05 (N(z1:450;)) — ¢ (P(21:4; 91))‘ < |N(#1:436;) — P(1:4:6,)] -
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We bound |N(l’1:i§ 0;) — P(x1; 91‘)’:

|N($1:i§9¢) — P(21:4; z)‘

> i (<wi,r - wy 1) + (i + b)) I {(w 1) + (B + b1y ) 2 0}

re[m]
Z di,r <<wi,r + wi’rafi'ltz> bz N + bz T > ]I wz T}xl z Z_)’L,T’ Z 0]
re[m]
Z Qi r (<wzr+w1(t7)-7xl 1> (b +b(t))> (H |: Wi » + W, raxl Z> (l_)iﬂ"+bi,r> > 0]
reH;
— I [(@;r, E1:5) + by > 0] )’
Ol
<[ (2c16a\/2 log m) (44, + 2A;) (2)
<24cie\; ’H( ) 2logm (D.9)
where inequality (i) uses Lemma to upper bound |a; ,,| with probability at least 1 — % O

Lemma D.4. (Final bound on the difference between Vifi(t) (z1:) and V,-ggt) (21:1)) For every i € [d], for all x

32 1 2, 2 27\2252
B2eazPnTm A0 ) ger the

with ||z, < 1 and for every time step t > 1, with probability at least 1 — é — exp (—

random initialization, and some positive constants ¢; > 10 and ¢4 > 1, we have

1920°m 2 A%¢icqeqt?v/logm
VT '

‘¢> (N(m; 95“)) — (P(:cu; 9?)))‘ < ‘N(m; 01) - P(a1; 9(”)‘ (D.10)

Proof. Using Lemma [D.2] and Lemma [D.3] we get

‘qﬁ (N(xl;i;egt))) — ¢ (P(ml:,»;e( >))’ <Uerea M[HY | 2 Togm

(i) -/
<24cie,\; <C4m 4A\}m> v/ 2logm
T

B 96\/§clc4eaAi2m1'5 logm

a ves

B 1920°m2A2%¢icqeqt?V/logm
= NG ,

2, 2 2432,2
where inequality (i) uses Lemma and the inequality follows with at least 1 — é —exp (—M)

(D.11)

™

probability. U

t
We denote the upper bound as A%,?:

192n2m1'5/i20104eat2\/10gm
e '
Lemma D.5. (Coupling of the loss functions) For every i € [d], for all x with||z||, <1 and for every time step

o 32(ca—1)%2n?m2A%t2
™

ASI)) =

t > 1, with probability at least 1 — % — exp over the random initialization, loss function of

neural network and pseudo-network are close for some positive constant ¢; > 10 and ¢4 > 1:

ACEDEALE

t
<3A().
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2 2 272,22
Using eq. (C.1), with probability at least 1 — % — dexp (—M) over the random initialization, we
have

2(910.5) - L (v4.2)

t
< 3dA%).

Proof.

<

L; <Vf(t), z) —L; (Vg(t), 1:)

C! Q
J; A, (Vifi (7 (xm‘))) - ; A, (Vz‘gi (75 (xl:i)))|
—I—‘log (Vifi (z1:)) —log (Vigs (731:1‘))‘

®
<2 (Sl[lp]|vifi (x1:4) — Vigs (561z)|> +‘N(x1:i;9£t)) _ P($1;i;9§t))‘

i€lQ
(i) SA®)

=~ np’

where inequality (i) follows from 1-Lipschitz continuity of log (¢(u)) with respect to u. Inequality (ii) uses Lemma

Using the definition of L, with at least probability 1 — % — dexp (—w), we get

)f] (Vf(t),x) —L (Vg(t),a:)

< Xd: L; (Vf(t),m) — L (Vg(t),x)
i=1

t
< 3dA)

Lemma D.6. (Coupling of the gradients of functions) For every i € [d], for all x with||z||y <1 and for every
time step t > 1, with probability at least 1 — é over random initialization, gradient of derivative of neural network
function and derivative of pseudo-network function with respect to parameters are close for any positive constant
c1 > 10

vah (vifi(t) (xm)) -V, (Vz‘ggt) (ﬂflzi)) H2 | Sdac <m/\§f;)> +2‘”£”D V2logm.

)

Proof. Recall that 0; is given by
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where 0; , = (wi,r, biy) € R72,
Vo, (Vi @10)) = Vo, (Vigl” (21.)) H < ||o' (M@0 6)) Vo N(@ra6)
— o' (Ple1s:61")) Vo, P(le,O())HM
¢ (NG 07)) Vo, N1 007) = o (Plara:07)) Vo NG 07) |,

¢’< (2155 0% )) Vo, N(z1.:;0) — ¢/ (P(a:“,GZ )) Vo, P(e1:0") H

<]

<

(N 0)) = &' (Pl o)) “WeNx“ﬂ“wﬂ

_|_

¢’ (P(xlzi;ﬁﬁt)))‘ HvaiN(mLz’;H? ) — VeiP(xl:i;H?))HQ .

‘N:c“,t?()) P(x1.:;0%) ’Hv Nx“,G(t))H
2.1

+Hv9Nx“,9 )~ Vo P(:z:“,ﬂ(t))H

v 2,1’

where the last inequality follows from 1-Lipschitzness of ¢’ and ¢'(z) < 1 for all z. Now, we will bound
V0N (1.6:61") = Vo, P(ai:61") H

HVg N(z1.4;6; ) Vo, P(x1. 1,0(75))H2 . < H {(ldi,mai,r) © (£1:4,1) © (1 [(w erz(?, 7j (x14)) + (EM + bE?) > O]

L[ 0) + i 2 0. {07 (o) + (B +80) 2 0

_ r=1
—1I [<wl ry L1 ’L> + bz77‘ Z O]):|m H2 1
2(8616a\/210g ) ’H(t)
< 8ci€q ﬂﬁ” 21log m, (D.12)

where inequality (i) follows from Lemma with atleast 1 — = probability. Now using Eq.(D.12)), with atleast
1-— E probability, we get

Hvei (Vz‘fi(t) (xl:z')) — Vo, (Vigl(t) ($11)> H271 < ‘N(ﬂ?l:i; 92@) — P(x1.4; Gft)) (1a;.p,a50) @ (£1:4,1)O

r=1

(111 i+ 7 o)+ (B4 00) 2 0] (i + 0075 ona) + (B +882) 2 0])

n va N(z1.s:69) — Vs, P(:v“,G(t))H

m 2,1

2,1

D.
9| JoTogm

12)
< SCleamA(t)\/ﬂog + 8ci€,|H
= 8ci€q (mAsfg —l—"H,l('t)D v/2log m.

O
Lemma D.7. (Coupling of the gradient of loss) For every i € [d], for all x with|z||y <1 and for every time step

2 2 232,2
t > 1, with probability at least 1 — % — dexp (*M) over random initialization, gradient of loss
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function with neural network and loss function with pseudo-network are close for some positive constant ¢c; > 10
and cy > 1:

192dnm!®A aty/1
< 92dnm \6}646 ogm + 2401deamA£f2) v/2logm.
2,1 ™

)

HV(J/ (Vf(t), x) — VoL (Vg(t)@)

Proof. We have

Vo, (vifi(t) (371:1‘))
Vit (w14)

Vo, (Vial” (7 210))
Vigt"” (21:1)

S A, (Vaol? (7 1)) +

i=1 2,1

< iZ‘l A, Vo, (viff“ (r; (m))) - i ALV, (Vigl(t) (7; (xlzi)))

2,1

it
Vo, (Vigf) (xl:i)) Vo, (Vifi(t) (Il:i))
Vigit) (@1:4) Vz‘fi(t) (@1:4)

II

+

2,1

We first bound I using Lemma [D.6}

Vo, (vifi(t) (Tj (1'11))> — Vo, (Vigl(t) (Tj (331:1‘))) Hl

< 16¢1¢€, (mAgf; —i—"HEt)D /2logm,

Q
I< > A
j=1
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Now, we bound II:

- Vo, (Vzgf ) (%z)) ; (V'f'(t) (»ﬁz))

Vig,f ) (xm) Vi f( ) ($1 z) 2,1
| el et itz
exp (P(a:l:,»;al(t))>]l{P(x“, ( } ( 1.0; 0, +1)11[P(a:1:,»;0§”)20}
(t

exp (N(a:l Z,Ol(t))) I {N(ml i3 0; )) } +1 [N(:m:i;@(t)) > 0}
- exp (N(xl Z,(9(t))) I [ (21 1,9( ) ) < 0} ( xu;ﬁit)) + 1) I [N(ﬂclzi;ﬂﬁt)) > 0}
I [P(x“,é)(t)) > 0]

(1) )
>

Iy (m“,g()) i
(N(xm;ﬁgt)) N 1) Vo, N(z1: “9(15))

Vo, N(21:4; 9,@)

2,1

|| ! {P(Il;ﬁ@gt)) < O] + P(21. “91(@)

— | [N(xl:i;egt)) < 0} +

2,1

HW P(a1.4:0") — Vo, N (21,50

I [P(x“,ﬁz(t)) < O,N([El;i;el(t)) < 0}
2,1

11,
Vo, N(21.5:60)

+ Veip(ﬂfm;@gt)) -
N6, +1

i [P(xm; 6y < 0, N(z1.4;0%) > o}

7 7

i 2,1
11,
Vo, P(z1.; 0
|| 2k % (xl(z)’ i) Vo, N(z1: z,e(t)) I [P(:Cm;@z@) > 07N(x1:i;9£t)) < O}
P(»ﬁ:i%‘gi )+1 2,1
he
| Vo P ) VoN(ns6)

I P($1:i§9§t)) > O,N(xm;@@) >0].
P10 41 Nz 07) + 1], { ’ }

7

114

On simplifying II5, we get

vep(xlz; i ) v N(xl’ma())

1
I < Nl 0Oy 1
N(l’l 1,9 ) +1
N($1:i;9§ ))
1+ N(z14;6)

2,1

)

HveiP(xl:i; o)

7

)H [P('rlzi;gz(t)) < 0,N(z1.30,") > O}
2,1

D‘10 ()
VgP(xU,Hz ) V N(x“,ﬁ )

+A8
2,1

VgiP(ILi; Hl(t))

) I [P(xlzi;ez(t)) < 0,N(x;00) > 0} :
2,1

(D.13)
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Similarly, on simplifying II3, we get

1
s < || ———— ‘Ve P(w1:550,")) — Vo, N(x1:4:0")
P(x14:6;7) +1 2,1
P(z1.;60.") ®) ) ()
IR HVgiN(xl,i;Gi )| [P 6) = 0, N (@1 017) < 0] (D.14)
14 P(z1:4;6;") 2,1

(HV@ P(xy. 1,01 ) Vo, N(x“,ﬁ(t)) +A£f; VeiN(xm;@z(t)) ) I [P(xlzi;egt)) > OvN(‘Tlti;ez(t)) <0f.
2,1 2,1
(D.15)
On simplifying 114, we get
Vo, P(x1:i;0L)) Vg, N(x:00) Vo, N (21::6")

1T, S(

Ve N(z1.:6")
N(ml:i;G( ))+1 21

(3

Plzi;0") +1  Plari0”) + 1, | Pa14:67) +1

)H [P(xlzi;OEt)) > O,N(ml:i;ez@) > 0}

1
< mHve P(21.556") — Vo, N (2155 6.)
P(:CM;Ol )+1

V0, N (1.5 6|, AL
(P(xm‘; o) + 1) <N($1:i; o)+ 1

2,1

)

)>]I [P(xm; 9?)) >0, N(x1.; 91@) > O]

(2 (2
s

< (HVO,-,P(Il:iQHEt)) — Vo, N(z1. 1,9(t))”2 . + Aﬁf,l VeiN(m:i;e(t))HQ 1> I [P(l'l:ﬁe(t)) > O,N(Inz’;@gt)) > 0} .

(D.16)

Using (D.13|), (D.14)) and (D.16)), we have

II<HV9P:U“, ®)y v, N(x“,ﬁ())H21+Aff,3

L g® 3100 >
(143 0] )HMH [Pleri6") > 0]

+ Anp GiP(zl:i; ez(t))H2 1]1 |:P(SC11, Hl(t)) < O, N(’Il;i; Gl(t)) Z 0] .
Using (DT), we et
II < 8cie,|H, 2logm o (HV@ P(xq. Z,G(t H2 ) + )‘V@iN(sr:l;i;Qgt))H2 1)
< 8ci€q ﬁft) 210g + Agltp | [(1%,“ Eli7r) ® (':El:ia 1) ® (1]1 [(’wi,r, jl:z‘> + Biﬂa > O} s
r=1
I [<wi,r,i'1:i> +biy > 0] )1 + | (L@, a5 0) © (£1:4,1)O
m 2,1

r=1

(1]1 [ 00220+ (4 0) 2 0] 1+ 0+ (5 4 000) 2 OD ]

#,"

2,1)

= 8ci¢, (’Hﬁw' n m;@;) V/2log m. (D.17)

m

< 8ci€q 2logm + Aﬁf}, (801 €amA/2log m)
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Combining bounds on I and II, we get

VoL (V5,2) = Vo, L (Vg 2) |, < 16cre0 (m;}; +‘H§t>

+ 8016a <

< 24ci €, (mAEf; + ’7‘[

)m

HE”‘ + mA%) v/2logm

g

)m.

Using Lemma and Lemma with at least 1 — é — exp (—w) probability, we get

153 Moo
HVHJ/ (Vf(t),a?) — Vo, L (Vg(t),x) H2,1 < 192im Ac\}?eat logm + 24cleamA$f;\/210gm. (D.18)

as
2,1

We can upper bound vai (Vf(t), x) — VoL (Vg(t), J:)

Hvei (Vf“),x) — VL (Vg(t),x)

d
<X
i=1

192dnm!-5A ot/1
< 192dym f‘* OB | 94eydegmA()y/2Togm
T

VoL (v 7O, x) VoL (Vg(t),x)

2,1 2,1

where last inequality follows from 1 — % —dexp (—w) O

We define T" as
B 192dnm!®Acycae, TA/Togm
- T

Note that I' is an upper bound on HV(;E (Vf(T),a:) — VoL (Vg(T),x) ||271.

T: + 24cldeamA£f]3 2log m.

E Approximation

In this section, we will prove that each pseudo network can approximate any target function from target class
with small offset 8* from the weights of initialization. We first prove that expectation of multiplication of a fixed
w function and I [(w, )y +b> O] can approximate any smooth activation in target function (Lemma . This is
used to prove that V,;gf (x1.;) can approximate any target function in target class in Lo, norm. Using Lipschitz
continuity L with respect to V.ig; (z1:;), we prove that E(Vig;“, ) is close to L(V;F*,z), where F* is any target
function in the target class.

