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Abstract

We study the bilinearly coupled minimax
problem: minx maxy f(x) + 〈y,Ax〉 − h(y),
where f and h are both strongly con-
vex smooth functions and admit first-order
gradient oracles. Surprisingly, no known
first-order algorithms have hitherto achieved

the lower complexity bound of Ω((
√

Lx

µx
+

‖A‖√
µxµy

+
√

Ly

µy
) log(1

ε )) for solving this prob-

lem up to an ε primal-dual gap in the general
parameter regime, where Lx, Ly, µx, µy are
the corresponding smoothness and strongly
convexity constants.

We close this gap by devising the first optimal
algorithm, the Lifted Primal-Dual (LPD)
method. Our method lifts the objective
into an extended form that allows both the
smooth terms and the bilinear term to be
handled optimally and seamlessly with the
same primal-dual framework. Besides opti-
mality, our method yields a desirably sim-
ple single-loop algorithm that uses only one
gradient oracle call per iteration. Moreover,
when f is just convex, the same algorithm
applied to a smoothed objective achieves the
nearly optimal iteration complexity. We also
provide a direct single-loop algorithm, using
the LPD method, that achieves the iteration

complexity of O(
√

Lx

ε + ‖A‖√
µyε

+
√

Ly

ε ). Nu-

merical experiments on quadratic minimax
problems and policy evaluation problems fur-
ther demonstrate the fast convergence of our
algorithm in practice.
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1 INTRODUCTION

Smooth minimax optimization has gained renewed in-
terest driven by a wide spectrum of applications in
machine learning, especially those arising in adversar-
ial training, generative adversarial networks, and re-
inforcement learning. A plethora of first-order algo-
rithms have been developed in the classical and re-
cent literature, ranging from convex to nonconvex set-
tings, from deterministic to stochastic oracles, from
single-loop to multiple-loop schemes. However, our
theoretical understanding of the iteration complexity
of minimax optimization is far from complete even
in the canonical strongly-convex-strongly-concave (SC-
SC) setting. In particular, the optimal dependence on
the condition numbers of different blocks of variables
has not been fully characterized.

Consider the smooth convex-concave minimax prob-
lem (a.k.a. saddle point problem):

min
x

max
y

φ(x, y), (1)

where φ(x, y) is µx-strongly convex in x and µy-
strongly concave in y. Let Lx, Ly, Lxy be the corre-
sponding gradient Lipshitz constants with respect to
different blocks of variables. To find an ε-approximate
saddle point, Zhang et al. (2019) recently showed that
any first-order algorithm with the linear span assump-
tion requires at least

Ω

((√Lx
µx

+
L2
xy

µxµy
+
Ly
µy

)
log
(1

ε

))
(2)

calls to a gradient oracle for φ(x, y). Notably, the lower
iteration complexity bound applies to even the class of
bilinearly coupled quadratic minimax problems, which
was used to construct the hard instance.

In the special parameter regime when Lx = Ly = Lxy
:= L and µx = µy := µ, this lower bound is matched
by several popular algorithms including the extragra-
dient and optimistic methods (Korpelevich 1976; Ne-
mirovski 2004; Gidel et al. 2018; Mokhtari et al. 2020)

thekump2@illinois.edu
niao.he@inf.ethz.ch
sewoong@cs.washington.edu


Lifted Primal-Dual Method for Bilinearly Coupled Smooth Minimax Optimization

and the accelerated dual extrapolation (Nesterov et al.
2018), with iteration complexity of O((L/µ) log(1/ε)).

However, in the general parameter regime, despite sev-
eral recent attempts (Cohen et al. 2020; Lin et al. 2020;
Wang et al. 2020; Zhang et al. 2021b), no known algo-
rithms have yet exactly matched the lower bound. For
instance, the algorithm in Lin et al. (2020) achieves an
upper complexity bound of Õ((L/√µxµy) log3(1/ε)).
One of the best-known results is obtained in
Wang et al. (2020), that gives the complexity
of Õ(

√
(Lx/µx) + (LLxy/µxµy) + (Ly/µy) log(1/ε)),

where Õ hides a polylogarithmic factor in problem pa-
rameters and L = max{Lx, Lxy, Ly}. These advances
all rely on carefully designed multi-loop algorithms.

We close this gap for a class of SC-SC minimax prob-
lems with bilinear coupling (Bi-SC-SC). Specifically,
we consider problems of the general form:

min
x∈X

max
y∈Y

[φ(x, y) = f(x) + 〈y,Ax〉 − h(y)], (3)

where f(x) is Lx-smooth and µx-strongly convex, h(y)
is Ly-smooth and µy-strongly convex, X and Y are
closed convex sets. We assume access to first-order
gradient oracles of f and g as well as the matrix A.
Note that the lower bound in (2) also holds for this
class of problems. This class of problems by itself has
found numerous applications in machine learning, as
detailed in Section 2.

The main challenge in designing an optimal algorithm
is that the objective consists of two different classes
of functions: smooth convex terms f and h, and bi-
linear coupling 〈y,Ax〉. These two classes are tradi-
tionally optimized using conceptually different algo-
rithms. On one hand, accelerated gradient methods
(like AGD, Nesterov et al. 2018) are optimal at solv-
ing smooth strongly convex problems like minx f(x)
or miny h(y). On the other hand, bilinear problems
of the form, minx maxy 〈y,Ax〉 or the like (with addi-
tional proximal-friendly terms), are optimally solved
using a seemingly different class of algorithms such
as primal-dual methods; see e.g., Chen et al. (1997),
Bauschke et al. (2011), Chen et al. (2014), Chambolle
et al. (2016), and He et al. (2016), just to name a few.
Such a conceptual difference makes it hard to design
an algorithm that achieves optimal dependence on the
smoothness and strong convexity parameters of each
of the three terms in the objective.

1.1 Our Contributions

We introduce a new algorithm that reconciles these
different components by lifting the objective to an ex-
tended saddle point formulation. Our key idea hinges
on the recent interpretation (Lan et al. 2018) of accel-
erated gradient descent for convex minimization as a

variant of primal-dual method for an equivalent min-
imax problem. Based on the reformulation, we can
handle both the smooth terms and bilinear coupling
term under the same umbrella of primal-dual method.
We make the following key contributions.

• We provide the first optimal algorithm for
the class of bilinearly coupled SC-SC minimax
problems, called the lifted primal-dual (LPD)
method, achieving the iteration complexity of
O
(
(
√
Lx/µx + ‖A‖/√µxµy +

√
Ly/µy) log(1/ε)

)
(Theorem 2), tightly matching the lower bound.
The LPD method is also single-loop, using only
one gradient oracle call per iteration, which is
more desirable in practice.

• For bilinearly coupled convex-strongly-concave
(Bi-C-SC) minimax problems where f is only con-
vex, namely, µx = 0, we can apply the LPD
method to a smoothed objective φ(x, y) +λε‖x‖2,
which transforms the objective into a SC-SC one
(Nesterov 2005). The LPD method is the first
to achieve optimal complexity up to logarithmic
factors in this setting (Remark 1) as shown in Ta-
ble 1. However, smoothing might not be desirable
in practice (see Section 5). To this end, we design
a direct algorithm by selecting appropriate step-
sizes in LPD. This achieves an iteration complex-
ity that is suboptimal but the best among those
not using smoothing (Theorem 3).

Detailed comparisons with existing algorithms are pre-
sented in Table 1.

1.2 Related Work

Below we highlight key distinctions of our work to the
most closely related literature. Our list of related work
is by no means comprehensive. There exists optimal
algorithm for the case when both f and h are just con-
vex (µx =µy = 0) (Chen et al. 2014, 2017). However,
when either of f or h is strongly convex it is not readily
clear how to optimally solve the problem.

Bilinear coupling with simple terms. Existing
work on bilinearly coupled minimax problems primar-
ily focuses on the case when f and/or h are proximal-
friendly, i.e., it is easy to compute the proximal opera-
tor. If both f and h are proximal-friendly and strongly
convex, then the primal-dual method (Chambolle
et al. 2016) and accelerated forward-backward algo-
rithm (Palaniappan et al. 2016) already achieve the op-
timal rate O((‖A‖/√µxµy) log(1/ε)) (Xie et al. 2021).
If only h is proximal-friendly and f is smooth, but
both are strongly convex, Chambolle et al. (2016) pro-
vides a linearly convergent but sub-optimal algorithm.
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Table 1: Gradient oracle complexity of first-order methods for solving bilinearly-coupled smooth minimax prob-
lem upto an ε primal-dual gap. We define L := max(Lx, ‖A‖, Ly). ♣Each term of this tight lower bound
is implicitly implied by existing lower-bounds for special cases of the Bi-C-SC problem (Nesterov et al. 2018;
Ouyang et al. 2021).

Method # Loops Gradient Complexity

Strongly-Convex–Strongly-Concave (Bi-SC-SC)

MP/EG, OGDA (Mokhtari et al. 2020)

MP Bal. (App. F), MP RL (Cohen et al. 2020)

Proximal Best Response (Wang et al. 2020)

DIPPA (Xie et al. 2021)

Lifted PD (Theorem 2)

Lower bound (Zhang et al. 2019)

Single

Single

Multi

Multi

Single

N/A

O
(Lx+‖A‖+Ly

min(µx,µy)

)
log
(
1
ε

)
O
(
Lx

µx
+ ‖A‖√

µxµy
+

Ly

µy

)
log
(
1
ε

)
Õ
(√

Lx

µx
+
√
‖A‖L
µxµy

+
√

Ly

µy

)
log
(
1
ε

)
Õ
(

(
L2

xLy

µ2
xµy

)
1
4 + ‖A‖√

µxµy
+ (

L2
yLx

µ2
yµx

)
1
4

)
log
(
1
ε

)
O
(√

Lx

µx
+ ‖A‖√

µxµy
+
√

Ly

µy

)
log
(
1
ε

)
Ω
(√

Lx

µx
+ ‖A‖√

µxµy
+
√

Ly

µy

)
log
(
1
ε

)
Convex–Strongly-Concave (Bi-C-SC)

MP/EG, OGDA (Mokhtari et al. 2020)

PDHG-type (Zhao 2019)

DIAG (Thekumparampil et al. 2019)

Lifted PD (Theorem 3)

Lifted PD + Smoothing (Remark 1)

Lower bound♣

Single

Multi

Multi

Single

Single

N/A

O
(Lx+‖A‖+Ly

ε

)
O
(
Lx

ε + ‖A‖√
µyε

+
√

Ly

µy
log( 1

ε )
)

O
(√Ly

µy

(√
Lx

ε + ‖A‖√
µyε

))
log2

(
1
ε

)
O
(√

Lx

ε + ‖A‖√
µyε

+
√

Ly

ε

)
O
(√

Lx

ε + ‖A‖√
µyε

+
√

Ly

µy

)
log
(
1
ε

)
Ω
(√

Lx

ε + ‖A‖√
µyε

+
√

Ly

µy
log( 1

ε )
)

Our work differs from this line of results as we do not
require computing the proximal operators of neither
f nor h, but instead only their gradients. One excep-
tion is DIPPA, a complex multi-loop algorithm (Xie et
al. 2021), which achieves O((((LxLy/µxµy)(Lx/µx +
Ly/µy))1/4 + ‖A‖/√µxµy) log(1/ε)) complexity un-
der the same setting (Bi-SC-SC) as the one we
study. Additionally, for the special case of quadratic
Bi-SC-SC problem, Wang et al. (2020) provides
a recursive multi-loop algorithm which achieves a
sub-optimal iteration complexity of O((

√
Lx/µx +

‖A‖/√µxµy+
√
Ly/µy) (L/µxµy)o(1) log(1/ε)), where

L = max(Lx, Lxy = ‖A‖, Ly).

