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Abstract

Computing the top eigenvectors of a matrix is
a problem of fundamental interest to various
fields. While the majority of the literature has
focused on analyzing the reconstruction error
of low-rank matrices associated with the re-
trieved eigenvectors, in many applications one
is interested in finding one vector with high
Rayleigh quotient. In this paper we study the
problem of approximating the top-eigenvector.
Given a symmetric matrix A with largest
eigenvalue A\, our goal is to find a vector 1
that approximates the leading eigenvector u;
with high accuracy, as measured by the ratio
R(a) = Ay haT Aa/aTa. We present a novel
analysis of the randomized SVD algorithm of
Halko et al.| (2011b) and derive tight bounds
in many cases of interest. Notably, this is the
first work that provides non-trivial bounds for
approximating the ratio R(@) using random-
ized SVD with any number of iterations. Our
theoretical analysis is complemented with a
thorough experimental study that confirms
the efficiency and accuracy of the method.

1 INTRODUCTION

Spectral methods, which typically rely on computing
the leading eigenvectors of an appropriately-designed
matrix, have been shown to provide high-quality so-
lutions to a variety of problems in the fields of data
analysis, optimization, clustering and learning (Kannan
and Vempalal 2009)). From a computational perspec-
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tive, randomized approaches for spectral methods often
give good estimates of leading eigenvectors and low-
rank structures, opening up the possibility of dealing
with truly large datasets (Halko et al.| |2011a)).

In this paper, we study the problem of approximat-
ing the leading eigenvector of a matrix while using a
small amount of memory and making a limited num-
ber of passes over the input matrix. More concretely,
given a symmetric matrix A with largest eigenvalue A1,
our goal is to find a vector @ that maximizes the ra-
tio

alAd 1
afa - (1)
Note that since A; is fixed given A, it can be omitted
from the definition of R; it is used only for convenience,
to ensure that R < 1. Often, in different applications,
in addition to having to select which matrix A to use, it
is also required that @ € 7 C R", where T is typically
a discrete subspace of R™. A common strategy in this
case, is to first compute an approximation of the leading
eigenvector in R™ and then “round” the solution in 7T .
Below we outline some prominent examples of this
scheme.

R(a) =\t

(1) The most direct example is PCA, where A is the
covariance matrix (Jolliffe] [1986)); in this case T = R",
and no rounding is required; (2) In the community-
detection problem we can partition a network into two
communities (and then recursively find more communi-
ties) by maximizing modularity (Newmanl 2006)), which
can be mapped to our setting by taking A to be the
modularity matrix and 7 = {£1}"; (3) The problem
of finding k conflicting groups in signed networks can
be formulated by taking A to be the adjacency ma-
trix of the signed network and 7 = {0,—1,¢}", for
¢ € [k — 1] (Bonchi et al., |2019; |Tzeng et al.l [2020); (4)
For the fair densest subgraph, |[Anagnostopoulos et al.
(2020) consider 7 = {0,1}™ and obtain A after project-
ing the adjacency matrix onto the subspace orthogonal
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to a given fairness labeling z € {£1}"; (5) In several
other applications, a solution to our problem is used
as an intermediate step in the proposed method (Ab-

dullah et all, [2014; Hopkins et al.| [2016; [Allen-Zhu and
Lil [2016; [Silva et al., [2018).

Despite numerous pass-efficient algorithms for comput-
ing top eigenvectors proposed in the literature, prior
analysis of R(1) have strong limitations when applied
in practice. The main shortcoming is that most works
provide additive bounds and require Q(Inn) passes to
be meaningful (Simchowitz et all [2018), whereas a
smaller number of passes (constant or even a single
pass) is critical in practical settings. It is unclear in
the state-of-the-art whether Q(Inn) passes is necessary
for previous methods, or whether such a bound is an
artifact of the analysis.

In this paper we demonstrate that the requirement of
Q(Inn) passes in the analysis of prior works is artifi-
cial. We show this by giving a multiplicative bound
for R(a) achieved by the randomized SVD method
(RSVD) of Halko et al. (2011b]), which is one of the
most prominent and widely-implemented pass-efficient
algorithms (Pedregosa et al., [2011; Rehtitek and Sojka}
[2010} [Corporation), 2021} [Erichson et all, [2019; [Terray]
and Pinsard), 2021} [Liutkus| [2021))

Our analysis shows that for any positive semidefinite
matrix, RSVD returns with high probability a vector &
satisfying R(@) = Q((d/n)"/@4tD) after ¢ € N it-
erations (Theorem [1)), using O(dn) space for d € N,
where typically d < n (e.g., d = O(Inn)). Theorem 2]
shows that our analysis is tight. Notably, our analysis
subsumes the guarantee by prior works in the regime
of Q(Inn) passes (Remark [I]), and to the best of our
knowledge, provides the first non-trivial guarantee of
R(1) in the literature of pass-efficient algorithms for
o(lnn) passes. Moreover, we show that under some
natural conditions satisfied by real-world datasets, it
is even possible to achieve R(1) = Q(1) with a single
pass (Remark [2)).

Our core technical argument is a reduction from the
optimization problem of maximizing R over a random
subspace to the problem of estimating the projection
length of a vector onto a random subspace. By using
our technique, we derive the first non-trivial guaran-
tee of R(a) for any number of passes for indefinite
matrices (Theorem, under mild conditions (Assump-
tion [1)).

In addition, we propose an extension of the RSVD
method, called RandSum, by using a random matrix
sampled from Bernoulli(p) with mean p € (0,1). While
such a random matrix is rarely used in the literature
of random projections, we show that there exist appli-
cations (Bonchi et al., 2019; Tzeng et al., [2020) espe-

cially suitable for this technique, and we show several
properties of such a random matrix, which may be of
independent interest.

