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Abstract

We consider a multi-armed bandit problem
in which a set of arms is registered by each
agent, and the agent receives reward when its
arm is selected. An agent might strategically
submit more arms with replications, which
can bring more reward by abusing the ban-
dit algorithm’s exploration-exploitation bal-
ance. Our analysis reveals that a standard
algorithm indeed fails at preventing replica-
tion and suffers from linear regret in time 7.
We aim to design a bandit algorithm which
demotivates replications and also achieves
a small cumulative regret. We devise Hier-
archical UCB (H-UCB) of replication-proof,
which has O(InT)-regret under any equilib-
rium. We further propose Robust Hierarchi-
cal UCB (RH-UCB) which has a sublinear
regret even in a realistic scenario with ir-
rational agents replicating careless. We ver-
ify our theoretical findings through numerical
experiments.

1 Introduction

With increasing attention to smart recommender sys-
tem, multi-armed bandit (MAB) problem is exten-
sively studied under various settings as it captures
the fundamental trade-off between exploration and
exploitation. In a standard stochastic MAB setting,
at each time step, a principal chooses which arm to
pull a given set of arms. Once an arm is pulled,
a random reward associated to the arm is revealed
and the principal receives the reward. The princi-
pal’s goal is to maximize the expected cumulative
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reward or equivalently to minimize the cumulative
regret which is defined by the expected loss com-
pared to oracle policy that always pulls the opti-
mal arm over the given time horizon. To this end,
at each decision, the principle needs to address the
trade-off between exploring new arms with high po-
tential and exploiting empirically best arms with
low risk. A extensive line of works have been stud-
ied the fundamental limit in [Lai and Robbins, 1985]
and proposed optimal algorithms achieving the
limit [Auer et al., 2002, |Garivier and Cappé, 2011]
Scott, 2010], [Chapelle and Li, 2011].

These algorithms work efficiently in ideal case, how-
ever, they might suffer from a strategic manipulation
of the agents who register the arms in the platform.
For example if the principal runs e-greedy based algo-
rithm [Auer et al., 2002], the probability of being se-
lected at exploration phase will certainly increase as
the agent registers more arms. This implies that the
agent should replicate their contents as much as possi-
ble to increase their revenue. As a consequence, it will
interrupt the platform’s algorithm in identifying the
best contents and possibly result in a decrease of the
platform’s revenue.

To prevent such abuse of the players, on one hand,
the platform can introduce an automated process to
detect the duplicated contents and blacklist the own-
ers [AdSense, 2020, [Youtube, 2021]. However, these
process are often discouraged in some real-world ap-
plications since they might be erroneous or too costly
to adopt since the platform is required to analyze fea-
tures of registered contents.

On the other hand, one can borrow some off-the-shelf
algorithms proposed in infinitely many-armed bandit
literature [Berry et al., 1997, [Wang et al., 2008] as-
suming a worst-case scenario. Yet, there are some lim-
itations on it either: (i) these works usually assume
certain characterizations on the pool of arms which
might be discouraged in practice, and (ii) the replica-
tion of the arms itself could be harmful to the platform
since it introduces an additional burden in hardware
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resources.

In this context, our major focus is how an algorithm
can demotivate the agents in advance from strategi-
cally replicating arms, when it can only distinguish to
whom each arm belongs.

Our main contributions are summarized as follows:

(a) To the best of our knowledge, this is the first
study to address the issue of strategic replication
in multi-armed bandit problem and mathemati-
cally analyze it.

(b) We show that UCBI is replication-prone and
hence admits infinitely many replications for the
strategic agents, which obviously consequences lin-
ear regret.

(¢) We propose H-UCB which mainly restrict the
amount of exploration to be O(InT') for each agent
by separating agent and arm selection phase, and
prove that it is replication-proof while achieving
O(InT)-regret under the equilibrium.

(d) To cope with practical challenges, we present RH-
UCB which integrates arm sampling and enlarges
the amount of agent exploration into O(v/T InT),
and prove that it has O(v/TInT) regret in the
presence of replicators who infinitely replicate
their arms.

(e) We provide numerical experiments to support our
claim, and present some useful insights from it.

In Section [2] we present our model and objectives.
We then formally define replication-proneness with a
corresponding negative result of UCB1, and introduce
replication-proofness in Section [3] We provide our pos-
itive results in [ and present numerical experiments in
Section [5] All the proofs are presented in Appendix [C]
due to space limit.

1.1 Related Work

We first present a line of works considering strate-
gic behavior in various multi-armed bandit problem.
[Braverman et al., 2019] study a multi-armed bandit
problem when each arm itself is a strategic agent,
and once the arm is selected by a principal, a ran-
dom reward is realized, and the agent reports the re-
ward to the principal, and finally this amount of re-
ported reward is delivered to the principal. Here, the
reported value can either be genuine or not with re-
spect to the agent’s strategic decision. The agents want
to maximize their own cumulative expected utility de-
fined by the summation of undelivered rewards, and
the principal aims to extract maximal cumulative re-
ward from the agents. The authors show that existing
algorithms maintain a bad approximate equilibrium,
and proposed a mechanism that only possesses an ef-
ficient approximate equilibrium in which the princi-

pal enjoys sub-linear regret. [Feng et al., 2020] study a
similar problem but when the agents try to maximize
the total expected number of selections by manipulat-
ing their random reward within a fixed amount of total
manipulation cost, and show that popular algorithms
achieve an intrinsic robustness.

Some of the works consider a strategic behavior of
users in user-generated content platforms to motivate
the strategic users to promptly contribute their
content rather than delaying it [Jain et al., 2014], or
to contribute a high quality content which possibly
requires their costly effort [Ghosh and Hummel, 2014}
Ghosh and McAfee, 2011, |Ghosh and Hummel, 2013]
Liu and Ho, 2018|. Initiated by [Kremer et al., 2014],
there also exists a line of works referred to as
incentivized exploration which study incentivizing
schemes to motivate myopic selfish agent who se-
lects the arms to explore more arms submitted in
the system rather than exploiting the well-seeming
ones [Wang and Huang, 2018, [Bahar et al., 2020],
and also in Bayesian setting [Mansour et al., 2015]
Mansour et al., 2016| [Frazier et al., 2014]. Since these
works are quite distant from our focus of interest, we
skip the detailed explanation.

Since we design an algorithm that is robust to the
agent’s repetitive replication, it seems worthwhile
to present the works studying efficient algorithms
in case of infinitely many arms. [Berry et al., 1997]
study infinitely many-armed Bernoulli bandit prob-
lems when each arm’s parameter is sampled from
a common distribution under the assumption that
the optimal arm has mean 1. [Wang et al., 200§]
and [Carpentier and Valko, 2015] rather assume
certain characteristics in near-optimal arms’ re-
ward distribution to attain sublinear algorithms.
|Ghalme et al., 2021] consider the scenario where the
arms are not fully given at first but become available
in a sequential manner, which draws a need of new
definition in regret. They show that it is necessary to
have certain assumptions on the arrival time of the
optimal arm to achieve sublinear regret, and provide
corresponding sublinear regret algorithm. Unlike from
these approaches, our work mainly focus at preventing
such situation by demotivating the agents in advance.

2 System model

We consider n agents, where each agent i € N' = [n] :=
{1,2,...,n} is endowed with the set of unique arms, de-
noted by O; := {0:1,0i2, .-, Oi,l(i)}a with a constant
[(i) > 1. Eacharm a € O := U;en0; is associated with
Bernoulliﬂ reward distribution of mean p(a). We con-

!This can be extended to the reward distributions of
single-parameter exponential family, while it can be corre-
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sider a one-shot game scenario with a principal and
n agents, where we assume that agents can hide or
replicate a part of its original arms. More formally, in
advance of MAB, each agent i € N decides and reg-
isters its strategy S; = {sgclz s ¢ € [eik) ko€ [1(3)]} of
support O; with parameters (Cl,lycz727---acz,l(z)) such
that for k € [I(i)], ¢; is the number of copies of 0; j
(including itself) in S; and ¢; ; = 0 implies that o; i is

not registered at all, where each copy 350,2 has the same

reward distribution of arm o; 1, i.e., p(o; k) = u(s; (e ))
for each ¢ € [¢; 4] E| Then, given S := (51, Sa, ...,Sn),
at each round ¢t = 1,2,...,T, the principal selects one
of the registered arms, denoted by A;, according to
an MAB algorithm 2, and receives reward R; drawn
independently from the corresponding distribution of
mean f1(A:). This is indeed a one-shot game as pro-
vided the principal’s algorithm A, each agent i € N
simultaneously decides strategy S; and never updates
it once registered. We formally describe the behavior
of strategic agents in Section [2.1] and the principal’s

objective in Section

2.1 Strategic Agent

For simplicity, we describe strategic agents when
agent i has the utility v; defined by the accumulated
reward from its arms in strategy S;, i.e., v;(S; A, T) :=
Zthl R/ 1[A; € §;], which directly corresponds to the
canonical case that a fixed portion of the rewards is
shared from the principal. We note that the entire
analysis can be extended for a more general defini-
tion of utility including discount factor over time and
non-negative marginal utility, rigorously described in
Appendix [B] A strategic agent i aims at maximizing
the expected utility, denoted by

’U,i(S;Ql, T) = E[vi(S;Ql, T)] 5 (1)

where the expectation takes over the randomness of al-
gorithm 2 and reward R;’s. We define dominant strat-
egy as follows:

Definition 1 (Dominant strategy). Agent i’s strat-
egy S; is dominant if regardless of the other agents’
strategy S—; := (S1,...,8i—1,Six1,-.-Sn), it provides
the expected utility at least as much as any other S! of
support O; does, i.e.,

wi(Siy S—i) > ui(S,S-i) , (2)

sponded with the plausible scenario of recommender sys-
tem in which the performance is often measured by the
number of total clicks or hits per content.

2Such a replication-invariant reward assumption coin-
cides with the time-invariant reward distribution, com-
monly assumed in literature connecting MAB and recom-
mendation systems, where the time horizon of MAB cor-
responds to a stream of users with no duplication.

where for simplicity, we often write u;(S;,S—;) =
i (S;, S—i; A, T) omitting A and T. The dominance of
S; is strict if the inequality is strict.

It is clear that once an agent 7 is able to identify a
dominant strategy S;, the agent’s rational decision is
always selecting S; regardless of the others’ strategy
S_;. Hence, it can be used to characterize the Nash
equilibrium of agents’ strategy. However, depending
on the principal’s algorithm and the agent’s knowl-
edge, it is possible that there exists no dominant one,
or the agent has no ability to identify one. In our anal-
ysis, we will elaborate the existence or identifiability
of dominant strategy.

2.2 Principal’s objective

The principal aims at maximizing the utility, which is
defined by the accumulated reward from selecting arms
submitted by the agents. In other words, the princi-
pal’s objective can be alternatively formulated as the
minimization of the expected cumulative opportunity
cost defined as Regret(S; 2, T) in the followings:

Definition 2 (Principal’s regret). Given strategy S,
the regret of algorithm A up to time horizon T is

S Y Y Awe

t=14ieN a€S;

Regret(S; A, T) 1[4, =d]] ,

where we let Aa) := p* — p(a) denote the expecta-
tion of the instantaneous regret from selecting arm a
instead of the optimal arm p* := maxyco p(a’).