Beyond bilinear coupling. Beyond bilinear cou-
pling, most existing work either treat the objective as
a whole or consider special couplings. In the SC-SC
setting with a general coupling (1), there are many al-
gorithms which achieve linear convergence; one of the
first such algorithm is the Extragradient (EG) method
(Korpelevich 1976; Tseng 1995). Here, Gradient De-
scent Ascent (GDA) achieves an iteration complexity

of O(κ2max log(1/ε)) (Facchinei et al. 2007, Chapter
12), while Mirror-Prox (MP/EG) (Nemirovski 2004),
Dual Extrapolation (DE) (Nesterov et al. 2006; Nes-
terov 2007), and Optimistic Gradient Descent Ascent
(OGDA) (Daskalakis et al. 2017; Gidel et al. 2018;
Mokhtari et al. 2020) achieve an iteration complex-
ity of O(κmax log(1/ε)), where κmax = L/min(µx, µy).
Further, the above complexities can be improved (re-
placing κmax with Lx/µx+Lxy/

√
µxµy +Ly/µy) with

proper balancing of distance functions (see Appendix
F). This improved complexity can also be attained
by a modified MP via relative Lipschitzness (we re-
fer to as MP RL)(Cohen et al. 2020). Two multi-
loop algorithms: Minimax-APPA (Lin et al. 2020) and
Catalyst-type method (Alkousa et al. 2020), which are
based on accelerated minimization methods, achieve
the iteration complexities of Õ((L/√µxµy) log3(1/ε))

and Õ(
√
Ly/µy(

√
Lx/µx + Lxy/

√
µxµy) log2(1/ε)),

respectively. The state-of-the-art complexity for gen-
eral coupling is achieved by a multi-loop algorithm
(Wang et al. 2020), but there is a gap to the known
lower bound of (2); see Table 1 and Section 1.
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Convex-Strongly-Concave minimax problems.
As an example of special couplings, if the coupling is
linear only in x but nonlinear in y, and f is proximal-
friendly and convex and h is smooth and strongly
convex, Juditsky et al. (2011) and Hamedani et al.
(2021) achieve O((‖A‖/√µyε+(Ly/µy)) log(1/ε)) and
O((‖A‖+Ly)/

√
µyε) complexities, respectively, under

our setting. In the same setting as these works, (Zhao
2019) provides a PDHG-type algorithm which works
even when the coupling is non-linear instead of our bi-
linear one 〈y,Ax〉. This leads to a sub-optimal (in ε)
complexity ofO(Lx/ε+‖A‖/

√
µyε+

√
Ly/µy log(1/ε))

for our Bi-C-SC setting. For minimax problems that
are not necessarily SC-SC, recent works (Du et al.
2019; Azizian et al. 2020a; Yang et al. 2020a) show that
linear convergence can still be achieved under addi-
tional assumptions. A recent work (Thekumparampil
et al. 2019) discussed general convex-concave minimax
problems with one-sided strong convexity (i.e., C-SC
setting) and obtained a O(1/

√
ε) complexity (see Ta-

ble 1). In principle, any of the known algorithms (Lin
et al. 2020; Mokhtari et al. 2020; Wang et al. 2020;
Yang et al. 2020b; Xie et al. 2021) for the Bi-SC-SC
setting (3) can be applied to solve Bi-C-SC problem af-
ter a smoothing transformation (Nesterov 2005). How-
ever, due to their sub-optimality in the original Bi-SC-
SC case itself, their complexities for C-SC case are sub-
optimal as well. We omit discussions of other minimax
optimization settings as they are less relevant.

1.3 Notations

We use 〈x, y〉 to denote the inner product between
vectors x and y, and ‖x‖ to denote Euclidean norm
of x. For a convex set X , PX (·) denotes its pro-
jection operator. We use the standard big-O O and
Ω notations. Iteration complexity or (gradient) com-
plexity of an algorithm is the number of iterations
or gradients used by it find an ε-approximate sad-
dle point (x̂, ŷ), which means that its primal-dual gap
maxy φ(x̂, y) −minx φ(x, ŷ) ≤ ε. Standard definitions
of L-smoothness, µ-strong convexity, Fenchel/convex
conjugate, Bregman divergence and its distance gen-
erating function, and proximal operators are given in
Appendix A.

2 PROBLEM AND APPLICATIONS

We are mainly interested in the bilinearly coupled
strongly-convex–strongly-concave (Bi-SC-SC) mini-
max problem of the form (3). Throughout, we make
the following assumption.

Assumption 1. f is Lx-smooth and µx-strongly con-
vex, and h is Ly-smooth and µy-strongly convex on the
entire Euclidean space.

In addition, we assume that sets X and Y are closed
convex and the projection onto these sets is easily com-
putable. Functions f and h have well defined gradient
on X and Y and they can be accessed through gradient
oracles. Two distinctions that differ from most exist-
ing work are (i) no requirement on computing proximal
operator of either f or h, and (ii) the linear coupling
term. This type of problems find numerous applica-
tions in machine learning. Below we list only a few.

2.1 Quadratic Minimax Problems

Quadratic minimax problems are fundamental prob-
lems which arise in numerical analyses (Bai et al. 2003;
Benzi et al. 2005; Bai 2009; Wang et al. 2020), optimal
control problems (Rockafellar 1987; Liu et al. 2015),
and constrained matrix games (Xie et al. 2021). They
also appear naturally when solving subspace proxi-
mal sub-problems of Sequential Subspace Optimiza-
tion for quadratic saddle-point problems (Choukroun
et al. 2020), and when solving sub-problems of mini-
max (cubic regularized) Newton method (Huang et al.
2020; Schäfer et al. 2020; Zhang et al. 2020). Here
f(x) = xTBx and h(y) = y>Cy correspond to posi-
tive definite (p.d.) matrices B � 0 and C � 0. Thus
the minimax objective is quadratic in x and y:

φ(x, y) = x>Bx+ y>Ax− yTCy. (4)

Despite their simplicity, quadratic minimax problems
are not trivial to solve (Zhang et al. 2021a). Fur-
ther, even nonconvex-nonconcave minimax problems
can behave like an Bi-SC-SC problem near a strict lo-
cal saddle point (Azizian et al. 2020b).

2.2 Robust Least Squares

Consider the robust least squares problem (El Ghaoui
et al. 1997; Yang et al. 2020a) with a coefficient ma-
trix A and noisy vector y, where y is corrupted by a
deterministic perturbation δ of a bounded norm ρ:

min
x

max
δ:‖δ‖≤ρ

‖Ax− y‖2 , where δ = y − y0.

The corresponding penalized version of the objective
is a Bi-SC-Concave minimax problem if A is p.d.:

min
x

max
y

φ(x, y) := ‖Ax− y‖2 − λ‖y − y0‖2 .

Selecting λ > 1, we get a Bi-SC-SC problem.

2.3 Policy Evaluation

Bi-SC-SC arise in policy evaluation problem in rein-
forcement learning (Du et al. 2017, 2019) when finding
minimum the mean squared projected Bellman error
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(MSPBE). Empirical estimator of minimum MSPBE
has the form:

arg min
θ

1

2
‖Aθ − b‖2C−1 +

ρ

2
‖θ‖2, (5)

where A, b, C are defined as follows. Suppose we have
a trace of n tuples of current-state st, action at, next-
state st+1, and reward rt under some policy π on some
MDP. Then we define b = 1/n

∑n
t rtφt

A =
1

n

n∑
t

φt(φt − γφt+1)> , and C =
1

n

n∑
t

φtφ
>
t

where φt is the feature of state st, γ is the discount
factor. In practice, inverting C can be computation-
ally costly. Therefore, one may resort to solving the
following minimax reformulation, eliminating the need
for matrix inversion.

min
θ

max
w

ρ

2
‖θ‖2 − w>Aθ − (

1

2
‖w‖2C − w>b) (6)

This is a Bi-SC-SC problem if C is positive definite.

Note that, all these problems becomes a Bi-Convex–
Strongly-Concave (Bi-C-SC) or Bi-Strongly-Convex–
Concave (Bi-SC-C) problem, if the Hessian of convex
quadratic of the primal or dual variables, respectively,
becomes positive semi-definite.

3 BUILDING BLOCKS

We present known results that serve as the intuition
behind the design of Algo. 1. We first revisit the
primal-dual method (Chambolle et al. 2016), which is
originally designed to solve bilinearly coupled minimax
problems with simple terms whose proximal operators
are easy to compute. After that we discuss how this
method can be used to minimize smooth convex objec-
tives with accelerated convergence (Lan et al. 2018).

3.1 Primal-Dual method

Consider the bilinearly coupled minimax problem:

min
x

max
y

F (x) + 〈y,Ax〉 −H(y) (7)

with a unique solution z∗ = (x∗, y∗). Additionally,
let r and s be 1-strongly convex distance generating
functions (d.g.f.) that induce Bregman divergences
V rx0

(x) and V sy0(y). Then, we assume that F and H
are relatively µx- and µy-strongly convex with respect
to V rx0

(x) and V sy0(y), respectively. We also assume
the access to their Bregman proximal operators, with
respect to the corresponding divergences.

The PD method can be viewed as an approximation of
proximal point method (PPM) (Rockafellar 1976). We

emphasize this connection as the analyses of our main
results closely follow that of PPM (Lemma 1). Readers
who are familiar with this connection may skip to after
Lemma 1. The PPM updating rule is as follows:

(xk+1, yk+1) = arg min
x

arg max
y{

1

ηx
V rxk

(x) + F (x) + 〈y,Ax〉 −H(x)− 1

ηy
V syk(y)

}
.

This is equivalent to the implicit update rule
xk+1 = arg min

x

〈
A>yk+1, x

〉
+

1

ηx
V rxk

(x) + F (x)

yk+1 = arg min
y
−〈Axk+1, y〉+

1

ηy
V syk(y) +H(y).

This is a conceptual rule and not an implementable
one because finding xk+1 requires the gradient at yk+1

and vice versa. It is easy to prove that iterates of PPM
linearly converges to the solution of (7). We provide a
proof in Appendix B.1 for completeness.

Lemma 1. The iterates of the PPM for the prob-
lem (7) satisfy (‖x∗ − xK‖2/ηx + ‖y∗ − yK‖2/ηy) ≤
2 exp(−K/(1 + κ))(V rx0

(x∗)/ηx + V sy0(y∗)/ηy) for all
K ≥ 0, where κ = 1/min(µxηx, µyηy).

PD method is the following approximation of PPM:
ỹk+1 = yk + θ(yk − yk−1)

xk+1 = arg min
x

〈
A>ỹk+1, x

〉
+

1

ηx
V rxk

(x) + F (x)

yk+1 = arg min
y
−〈Axk+1, y〉+

1

ηy
V syk(y) +H(x)

(8)
where θ = 1/γ and γ ≤ 1 + min(µxηx, µyηy). Differ-
ent from PPM, the PD method uses a pseudo-gradient
A>ỹk+1 computed at the extrapolated ỹk+1, instead of
the actual gradient A>yk+1 at yk+1, to update xk+1.
This approximation leads to an implementable algo-
rithm with the same linear convergence as PPM.

Theorem 1 (Chambolle et al. 2016). If
√
µx/µyηx =√

µy/µxηy = 1/2‖A‖ and y−1 = y0, then the iterates
of the PD update rule (8) satisfy the same conclusion
as Lemma 1, with κ= 2‖A‖/√µxµy.

For completeness, we provide a proof in Appendix B.2.
The PD method obtains the optimal iteration com-
plexity of O(‖A‖ log(1/ε)/

√
µxµy) (Xie et al. 2020;

Han et al. 2021). We also note that some versions
of the PD method can also be interpreted as an exact
PPM update using the the Bregman divergence corre-
sponding to the bilinear operator A (He et al. 2012).

3.2 Accelerated Convex Minimization

In this section, we illustrate that the PD method
can also be deployed to optimally solve strongly con-
vex and smooth minimization problems. Consider the
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problem: minx f(x), where function f is L-smooth and
µ-strongly convex, and the optimal solution is x∗.

First, we reformulate it into the following minimax
problem by introducing a dual variable u and lifting it
into a larger variable space (x, u):

min
x

[
f(x) = max

u

µ

2
‖x‖2 + 〈x, u〉 − f∗(u)

]
, (9)

where

f(x) = f(x)− µ

2
‖x‖2, f∗(u) = max

x
〈u, x〉 − f(x).

Here f∗ is the Fenchel/convex conjugate of f . Fol-
lowing the definition, we have f(x) is (L− µ)-smooth
and convex. A proof is provided in Appendix B.3 for
completeness. Then its dual f∗ is (L − µ)−1 strongly
convex with respect to Euclidean norm (Beck 2017).

Notice that this new minimax problem is in the form
(7), with bilinear coupling matrix A = I, µ-strongly
convex function F (x) = µ

2 ‖x‖
2, and 1-relatively

strongly convex function H(u) = f∗(u) with respect to

the Bregman divergence V
f∗

uk (u) generated by f∗ itself.

Then, if we instantiate the PD update rule (8) for this
problem, we obtain the updates:
ũk+1 = uk + θ(uk − uk−1)

xk+1 = arg min
x
〈ũk+1, x〉+

µ

2
‖x‖2 +

1

2ηx
‖x− xk‖2

uk+1 = arg min
u
−〈xk+1, u〉+ f∗(u) +

1

ηu
V
f∗

uk (u)

(10)

Corollary 1 (of Theorem 1). Let u−1 = u0 = ∇f(x0).
Then the iterates of the PD update rule (10) with step-
sizes ηx = 1/

√
µ(L− µ), ηu =

√
µ/(L− µ) and θ=

(1 +
√
µ/(L− µ))−1, for problem (9) satisfies ‖x∗ −

xK‖2 ≤ O(exp(−K/2
√
κ− 1)‖x∗ − x0‖2) for all K ≥

0, where κ = L/µ.

A proof is in Appendix B.4. Note that this matches
the optimal convergence rate achieved by accelerated
gradient descent (AGD, Nesterov et al. 2018).

Finally, we show that Bregman proximal update rule
in (10) admits an elegant implementation based on the
gradients, which resembles AGD.

Lemma 2. For problem (9), iterates xk of the
PD update rule (10) are the same as the iterates
xk of the following update rule when (u−1, u0) =
(∇f(x−1),∇f(x0)).

∇̃k+1 = ∇f(xk) + θ(∇f(xk)−∇f(xk−1))

xk+1 = (xk − ηx∇̃k+1)/(1 + ηxµ)

xk+1 = (xk + ηuxk+1)/(1 + ηu)

(11)

A proof is in Appendix B.5. This close connection
between the PD method and AGD was first identi-
fied in Lan et al. (2018). The above analysis based
on the primal-dual interpretation is conceptually much
simpler than the more opaque estimate sequence (Nes-
terov et al. 2018) or Lyapunov-based (Lan 2012) analy-
ses of AGD. Note that the above update rule is slightly
different from the one used in Lan et al. (2018). The
latter uses an extrapolated primal iterate x̃k+1 to up-
date dual iterate uk+1, whereas we use an extrapolated
dual iterate ũk+1 to update the primal iterate xk+1.