2 RELATED WORK

For lack of space, we provide a brief overview of the ex-
isting literature, focusing on the most relevant works to
our paper. For a general introduction on pass-efficient
algorithms for matrix approximations, we refer the
reader toMahoney et al.| (2011); [Woodruff et al.| (2014);
[Martinsson and Tropp| (2020)).

The study of R(1) for pass-efficient algorithms can be
dated back to Kuczynski and Wozniakowskil (1992) who
analyzed two classical methods: the power method and
the Lanczos method with random start. For any posi-
tive semidefinite matrix, they showed that the power
method (respectively, Lanczos method) with random
start, after ¢ > 2 iterations returns an approximated
top-eigenvector 4 with E[R(4)] > 1 — 0.871};%{ (re-
spectively, E[R(d)] > 1 — 2.575(3}“%)2).

The aforementioned methods are generalized to ran-
domized SVD (Halko et al.,|2011b) and block-Krylov
methods (Musco and Musco,, 2015)), and a similar ad-
ditive analysis of R(t) by Musco and Musco (2015)
showed that for any positive semidefinite matrix, RSVD
(respectively, randomized block-Krylov method) using
O(nd) space (respectively, O(ndq) space) and after g
iterations, returns an approximate top-eigenvector G
with R(d) > 1 — (9(1“7”) (respectively, R(t1) > 1 —
O((™)?)), with probability at least l—e_Q(d)

The analysis of the previous works (Kuczynski and Wozy
miakowski, [1992; Musco and Muscol, [2015) is tight, as
shown by [Simchowitz et al| (2018) for a class of meth-
ods (which include RSVD and block Krylov), which
with high probability fail to find a vector @ with
R(1) > 23/24 within ¢ = O(Inn) passes.

In the aforementioned works there are two limitations.
First, the bounds of Kuczynski and Wozniakowski|
(1992) and [Musco and Muscol (2015) are additive, and
unfortunately require Q(Inn) passes to be meaning-
ful. In contrast, our analysis provides a multiplicative
bound for R(11) and offers non-trivial guarantees for
any number of passes. Second, the applicability of the
methods of |[Kuczynski and Wozniakowskil (1992) and
Musco and Musco| (2015)) is limited to positive semidef-
inite matrices. Instead, we provide a sharp analysis of
randomized SVD for positive semidefinite matrices and

Musco and Musco| (2015) showed that the aforemen-
tioned results hold with constant probability, which could
be improved to hold with probability 1 — e~ HUD by using
stronger concentration results (Rudelson and Vershynin|
in their proofs of Lemma 4 and Lemma 9.
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show that our proof techniques generalize to indefinite
matrices under mild conditions.

To complement our study, we briefly compare the mea-
sure R(1) with other classical metrics. Note here that,
even though it is possible to covert an error guarantee
for classical metrics (Xu et al., |2018; [Drineas et al.l
2018; |(Ghashami et al.l [2016; |(Chen et al., [2017; [Musco
and Woodruff, [2017; [Huang, |2018)) into a lower bound
for R(@) by matrix perturbation theory (Stewart and
Guang Sunl {1990; [Yu et al [2015)), the resulting bound
is additive and depends on the eigengap. We also note
that classical metrics typically compare the approx-
imation G to the top-eigenvector u; of A, however,
such a comparison is not meaningful in our setting as
small distance between 1 and u1E| is a sufficient but
not necessary condition for having large R(1).

3 PRELIMINARIES

Let N be the set of natural numbers excluding 0. Let R
be the set of real numbers, S™~1 = {x € R" : xTx =
1}, and [m] = {1,...,m}. Let range(M) denote the
column space of matrix M, and |||z and ||-||2 denote
the Frobenius norm and the spectral norm, respectively.
For a square matrix M, let A\;(M) be its i-th largest
eigenvalue and u;(M) the corresponding eigenvector,
and let o;(M) be the i-th largest singular value. In all
subsequent sections, we use boldface A to denote the
input matrix, and abbreviate \; = A\;(A), u; = w;(A),
and o; = 0;(A). We use (-, -) to denote the vector inner
product. Finally, we use 1,, = [1, ..., 1]7 to denote the
n-dimensional vector of all 1’s and 0,, = [0, ..., 0]7 to
denote the n-dimensional vector of all 0’s.

For simplicity, we assume that the input matrix A is
real-valued and symmetric, with A; > 0.

Definition 1 (Vector projection onto subspace). Let
v € R" be a nonzero vector and X C R™ be a non-
empty subspace. The projection length of v onto X is
given by cos0(v, X), where

(v, x)

O(v,X) = cos™* (max )

xeX [ v [|x]l;

is the projection angle. For a matriz X, we use 6(v,X)
to denote the projection angle of v onto the range of X.

It is well-known that projecting any vector v € R™ onto
the range(S) of a random matrix S ~ N(0,1)"*4 re-
sults in cos? §(v,S) ~ d/n with high probability.

Lemma 1. (Hardt and Price, |2014]) Let v € R™ be
a nonzero vector and S ~ N(0,1)"*?, where n,d € N

2More precisely, the distance between 1 and the eigen-
space associated with the largest eigenvalue A\; of A.

Algorithm 1: RSVD(A, D, q,d)
Y < AYS where S ~ D;

Y = QR;

B+ QTAQ;

4= Qu(B);

return ;

and n > d. Then,

cos?0(v,S) =0 (d) ,

n

with probability at least 1 — e =),
For completeness, we provide the proof of Lemma

in Appendix The proof idea is to observe that
sT sT

% < cosf(v,S) < Ha(if‘g)h and use the concen-

tration of the extreme singular values of a Gaussian

random matrix.

More generally, Lemma [I] holds for any random ma-
trix S whose range is uniformly distributed with re-
spect to the Haar measure on Grassmannian Qn,d
of all the d-dimensional subspaces of R", written as
range(S) ~ Uniform(G,, 4). The reader may refer to
Achlioptas| (2001) and [Halko et al.| (2011b) for other
choices of S and [Vershynin| (2018, Section 5) for a
general introduction to this phenomenon.