To prove results in this section, we require a number of new techniques on top of techniques from |Allen-Zhu et al.
[2019]. The target functions in [Allen-Zhu et al.|[2019] are more restricted because Lo —norm of weights in target
function is equal to 1 (i.e., [uf .|, [[ui,[l, = 1). In our paper, we relax this condition and allow any weights with

*

their norm bounded by 1 (ie., |u; .|, |lu;, [, <1). Our proof can easily be extended to weights bounded by any
constant. Additionally, our proof requires to bound L, approximation error between pseudo network Vg’ (x1:;)
and target network, which is a stronger condition than L; approximation error given in |Allen-Zhu et al.|[2019|,

and requires a new proof technique.
Lemma E.1. For any fized constant 0 < C' <1 and even i > 0, for any x1 € [0,C] and b, we have

azy + B,/C? x%) I[a > b]
& >

= ¢,z where

Eo,gonr(o,1) | P (

(i—l)!!exp(—%) (i—1) (71)% i/2—1Y,
i Pl (GtyN L
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Similarly, for any fived constant C > 0 and odd i > 0, for any x1 € [0,C] and b, we have

axy + B/ C? x%) I
C

Eo g~n(0,1) | Pi ( > b]| = gz’ where

(ifl)!!exp(fg) (i—1) (71)MT_1 i/2—1Y,
“= CVor it 1 <(r—1)/2>b'

Proof. Using summation formula from Fact we have

axy + /02 — 22 O (i oxy ik x2
() -5 () () (- )

Expanding hy, (6 1-— CQ> using multiplication formula of Hermite polynomial from Fact we get

22\ L4 A N
D (B e

Using Fact for even k, we have

x2 x? i k!
i (5 - 012> B ( cé) (k/2)!2ik/27 (E-2)
and for odd k,
E e (py/1— 21| =0 (E.3)
B~N(0,1) k 02 : :

Using Eq. (E.1)), Eq. (E.2) and Eq.(E.3)), we get
oz + B/C? — 22 i i az " 2 h2 k! &
_ ! /o
Bpnio h( ¢ ) - 2.0 0) ( ) oy

k=0,even C? k‘/Q)'

.%‘ll i ) i—k k! —k/2
= — —_ _2 .
O (k)“ Gy 2

Using 1 [% b} in the expectation, we have

<ax1 + 84/C? —x%) i
C

Eo,gonv(o,1) | P

xt @ i X k!
> = 2L Eq i~k [a > b —9)7R2
2| =3, 32 (5o [0 Tlo 2] g -2
(E.4)
Define B, as
Bi,b = EaNN(O,l) |:Oéi]1 [Ck 2 b]i| .

Now, we divide our proof in two parts. In (a), we complete the proof for even i > 0 and in (b), we do it for odd i.
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(a) Using Lemma for even i > 0, we have

_ il (i— 1)l
Bip=(i—DI®(0,1;0) + 6 (0,1;0) 5

i v
j=1,jodd J*:

Using Eq. (E.4), we have

i k! —k/2
k) i— @ (0,1;b) G2 (-2)7F )

o . i kS (k-1 KU k2
POnn (k_o, ven (k) (j_lz,;udd I > (k/Q)!( ’ ) |

o)

Using

AV KU ke il(i— k= DIRI(-2) 7
_Z(k)( S T2 T A DNy ey /T T

i il(—1)k/2

B k:(%en (i — k)N (k/2)12k/2

» i ill(—1)k/2
= (-1 k:Ongen (i — k)I(k/2)12k/2

—(i— 1) Ze (;//Z) (—1)"/2

we get

Eo son(0,1) ci (t—D!p(0,1;0) > ¢b"

r=1,odd

(o) ]
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where ¢, is given by

1 il (i (i — k — D)kl (—2) /2
s )

>+ k=0,even

1 i—fl il (i —k — 1)IK!
(= D bdven (i — KRN
il gl (—2) 7R
k=0even (1 — K)ILr1(K/2)!

_ (z‘/2> (-)*"

>
~| |
NI
~— | — =
= |

=

~

[ V)

k=0,even k/2 ri!
(i—r—1)/2 i/2\ (=1 J
SUGE
7j=0,even J i
(i—r—1)/2 i/2\ (=1 J
SO
j=0,even J T
_ <i—r§>/? j—i/2—1\ 1
j=0,even ] il
(=24 (i—r—1)/2
AL (i—r—1)/2
B (_1)(i—r—1)/2 i/2— 1
B Al (i—r—1)/2

N (_1)(”)/ ((;-/_2 1 }2)

Using value of ¢, in Eq.(E.5)), we get the required result.
(b) By Lemma [E.2|for odd i > 0, we get

izl (=1 .
J=U,even b
Using Eq.(E.4), we get
oz + B/ C? — 2
Eo gon(0,1) | P ( ! ﬂc 1) Ia > b]
33‘11 i v k! —k/2
= — B;_ —2
CF e (k) o o )
xi @ 7 ikl G-k -1 k! —k/2
o0, o b)) e T e )
i i—1
=850,10) G- Y b (E.6)
cr r=0,reven
where ¢, is given by
i—r—1 ; — e — " |
¢, = 1 Z (’L k ].) k! : (_2),k/2 .

(i = 1)” k=0,even al (k/2)
By a similar calculation given in part (a), we get

(—1)“’“””( i/2 -1 )

o= ! (r—1)/2

Using value of ¢, in Eq.(E.6]), we get the required result.
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O
Lemma E.2. Define B, as
Bip = Eqn0,1) {Oéiﬂ [ > b]} .
and define ® (0,1;b) and ¢ (0,1;b) as
®(0,1;6)= Pr [a>b
a~N(0,1)
—b?
0,1;b) = ex
¢(0,1;) Norhad G
For any b, we have
, _ il (-1
for even i >0: Bip=(i—DNP®(0,1;0) + ¢ (0,1;0) > 7 (E.7)
j=1,0dd .
) e (N DL
for oddi > 0: Biy=¢(0,1;0) > Tbj (E.8)
j=1,even .
Proof. The lemma follows from Lemma A.7 of |Allen-Zhu et al.| [2019]. O

We will use two different view of the randomness. Define wg as wg = (a1, 1) and « = (ml, \C? — m%) where oy

and (; are standard normal random variables and C' is any positive constant. In alternative view of randomness,
we write wg as

<w07x> <w0’xL> 1L
wo = T+ x
]2 (el

where z1+ = (\/C2 —m%,—xl). Define o/ = (wg,z) and ' = (wg,z') where o/ and 3’ are normal random

variables with 0 mean and C? variance. Using definitions of o and /3, we get

o
Wy = 5T+ 5T = T+ =<

C? Cc? C C

where o and 8 are standard normal random variable.

Lemma E.3. For every integer i > 1, there exists a constant q; with ’q” > % such that
. i 1 . <w07 $>
Jor even i Ty = aEwONN(O,I),bONN(O,l) hi (1) 1[0 < —bo < 1/(2i)] T e th=20
3 i 1 . <w0a '1:>
for odd i Ty = zEme(o,I),me(m) hi (1) T [ |bo| < 1/(20)] T —  t bo >0

Proof. First, we will prove for even i. By Lemma we get

. Wo, T
EwONN(O,l),bONN(O,l) |fll (Ozl)ﬂ [O < —by < 1/(22)] I |:< 0 >

>
-

axy + /0% — 22 )
= EbONN(O,l) Ea,,@NN(O,l) hz ( ! ﬁc 1) I [Ol Z 7()0] I [0 S 71)0 S 1/(21)]

= Epyno) [qﬂ[ [0< —by < 1/(21')]} i (E.9)
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where

(= lexp (=2) -1 (_1)"5 / i/0 r
" C"\/;T( )rjmie:l:en(lz«H((r/El);)(bO)'

Now, we try to bound the coefficient Ey . (0,1) {qi]l [() < —bhy < 1/(21)]] Define ¢, as

-1

cr = (124” ((f«/E 1)}2) '

For 0 < —by < 1/(2¢) and for all odd r with 1 <r <7 —1,

i—r—1 i—rtl
=D 21 N S A Y | NS s
- (—b =|— —b <|—— —b < —ler_a(—b .
[er (=bo)'] A\ —ny2) T ST - gy) TR = gler—2 (Fho)
Using above relation, we get
izl I T
cr (=bo)" | > |eibol = Do ¢ (—bo)
r=1,odd r=3,odd

x 1
> |c1b0|—‘;4r\c1 (bo)|

Y

1
|Clb0| — gHCleH

> —lerbol,

W o

and

Using Eq.(E.9), we get

Epon(0,1) {Qi]l [0< —by < 1/(2’)]} ’

(i — Dlexp (7%) (z‘f)

= Epy~n(0,1) o P (=bo) 1[0 < —by < 1/(2i)]
(i — )exp (7%) . (i—1) . (i—1) . .
= |Epy (0,1 o sign TZOX(;VCHCT (—bo) r:()Xc:vonCT (=bo)" | 1[0 < —by < 1/(21)]
(i — D)lexp (—%) . 9 .
> |Epgn(0,1) o sign (c1) 3\61 bo| 1[0 < —bo < 1/(21)]
_ (i= D!

10042C%
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This completes the proof for even i. Similarly for odd i, using Lemma we get

. wo, T
Eosona(0,1),b0~A(0,1) lhz’ (ar) I [bo] < 1/(2i)] 1 POC> + by > OH

axy + B/ C? — x2 .
=Eoonn01) |Eapaono1) | hi ( : BC 1) Ifa > —bo] | I [lbo] < 1/(2i)]

= Eagnion [0l [0l < 1/(29)]] 2} (E.10)

where

B (i — Dllexp (—%) (i—1) (_1)# i/2—1 y
4= sz r:O,Zeven r!! ((T - 1)/2> '

Now, we will try to bound Ey,xr(0,1) [qi]I [|b0| < 1/(21)]] Define ¢, as

i 1

¢ = (_11., ((f,/f I)}2) '

For |bg| < 1/(2i) and for all even r with 1 <r <4i—1, we get

(—1)F (/21 (~1)7F [ ij2-1 1
r - 2 4= r - 2 14— T r=2
— = — g N A— - <= - )
[er (=bo)'] rll ((rl)/?)( b =1 ((TS)/2>( bo)'| < gler—2(=bo) ’
Using above relation, we get
il r . < 1 1 2 2| (i/2 -1 1
- > (o] — - > ol =3 = > ol — = = Zleol = = =
g O o | Zeol =g | er (Zho)T) = eol |7§1 g lol]| 2 feol = 3lleoll| = Fleol = 3 (—1/2) o0

and
1

i —1
sign ( > Cr(—bo)r> = sign (co) .
1,0dd

r=

Using the formula of ¢; in Eq. (E.10]), we have

EbDNN(O,l) [qi]l Hbo| < 1/(21)]} ‘

_(z' — 1)!lexp (—%) (i—1)

= |Epy~nr(0,1) T r:OZeven b1 [[bo] < 1/(24)]
E (i_l)”exﬁp (_%) i (if) b (if) b" | 1 [[bo| < 1/(20)]
= |Epgyn A sign Cr c, < i
Por N (01 C'/ 27 5 r=0,even r=0,even 0 ( )
(1 — Dllexp (—%) . 1 .
2 | Epynr(0,1) i sign (co) 51 [bo] < 1/(21)]
)
~ 10042C"

This completes the proof for odd i. O
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Lemma E.4. For any constant C < 1 and for any arbitary function ¢ : [—C,C] — R, we have

00 wo, T
P (x) =co+ ;C;EwONN(O,l),bowN(O,l) [hz‘ (a1) T [Gy(bo)] I [< OC, ) + by > OH

where wy = (a1, B1), ¢; =i coefficient of taylor series of 3 function,

2002 |cz |bo| < 1/(24) if i is odd

0 < —by <1/(2i) ifi is even

| ’ S and (;z (bo) = {

Proof. Using Taylor expansion of function (1), we get

e’} . o0 .
Y1) =co+ > cri+ Y, r)

i=1,odd i=2,even

0 T, w
=cCo + Z C;;]Eoz,B,boNN(O,l) |fl1 (Otl) I [Gz (bo)} I |:< o 0> + by > 0:|‘|
i=1

where above relation follows from Lemma and ¢} is given by

|bo] < 1/(24) if 7 is odd

, C; ‘ ,| < 2001'2'01,‘01‘
N 0 < —bp <1/(2i) ifiiseven

)

= a, (Z — 1)” and Gl (bo) = {

Lemma E.5. For any € € (0,1) and any positive integer i, setting B = 10011/2 + 104/log %, we have

1S By [hi)| T2l = Bi]| < e/8
2 Y Eeunon (BT[] = Bi]| < e/8
8 L Eaeno ||hil2)| 12 < B < 30 ()
The Lemma is same as Claim C.2 of [Allen-Zhu et al] [2019).

Lemma E.6. For any positive integer d, for any e € (0,1), for every function ¥, every e € (0,1), every u*,z € R?
with||u*||y <1 and ||z||2 = 1, there exist a function w : R® — [—€. (), € (¥)] such that

Eumnr(0.1,0~A0,1) [ ({06}, o, [u* ) T [(w, @) +bo > 0]| =0 ((u*,x))‘ <e. (E.11)

Proof. Define ﬁi(al)cgfhi(al)ﬂ [|a1| < Bi] + h; (sign(al)Bi) I Ha1| > BZ-]. From Lemma we get

<1'7w0>
C

Y(x1) =co+ Y GEa g po~n(0,1) [hz (1) T[G (bo)] T { +bo > 0}
=1

S ~ x
=co + R'(z1) + 3 ¢iEa,pbo~n(0,1) [hz (a)T[Gi (bo)] T P CI,UO> + by > OH
i=1

where

o0

Rl(21) = 3 ¢iEa g bo~n(0,1) l(hz (1) T | > Bi] — h; (sign(a1)B;) I la| > B; ]) L[G; (bo)] T {(z,w()) +bo > 0” ,

i=1 C
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Using Lemma we have |R/(z1)| < €/4. Define w(au, by, C) as
w(oq, bo, C) = 2¢o + Z C;]A'Li(al)]l [Gl (bo)] .
i=1
Using definition of w(ay, by, C), we get

arz1 + P1y/C? — a2 by >0

C

Eq, 81,00~ (0,1) |W (a1,b0,C) 1 <e/4.

Using Lemma we have
€

|w (al,me)’ < 2¢p + 3

A LA

This proves that for every function 1, every e € (0, 1), every constant C' € R and for every z; € [-C,C] , there
exist a function w : R? — [—€, (¢), €, (¢)] such that we have

32
I o121 + P14/ C? — a1 o soll -

Ea1,ﬁ1,bo~N(0,1) w (041, bo, C) C w(l'l) S €. (E12)
We denote u}+ for 2 < i < d as d — 1 orthogonal vectors of u* with ||u;*|| = ||u*||. Now, using projection of w on
u*, we get
<wﬂU*> * d <w?uzl> * 1 0/1 * d o * 1
w=-—"—"u"+ 3 u;— = u 4y — =] (E.13)
[ ]| b0 (7 (=N L

where o, for any i such that 1 < i < d is a normal random variable with 0 mean and ||u*||? variance. Define z/
as ¥) = (u*, x). Similarly, define #/ = (u}t, ) for 2 <i < d. Now, dot product (w,z) can be written as

1 d
e (o0 + el 2)
1=

_ oz + Zd: o)
fus2 \ 7V &
1
= — | 4 @) + B/ [[u*]]? — 2
[l
1
= T (alx’l + Biy/ |lu]]? — x’f) (E.14)

*H2

<w7 £L’> =

where last inequality follows from (Zle 22} = ||u*||?. Here a; and B; are standard normal random variables.