It is well-known that without any prior knowledge,
the optimal regret is scaling with the number of arms
|[Lai and Robbins, 1985]. To be specific, if S includes
the best arm a* := argmax, o p(a), then the optimal
regret is given by O(|S|InT'), where |S| is the number
of arms registered. Such a scaling regret in the num-
ber of arms is inevitable mainly because O(InT') explo-
rations per arm is required to information-theoretically
identify the best arm a* with an error probability less
than O(1/t) at round ¢ so that the regret from misiden-
tifying a* is bounded by O(Zthl 1/t) = O(InT). We
refer to [Lai and Robbins, 1985] for a rigorous analy-
sis. This illustrates the importance of maintaining the
number of suboptimal arms as less as possible, while
having smaller number of arms is also beneficial in
terms of principal’s management cost, e.g., server ca-
pacity, in practice.

3 Preliminary

In this section, we provide an analysis revealing the
vulnerability of a canonical algorithm and a simple
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baseline against replicators. This shows not only the
significance but also the challenge of the replication
problem.

3.1 Replication-proneness

We first investigate the strategic behavior of agents
when using a canonical algorithm of regret minimiza-
tion, and check if the agents have a strong motivation
to replicate arms under the algorithm, i.e., the algo-
rithm is replication-prone.

Definition 3 (Replication-proneness). An algorithm
2 for time horizon T is replication-prone if for an
agent i € N, any strategy S = (S;,S_;), there exists
S] such that S; C 8] and

ui(SZ{,S,i;Ql, T) > ui(Si7S,i;21, T) . (3)

In words, a replication-prone algorithm provides a
strictly positive gain from replicating a part of arms
for each agent, and thus each agent’s best deci-
sion is to register infinitely many arms regardless of
the others’ strategy. Our analysis verifies that UCB1
[Auer et al., 2002] is replication-prone, meanwhile we
believe that an extended analysis can show the
replication-proneness of other canonical MAB algo-
rithms such as KL-UCB [Garivier and Cappé, 2011].

Theorem 1. UCBI1 is replication-prone.

This theorem shows a theoretical understanding of
replicating behaviors in practice, and an importance
to prevent replicators. It is intuitive from the fact that
UCBI is oblivious to agents and thus grants a cer-
tain amount of explorations for every single registered
arm. We provide a formal proof of Theorem [I] in Ap-
pendix [C] where we mainly use a sophisticated cou-
pling argument to compare rewards from two MAB
processes with or without an additional replication of
the entire set of agent i’s original arms. We note that
our analysis requires no special condition on O to show
(3), and thus just given UCBI1, every agent i is able
to realize that its best decision must include infinitely
many replications even without knowledge on its arms
or others.

As mentioned earlier, UCB1 with registration of sub-
optimal arms more than Q(7/InT) may suffer from
linear regret. To overcome such an unwilling behav-
ior of the algorithm, one might consider using the al-
gorithms provided in many-armed bandit literature.
However, as we briefly discussed in Section [I] this
may not work well when only some of the agents repli-
cate their arm, and even the replication itself harms
the principal since it exhausts the hardware resources.
Therefore, we instead aim at demotivating the agents
replicating the arms in advance.

3.2 Replication-proofness and Fair(2)

To prevent the infinite replicas in advance, we focus
on constructing a mechanism that makes agents’ Nash
equilibrium at not replicating the arms. To this end, we
define replication-proof algorithm as a solution concept
of our problem as follows:

Definition 4 (Replication-proofness). An algorithm
A is replication-proof if there exists a dominant strat-
egy that no agent replicates.

Due to the equality in the replication-proofness
actually refers to the weakly dominant strategy in the
literature. Hence, it does not guarantee that making
no replication is making more money for the agents,
which possibly induces a deviation for the agents. How-
ever, in practice, this can be prevented by introducing
a tiny constant cost in registering the arms or charg-
ing a periodical commission fee with respect to the
number of registered arms in the platform. In this
sense, under a replication-proof algorithm, the agents
have a Nash equilibrium without replicating arms.
Replication-proofness and -proneness are not comple-
mentary to each other, while one implies the nega-
tion of the other, i.e., UCB1 is replication-prone and
thus it is not replication-proof. We remark that Defini-
tion [ shares a similar virtue with the truthfulness in
the mechanism design literature [Roughgarden, 2010]
since truthfully reporting a private valuation can be
regarded as reporting only a part of the original arms
without any replication in our scenario.

We note that the replication-proofness can be achieved
by a very simple baseline equipped with any MAB al-
gorithm 2, denoted by Fair(2). At each round, Fair(2l)
chooses an agent i € A uniformly at random, and then
plays an arm a € §; from running 2 based on the
history of the agent i’s arms. Then it is straightfor-
ward to check that Fair(2) is replication-proof since
the selection of each agent is not affected by the other
agents’ strategy for any 2. In addition, if possible, the
best strategy of each agent is to register its best arm.
However, even with the best strategy containing only
each agent’s best arm, every agent is selected with the
equal probability at each round, and thus any subopti-
mal agents will be selected in linear portion of rounds,
i.e., linear regret is inevitable.

Therefore, the principal’s objective can be given in two
folds: i) demotivating the agents from replicating arms;
and ii) acquiring small regret. More formally, we aim
at designing an algorithm that is replication-proof and
has sublinear regret at the same time.
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4 Main result

In what follows, we first describe an replication-proof
algorithm, named Hierarchical UCB (H-UCB), which
has a sublinear regret assuming every agent is fully ra-
tional and thus not replicating arms. We then propose
a robust version of H-UCB (RH-UCB), that are guar-
anteed to be replication-proof and of sublinear regret
even in the realistic scenario possibly with irrational
agents.

4.1 Hierarchical UCB

We recall that Fair(2() is equipped with the replication-
proofness by the agent selection, irrelevant to the num-
ber of arms that the agent has, in advance of the arm
selection. Inspired by such a hierarchy of selections of
agent and then arm, we devise hierarchical UCB (H-
UCB) consisting of two phases per round, where Phase
1 to choose an agent is followed by Phase 2 to se-
lect its arm, sequentially. We provide a pseudo code
of H-UCB in Algorithm [T} where we keep track of the
empirical mean rewards from each agent ¢ and arm
a by R(i) and r(a), respectively, and the numbers of
rounds selecting agent ¢’s arms and an arm a by N (7)
and n(a), respectively. In Phase 1, as a part of identi-
fying an agent with the optimal arm, a UCB algorithm
selects an agent 7 of the highest value of agent index

R(i) + /%6
from agent i’s arms at ¢-th round. Then, in Phase 2,
given the empirically best agent 7, we aim at selecting
the agent ¢’s best arm. To this end, another UCB algo-
rithm is employed to choose an arm a from the agent
21n N(3)
n(a)
that assesses the potential of selecting arm a on the
part of time horizon when selecting the agent ¢ only.
This forms a hierarchy of UCB algorithms as the arm
selection in Phase 2 depends on the agent selection
in Phase 1. We then have the following analysis on
H-UCB:

Theorem 2. H-UCB is replication-proof.

which estimates the potential rewards

i of the highest value of arm index r(a) +

Intuitively, the exploration of the best agent in phase 1
distributes O(Int) budget for each agent regardless of
the number of the agent’s arms. In addition, given the
asymptotically equal budget per agent, if the agent
replicated its arms, then it would increase the risk
of misindentifying its best arm and reduce its util-
ity. Hence, this demotivates the agent from replicat-
ing arms. A formal proof of Theorem [2]is provided in
Appendix [C] In the proof, we in fact show a stronger
notion of replication-proofness based on stochastical
orderings to compare two different strategies instance-
wisely. Thus, H-UCB is replication-proof even when
agent seeks gain from replication in randomness.

fun
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Algorithm 1: Hierarchical UCB (H-UCB)

Initialize R(7), N(i),r(a) and n(a) at zero for all
i € N and a € UjenSi;

fort=1,2,...do

// Phase 1 - agent selection

if Unezplored agent exists then
‘ Pick an unexplored i € {i € N : N(i) = 0};

else
‘ Pick 7 = argmax; ¢\ {R(z) + \/%};
end

// Phase 2 - arm selection

if Unexplored arm exists in S; then
Pick an unexplored

a€{acS; n(a) =0}

else

‘ Pick G = argmax,cs, {r(a) + QIZ(JZ)@ };
end
Play A; = a and receive reward Ry;
Update statistics:

N r(a@)n(a)+Ry s R()N()+R: .

(@) < =T AR(Z) %AW’

n(a) < n(a)+1; N@) < N@)+1;

end

We remark that under H-UCB, assuming each agent ¢
knows its best arm aj € argmax, ., p(a), the agent’s
dominant strategy is to register only a}’s. On such
a equilibrium, we obtain a logarithmic bound on the
regret of H-UCB:

Theorem 3. Given the original arms O and the cor-
responding mean rewards {u(a) : a € O}, under an
equilibrium S when each agent i decides its strategy
knowing its best arm a}, Regret(S;H-UCB,T) is at
most

ilnT—i— 1+£2 iA<
Ai 3 . 7 3

where A; := p* — maxqeo, p(a).

:A; >0

The proof of Theorem [3]is given in Appendix [C] where
we present a formal characterization of equilibrium
under the assumption. We note that the asymptotic
order of regret bound is O(nInT'), which scales with
the number of agents rather than the total number of
arms, while in practice, it is much harder to replicate
agents than arms since a genuine identification, such
as social security number or bank account, is required
to register an agent.
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4.2 Robust Hierarchical UCB

The logarithmic regret of H-UCB in Theorem [3] as-
sumes that every agent is rational enough to under-
stand no benefit from replicating arms under H-UCB,
and registers its arm truthfully. Meanwhile, in prac-
tice, it is still possible to have replicators who carelessly
duplicate their arms even under a replication-proof al-
gorithm. We assume that each replicator ¢’s strategy S;
includes at least a constant portion of arms of its best
mean reward pf := maxq.eco, p(a), i.e., there exists a
I{aeSi:I/glzu(a)}\ S c.
This is a reasonable assumption since 1o replicator
wants to hide its best arm. Even when a replicator
cannot identify its best arm, the safest choice is to
replicate the entire arms equally.

constant ¢ > 0 such that min;ecns

To obtain sublinear regret even with the presence of
such replicators, modifying H-UCB, we propose ro-
bust H-UCB (RH-UCB), described in Algorithm
Before explaining the design of RH-UCB, we note that
RH-UCB inherits the hierarchical structure of H-UCB.
Hence, an analog analysis to that of Theorem [2| con-
cludes that:

Theorem 4. RH-UCB is replication-proof.