4 RANDOMIZED SVD

We briefly review the following variant of the random-
ized SVD (RSVD) algorithm, as proposed by Halko et al.
(2011b)), and shown in Algorithm [I} The algorithm re-
turns an estimate 0 of the leading eigenvector u; of the
input matrix A. It uses O(dn) space and requires g+ 1
passes over the matrix A, where q € NE| The distribu-
tion D is over R™*¢, and one particular instance of the
algorithm sets D = A(0,1)"*?. The algorithm begins
with a random projection Y = A9S. The eigenvectors
of A? are the same as A, but the eigenvalues of A4
have much stronger decay. Thus intuitively, by taking
powers of the input matrix, the relative weight of the
eigenvectors associated with the small eigenvalues is
reduced, which is helpful in the basis identification for
input matrices whose eigenvalues decay slowly. After
projecting, the algorithm efficiently approximates the
top-eigenvector of A by

0 € argmax{v' Av : v € range(Y)NS"'}.  (2)

3More precisely, RSVD requires g passes when d = 1 and
q + 1 passes when d > 1 as there is no need to compute
ui(B) when d = 1.
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Indeed, any v € range(Y) of unit length can be written
as v = Qa for some a € S !, where Q is an n x d
orthonormal basis given by a QR decomposition of Y.
So it follows that

max

vI'Av = max a’Ba = \(B).
verange(Y)nsn—1

aeSd—1

Thus, the vector t = Qu; (B) maximizes expression ,
and u;(B) can be efficiently computed as the matrix
B is of dimension d x d.

4.1 Analysis of RSVD

We now derive lower and upper bounds for R(1), where
0 is the output of Algorithm and R(v) = \[! "VTT‘%V is
defined for any nonzero vector v € R™. Note that due
to expression , 1t maximizes R over the column space
range(Y) of Y. Since range(Y) = {Ya : a € R}, we
can rewrite R(1) as

R(0a) = R(v) = max R(Ya),

max
verange(Y)\{0,} acSd-1

where the latter equality follows from the scale in-
variance of R. For notational convenience, we denote
R, = R(Ya). After substituting Y = A9S in the
definition of R, we can evaluate R, as

1 (Sa)TA%t1(Sa)

Ha = (Sa)TA%(Sa) - )

Since A is real and symmetric, it has a real-valued
eigen-decomposition A = >""  Awul, with {u;}7,
being orthonormal. Hence A¥ = >""  Afu;ul’, for any
k € N, and we further expand Equation as

13, (S u,a)? 30" (ST u;, a)?
A Y, A(STy, a)? >, a7 (STu;,a)?

(4)
where a; = A;/A1, for all ¢ € [n]. This is well-defined
since A; > 0. For our analysis of R((1) = max,cgi-1 Ra,
we first consider the case when A is positive semi-
definite (p.s.d.). The proof strategy and arguments
serve as a building block for the indefinite case, dis-
cussed in Section 3

a —

4.2 Positive semidefinite matrices

Our first result, is a guarantee on the performance of
RSVD, asserted by the following.

Theorem 1. Let A be a positive semidefinite matriz
with A\; > 0 and @ = RSVD(A,N(0,1)"*4 q,d) for
any q € N. Then

- (o)

holds with probability at least 1 — e~ (4,

Proof. If A is p.s.d. we have o; > 0, and thus (assuming
q € N) we can repeatedly apply the Cauchy-Schwarz
inequality to Equation and get

> Ei Oéi<STlli, a>2

> (8T, )%
(5)

The key observation is that by repeatedly using Equa-

tion results in

R > E’iaizq<STui’a>2
YTyl (STw,a)2 T T

n

Z(STui,a>2 > R* Zal(STui,a)Q > ...

i=1 i=1
n
—(2q+1 2¢+1,QT 2
> Ry (et )Zaiq (S"u;,a)
i=1
which implies
n agq"'l(STui,a)Q

R2q+1 > Zi:l 7 .
* B Z?:1<STui7a>2 B Z?:1<STU-Z’73>2
(6)

Finally, by R({1) = max,esa—1 Ra and Definition |1 we
have

(STuy,a)?

T 2

N\ 2g+1 (STuy,a) 2
R(w) > ax, ST STw,a)? cos” f(uy, S),
(7)
O

and invoking Lemma [I] proves the claim.

We offer a few remarks. First note that the fact that
Equation implies Theorem [1| can be proven by es-
timating R, only on a = HssTiu“sz, since we essentially
prove LemmalI]on such a vector a — see our discussion
in Section [3| or Appendix Second, Equation @
can also be shown by Holder’s inequality — see a sim-
plified proof of Theorem [I] in Appendix [A72] Third,
from Theorem [T} we see that increasing the number of
passes ¢ makes R(11) approaching to 1 exponentially
fast, while increasing the dimension d leads to stronger

concentration of R(l1) around the slowly increased
mean Q((d/n)Y/(24+1), Finally, we have:

Remark 1. The guarantee by Theorem[1] can be writ-
ten as R(t) = e~ OMnn/a+1) > 1 — O(Inn/q), and
hence, subsumes the result of Musco and Musco| (2015).

One may wonder if our analysis is tight. The next
theorem confirms the tightness of Theorem [T up to a
constant factor.

Theorem 2. For any q € N, there exists a positive
semidefinite matriz A with Ay > 0, so that for 4 =
RSVD(A, N (0,1)"%4 q,d), it holds

ra=o((4)™).

with probability at least 1 — e~
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We prove Theorem [2]in Appendix by considering
the following eigenvalue distribution {a; }:

o
1:a1>a2:-~-:an:<n> . (8)

While our worst-case analysis is tight, Equation
rarely happens in practice. Instead, real-world matri-
ces are often observed to have rapidly decaying singu-
lar values (Chakrabarti and Faloutsos, |2006; Eikmeier
and Gleich| 2017). To take this consideration into ac-
count, we introduce the following definition to capture
whether A has at least power-law decay of its singular
values {o;}7%; -

Definition 2. Let
, minjeyj if J #0,
0 =
n otherwise,
where J C [n] consists of all the integers j € [n]

such that there exists v > 1/q and C > 0 satisfying
o;Jo1 < C-i77, foralli>j.