Setting C' = ||u*|| and using Eq.(E.12), Eq. (E.13) and Eq.(E.14)), we get

oA (0,1),b0~A(0,1) {w ((w, u*), bo, [|u*])) I [(w, ) + by > 0” - ((U*7$>)’ <e

O

OF (x1:3)
0x1:;

Lemma E.7. For alli € [d], for any € € (0,1), for any derivative of target function
lz]| <1, there exist a set of parameters 0 such that we have

and for any x with

_ oF; (1'1:')
. H* 1 % e
B o) [Plorso)] - o7 (2510130 <
Moreover, Lo, norm of 8F is given by

VT (20, U,
meaV2

16711200 <



Kulin Shah, Amit Deshpande, Navin Goyal

Proof. We denote pseudo network with parameters 6} as:

Py(21:45;07) = Y i (<w;wf1:¢> + b;,,) I [<'wi,r7i1:i> +biy > 0] .
r=1
Similarly, V;g} (21,;) is given by ¢ (Py(z1.4;6;)). We will use function w;; to approximate a neuron of target
function v; ; for all i € [d],j € [p;]. Setting w;, and b}, as
\/msign (Ezi r) i ( _
wf, = ————"*~ 5w i VMW, ul ), v mbg uj)vf,
s mea\/ﬁ ngu ,J 2J \/7< B ,]> \/7 5 || ,]” ,J
b, =0,

i,

we get

. —1 ((OF (x1:4)
]Eai,rw\f(o,eg),wi,T,Ei,wN(o,#) [Pe(21::67)] — ¢ ' ( 0714

= * = * — ~, 7 — 6Fz* (371;1')
=|MEa, A (0,62) 01050 N (0,2) [am (<wi,rvx11i> + bw) T[(@ir, #14) + bir = O]] —¢ (5561

NG

= E_ I
ea\/g ai,r’\‘N(O7€g)7wi,r1bi,7‘~N(07#)

I [<wi,’r‘>i‘1:i> + Bi,r Z 0] ] - (b_l (W) ‘

Pi _
Qi psign (@ir) Y p jwig (\/Wwi,muik,j)a Vmbi ., ||uf,j||) (V] ;> T1:4)
j=1

Pi —

]Ewi,r,Ei,wN(o,%) [ 1#;,rwi,j (ﬂ(wmu}‘,r% \/WJZ-,T, Hu}kr”) <,U;r7‘%1:i>1[ [<ﬁ1i,raﬂ~fl:i> +biy > 0]]

Di
- :u;:jwi,j (<uf,j7f1zi>> (<U;j;‘%1:i>> |
j=1
< pi€
Bounding [|w} ||, we get

/msign (a;..) Pi ~ -
i 55 i) > wigens (VIR uig), Vb, 1) i
a J=

< \/7?( 1;1:1 UUJi,T)
B meV2

[wipllo = |
2

Define upper bound on |lwy, |2 as

VT (v, U,
meqaV/2
OF* (x1.4)

Lemma E.8. For any i € [d], for any € € (0,1), for any derivative of target function =5 ==, for any

Uys =

28
€€

(S, 0L, U, )12
m>Q e L and for any x with ||z|| < %, there exist a set of parameters 0; such that, with

1 1 1 2 32((:4—1)2m2U5}* .
atleast 1 — + — =— — = — exp | —55=z | —exp | ————— = | probability, we have
C1 2 2mC'; ™

|¢1 <8Fi* (x“))  Pley67) 1920164eam1'5U5}:\/210gm

<(pi+1)e+ 7
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Proof. We divide

o1 (%lw)) — P(1.4;0)

| - <8F<w>) — P(1.:60)

0x1

into five parts as

<

_ aFZ* (xlti) *
¢! <8xm ~ By, (0.2 )t oo (0,2 ) [Pe(@1:6507)]

1

+ Eai,T'NN(OaEi)awi,rgl; ~N(0,1) [Pz(l“l i3 07 )] E.. N (0,62 )11, Bi N (0,2 ) [P(:l:l 179*)]‘

‘m 'm

II

F ey A (0,62 )50 51, e (0, 2 ) (P14 07)] T N (0.62) 0 i N (0,2 [N(x“';@f)}‘

II1

+ ]E(ii,rNN(QGCZL)7"1171,7“1511,7«’\‘N<0,%) [N(xlzi; 6;)] (1‘1 0y 9*)

v
+|N (214 07) — P(x14567)| - (E.15)
\'

We know that the first part I < p;e from Lemma Since E,. PN (0,62) i BN (0,2 [Pc(ﬂh:i; 01*)} =0, the
second term IT = 0. Using Lemma [D.2] and Lemma D3] for bounding the third term III, we get

=By n(0.2) 00 b0~ (0,2) [P @100 =B, nv(0,62) a0 b emnv(0,2 ) [V (@1:6567)]
= B, N (0.2) i o oo (0,2 ) [P (@15 07) = N(@1:4;.67)]
<y, (0.2 ) (0,2 [|P@16507) = N(a6567)|
< Eai,,.w\/(o,e )i, (0,2) |:2461€an: Hi| /2log m]
< 24cr€aUyz <C4m4U1j;7%/m> V2logm
96c1cae,mPU2. \/2Togm
- = . (E.16)

We will use technique from [Yehudai and Shamir| [2019] to bound the fourth term IV. Define a function N; as

N; =N; ((@11,1,@,1751,1) e (aiﬂmwi,mabi,m)) = sup Eai,TNN(O’Eg)@i,mg ~A(0,1) [N (2145 07)] — N(214;07)| -

*m

We will now bound the expectation of N; using McDiarmid’s inequality (Fact [K.13|). For every 1 <r < m, we get

‘Ni ((C_li,l, W; 1, bi,l) e (di,r»u_)i,ra bi,r) e (di,ma Wi ms bzm))
N, ((ai71,wi,1,l§i,1) (@B (ai,m,mi,m,@,mo |

a; rO <<w” + w;r,:irl 4) (l_) >> - &;7ra <(w + wl o T1g) + (b’ + b;"r)> |

:(261%«/2logm)< (c2 + c3) ”210gm+2(] )

=sup
x
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where last inequality follows with atleast 1— % - é — é probability by applying Lemma on [(’ziyr] :1:1 , [w”] :;1
and [Ei’r] :L:l. Define C; as

2 V21
Ci = (261€a\/210gm> < (62+C3721 ogm +2Uw:>

Using Lemma 26.2 from |Shalev-Shwartz and Ben-David| [2014], we get

2 - = — * 7 *
a’i,ﬂ"yw’iﬂ‘yl;’i.ﬂ" [N’L] S %Eai.r;wiﬂwl}i.r Sup é-Tai’TU (<wi’r + wiar7> + (bi’r + bl""))‘
’ ’ ’ z |r=1
where &1, &, ..., &, are independent Rademacher random variables. Using Lipschitz continuity of ReLLU activation,
we get
2 = * ~ 1 *
]Eafi,rfwimwgi.r [N’L] S EEai.r7wi,r7E7ﬂm sup Z §Tdi,T (<wiyr + wi7T7xl:i> + (bi)T + bi,’l‘))
z |r=1

Using Lemma 26.10 from Shalev-Shwartz and Ben-David| [2014], we get

maxy e lai.r (@i + w7, ) Il
Eai,'mwi,rxgi,r [NZ] S Eaiﬂwwiﬂwgi,r \/ﬁ
max; ¢y [|ai,r (Ei,r + b?,r) 2
+ QEai,rywiJwEi,r \/ﬁ

(2c1€av/2logm) [ 2c9y/2Togm (2c1€4v/2logm) 2¢3+/2Togm
<|2 + Uy + 2 .
m vm o vm vm

(S, X0, Un, ,r)m (catcs)v/ZTogm
For m > Q = . , we have Uyr < % and therefore, we get
24cq (e + c3) €q logm
@i,y Wi,rbir [Nl] < \/* :
m
Using McDiarmid’s inequality (Fact , we get
24 ol 2
pr (N, = el ta)alem ) b (0 pNg > S) <exp (- .
vm 2 2 2mC;
ao(xd s v, )
For m > 0 [ T (ZE 2 U, ) ) with at least 1 — L — L — L —exp (— 5.5 ) probability, for all @ with

|lz|ly <1, we have

E

@i, Wi, rbir

To bound V, by Eq. , we know
V =|N(21.4;0;) — P(x1.5;0;)|

. Hi \/21ogm

(ii) AU+ v/m
< 24c1€,Uqx <C4m\%rr\r> /9 logm
I o

96clc4eam1'5U12m v2logm
= G , E.18
VT ( )

<e (E.17)

[N(flzi; 9;)] - N($1zi5 9:)

®
S 2461 €q Uw
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where inequality (i) follows from Eq. with atleast 1 — =~ probability and inequality (ii) follows from Lemma

32(cs—1)2m2U2 .
with atleast 1 — é — exp ( 4ﬂ> Using Lemma Eq.(E.15), Eq.(E.16)), Eq.(E.17) and

5 32(64 1)2m2U2
Eq.(E.18]), with atleast 1 — é — % — L —exp (—ﬁ) — exp

o (H52) <

s

) probability, we get

96clc4eam1'5Ui;T\/m 96C1C4€am1'5U3;T\/m
N : + e+ N :
192clc4eam1'5U3U:T\/m
ﬁ - .

< pie +

=(pi+1)e+

. 12
. % dw(zi:l 221:1 Uhi T)
Lemma E.9. For any € € (0,1), for any target function F*, for any m > oy : and for

any x with||z||, < 1, there exist a set of parameters 6* = (605,03,...,0%) such that, with atleast 1 — g -4

d 2 32(ca—1)°m?U2 .
- dexp (_W) —dexp | ——————= | probability, we get

- . d
‘L(Vg’ﬂx)—L(VF*,x)‘ <3 (Zpi-i-d

i=1

> - 576¢1caeam®/2logm (i U2*> '

Proof. Using definition of L, we get

‘Ii(Vg*gr)—Ii(VF*,x)‘ <

1=17=1

d i A, ( ig7 (75 (xm))> - A (viF; (; (xm)))‘

+

Ed: log (Vz‘gf ($1z)) - élog (viFi* (xu))‘

& (P (75 (@14) 9;)) . (viF; (r; (xm)))‘

+ Zd: )log (Vig; (z1:4)) —log (Vi F} (3311))‘

P (7 (21:),07) — 67" (ViFi* (7 (%z)))‘

ﬁ

d 576cicaegmt-5y/2logm [ &
(2 > s 2,V

where inequality (i) follows from 1-Lipschitz continuity of ¢(-) and log (¢ (-)). The upper bound on [|6*]|, , is
given by

107y < S8y < 30 V(2 Ue,) W(Zz Dy w”)
HE= R = meqV'2 B mea\/5 '
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We define upper bound on ||6*|, . as Ug«:

VA (S S0 V)

Ug- =
’ meaﬁ

F Optimization

This section shows that SGD on the loss of the neural network can be closely approximated by the SGD on
the loss of the pseudo-network (Theorem . Since the loss function of the pseudo-network is convex in its
parameters (Lemma , we get global optimization of the pseudo network, and hence, global optimization of
the neural network. Moreover, there exist a pseudo-network which can approximation the target function and
achieve training loss close to the trainign loss of the target function (Section [E)). Therefore, SGD on the loss of
the neural network can achieve training loss comparable to training loss of the target function (Theorem [F.3)).

First, we will start with proving convexity of the loss function of the pseudo-network.

Lemma F.1. (Convezity of the loss function of the pseudo-network) The loss function of the pseudo-network is
convex with respect to the parameters of the neural network, and therefore, loss L satisfies first order condition of
convezity for all t € [T] and for all x with||z|, < 1:

L(Vg", X) — L(Vg*, X) < (Ve L(Vg", X),00) —6%).

Proof. We decompose the loss function of the pseudo-network for each dimension into two parts:

d Q d /. -
L(vea) =3 <  AVigl” (7 (1)) — log (Vi (m))) =3 (Lia(Vg®,2) + Lia(Vg®, ),
1= Jj=

=1

where

P o) < (1) ; ®) (1)
LM(Vg ,I) = Z AxVZfZ (Tj (1‘1;,’)) and L%g(Vg 71‘) = — log (Vzgl (Il:i)> .
j=1
We prove convexity of both L; 1(Vg®, z) and L; 2(Vg®, z). We can write L, , (Vg(t), x) as
- . Q )
L (Vg( )733) = > Ao (P(»Tl;i;@i )) .
j=1

Note that ¢ (P(ml;i; 91@)) is convex in P(z1.;; 91@) and P(xy.; 9?)) is linear in 92@. As composition of any convex
and linear function is convex, ¢ (P(a;l;i; 95”)) is convex. The first part of loss function im (Vg(t), x) is convex

in th) because sum of convex functions is also convex. By writing Zi,Z (Vg(t), x) in parts, we get

Lis (Vg(t), a:) = —log (¢ (P(ml;i; Hft))>)

—log (exp (P(xl:i; 91@)) I [P(atl;i; 91@) < 0} + (P(acl;i; 91@) + 1) I [P(xl:i; 91@) > O})

% i

= —P(z14; H(t))]l [P(a:l;i; Gl(t)) < 0} — log (P(J:l;i; 91@) + 1) I [P(xu; G(t)) > O] .

Using last equality in the above equation, we can see that ii,g is convex in P(ml;i;t?l(t)) and we know that
P(x1.4; Gl@) is linear in 9?). Therefore, Lyg is convex in 91@ because composition of any convex and linear function

. . = = = NG . .
is a convex function. As L;; and L; o are convex, L is also convex in 95 ) because sum of convex functions is a
convex function. O
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Remark F.2. When we use the standard Gaussian for the base distribution, then the loss function will be:

L(vg<t ) zd: <§: Axvigi(t) (Tj(xm))> —log(vlgz()(xl;i»

i=1 =1

i

(ii,l(VQ(t)J) + ffi,2(Vg(t)a$)) .

Note that the second term in the decomposition ii)g is convexr with same argument given in Lemma and the
first term L; 1 is given by

2

- Q

L;1 (Vg(t)7$) = (Zl szigft) (75 (9611))> .
J:

Using the same argument given in Lemma we get that Z 1A Vigz ( (14 ) 18 convex in H(t) but each

summand in Ll 1 18 square of convex function, which may not be convex in 9 2 Therefore, Lz 1 can be non-convex
(t)
in;"’.

Recall that average loss of function f® on training set X is defined as L (V fo.x ):

i(Vf“),x) > L( f<t>,x).

|X‘ TeX
Similarly, average loss for ¢(*) and average loss for F* is denoted by L (Vg(t), X ) and L (VF*, X), respectively.
Theorem F.3. (SGD achieves near-optimal loss) For every e € (0,1), for every m > poly (U@*,d, %) , learning
rate n = O (i) and number of steps T = O (%ﬂ) such that, with at least 0.94 probability, we get

! Tzl Enga L(VO, X)) - L(VF*, X) < O(e).