We now explain rationales behind RH-UCB, where we
append a modification to each phase of H-UCB. In
Phase 2, for each agent ¢, the risk of misidentifying
the best arm in strategy S; increases with the size of
S;. Hence, as a part of bounding the risk in Phase 2,
RH-UCB begins with B;’s from subsampling each S;
uniformly at random without replacement such that
the cardinality of subset B; is at most LInT, where
L > 0 is a hyperparameter. The choice of size bound
depends on T for analytical simplicity, while our anal-
ysis can be extended to an online subsampling with in-
creasing size bound LInt. Given the subsampled B;’s,
in Phase 2, we use the same UCBI for B;. Although
the number of arms in B; has the upper bound LInT,
but it is scaling in 7. Hence, the exploration budget
O(InT) distributed over agents in H-UCB may be in-
sufficient to identify each agent’s best arm at a desired
confidence. For this reason, we increase confidence in-

Int Vtlnt
terval of Phase 1 from ,/N(i) to 4/ N

For ease of exposition, we assume that there exists a
unique agent ¢* who possesses the optimal arnﬂ, and
present the following regret bound for RH-UCB:

Theorem 5. Given the original arms O and {u(a) :
a € O}, under any S given that all the agents
are either strategic or replicator, if L > 1/c, then

3Indeed, multiple optimal agents only reduce the re-
gret bound, since the constant C' in our regret bound
O(CVT InT) will decrease and O(In? T') appear instead.

fu

N

10

11
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16

Regret(S; RH-UCB, T) is at most

4 50L 114L
STVTIMT(1+ 5 + + > )
: A; 61’* a 51’ a
ieN 2 a€O;x ) acO; ’
8ix >0 0i,a>0
+0(In°T),

where §; o = uF — p(a).

Algorithm 2: Robust H-UCB (RH-UCB)

Initialize R(7), N(i),7(a) and n(a) at zero for all
i € N and a € U;jenSi;
Subsample B; of size min{|S;|, LInT} from S;;
fort=1,2,...do
// Phase 1 - agent selection
if Unezplored agent exists then
‘ Pick an unexplored i € {i € N': N(i) = 0};

else
. I . \/Zlnt .
‘ Pick 1 = argmax;c \r {R(Z) /Ny },
end

// Phase 2 - arm selection

if Unexplored arm exists in B; then
Pick an unexplored

a € {a € B;:n(a) = 0};

else

‘ Pick @ = argmax, . {r(a) + LN(U}

n(a) [’
end

Play A; = a and receive reward Ry;

Update statistics:

. r(@)n(a)+Re . ; RGN (4R .
r(a) <+ OIS R(1) « T NG+

n(a) < n(a) +1; N() < N@)+1;

end

In Appendix[C] we provide not only the proof of Theo-
rem [§ but also a further discussion on each term in the
regret bound. Even with the replicators, the regret of
RH-UCB is asymptotically O(v/TInT) for any given
configuration of the original arms. Hence, RH-UCB
is replication-proof but also achieves sublinear. The
majority of regret O(v/T InT) is from the probability
of misidentifying each agent i’s best arm among sub-
sampled B; of size O(InT). We note that O(v/TInT)
amount of agent exploration indeed optimizes the
order of regret bound in our analysis. For any 1-
dimensional increasing function f, suppose that Phase

f(t)
N(@)*
Then, it can similarly be derived that regret bound

TIn?>T
becomes O(f(T)) + O( F@)

regret can be obtained for f(t) = O(v/tInt) due to the
inequality of arithmetic and geometric means.

1’s agent exploration term is given by R; +

), where the optimized

We note that the regret analysis in Theorem [5| is
problem-dependent as the bound is given as a function
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(a) Reward of 0.5-agent. (b) Reward of 0.9-agent.

Figure 1: (a) The average revenue and one-sigma in-
terval for 0.5-agent as it replicates more arms in the
single original arm setup. (b) The revenue of 0.9-agent
in the same setup with (a) but when 0.9-agent repli-
cates.

of the configuration of original arms. In the following
theorem, we further present a problem-independent re-
gret bound of RH-UCB:

Theorem 6. RH-UCB has problem-independent re-
gret upper-bound O(%T% InT).

The detailed terms and proof are presented in Ap-
pendix [C] where we provide a worst-case anal-
ysis on regret. We note that with no replica-
tion, the optimal problem-independent regret is
O(VT) [Audibert et al., 2009], while RH-UCB has
O(T3/*InT) even with replicators. The gap between
O(VT) and O(T?/*InT) can be interpreted as an al-
gorithmic cost for being robust and replication-proof.

Note that our regret bound holds for L > 1/c. Running
RH-UCB with sufficiently large L would guarantee this
bound, but it might hurt the algorithm’s efficiency
since there could be a chance that too much redundant
arms are subsampled for each agent. In case when pre-
cisely estimating ¢ a priori is difficult, we can instead
subsample In? T" arms per agent since sufficiently large
T would guarantee InT > 1/c. Meanwhile, this still
requires the principal to determine 7" in advance. This
dependency can be removed by gradually subsampling
arms up to In? 7" within each agent. These techniques
indeed enable us to derive O(C%\/Tln?’ T) regret and
O(%T% In? T) problem-independent regret without
any prior information on L and T, where we put back a
detailed description of the algorithm and correspond-
ing analysis in Appendix

We remark that both the hierarchical structure and
the subsampling are necessary to ensure sublinear re-
gret. If there exists no hierarchy, it might work poor
when only the suboptimal agents are replicators, but
optimal one is not. Otherwise if subsampling is dis-
carded, any replicators would hurt the system since
their optimal arms cannot be identified. We provide a
relevant ablation study in Section

Finally, it is obvious that H-UCB works better when all
the agents only register their optimal arm, since RH-
UCB achieves O(v/T In T))-regret in this case. However,
we need to put more exploration in Phase 1 to ensure
that all the arms within the agent are explored suf-
ficiently under the existence of replicators. Hence, by
closely observing behavior of the agents in the system,
one may balance the trade-off between robustness and
efficency. We will present a relevant case study in the
following section.

5 Simulation

We evaluate the proposed algorithms and compare
them with existing ones by borrowing well-known
open-source library SMPyBandits [Besson, 2018]. In
addition to UCB1, H-UCB and RH-UCB, we mea-
sure the performance of S-UCB(!) which samples at
most [InT arms among the entire arms given 7', and
then runs UCB1 on them. That is, S-UCB(I) is an
algorithm where the hierarchy is removed from RH-
UCB, discarding the agent selection phase. We provide
a pseudo-code in Appendix [E] We decide the subsam-
pling ratio [ as the number of total original arms. Each
solid or dashed line indicates the mean value of the
treatment over the repetitions, and its shade refers to
the one-sigma interval.

Figure and represent the changes of agents’
revenue with respect to their strategies in each algo-

rithm. In both scenarios, we consider 5 agents each
of whom has a single original Bernoulli arm with pa-
rameters 0.5,0.6,0.7,0.8,0.9, respectively. We denote
xr-agent as the agent whose optimal arm’s parameter is
x. Figure refers to 0.5-agent’s revenue when only
the 0.5-agent replicates its arm among the agents, and
Figure indicates that of 0.9-agent when only the
0.9-agent replicates.

Vulnerability of non-hierarchical algorithms.
The replicating agents’ mean revenue increases in both
scenarios under UCB1 and S-UCB, but stays consis-
tent under H-UCB and RH-UCB. The revenue incre-
ment of 0.5-agent is more drastic than that of 0.9-
agent. It is because the replication of the optimal arm
does not fundamentally change the asymptotic selec-
tion ratio of any sub-optimal arms, but only delays
their selections. Note that the 0.5-agent’s revenue in-
creases almost in linear manner which is quite intu-
itive regarding that every suboptimal arm is sampled
O(InT) times in UCBL1. On the other hand, in S-UCB,
the revenue increases in somewhat convex manner due
to the nature of probabilistic subsampling.

Hierarchy makes low regret. Figure and Fig-
ure depicts the principal’s cumulative regret in
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(a) Cumulative regret when 0.5-agent (b) Cumulative regret when all agents (c) Cumulative regret when 0.5, 0.6,
is a replicator. except 0.9-agent are replicators. 0.7-agents are replicators, and 0.8, 0.9-
agents partially replicate.

Figure 2: (a) The average cumulative regret and one-sigma interval for the principal in each algorithm, when
0.5-agent replicates its arm 1000 times in the single original arm setup. (b) This shares the same setup with (a),
but when all the agents except 0.9-agent replicate their arms 1000 times. (c) 0.5, 0.6, 0.7-agents replicate their
original arms 1000 times and 0.8, 0.9-agents partially replicate their arms in the multiple original arms setup.

the single original Bernoulli arm setup with 5 agents
like Figure [1l Figure shows the regret when the
0.5-agent replicates its arm 1000 times but the oth-
ers do not replicate at all. UCB1 and S-UCB suffer
from the replication even if there is only one replica-
tor agent. However, the hierarchy-based ones allocate a
fixed portion of exploration within each agent. Because
that amount of exploration is shared across the agent’s
arms, the replication does not significantly harm the
principal. Since RH-UCB enforces a larger amount of
agent exploration, low-reward agents are also explored
more than H-UCB. This results in worse performance
for RH-UCB than H-UCB.

Besides, in Figure we consider a similar scenario
but where 0.5, 0.6, 0.7, 0.8-agents replicate their arms
1000 times yet only the 0.9-agent does not. H-UCB
still achieves lower regret than RH-UCB since the op-
timal agent does not replicate arms at all. Hence we
believe that H-UCB might work well if there exists
any optimal agent who does not replicate its arm at
all. This indeed can be observed in our analysis, where
the predominant term O(Lv/T InT) can be removed
in the regret bound in Theorem

Primacy of RH-UCB in a world of replicators.
On the other hand, Figure represents the regime
that RH-UCB works more robustly. We assume that
there are 5 agents with 3 Bernoulli original arms. Each
of those agents has arms with mean 0.2 and 0.1 in com-
mon, and has a different optimal arm whose parameter
is 0.5, 0.6, 0.7, 0.8, or 0.9, respectively. The 0.5, 0.6,
and 0.7-agents are replicators and they register 1000
arms per each original arm. Besides, we assume that
the 0.8-agent and the 0.9-agent are partial replicators.
Each of those two agents registers its own optimal arm
10 times, and the suboptimal arms 100 times each. In
this case, the power of RH-UCB reveals so that it suc-

ceeds to identify the best agent and the correspond-
ing best arm. However, the regret of H-UCB grows
almost in linear manner, which is even worse than S-
UCB. This is because H-UCB only explores each agent
O(InT) times, and the existence of many arms in the
optimal agent possibly hinders H-UCB to discover the
best arm within the agent. This would be the case
when all the agents are replicators.

Our intention of designing hierarchically-structured al-
gorithms is solely to demotivate the agents from repli-
cating their arms. Interestingly, however, our algo-
rithms outperform existing ones in the context of cu-
mulative regret in many regimes. This might arise be-
cause there is an inherent dominance structure among
the agents in the setups of our experiments including
that of Figure In the setups, the suboptimal arms
remain the same across the agents, and the agents are
only distinguished by the optimal arm of each agent so
that the parameter of the optimal arm fully determines
an agent-wise dominance. Our hierarchical algorithms
naturally exploit such inherent dominance structure
among the registered arms by grouping them by agent,
which possibly increases their performance. Hence, we
believe that H-UCB or RH-UCB would perform better
than our theoretical guarantees since many practical
scenarios may possess the structure across the agents.