Theorem 3. Let A be a positive semidefinite matriz,
@ = RSVD(A,N(0,1)"*? q,d) for any q € N, and ig
be defined as in Definition[d Then

k(@) =9 ((dfio>2ql+l>

holds with probability at least 1 — e=2(4),

The proof of Theorem [3| can be found in Appendix
T
The idea is to estimate R, on a = ”SsTiu“fH and check
2

two possible cases. If i is large, the analysis reduces to
Theorem|[I] while if i is small, we invoke Bernstein-type
inequalities and show that R, = Q(1) with high proba-
bility. So, the overall guarantee of R, is determined by
the former case, and recalling R(l1) > maxgcgi-1 Ra
yields Theorem [3]

Remark 2. Theorem[3 subsumes Theorem[1] up to a
constant factor as d+ iy = O(n), and provides a much
better guarantee if A has singular values having at
least power-law decay. In particular, if ig = O(d) then
R(4) = Q(1) with high probability, even with a single
pass when ¢ =1 and d = 1.

4.3 Indefinite matrices

If A has negative eigenvalues, the Inequality in the
proof of Theorem [T] is not valid anymore. Nevertheless,
we expect to have a guarantee of R(11) similar to that
of Theorem [I] if the negative eigenvalues are not too
large. We introduce the following technical assumption.

Assumption 1. Assume there ezists a constant k €
(0,1] such that Y0, A29T > g S0 [Pt

An important observation is that Theorems [I] and

can be proved by estimating R, only on one specific

Tul

vector a = HSSTTH; see Section Hence, it suffices
2

to use the following lemma (proved in Appendix [A.3])
to generalize our results in Section [£.2] to indefinite
matrices satisfying Assumption m

Lemma 2. Assume that matriz A satisfies Assump-
tion |1| and S ~ N(0,1)"*4.  There ewists a con-
stant ¢, € (0,1] such that with probability at least
1-— 679(\/8,{2), it holds

Z )\?‘H‘l <STuia STu1>2 > Cx Z|)\i|QQ+1<STUi, STU1>2.
i=1

i=1

Lemma [2] essentially states that any indefinite matrix
A satisfying Assumption |1/ has Ry = ©(R,) on such a

— STUl
vector a = STuily where

_ n i2q+1 ST i 2
R _ Zl:1|a | < u ’a> . (9)

C Y ai"(STu;,a)?

The next theorem, proven in Appendix follows
from Lemma [2] and the proof of Theorem

Theorem 4. Assume that matriz A satisfies Assump-
tion . Let @ = RSVD(A,N(0,1)"*% q,d) for any
q € N. Then,

ra=a (o (1)),

with probability at least 1 — e~ QUVdR?),

Remark 3. As discussed in Section [3, all the theo-
rems shown in this section, i.e., Theorems 2 [3
and [J], can be easily extended to any random matriz S
satisfying S ~ Uniform(G,, q).

5 EXTENSION: COMBINING
WITH PROJECTION FROM
BERNOULLI

In this section, we propose an extension of Randomized
SVD, which we name RandSum, and show as Algo-
rithm 2] In RandSum, half of the columns of S are
replaced with i.i.d. samples from a Bernoulli distri-
bution with mean p € (0, 1)E| We can show that the
guarantee achieved by the RandSum algorithm for R()
is no worse than that by the RSVD algorithm, since

“Bernoulli(p)™** does not belong to the class of distri-

butions mentioned in Section El to which Lemma |I| applies.
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Algorithm 2: RandSum (A, ¢, d, p)

S1 ~N(0,1)"*21 S, ~ Bernoulli(p)"*L2/;
S+« [S1 S2f;
return RSVD(A,'S, g, d);

half of the coulmns of S come from a normal distri-
bution. To study the additional benefits due to the
submatrix drawn from the Bernoulli, we derive the fol-
lowing lemma as an analog of Lemma [I] for a Bernoulli
random matrix. The proof is in Appendix

Lemma 3. Let v € S" ', d < n/3, and S ~
Bernoulli(p)™*¢ for a constant p € (0,1) Then,

cos? 0(v, ) = 0 (max{l’ (v, 1n>2}>

n

holds with probability at least 1 — e~

The next theorem, which holds for any p.s.d. matrix A,
is a direct consequence of Lemmas|[I]and B]and applying
the techniques introduced in Theorem [I} The proof is

in Appendix

Theorem 5. Let A be a positive semindefinite matriz
with Ay > 0, and @ = RandSum(A,q,d,p) for any
constant p € (0,1) and integer d > 2. Then,

R(8) = <Q <max{d7 (uy, 1n>2})> e

n

holds with probability at least 1 — e~ (4.

Theorem 5| shows that R(&) = ©(1) with high proba-
bility when (uy,1,)2 = ©(n), which is acheviable as
the maximum possible value of (uy,1,)? is n.

Remark 4. For certain tasks such as conflicting-group
detection (Bonchi et all |2019;|Tzeng et al., |2020), one
could expect to have large (uy,1,)?, since (uy,1,)?
naturally corresponds to the size of the subgraph, which
1s located by uy E| However, for tasks such as community
detection, (u1,1,)? ~ 0 is often the case.

Finally, we consider the generalization of Theorem [5] to
indefinite matrices. To derive Lemma [4] the analog of
Lemma [2] for Bernoulli random matrices, we introduce
Assumption [2} where (¢) is merely for the ease of pre-
sentation and (ii) generalizes Assumption [l|as & = 1
for S ~ Bernoulli(p)"*?. The proof of Lemma [4| can
be found in Appendix [B.3]

SWe say that u; is located around some indices Z C [n]
if the magnitude of (u1); for any ¢ € Z is much larger than
those not in Z.