Proof. Recall that Vg* is a pseudo network which approximates the target function VF*. From Lemma we
know that L(Vg®, X) is convex in parameters 6, which gives

L(Vg",X) — L(Vyg", X) < (Vo L(Vg", X), 01 —0%)
< IVoL(Vg"™, X) = Vo L(V ), X)[|21160) — 07]|2,00
+ (Vo L(Vf® x),00 — %), (F.1)
Recall that SGD update at time ¢ is given by
9D = 9O — o L(V O 1),
Using SGD update at time ¢, We have
164FY — 6755 = 169 —nVeL(VF, ) — 673
=116 = 03,5 + IV L(VF©, 2 )35 — 20(6®) = 0%, Vo L(V 1, 2)).
By taking expectation wrt x;, we get

By (1004 = 0% 3] = 109 = 0*[32 + n°Euco [IV0L(VFO,2®) 3] = 20(VoL(V O, 2),00 - 0*). (F.2)

Putting value of (VoL(Vf®, X), 00 — 6*) from Eq.(F.2) to (F.I)), we get
L(Vg", X) = L(Vg", X) < [|VoL(Vg"™, X) = Vo L(VF O, )], 106" = 07|20
16 = 6713 2 — Eqco [0 — 673 5
i : :
2n
77 ~
+ §Ex(t) ||v9L(f/(t)7 -T(t))Hg,Q




Kulin Shah, Amit Deshpande, Navin Goyal

By , and 7 with atleast 1 — — probaublhty7 we have

- 2 _
HVgL(Vf(t),x(t))HQ < 2mA2,

Averaging from t =0 to T — 1, we get

T-1 — ~ ~
- 7 2 B [L(V9"Y, 0)] — £(Vg", X) < ; 902799, ) = Vo L(V 19, )|, , 109 = 6 2,xc]

N 16© — 6*13
2nT

’r] — ~
+ 1L (B VoL .23,
1 T-1 5 5 § i} Hg(O) _ 9*”2 ~
= 3 EqalL(Vg"®, X)] = L(Vg*, X) < T { sup 09 |l2,00 + [10"]|2,00 | + ——5—> + pmii?
T = te[T] 20T
-7 ||2 o+ ||9* |%,2 n nmAQ (F3)
te[T ' T ’

32(ca—1)%n?
™

where last inequality follows with atleast 1 — g — dexp (— m?[\%?). Recall that I' was defined in

(D-18). The last equality also uses the fact that initial change in weights 6(°) is equal to (0,0,...,0). Using
Lemmas and respectively, with probability at least 1 — il -4 _d_ Z;‘ll dexp (—w) —

T

2 32(ca—1)2m?U2.
dexp (—2“27) —dexp ( ﬂ) we have
1T o * 10132 , 2o a0
7 2 Bsga[L(VSY, X)] = L(Vg™, X) < T'| sup [|67][200 + 07 [[2,00 | + mA* + 3A3),
T = te[T] 2nT P
1 T-1 - ) - y ) [0 *||22 mA2
T = te([T] 20T
57661 ca€amB/2 logm 9
3A4) d U .
+ (Zp + ) ﬁ w?
We now choose values of n and 7"
€
= Az
B €
m (6c16a\/210gm)2
€
~ T2¢3me2logm’
16712 (F4)
T := :
2ne
72c2me2 logm
2 1
_ 72(:%m2U92* EZ logm
B 2¢2 ’

where we use chosen value of 1 to get upper bound on 7T'. Using above inequalities, we get the following equalities:

H9*||%2 ||9*H%2 2ne

= =€,
2nT 2n ||9*||§2
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Using Lemma we get

[0%[12,00 < Up~,

167]|2.2 < V/m|07[|2,00 = v'MmUp-.

To get value of m, we will first upper bound sup,¢ g 109 oo, SUP;e7] 10® || oo + 110" || oo and T

At = A 0-[3A 6ereay/2]
sup 001 = sup nist = iz = 17122 mUé@
tE[T] tE[T] 26 26

(3clmU92* €av/2log m)
€

(361mU92* €qv/2log m) N
€

(14 3c1) mUZ. €41/2log m)

€

sup [0 e + 10" oo < vz <
te[T]

192dnm' -5 Acycaeqtn/1
p - 12 GBI derdegmA)/2logm
™

< 192dnm!-5Acicae ty/Togm
< N

< 192dnm*> Acycaeqtr/Iogm n 4608v/2¢2 cade2n*t>m>® log mA?
- VT LS

15 2
< 192dm C\l/cilfa\/m <m2U9*> (661@\/@)
o €

2

4608+/2c2cyde2m25 1 U2, 2

+ \[Cl 04\/317” ogm m2 o (601 €a\/2log m)
™ €

< 576v/2dm?5cle,e2UR. logm n 82944v/2¢}cydetm*°U}. (log m)?
- e me?

< 165888v/2c}cadetm®°Uy. (log m)?

- Ve? '

192772m1'5]\20104eat2\/10g m
s

+ 24c1de,ma/21logm (

Multiplication of I and (suptem 10®) || oo + ||9*||Oo) will be

A

€

T sup 00| + (67| 165888v/2cicadelm®SUL (logm)® ( (1 + 3er) mUZ. eay/2Togm)
te[T] = <)~ Ve
331776¢4 (1 4 3¢1) cadedm>UE. (logm)*®
Vmed

d i
331776¢] (1 + 3cy) cadesm® (log m)*® VT (Zi:l 1 Uhi,r)
B ﬁ€3 mea\@

6

6
41472725¢} (1 + 3ey) cad (log m)2'5 (Zgzl b Uh)
Vmede, '

Taking m as

8 .2 12 2 d Di 12
creid® (1 + 3er) (Zi:l r=1 Uhi,r)

28 ’
€xe

m >

)
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we get

r <sup 10| o + |0*||oo> <e
te[T]

Using (D-10), we get

A _ (1927]2m1'5A20104eat2\/logm)
np

N3
2
192m*'Scicaeqy/1 U;. 2
< < m Cl\;j‘; ogm) (m2: > (GClea\/2logm)
3456m3-Scicye3 Uy, (log m)"?
= 3 (F.6)
e2\/m
Using given choice of m from (F.5)), we get
; 4
Pi
A < 3456m35 3 eyed (logm)'® VT (Eizl r=1 Uh'i,T)
" VT meg /2
0.5
1.5 .3 15 /a4 p; 4 2.8
8647 °cicq (logm) DY €le
= 2 ) Ri,r 12
et 1+ 30)° (L, 22, Ui, )
€2 (logm)"®
e1 (1+3er) (S, 302, U, )
<O (e).

Similarly, using given choice of m from (F.5)), we get

) 2
576¢1caeam’5y/2Togm Z U2, _ 576cicaegm ®/2logm Zdj Vv (3P Un,)
N VT i=1 meqV/2

288fclc4\/2 logm (

mY-Se¢,

d  pi 2
Z Z Uhi,r)

i=1r=1

T

Using Eq. 1D and Eq. || with at least 1 — % —d_d —Zthl dexp (—W> —dexp (—ﬁ) —

s

32(04 1)%m 2U2
dexp ———— | probability, we get

1 T-1 2

T t=0

Esga[ L(V®, X)] = L(VF*, X) < F(S%Tp}ﬁ(t)z,owr@*llz,oo) +nmA?
te

d 576¢1cacqmt-5y/2T
+3A§fp+3(2pi+d>e+ creac ﬂ\;% ogm <2 U2, )
i=1 =1

<O(e) +3 (Zd:pi—i-d

i=1
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Taking ¢; = 100d, co = 100d, c3 = 100d,cs = d + 1,¢, = m < € and rescaling € as €/ (Zlepi + d), with
< 32d2m2U2 .
at least 0.97 — Zthl dexp (—W) —dexp (—%) — dexp (—ﬂw> probability, we get

I % Baal(VSO.2)] - LVF2) < 00).

To find the lower bound on probability, we use Zthl <y <o

2 t=1¢2 =
T 32d%n?m2A%2 \ () T dm A4 A2 T
d Y R = __ < < <001
L, dexp ( - S 2 0@pPme A2 16de2A2  16de2 — 3200

where inequality (i) follows from exp (—z) < 1 for all z > 0. To find lower bound on dexp (—%), we use

same inequality:

2
2 2dmC?  2d 2 V21 Pi U,
dexp( ¢ ) < mCi _ am (2clea\/2logm) ( (c2 +3) ogm +2ﬁ( r=1 h”)> <0.01

- 2mC?2 €2 €2 m meqv/2

where last inequality follows from given choice (Eq. (F.5)) of sufficiently high m. Now, we will lower bound
32d?m?U2,
dexp (—M> quantity:

™

5 <0.01

™

d 32d2m2U12u; < wd wd 2m?%e2 €2
exp — < = - = :
B22m2Uy. — 32d°m? o (S0 U, ) 16d (XL, Un, )

where last inequality follows from the value of ¢,. Finally, we can say that, with at least 0.94 probability, we get

%TilEsgd[i(vf(t)aX)] - IN’(VF*a X) S O(E)
t=0

G Generalization

In this section, we prove generalization guarantees to complement our optimization result, and complete the proof
of our main theorem (Theorem about efficiently learning distributions using univariate normalizing flows.
Recall that L(Vf®), X) denotes an empirical average of L(V f(®), X) over training data and L(Vf® D) denotes
expectation with respect to underlying data distribution. The proof in this section can be broadly divided two
parts. First, we prove that empirical average f/(Vf(t), X) and f/(VF*, X) are close to expectation E(Vf(t)7 D)
and f/(VF*7 D), respectively (Lemma and Lemma. Second, we prove that E(Vf(t),l)) and E(VF*, D)
are close to L(f®, D) and L(F*, D), respectively (Theorem .

Recall that the approximate loss function L is given by

L (Vf(t),x) = Zé f: JAo (N (Tj (xlzi);egt))) —log <¢ (N <$1:i;9§t))>> ,

Jj=1

where
N(l’l:i,@gt)) =) G0 <<1Th',r + wEfT),i1:i> + (l_h‘,r + bf?)) .
r=1

Similarly, we define L (VEF*, z) for the target function F*.



Kulin Shah, Amit Deshpande, Navin Goyal

Lemma G.1. (Empirical Rademacher complezity for two-layer neural network) For every constant B > 0,
for any number of training samples n > 1, for any time t > 1, with probability at least 1 — é over random
initialization, the empirical Rademacher complexity is bounded by

1 n
EEEE{il}" sup Z ij ((Il 7')3 ’gz(t))

maX,c [m]|

< 8c1€,Bmy/2logm
i ﬁ 9

where (J;M)j denotes first i dimension of j training example.

Proof. Using part (H} of Lemma|K.16| we get that {z — (w(t) Z1. (f) i Hw(f)

7,17

<B ‘b(*)‘ < B} has Rademacher

complex1ty . Using part @) of Lemma [K.16] we get that {x — (W;,r + wz(r),xlzl-) (bi,r + bgm) | wa , <
B, bz(tz < B,w;, ~ N(O L 1) i N(O 1 )} has Rademacher complexity 3’%. Using part H of Lemma
K.16, we get that class of functions in F = {z — N(:CM; i ) | max,cim me , < B,max, ¢ |b; | < B} has
Rademacher complexity
(1) 8c1e, Bmy/21
R (X; F) < 2fally 2 < acellVEIoE M
f vn

where inequality (i) follows from Lemma with at least 1 — % probability over random initialization.

O

We denote Myp« and myp+ as maximum and minimum value of VF™*:

Myp- = ViF] (21 i) s
VT cldhmere (@14) (@1:4)

myp- = min  V;F' (1) (v14) .
VF ie[d),zeRd il ( 1.2)( l.z)

We find upper bound on maximum and lower bound on minimum value of the loss L for the target function F*
in terms of My p+ and myp=:

- d
supL (VF*,z) = max ) (

T 4=1

(Viﬂ* (ﬂfl;i) (Tj (x“))) — IOg Viﬂ* (3511)> S 2dMVF* — leg (mVF*) s

M*Q gM@

lI;fZ (VF*, ) = Hlln Z < (Vle* (xlzi) (Tj (Ill))) - log viF: (1‘11)> Z Qdmvp* — leg (MVF*) s

j=1

and define them respectively as M; and mj:

M; = 2dMyp+ — dlog (myp-),

(G.1)
mj = 2dmyp+ — dlog (Myp+) .

Lemma G.2. (Small value of neural network at initialization) For any dimension i € [d], for any constant
c1 > 10,¢o > 10 and c3 > 10, with probability at least 0.99 — = — L — L e have

C1 C2 Cc3 ’

E Qi r0 ((u’)m., 531;1'> + Biﬂ-) < 16\/(d + 1) log (d + 1)6102€a (log m) + 16¢1c3€, (log m) .

Proof. Suppose, for any given z, there are m’ indicators with value 1. Without loss of generality, we can assume
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that indicators from r = 1 to r = m’ is 1. Then,

NSE
Ql

—
|

i (Wi, T1iq) + big ) T[40, F124) + b > 0]

D

a

i (Wi, 1) + biy)

’

m’ _
di,rwi,r> + Z di,rbi,r
1 r=1

3

T

r

—~

Now, applying Hoeffding’s inequality (Fact [K.8) on any dimension j € [d 4 1] for the sum in first part of the
above equation, with atleast 1 — é — é probability, we get

m’ B B 2t2m
Pr (> @, wiy | >t)] <exp| — 5 5
r=1 m’ (26160”/2 log m) (202\/2log m)
t2
<exp|-— 5 |- (G.2)
32c2c2e2 (logm)
Using union bound, we get
el U (35 (@+1) ’
r Qi Wi j| 2> T <(d+1l)exp| — 5
setr \Ir=1 32c2c2e2 (logm)
Using definition of L.,—norm, we have
m’ t2
Pr Qi ,p W5,y >t <(d+1)exp| —
7‘2::1 - ( ) 32¢2¢2e2 (logm)?
Plugging t = 16+/log (d 4 1)c1c2¢, (logm) in above equation, with probability at least 1 — exp (—8) — % — é7 we
have
> GipWir|| < 164/log(d+ 1)cico€, (logm),
r=1
and using relation between Lo and L., norm, we have
Qi Wir| <VAd+1||D @Gpwi,|| < 164/(d + 1) log (d + 1)cicaeq (logm) . (G.3)
r=1 r=1
2 0o
Similarly, using Hoeffding’s inequality (Fact , with at least 1 — % — é probability, we get
m 212
Pr(|> @pbip| >t| <exp| - n
r=1

m’ (2clea\/2 log m)2 (203\/2 log m)2

12
< exp 732 5 5 2 5 |-
ciese; (logm)

Plugging t = 16¢1 ¢3¢, (logm), with at least 1 — exp (—8)

1 1

o T probability, we get

m/ _
> Girbir
r=1

< 16¢1c3€4 (logm) .