6 Conclusion

We analytically study multi-armed bandit algorithms
against strategic replication. We firstly show that
UCB1 admits an infinitely many registration of arms
for strategic agents which inevitably induces linear re-
gret. We mainly observe that it is essential to limit the
amount of exploration per agent to demotivate such
strategic replication, and present that a simple fair al-
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gorithm achieves it while it suffers from linear regret.
We propose H-UCB to catch the both rabbits of sublin-
ear regret and replication-proofness, and present more
robust algorithm named RH-UCB which adapts to the
infinitely many replicas from replicators. We conduct
numerical experiments to validate our theoretical find-
ings, and provide some practical insights from it.
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Supplementary Material:
Multi-armed Bandit Algorithm against Strategic Replication

A Open Problems and Future Directions

We discuss some open questions and future research directions in this section.

Tightening regret bound. We show that there exists an algorithm that is replication-proof and also has a
sublinear regret regardless of whether agents are strategic or not. However, it is not studied whether the regret
bound we obtain is tight or not. To tighten the regret analysis, an fundamental limit analysis is necessary. To be
specific, we need a regret lower bound for uniformly good and also replication-proof algorithms. The fundamental
analysis with the notion of replication-proofness seems challenging. Hence, we would bypass it by studying a lower
bound for uniformly good algorithms given the scenario of replicator in our paper with an argument of change-
of-measure, e.g., [Combes et al., 2017]. The relaxed scope of algorithms of interest would provide a loose lower
bound to be achieved by replication-proof algorithms. Meanwhile, this can provide a useful insight to improve

|{a€511‘lg.|=ﬂ(a)}‘ >¢>0,asin

[Combes et al., 2017], the lower bound analysis corresponds to an optimal upper bound algorithm. In fact, the
assumption is analog to the bandit problems with linear or row-rank structures [Auer, 2002 [Jun et al., 2019]
Katariya et al., 2017, [Kveton et al., 2017]. However, our bandit problem with replicators is more challenging
since we do not know an embedding (or feature map) of arms, which are provided in the linear and low-rank
bandit problems.

the regret upper bound fully exploiting the assumption on replicators, i.e., min;ca

Agent information model. We assume that the strategic agents have ability to exactly assess their arms, or at
least to identify the best one. This may be not true in practice. Hence, one can consider a Bayesian information
model where each agent only knows (or believes) the meta distribution of its arm’s parameter, but does not know
the arm’s distribution exactly. This can be interpreted as a scenario of recommender system to a population
of heterogeneous clients. Perhaps this meta distribution could be different for each arms within the agent. In
these cases, the agents might be motivated to register all the original arms since it will suffer from linear regret
with constant probability if some of the original arms are not registered. This is somewhat different from our
result, since our model encourages the agent to exactly register only the best arm if such information is readily
available. This difference seems natural since any agent who is oblivious to its own arms would definitely register
all the arms if there exists no significant cost in registering more arms. Nonetheless, in both cases, we believe
that our hierarchical algorithms would also demotivate the agents from replicating their arms since replication
might not result in an increase of the expected value of the empirical average reward.

Beyond UCB-based algorithms. Although our analysis on the negative result, i.e. replication-proneness, is
shown for the case of UCB1, we believe that our proof can be extended to other types of canonical algorithms,
e.g. e-greedy based algorithms [Auer et al., 2002] or Thompson Sampling [Scott, 2010, [Chapelle and Li, 2011].
One can alternatively run some simple numerical experiments to verify that the agents’ reward indeed increase
by replicating the arms as well in these types of algorithms. Regarding our positive results, we mainly reveal
that an algorithm needs to restrict its exploration cost for each agent to achieve replication-proofness. For e-
greedy based algorithms, it is straightforward to examine the exploration cost since the exploration phase and
exploitation phase are explicitly separated. Hence, we believe that the hierarchical structure can analogously be
applied to construct a replication-proof and sublinear regret e-greedy based algorithm. Meanwhile, it becomes
nontrivial for algorithms based on probability matching including Thompson Sampling. The exploration and
exploitation phase are not clearly separated in these algorithms, hence we need to define the exploration cost
in rigorous manner so that restricting exploration cost would result in a replication-proofness. These analysis
might be more challenging since we need to perform Bayesian analysis, and even these algorithms might be
discouraged since they need information on a parametric structure of reward distributions. However, we believe
that there may exist some valuable insights in these analysis, since different notion of exploration cost could lead
to a different point of the equilibrium. This might bridge the gap between our notion of replication-proofness
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and replication-proneness. Indeed, if we construct a logarithmic regret algorithm that is not replication-prone,
but only admits a finite number of replications to the strategic agents, then it could be better than RH-UCB
for the principal since the finite number of replications only contributes to increase constant term in the regret
bound while RH-UCB admits square root regret. To fairly compare the various algorithms in this context, it
might require us to define a new criterion to estimate their efficiency, e.g., worst-case regret over the dominant
strategies (or over any strategies if no such one exists).

Beyond stochastic bandit with one-shot game. In practice, many recommendation systems are modeled
as contextual bandit which utilizes features of clients and arms. Since replicating could still hurt the platform
under the contextual bandit algorithm, we believe that we can generalize our results into this setting. Besides,
we can consider a sequential arrival of the agents, which will result in a repeated-game between the principal
and the agents. In this case, the platform might have more controllability on handling agent’s strategic behavior
since agents are forced to register only certain amount of contents at once, and principal can block the agent’s
registration in advance at some rounds if they’ve been registered too much till that time. On the other hand,
agents could also abuse the system more viciously, for example, they can get rid of their registered contents, and
register it again as if it is newly created ones, which might hamper the algorithm from identifying the optimal
arm. Finally we remark that our analysis on replication-proofness are mainly based on the fact that a family of
Bernoulli distributions equipped with stochastic ordering form a totally ordered set. If such ordering cannot be
made within a family of distributions in consideration, then we cannot compare utilities between two strategies
with use of stochastic dominance. In this case, there might be a chance that such stochastic dominance between
two strategies’ utilities may not hold for any non-decreasing function U. Nevertheless, we believe that we can
still compare the expected utilities, but it may require more sophisticated method to analyze on it.

B Preliminaries to The Analysis

Our result on replication-proneness and replication-proofness can be shown in more generalized statements than
the ones provided in the main paper. In this context, before presenting the main proofs, we provide a generalized
model for our problem, then introduce some preliminaries required in presenting our results. We mainly consider
two extensions: discount sequence and generalized utility function. Throughout the appendix, we abuse 4 (S;, S—;)
or I; to denote the arm selected at round ¢ instead of I;(S;,S—;; 2, T') if the context is clear.

B.1 Discount sequence

As discussed, we consider a scenario that each agent i receives the sum of rewards from its arms. In practice,
this corresponds to the scenario where a fixed portion of the rewards may be shared from the principal to the
agents. Then, agent’s revenue can precisely be defined as v;(S;,S—;) - €. However, we can ignore this constant
since we’re only interested in comparing the agent’s utility between two or more strategies, where the impact
of € will be wiped out in this case. Hence, we re-define the following notion of agent’s revenue by introducing a
discount sequence:

Definition 5 (Agent’s discounted revenue). Given a principal’s algorithm 2, time horizon T > n, other agents’
strategic decision S_; = (S1,...,Si_1,Sit1,...Sn), and discount factor v = ()L, agent i’s revenue is defined
as,

T
i8S, S A, T) = > iRy .
t=1

The discount sequence captures the agent’s various viewpoint in computing long-term cumulative reward, e.g.
agents’ utility can be discounted over time (v, = 1/t,t € Zx() or not (v, = 1,t € Z>(). This generalized the
practical scenario where the advertisers or content providers in online platform are usually myopic than the
platform [Amin et al., 2013 Mohri and Medina, 2014]. We define a discount sequence to be proper if it is non-
negative real-valued (v, € R>¢), non-increasing (v, > 71+1), and has at least n non-zero elements. We denote
the family of all proper discount sequences given T" be I'p.
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B.2 Agent’s expected utility

Agent’s revenue is actually a random variable which can be varying with respect to the randomness of the policy,
and the randomness of realized reward. Hence, there could be difference between the agents in how they assess
the risk in the random revenue. For example, some agents might want to avoid a large variability in the random
revenue, but some might love it. In this context, we consider the following general notion of agent’s expected
utility, instead of agent’s expected revenue.

Definition 6 (Agent’s expected utility). Given a utility function U : R>g — Rso, agent i’s expected utility is
defined as,

ui(S;, S—is A, T) = E[U(vi(Si, S—i; A, T))] -

Utility function U represents how the agents assess an uncertainty in revenue. If U is concave, they gradually
underestimate the revenue growth as its absolute amount becomes large, hence in this case they prefer a certain
amount of revenue rather than taking a risk to get larger revenue even if the expected revenue is smaller. We say
that the agents are risk-averse in this case. In comparison, we call the agents be risk-seeking if U is convex, since
they are willing to take a risk for having a large amount of revenue with small probability. If U is an identity
function, we say that the agents are risk-neutral and they only care about the expected amount of revenue. In
this case, expected utility simply reduces to the expected revenue which was provided in our main paper:

T

Z’yt Z wa) - E[1[1,(S;, S—; A, T) = a]] .

t=1 a€S;

Although we consider a homogeneous scenario so that every agents share a common utility function, all the
results can easily be extended to heterogeneous utility scenario.

B.3 Further notions and lemmas

Before getting into the proofs, we introduce some notions to make the explanation more clear. We denote a pair
of multi-armed bandit problem instance and corresponding algorithm be X = ((T,S), %) for time horizon T,
set of arms S (with corresponding set of reward distributions d(-)), and MAB algorithm 2A. We call such X be
MAB process. We often omit T in X as X = ({-,S), Q) if 2 is horizon-independent. Given a MAB process X,
its sample path r = (i, T¢)eeir), and any set of arms A C S, we define A-sample path ca(ry) be r’s longest
subsequence that consists of elements contained in A, i.e.

cA(rq“‘f) = argmax{|r| : r = (in,, Tn, )teir), 1 <n1 <na < ... <np < Tiy,, € A} .
”

We define t-count Nf’t be the number of times arm ¢ € A is pulled in first ¢ rounds in X. We often omit X in

N7, if no confusion arises. We abuse the notation as N, when we consider a single arm a instead of a set of
arms.

Next, we define a notion of stochastic dominance between two random variables as the following:

Definition 7 (Stochastic dominance). Let X and Y be two random variables. X has stochastic dominance over
Y and we denote X = Y if Ve € R, P[X < 2] < PY < z|. If X =Y and there exists some x such that
PX < z] <P[Y < z], then we say that X has strict stochastic dominance over Y, X =Y.

We note that stochastic dominance always induce a higher expectation since E[X]| = Y 02 (P[X > z] >
Yool oPIX > 2] = E[Y], i.e. it is stronger ordering compared to ordering with expectation. Our definition of
stochastic dominance refers to the first-order stochastic dominance in the literature, and it enables us to analyze
the behavior of agents regardless of their behavior against the risk.