Assumption 2. Assume that (i) (uy,1,)? = Q(1) and
(i7) there exists a constant k' € (0,1] such that

n n

2q+1
DN = kY NP,
i=2 i=2

where £ = E [(STui, %)2}, for alli € [n].

Lemma 4. Assume that A satisfies Assumption[d Let
S ~ Bernoulli(p)"*? for a constant p € (0,1). There
exists a constant ¢, € (0,1], such that

n n
SO NS w, 8T 2 e YIS g, 8T ),
i=1 i=1

with probability at least 1 — e~ QUVdR'?)

Our last result, Theorem [6] immediately follows from
Theorems [4] and [5] and Lemma [4] The proof and the
full version are in Appendix

Theorem 6. Assume that A satisfies Assumptions (1]
and @ Let i = RandSum(A, ¢,d, p) for any constant
p € (0,1) and any ¢ € N, and iy be defined as in
Definition[3. Then,

R() = ((ma’({dfio’W}qu)

holds with probability at least 1 — e~ VD), (For the full
dependency on k, k', ¢, and c.:, see Appendiz )

6 EXPERIMENTS

In this section we evaluate the randomized algorithms
we analyze in this paper using synthetic and real-world
datasets. In Section [6.1] we use synthetic datasets to
benchmark the RSVD algorithm with respect to the
R measure, and study the effect of its parameters. In
Section we employ RSVD and RandSum as sub-
routines of spectral approaches for specific knowledge-
discovery tasks on real-world datasets.

Settings. We use LanczosMethod, provided by the
ARPACK library (Lehoucq et al.l [1998), for comput-
ing A1, which is required for measuring R. We fix ¢ =1
while varying d € {1,5,10, 25,50} to study the effect
of d, and fix d = 10 while varying ¢ € {1,2,4, 8,16}
to study the effect of q. Each setting is repeated
100 times and the average is reported. All experi-
ments are performed on an Intel Corei5 machine at
1.8 GHz with 8 GB RAM. All methods are implemented
in Python 3.7.4E|

5The code is available at the github repo https://bit|
1y/34dI4N1.
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Figure 1: Different types of eigenvalue distributions.

6.1 Evaluation with synthetic data

We consider different types of eigenvalue distributions,
also illustrated in Figure[I] The size of the input matrix

is set to n = 10000 and iy = 100 (see Definition .

For all types of synthetic matrices we set \; = i =001,
for i < ig, and the rest of the eigenvalues {Ai}?zio are
specified as follows:

o Type 1: \; =i~ ! for i > i.
e Type 2: \; =i~ 7 for i > ig.

1
P73 if i € [ig, 2]
o Type 3: \; = 18
P {—u—%wA if i > 2,

3
i~2 if i € [io, 2],
. _1 e - .
e Typed: \i = —5(i—2)"2 ifie (% n—ip),
— 2700 if i >n —io.

For the value of £ in Assumption [T} we compute x with
q=1and get: k=1 for Type 1 and Type 2, Kk = 0.99
for Type 3, and k = 0.22 for Type 4. For each type of
eigenvalue distribution, we generate a random n X n
input matrix by sampling the eigenvectors uniformly
from the space of orthogonal matrices.

Figure [2| shows the value of R for the vector & com-
puted by RSVD(A, N (0,1)"*¢ ¢,d), and the speedup
in running time against LanczosMethod.

For matrices of Type 1, it is expected that RSVD per-
forms the best as the eigenvalues of such matrices have
the fastest decay and k = 1.

For matrices of Type 2, we notice that R(11) is very
close to 1 when ¢ > 4. This result is better than what
our analysis predicts, since by Theorem [3] it holds that
R(a) = (1) with high probability after ¢ = 7 (since
the decay rate of Type 2 is 1/7).

For matrices of Type 3, despite being indefinite, the

magnitude of the negative eigenvalues is almost negli-
gible (k = 0.99). By Theorem [4| and Lemma [2) R(1) is

0.8 //—

Speedup ratio

T T T T
0 10 20 0 10 20

1.0 10

0.8

R(4)

0.6

Speedup ratio

0.4 4

—— Typel —— Type2 —— Type3 —— Type4|

Figure 2: The value of R(l1) for @« computed by
RSVD(A, N(0,1)"%4 ¢, d). Top row shows dependence
with d. Bottom row shows dependence with ¢q. The
speedup is measured against LanczosMethod.

nearly identical to its counterpart R (see @), so it is
expected that RSVD performs better on data of Type 3
than on data of Type 2, as the eigenvalue-distribution
decay rate is faster.

For matrices of Type 4, although the eigenvalues decay
faster than those of Type 3 matrices, the magnitudes of
the negative eigenvalues are much larger (x = 0.22). By
Theorem [4| and Lemma [2| R(1) is upper-bounded by a
factor of k when increasing ¢, and the results indeed
show that the performance of RSVD is worse for Type
4 matrices, compared to Type 3 (k = 0.99).

6.2 Applications on real-world data

We use publicly-available networks from the SNAP
collection (Leskovec and Krevl, 2014). Statistics of the
datasets are listed in Tables [1] and 2l

6.2.1 Detection of 2 conflicting groups

The problem of 2-conflicting group detection aims to
find two optimal groups that maximize the polarity
objective P(x) = xT Ax/xTx, where A is the signed
adjacency matrix and z € T = {0, £1}"\{0,}.
propose a tight O(n'/?)-approximation

algorithm based on the leading eigenvector u;. In
Appendix [D] we show that applying their approach
on the approximated top-eigenvector 1w yields an
O(n'/?/R(1))-approx algorithm.

Datasets. The statistics of datasets we use for this
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Table 1: Datasets for conflicting group detection.