4 LIFTED PRIMAL-DUAL
METHOD

The previous section indicates that both bilinear min-
imax problems and smooth strongly convex minimiza-
tion problems can be optimally solved using the same
PD method after appropriate reformulation. Natu-
rally, this suggests that the PD method has the po-
tential to solve the Bi-SC-SC problem of our interest:

min
x∈X

max
y∈Y

[φ(x, y) = f(x) + 〈y,Ax〉 − h(y)], (12)

which consists of a bilinear term 〈y,Ax〉 and two
smooth strongly-convex functions f and h.

Our strategy to solve (12) is to first transform the
objective into a form where the proximal operators
are easy to compute and then solve this new objective
using the PD method. Introducing dual variables u
and v for f and h, respectively, the Bi-SC-SC problem
can be equivalently reformulated (or lifted) as

min
x∈X ,v

max
y∈Y,u

Φ(x, y;u, v) , where (13)

Φ(x, y;u, v) :=
[
− f∗(u) + 〈u, x〉+ (µx/2)‖x‖2

]
+ 〈y,Ax〉 −

[
(µy/2)‖y‖2 + 〈v, y〉 − h∗(v)

]
, (14)

f∗(u) := max
x
〈u, x〉 − [f := f(x)− (µx/2)‖x‖2] , and

h∗(v) := max
y
〈v, y〉 − [h := h(x)− (µy/2)‖y‖2]. (15)

By Fenchel duality, it follows that φ(x, y) =
minv maxu Φ(x, y;u, v) (Lemma 4(c)). Note that both
f∗ and h∗ are strongly convex. Intriguingly, the first
three terms, the middle three terms, and the last
three terms in (13) are all of the form (7), and hence
amenable to the Primal-Dual approach. To this end,
we introduce the following the PD update to each of
the four variables with their respective stepsizes, Breg-
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Algorithm 1 LPD: Lifted Primal-Dual algorithm

Required: X , Y, (f, Lx, µx), (A, ‖A‖), (h, Ly, µy), K,
{(ηx,k, ηy,k, ηu,k, ηv,k, θk)}K−1k=0

1 Initialize (x−1, y−1) = (x0, y0) ∈ X × Y
2 Set f = f − (µx/2)‖ · ‖2, h = h− (µy/2)‖ · ‖2,

(x−1, y−1) = (x0, y0) = (x0, y0)

for 0 ≤ k ≤ K − 1 do
3 x̃k+1 = xk + θk(xk − xk−1) ,

ỹk+1 = yk + θk(yk − yk−1),

∇̃x,k+1 = ∇f(xk) + θk(∇f(xk)−∇f(xk−1)) ,

∇̃y,k+1 = ∇h(y
k
) + θk(∇h(y

k
)−∇h(y

k−1))

4 xk+1 = PX ((xk − ηx,k(A>ỹk+1 + ∇̃x,k+1))/
yk+1 = PY((1 + ηx,kµy))

5 yk+1 = PY((yk + ηy,k(Ax̃k+1 − ∇̃y,k+1))/
yk+1 = PY((1 + ηx,kµy))

6 xk+1 = (xk + ηu,k xk+1)/(1 + ηu,k) ,
7 y

k+1
= (y

k
+ ηv,k yk+1)/(1 + ηv,k)

end
8 return (xK , yK , xK , yK)

man divergences, and extrapolation steps.

(x̃k+1, ỹk+1) = (1 + θ)(xk, yk)− θ(xk−1, yk−1)

(ũk+1, ṽk+1) = (1 + θ)(uk, vk)− θ(uk−1, vk−1)

xk+1 = arg min
x∈X

〈
A>ỹk+1 + ũk+1, x

〉
+

‖x− xk‖2/2ηx + µx‖x‖2/2
yk+1 = arg min

y∈Y
−
〈
A>x̃k+1 + ṽk+1, y

〉
+ (16)

‖y − yk‖2/2ηy + µy‖y‖2/2

uk+1 = arg min
u
−〈xk+1, u〉+ f∗(u) + V

f∗

uk (u)/ηu

vk+1 = arg min
v
−〈yk+1, v〉+ h∗(v) + V h

∗

vk
(v)/ηv

We show that the above update rule can be easily im-
plemented using Algorithm 1, which we call the Lifted
Primal-Dual (LPD) method.

Lemma 3. For problem (13), iterates (xk, yk) of the
PD update rule (16) is the same as the iterates (xk, yk)
of Algorithm 1, when (u−1, u0) = (∇f(x−1),∇f(x0)),
(v−1, v0) = (∇f(y−1),∇f(y

0
)).

We omit the proof of the above lemma as it is sim-
ilar to that of Lemma 2. Note that we update the
variables in the order (x, y) → (x, y), where variables
in tuples are simultaneously updated. However, any
update ordering can be shown to achieve similar guar-
antees as we show, by using appropriate extrapolation
steps and stepsize choices. We extrapolate all the vari-
ables and gradients (in step 3 of Algorithm 1) before
the x and y updates (steps 4 and 5 of Algorithm 1)

to make our analysis a bit symmetric, hence simpler.
However, depending on the order in which we update
each of the variables we may not have to extrapolate
all the variables. For example, if we update variables
in the order x → y → x → y, we only have to use (a)

the extrapolated ỹk+1 and ∇̃x,k+1 for updating x, and

(b) the extrapolated ∇̃y,k+1 for updating y.

5 CONVERGENCE ANALYSIS

Now we provide the main theoretical results.

Strongly-Convex–Strongly-Concave Case. LPD
achieves the optimal iteration complexity for solv-
ing Bi-SC-SC problem in (12). Define the follow-
ing condition numbers: κx = Lx/µx, κy = Ly/µy,
κxy = ‖A‖/√µxµy, and define the meta-condition

number: κ =
√
κx − 1 + 2κxy +

√
κy − 1 . Let x∗, y∗

be the optimal solution. For any candidate solution
(x, y) ∈ X × Y, we measure the suboptimality with,

∆(x, y) = κxy(µx‖x− x∗‖2 + µy‖y − y∗‖2).

Theorem 2 (Informal, cf. Corollary 2). For any k ≥
0, set the parameters

γ = 1 + κ−1 , θk = 1/γ ,

ηx,k = (
√
κx − 1 + 2κxy)−1/µx ,

ηy,k = (2κxy +
√
κy − 1)−1/µy , (17)

ηu,k = (
√
κx − 1)−1, ηv,k = (

√
κy − 1)−1 .

Then for any K > 0, output of Algorithm 1 satisfies

∆(xK , yK)

≤ exp(− (K − 1)

(κ+ 1)
)
(( 1

ηx,0
+
Lx − µx
ηu,0

)
‖x∗ − x0‖2 +( 1

ηy,0
+
Ly − µy
ηv,0

)
‖y∗ − y0‖2

)
.

Note that the parameter choices in the above theorem
are iteration (k) invariant. The gradient complexity of
Algorithm 1 is

O
((√Lx

µx
− 1 +

‖A‖
√
µxµy

+

√
Ly
µy
− 1
)

log
(1

ε

))
, (18)

which is optimal and matches the lower-bound (Zhang
et al. 2019) for Bi-SC-SC problem (12) up to loga-
rithmic factors in the problem parameters. The lift-
ing of the objective function allows the PD method to
be jointly applied to the smooth convex terms (as il-
lustrated in Section 3.2) and to the bilinear minimax
terms (as illustrated in Section 3.1), achieving this op-
timal rate (Zhang et al. 2019). Comparisons to other
algorithms are given in Table 1.
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We emphasize that LPD inherits the computational
and conceptual simplicity of the PD methods. The
former leads to a single-loop algorithm, which is much
simpler than other state-of-the-art complex multi-loop
methods with sub-optimal guarantees (Lin et al. 2020;
Wang et al. 2020; Xie et al. 2021). The latter leads to
a more transparent analysis, based on the simple anal-
ysis of the PD methods (Theorem 1), which is based
on an even simpler analysis of PPM (Lemma 1).

Note that we do not directly adapt the original guar-
antee of the PD method (Chambolle et al. 2016). Our
analysis has to be different since the naive application
of the existing algorithm and analysis will depend on
an effective strong convexity parameter (in (x, v)) of
min(µx, 1/(Ly−µy)), an effective strong concavity pa-
rameter (in (y, u)) of min(µy, 1/(Lx−µx)), and a Lip-
schitz constant which is equal to the largest eigenvalue
of the matrix effective coupling matrix [I, A; 0, I]. This
leads to a sub-optimal guarantee. Hence, we propose
a different approach with a tighter analysis to achieve
the optimal rates.

Convex–Strongly-Concave Case. Consider the
Bilinearly-coupled Convex–Strongly-Concave (Bi-C-
SC) case, where f is merely convex, i.e. µx = 0.

Remark 1 (LPD + Smoothing (Nesterov 2005)). Let
φ(x, y) be the objective of a Bi-C-SC problem. Then
we can apply LPD for Bi-SC-SC problems (Theorem 2)
to the smoothed Bi-SC-SC objective φ(x, y) + λε‖x‖2
for some λ > 0, and achieve an iteration complexity of
O(
√
Lx/ε+‖A‖/

√
µyε+

√
Ly/µy) log

(
1/ε) for solving

the original Bi-C-SC problem.

The above result is optimal up to logarithmic factors.
The first term cannot be improved even for a pure min-
imization of convex f (Nesterov et al. 2018). Due to
a lower-bound of Ω(‖A‖/√µyε) for the same problem
when f = 0 (Ouyang et al. 2021), the second term can-
not be improved. The third term cannot be improved
even for a pure maximization of strongly-concave h
(Nesterov et al. 2018).

However, smoothing might not be desirable in prac-
tice, because it requires bounded domains and fix-
ing the final target error ε in advance, and it is
hard to tune λ (Nesterov 2005). We therefore de-
sign a direct algorithm by customizing the stepsizes
of LPD. Let DX = maxx∈X∩dom(f) ‖x − x0‖ and
DY = maxy∈Y∩dom(h) ‖y − y0‖. Note that the min
variable solution x∗ may not be unique.

Theorem 3 (Informal, cf. Corollary 3). Let

1/ηx,k = 1/(k + 1)ηx , 1/ηx = 2Lx + 16‖A‖/µy ,
1/ηy,k = 1/(k + 1)ηy + kµy/2 , 1/ηy = 2(Ly − µy) ,

ηu,k = ηv,k = 2/k , for all k ≥ 0 . (19)

Then for any K > 0, output of Algorithm 1 satisfies
(a) if DX <∞ and DY <∞,

max
y∈Y

φ(xK , y)−min
x∈X

φ(x, yK) ≤

2LxD
2
X

K(K + 1)
+

16‖A‖2D2
X

µyK(K + 1)
+

2(Ly − µy)D2
Y

K(K + 1)
(20)

where (xK , yK) :=
∑K
k=1

2k
K(K+1) (xk, yk),

(b) even if the feasible set is unbounded,

µy
4
‖y∗ − yK‖2 ≤

2Lx‖x∗ − x0‖2

K(K + 1)
+

16‖A‖2‖x∗ − x0‖2

µyK(K + 1)
+

2(Ly − µy)‖y∗ − y0‖2

K(K + 1)
(21)

(c) if DX < ∞, φp(x) = maxy∈Y φ(x, y), φd(x) =
minx∈X φ(x, y), and we do a warm restart on variable
y with K0 = Ωε(1) initial additional iterations, then

φp(xK)− φp(x∗) ≤ (Lx +
10Ly‖A‖2

µ2
y

)
4‖x∗ − x0‖2

K(K + 1)
, and

φd(y
∗)− φd(yK) ≤ (Lx +

8‖A‖2

µy
)

4D2
X

K(K + 1)
.

This implies that, for Bi-C-SC problem, LPD has a
gradient complexity of

O
((√Lx

ε
+
‖A‖
√
µyε

+

√
Ly − µy

ε

))
. (22)

The LPD method achieves better complexities than
previous single-loop algorithms (Nesterov et al. 2006;
Mokhtari et al. 2020), PDHG-type algorithm (Zhao
2019), direct multi-loop algorithm (Thekumparampil
et al. 2019), and some smoothing-based multi-loop al-
gorithms (Lin et al. 2020; Wang et al. 2020; Xie et al.
2021) (see Table 1). Earlier single-loop methods such
as Chambolle et al. (2016) and Hamedani et al. (2021)
achieve O(1/K2) rate only under the restriction that
Lx = 0. This showcases the generality and simplicity
of our LPD method, as it is the first single-loop algo-
rithm (to the best of our knowledge) which achieves
O(1/K2) rate for this problem. It is not known if
better rates than in the above theorem are achievable
with a direct single-loop algorithm without using the
smoothing technique, like in Lifted PD + Smoothing
(Remark 1). As discussed after Remark 1, direct algo-
rithms such as the one above are more desirable.

Prox-friendly terms: We point out that LPD can
be extended to solve more general (possibly nons-
mooth) minmax problems with the same guarantees:

min
x∈X

max
y∈Y

F (x) + f(x) + 〈y,Ax〉 − h(y)−H(y), (23)

where F and H are convex and we have access to their
proximal operators and f, h satisfy our Assumption 1.
We give the details of extension in Appendix B.6.
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Figure 1: LPD method (ours) achieves a faster linear convergence rate than competing algorithms in Strongly-
Convex–Strongly-Concave synthetic quadratic minimax (a-b) and policy evaluation (c) problems. LPD method
(ours) also achieves a faster O(1/K2) convergence rate than competing single-loop algorithm in Convex–Strongly-
Concave policy evaluation problem (d).