We now introduce some well-known properties on stochastic dominance which are useful in proving our main
results. The following proposition provides a connection between stochastic dominance and expected utility:

Proposition 1. Given random variables X and Y, the following holds:

1) X =Y if and only if E[U(X)] > E[U(Y)] for any non-decreasing utility function U(-),
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2) X =Y if and only if E[U(X)] > E[U(Y)] for any strictly increasing utility function U(-).

Proof. We only prove for the discrete case since it can easily be generalized. Suppose that X and Y are discrete
random variables with outcome {z1,xs, ..., 2t} where 21 < 29 < ... < z.

Let d; =P[Y < z;] — P[X < ;] and we have

where the second equation holds from Abel’s lemma and the last comes from dj = 0. It is straightforward that if
d; >0 for Vi =1,2,...,k then E[U(X)] > E[U(Y)] since U is non-decreasing. Suppose that E[U(X)] > E[U(Y)]
for any non-decreasing function U and there exists j such that d; < 0. If we consider a utility function U such
that U(:Ei+1) = U(l‘v) for i 7é j, and U(l‘j+1) > U(Ij), then E[U(X)] — ]E[U(Y)] = dj(U(l‘j+1) — U(IJ)) <0
which is a contradiction. We omit the proof for the second statement since it can easily be derived in similar
argument. O

We also note that the stochastic dominance is preserved under summation and multiplication between positive
independent random variables:

Proposition 2. X, X5, Y7 and Y3 are positive random variables such that X, and Y7 is independent, and Xo
and Yy is independent. If Xq = Y1 and Xo = Yz, then, (i) X1+ Xo = Y1 + Y2 and (ii) X1Xs = V1Y5.

Proof. Since stochastic dominance is equivalent to the existence of monotone coupling [Roch, 2015], we can
construct monotone couplings ()A(hf/l) and (Xg, Yg) of (X1,Y1) and (Xa,Y3), respectively. Then, we have X; +
Xo~m X1+ Xo = V1 + Yo ~ Y+ Y and X1Xs ~ X1 X = Y1Ys ~ Y;Ys where ~ refers to the equality in
distribution, and it concludes the proof. O

Finally, with use of stochastic dominance, the following theorem represents a sufficient condition for a strategy
to be dominant over another strategy for any non-decreasing utility function U. We remark that we often say
that a strategy is dominant over another strategy when it induces an expected utility which is at least that of
another.

Claim 1. Given a principal’s algorithm 2L, time horizon T > n, and other agents’ strategic decision S_;, suppose
that agent i’s two strategies S; and S satisfy the followings:

1) ' = a forVa' € S and Va € S;,
2) NX{/t has stochastic dominance over Ng , for any t € [T

Then, S! is a dominant over S; under any non-decreasing utility function U and any proper discount sequence
vyeTlr.

Proof. We denote r(a) be the revenue R.V. of arm a. The probability that agent i’s revenue is at most = can be
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computed as the following;:

T
X[Ui(Si’S*i;mv T) < :,C] = ]PX[Z VTT(Si,5-4),t < :,C] (4)
t=1
ZZ%r L[1(S;, 8- A, T) = a] < z] (5)
t=1a€S;
Z’Ytz N = Nitoy) +’YIZ a)N7 < ] (6)
= a€S; a€S;
T-1
2[ D2 D r(@)(n = me)NG <2 (7)
t=1 a€S;
T-1
> B 1) — )N < 0] = PafodSLS_a 0 T) <al, (8)
t=1 acS!

i

where equation (6] holds since N, = N |+ 1[I = a] for t > 2 and NJ¥| = IL[Il = a]. In equation (7)) we
assume that vy = 0, and mequahty (8) follows from the stochastic dominance of Ng, 1 over Ng , and condition

1 in theorem statement applied with [2| l Hence we conclude that revenue under S has stochastic dominance over
that under S;, and by Proposition l wi(SLS—i;2U,T) > ui(S;, S—i;2,T) for any non-decreasing utility U. O

Remark. It is straightforward to check that u;(S/,S_;; A, T) > u;(S;, S—i; A, T) if any of the described inequal-

ities is strict. For example, if there exists some x and ¢ such that P[N;Y, < 2] < P[N, ft/ < z], then the dominance
is strict.

B.4 Embedding

We now lay out the foundations in defining the embedding from a MAB process to the other MAB process which
helps us to compare the agent’s expected utility between two strategies. This will mainly be used at analyzing the
replication-proneness. Given any two MAB processes X = ({-,S), ) and X’ = ((-,§"), ") with two horizon-free
algorithms 2 and 2l', we define an arm-translation 7 : & — 8§’ be a mapping function between arms in MAB
processes, and let I'm.(A) be image of A under 7 for any A C S. Given any sample path r, let L(r) be its length,
e.g. if r = (i1,21) X (i2, 22) then L(r) = 2, and T (r) be the sequence that replaces each selected arm a at round
t in r into 7(a) for any ¢ € [L(r)]. Now we define an embedding of MAB process X into X”.

Definition 8 (Embedding). Given an arm-translation T, we say that X is embedded into X' by T if a sample
path r¥ is realized under X, then sample path 7“{\7 is realized under X' such that its Sr-sample path is T, (r¥),
ice. T (r¥) = cs,(r¥") for S = Im(S).

Note that given 7, we can construct an embedding of X into X’ by coupling the sample paths in X’ and X’ as
the following: at each round in X', (i) arm a € 8§’ \ Sy can be selected in X, (ii) a € Sy can be selected in X’ and
one of the arms in 771(a) can be selected in X. In this scenario, X move forwards only when a € Sy is selected
under X’. Likewise, we can enforce the described mapping between any realization of sample paths regardless of
MAB processes X and X”’, and hence we can always embed X into X’. However, it is not true that such mapped
pair of sample paths has the same marginal probability to be realized in corresponding MAB process, hence we
introduce the following notion of proper embedding:

Definition 9 (Proper embedding). We say that X is properly embedded into X' if for any t > 1, there exists
a mapping T : S — S such that given any sample path r{Y i X, the marginal probability that sample path r
is realized under X whose T, transformation is T, (), is equal to the summation of marginal probability that
sample path ' is realized of which its Sy-sample path is T, (r¥), i.e.

xl{r T () =T ()N =Par[{r s es, (r') = T ()}

Unlike from embedding, proper embedding does not always exist, but rather depends on the parameters of two
MAB process.
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Illustrative examples. To give an intuition on when the proper embedding exists and how it can be constructed,
we provide some concrete examples.

Example 1. Suppose that we have two MAB process X = ({-,{1,2}),2) and X' = (({-,{3,4}),2") where 2
selects the arms in uniform random manner, but 2’ selects arm 3 with probability 1/3 and 4 with probability
2/3. If Im,({1,2}) = {3} or {4}, then it is obvious that it is not proper embedding since both arms need to be
selected in X”. Suppose that 7(1) = 3 and 7(2) = 4 without loss of generality and sample path r = (1,-) x (2,) is
given. In this case, the only sample path in X’ whose Im. ({1, 2})-sample path is (1,-) x (2,-),is 7' = (3,-) x (4, ).
However, Px[r] =1/2-1/2#1/3-2/3 = Px/[r'] and hence there can be no proper embedding.

Example 2. Suppose that X = ((-, {1,2},2) and X" = ((-,{1,2,3},2) where both 2 and 2’ chooses the arms
in uniformly random manner with respect to corresponding MAB instance. Consider 7 : {1,2} — {1,2,3} such
that 7(1) = 1 and 7(2) = 2. In this case, given any realization r under X', we can easily check that the summation
of marginal probability that sample path ' under X’ whose {1,2}-sample path is r is equal to the marginal
probability of having r under X.

Example 3. Suppose that X = ((-,{1,2,3},2) and X’ = ((-,{1,2},2") where 2 chooses arm 1 and 2 with
probability 1/4 and 3 with probability 1/2, and 2’ chooses the arm in uniformly random manner. Consider
7:{1,2,3} — {1,2} such that 7(1) = 7(2) = 1 and 7(3) = 2. Since the summation of probability that arm 1 or
2 is selected in X is equal to the probability that arm 1 is selected in X”, it is straightforward that 7 makes a
proper embedding from X to X’.

Proper embedding enables us to compare the probabilistic properties of random variables defined on two MAB
process respectively. Representatively, we present the following claim which holds upon surjective arm-translation
function:

Claim 2. Given a MAB process X = ({-,S),2) and its proper embedding X' = ({-,S8"),A") with 7 : S — &',
if T is surjective and each mapped pair a and T(a) have the same reward distribution for any a € S, then the
principal’s regret until any round t has the same distribution between X and X' .

We skip the proof since it is obvious from the definition of proper embedding.

If 7 is not surjective, then there will be unmapped arms in X”, and this remaining arms will increase the revenue
of the agent who owns these arms since they will be selected more times due to the existence of the remaining
arms. This means that the agent’s t-count can be stochastically ordered between two strategies, and we formally
present this result as follows:

Claim 3. Given a MAB process X = ((-,8),2) and its proper embedding X' = ({-,8"), ") with 7 : S — ', for
any set of arms A C S, Ni\(/',t has stochastic dominance over N_f,t for any t > 1 where A’ = Im,(A) U (S"\
Im.(S)).

Proof. Given a sample path r;¥ in X, suppose that a sample path ' in X satisfies that c4(r") = Im, (). Let
Ar = Im,(A) and S; = I'm(S). Under the embedding, it is obvious that L(r') >t and N ,(rf*) = Njf;L(T,)(r/).
Suppose that arms in A; and Sy \ A appears = and y times respectively from round ¢ + 1 to L(r’) in 7/ under
X’. Then the following inequalities hold:

NXI,L(T’)(T/) - Nj{],t(rl) +z § Nj{],t(r/) trt+y= Njf’,t(r/) )

where the last equation holds since arms in S’ \ S; appears exactly x + y times from round 1 to round ¢ in r
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under X”’. Hence, the following inequalities hold:

PX[Nj,tSm]:ZPX[N;\Vt:j]:Z P [ri]

’ . .
and we conclude that N jf,’t has stochastic dominance over N jf’t. O

C Proof of Main Results

We now provide proofs for all the theorems presented in our main paper.

C.1 Proof of Theorem 1
Proof. Instead of proving Theorem 1, we prove the following generalized statement:

Proposition 3 (Restatement of theorem 1 in main paper). UCBI is replication-prone under any strictly in-
creasing utility function U, and ¥y € T'p.

We first consider a simple scenario when all the agents have single original arm. It suffices to show that replicating
k times is a strictly dominant strategy over replicating £ — 1 times for k£ = 1,2, .... Noting that the proof can
easily be extended into the case where |S;| > 2, we only provide the proof for the case when |S;| = 1. Let S; = {1}
and S_; = {2,3,...,k} be the union of other agents’ arms. Let S/ = {1,1’} be agent i’s another strategy where
1’ is a replication of arm 1. Now we want to prove that agent i’s payoff is strictly dominant in S; over S;. Let
S§=8US_;and &' =S/ US_;. We denote MAB process for the non-replicated case be X = ((-,S,D), ) and
for the replicated case be X’ = ((-,S’,D’), ) for corresponding UCB1 algorithms 2 and 21". We now show that
there exists a proper embedding from X into X’, and conclude the proof by calculating the expected payoff of
agent ¢ with the notion of ¢-count.