(G.4)
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Using Eq.(G.3) and Eq.(G.4)), with probability at least 0.99 — % . é, we have

co2

i @i ((Wir, T1:4) + bir) T [(Wi, T1:) + bie = 0] (z, % i rWi,r) + % ;,7b; (G.5)
r=1

< 16\/(d + 1)log (d + 1)cicoe, (logm) + 16¢1c3€, (logm) .
This completes the proof. O

Lemma G.3. For any constant T, for any dimension i € [d], any time 1 <t < T, any € € (0,1), suppose that
the number of samples n satisfies

(M; — mi)2 (Q +1)* d®log (d) e2UL m* (logm)?

n >0 7

(G.6)

€

Then, with at least 0.98 probability over random initialization, the population loss of any functions of the set
fo = Nearao) | [wl?) <nAT, o)

<nAT Vr € [m]} is close to the empirical loss, i.e.

Epen [i (Vf(t),xﬂ .y (Vf“),)c) <e

Proof. We know that the loss for i*" dimension L; (Vf(t), x) depends on neural network N(z1.; H(t)) through

2

<N (Tl (z1:4) ;0?)) , N (TQ (21:4) 5 0?)) yeos N (TQ (z1:4) ;0?) , N (xln-; 05”)) vector. Using Fact [K.17] with at
least 1 — ¢ probability, we get

s 1o R log +
sup [Epp [Li (Vf(t),x)] P (VFO,2)| < 2v2L @+ )R (X F) + b %85 (G.7)
NeF ni=1 2n
where F = {& — N(x“,e( ) Hw(t) , < nAT, bg? < nAT Vr € [m]}. In the above equation,

constant b; denotes upper bound on the loss L; and L ; denote standard Lipschitz constant of L; with re-
spect to (N (7’1 (1:4) ;Hl(t)) ,N( (x1:4) H(t ) N (TQ (1:4) ;91@) N (a:l;i;ef )) We denote L ; ; as j*

coordinate-wise Lipschitz continuity of loss L; function as following:

Ay’ (N (Tj (21:5) ,99)) ‘

sup 2 ¢’ (N (Tj (21:4) ,91@))‘

NeF|lzll;<1 Q
< % Vi € [Q],
o (Vo)
Leig+1 < Ne;,llllﬁbgl ¢ (N 1 1,9(t) )
exp (N($1:i§ 9&))) I [N($1:i§ 0y < 0} +1 [N($1=i§ 0\") > 0}
sup
NeF|lz[;<1 exp (N(xlzi; 95’5))) I [N(l'l:i; 91@) < O} * (N(iﬂl:i% el(t)) i 1) H [N(xm; 01@) Z 0]

Le,,;

IN

sup
NeF ||zll;<1

IA

= sup I [N(xlzi; 9§t)) < 0} +

i [N(xl:,»;ef)) > 0}
NeF||z||<1

N(z1.;00) +1
<1
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Using Lemma standard Lipschitz constant of L; is given by

Q+1 4
Ls; < ,ZlLiw < 1/64r1§2 (G.8)
]:

To get constant b; (i.e., upper bound on ii), we use Lipschitz property of L;. We construct ﬁ such that
(Vz‘fi (11 (#1:4)) ,Vifi (72 (%1:4)) vy Vifs (1q (#1:4)) ,Vifi (371:1‘)) =(1,1,...,1,1).

Li (v f(t),:c) L (v f(t),z)

Q (t) Q -
‘21 szifi (Tj (Ilz)) - '21 AVifi (Tj (Ilz))
Jj= Jj=

+[log (d) (N““‘i;ez(t)))) s <¢ (N <$1:“9~i))>

Q
<X As
j=1
+ |log (qﬁ (N(xm;@l( ))))‘
<T AN (7 (@) ,9?))' + | N1 0| (G.9)
j=1

Note that L (Vf(t), x) depends upon (N (7'1 (21:4) ;92@) N (T2 (21:4) ;91@) ..., N (TQ (21:4) ;91@) N (azl,i; 91@))

vector and similarly, L (Vf(t),x) depends upon (0,0,0,...,0,0). Finding upper bound N(xl:i;Ol@) for all
z € R? with ||z]|, < 1, we get

sup  N(z1:; 91@) < sup P(xy.; 91@) + Ag,)
NeF|z|<1 ngfguénz’\T, |b§fj“§n]\T,|\x||2§1
m ~ —
< sup Z Qi O (<1Di,r71'1:i> —+ biﬂn)

w2, <nAT, |b) | <nAT o), <171
ol :

+ > iy (<w§?,551:i> + bﬁ)) o (Wi, 1:4) + biy) + Aﬁfj)
r=1

i
< 16+/(d + 1) log (d + 1)c1c2¢, (logm) + 16¢;c3e, (logm)

+m <2clea\/ 2log m) (2nAT) + Ag,)
(i)
< 164/(d + 1) log (d + 1)cicae, (logm) + 16¢;c3€q (logm)

2
+m <2clea\/2logm> <l2clea\/2logm) (mé];,) +A££)

=16+/(d + 1) log (d + 1)c1c2¢, (logm) + 16¢1c3€, (logm)

—~

Uz
+m 240%6(2110gm<m€‘9> +A££)

<0 (erﬁUg* logm)

€

where inequality (i) follows from Lemma |G.2} Lemma and Eq.(D.6). The inequality (ii) uses our choices of n
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and T from Eq. l) We define K as upper bound on supycr 2, <1 N (x4 0! )

22,2172
KO (W) | (©.10)

Using value of K and Eq. li we get upper bound b; on L;:

b = 2K + K + L; (vf<f>,x) — 3K +2.

Using value of b; in Eq.(G.7) and Lemma with at least 0.99 —¢§ — L+ — L

b [ (970,0)] - L £ 1,770

ATm~/21 [log
§4\/§(Q+1)8016an m 0gm+(3K+2) ogé.
vn 2n

By summing over all dimension i € [d], with atleast 0.99 — d§ —

Eaco [1(910.2)] -3 S (01 =

probablhty, we get

sup
NeF

4 — 4 _ 4 probability, we get

e [0 (579.)] - L £ (5100

8c1e,nATm+/21 log L
< 4v2d (Q + 1) 225 ;’% %™ | (3K +2)d (’an&

Using § = M and our choice of n given in (G.6[), with probability at least 0.989, we have

sup
NeF

~ 1 n -
sup |Ezep {Li (Vf(t),x)] ——3 L (Vf(t),zi) <e.
NeF n,;=
O
Lemma G.4. (Concentration on approzimated loss of target function) Suppose n is sufficiently high such that it
satisfies
n>0 (M; — mi)2 (Q+ 1) d?log (d) 2UL m* (logm)®

el

If n satisfies above condition, then with at least 0.9999 probability, population loss of target function F*' is close
to empirical loss i.e.

Euop [i (VF*,x)} .y (VF*,X)‘ <e

Proof. Using Hoeffding’s inequality (Fact [K.8)), we have

.

n >0

~ ~ 2
E;vp {L (VF*,X)} - L(VF*J()’ > 6) < exp e

Taking n as

(Mz —mz)* (Q+1)° dlog (d) etUL m* (log m)’
el ’
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with at least probability 0.9999, we get

Eup [i (VF*,J:)} - (VF*,X)‘ <e (G.11)

Corollary G.5. Under same setting as Theorem [F.3 and

(M; — mi)2 (Q+1)*d?log (d) e2Ug.m* (log m)°

n>0 1

€

then with at least 0.94 probability, we get

1 T=1

Eut |7 5 Benp [i( f’<t>,x)} —Eypp {i(VF*,o:)} < 0(e).

Proof. The corollary follows from Theorem [F.3] Lemma [G.3] and Lemma [G.4] O

Before stating our main theorem, we recall and define necessary terms used in stating the theorem. Recall that

Myr = ie(d)oer? Vifs (i) = icld) R %lel)’
mor = i ViF o) = i O
Myzp = ie[g]lz)éRd ViFi(21) = ie[g]lg}éﬂw 821:;;:;“)7
mveE = ie[zﬂi%Rd ViFi (o) = ie[fi?,izrékd 8%95(;1»’
M; =sup L (VF*,z) = 2Myr — log (mvr),

z

mj = inf L (VF*,z) = 2myp — log (MvrF) .
xr

Recall that for any function ¢ : R — R with Taylor expansion ¥ (y) = Z;io cjy’, then its complexity Co(v, €) for
any € > 0 is given by
oo

Col(wh,€) = O((X (i + 1) PJes Jpoly(4)),

=0

which is a weighted norm of the Taylor coeflicients. Recall that we define upper bound on complexity of learning
any v function as

Uw = max ]CO (wi’j,e) .

16[61],_]6[}%

Now, we will state our main theorem.

Theorem G.6. (loss function is close to optimal) For every e¢ € (0,1), for every m >
d? (maxie[d] pi)zUi logm

poly <U¢,,d, (maxie[d] pi) ,1) ,n = 0) (i) and T = O ( e ), for any target function F*
2dM g2 pr +2d K>

with finite second order derivative and number of quadrature points @Q > and number of training

- —m-)? 2 46 < Ndrra, 4 2
points n > O <(ML mg) (@+1)*d log(dzgma ie(a pi) Ujm’ (dogm) ), with at least 0.94 probability, we have

1 T=1

Eugt |75 2 Eanp [L(f(“,m)]] ~Evnp [L(F",2)] < O(),
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where Ko s given by

m? Uid6 (maxie[d] pi>

€

Ky =0

Proof. First, we will try to bound for all z € R? with ||z, < 1:

IN

L(VF*,z) - L(F*,x)’

Similarly, bounding error for f'® for all z € R? with ||z, < 3

< 3, we will get

L(VfO,2) - L(fV,2)| Z <§ AVifi? (7 (i) - fz-“’(xl:i))

IN

2d (Sup$7ie[d]7te[T] fol(t) (mlz))
Q .

IN
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To get sup, ;c(q), 7] V?fi(t) (21:4), we will use Eq. l)

0* 1V (a14)
Ox?

3

2 (st

sup V?fi(t)(azl;i) = sup
z,i€[d],te[T) z,i€[d],te[T]

= sup
x,i€[d],te[T]
< sup 9 N(x1.4; 91@)‘
z,i€[d],te[T] Ox;
m _
é sup Z (<wz r + U)Z( 27 X1: ’L> (bi,r + bgf}-)) ( (’wi,r,z + wz(tz Z)
z,i€(d],te[T] | r=1

- (®) i
+ (U)i,r,iJrl + wi,r,i—‘rl) 1 ”Zx ”2> ’
- 1:2

= sup > @i L [(Wi, @) + bie > 0] (mzm + wz(tr)i)
i €[d],te[T] reH;

T
+ (wi,m’+1 + wgr),wl) |+ Qir [<wz rt wz(r)a551:1'> =+ (b ir T+ b(t)) ]
L—lzall? ) o

< (’U}z ri + wftg 7,) + (@i,r,iﬂ + wfﬁ,m) o 2)
L — [l

1) _

< 32¢1¢9¢, (logm) + 2m (2016a\/2log m) (nAT)

anAT/m 2c9+/2logm
+ <C4m\/7?> (QClea\/Zlogm) W)

+ <C4m4\\/ﬁ_ﬁ> (QClea\/Qlog m) (nJ_XT)2

3crmUg. €4y/21
< 32¢1¢9€¢4 (logm) + 2m (2clea 2log ) <( “1mYe-€ 0gm)>

€

3ermUZ. €41/21
+ C4m74\/% (2C1Ea 2log m) 2¢2 210g ( “am7e- ogm)
NS €

2

4,/ 3 UZ.e,/21

+ cun—m (2816,1 2logm> am 96 osm )
NG

(2 (0] (d2 ) ( m2UZ. ) +0 (mQUg* d4e> +0 (m?’f’U;h 62>

<O (szez*d4e> ,

where inequality (i) follows by plugging t = 16¢1c2¢, logm in Eq. -, with . Define K5 as upper bound on
V?fz ('rlil)a

m? Uidﬁ (maxie[d] pi>

€

Ky=0 (mQU{,%d‘le) =0

Taking @ as

2dMy2p+ + 2d Ko
€

Q> (G.12)
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Using given value of @), we get that
]i(vp*,x) - L(F*,x)‘ <e, (G.13)
‘E(Vf(t),x) - L(f(t),:r)‘ <e (G.14)
Using these relations, we get

1 T-1

IE:Sgd T ;::0 EIND [L(f(t)vx)}‘| - E:vND [L(F*yl'):l S O(E)

By the definition of KL divergence, we get

< O(e).

1 T-1
Eqsga T >. KL (pF*,Zpru),Z)
t=0

H Problem in Training of Constrained Normalizing Flow

In this section, we provide details of why different initializations cause problems (described in section [3|) in the
training of Constrained Normalizing Flows. Recall that the loss function of normalizing flow with Gaussian
distribution as base distribution is given by
0f (z)
det ,
( Ox

where function f(z) : R? — R? is parameterized using d neural networks Ny, No, ..., Ng. The i** dimension of
the function f;(x1,;) = N(x1.4;6;). The neural network in CNF is defined as

f@)"f(x)
2

La(f,x) = — log

N(z14;0;) =7 > @i, tanh ((117” + Wi, z14) + (bir + bi,r)) ,

r=1

with constraints @; ,; + w; r; > €, for all € [m] and i € [d].

Here, € > 0 is a small constant and 7 is a normalization constant which only depends on m. We use 6; to
denote parameters of N(z1.;6;) and 0 to denote parameters of all neural networks. Initial weights a, , and
W;,r,; are sampled from half-normal distribution with parameters (O,ei) and (O,Jib), resp. The half-normal
random variable Y with parameters (ﬂ, 02) is given by simply | X| where X ~ N (,u, 02). Here N/ (,u, 02) denote
the Gaussian distribution with mean p and variance 0. Other weights (b; ., W j for j # i) are sampled from
N (0, O’ib). We optimize the objective using projected SGD. Note that in this case, the constraints are very simple
and projected SGD incurs very little overhead.

The pseudo network function is given by g(z) = (gl(iﬁ'l;l),gg(fﬂlg), e ,gd(xl;d)), where g;(21.;) = P(x14;6;) is
given by

P(x1.4:6;) =T 21 Qi (tanh (@i, 1:4) + b ) + tanh’ (@, T1:6) + biy) (Wi, T1:) + bi,r))

with constraints w; ,; + w; ;s > € for all r. We decompose pseudo network in two parts:
P(x1.4:0;) = Pe(x1:4) + Pe(1.456;),
where P.(x1.;) and Py(x1.4;0,) is given by

ai,r tanh(<wi,r; 5171:12> + bz T

s

NIE

Pc(xlzi) =T

Il
-

T

a; tanh/(<u_)i,r7 Z1:4) + bir) ((’wz‘,r, T14) + bi,r) .

NIE

Pf(xlzi; 01) =T

Il
—

T
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The loss function for pseudo network is given b

5 — log

LG (g,ac) =
=1

where g(z) = (gi (z1:1),9i (x1:1) 5+ -+, Gi (xln)) The pseudo network P(x1.;;0;), which approximates the neural
network N (z1.;;6;), will be

Qg (tanh(<ﬂ)i,m$1:i> + b;,) + tanh' ((@; -, 21:) + sy (<wr7$1:i> + br)) )

NgE

P(fu; 91) =T

r=1

with constraints w;,; + w;»; > €, for all 7 € [m]. We decompose P(x1:;6;) into two parts: P(z1.;0;) =
P, (x1:4) + Py(1.4;0;), where

Qi r tanh/(<wi,rvx1:i>+bi,r) (<wr7951:¢> + br) .