WikiVot Referendum  Slashdot =~ WikiCon
V| 7115 10884 82140 116 717
|E| 100693 251406 500481 2026646
(v, 40) (4.6, 15) (4.5,16) (5.3,17) (2.8, 22)
K 0.397 0.620 0.204 0.034
cosf(uy,1,) 0.378 0.399 0.194 0.193

Table 2: Datasets for community detection.

FBArtist Gnutella3l YouTube  RoadCA
V| 50515 62586 1134890 1965206
|E| 819306 147892 2987624 2766607

experiment are listed in Table [I] We observe that all
datasets have rapidly-decaying singular values. To mea-
sure the parameters v and iy (see Definition , due to
memory limitations, we compute the top 1000 eigen-
values (in magnitude) of its signed adjacency matrix
by LanczosMethod, and fit the parameters (v, ip) by an
MLE-based method (Clauset et al., [2009). Moreover,
we test the validity of Assumption [I| by computing &
with ¢ = 1, and also computing (uy, 1,).

Results. Figure |3| illustrates the results obtained
by applying the spectral algorithm of |Bonchi et al.
(2019) on the top-eigenvector G returned by RSVD
and RandSum. Due to the value of k, the result is
that, as expected, both algorithms perform the best
on Referendum. Due to the value of cos6(uy,1,), the
superiority of RandSum over RSVD is, as expected,
more pronounced on WikiVot and Referendum than on
Slashdot and WikiCon.

6.2.2 Detection of 2 communities

For the task of detecting two communities in a graph,
Newman| (2006) proposed an efficient algorithm by
maximizing the modularity score Q(x) = xT Mx /4| E]|,
where M; ; = A, ; — deg(i) deg(j)/2|E|, A is the adja-
cency matrix of the input graph, and the two commu-
nities are determined by the sign of the top eigenvector
of M.

Datasets. The datasets used for evaluating this task
are listed in Table[2] As the modularity matrix M is
dense and the networks are large, LanczosMethod runs
out-of-memory on our machine when trying to compute
the top eigenvalues, and hence, unlike Table [T the
number x and the parameters (7,ig) are not displayed
in Table 21

Results. Figure |4] shows the results by applying
the spectral algorithm of Newman| (2006) on the top-
eigenvector @ returned by RSVD and RandSum. No-
tice that on this task, RandSum has no advantage over

1201
100 A
1001
801
80 4
604 !
60

polarity
polarity

4071 404

209 Jy, 2~ 20 4

—— WikiVot Referendum —— Slashdot —— WikiCon]

Figure 3: Results on the task of detecting 2 conflicting
groups. Results for RSVD (resp. RandSum) are plotted
with a solid (resp. dashed) line.
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Figure 4: Results on the task of detecting 2 communi-
ties. Results for RSVD (in solid line) and RandSum (in
dotted line) are nearly the same.

RSVD since M1,, = 0, and thus (u;, 1,) = 0,, if Ay > 0.
When fixing d = 10 and increasing ¢, the modularity
scores converge much faster on FBArtist and YouTube
than on Gnutella31 and RoadCA, suggesting that it
could be hard to discover community structures in
Gnutella3l and RoadCA. This is an expected result.
For Gnutella (Gnutella3l) the design of the network
prevents the formation of large communities so as to
enable reliable communication For the road network of
California (RoadCA) the reason is the grid-like struc-
ture of the network (Leskovec et al.; 2009).

7 CONCLUSION

In this paper, we study the problem of approximat-
ing the leading eigenvector of a matrix with limited
number of passes. The problem is of interest in many
applications. We provide a tight theoretical analysis
of the popular randomized SVD method, with respect
to the metric R(a) = A\y'aTAda/aTa. Our results
substantially improve the analysis of randomized SVD
in the regime of o(Inn) passes and recover the analysis
of prior works in the regime of Q(Inn) passes. A new
technique is introduced to transform the problem of
maximizing R(1) into a well-studied problem in the
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literature of high-dimensional probability.

Our work opens several interesting directions. First,
it is an open problem to characterize the fundamen-
tal limit of maximizing R(1) for any algorithm with
fixed number of pass and O(n) space. Second, our
results may be extended in different ways. For ex-
ample, we may relax the requirement on the input
matrix from symmetric to stochastic, so as to analyze
approximations of PageRank (Page et all[1999). Or,
we may extend RandSum to use any non-centered sub-
gaussian distribution for drawing So, and we conjecture
this yields similar results. Another direction is to ex-
tend our analysis to top-k eigenvectors; since there
are already several methods for computing top-k eigen-
vectors (Halko et al.l 2011b; |[Mackey, [2008; |Allen-Zhu
and Li, |2016), the most challenging part is to define
the proper metric to maximize, as a generalization
of R().
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Supplementary Material:
Improved analysis of randomized SVD for top-eigenvector
approximation

A Proofs of RSVD

A.1 Large deviation of projection length for Gaussian random matrix

This subsection is devoted to proving Lemma [I] restated below.

Lemma Let v € R™ be a nonzero vector and S ~ N (0, 1)”Xd where n,d € N and n > d. Then,

cos?0(v,S) = © (d)

n
with probability at least 1 — e~2(d),

T T
This lemma stems from the observations that U;(ls(s)v) < cosf(v,S) < U;(ds(s;') and the distribution of % is
2
exactly N'(0,1)?!. The proof relies on the union bound of concentration inequalities on the extreme singular
values of Gaussian random matrix, Lemma [5] and Lemma [6] Similar inequalities shown in the previous works,

e.g. [Hardt and Price (2014)), also rely on this observation.

Lemma 5 (Theorem 4.4.5 (Vershynin) [2018)). Let S be a n x d random matriz whose entries are i.i.d. zero-mean
subgaussian r.v.’s.