6 EXPERIMENTAL RESULTS

In this section we compare our LPD method with some
competing single-loop non-smoothing-based direct al-
gorithms when solving both synthetic and real-world
problems. More details of the experiments are pro-
vided in Appendix F. First, we compare our LPD
method with Mirror Prox (MP) (Mokhtari et al. 2020),
Balanced Mirror Prox (MP Bal.) (see Appendix F),
and Relative Lipschitzness-based Mirror Prox (MP
RL, Cohen et al. 2020) when solving Bi-SC-SC prob-
lems. We only compared our (single-loop) algorithm
with other single-loop algorithms, because multi-loop
algorithms such as in Wang et al. (2020) and Xie et
al. (2021) are typically challenging to implement and
tune. To the best of our knowledge, there are no pub-
licly available implementations for these algorithms.

Quadratic Problem: First, we consider synthetic
quadratic problems of the form (4). We randomly
generate the matrices B, A, C in such a way that
κx = Lx/µx = κy = Ly/µy and κxy = ‖A‖/√µxµy :=√
κx. In Figure 1a, we plot the primal-dual gap against

the number of iterations (K) of different algorithms
when solving such a problem with κx = 256.0. We see
what LPD achieves a faster linear convergence than
other methods. In Figure 1b, we plot K/ log(∆2

0/∆
2
K)

against κx where ∆K = ‖xK −x∗‖2 + ‖yK − y∗‖2. We
vary κx from 5.96 to 656.84. As expected from theory,
in this log-log scale plot, slope of the LPD curve is
close to 1/2 since ∆2

K ≤ O(exp(−K/√κx)) for LPD,
and slope of other algorithms are close to one since
∆2
K ≤ O(exp(−K/κx)) for other algorithms.

Policy Evaluation: Next, we consider policy evalu-
ation problems of the form (6). We consider the same
MountainCar (Sutton et al. 2018) reinforcement learn-
ing problem used in Du et al. (2017), and use the same
copy of policy trace {(st, at, st+1, rt)}nt=1 used by Du
et al. (2017) to construct the MSPBE minimization
problem. We create the feature vectors φt, by applying

PCA to the state vectors st to whiten them. This re-
duces their dimension from 300 to 200. Finally setting
ρ = 1.0, results in a highly ill-conditioned Bi-SC-SC
problem with κx = 1.0, κxy = 24.35, and κy = 19387.07.
In Figure 1c, we plot the primal-dual gap against
the number of iterations (K) of different algorithms
when solving this problem. We observe that, our LPD
method achieves much faster linear convergence than
all other algorithms. Note that MP is better than LPD
for small K, because in this regime the O(1/K) con-
vergence rate of MP dominates its primal-dual gap.

Finally, we compare our LPD method with MP
(Mokhtari et al. 2020), when solving a Bi-SC-C prob-
lem.

SC-C Policy Evaluation: We consider the same
minimum MSPBE estimation problem as above. How-
ever we directly use the 300 dimensional state vectors
st as its feature vector φt. This results in a Bi-SC-C
problem. Note that Bi-SC-C objective is the negative
of the objective of a Bi-C-SC problem, which means
that we can solve it using LPD with stepsize choice
given in Theorem 2. In Figure 1d, we plot the primal-
dual gap against the number of iterations (K) of LPD
and MP methods when solving this problem. As the-
ory predicts, we observe that the LPD method achieves
a much faster O(1/K2) convergence rate than O(1/K)
convergence rate of MP.

7 CONCLUSION

We studied Bi-SC-SC problem and provided an op-
timal single-loop algorithm: the Lifted Primal-Dual
(LPD) method to solve it. The LPD method is de-
signed using simple building blocks of the Primal-Dual
method and lifting, leading to its generalizability, sim-
plicity, and transparent analysis. Further, we also pro-
vide two related algorithms—one optimal (upto loga-
rithmic factors) and another single-loop—to solve Bi-
C-SC problem.
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Supplementary Material:
Lifted Primal-Dual Method for

Bilinearly Coupled Smooth Minimax Optimization

A DEFINITIONS AND STANDARD RESULTS

A.1 Convexity and Smoothness

Definition 1. We say that a function is µ-strongly convex if

f(αx1 + (1− α)x2) ≤ αf(x1) + (1− α)f(x2)− µ

2
α(1− α)‖x1 − x2‖2 , for any α ∈ [0, 1] ,

f(x2) ≥ f(x1) + 〈f ′(x1), x2 − x2〉+
µ

2
‖x1 − x2‖2 , or equivalently

〈f ′(x1)(x1)− f ′(x1)(x2), x1 − x2〉 ≥ µ‖x1 − x2‖2

for all x1 and x2, where at any point x, f ′(x) ∈ ∂f(x) is some sub-gradient of the function in its (Frechet)
sub-differential ∂f(x) at that point. Further we say that a function (merely) convex if it is 0-strongly convex.

For a differentiable function f , its gradient at any point x is denoted by ∇f(x).

Definition 2. We say that a function is L-smooth if it is differentiable and

f(x2) ≤ f(x1) + 〈∇f(x1), x2 − x2〉+
L

2
‖x2 − x1‖2 , or equivalently 〈∇f(x1)−∇f(x2), x1 − x2〉 ≤ L‖x1 − x2‖2

for all x1 and x2, where where at any point x, ∇f(x) is gradient of the function at that point x.

A.2 Fenchel/Convex Conjugate and Duality

Definition 3. Let f be a convex function. Then its Fenchel/convex conjugate f∗ is defined as f∗(u) :=
maxx 〈u, x〉 − f(x)

Lemma 4 (Kakade et al. 2009; Nesterov et al. 2018). Fenchel/convex conjugate satisfy the following properties.

(a) If f is an L-smooth and convex function, then f∗ 1/L-strongly convex.

(b) If f is an L-smooth and convex function, then ∇f(x) = arg minx 〈x, u〉 − f∗(u).

(c) If f is a convex function, (f∗)∗ is f

(d) If f is an L-smooth and convex function and u = ∇f(x) then x = arg minu 〈u, x〉 − f∗(x) ∈ ∂(f∗)(u).

A.3 Proximal Operator

Definition 4. For a convex function, F , its proximal operator proxηF (x) (parameterized by some η > 0) is
defined as

proxηF (x) = arg min
x̃
F (x) +

1

2η
‖x̃− x‖2 (24)

A.4 Bregman Divergence, and Relative Lipschitzness and Relative Convexity

Definition 5. Let r be a strongly convex function. Then Bregman divergence V rx (x̃) w.r.t. to the distance
generating function (d.g.f.) r is defined as the

V rx (x̃) = r(x̃)− r(x)− 〈r′(x), x̃− x〉 (25)

where r′(x) ∈ ∂r(x) is a sub-gradient of r at x.
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Lemma 5. Let r be a σ-strongly convex function. Then Bregman divergence V rx (x̃) w.r.t. to the d.g.f. r satisfies
V rx (x̃) ≥ (σ/2)‖x̃− x‖2.

Lemma 6. If f L-smooth convex function, u = ∇f(x) and u0 = ∇f(x0), then 1
2L‖u − u0‖2 ≤ V f

∗

u0
(u) =

V fx (x0) ≤ L/2‖x− x0‖2

Proof. By Lemma 4, f∗ is 1/L-strongly convex. Then using Lemma 5 and Lemma 4 we can show that.

1

2L
‖u− u0‖2 ≤ V f

∗

u0
(u) = f∗(u)− f∗(u0)−

〈
f∗′(u0), u− u0

〉
(26)

= (〈u, x〉 − f(x))− (〈u0, x0〉 − f(x0))− 〈x0, u− u0〉 (27)

= f(x0)− f(x)− 〈u, x0 − x〉 (28)

= f(x0)− f(x)− 〈∇f(x), x0 − x〉 (29)

= V fx0
(x) (30)

≤ L

2
‖x− x0‖2 (31)

Definition 6. We say that a function is relatively µ-strongly convex w.r.t. to a Bregman divergence V r (generated
by a strongly convex d.g.f. r) if

f(αx1 + (1− α)x2) ≤ αf(x1) + (1− α)f(x2)− µα(1− α)V rx1
(x2) , for any α ∈ [0, 1] ,

f(x2) ≥ f(x1) + 〈f ′(x1), x2 − x2〉+ µV rx1
(x2) , or equivalently

〈f ′(x1)(x1)− f ′(x1)(x2), x1 − x2〉 ≥ 2µV rx1
(x2)

for all x1 and x2, where at any point x, f ′(x) ∈ ∂f(x) is some sub-gradient of the function in its (Frechet) sub-
differential ∂f(x) at that point. Further we say that a function (merely) relatively convex w.r.t. to the Bregman
divergence V r if it is relatively 0-strongly convex w.r.t. V r .

Definition 7. We say that a convex function, f is relatively smooth w.r.t. to a Bregman divergence V r (generated
by a strongly convex d.g.f. r)

f(x2) ≤ f(x1) + 〈∇f(x1), x2 − x2〉+ LV rx1
(x2) , or equivalently 〈∇f(x1)−∇f(x2), x1 − x2〉 ≤ 2LV rx1

(x2)

Definition 8. For a convex function, F , its relative proximal operator proxrηF (x) (parameterized by some η > 0)
w.r.t. to a Bregman divergence V r (generated by a strongly convex d.g.f. r) is defined as

proxrηF (x) = arg min
x̃
F (x) +

1

η
V rx (x̃) (32)

A.5 Minimax Problems

Lemma 7. Let φ(x, y) be convex-concave objective. Then φ(x̃, y∗) − φ(x∗, ỹ) ≥ 0 for all (x̃, ỹ) ∈ X × Y, if
(x∗, y∗) ∈ arg minx∈X ,y∈Y φ(x, y).

Proof. Notice that the LHS above is positive since

φ(x̃, y∗)− φ(x∗, ỹ) = (φ(x̃, y∗)− φ(x∗, y∗)) + (φ(x∗, y∗)− φ(x∗, ỹ))

= (φ(x̃, y∗)−min
x
φ(x, y∗)) + (max

y
φ(x∗, y)− φ(x∗, ỹ))

≥ 0 (33)
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B SUPPORTING RESULTS

B.1 Proximal Point method: Proof of Lemma 1

Proof. Since F (H) is µ-relatively strong convexity w.r.t. r (s) and (xk+1, yk+1) satisfies PPM rule (8), we can
use mirror descent lemma 9 to get

F (xk+1)− F (x) +
〈
A>yk+1, xk+1 − x

〉
≤ 1

ηx
V rxk

(x)− (
1

ηx
+ µx)V rxk+1

(x)− 1

ηx
V rxk

(xk+1)

H(yk+1)−H(y)− 〈Axk+1, yk+1 − y〉 ≤
1

ηy
V syk(y)− (

1

ηy
+ µy)V syk+1

(y)− 1

ηy
V syk(yk+1) (34)

Separately, using convexity and concavity of 〈y,Ax〉 w.r.t. x and y, we get

φ(xk+1, y)− φ(x, yk+1) ≤ F (xk+1)− F (x) +
〈
A>yk+1, xk+1 − x

〉
+ 〈Axk+1, yk+1 − y〉+H(yk+1)−H(x) (35)

Summing three equations and setting (x, y) = (x∗, y∗) we get

φ(xk+1, y
∗)− φ(x∗, yk+1) ≤ 1

ηx
V rxk

(x∗)− (
1

ηx
+ µx)V rxk+1

(x∗) +
1

ηy
V syk(y∗)− (

1

ηy
+ µy)V syk+1

(y∗) (36)

Notice that the LHS above is positive by Lemma 7, that is

φ(xk+1, y
∗)− φ(x∗, yk+1) ≥ 0 (37)

Let us define γ := 1 + κ−1, where we define also κ := 1/min(ηxµx, ηyµy). Now multiplying both the sides of
(36) with γk, and using γ ≤ 1 + min(ηxµx, ηyµy) we get

0 ≤ γk(φ(xk+1, y
∗)− φ(x∗, yk+1))

≤ γk

ηx
V rxk

(x∗)− γk+1

ηx
V rxk+1

(x∗) +
γk

ηy
V syk(y∗)− γk+1

ηy
V syk+1

(y∗) . (38)

Now summing the above equation from k = 0 to k = K − 1, we get that

γK

ηx
V rxK

(x∗) +
γK

ηy
V syK (y∗) ≤ 1

ηx
V rx0

(x∗) +
1

ηy
V sy0(y∗) . (39)

Finally, dividing both sides using 2γK and using the 1-strongly convexity of r and s and Lemma 5(a) we get

1

ηx
‖x∗ − xk‖2 +

1

ηy
‖y∗ − yk‖2 ≤

2γ−K

ηx
V rx0

(x∗) +
2γ−K

ηy
V sy0(y∗) (40)

Finally we get the desired result using the fact that γ−1 = 1/(1 + κ−1) = 1− 1/(1 + κ) ≤ exp(1/κ+ 1).

B.2 Primal Dual Method: Proof of Theorem 1

Since the PD method is an approximation of PPM, former’s analysis closely follows that of the latter (proof of
Lemma 1).