NgE

P.(z14) =7 Gir tanh(<wi,r,$1:i>+5i,r) and  Py(x1.4;0;) =7

r=1 r

1

Note that P, (x1.;) only depends upon initialization and does not depend on parameters 6;.

Let F* denote the target function and C(F™*) denote some complexity measure of F*. We devide our analysis into

2

€

- ¢ <
C(F*)y/log(md) —

1

2
owb < 1. (2) In the second case, standard deviation o, satisfies T S Owb < S\ flogmd)” We call the first

two cases based on variance of w; , and BM. (1) In the first case, standard deviation o, satisfies

case larger variance initalization case and the second one smaller variance intialization case. Analysis for larger
variance case is given in Section and analysis for smaller variance case is given in Section

H.1 Problem in optimization for smaller variance initialization case

In this section, we will provide details about the problem in smaller variance initialization case for Constrained
Normalizing Flows (CNFs). We prove in Theorem that if we choose small learning rate n and number of
time steps T" according to the theorem statement, then function learned by sufficiently overparameterized CNFs
is close to a linear function. To prove the theorem, we start by bounding maximum possible change in weights
e
i,r
closeness between function value given by neural networks and function value given by pseudo networks (Lemma
H.3). We, then, prove that for any ¢ € [T], pseudo network at time ¢ is close to a linear function (Lemma
IH.4]). Using closeness between neural network and pseudo network and linearity of pseudo network, we get that
neural networks are close to a linear function for given small learning rate 7 and number of time steps 7. Note
that choosing similar values of 7 and 7" in supervised learning enables the provable successful training of neural
network. The same issue in approximation arises for all activations with continuous derivative.

and biases

during t = T iterations in Lemma Using bound on change in weights, we establish

Recall that neural network N(zy.;; G(t)) is given by

m —
N (1.4 910)) = ) @j,tanh (<1Di,r + w§t27$1z> + (bi,r + bE?)) )
r=1

ON (z1.4;6")
Ox;

and derivative is given by

8N(a:1;i; Hft)) . m

o i, tanh’ (<wzr + wz(tr)7 T1:) + (Bi,r + bﬁ?)) (wzrz + wftr)l) -

a
r=1

o)
We denote % as N’(xl;i;e(t)).

T; i

Lemma H.1. (Bound on change in weights and biases) For every x with ||z|| < 1, every i € [d] and time step
(®) (®)

t > 1, upper bound on weights w; . and biases b; ,. is given by following with at least 1 — % - % probability for
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any constant ¢y > 10, co > 10.

L1+ Lo+ 22 La0u\/210g (md L)'
<< 1+ Lo+ 2c2 ~20 b og (m )> ((1+27701ea7\/m112) _1)

Ly

7v/2logm (El + 2¢9 Loowpy/210g (md)) t
Ly + Lo + 2¢5Ly0yp/21 d N
n ( 1+ Lo+ 2c 20wb og (m )> ((1+2nclea7\/210gmL2> - 1)

(t)

2

L,

Proof. We first find upper bound on the derivative of loss function and w;, and b;,. We denote a; =
(0,0,...,0,1) € R%. By taking derivative of Lo (f*), x) with respect to Wy, We get

aLg(f(t), SC)

8ww

:TN(:CLZ‘; egt))(ai,rxlti tanh/(<w2 r+ ’wl( 27 $1:i> + (i)i,'r + bg?,) ))

T

" N ad / ® . 5. o p®
N G(t)) <azal,,.(tanh ((w;  + w; L T1) + (bl,7 + bl’,ﬂ))

+ (wz i+ wf 2 l) o1, tanh” ((w; , + w§f2, T1) + (Bi,r + bﬁ?))))

We assume that Lg(f (t),x) is L;-lipschitz continuous wrt N and Ls-lipschitz continuous wrt N’. Assuming
|tanh’(.)] <1 and|jz||, < 1, we have

Assuming |tanh”(.)| < 1, we get

’ +|@zm}> .

Using Lemma for a;, and w; , ;, with probability at least 1 — é — é, we have

OLG(fY,z)

1,70
awm

< TLlal r+ TL2aZ r (1 —I—‘wl i T w®

| tanh” ((@;,, + w!’), 1) + (Bw- + bE?))) :

OLG(fY, x)

81111"7-

1,70

< TLlaZ -+ TLQCLZ o (1 + ‘w(t)
2

OLG(fY,z)

8wi,r

< (2616a7\/210g m) <L1 + Lo (1 —|—‘wZ ri| T 2c200p/210g (md))) . (H.1)

For projected gradient descent, we get

aLG(f(J m(a))
ow;

<%,

2

<n io ((2016a7\/210gm> (El + Lo + 2¢90wp Lo 2log (md)) + (2016,17\/210g ) L2|wz(Jr)Z|>
]:

< (217016@7'\/2 log m) (il + Lo + 2¢aLooypr/210g (md)) t+ (chleaT\/Zlog mig) (E Hw
By defining o and 8 as

(27]017’6a\/2 log m) (El + Lo + 2¢5Looypr/2 log (md))
(277616(17'\/2 logm 2) ,
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we get
Hw <at+8 ( Hw ) , (H.2)
where 3 [|u®] < a(t—1)+ (145 (twaE?B )
=0 2 =0 2
a((t=1)+(1+8)t—-2)+(1+5) (sz )
t—4 .
<a ((t DA B —2)+ (14 Bt — 3)) +(1+8) <J¥0Hw§fﬁ 2) .
(H.3)
In general, for any ¢ € {0,1,...,t — 1}, we can write

a (t_i_la + Byt —j)) +(1+8)E D (z w?)
j=1 j=0

By taking ¢’ = 0, we get

,<a (E(umﬂ‘l@j)).

j=1

Note that Z;;i(l + B)U=1(t — j) is sum of an arithmetic-geometric progression (AGP). Using Fact we
can simplify the above sum as

t—1
S w2, <o
j=olt 112

(g 1+ 5yt~ j))

(t—l (14 8)~ (1+5)(1—(1+5)t—2)>
ﬁQ
(mw ﬁ(t—1>—<1+ﬁ>+<1+ﬁ>t-1>
52
( 1+6t)> (.4

in Eq. (H.2), we get
2

Using Eq. lb to bound le(tT)

cu t+ﬁ<u+ﬁﬁ—

62
_ (s -1
- p

_ [~/1 + IN/Q + 2C2i20wb
Ly

(t)

=21,

u+wv

2log (md)) ((1 + 2nclea7\/2logml~,2)t — 1) .

This completes the proof of upper bounding sz(tg ztr . By taking derivative

. We use a similar procedure for
2
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®
78L%(bf - 2) e get

OLa(f® _
% =N(z1.; Hl(t))T (ai,r tanh’((w;,, + wf?, Z14) + (bw + bg?)))
- W <ai,r<wi,r,i + wl(tr)l) tanh” ((@; » + wz(?, T14) + (Bi,r + bﬁ)))) )
T1:4;Y;

We assume that Lg(f®),x) is Ly-lipschitz wrt N and Lo-lipschitz wrt N’. Additionaly, using | tanh’(-)| < 1 and
|tanh” ()] < 1, we get

OLg(fW, z)

< Lyag, m+ LQdi,rT (wi rg \w(t)
abi,r ) sy

1,71

).

Using Lemma for a; , and w; ,, with probability at least 1 — L é, we get

Cc1

OLa(fW, z)
abi,r

< <2c16a\/210g m) T (fq + f)g\wftr)l\ + ZCQiQwa\/Qlog (md)) . (H.5)

For projected gradient descent, summing from time step j =0 to j =t — 1, we get

t=110La(f9),z()
b < ZZeJ L)
| 7.,7“| —_ 77];0 abT
- - . t—-1 .
= 2ncieqmy/2logm <L1 + 2¢oLooyp/2log (md)) t + 2ncieqmLar/2logm <Z |w7(327|>
i=o

~ ~ _ t—1
< 2mereary/Zlogm (L + 263 Laouy/Tlog (md) ) £+ 2nercq7La/Zlogm (Z [ 2) ~
=0
Using Eq.(H.4]), we get
6] < 2nereqr/2iogm (Ly + 2es Lo y/2log (md) )

~ I~/1 + [N/Q + QCQIN/QO'wb 2 log (md) ( ~ \*t
+ 2ncieqa Lo/ 21logm = (1+2 c1T€q\/ 210 mL) -1
ney 2 g ( 277(:16&\/ng nei g 2

= 2nc1eqTV/2logm (il + 205 Locuyr/210g (md)) t
L1+ Ly 4 2¢3Lyoypy/21 d N
I ( 1+ Lo+ 2¢colooyp og (m )) <<1 +2nclea7\/2logmL2> - 1) .

Ly
This completes the proof. O

Define A and Al()t) as upper bound on le(tT) H and bz(-tz :
7y ,

Ly + Lo + 2¢5Ly0yp/21 d = \*
Ag): ( 1+ Lo+ 2co ooy og (m )) ((1—&—27701%7'@[’2) —1),

Lo
A = 2mescry/2logm (L + 26 Loy /Zlog (md) ) 1
Ly + Lo + 2¢5Looupr/21 d =\
n ( 1+ Lo + 2¢coLlooyp og (m )) ((1-1—277016117'@[’2) —1).

Lo
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Lemma H.2. For any e > 0, target function F* with some complexity measure C(F*), any o, which satisfy
\/% <owy < C(F*)\/i any hidden layer size m > ) (poly (C’(F”‘),d7 1)), any learning rate n < Sec

log(md € mTe2 logm

and T < L(F), with at least 1 — ci — % probability, we get

I [ 7 44/2 F*
Aq(p < (L1 + Lo + 2¢coLooypy/2log (md)) ( V2¢1e9¢100( ))

meeq/logm
2\@61096100(}7*)
meqe/logm

Al(f) < (3i1 + 2Lo + 6¢3Lo0 /2 log (md)) (

Proof. To simplify expression of Aq(]f), we will use Fact First, we will check the condition for Fact

2nc1e, T/ 2 log mLo (t—1) < 2ncieam+/2log mLo (T -

Cg€ Cloc(F*>
<o ———— oTV/21 =
- (mreg logm> ClfaTy 20810 < €2
- 2\/501696100(}7*)

€q.€my/logm

Choosing sufficiently high m such that m > (poly (C(F*), d, %)), we get

2nclea7\/210gmi2 (t—1) <0.5.

By choosing sufficiently high m, the condition of Fact satisfies. Now, simplifying expression of Ag) using
Fact we get

Ly + Ly + 2c2Lyoyy/21og (md)
AD = < L+ Lo 2c ga b/210g (md) <1+2nclea7\/210g Lg) —1>
2

L1 + L2 + 2CgL20’wb 210g m
Ly

IN

(41’}61 €.7/2log Lgt)

IN

(41701 €.TV/2log mf/QT)

Cy€ c19C(F*
4clea7L2 210g <m762910gm) < 10 62( )>>

Cg€ c10C(F™*
<4cleaTL2 2logm <m762910gm) < 10 62( )>>

4V/2¢1¢9¢10C(F )>.

meeq/logm

Ly

5 )
(o)
( +M+M%Tbm%m )
(et
g

d
+ Eg + 202E20wb 2log (md)
d

IN

1+ [~/2 + 202[~/20':wb 2 IOg md
Ly

+ L2 + ZCQLQO'wb 2 log (md)) (
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Simplifying expression of Al(f) in simillar manner as Aﬁ,f)

A = 2ncreymy/2logm (Li + 262 Lo y/2log (md) ) ¢

Ly + Ly + 22 Lo/ 1og (md )’
+< Lo + 2esEa/ZTog >> ((1-+20ercarv2Togmis) 1)

, we get

Ly

= = Co€ c19C(F*
< 2c1€,7V/21logm (L1 4+ 2coLoowpy/2log (md)) <m762910gm> < 10 65 ))
.Zq + .Z/Q + 262E20wb\/ 2log (md Cloc(F*)
= 4 v/ 21
+ < c16aTy/2logmLy m7'62 logm €2

Ly
. _ 22 C(F*
_ <L1+202L20wb 21og (md)) ( acel?f/f)giin )>

~ ~ ~ 4\/@01696100(17*)
+ (L1 + Lo+ 2¢oLooypy/2log (md)) < meeTos m

2\@61090100(F*) ~ ~ ~
= 3Ly + 2Ly + 6¢coLooypy/21 d)]).
< meqer/logm ( L e 00 Latu og (m ))

O

Lemma H.3. (Coupling between neural network and pseudo network) For every x with ||z||, <1, every i € [d]

and every time step t < T, with probability at least 1 — E - % over random initialization, we have

2 2
[N (14501") = P(aris01")| < 261€07me/2logm ((AE,?) + Ay )

(3

Proof. Bounding difference between N (z1.; 9( )) and P(z1.; 0( ), we get

T Z a; » tanh((w; , + wz( T), Z1:4) + (Ei,r + bg?))

N($1:i;9§t)) P(xy.;0 @ ‘—
=

-7 Z Qi (tanh({u’}i,r, 331;1‘> + Bi,r) + a;,r tanh'((u’}i,r, 331;1‘> =+ Bz,r)(<w2(j2; xl:i> + bg?)) ‘

m 2
Z . tanh” () (<w§t27 T14) + bﬁ?)

I\D\\I

for some &, € R. Using |tanh” ()| < 1 and ((wl(tg,mlﬁ + bgtg)z <2 (( Z(t727$1 02+ (bg?) ), we get
o) - Pl o) <7 £ o (o + (149)°)
Using Lemma and using ||z||, < 1, with at least 1 — % probability, we have
’N(:L’l;i;ﬁl(t)) — P(z14 ,9( ’ < ZCleaTm Z (Hw
< 2¢1e4m/21logm (||Wl
< 2clea7m\/m ((Ag)f + (Al()t))2> .

Using union bound for all ¢ € [d], we complete the proof.

#(5)’)

t
2+ 1B13)
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Lemma H.4. For any € € (0, 3), every i € [d] and every time step t<T, any target function F* with some
complexity measure of target function C(F™), any variance o, with \F < owp < o )\/17 any hidden layer
{0} m

size m > §) (poly (C’(F*), d, %)), choosing learning rate n = O (

) and T = O (C(F )>, with probability
at least 1 — ,il -4 _ % over random initialization, we get

2
mTe2 logm

Pierso) = 3 a, (il +3) | < 0@

Proof. Recalling the definition of Pp(x1.; H(t)):

Po(z1:450 1 ) Z <tanh/(<wi,r7x1:i> + bi,r) <<w£t)7x1:i> + bE?)) .