Forallt >0, P [al(S) > ¢ (vn + \/&th)} <2e %,

where ¢ > 0 depends linearly only on ||Sl’1||w2 (see Deﬁnitz’on of Ya-norm in Appendix .

Lemma 6 (Theorem 1.1 (Rudelson and Vershynin| 2009)). Let S be a n x d random matriz whose entries are
i.1.d. zero-mean subgaussian r.v.’s and n > d.

For all§ >0, Pl|o4S)<d(vn—Vd-— 1)} < (e )T pgmem,

where c1,co > 0 have polynomial dependence on ||Sl,1H¢2 (see Deﬁm’tion of Po-norm in Appendix .

Proof of Lemma For the simplicity of presentation, we assume ||v||, = 1 as cos (-, -) is scale-invariant.

(i) cosO(v,S) = Q(y/d/n):

Recall that cos@(v,S) = max,cgi—1 % Let a = STv/||STv||. We get
2

2
(v.88Tv) _ [S"vI, _ [[8"v[l, _ oa(STV)
cosf(v,S) > ISSTv], ~ ISSTv], = o1(S)  oi(S)

where the second inequality directly follows from the definitions of the largest singular value. Because STv ~
N(0,1)%*1 ] invoking Lemma@with § = e~ 1 yields that P [Jl(STV) > \/E/e] > 1 — e UD, Meanwhile, Lemma
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with t = \/n — v/d implies that P[o(S) < 2¢y/n] > 1 — e~ %™, We hence conclude (i) by applying the union
bound.

(ii) cosO(v,S) = O(\/d/n):

Due to 04(S) < [|S|, and (v,Sa) < ||STv|, [lall, = 01(STv), for alla € S,

(v,8a) _o1(STv)
cosf(v,S) = max <
v:8) = 2% sa], = ou®)

For the denominator, Lemma|§|with § = e~ ! is applied to permit that P {ad(S) > ﬁ% M} >1— e Rn—dtl) _
e~ For the numerator, as STv ~ N(0,1)*!, Lemma [5| with ¢ = /d shows that P {Ul(STV) <2Vd| >
1 — e D, Thus, (i) holds by applying the union bound. |

A.2 RSVD with positive semidefinite matrices

Lemma 7. Let x = (X1,...,Xp) and y = (¥1,.-.,¥n) be two vectors in R™ satisfying (i) there exists i € [n] s.t.
x;y; # 0, and (ii) there exists j € [n] s.t. y; # 0. Then for all ¢ € N,

1
2q+1 2 2q
S bl Y2 (Z?_l i qy?) q

iy il y? i yi

Proof For any n-dimensional vectors a = (ai,...,a,), v = (by,...,b,) satisfying that (i)’ there exists i € [n]
s.t. a;b; # 0, and (ii)’ there exists j € [n] s.t. b; # 0, Holder’s inequality implies that

( ETZ:1|a7;‘ )T Z <Zz;l|a1bl|) ° , (10)
> i |aibi] 2ic|bil®

where 7,5 € [1,00] with 1/r +1/s = 1. Let a; = |x;|27y>/" and b; = |y;|?/*, for all i € [n], then (i) and (ii) imply
(i)’ and (ii)’ respectively. Hence, with 7 = (2¢ + 1)/2¢, s = 2¢ + 1 gives us that

2
2q+1 ﬁ 1
o 2qF1

4q
Z?:l (|Xi|2q yizq+1) Zn |X'|2q y2
1=1 ? 7
2 = 2q+1
Z?:l |xz‘ qyzg n ( 2q2+1> o

V

Zi:l 7

We conclude this lemma by rearranging the above inequality. O

Theorem (1} Let A be a positive semidefinite matriz with Ay > 0 and @ = RSVD(A, N(0,1)"*%, q,d) for any
q € N. Then,
R(1 Q AN
w=(2(3))

Proof Thanks to Lemma [l the proof follows if the following inequality holds almost surely

STuy,a)?
R()?7 > ma _(Swa)
() st S (ST, a)?

where the equation is due to Definition |1} We show by Lemma [7] and the alternating form of R(11) follows by
in Section

holds with probability at least 1 — e~

= cos? f(uy, S), (11)

n 2‘14’1 ST ) 2
R(d) = max R, = max Dic1 @ (STwy,a)

acSd—1 acSd—1 Z?Zla?q<STui,a>2 )

(12)
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Let x; = a; and y; = (STw;,a), for all i € [n], because (STuy,a) # 0 a.e., the conditions of Lemmalﬂ7 (i) and
(ii)., hold a.e.. Therefore, it holds almost surely that

L
2

Z?:l a§q+l<STuiaa>2 > Z?:l O‘?q<STuiaa>2 !
Z?:l a2q<STUiaa>2 B Z?:1<STui,a)2
1

7
L L
< i @' (STua) S o (8T, a>2> Y <R1 > oS a>2> -
- a ’

Ry =

S aftH STy )2 Y (ST, a)? > i1 (ST, a)?

=1 "1

where the last equation follows from () in Section f.2]again. Rearranging the above inequality, we get that

R20+1 > 2?21 a?q+1<STui7a>2 (STul,a>2
* T YinSTw,a)r T 3 (ST, a)?

where the second inequality is leveraged the fact that >, 41 a2q+1<STui,a)2 > 0. 1} and the definition
U

a.e., (13)

i

R(11) = max,cga—1 Ry imply as desired and hence the proof completes.