Proof. Since F (H) is µ-relatively strong convexity w.r.t. r (s) and (xk+1, yk+1) satisfies PPM rule (8), we can
use mirror descent lemma 9 to get

F (xk+1)− F (x) +
〈
A>ỹk+1, xk+1 − x

〉
≤ 1

ηx
V rxk

(x)− (
1

ηx
+ µx)V rxk+1

(x)− 1

ηx
V rxk

(xk+1)

H(yk+1)−H(y)− 〈Axk+1, yk+1 − y〉 ≤
1

ηy
V syk(y)− (

1

ηy
+ µy)V syk+1

(y)− 1

ηy
V syk(yk+1) (41)

Separately, using convexity and concavity of 〈y,Ax〉 w.r.t. x and y, we get

φ(xk+1, y)− φ(x, yk+1) ≤ F (xk+1)− F (x) +
〈
A>yk+1, xk+1 − x

〉
+ 〈Axk+1, yk+1 − y〉+H(yk+1)−H(x) (42)
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Summing above three equations and setting (x, y) = (x∗, y∗) we get

φ(xk+1, y
∗)− φ(x∗, yk+1) ≤ 1

ηx
V rxk

(x∗)− (
1

ηx
+ µx)V rxk+1

(x∗) +
1

ηy
V syk(y∗)− (

1

ηy
+ µy)V syk+1

(y∗) +

〈
A>(yk+1 − ỹk+1), xk+1 − x∗

〉
− 1

ηx
V rxk

(xk+1)− 1

ηv
V syk(yk+1) (43)

We can further expand out the last four term in the above inequality as follows. Using ỹk+1 = yk + θ(yk − yk−1)
(equation (8)) and Cauchy-Schwarz inequality we get〈

A>(yk+1 − ỹk+1), xk+1 − x∗
〉

= θk 〈yk−1 − yk, A(xk − x∗)〉 − 〈yk − yk+1, A(xk+1 − x∗)〉 +

θ 〈yk−1 − yk, A(xk+1 − xk)〉
≤ θ 〈yk−1 − yk, A(xk − x∗)〉 − 〈yk − yk+1, A(xk+1 − x∗)〉 +

θ‖A‖αy
2

‖yk−1 − yk‖2 +
θ‖A‖
2αy

‖xk+1 − xk‖2 (44)

for some αy =
√
µx/µy. Using Lemma 5(a) and 1-strong convexity of f∗ we get that

− 1

ηx
V rxk

(xk+1) ≤ − 1

2ηx
‖xk+1 − xk‖2 (45)

− 1

ηy
V syk(yk+1) ≤ − 1

2ηy
‖yk+1 − yk‖2 (46)

Summing equations (44), (45) and (46), and using αx‖A‖
2 = ‖A‖

2

√
µx

µy
≤ ‖A‖

√
µx

µy
= 1

2ηy
and θ ‖A‖2αy

= θ ‖A‖2

√
µy

µx
≤

‖A‖
√

µy

µx
= 1

2ηx
we get

〈
A>(yk+1 − ỹk+1), xk+1 − x∗

〉
− 1

ηx
V rxk

(xk+1)− 1

ηv
V syk(yk+1)

≤ θ 〈yk−1 − yk, A(xk − x∗)〉 − 〈yk − yk+1, A(xk+1 − x∗)〉 +

− (
1

2ηx
− θ‖A‖

2αy
)‖xk+1 − xk‖2 + θ

‖A‖αy
2
‖yk − yk−1‖2 −

1

2ηy
‖yk+1 − yk‖2

≤ θ 〈yk−1 − yk, A(xk − x∗)〉 − 〈yk − yk+1, A(xk+1 − x∗)〉 +

θ
‖A‖αy

2
‖yk − yk−1‖2 −

‖A‖αy
2
‖yk+1 − yk‖2 (47)

Notice that the LHS of (43) is positive by Lemma 7, that is φ(xk+1, y
∗)− φ(x∗, yk+1) ≥ 0. Summing equations

(43) and (47),and using the above fact we get

0 ≤ φ(xk+1, y
∗)− φ(x∗, yk+1)

≤ 1

ηx
V rxk

(x∗)− (
1

ηx
+ µx)V rxk+1

(x∗) +
1

ηy
V syk(y)− (

1

ηy
+ µy)V syk+1

(y) +

θ 〈yk−1 − yk, A(xk − x∗)〉 − 〈yk − yk+1, A(xk+1 − x∗)〉 +

θ
‖A‖αy

2
‖yk − yk−1‖2 −

‖A‖αy
2
‖yk+1 − yk‖2 (48)

Let us define γ := 1 +κ−1, where we define also κ := 1/min(ηxµx, ηyµy) = 2‖A‖/√µxµy. Now multiplying both

the sides of (48) with γk, and using γ ≤ 1 + min(ηxµx, ηyµy) and θ = 1/γ we get

0 ≤γ
k

ηx
V rxk

(x∗)− γk+1

ηx
V rxk+1

(x∗) +
γk

ηy
V syk(y∗)− γk+1

ηy
V syk+1

(y∗)

γk−1 〈yk−1 − yk, A(xk − x∗)〉 − γk 〈yk − yk+1, A(xk+1 − x∗)〉 +

γk−1
‖A‖αy

2
‖yk − yk−1‖2 − γk

‖A‖αy
2
‖yk+1 − yk‖2 (49)
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Now summing the above equation from k = 0 to k = K − 1 and using y−1 = y0, we get that

γK

ηx
V rxK

(x∗) +
γK

ηy
V syK (y∗) ≤ 1

ηx
V rx0

(x∗) +
1

ηy
V sy0(y∗) +

γK−1 〈yK−1 − yK , A(xK − x∗)〉+ γK−1
‖A‖αy

2
‖yK − yK−1‖2 (50)

Using Cauchy-Schwarz inequality, θ ‖A‖2αy
= θ ‖A‖2

√
µy

µx
≤ ‖A‖

√
µy

µx
= 1

2ηx
, Lemma 5(a) we can show that

γK−1 〈yK−1 − yK , A(xK − x∗)〉 − γK−1
‖A‖αy

2
‖yk+1 − yk‖2

≤ γK−1 ‖A‖
2αy
‖xK − x∗‖2 + γK−1

‖A‖αy
2
‖yK − yK−1‖2 − γK−1

‖A‖αy
2
‖yK − yK−1‖2

≤ γK−1 ‖A‖
2αy
‖xK − x∗‖2

≤ γK 1

4ηy
‖xK − x∗‖2

≤ γK 1

2ηy
V rxK(x∗) (51)

Summing equations (51) and (52), and dividing both sides of the resulting equation using 2γK and using the
1-strongly convexity of r and s and Lemma 5(a) we get

1

2ηx
‖x∗ − xk‖2 +

1

ηy
‖y∗ − yk‖2 ≤

2γ−K

ηx
V rx0

(x∗) +
2γ−K

ηy
V ry0(y∗) (52)

Finally we get the desired result by using the choice γ = 1 + min(ηxµx, ηyµy) = 1 + κ−1, which implies that
γ−1 = 1/(1 + κ−1) = 1− 1/(1 + κ) ≤ exp(1/κ+ 1).

B.3 Proof of Lemma 8

Lemma 8. If f is µ-strongly convex and L-smooth, then f = f − µ‖ · ‖2/2 is convex and (L− µ)-smooth.

Proof. It can be easily proved by noticing that〈
∇f(x)−∇f(x̃), x− x̃

〉
= 〈∇f(x)−∇f(x̃), x− x̃〉+ 〈−µx+ µx̃, x− x̃〉
≤ (L− µ)‖x− x̃‖2 (53)

Similarly we can also easily show that
〈
∇f(x)−∇f(x̃), x− x̃

〉
≥ 0

B.4 Proof of Corollary 1

We omit the proof of Corollary 1 since it is very similar to that of Theorem 1. Only additional step is to

upper-bound V
f∗

u0 (u∗) by (Lx − µx)‖x0 − x∗‖2/2 using u∗ = ∇f(x∗) and u0 = ∇f(x0) and Lemma 6.

B.5 Proof of Lemma 2

Proof. We want to prove that xk iterates of (8) (repeated below)
ũk+1 = uk + θ(uk − uk−1)

xk+1 = arg min
x
〈ũk+1, x〉+

µ

2
‖x‖2 +

1

2ηx
‖x− xk‖2

uk+1 = arg min
u
−〈xk+1, u〉+ f∗(u) +

1

ηu
V
f∗

uk (u)

(54)
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and (11) (repeated below) 
∇̃k+1 = ∇f(xk) + θ(∇f(xk)−∇f(xk−1))

xk+1 = (xk − ηx∇̃k+1)/(1 + ηxµ)

xk+1 = (xk + ηuxk+1)/(1 + ηu)

(55)

are equivalent under the given condition. For this we will prove a stronger condition which additionally states
that uk = ∇f(xk) for all k = −1, 0, 1, . . ..

We prove this by induction. Let us initialize both the updates using x0. For the base case it is easy to see that
when u−1 = u0 = ∇f(x−1) = ∇f(x0) = ∇f(x0).

Let uk̃−1 = ∇f(xk̃−1) and uk̃ = ∇f(xk̃), and xk̃ iterates of the both the rules match for k̃ = 0, 1, . . . , k. Then

clearly, ũk+1 = ∇̃k+1. This implies that xk+1 iterates are the same for both the rules.

Next we will prove that uk+1 = ∇f(xk+1). Note that uk+1 = arg minu−〈xk+1, u〉+f∗(u)+ 1
ηu
V
f∗

uk (u). However,

V
f∗

uk (u) = f∗(u)− f∗(uk)−
〈
(f∗)′(uk), u− uk

〉
is not defined unless we fix a sub-gradient (f∗)′(uk) ∈ ∂f∗(uk) at

uk. For making the rules equivalent we set (f∗)′(uk) = xk. Note that xk ∈ ∂f
∗(uk) since uk = ∇f(xk) (Lemma

4(d)). Then uk+1 = ∇f(xk+1), since

uk+1 = arg min
u
−〈xk+1, u〉+ f∗(u) +

1

ηu
V
f∗

uk (u)

= arg min
u
−
〈
ηuxk+1 + (f∗)′(uk), u

〉
+ (1 + ηu)f∗(u)

= arg min
u
−〈ηuxk+1 + xk, u〉+ (1 + ηu)f∗(u) (56)

and by Lemma 4(b) uk+1 = ∇f(xk+1) is a valid and only solution (because of strong convexity of f∗) to the
above optimization, where xk+1 = (xk + ηuxk+1)/(1 + ηu). Hence, we prove the equivalence between the rules
by induction.

B.6 Extension of LPD to a problem with additional proximal-friendly terms

LPD can be extended to solve more general (possibly nonsmooth) minimax problems with the same guarantees:

min
x∈X

max
y∈Y

F (x) + f(x) + 〈y,Ax〉 − h(y)−H(x), (57)

where F and H are convex (and possibly non-smooth) and we have access to their proximal operators and
f, h satisfy Assumption 1. The only change we need to make is to replace the xk+1 and yk+1 update steps in
Algorithm 2 with

xk+1 = arg min
x∈X

〈
A>ỹk+1 + ũk+1, x

〉
+

‖x− xk‖2/2ηx + µx‖x‖2/2 + F (x)

yk+1 = arg min
y∈Y
−
〈
A>x̃k+1 + ṽk+1, y

〉
+ (58)

‖y − yk‖2/2ηy + µy‖y‖2/2 +H(x) .

Then the same guarantees as Corollaries 2 and 3 holds for this update. We omit the analysis since it is similar
to the proof of Theorem 4.

B.7 Mirror-Descent lemma

Lemma 9 (Nesterov et al. 2018). Let r be strongly convex, F be µ-(relatively) strongly w.r.t. to r, and

xk+1 = arg min
x
〈g, x〉+ F (x) +

1

η
V rxk

(x) (59)

then

〈g, xk+1 − x〉+ F (xk+1)− F (x) ≤ 1

η
V rxk

(x)− (
1

η
+ µ)V rxk+1

(x)− 1

η
V rxk

(xk+1) (60)
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Algorithm 2 O-LPD: Original Lifted Primal-Dual algorithm

Required: X , Y, (f, Lx, µx), (A, ‖A‖), (h, Ly, µy), K, {(ηx,k, ηy,k, ηu,k, ηv,k, θk)}K−1k=0

1 Initialize (x−1, y−1) = (x0, y0) ∈ X × Y
2 Set f = f − (µx/2)‖ · ‖2, h = h− (µy/2)‖ · ‖2, (x−1, y−1) = (x0, y0) = (x0, y0)

for 0 ≤ k ≤ K − 1 do
3 x̃k+1 = xk + θk(xk − xk−1) , ỹk+1 = yk + θk(yk − yk−1),

ũk+1 = uk + θk(uk − uk−1), ṽk+1) = vk + θk(vk − vk−1)
4 xk+1 = arg minx∈X

〈
A>ỹk+1 + ũk+1, x

〉
+ 1

2ηx,k
‖x− xk‖2 + µx

2 ‖x‖
2

5 yk+1 = arg miny∈Y −〈Ax̃k+1 − ṽk+1, y〉+ 1
2ηy,k
‖y − yk‖2 +

µy

2 ‖y‖
2

6 uk+1 = arg minu−〈xk+1, u〉+ f∗(u) + V
f∗

uk (u)/ηu

7 vk+1 = arg minv −〈yk+1, v〉+ h∗(v) + V
h∗

vk (v)/ηv
end

8 return (xK , yK , uK , vK)

C ALGORITHM FOR BILINERALY-COUPLED SMOOTH MINIMAX
PROBLEM

First we will prove a general result for Bilineraly-coupled smooth minimax problem. Then we specialize it to the
Bi-SC-SC and Bi-C-SC cases.