Firstly we prove that there exists a proper embedding from X into X’. Consider an arm-translation 7 : S — S’
such that 7(a) = a for any a € S. To show that there exists a proper embedding, since {r, : T, (r,) = T, (r)} =
{r} by our construction of 7, we need to show that for any valid sample path r in X,

Prfr]= >, Pal]. (9)

es(r)=%+(r)

Since 7 is identity function we simply use r instead of T, (r). We use the proof by induction with respect to the
length of sample path in X'. Assume that the sample path r under X is given and its length is 1, i.e. L(r) = 1.
Let the arm selected in r be a € S. Then,

> Par] =Pl =a] + P [{I) #a} N {I = a}]
es(r')=(r)
= 1/(k+1) +1/(k+1) - 1/k = Pa[L; = a] = Pafr],
and hence equation (@ holds for L(r) = 1. Now suppose that equation @ holds for any sample path r with

L(r) = m. Again, let r be the sample path of length m+1 under X, and r,,, be its sub-sequence that only accounts
for the first m elements in r, e.g. if r = (1,0.1) x ... x (m,0.1) x (m + 1,0.1) then r,,, = (1,0.1) x ... x (m,0.1).
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Let the arm selected in r at round m + 1 be a € §. Then the following equations hold:

PX [T] = PX [7‘|’I‘m]]P)X [TWJ = PX [InL-i-l = af‘rnL]PX [TWL] (10)
= > Pyl Px[lns =alrm] . (11)

cs(r)=rm

Now we look into Px[In+1 = a|ry]. For s € S, let arm s’s UCB index at round m be ., (s). If uny,(a) <
argmax,cg(Um(s)), then arm a cannot be selected at round m + 1 and hence r can’t be realized under X', which
is a contradiction. Hence we have u,,(a) > argmax,cg(um(s)), and let the set of arms in this tied index be 7.
Given 7’ with ¢s(r’) = 7y, suppose that arm 1’ has the highest UCB index from round L(r) to L(r) +t — 1, and
hence selected by UCBI at rounds L(r)+1 to L(r) +t, and not for round L(r)+t¢. It is obvious that such ¢ < co
exists since arm 1’ and 1 follows the same reward distribution. In this case at round L(r) + ¢+ 1, arm 1’ cannot
have the highest UCB index, and hence one of the arms in 7 would be selected since c¢s(r’) = 7, and only arm
1’ is selected from round L(r) 4+ 1 to L(r) + t. Hence, the probability that arm a is selected in this case is equal
to Py [Ln41 = alry], and we have:

S Pul] Palluy =alrwl= Y Palr)/|T] (12)
cs(r')=rm cs(r)=rm
= 3 Pul)Parlligysie = alr’] (13)

cs(r')=rm

Z ]PX/ [T’/] . (14)

cs(r)=r

By equation and (14), we have Px[r] = > es(r)=r P[] and we conclude that equation (9) is true. Hence,
by Claim 1| and [3} S is a dominant strategy over S; regardless of the MAB instance, and now it is enough to
prove that there exists a MAB instance such that equality does not hold in u;(S},S—;) > u;(S;, S—;). In Bernoulli
bandit case, it is obvious that P [Néc, >2]=1>Py [Ng( ; > 2] for any t > n. Then in inequality (8) in the

proof of Claim 1| I, the equality cannot hold and hence S/ is a strict dominant strategy over S;, which implies that
u;i(S],8_;) > u;(8;, S—;) for any time horizon T by Proposition [I]

Finally, we can extend our proof into the multiple arm cases by constructing &’ which replicates all the arms in
S; once. We omit the detailed process since it can easily be derived. O

C.2 Proof of Theorem 2

Proof. We prove the following generalized statement:

Proposition 4 (Restatement of theorem 2 in main paper). H-UCB is replication-proof for i € N under any
non-decreasing utility function U, YT >n and Vy € I'p.

Let X = ((-,§ US_;),A) and X’ = ({-,S] US i),2) where 2 is H-UCB. By Claim [I] it is enough to show
that N , has stochastic dominance over Ng, 3/ for any strategy S!. To this end, we show that 1[I;¥(S;,S_;) €
Si] = 1[I} (S!,S_;) € 8! for any round t. We use proof by induction. For ¢ € [n], it is straightforward that
1[I¥(Si, S-i) € &) ~ 1[I (S],S_;) € 8!] due to the agent initialization step in H-UCB. Suppose that we have
1[IX (S, 8_) € 8] = 1[I (S},8_;) € 8] holds for any t € [t']. Then, by Proposition [2, we can derive the
following relation between ¢-count of S; and S; for any ¢ € [t']:

t
Ngith]l (Si,8_;) € S Z 1IY (8], 8) € S]] = Ng,,
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The probability that agent ¢ is selected at round ¢’ + 1 can be computed as the followingEI:

’

~+

P01 (Si,S8=) € Sil = Y PI41(8i,S-:) € Si|N§. ;o = m|P[Ng. , = m]
m=0
t/
= P11 (S, S-:) € SilNG 4 =m, 7Y, =r|P[FY, = r|Ng ., = m[P[Ng , =m],
=07r>0

(15)

where FX denotes empirical average reward of agent ¢ given that agent 4 is selected mth time by H-UCB under
MAB process X. Since X; 1 = X, , for any k € [I(4)], it is straightforward that 7“ . conditioned to ";, = m has

stochastic dominance over rX conditioned to N{Yt, =m, i.e.

]P[ > 7’|N$ = m] > ]P)[ > T|NS/ = m] , (16)

for any r > 0.

Besides, due to the nature of phase 1 that it selects agent solely based on agent’s t-count and empirical average
reward, the following holds for any r1 > ra:

P[Iff+1(8i,8_i) S Si|N§L-,t’ =M, Tim = 7“1} > P[Iﬁﬂrl(Si,S_i) S Si|N§i,t’ = m,’I“ZXm = 7“2] . (17)
Now we observe that the distribution of sample path for the arms in S; conditioned on agent i’s t-count and
empirical average reward would be the sameﬁ between X and X’. This implies that the probability that agent 4
is selected at round ¢ given its t-count and empirical average reward is the same between X and X”’, and hence
equation can be lower-bounded as the following for any r; > rs:

P11 (S, S8-i) € SiINE v = m, iy = 11] > P[IF1(S],S-) € SiING = m, T = 72] - (18)

rhr,m

Since we have Ng A NZ 1 for any t € [t'] by our induction hypothesis, plugging inequalities (16 and (18]
into (15 yields the followmg

PII¥ 1 (Si, S—i) Z > P17, (Si,S5-i) € SiNE o = m, 7Y, = r|PlrY,, = r|Ng , = m]P[NG, , = m]

m=0r>0

t
> N PSS ) € SN = m, T = 1] P[Fim = 7N = mP[NG = m)]

m=0 r

=PI (S, S5_) €S-

Hence we conclude that 1[I¥ (S;,S_;) € S;] = 1[I (S}, S_;) € S!] for any t > 1, which implies that Ng , = NE,
for any ¢t > 1 by Proposition [2| By Claim [I} we conclude that H-UCB is replication-proof. O

C.3 Proof of Theorem 3

Firstly, under the equilibrium S = U;enS; such that S; = {0;1} for any i € N, it is straightforward to check
that H-UCB submits the proposed regret bound since it exactly reduces to UCB1 under the canonical setting.
Now we characterize all the possible dominant strategy equilibrium, and then show that there exists a proper
embedding for any pair of equilibrium. Suppose that S; possesses a suboptimal arm a. Then, inequality (16])
in the proof of Theorem 2 will obviously become strict. Following the similar analysis, we can observe that the

4In precise, we need to integrate over r > 0 rather than summing over it since the support of Ffm is continuous over
non-negative real value, however, we abuse it for the sake of simplicity.

50One may consider a sort of partial proper embedding from X to X’ so that any arm a € S} in X is mapped to a € S
in X', which implies that the selection and realization of the arms in S; can be coupled between X and X’.
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selection probability of agent ¢ under S/ will be strictly smaller than that under S;, which eventually implies
that S/ cannot be a dominant strategy Finally, we prove that the principal’s regret remains the same as S;
under any strategy S; = {0511), 0; 1), cey fcl’ Y1 Let X = ((-,8/,85-;),2), and §” = S/ US_,;. Consider arm-
translation 7 : " — S which maps all the arms in S/’ to 0; 1 in S; and identically maps the arms in S_;. Then,
it is straightforward to check that this constructs a proper embedding from X" to X. Hence by Claim [2] the
principal’s regret remains the same under S and §”, and we conclude the proof.

C.4 Proof of Theorem 5

Proof. For simplicity, we assume that S; is ordered so that p(s;1) > p(si2) > ... > p(s;y) for i € N. For
simplicity, we abuse N4 ; to denote N§ A1 Weuse Ny, N;, ¢ to denote the expected number of times agent ¢ and
arm 1, are played up to time ¢, and R;;, R;, ; be the emplrlcal average reward of agent ¢ and arm i, at round ¢,
respectively. Hence, if the index is contalned in AV, it refers to the agent’s random variable, otherwise, it indicates

to that of the arm. Let ¢* be the agent with optimal arm, and a* be the optimal arm. Let A; = p(s;+.1) — p(8:,1),
Ai, = p(sin1) = plia), AT = plsix 1) — plsig), and 6, = p(sin) — plia).

Thanks to our analysis given in so far, any strategic agent can be viewed as a replicator with only single original
arm, since it will only register the best arm or any set of replicas of it. Hence we assume that there only exists
replicators without loss of generalityﬁ

Let Y; be the event that B; contains i’s optimal arm or any replica of it. We begin with the following two lemmas
which gives upper-bound for expected regret occurred from replicator 1.

Lemma 1. P[Y?] <1/T .

Proof of Lemmal[dl If |S;| < LInT, then P[Y;] = 1. If S;’s cardinality is infinite, then P[Y¢] = (1 — ¢)¢InT.
Otherwise, the probability that i’s optimal arm is not sampled B; is given by

Sill—c)—1[Sil1-¢) =2 |S|(1—¢)—LInT

< (1 _ C)LlnT.

B[Y?] < (1-¢)

Since (1 — 1/2)* < 1/e for any o > 0, we can derive the following bound on (1 — ¢)X!n 7

1

(1 _ C)LlnT < (1 _ C)l/clnT < (7)lnT — 1/T )
&

Lemma 2. Given that event Y; occurs, its conditional expected internal regret is bounded as the following:

3 E[éiaNia,tm]ngnT( 3 %HHW;)&%).

)
1. EB; 1. €0; ta
Hig <Hiq

Proof of Lemma[3 If the optimal arm is sampled at least one time, then all the other sampled arms induce
O(InT) internal regret [Auer et al., 2002] since the behavior of phase 2 in RH-UCB given the sampled arms is
equal to that of UCB1 under the canonical MAB problem. Hence, we have

81n N, 2
> E[6, Ni, Y] < LlnT( YR 1y T ) :
) a a ) 51 3 a
i €B; 1,€0; @
Mg <piy

from the regret analysis of [Auer et al., 2002] O

Now, we prove the following bounds on the empirical average reward of any agent.