Subtracting the linear function from Py(x1.;; 92@) will give us the following:

Py(z14;6") — i a; (( 1(?7 i) + b(t ) ((tanh,(<wi,rax1:i> +biy)—1) ((wz(tz»iﬂu) + b?ﬁ))

MS

IN

. (H.6)

2,7

C_l7;77«|tanh/(<1ﬂi7r, 171:1'> + Eiﬂ«) — 1|‘<’wz(’tr),l‘11> + b(t) .

Il
-

T

First, we will try to find upper bound on |tanh'((wi,r, T1) + biy) — 1|:

‘tanh’((u’;iyr,xlﬂ +biy) — 1’ = ‘tanh’((u’)i,r,xl;i> +biy) — tanh’(O)’ (ig)Ku’Jm, T14) + Bi,r| ,

where inequality (i) follows from 1- Llpschltz continuity of tanh’(-) function. Using Lemma on w;, and b; .,
with probability at least 1 — a — a, we get that

’tanh’((ﬂ)m,xl;i) +biy) — 1} < 2¢90upy/210g (md) + 2¢30.,p\/2log m.

Using above inequality in Eq. lb with probability at least 1 — % — L over random initialization, we get

c3

Pé(xltﬁegt)) - T Z Qi r (< 1(7271'11>+b§?> <7 Z a; ‘tanh (<wz ry L1: z> +bzr 1” 1z>+b£?
r=1 r=1
<TGy (2020wb\/210g (md) + 2¢c304pV/ 21og m) ‘( Z(T),xm) + bftr)
r=1

Using Lemma and Lemma with probability at least 1 — é — é — é, we get

Pz(m“ ( ) g: (( 12,x11>+b(t))

IA
\]
Ms

i,r

2¢1€41/21og m) (2620wb\/2 log (md) + 2c30wpy/2 log m) (A(uf) + Agt))
\/log )+ c3 \/log m) €aowpmT/logm (Agj) + Al(f)) .

|tanh (W; yy T1:) + biy) — 1|‘ ”,xl:i>+b(_t)

| /\

\/\
Il
/‘\/‘\H
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Using bound on Aq(lf) and Al(f) from Lemma we get

Pg(ljz, p ) E << z(tz"r11>+b£,t1z>

2v/2¢1¢9010C(F*) 7 I
<8 ( 1 d 1 ) aOw 1 (5L AL
< 801 (e2/log (md) + c5/logm) cacr Wm(( mege/logm ) T

+ 10¢s Loowpr/2log (md)))

16v/2c¢2coco <02 Vl0og (md) + c3 \/W) ouwpTC(F™)
<

€

(5E1 + 4Ly + 10co Lo ypr/2 log (md))

2
€

Using o < CF s and re-scaling € by 75, we get

Pulwrs0) = 7 3 g (0l r) +60)| <0 (7).
r=1
Using 7 < 1 for oy > ﬁ, we get
Pu(arii67) =7 3 aor (0l e00) +42) | < 0(0)
r=1

O

Theorem H.5. For any ¢ € (0,45), any i € [d], any target function F* with some complexity mea-
: . : .
sure of target function C(F*), any owp which satisfy \ﬁ < owp < S any hidden layer size

m > Q(poly (C(F*),d,%)), choosing mormalization constant T such that ‘Pc(x)’ < Of(e), learning rate

n =0 (m> and T = O (Cg*)), with probability at least 0.9 over random initialization, Projected

SGD on neural network after T iterations

‘N(wm;@m) — (i, 14) + Bi) | <

O (e), (H.7)
where o; and B; are given by

m
=73 aws and Bi=1 3 aib.

Proof. By decomposing the difference between N(x1.; GET)) and ((ai, 1) + [31;) into two parts, we get

(H.8)

(2 7

’N(Ilri;Q(T)) — ((a, 1) +5)’ < ’N 1:4:0.") — P(w1.4:0") ’+’P w1; 0 — (v, z1:6) + Bi) | -

I 11
Using Lemma [H.3] we can bound I:

I < 2cieqmmy/2logm ((A(t)
< 2c1€,mA/21logm ((A(t A(t)

2\[61 Cg Cloc
meeq/logm

< 2c1€,7mA/21logm (

A)’)
))
) ( L1 4 Ly + 269 Looupy/2108 (md))2

+ (3[21 + 2i2 + 6cz[~/20wb 210g md
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Choosing sufficienty high m such that m > € (poly (C(F*), %)), we get
I1<O0 (e
To bound II, we use Lemma [H.4]

I <|Pe(21:4)| +‘Pz($1:i;9§t)) — ({ai, 214) + Bi)| < O(e)

Using Eq. (H.8)), we get

’N(Cﬂl:i;@@) — ({ai, w14) + Bi) | < O(e)

H.2 Problem in optimization for larger variance initialization case

In this section, we will provide details about the problem for larger variance initialization case. Recall that
P.(x1:;) only depends upon initialization and does not depend on 6;. Hence, it can not approximate the target
function after the training, therefore Py(x;.;;6;) needs to approximate target function with P, (z1.;) subtracted
but in this case, we prove in Theorem that if norm of change in weights [|0(7)]|51 is small then | Py(z1.;6;)|
is very small for sufficiently large m; therefore, it can not approximate every target function. We also provide
reasons and details in Lemma about the requirement of small norm of change in weights ||#(™)| ;. In short,
small norm of change in weights is required to maintain coupling between neural networks and pseudo networks.
For large variance initialization case, we have

Theorem H.6. (small value of Pp(x1.4; GET))) For any standard deviation C(F*)eizlom <owp <1, for any i € [d],
any constant cg > 0 and any n > 0, T > 1, if upper bound on norm of change of parameters is given by

165"

1
o1 <O ;
’ d%e,0,pTmes logm

then for all x € RY with ||z, < 1, with probabillity at least 0.99, we have

1 1
P, z:i;'g(T)‘< -0 .
’ ez b)) < 3v2co0pmes\/logm dowpms/log (md)

Given upper bound on ||07)||21 is necessary to ensure closeness between neural network and pseudo network
(More details given in Lemma .

Proof. Using the definition of Py(x1.; 9?)), we get

‘Pf(ﬂcl:zﬁ sz)‘

T in: a; r tanh’ (<wi,r7x1:i> + E”) ((wE?,m) + bﬁ))
r=1

(gl)T (QClea\/2logm) in: (le(tr) , )
r=1
< (aeo/2im) ([, +[5],).

where inequality (i) follows from Lemma with at least 1 — % probability. Using upper bound on ||9§T)|

b\")

,T

+

2,1
from the theorem statement, with at least 1 — é probability, we get

Pz(xm;@ft))‘ <7 (2616a\/210gm) (IIWi(T)||2,1 + ||B§T)||1)
<7 (20160/210gm) (206" 24)

< anioBg) !

12¢1 ca€q00p7me8 /log mlog (md) )

1
< .
T 3v2co0,ymes/log (md)
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This completes the proof. O

Recall that we denote derivative 6511 i) s v, fi (x1:). Similarly, we use V;g; (z1.;) to derivative of g; (x1.;).
Lemma H.7. (Requirement of having small Lo 1-norm of change in weights HQET) ll2,1 ) For any constant cs > 0,

for alli € [d], if following bound either on ||9£T)||271 holds,

1
165 2 = w
d2e,oppTmes/log (m) log (md)

then, with at least 0.98 probability, coupling between Vifi(t) (1) and Vigit) (z1:;) can be lost. More precisely,

( 1 >
<w
- mes

Proof. First, we will find upper bound on difference between Vifi(t) (21.;) and Viggt) (21:4):

‘Vz’fi(t) (1) — Vz'gi(t) (x1:4)

vifi(t) (1) — Vz'gzm (x1:4)

T G 7"(( z(tr)l +w; M)(tanh (Wi, + wz(r)7x1:i> + (Biﬂ" + bg?))

— tank/ (@, T1:5) + bm)) — tanh” (@i r, 21:5) + bi.r) (u’)i’r,i(<w2( D 1) + b, t>))) ‘

<726, Z(t,)z + Wi g (wgtg,fl:ﬁ > Qi Wi <w§t,)., T1:)
r=1 ’ r=1 ’
m

:Tzair<w£7t2,x1:i> i, ( ‘ ft,zlerzm +wzr2>
r=1
m

=73 i (W), wr) + b)) (2|wz(tr)z| +3@i,r,i>
r=1
- (t) (t) (t)

<T Y G (wa +1b;.,. ) <2HWi + 6c20uwpy/ 210g (md))
r=1 L ’ 00,00

®)
<7 (2clea\/2log m) <HWi(t)H2 ) +HB’@ ) (2”Wi(t) + 6co0wp/ 2 log (md)) ,
) 1 00,00
where inequality (i) follows from Lemma with probability at least 1 — = — é Using bounds on norm
1657 112,1, we get
() N (t) (t) (t)
Vifi? (1) — Vigy” (z1:)| < 7 (2c1€0y/2l0gm VVz - +||B; ) 2||W; + 6c20up/21og (md)
00,00
<rT (2016a 2logm (HWl - +HBZ@ 1) QHWZ@

(2016,1 2log )(HW()H +HBi(t)H1>GCQJwb\/210g(md)

ao2m) (], 1], 2o
1 0o

(2616a 2log )(

<rT (2016a 2logm (HVVZ

(7).

O(T)H )6020wb 2log (md)

1
) 2wl 4w ( )
1 00,00 mes

oot
21 ?

IN
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Figure 2: Grid dataset

Using union bound on all ¢ € [d], with probability atleast 1 — % - %, for all ¢ € [d], we get

()
<w .
< s

Taking ¢; = 100d and ¢y = 100d, with atleast 0.98 probability, for all i € [d], we get

( : )
<w .
< cs

‘Vz‘fi(t) (1) — Vz'gft) (x1:4)

‘Vifi(t) (@1:4) — Vz‘g(t) (@1:4)

%

I Additional experiments

In this section, we show experimental results for both CNF and UNF on different datasets. First, we describe
experimental setup in Subsection [[I] Then, we discuss our main observations for constrained normalizing
flow and unconstrained normalizing flow in Subsection [[.2) and [[.3] In Subsection [[.5] we plot training curves
for both CNF and UNF for different learning rates and datasets. Codes for the experiments are available at

https://github.com/kulinshah98/overparam-NFs,

1.1 Experimental Setup

Datasets. We use five synthetic datasets for our experiments. All datasets contain 10,000 data points. The

details about the datasets are given below:

o Mixture of Gaussian Dataset: Data in this dataset lies in 1D and is generated from mixture of 2 Gaussians

with means at 2.5 and -2.5. The standard deviation of both Gaussians is 1.

o Mixture of Beta Dataset: Data in this dataset lies in 1D and is generated from mixture of 3 Beta distribution.

The parameters of Beta distributions are given by (5, 30), (30, 5) and (30, 30).

e Grid Dataset: Data in this dataset lies in 2D. Figure of the data is given in[2] Brightness at any point in

this 2D plot represents the unnormalized probability density of that point.

o 5D Mixture of Gaussian dataset: Data in this dataset lies in 5D and is generated from mixture of 10

Gaussians.


https://github.com/kulinshah98/overparam-NFs
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Architecture. We use similar architecture as described in Section Bl and Section [l for both constrained and
unconstrained normalizing flows. In all our experiments, we fix the weights of the output layer and train the
weights and biases of the hidden layer. In UNFs, we use one-hidden layer network for all datasets while in
CNFs, we use one-hidden layer network for 1D datasets and use two-hidden layer network for Grid dataset
and three-hidden layer network for 5D Mixture of Gaussian dataset. We initialize weights of neural network as
described in Section [3| and Section 4| We choose €, (standard deviation of top layer of neural networks in both
UNF and CNF) from {0.15,0.2,0.25} using the training error after a fixed number of iteration as a metric to
evaluate.

Training Procedure. We use same training procedure for both constrained and unconstrained normalizing
flows as described in Section Bl and Section @l We use same base distribution as used in theoretical results for
both CNF and UNF (i.e., standard Gaussian for CNFs and standard exponential for UNFs). Although, we believe
that our experimental result can hold for all common distributions as a base distribution. In all our experiments,
we use mini-batch SGD with batch size 32 for the training.

All our results are averaged over 5 different iterations. We used NVIDIA Tesla P100 GPU for approx 1000 hours
to generate our final experimental results. Our experimental results validate the dichotomy between constrained
and unconstrained normalizing flows which was established in Section [3] and Section [

1.2 Results for constrained normalizing flow

In Section [3] we suggested that high overparameterization may adversely affect training for constrained normalizing
flows . In this section, we give empirical evidence for our claims. We use Gaussian distribution as a base distribution
in all our experiments of constrained normalizing flow. We experiment with two different initialization for weights
and biases of the hidden layer. 1) Gaussian distribution with zero-mean and 1/m variance (02, = /m) where m is
number of neurons in hidden layer. We call CNF with this initialization as CNF-NNWB (CNF with Normalized
Normal initialization for Weights and Biases) and 2) Standard Gaussian distribution (02, = 1). We denote CNF
with this initialization as CNF-SNWB (CNF with Standard Normal initialization for Weights and Biases). We
observe training error and Lo distance of parameters from initialization after a fixed number of iterations for
both CNF-NNWB and CNF-SNWB. We made following two observations:

Effect of overparameterization on training speed of CNF. In Figure[3]and Figure [d, we plot width of
neural networks versus training error after a fixed number of iterations and for a fixed learning rate. We see that
training error for CNF models increases as we increase overparameterization of neural networks, which means
that to reach a fixed training error, larger models take more number of training updates. This shows that for any
fixed learning rate, as we increase overparameterization in CNF, training speed decreases. This phenomenon is
consistent across different datasets, different learning rates and different initializations. This result is novel and
surprising because in supervised learning, overparameterization helps in faster convergence for a fixed learning
rate [Neyshabur et al|[2015] and we are not aware of any other settings where overparametrization has such
strong negative effect.

Effect of overparameterization on L, distance of parameters from initialization. Figure[j]has plots
of width of neural networks versus Lo distance of parameters from the initialization after a fixed number of
training iterations. From the figure, we see that as we increase overparameterization in CNF models, Ly distance
from the initialization also increases. From our previous observation, we know that after a fixed number of training
iterations, training error increases as overparameterization increases. Combining experiment on Lo distance with
our previous observation, we get that to achieve same training error, more overparameterized model have larger
L distance compared to their smaller counterparts. This result is surprising because in supervised learning, it is
known that more overparameterized model have smaller distance of parameters from the initialization |Nagarajan
and Kolter| [2019).

1.3 Results for unconstrained normalizing flow

In Section [ we prove that overparameterized neural network can efficiently learn the data distribution. In
this section, we will provide empirical evidence that overparameterization helps in training of UNF. Similar to
CNF, we study training error and Ly distance of parameters from initialization after a fixed number of training
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Mixture of Gaussian Dataset

Mixture of Beta Dataset
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Figure 3: Comparison between CNF and UNF of training error after a fixed number of training iterations
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Figure 5: Comparison of Ly distance from initialization between UNF and CNF models

iterations. We made following two observations:

Effect of overparameterization on training speed of UNF. In Figure|[3| we see that training error after
a fixed number of iterations decreases with increasing width of neural networks in UNF, which means that to
reach a fixed training error, larger models need smaller number of training updates. This implies that for any
fixed learning rate, increasing overparameterization in UNF increases training speed. This trend is consistent
with supervised learning, where it is known that overparameterization helps in faster convergence for a fixed
learning rate Neyshabur et al.| [2015].