As mentioned in the main text we first apply the follow reformulation to (12).

min
x∈X

max
y∈Y

[g(x, y) = f(x) + 〈y,Ax〉 − h(y)] (61)

= min
x∈X

max
y∈Y

min
v

max
u

[g(x, y;u, v) = −f∗(u) + 〈u, x〉+
µx
2
‖x‖2 + 〈y,Ax〉 − µy

2
‖y‖2 − 〈v, y〉+ h∗(v)] (62)

where

f∗(u) := max
x∈X ∩ dom(f)

〈u, x〉 − [f := f(x)− (µx/2)‖x‖2] (63)

h∗(v) := max
y∈Y ∩ dom(h)

〈v, y〉 − [h := h(x)− (µy/2)‖y‖2] (64)

Note that by Lemma 8, f is convex and (Lx − µx)-smooth, and h is convex and (Ly − µy)-smooth. Then by
Lemma 4(a) f∗ is 1/(Lx − µx)-strongly convex, and h∗ is 1/(Ly − µy)-strongly convex.

Instead of analyzing the Algorithm 1, we analyze the original update rule (16) (Algorithm 2) which is a con-
ceptually easier implementation of LPD. By the following lemma we show that Algorithm 1 and Algorithm 2 of
these are equivalent, when initialized appropriately.

Lemma 10 (Same as Lemma 3). Let us initialize Algorithm 1 with (x−1, x0, y−1, y0) = (x0, x0, y0, y0), Algorithm

2 with (u−1, u0, v−1, v0) = (∇f(x−1),∇f(x0),∇h(x−1),∇h(x0)), and both the algorithms with the same (x0, y0).
Then for problem (61), iterates (xk, yk) of the Algorithm 1 and Algorithm 2 are the same.

Proof. We omit the proof since we can easily prove it using the same techniques as used in the proof of Lemma
2.

We prove the follow Theorem for characterizing the output of Algorithm 2.

Theorem 4. Let there exists positive numbers λk, αx,k, αy,k, αu,k, αv,k for all k = −1, 0, 1 . . ., such that
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λk−1 = θkλk,

θk(
‖A‖
αy,k

+
1

αu,k
) + ‖A‖αx,k+1 ≤

1

ηx,k
, αu ≤

1

ηu,k(Lx − µx)
, (65)

θk(
‖A‖
αx

+
1

αv
) + ‖A‖αy,k+1 ≤

1

ηy,k
, αv ≤

1

ηv,k(Ly − µy)
(66)

λk+1

λk
≤ min

(
ηx,k+1(1 + ηx,kµx)

ηx,k
,
ηy,k+1(1 + ηy,kµy)

ηx,k
,
ηu,k+1(1 + ηu,k)

ηx,k
,
ηv,k+1(1 + ηv,k)

ηx,k

)
(67)

for all k = 0, 1, . . .. Then the following is true for any K = 1, 2, . . ., x ∈ X , y ∈ Y, u, v

K−1∑
k=0

λk[Φ(xk+1, y;u, vk+1)− Φ(x, yk+1;uk+1, v)]

≤ λ0
2ηx,0

‖x− x0‖2 −
λK‖A‖αx,K+1

2
‖x− xK‖2 +

λ0
2ηy,0

‖y − y0‖2 −
λK‖A‖αy,K+1

2
‖y − yK‖2 +

λ0
ηu,0

V
f∗

u0 (u)− λK
ηu,K

V
f∗

uK (u) +
λ0
ηv,0

V h
∗

v0 (v)− λK
ηv,K

V h
∗

vK (v) (68)

Note that proof of Theorem 4 closely follows the steps used in the proof of Lemma 1.

Proof. Let x ∈ X and y ∈ Y. Using Steps 4 and 5 (Algorithm 2) and Lemma 9 twice—once with g = A>ỹk+1 +
ũk+1, F = (µx/2)‖ · ‖2 + F and r = ‖ · ‖2/2, and second time with g = −Ax̃k+1 + ṽk+1, F = (µy/2)‖ · ‖2 + H
and r = ‖ · ‖2/2—we get〈

A>ỹk+1 + ũk+1, xk+1 − x
〉

+
µx
2

(‖xk+1‖2 − ‖x‖2) + F (xk+1)− F (x)

≤ 1

2ηx,k
(‖x− xk‖2 − ‖x− xk+1‖2 − ‖xk+1 − xk‖2)− µx

2
‖x− xk+1‖2 (69)

〈−Ax̃k+1 + ṽk+1, yk+1 − x〉+
µy
2

(‖yk+1‖2 − ‖y‖2) +H(yk+1)−H(y)

≤ 1

2ηy,k
(‖y − yk‖2 − ‖y − yk+1‖2 − ‖yk+1 − yk‖2)− µy

2
‖y − yk+1‖2 (70)

Note that f∗ and h∗ are 1-strong convex w.r.t themselves. Again using Step 6 (Algorithm 2) and Lemma
9 twice—once with g = −xk+1, F = f∗ and r = f∗, and second time time with g = −yk+1, F = h∗ and
r = h∗—we get

〈−xk+1, uk+1 − u〉+ f∗(uk+1)− f∗(u) ≤ 1

ηu,k
(V

f∗

uk (u)− V f
∗

uk+1(u)− V f
∗

uk (uk+1))− V f
∗

uk+1(u) (71)

〈yk+1, vk+1 − v〉+ h∗(vk+1)− h∗(v) ≤ 1

ηv,k
(V h

∗

vk
(v)− V h

∗

vk+1
(v)− V h

∗

vk
(vk+1))− V h

∗

vk+1
(v) (72)

Adding the above four equations and using the definition gapz,w(zk+1, wk+1) = Φ(xk+1, y;u, vk+1) −
Φ(x, yk+1;uk+1, v), where z = (x, y) and w = (u, v)

gapz,w(zk+1, wk+1) = Φ(xk+1, y;u, vk+1)− Φ(x, yk+1, uk+1, v)

≤ 1

2ηx,k
‖x− xk‖2 − (

1

2ηx,k
+
µx
2

)‖x− xk+1‖2 −
1

2ηx,k
‖xk+1 − xk‖2 +

1

2ηy,k
‖y − yk‖2 − (

1

2ηy,k
+
µy
2

)‖y − yk+1‖2 −
1

2ηy,k
‖yk+1 − yk‖2 +

1

ηu,k
V
f∗

uk (u)− (
1

ηu,k
+ 1)V

f∗

uk+1(u)− 1

ηu,k
V
f∗

uk (uk+1) +

1

ηv,k
(V h

∗

vk
(v)− (

1

ηv,k
+ 1)V h

∗

vk+1
(v)− 1

ηv,k
V h

∗

vk
(vk+1) +

〈yk+1 − ỹk+1, A(xk+1 − x)〉 +−〈yk+1 − y,A(xk+1 − x̃k+1)〉 +

〈uk+1 − ũk+1, xk+1 − x〉 + 〈vk+1 − ṽk+1, yk+1 − y〉 (73)
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We can further expand out the last four term in the above inequality as follows. Using Step 3 (Algorithm 2) and
Cauchy-Schwarz inequality we get

〈yk+1 − ỹk+1, A(xk+1 − x)〉 = θk 〈yk−1 − yk, A(xk − x)〉 − 〈yk − yk+1, A(xk+1 − x)〉 +

θk 〈yk−1 − yk, A(xk+1 − xk)〉
≤ θk 〈yk−1 − yk, A(xk − x)〉 − 〈yk − yk+1, A(xk+1 − x)〉 +

θk‖A‖αy,k
2

‖yk−1 − yk‖2 +
θk‖A‖
2αy,k

‖xk+1 − xk‖2 (74)

for some αy,k ≥ 0. Similarly we can show that

−〈yk+1 − y,A(xk+1 − x̃k+1)〉 ≤ −θk 〈yk − y,A(xk−1 − xk)〉+ 〈yk+1 − y,A(xk − xk+1)〉 +

θk‖A‖αx,k
2

‖xk−1 − xk‖2 +
θk‖A‖
2αx,k

‖yk+1 − yk‖2 (75)

〈uk+1 − ũk+1, xk+1 − x〉 ≤ θk 〈uk−1 − uk, xk − x〉 − 〈uk − uk+1, xk+1 − x〉 +

θkαu,k
2
‖uk−1 − uk‖2 +

θk
2αu,k

‖xk+1 − xk‖2 (76)

〈vk+1 − ṽk+1, yk+1 − y〉 ≤ θk 〈vk−1 − vk, yk − y〉 − 〈vk − vk+1, yk+1 − y〉 +

θkαv,k
2
‖vk−1 − vk‖2 +

θk
2αv,k

‖yk+1 − yk‖2 (77)

for some αx,k ≥ 0, αu,k ≥ 0, and αv,k ≥ 0. Using Lemma 5(a) and 1/(Lx−µx)- and 1/(Ly−µy)-strong convexity
of f∗ and h∗, respectively we get that

− 1

ηu,k
V
f∗

uk (uk+1) ≤ − 1

2ηu,k(Lx − µx)
‖uk+1 − uk‖2 (78)

− 1

ηv,k
V h

∗

vk
(vk+1) ≤ − 1

2ηv,k(Ly − µy)
‖vk+1 − vk‖2 (79)

Summing equations (73), (74), (75), (76), (77), (78), and (79) up we get

gapz,w(zk+1, wk+1) ≤ 1

2ηx,k
‖x− xk‖2 − (

1

2ηx,k
+
µx
2

)‖x− xk+1‖2 +
1

2ηy,k
‖y − yk‖2 − (

1

2ηy,k
+
µy
2

)‖y − yk+1‖2 +

1

ηu,k
V
f∗

uk (u)− (
1

ηu,k
+ 1)V

f∗

uk+1(u) +
1

ηv,k
V h

∗

vk
(v)− (

1

ηv,k
+ 1)V h

∗

vk+1
(v) +

θk 〈yk−1 − yk, A(xk − x)〉 − 〈yk − yk+1, A(xk+1 − x)〉 +

− θk 〈yk − y,A(xk−1 − xk)〉+ 〈yk+1 − y,A(xk − xk+1)〉 +

θk 〈uk−1 − uk, xk − x〉 − 〈uk − uk+1, xk+1 − x〉 +

θk 〈vk−1 − vk, yk − y〉 − 〈vk − vk+1, yk+1 − y〉 +

θk
‖A‖αx,k

2
‖xk − xk−1‖2 − (

1

2ηx,k
− θk(

‖A‖
2αy,k

+
1

2αu,k
))‖xk+1 − xk‖2 +

θk
‖A‖αy,k

2
‖yk − yk−1‖2 − (

1

2ηy,k
− θk(

‖A‖
2αx,k

+
1

2αv,k
))‖yk+1 − yk‖2 +

θk
αu,k

2
‖uk − uk−1‖2 −

1

2ηu,k(Lx − µx)
‖uk+1 − uk‖2 +

θk
αv,k

2
‖vk − vk−1‖2 −

1

2ηv,k(Ly − µy)
‖vk+1 − vk‖2 (80)

Assuming θk( ‖A‖2αy,k
+ 1

2αu,k
) +

‖A‖αx,k+1

2 ≤ 1
2ηx,k

, θk( ‖A‖2αx,k
+ 1

2αv,k
) +

‖A‖αy,k+1

2 ≤ 1
2ηy,k

, αu,k ≤ 1
ηu,k+1(Lx−µx)

, and
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αv,k ≤ 1
ηv,k+1(Ly−µy)

we get

gapz,w(zk+1, wk+1) ≤ 1

2ηx,k
‖x− xk‖2 − (

1

2ηx,k
+
µx
2

)‖x− xk+1‖2 +
1

2ηy,k
‖y − yk‖2 − (

1

2ηy,k
+
µy
2

)‖y − yk+1‖2 +

1

ηu,k
V
f∗

uk (u)− (
1

ηu,k
+ 1)V

f∗

uk+1(u) +
1

ηv,k
V h

∗

vk
(v)− (

1

ηv,k
+ 1)V h

∗

vk+1
(v) +

θk 〈yk−1 − yk, A(xk − x)〉 − 〈yk − yk+1, A(xk+1 − x)〉 +

− θk 〈yk − y,A(xk−1 − xk)〉+ 〈yk+1 − y,A(xk − xk+1)〉 +

θk 〈uk−1 − uk, xk − x〉 − 〈uk − uk+1, xk+1 − x〉 +

θk 〈vk−1 − vk, yk − y〉 − 〈vk − vk+1, yk+1 − y〉 +

θk
‖A‖αx,k

2
‖xk − xk−1‖2 −

‖A‖αx,k+1

2
‖xk+1 − xk‖2 +

θk
‖A‖αy,k

2
‖yk − yk−1‖2 −

‖A‖αy,k+1

2
‖yk+1 − yk‖2 +

θk
αu,k

2
‖uk − uk−1‖2 −

αu,k+1

2
‖uk+1 − uk‖2 +

θk
αv,k

2
‖vk − vk−1‖2 −

αv,k+1

2
‖vk+1 − vk‖2 (81)