5Though, we can tighten our analysis by separating the regret from each type since the regret bound for strategic
agent would definitely be smaller.



Suho Shin*, Seungjoon Lee!, Jungseul Ok'*

Lemma 3. Given any agent i € N, for each arm j in j € S; at time t, we have

tint —vtlnt LlnT 161n N; 272
P[|Ri7t—ui1|2 \[H}SI/T—I—ZLIHTeXp( *[2 )+ - ( 3 MHHL)%)
Nit 2L21n°T /Nit\/{flnt 2o, i, 3
’ Miz</~t;1

Proof of Lemma[3 We can divide the probability in our lemma as the following:

Vilnt Vitlnt . Vitlnt
e o] ol 2 ]

P||Ris — | 2 = P[YiN|Rig— piy| > (19)

The latter term is at most 1/7 by Lemma 1| For the former one, we begin with the following inequalities where
we use Py, [X]| = P[X|Y;] for simplicity:

\/flnt]
Nit

S]Pqu |N’LtR’Lt* 'Lt,uzl|>\/m:|

=Py, |ZNia,tRia,t ~ Nty 2/ NiaVim ;]

P[Yi O Ri — pis] 2

" a=1
= Py,|| D NiwaRive = Y Nigattiu + Y Nigtia = iy ), Nigal 2/ Nz‘,t\/ﬂﬂt}
T i,EB; iq€B; ia€B; i, €EB;

Ni \/ilnt Nz \/Ehlt
<SPyl D Nit(Rigr — )| 2 || —2— . TPy [ D Nigalpiy = i) 2 \/ %} (20)
i €B; i, €B;
Ni \/Zlnt Nz \/%hlt
<Py | D0 Wi (R = i) 2| = 4B [ 30 Nl — ) 2| (@)
iq €EB; 1, €B;
Ni t \/Elnt Nit\/ilnt
<> P [I(Ri - i)l St 2 [+Pr] 3 Nz R 22
ia;Si Y, ( ,t 1% )‘Ni,t 4|B?|Nz,t 1(;3 N 4 ( )

Mig <Hiy

where we use P(3." X; > z) < Y 'P(X; > x/n) for inequality and (22), and inequality holds by
triangle inequality. The first term can be bounded by Chernoff-Hoeffding inequality as follow:

Ni + \/%hlt Zt\[lnt \/%h’ltNit
P,.[Ri — i) et > }gp,[}zi — i | Ny > } Qexp (— Lot
Y; ast H a| Ni,t 4|Bi|2Ni,t Y; ast H u.| at AL2 hl T P ( 972 1112 TNia7t>

Vitlnt )
2021271’
(23)

§2exp(—

For the second term in inequality , the following holds:

[ Z 0i, Nyt > W}SQE[ Z 8, Nig t

a€B; a€B;

i} /\/ NiVilnt (24)
Pig <Hiq Wig <fhiy

16In N; 272
<rmr( Y N o 5 ) NV, (29)
' (51 3 a s

i, €0; @

Pig <Hiqg

where inequality (24) holds by conditional Markov inequality, and follows from Lemma [2 Combining in-
equalities (19)),(22),(23), and (25)), we conclude the proof. O




Multi-armed Bandit Algorithm against Strategic Replication

In overall, our total regret can be divided into the regret (i) that internally incurs from any optimal agentﬂ during
identifying his optimal arm, and (ii) that externally incurs from selecting any suboptimal agents. We can simply
bound the former one as the following, which is O(In* T):

16InT

E[Regret??'] < T-1/T + LlnT( 3

1. €0;
g <[iq

9%) , (26)

iq

by the fact that the expected regret given Y is at most T', P[Y;¢] < 1/T, and Lemma [2} Hence we focus on the
regret from any suboptimal agent.

Using Lemma |3 we upper bound the probability that suboptimal replicator i is selected given that replicator
1 and optimal replicator ¢* has already selected at least certain times. For notational simplicity, we denote the
bounding probability (terms in RHS) in Lemma [3] be p; +(Ni¢), i.e.

2.2 161 Nl 2 2
pit(Nig) = 1)T + 2L1InTe~ Ve t/(L In T>+L1nT( > %4—(24—%)%)/\/M,t\/ﬂnt.

1,€0; ta
Hiq <Hiy

We abuse I; to denote the arm selected at round ¢ if the context is clear. We define UCB; ; to denote the UCB

flnt

score of agent ¢ at round ¢, i.e. UCB;; = R;; + . The following lemma upper-bound the probability

that any suboptimal replicator ¢ is selected given that rephcator 1 and any optimal replicator ¢* is sufficiently
selected:

Lemma 4. At round t, if any suboptimal replicator i has been played at least % times and optimal replicator

i* has been played at least /tInt, then UCB; < UCB;» ; with probability at least 1—(pi’t(%)+pmt(\/fln t)),

i.e.

4v/tInt
A?

4v/tInt

Niwp > Vilnt| < pyy A2
3

P[lis1 € SiNiy > )+ pis g (Vilnt) (27)

Proof of Lemmal[j Given N;; > 4‘/1“t and N;»; > Vilnt, assume that event |Rit — iy | < v/ N ‘[lnt occurs for
replicator ¢ and ¢*. Then we have

Ay A .
7)+7 =p < UcBi*7t7

UCB;y = R+ + 5 5

SRi,t+7§,u’21 Nit +?<(M11+

1,5t )

Vilnt A; Vitlnt
N,

where the first inequality holds by N;; > %;“t, the second holds by |R;; — pi, | < /Y ‘/lnt , the third again

holds by N;; > 4f 2t and the last follows from |R. o — puis| < 1/ %E2L.

By union bound, the probability of |R;; — ;| > ‘J[\,lnt or |Rps s — pugz| > % is at most p; (N, ) +

pix t(Ni= 1). Since p; +(v/tInt) is a decreasing function on ¢ for ¢ > 1, we conclude the proof. O

Now for any suboptimal agent i, we upper bound the expected number of times it is played up to round 7" under

“In here, optimal agent refers to the agent with at least one optimal arm.
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RH-UCB as the following:

E[N;r] =1 ‘*‘E{ZT:H(QH € 52‘)}
t=n
—1 +1E[Z11 Iii1 € S, Niy < 4\[1“)} +E[§T: 1(Ips1 € Si, Nyy > 4@;”)]
t=n t=n ?
< Zh/i;nT +E[iﬂ(lt+l € 8, Nyt > 4@;1115)]
< 4\/2]” +E{in([t+1 € Si, Niy > A‘ﬁ;t,Ni*,t < \/ilnt)} (28)
L 4\f1nt
+E[t;1(1t+l €8Nz =g Nea 2 \flnt)}
< 4\/2]“ +VTln T—HE[XT:]I (Ipp1 € iy Nyy > 10 4\[1” Niwy > \/Elnt)}
;
< 4@# +VTInT + ZIF’[(ItH € Si|Niy > %wp,t > \/ilnt]
; Py ;
< Zl\/i?T + \lenT+i (Pi,t(zﬁ?t) +pi*7t(\/zlnt)> , (29)

where inequality holds since if N; ¢ > 4vtInt/A? and N p < \/tInt/4 then R;; + 4/ \/flnt/NM <2<

Ri« + + \/Vtln t/N;+ ¢ and inequality holds by Lemma

By integral test, we have:

T T+1 d\[
Z,/ < o —dt <2/T/C (30)
t:2
T
o d(—2e ViVt +1
Z2L1nTe—zL21nzT §Z2LlnTe T g/ rim =2 di\[Jr ) _ 8T (31)
t=2 t=2 t=0

Applying inequalities and , we can bound the summation of p(C'v/tInt) as the following:

T
161n N; 2
chﬂnt =Y [T+ 2nm e VIR EEWD L py (N %H? ”)w)/ G
=2 1. €0; ta
Hig <Hiq
d 161n N; 22
§1+8L51n5T+L1nTZ[( 3 7“+(2+—)5¢)/ N,;t\/flnt}
) 61 3 a )
t=2 1, €0; @
Hig <Hiq
T
161 161nt 2
§1+8L51n5T+L1nTZ[( 3 W€ 16Mt oy 2705 )/(\/Ctlnt)] (32)
) 0; 3 “
t=2 1, €0; @
Hig <Hiq
2LVTInT o1 1
<148L°I°T + 5 —— \Fn >« 6InC+ 6+95ia),
1, €0; 7’“
Hiqg <tiy

where we use Int < 2In(In¢) for ¢ < 2 in inequality (32).
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Applying it to inequality 7 we can bound the expected number of selection as the following;:

T
]EU\[i’T]_zlelllTﬂf1 T+Zp1t 4\[1nt)+pz*t(\[lnt)

A2
4\F1nT
S TAT +VTInT
+148L° I’ T+ 2LVTInT > ( +95i;)
i €O, 7"*1
Hi2</»¢i{
161n(4/A2) +1
+148L° I’ T+ 20, LVTInT > ( Gn({; D 6+95ia)
1.€0; ia
Mg <fiq

_4WThT )
< VIWT | 94 16L5 17 T

A2
+2LVTInT > ( +96i*)+2L\F1nT > —+95h),
irn€O0;x ‘: i, €0; l“
M7*<m Hig <Hiq

where we use the fact 1n(4x2) /x <2 for any x > 0 and A; < 1 for the last inequality.

Hence, the expected regret from suboptimal agents can be upper bounded as the following:

E[Regretstt] = Z E[N; r]AT

PEN'
4/ThT
< % +VTInT + 2+ 16L° I T
+20VTInT Y | 10 L 95,.) + 2LVTInT 3 —+95la)}.
ir€O0;x ‘*1 i, €0; ta
M1* </"'1 Hig <Hiq
Combining it with inequality and use the fact that any regret is at most 1, we conclude the proof. O

Remark - Regret bound under logarithmic agent exploration. Suppose that H-UCB is equipped with
its phase 1 exploration term as R; + /2Int/N; ;. Then, following the analogous step of our analysis, Lemma
should be replaced into the bounding probability with y/2Int/N; ;, and this makes the bounding probability in
equation be O(In N; ;)/O(+/N; ¢ Int), where one can find that this finally leads to the undesirable result of
linear regret upper bound.

Remark - Improving regret bound. We note that there exists some tuning points in our regret analysis. For
each agent 7, we can improve each arm’s deviation probability and the internal regret bound by replacing phase
2 UCB index to KL-UCB index [Garivier and Cappé, 2011]. Secondly, we mainly upper-bound the probability
that agent ¢ is selected given that agent ¢ and ¢* is sampled sufficiently, take expectation over it, and directly
derive the regret bound by multiplying it with A”. In this procedure, the regret bound might be tightened if
we separately upper-bound the probability that agent ¢’s arm i, is selected given that agent ¢ and ¢* is sampled
sufficiently, since it will lead to the separation of final regret bound by the summation of expected number of
count that i, is sampled multiplied by J;, .