Effect of overparameterization on L, distance of parameters from initialization. Figure[§|shows that
as we increase overparameterization in UNF models, Ly distance of parameters from the initialization decreases.
Our previous observation was that after a fixed number of training iterations, training error decreases or remains
almost same as overparameterization increases. Combining our observation on Ly distance with our previous
observation, we get that to achieve a fixed training error, more overparameterized model require smaller Lo
distance compared to their less overparameterized counterparts. This result is consistent with supervised learning,
where it is known that more overparameterized model have smaller distance of parameters from the initialization
Nagarajan and Kolter [2019].

I.4 Results on Miniboone dataset

To show experimental results on a real-world dataset, we use miniboone dataset [Dua and Graff, |2017]. The
dataset contains examples of electron neutrino and muon neutrino. This dataset contains around 30K examples
and lies in 43 dimensions. To test our phenomenon, we modify the official implementation of block neural
autoregressive flow (BNAF) [Cao et al) [2019b] for CNF and Unconstrained Monotonic Neural Network Flow
|[Wehenkel and Louppe}, 2019] for UNF. We use 3 hidden layers for CNF and 3 hidden layers for both embedding
network and derivative network. We use one flow model for both of them and use a mini-batch SGD optimizer
with a learning rate of 0.001. The figure to illustrate the change in training error by changing the width of the
network for each dimension is plotted in[6} From the figure, we see that the training error for CNFs increases
with an increase in width of the network whereas the training error for UNFs decreases with an increase in width
of the network. This observation supports our theoretical results.
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Figure 6: Training error of CNF and UNF after a fixed number of training epochs.
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Figure 8: Effect of over-parameterization on training of CNF-NNWB on mixture of Gaussian dataset for number
of hidden nodes m = 1600, 6400

1.5 Training curves for Constrained and Unconstrained Normalizing Flow

To provide a complete picture, we provide training error and Lo distance of weights W) and biases B(*) from
the initialization for all time step ¢ during the training. We first discuss results for CNFs and then move our
discussion to UNFs.

Constrained Normalizing Flow. In Figure 8] [9] and [13] we plot number of epochs on x-axis and
y-axis can be training error, Lo distance of weights or Lo distance of biases from the initialization.

In all figures, we see that for any fixed learning rate, curve of training error for smaller m is always below than
curve of training for larger m, which proves our claim that increasing overparameterization hurts the training
speed of CNF models. This phenomenon is consistent for all datasets, different initializations and various learning
rates. Only exception to this phenomenon is results on mixture of Gaussian dataset for m = 1600 and m = 6400
and learning rate equal to 0.025 but note that in this case, the training of CNF for m = 6400 is very unstable
and therefore, at some time steps, m = 6400 curve has slightly smaller training error than m = 1600 because of
unstable training.

Apart from training error, we see that Lo distance for biases (that is, Ly norm of B®)) is always larger for large
m. The difference is clearly visible and significant in comparison figures of large hidden layer nodes (m = 1600
and m = 6400). This is consistent across different initializations, datasets and learning rates. Only exception to
this trend is results on mixture of Gaussian dataset for m = 100 and m = 400. Even in this case, Lo distance is
comparable for m = 100 and m = 400.

Unconstrained Normalizing Flow. Similar to Constrained Normalizing Flows, we study the effect of
overparameterization on convergence speed and Ly-norm of W) and B(*). The first row of Figure [14] contains
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Figure 10: Effect of over-parameterization on training of CNF-NNWB on mixture of beta distribution dataset for
number of hidden nodes m = 1600, 6400
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Figure 11: Effect of over-parameterization on training of small sized CNF-SNWB of weights and biases
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Figure 12: Effect of over-parameterization on training of CNF-SNWB on mixture of Gaussian dataset for number
of hidden nodes m = 1600, 6400
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Figure 13: Effect of over-parameterization on training of CNF-SNWB on mixture of Beta distribution dataset for
number of hidden nodes m = 1600, 6400
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Figure 14: Effect of over-parameterization on training of UNF on mixture of Gaussian and mixture of beta
distributions

results for mixture of Gaussians dataset and the second row contains results for mixtures of beta distributions
dataset. From the first column of Fig. we see that the training speed for larger m is better or comparable
to smaller m. Additionally, we see that Ly-norm of W® and B® decreases significantly with increasing m.
This results validate our theoretical finding that Lo distance of parameters from the initialization decreases with
increasing m.

J Related Work

Previous work on normalizing flows has studied different variants such as planar and radial flows in [Rezende
land Mohamed, [2015], Sylvester flow in van den Berg et al|[2018|, Householder flow in Tomczak and Welling
[2016], masked autoregressive flow in [Papamakarios et al.| [2017]. Most variants of normalizing flows are specific
to certain applications, and the expressive power (i.e., which base and data distributions they can map between)
and complexity of normalizing flow models have been studied recently, e.g. [Kong and Chaudhuri [2020] and
[Teshima et al.| [2020]. Invertible transformations defined by monotonic neural networks can be combined into
autoregressive flows that are universal density approximators of continuous probability distributions; see Masked
Autoregressive Flows (MAF) Papamakarios et al.| [2017], UNMM-MAF by Wehenkel and Louppe, [2019], Neural
Autoregressive Flows (NAF) by Huang et al.[2018|, Block Neural Autoregressive Flow (B-NAF) by |Cao et al.
[2019a]. Unconstrained Monotonic Neural Network (UMNN) models proposed by [Wehenkel and Louppe| [2019]
are particularly relevant to the technical part of our paper.

[Koehler et al.[[2020] theoretically study representation ability of affine couplings (a type of normalizing flow) and
particularly analyze several aspects such as depth of normalizing flows. Lei et al|[2020|, Balaji et al. [2021] show
that when the generator is a two-layer tanh, sigmoid or leaky RelLU network, Wasserstein GAN trained with
stochastic gradient descent-ascent converges to a global solution with polynomial time and sample complexity.
Using the moments method and a learning algorithm motivated by tensor decomposition, [Li and Dou [2020] show
that GANs can efficiently learn a large class of distributions including those generated by two-layer networks.
Nguyen et al.| [2019a] show that two-layer autoencoders with ReLU or threshold activations can be trained with
normalized gradient descent over the reconstruction loss to provably learn the parameters of any generative
bilinear model (e.g., mixture of Gaussians, sparse coding model). [Nguyen et al.| [2019b] extend the work of
on supervised learning mentioned earlier to study weakly-trained (i.e., only encoder is trained)
and jointly-trained (i.e., both encoder and decoder are trained) two-layer autoencoders, and show joint training
requires less overparameterization and converges to a global optimum. The effect of overparameterization in
unsupervised learning has also been of recent interest. [Buhai et al.| [2020] do an empirical study to show that
across a variety of latent variable models and training algorithms, overparameterization can significantly increase




Learning and Generalization in Overparameterized Normalizing Flows

the number of recovered ground truth latent variables. Radhakrishnan et al.| [2020] show that overparameterized
autoencoders and sequence encoders essentially implement associative memory by storing training samples as
attractors in a dynamical system.

K Useful facts

Fact K.1. For any i > 0, let h; denote the degree—i probabilists’ Hermite polynomial

(71)m :L.i72m
ml(i —2m)! 2m

S
/-.\
2

15)
=ql >
m=0
The Hermite polynomials satisfy following summation and multiplication formulas.

B y) = 3 ( ) #Fhe(y),

—
‘*O

d vk (y w1\ (2R
Fact K.2. Let h; denote the degree—i probabilists’ Hermite polynomial, then for i > 0, we have

]EB~N(071) [hi (5)] =0.

Lemma K.3. Suppose Zi, ~ N(0,02) and Y = Y_,_, Z? is chi-squared distribution with following property for
allt € (0,1).

1n
,ZZQ_
N k=1 ¥

Proof. From example 2.11 from Wainwright||2019), for Z, ~ N(0,1) and Y = >"}'_, Z;? is chi-squared distribution
with following property for all ¢ € (0, 1).

12 nt?
— 3 Z2 -1 >t| <2exp | ——
n k§1 F T P < 8 )
Using above equation for %,
p i z? L]y nt?
T — — exp | ——
n = o2 o2~ L

nkl

O

Lemma K.4. Let X1, Xo, ..., X,, be independent random variables from N(0,02), then with at least 1 — é
probability, following holds.

max | X;| < 2¢i04/2logn

i€{1,2,...n}

Proof. From Romberg| [2012],

max X|] <a(\/@+1) <20<\/M)

1€{1,2,.
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Assuming n > 2, the last inequality follows. Using Markov’s inequality,

Pr ( max }\Xi| > 2ci0 (\/210gn)> < 1

i€{1,2,....n

i€{1,2,...n 1

1
Pr( max }\Xi|§2cla (\/210gn)> >1-— =

O
Lemma K.5. For standard Gaussian random variable X from N'(0,02), the following anti-concentration inequality
holds:
2R

Pr(X|<R) < .
r(| = )_0 s

Proof. (From Du et al|[2018]) For the standard Gaussian random variable =,

X 2
Pr{|l—| <R| < 7R
o V2T
Using R = %/, we get the required result. O

Lemma K.6. Suppose function f : R? — R is Ly-Lipschitz continuous and L;-coordinate wise Lipschitz
continuous i.e.

|f(a) = f(b)] <Lglla - Dl
Va,b € R? (Standard Lipschitz continuity)

{f(al, A2y .ooy Uy, ...7ad) - f(a17a27 ceey bi, ceey ad)‘ §Li|ai - bl|
Vaq,az,...,ai, ..., aq4,b; € R and Vi € [d] (Coordinate-wise Lipschitz continuity)

If a function f satisfies L;-coordinate wise Lipschitz continuity for all i, then function f follows following
inequality.
n
‘f(al, A2y eeuy ad) — f(bl, bQ, ceny bd)‘ < Z L1|az — b2|
i=1

Moreover, the function f also satisfies standard Lipschitz continuity with Ly Lipschitz constant where inequality

between Ly and L; is as follows.
d
<[y 1
i=1

Proof. Define a = (ay,as,...,aq) and b = (b1, b, ..., bg).
|f(a1,az,...;aq) — f(b1, b2, ....ba)| <|f(a1,az,...,aa) — f(b1,az,...,aq)]
—|—‘f(b1, ag,as, ..., ad) — f(bl, bs,as, ..., ad)‘
—|—|f(b1,b2,(l3, ...,(ld) — f(bl,b27b3, ...,ad)|

+ oo | f (b1, b2, o b1, aa) — (b1, b2, bs, ..., by)|
§L1|CL1 — bl‘ + Lg‘ag — b2| 4+ ...+ Ld|ad — bd|

d
<4/ X Lilla—b]2
=1

where last inequality follows from Cauchy-Schwarz inequality. O
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Fact K.7. (Hoeffding’s inequality on Binomial random variable) If we have a binomial random variable with
parameters n (total number of trials) and p (probability of success). For k > np, following inequality holds.

Pr(X > k) < exp <—2n <fl —p)2>

Fact K.8. (Hoeffding’s inequality) Let X1, Xs, ..., X, be independent random variables where X; is bounded in
the interval [a;,b;]. Then, for any t > 0, we have

2t2
Pr(|(X1+X2+...+Xn)—E[X1+X2+...+Xn]\ Zt) < 2exp <—H> .
Zi:l (ai —b;)
2

Fact K.9. (Half-normal distribution) If X follows a normal distribution with with mean 0 and variance o2,

N (0,0?), then Y =|X| = Xsign(X) follows a half-normal distribution with mean E[Y] = "—\/‘?

Fact K.10. For a gaussian random variable X ~ N(0,0%), Vt € (0,0), we have

4t
PrX|>t)>1— —
50

Fact K.11. The sum of reciprocals of the squares of the natural numbers is given by

x 1 w2

Y g = <2

n=1 TL2 6

Fact K.12. (Theorem 3.1(rg) of \Li and Yeh| [2015]) For any o > 1 and x € [0, i),

a—1

14 oz
I l1—(a—1)x

(I+x)" <

Fact K.13. (McDiarmid’s Inequality) Let V' be some set and let f : V™ — R be a function such that for some
¢i >0, for alli € [m] and for all z1,...,2m,2; € V, we have

‘f('rlv"'7xi7"'7$m)_f(x17"'7x/iv"'7x7n) Sci-

Let X1, X5, ...X,, are independent random variables taking values in V. Then,

—9¢2
Pr[f(X1, X2, ., X) = E(X1, Xo,..., Xpn) > €] <exp (Zm62> .
i=1 6

Fact K.14. If Arithmetic-Geometric Progression(AGP) is as follows.
a,(a+d)r, (a+2d)r?, (a+3d)r®, ..., [a+ (n — 1)d] "}

where a is the initial term, d is the common difference and r is the common ratio. The sum of the first n terms
of the AGP (S,,) is given by

a—la+ (n—1)d]r" dr(l1—r""1)
1—r + (1—r)2

Sp =

Definition K.15. Let F be a set of functions R? — R and X = (x1, 22, ...,2,) be a finite set of samples. The
empirical Rademacher complexity of F with respect to X is defined by

R(X;F) = Eegsiyn [;ggi éfzf(%)} .

The following results are standard and can be found, e.g., in |Allen-Zhu et al.| [2019].
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Lemma K.16. Rademacher complexity has the following properties:

a. For any d € R and x € R? with||z||, < 1. The function class F = {z — (w,z) +b | ||w|y, < B,|b| < B} has
Rademacher complezity R (X, F) < \2/—]';1.
b. Given classes Fy,Fs functions, R (X, F1+ Fa) = R (X; F1) + R (X; Fa).

c. Given classes F1,Fa, ..., Fy of functions of type X — R and suppose w € R™ is a fized vector, then
F=Az = X" weo (fr(@) | fr € Fr} satisfies R (X;F') < 2||wl|y max,cpn R (X; F,) where o is a I-
Lipschitz continuous function.

Proof. These are standard results and can be found in [Allen-Zhu et al|[2019] and [Shalev-Shwartz and Ben-David|

2oL =

Fact K.17. (Rademacher Complexity) If F1, Fa, ..., Fi are classes of functions of type R? — R and L, : R —
[—b,b] is a Ly-Lipschitz-continuous function for every x in the support of D, then

S

log
2n

S|

sup
f1E€F 1, fLEFk

Bre (L (f1@), o fu@)] = 3 3 Lo (). filo)| < 2R (X:£) 0

where L is set of functions obtained by composing L, with Fi, Fa, ..., Fi, that is L := {Ly o (f1,...,f) | f1 €
Fi,--., fx € Fx}. Using vector contraction inequality from |[Maurer| . we get

sup
f1E€F1,, fLEFk

Ezep [Lx (@), ..., fk(x))} - % :Zle (fr(zi), ooy fk(xz))‘

log %
2n

-

=1

< 2V2IL, ( 7%(2(;55)) +b
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