Multiplying both sides with λk, and using θkλk = λk−1 and

λk+1

λk
≤ min

(
ηx,k+1(1 + ηx,kµx)

ηx,k
,
ηy,k+1(1 + ηy,kµy)

ηx,k
,
ηu,k+1(1 + ηu,k)

ηx,k
,
ηv,k+1(1 + ηv,k)

ηx,k

)
(82)

we get

λkgapz,w(zk+1, wk+1) ≤ λk
2ηx,k+1

‖x− xk‖2 −
λk+1

2ηx,k+1
‖x− xk+1‖2 +

λk
2ηy,k

‖y − yk‖2 −
λk+1

2ηy,k+1
‖y − yk+1‖2 +

λk
ηu,k

V
f∗

uk (u)− λk+1

ηu,k+1
V
f∗

uk+1(u) +
λk
ηv,k

V h
∗

vk
(v)− λk+1

ηv,k+1
V h

∗

vk+1
(v) +

λk−1 〈yk−1 − yk, A(xk − x)〉 − λk 〈yk − yk+1, A(xk+1 − x)〉 +

− λk−1 〈yk − y,A(xk−1 − xk)〉+ λk 〈yk+1 − y,A(xk − xk+1)〉 +

λk−1 〈uk−1 − uk, xk − x〉 − λk 〈uk − uk+1, xk+1 − x〉 +

λk−1 〈vk−1 − vk, yk − y〉 − λk 〈vk − vk+1, yk+1 − y〉 +

λk−1
‖A‖αx,k

2
‖xk − xk−1‖2 − λk

‖A‖αx,k+1

2
‖xk+1 − xk‖2 +

λk−1
‖A‖αy,k

2
‖yk − yk−1‖2 − λk

‖A‖αy,k+1

2
‖yk+1 − yk‖2 +

λk−1
αu,k

2
‖uk − uk−1‖2 − λk

αu,k+1

2
‖uk+1 − uk‖2 +

λk−1
αv,k

2
‖vk − vk−1‖2 − λk

αv,k+1

2
‖vk+1 − vk‖2 (83)

Summing the iterations of the above inequality for k = 0, . . . ,K−1 and without loss of generality setting λ−1 = 0,
or x−1 = x0, y−1 = y0, u−1 = u0, and v−1 = v0 we get

K−1∑
k=0

λkgapz,w(zk+1, wk+1) ≤ λ0
2ηx,0

‖x− x0‖2 −
λK

2ηx,K
‖x− xK‖2 +

λ0
2ηy,0

‖y − y0‖2 −
λK

2ηy,K
‖y − yK‖2 +

λ0
ηu,0

V
f∗

u0 (u)− λK
ηu,K

V
f∗

uK (u) +
λ0
ηv,0

V h
∗

v0 (v)− λK
ηv,K

V h
∗

vK (v) +

− λK−1 〈yK−1 − yK , A(xK − x)〉+ λK−1 〈yK − y,A(xK−1 − xK)〉 +

− λK−1 〈uK−1 − uK , xK − x〉 − λK−1 〈vK−1 − vK , yK − y〉 +

− λK−1
‖A‖αx,K

2
‖xK − xK−1‖2 − λK−1

‖A‖αy,K
2

‖yK − yK−1‖2 +

− λK−1
αu,K

2
‖uK − uK−1‖2 − λK−1

αv,K
2
‖vK − vK−1‖2 (84)
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Using Cauchy-Schwarz inequality we can show that

−λK−1 〈yK−1 − yK , A(xK − x)〉 ≤ λK−1‖A‖αy,K
2

‖yK−1 − yK‖2 +
λK−1‖A‖

2αy,K
‖xK − x‖2 (85)

λK−1 〈yK − y,A(xK−1 − xK)〉 ≤ λK−1‖A‖αx,K
2

‖xK−1 − xK‖2 +
λK−1‖A‖

2αx,K
‖yK − y‖2 (86)

−λK−1 〈uK−1 − uK , xK − x〉 ≤
λK−1αu,K

2
‖uK−1 − uK‖2 +

λK−1‖A‖
2αu,K

‖xK − x‖2 (87)

−λK−1 〈vK−1 − vK , yK − y〉 ≤
λK−1αv,K

2
‖vK−1 − vK‖2 +

λK−1‖A‖
2αv,K

‖yK − y‖2 (88)

Summing equations (84), (85), (86), (87), and (88) and then using θKλK = λK−1, θK( ‖A‖2αy,K
+ 1

2αu,K
) +

‖A‖αx,K+1

2 ≤ 1
2ηx,K

, and θK( ‖A‖2αx,K
+ 1

2αv,K
) +

‖A‖αy,K+1

2 ≤ 1
2ηy,K

, we get

K−1∑
k=0

λkgapz,w(zk+1, wk+1) ≤ λ0
2ηx,0

‖x− x0‖2 −
λK‖A‖αx,K+1

2
‖x− xK‖2 +

λ0
2ηy,0

‖y − y0‖2 −
λK‖A‖αy,K+1

2
‖y − yK‖2 +

λ0
ηu,0

V
f∗

u0 (u)− λK
ηu,K

V
f∗

uK (u) +
λ0
ηv,0

V h
∗

v0 (v)− λK
ηv,K

V h
∗

vK (v) (89)

D GUARANTEE FOR Bi-SC-SC PROBLEM

In this section we provide a guarantee for the output of Algorithm 1 in the Bi-SC-SC setting. We do this by
specializing Theorem 4 to this case.

Corollary 2 (Formal version of Theorem 2). Let x0 = x−1 = x0 and y0 = y−1 = y0. Additionally assume that
ηx,k = ηx, ηy,k = ηy, ηu,k = ηu, ηv,k = ηv, and θk = θ for all k = 0, 1, . . .. If we set

κ =

√
Lx
µx
− 1 +

2‖A‖
√
µxµy

+

√
Ly
µy
− 1 , and (90)

ηx =
1

µx
(

√
Lx
µx
− 1 +

2‖A‖
√
µxµy

)−1 , ηy =
1

µy
(

√
Ly
µy
− 1 +

2‖A‖
√
µxµy

)−1 , ηu = (

√
Lx
µx
− 1)−1 , ηv = (

√
Ly
µy
− 1)−1

(91)

then for any K > 0, we can show that

‖A‖
√
µxµy

(µx
2
‖x∗ − xK‖2 +

µy
2
‖y∗ − yK‖2

)
+

≤ exp(− (K − 1)

(κ+ 1)
)
(
(

1

2ηx
+
Lx − µx

2ηu
)‖x∗ − x0‖2 + (

1

2ηy
+
Ly − µy

2ηv
)‖y∗ − y0‖2

)
(92)

Proof. We will first verify the parameter choices satisfies the required conditions of Theorem 4 for some choice
of λk, αx,k, αy,k, αu,k, αv,k for k = −1, 0, 1, . . ..

Let λk = γk and θk = 1/γ where

γ = 1 + κ−1 , κ =

√
Lx
µx
− 1 +

2‖A‖
√
µxµy

+

√
Ly
µy
− 1 (93)
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Clearly λk−1 = θλk. Next we will verify (67) which simplifies to the

γ ≤ 1 + min(ηxµx, ηyµy, ηu, ηv) (94)

under our choice of λk and k invariant stepsize choices. It is easy to see that

γ = 1 + (

√
Lx − µx
µx

+
2‖A‖
√
µxµy

+

√
Ly − µy
µy

)−1 ≤ 1 + (

√
Lx − µx
µx

+
2‖A‖
√
µxµy

)−1 = 1 + µxηx (95)

Similarly we can also show that γ ≤ 1 + min(ηyµy, ηu, ηv).

Let αx,k, αy,k, αu,k, αv,k be invariant to k and αx,k =
√

µx

µy
, αy,k =

√
µy

µx
, αu,k = 1√

(Lx−µx)µx

, αv,k = 1√
(Ly−µx)µy

for all k = 0, 1, . . .. Next we verify conditions (65) and (66). We can show that

αu,k =
1√

(Lx − µx)µx
≤ 1√

(Lx − µx)µx
=

1

ηu,k(Lx − µx)
(96)

and

θk(
‖A‖
αy,k

+
1

αu,k
) + ‖A‖αx,k+1 =

µx
γ

(
‖A‖
√
µxµy

+

√
Lx
µx
− 1) + µx

‖A‖
√
µxµy

< µx(

√
Lx
µx
− 1 +

2‖A‖
√
µxµy

) =
1

ηx,k
(97)

Similar we can also show that,

θk(
‖A‖
αx,k

+
1

αv,k
) + ‖A‖αy,k+1 ≤

1

ηy,k
, αv,k ≤

1

ηv,k(Ly − µy)
(98)

Then according to Theorem 4, for any K ≥ 0, x ∈ X , y ∈ Y, u, v

K−1∑
k=0

γk[Φ(xk+1, y;u, vk+1)− Φ(x, yk+1;uk+1, v)]

≤ 1

2ηx
‖x− x0‖2 −

√
µx
µy

γK‖A‖
2
‖x− xK‖2 +

1

2ηy
‖y − y0‖2 −

√
µy
µx

γK‖A‖
2
‖y − yK‖2 +

1

ηu
V
f∗

u0 (u)− γK

ηu
V
f∗

uK (u) +
1

ηv
V h

∗

v0 (v)− γK

ηv
V h

∗

vK (v) (99)

Setting x = x∗, y = y∗, u = u∗ = ∇f(x∗) = arg minu 〈x, u〉 − f∗(u), v = v∗ = ∇h(y∗) = arg minv 〈y, v〉 − h∗(v)
in (99) we get

K−1∑
k=0

γk[Φ(xk+1, y
∗;u∗, vk+1)− Φ(x∗, yk+1;uk+1, v

∗)]

≤ 1

2ηx
‖x∗ − x0‖2 −

√
µx
µy

γK‖A‖
2
‖x∗ − xK‖2 +

1

2ηy
‖y∗ − y0‖2 −

√
µy
µx

γK‖A‖
2
‖y∗ − yK‖2 +

1

ηu
V
f∗

u0 (u∗)− γK

ηu
V
f∗

uK (u∗) +
1

ηv
V h

∗

v0 (v∗)− γK

ηv
V h

∗

vK (v∗) (100)

Notice that the LHS above is positive, since by Lemma 7, Φ(xk+1, y
∗;u, vk+1)− Φ(x∗, yk+1;uk+1, v) ≥ 0 for all

k = 0, 1, . . .. Then using this fact and Lemma 6 four times, we get that

‖A‖
√
µxµy

(µx
2
‖x∗ − xK‖2 +

µy
2
‖y∗ − yK‖2

)
+

1

2ηu

‖∇f(x∗)−∇f(xK)‖2

(Lx − µx)
+

1

2ηv

‖∇h(y∗)−∇h(y
K

)‖2

(Ly − µy)

≤ γ−K
(
(

1

2ηx
+
Lx − µx

2ηu
)‖x∗ − x0‖2 + (

1

2ηy
+
Ly − µy

2ηv
)‖y∗ − y0‖2

)
(101)

Using 1− x ≤ exp(−x) we get

γ−K = (
1

1 + κ−1
)K ≤ (1− 1

κ+ 1
)K ≤ exp(− K

κ+ 1
) (102)

Combining above two inequality gives us the desired result.
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E GUARANTEE FOR Bi-C-SC PROBLEM

In this section we provide a guarantee for the output of Algorithm 1 in the Bi-C-SC setting. We do this by
specializing Theorem 4 to this case.

Corollary 3 (Formal version of Theorem 3). Let x0 = x−1 = x0 and y0 = y−1 = y0 and

1

ηx,k
=

1

(k + 1)ηx
,

1

ηx
= 2Lx +

16‖A‖2

µy
,

1

ηy,k
=

1

(k + 1)ηy
+
kµy

2
,

1

ηy
= 2(Ly − µy) , ηu,k =

2

k
, ηv,k =

2

k
.

(103)

Let DX = maxx∈X∩dom(f) ‖x− x0‖ and DY = maxy∈Y∩dom(h) ‖y − y0‖. Then for any K > 0,
(a) if DX <∞ and DY <∞,

max
y∈Y

φ(xK , y)−min
x∈X

φ(x, yK) ≤ 2Lx
K(K + 1)

D2
X +

16‖A‖2

µyK(K + 1)
D2
X +

2(Ly − µy)

K(K + 1)
D2
Y (104)

where (xK , yK) := 2
K(K+1)

∑K
k=1 k(xk, yk) = (xK , yK).

(b) even if the domain is unbounded we can show that

µy
4
‖y∗ − yK‖2 ≤

4Lx
K(K + 1)

‖x∗ − x0‖2 +
16‖A‖2

µyK(K + 1)
‖x∗ − x0‖2 +

4(Ly − µy)

K(K + 1)
‖y∗ − y0‖2 (105)

where (xK , yK) = 2
K(K+1)

∑K
k=1 k · (xk, yk) = (yK , yK).