C.5 Proof of Theorem 6

Proof. To derive a problem-independent regret upper-bound, we need to remove the dependency of our regret
bound from §;, and A; in all the denominators. To handle d;,, we start with the inequality in Lemma
Let K = 1/c. For agent 4, suppose that the arms are divided into the following two groups:
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(1) Group 1 consists of almost optimal arm with §;, < \/K InTInN;¢+/N; v .
(2) Group 2 consists of arm with §;, > \/K InTInN; /Ny .

Given N; ., the total expected internal regret of agent ¢ until IV, ; is the sume of the regret of each group. Since
group 1 only contains near-optimal arms,

S Nudi, <\/KWTWN, /N, Y Ny, < /KN N, T .

iq €Group 1 iq €Group 1

For the arms in group 2, the expected number of any arms in group 2 selected until round N; ; is,

81n NN; 2
S E[Ni,bi,] <1+ KlnT( 3 I; L1+ %)5%) (33)
iq €Group 2 i1a €O0;NGroup 2 ia
Mg <piy
<8/KN;;:InN;;InT +5KInT +1, (34)

where inequality follows from Lemma and Hence, we have

E[> 6, N;, 1] < 9\/ 1/eNiyInNiyInT + 5010 Njy + 1
< 9T/ KNy +5KInT +1.

Hence, inequality can be replaced into the following;:

lz“:| it /\[mt] 9InT/KNy; +5KInT + 1
//(’7,1 ,LLla = .
Nl’t 4Ni’t \/ NLt\/Ehlt

On top of that, following the analogous arguments in the proof of Theorem 4 leads us to the following:

Lemma 5. At round t, if any suboptimal agent i has been played at least % times and optimal agent i* has

been played at least \/tInt, then UCB;; < UC By« ; with probability at least 1 — (p;,t(‘i‘/l“t) + phe ,(VEInt)), i.

4/t Int 44/tInt
P[It+1 S Si|Ni,t > T’Ni*,t > \/ihlt] < p;’t(T) +p;*,t(\/£lnt) ; (35)

where p} (v) =1/T + 2K InT exp (QI;J\V/QE%EJT) + glnTV\l/(;j;ftlnTH

We skip the detailed proof since it can similarly be derived as the proof of Lemma [d]
By integral test, the following holds:

T T

Lija _ /T“ d(4/3t3/4t) 3/4
- S Tt < 4/37%/4 36
> g <= T (36)

t=2 =2

By inequality and , the summation of p;7t(C’\/t1n t) can be bounded as the following:

szt (CVElnt) <1+ 8K°In° T+Z(91nT\/IW\/E1‘Z5KIHT+I>
n

9IInTVK 5KlnT+1>

VCVtint VCtint

<148K°In°T +12/K/CT**InT + 10/VCTY?*InT + 2\/T/C .

<1+8K%In’ T+Z(
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Following the analogous step to derive inequality in the proof of Theorem 5, we eventually have the following
inequality for any suboptimal agent i:

4vTInT TInT
VI | VIIT | g

E[N; 7] < InT(12 + 6A;) + 16L° In® T + 572 In T(2 + 1A;) + VT(2 + A;)

4
<18VKT**InT +TY?InT(19 + =)+ 16L° In® T

Now, let’s divide the suboptimal agents into two groups: For agent i, suppose that the arms are divided into the
following two groups:

(1) Group 1 consists of almost optimal agents with A; < (1602 In* T/T)"/* .
(2) Group 2 consists of arm with A; > (160 In® T/T)'/* .

Given N, ., the total expected regret is the sum of the regret in these two groups. Since group 1 only contains
near-optimal agents,

Z NirA; < (16n2 In” T/T)1/4 Z N < 2\/HT3/4 m'/27.

1€Group 1 1€Group 1
For the agents in group 2,

4
> ENilA S D [18¢I?T3/4 InT +TY2InT(19 + )+ 16K°In® T
1€Group 2 1€Group 2 @

< T3 I T(18nVEK + 190 + 2v/n) + 16nK°° T .

Summing the regret bound for group 1 and 2 yields,

> E[Nir]A; = T¥*InT(18nVEK + 19n + 4y/n) + 16nL° In T.
i€EN'’

From inequality , we already have the problem-independent regret upper-bound for agent in N* as follow,

1(i)
SED 6 NLd< S (9lnT\/KT+5K1nT+1)

iEN*  a=1 iEN*
< ImVKTY? InT+5nKInT +n.

Hence summing up the results give us the following regret bound:

T34 InT(18nVEK + 190 + 2¢/n) + InVKTY?InT + 16nK°In® T + 5n K In T +n = O(%T% InT),
C

and we conclude the proof. O

Remark - honest agent. Suppose that honest agent, who honestly register all the original arms without any
replication, exists rather than replicators. In this case, we can get rid of the arm sampling part in RH-UCB, and
correspondingly, the order of nominator in inequality can be bounded by O(In N; ;). In this case, following
the analogous step provided in the analysis, we can find that eventual problem-dependent regret bound under
this scenario will be O(vTInT), and problem-independent bound will be O(T3/41n**T). Note that all the
analysis can also be generalized into the scenario when the strategic agent, honest agent, and replicator coexist,
where the order of regret will be the same as that of the case when strategic agent and replicator exist since
honest agent can be regarded as a weaker version of replicator.
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D Prior-free Robust Hierarchical UCB and its regret analysis

We provide a detailed description of Prior-free Robust Hierarchical UCB (PRH-UCB) which we briefly described
in Section 4, and present corresponding regret analysis. We note that PRH-UCB still achieves replication-
proofness, where we skip the proof since it can analogously be derived from the proof of Theorem 2 since it

inherits the hierarchical structure of H-UCB. Note that we tune Phase 1 exploration parameter to VtIn®t to
optimize the order of poly-logarithmic term in regret bound. For the regret analysis, we only provide a proof
sketch since the detailed steps are analogous to the proof of Theorem 5 and 6.

Theorem 7. PRH-UCB has O(C%T% In? T) problem-dependent and O(\%T% In? T) problem-independent regret
upper-bound for any T such that TIn®>T > e2/c.

Algorithm 3: Prior-free Robust Hierarchical UCB (PRH-UCB)

Initialize R(4), N(i),7(a) and n(a) at zero and B; at an empty set for all i € N and a € U;epnrS;; for
t=1,2,...do

// Phase 1 - agent selection

if Unexplored agent exists then
‘ Pick an unexplored i € {i € N : N(i) = 0};

else

Pick i = argmax;c nr {R(l) + Jt\fl(r;; ‘ };

// Phase 2 - arm selection

|

e

f |B;| < min(|S;|,In’¢) then
Pick an unexplored arm a € {a € S; \ B; : n(a) = 0};
B% — B; U {d},
else
o In N (i
Pick G = argmax,cp, {r(a) +4/2 n(a)( ) };

Play A; = a and receive reward Ry;
Update statistics: r(a) %; R(i) — %; n(a) «+ n(a) + 1; N(i) — N(i) +1;

Proof sketch. The proof structure is exactly the same with the proof of Theorem 5 and Theorem 6. We briefly
explain how the order of magnitude will be changed when the sampling amount becomes In? T'. Given round ¢,
we redefine the random variable Y; to be the event that B; contains ¢’s optimal arm or any replica of it until
round t. Then we can derive the following lemma:

Lemma 6. At round t, if N;; > el/c. then PY<] < 1/N;,..

Proof of Lemma[@ At round ¢, agent i is selected N;; times and min( |S;], In? N; +) arms will be sampled until
then. If |S;] < In? N; ¢, then the optimal arm will be contained in B;. Otherwise, the following inequalities
conclude the proof.

ISi|(1—¢) = 1|Sil(1—¢) =2 |Si|(1 —¢) —In* Ny,

PY<(1-c .
e N e GE
S (1 _ c)lnz Ni)f,
S (1 _ C)l/CInNi’t
S 1/Ni,t )
where the last inequality holds from (1 —1/z)* < 1/e for any =z > 0. O

Then, Lemma [2] should be replaced as the following:
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Lemma 7. At round t, conditional expected internal regret given that Y; is occurred can be bounded as the
following:

8In N, 2
Y E[S, N, .|Vi] < In? Nz,t( L )5%) .
‘ A i
ia €EB; 1, €0; @
Hig <Hiq

Proof of Lemma[7 Given t and N4, |B|; = min(\8i|,ln2 N;y). If |S;] < In? N; +, then the optimal arm will be
contained in B;, and the result directly holds. Otherwise, we have

81In N; 272
E[5i, Ni, ol Vil < (1= PYD W N[ Y2 (S5 + (14 5008,))
a€cO; ta
Pig <Miq
and it concludes the proof. O

Now we present two lemmas which are analogous to Lemma (3| and

Lemma 8. Given any agent i € N, for each arm j in j € S; at time t, we have

Viln®t

P[IRs — | = | <o) .

Ni
where
1 - 1 16 In V; 272 -
1 (Nig) = 1N+~ InTenVIRTUEEWED) 4 22y (5™ 28050 o4 205, )y Vel
¢ ¢ 1,€0; ia
Mg <Hiy
Lemma 9. At round t such that tIn®t > e2/¢, if any suboptimal replicator i has been played at least 4V““

times and optimal replicator i* has been played at least VtIn® t, then UCB;; < UCBx 4 with probability at least
1- (pi/,t(4 tln ) + pz* t( v tlnst)); i.e

Wtin®t ﬁ Wtin’t 5=
P[It_;,_l € Si|N,;7t Z T,Ni*7t Z tIn°t S ,0 ( A2 )+p'i’*7t( tln3 t) . (37)

Then, followed by some calculations, one can find that p”(VtIn® t) = O(Vt1n® t) for any ¢ such that ¢ In®t > e%/°.
These enables us to obtain O(ZVT In® T') problem-dependent regret upper bound and O(%TW 41n3/27)
problem-independent regret upper bound. Note that deriving problem-independent regret bound requires a sim-
ilar technique as the ones used in the proof of Theorem 6.

O
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E Sampling UCB

We provide a pseudo-code for S-UCB described in Section 5] which is UCB1 with the subsampling module of RH-
UCB. Our construction of S-UCB is to perform an ablation study on the impact of subsampling and hierarchy
in RH-UCB, respectively. We recall that our experiment reveals that S-UCB can outperform UCBI in cases with
infinite replications thanks to the addition of subsampling module, c.f., Figure g@] and Figure

Algorithm 4: Sampling UCB (S-UCB)

Parameter: L > 0
Initialize R(4), N(i),7(a) and n(a) at zero for all i € N and a € U;enS;;
Subsample B; of size min{|S;|, LInT} from S; and B = U;B;;
fort=1,2,...do
if Unezplored arm exists in B then

| Pick an unexplored a € {a € B: n(a) = 0};

else
‘ Pick & = argmax, {T(a) + fll(r;)t };
end
Play A; = a and receive reward Ry;
Update statistics: r(a) < %@:{Rt; n(a) < n(a) + 1;

end
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