(c) if φp(x) = maxy∈Y φ(x, y), and we do a warm restart on variable y using Kp
0 = Ωε(1) initial additional

iterations of the same algorithm, then

φp(xK)− φp(x∗) ≤ (
4Lx

K(K + 1)
+

32‖A‖2

µyK(K + 1)
+

(Ly − µy)

µy

8‖A‖2

µyK(K + 1)
)‖x∗ − x0‖2 . (106)

(d) if DX < ∞ and φd(x) = minx∈X φ(x, y), and we do a warm restart on variable y with Kd
0 = Ωε(1) initial

additional iterations of the same algorithm, then

φd(y
∗)− φd(yK) ≤ 4Lx

K(K + 1)
D2
X +

32‖A‖2

µyK(K + 1)
D2
X . (107)

Proof. We will first verify the parameter choices satisfies the required conditions of Theorem 4 for some choice
of λk, αx,k, αy,k, αu,k, αv,k for k = −1, 0, 1, . . ..

Let λk = (k + 1) and θk = k/(k + 1). Clearly λk−1 = θλk. Next we will verify (67) which simplifies to the

k + 2

ηx,k+1
≤ k + 1

ηx,k
,
k + 2

ηy,k+1
≤ (k + 1)

ηy,k
+ (k + 1)µy ,

k + 2

ηu,k+1
≤ (k + 1)

ηu,k
+ (k + 1) , and

k + 2

ηv,k+1
≤ (k + 1)

ηv,k
+ (k + 1)

(108)

under our choice of λk and µx = 0. It is easy to verify that

k + 1

ηx,k
=

1

ηx
≥ 1

ηx
=

k + 2

ηx,k+1

(k + 1)

ηy,k
+ (k + 1)µy =

1

ηy
+
k(k + 1)µy

2
+ (k + 1)µy ≥

1

ηy
+

(k + 1)(k + 2)µy
2

=
k + 2

ηy,k+1

(k + 1)

ηu,k
+ (k + 1) =

k(k + 1)

2
+ (k + 1) ≥ (k + 1)(k + 2

2
=

k + 2

ηu,k+1

(k + 1)

ηv,k
+ (k + 1) =

k(k + 1)

2
+ (k + 1) ≥ (k + 1)(k + 2

2
=

k + 2

ηv,k+1

Let αx,k = 4‖A‖
(k+1)µy

, αy,k =
kµy

4‖A‖ , αu,k = k
2Lx

, αv,k = k
2(Ly−µy)

for all k = 0, 1, . . ..
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Next we verify conditions (65) and (66). We can show that

αu,k ≤
k

2Lx
≤ k

2Lx
=

1

ηu,kLx
(109)

and

θk(
‖A‖
αy,k

+
1

αu,k
) + ‖A‖αx,k+1 =

k

k + 1
(
4‖A‖2

kµy
+

2Lx
k

) +
4‖A‖2

(k + 2)µy
≤ 2Lx
k + 1

+
16‖A‖2

µy(k + 1)
=

1

ηx,k
(110)

Similar we can also show that,

αv,k ≤
k

2(Ly − µy)
≤ k

2(Ly − µy)
=

1

ηv,k(Ly − µy)
(111)

and

θk(
‖A‖
αx,k

+
1

αv,k
) + ‖A‖αy,k+1 =

k

k + 1
(
(k + 1)µy

4
+

2(Lx − µy)

k
) +

kµy
4‖A‖

≤ 2(Ly − µy)

(k + 1)
+
kµy

2
=

1

ηy,k
(112)

Then according to Theorem 4, for any K ≥ 0, x ∈ X , y ∈ Y, u, v

K−1∑
k=0

(k + 1)[Φ(xk+1, y;u, vk+1)− Φ(x, yk+1;uk+1, v)]

≤ (Lx +
8‖A‖2

µy
)‖x− x0‖2 −

(K + 1)16‖A‖2

2µy(K + 2)
‖x− xK‖2 + (Ly − µy)‖y − y0‖2 − (K + 1)2

µy
8
‖y − yK‖2

(113)

(a) We define that (xK , yK ;uK , vK) = (
∑K
k=1(k+ 1))−1

∑K
k=1(k + 1)(xk, yk;uk, vk). Then (xK , yK) = (xK , yK).

Then xK = xK can be shown as follows

xK =
xK−1 + η′xxK

(1 + η′x)
=
K − 1

K + 1
xK−1 +

2

K + 1
xK

=
(K − 2)(K − 1)

K(K + 1)
xK−2 +

2(K − 1)

K(K + 1)
xK−1 +

2K

K(K + 1)
xK

=
(K − 3)(K − 2)

K(K + 1)
xK−3 +

2(K − 2)

K(K + 1)
xK−2 +

2(K − 1)

K(K + 1)
xK−1 +

2(K)

K(K + 1)
xK

... (114)

=
2

K(K + 1)

K∑
k=1

kxk = xK (115)

Similarly, we can prove that yK = y
K

. Then we can lower-bound the LHS of the (113) using Jensen’s inequality,
convexity of Φ(·, y;u, ·), and concavity of Φ(x, ·; ·, v) as follows.

(

K−1∑
k=0

(k + 1))[Φ(xK , y;u, vK)− Φ(x, yK ;uK , v)] ≤
K−1∑
k=0

(k + 1)[Φ(xk+1, y;u, vk+1)− Φ(x, yk+1;uk+1, v)] (116)

Notice that by Lemma 4(a), ∇f(x) = arg minu 〈x, u〉−f∗(u) and ∇h(x) = arg minv 〈y, v〉−h∗(v). Thus we have

φ(xK , y)− φ(x, yK) = min
v

max
u

Φ(xK , y;∇f(xK), v)− Φ(x, yK ;u,∇h(yK))

≤ Φ(xK , y;∇f(xK), vK)− Φ(x, yK ;uK ,∇h(yK)) (117)

Therefore summing equations (113) and (116), then setting u = ∇f(xK), v = ∇h(yK) = ∇h(yK) − µyyK and
using (117) we get

φ(xK , y)− φ(x, yK) ≤ 2Lx
K(K + 1)

‖x− x0‖2 +
16‖A‖2

µyK(K + 1)
)‖x− x0‖2 +

2(Ly − µy)

K(K + 1)
‖y − y0‖2 (118)
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Finally maximizing both sides over x ∈ X and y ∈ Y we get

max
y∈Y

φ(xK , y)−min
x∈X

φ(x, yK) ≤ 2Lx
K(K + 1)

D2
X +

16‖A‖2

µyK(K + 1)
D2
X +

2(Ly − µy)

K(K + 1)
D2
Y (119)

(b) Setting x = x∗, y = y∗, u = u∗ = ∇f(x∗) = arg minu 〈x, u〉−f∗(u), v = v∗ = ∇h(y∗) = arg minv 〈y, v〉−h∗(v)
in (113) we get

K−1∑
k=0

γk[Φ(xk+1, y
∗;u∗, vk+1)− Φ(x∗, yk+1;uk+1, v

∗)]

≤ (Lx +
8‖A‖2

µy
)‖x∗ − x0‖2 + (Ly − µy)‖y∗ − y0‖2 − (K + 1)2

µy
2
‖y∗ − yK‖2 (120)

Notice that the LHS above is positive, since by Lemma 7, Φ(xk+1, y
∗;u, vk+1)− Φ(x∗, yk+1;uk+1, v) ≥ 0 for all

k = 0, 1, . . .. Then using this fact we get that

µy
4
‖y∗ − yK‖2 ≤ (

2Lx
(K + 1)2

+
16‖A‖2

µy(K + 1)2
)‖x∗ − x0‖2 +

2(Ly − µy)

(K + 1)2
‖y∗ − y0‖2 (121)

(c) Let ŷ(x) = arg maxy φ(x, y), then ŷ(x) is a ‖A‖/µy-Lipschitz continuous in x (Nesterov 2005). Then we can
show that

‖ŷ(x)− y0‖2 ≤ 2‖ŷ(x)− y∗‖2 + 2‖y∗ − y0‖2

≤ 2‖ŷ(x)− ŷ(x∗)‖2 + 2‖y∗ − y0‖2

≤ 2
‖A‖2

µ2
y

‖x− x∗‖2 + 2‖y∗ − y0‖2 (122)

Then using the above inequality and (118) we get

φp(xK)− φp(x∗) = max
y∈Y

φ(xK , y)−max
y∈Y

φ(x∗, y)

≤ φ(xK , ŷ(x))− φ(x∗, yK)

≤ 2Lx
K(K + 1)

‖x∗ − x0‖2 +
16‖A‖2

µyK(K + 1)
‖x∗ − x0‖2 +

2(Ly − µy)

K(K + 1)
‖ŷ(x)− y0‖2

≤ (
2Lx

K(K + 1)
+

16‖A‖2

µyK(K + 1)
+

(Ly − µy)

µy

4‖A‖2

µyK(K + 1)
)‖x∗ − x0‖2 +

4(Ly − µy)

K(K + 1)
‖y∗ − y0‖2

(123)

From the above inequality it is clear that

φp(xK)− φp(x∗) ≤ (
4Lx

K(K + 1)
+

32‖A‖2

µyK(K + 1)
+

(Ly − µy)

µy

8‖A‖2

µyK(K + 1)
)‖x∗ − x0‖2 (124)

if

‖y∗ − y0‖2 ≤ (
Lx

2(Ly − µy)
+

4‖A‖2

µy(Ly − µy)
+

(Ly − µy)

µy

‖A‖2

µy(Ly − µy)
)‖x∗ − x0‖2 . (125)

Because of (121), we can find a y0 satisfying the above inquality by running our algorithm from from (x0, y0) for

Kp
0 ≥ Ω(

√
4(Ly − µy)/µy ×

√
(2Lx +

16‖A‖2
µy

)‖x∗ − x0‖2 + 2(Ly − µy)‖y∗ − y0‖2×√
1

/
((
Lx
2

+
4‖A‖2
µy

+
(Ly − µy)

µy

‖A‖2
µy

)‖x∗ − x0‖2) (126)
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iterations.

‖y∗ − yKp
0
‖2 ≤ 4

µy
(

2Lx
(K + 1)2

+
16‖A‖2

µy(K + 1)2
)‖x∗ − x0‖2 +

4

µy

2(Ly − µy)

(K + 1)2
‖y∗ − y0‖2

≤ (
Lx

2(Ly − µy)
+

4‖A‖2

µy(Ly − µy)
+

(Ly − µy)

µy

‖A‖2

µy(Ly − µy)
)‖x∗ − x0‖2 (127)

Similarly using the above inequality and (118) we get

φd(y
∗)− φd(yK) = min

x∈X
φ(x, y∗)−min

x∈X
φ(x, yK)

≤ φ(xK , y
∗)−min

x∈X
φ(x, yK)

≤ 2Lx
K(K + 1)

D2
X +

16‖A‖2

µyK(K + 1)
D2
X +

2(Ly − µy)

K(K + 1)
‖y∗ − y0‖2 (128)

From the above inequality it is clear that

φp(xK)− φp(x∗) ≤
4Lx

K(K + 1)
D2
X +

32‖A‖2

µyK(K + 1)
D2
X (129)

if

‖y∗ − y0‖2 ≤ (
Lx

(Ly − µy)
+

8‖A‖2

µy(Ly − µy)
)D2
X . (130)

Because of (121), we can find a y0 satisfying the above inquality by running our algorithm from from (x0, y0) for

Kd
0 ≥ Ω(

√
4(Ly − µy)/µy ×

√
(2Lx +

16‖A‖2
µy

)‖x∗ − x0‖2 + 2(Ly − µy)‖y∗ − y0‖2×√
1

/
((Lx +

8‖A‖2
µy

)D2
X ) (131)

iterations.

‖y∗ − yKd
0
‖2 ≤ 4

µy
(

2Lx
(K + 1)2

+
16‖A‖2

µy(K + 1)2
)‖x∗ − x0‖2 +

4

µy

2(Ly − µy)

(K + 1)2
‖y∗ − y0‖2

≤ (
Lx

(Ly − µy)
+

8‖A‖2

µy(Ly − µy)
)D2
X (132)

F BALANCED MIRROR-PROX AND ADDITIONAL EXPERIMENTAL
DETAILS FOR SECTION 6

For all the experiments we used the theory specified stepsize choices. Balanced Mirror Prox (which we shorten
as MP Bal.) is variant of the standard Mirror-Prox algorithm (folklore). For implementing MP Bal. first we
normalize the distance functions so that objective becomes 1-strongly convex in both the min variable x and
the max variable y. This modifies Lipschitz constants of the gradients as Lx ← Lx/µx, Lxy ← Lxy/

√
µxµy =

‖A‖/√µxµy, Ly ← Ly/µy. Finally, in this modified geometry (distance metrics), we run the standard MP
with the stepsize 1/max(Lx, Lxy, Ly). Since we modified the Lipschitz constants of the gradients this leads to a

iteration complexity of O(
√

Lx

µx
+ ‖A‖√

µxµy
+
√

Ly

µy
) log(1

ε ). This result was also mentioned as a known folklore in

Appendix C of (Cohen et al. 2020).

For experiments using quadratic minimax problems we use d = 5 and we generate B, A, C as follows. Let
Λ = diag(r0, r1, . . . , rd−1). Then A = Q(A,2)Λ(Q(A,1))>, B = B̃>B̃, B̃ = Q(B,1)Λ(Q(B,2))>, C = C̃>C̃,

C̃ = Q(C,1)Λ(Q(C,2))>, where Q(A,1), Q(A,2), Q(B,1), Q(B,2), Q(C,1), Q(C,2) are i.i.d. d× d orthonormal matrices
which are generated uniformly at random. For Figure 1a we set r = 2.0, and for Figure 1b we vary r using the
values {1.25, 1.5, 1.75, 2.0, 2.25}.
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