Theorem For any q € N, there exists a positive semi-definite matrix A with Ay > 0, so that for 4 =

RSVD(A, A(0,1)"*%, ¢, d), it holds
A o\
R(8) = 0 ((n) ) ,

Proof Let A be a diagonal matrix with A;; =1 and A,;; = (ol/n)TlJrl7 for all © # 1. Apparently, A =
elei+Y" ,aele;, where o = (d/n)TlJrl and {eq,...,e,} is the canonical basis in R™. As discussed in Section
R(11) = max,cga—1 Ry and the alternating expression of Ra, (4)) in Section can be rewritten as

with probability at least 1 — e,

T 2 n 0201 §T e g)2
forallaeS™!, R, = (8 enha) + Lizz @ n< ®,8) . (14)
(STer,a)?2+ > " ,a?1(STe;,a)?  (STer,a)?+ ) 1, a?1(STe;, a)?
On the one hand, as 1 > (d/n)% = a9, the first term in is upper bounded as:
ST 2 ST 2
(S e1,a) (S e1,a) < a?1cos’f(ei,S), (15)

(STey,a)?+ 3" ,a%1(STe;,a)2 = Y1 a?1(STe;, a)?

where the second inequality follows directly from the definition of cos? §(e1,S). On the other hand, the second
term in is upper bounded as:

>ipa?ttl(STe;, a)? >ip 0’ (STe; )

1= 1=

<STe17 a>2 + Z?:Q a2q<STeiﬂ a>2 B Z:'L:Z a2q<STei7 a>2

(16)

By substituting and into , we derive that R, < a™2?cos?f(e;,S) + a, for alla € S, which
provides an upper bound of R(1). Finally, invoking Lemma [l which states that cos® (e, S) = ©(d/n) with
high probability, and recalling that oo = (d/ n)ﬁ yields the conclusion. a

Theorem |3l Let A be a positive semi-definite matriz, 0 = RSVD(A,N(0,1)"%¢ q,d) for any q € N, and i be
defined as in Definition[d in Section[[.3 Then

roo((52))

holds with probability at least 1 — e~ (),
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Proof If ig = n, then we subsume the result by Theorem [1| directly. Hence we assume that ig < n below.
By applying Corollary |1|in Appendix with 6 = %, X = uy, we have probability 1 — e~ that

2d 2 4d
2w < M )

which directly implies that STu; # 0. In the following, we consider (i). ZZ(’Zl a?q<STui7STu1>2 >
Dot a?9(STu;,8Tu;)?; (ii). otherwise. Then, we show the claimed lower bound in (i). and (ii). sep-
arately by invoking Lemma[I2)in Appendix[C.3] which gives the bounds for the weighted sum with high probability.

(i). 210:1 a?q<STui, STu;)? > Z?:ioﬂ a?q<STui, STu,)2.
Roughly speaking in (i), the top i terms dominate, hence one can expect the similar proof for Theorem Without
the last n — iy terms will help us reason. The alternating form of R(1) follows by in Section

R(Q) = max Sy o (S ws,a)? ST " (STwy, STy ) > >y or (S, S uy)?
acst=1 Y a29(STu;a)2 Y ad)(STw;, STuy)? 2301, ?9(STu;, STy )?

; (18)

where the first inequality comes from the fact that STu;/ HSTu1H2 € S? ! and the last one uses that
Z?zi“_l a?“l(STui, STu;)? > 0 and (i). From (8], we repeat the deduction of () in Section by viewing
Ra as 2R(00), o = «; for i = 1,...,ig, a; = 0 for i > ig, and (STu;,STa)? = (STu;, STu;)? to conclude that (an
alternative way is to use Lemma |7 as shown Appendix

. . i
Lol ST ST (o gy D o (8T STy (19)
Sty al(STu;, 8Tuy)? > il (STu;, STuy)?
Rearranging the inequalities and (19), we get
ST ST 2 4d2
CR@)+ > > LS ) (20)

S0 (ST, 8Tuy)2 — 16d% + 937, i (STui, STy )

where the last inequality is a consequence of . By applying Lemma [12|in Appendix with € = %, 0= %,
Bi=...=Bi, =1and Biy;1 = ... = Bn = 0, then we have probability 1 — e~ that Zl§i§i0<STui7 STu,;)? <
%. Together with , the proof is derived by the union bound.

(ii). 22021 a2q(STui, STu;)? < Z?:ioﬂ a?q(STui, STu;)2.

3

As ST,/ ||STu1H2 € st in Sectionyields that

Z?:l a?qul <ST11¢, STU1>2 - <STu17 STu1>2 242

>
Z?:l a?q<STuiaSTu1>2 B 22?:i0+1 a?q<STuivsTu1>2 B 92?:i0+1 0‘12q<STuivsTul>27

R(t) >

where the second inequality is due to (ii); the last is a result of . By Lemma with § = d,e = %,
B2 =...=Bi =0,and j; za?q forall i =149+ 1,...,n, we have

2 K2
i=ig+1 i=ig+1

n n
2 : d+1
P [ a?q<STui’ STU1>2 < M E a?‘1‘| < 1— efﬂ(d).
By Definition [2} since v > 1/q,

Z a?q < C’/ 720y < C’/ x 2%dz = C.
1 1

i=ig+1

Hence, the union bound yields R(t1) = Q(1) with probability at least 1 — e~?(9). O
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A.3 RSVD with indefinite matrices

Assumption [1] is restated here for convenience.
Assumption |1, Assume there exists a constant k € (0,1] such that Y, )\?‘Hl > kY| A2

Lemma Assume that matriz A satisfies Assumptz'on and S ~ N(0,1)"*<. There exists a constant c. € (0,1]
such that

n n 2
P> A8 Ty, STu)? > e YNl H(S Ty, STuy)? | > 1 — e VAR,
i=1 i=1

Proof Recall a; = \;/\; for all i € [n] and introduce Z, = {i € [n]\{1} : o; >0} and Z_ = {i € [n] : a; < 0}.
It is natural to assume Z_ # (), as otherwise this lemma trivially holds. Also, for simplicity & € (0, 1] is assumed
to be the number such that Y7, 7" = £ 3" a;|29%! (this number can be found always).

Apparently in both sums of interest, Y7 @29t (STu;, STu;)? and 30, o297 (STw;, STwy)?, the largest
single term is the first one, (STuy, S7u;)?, so our initial step is to derive its high probability bound. Applying
Corollary |1 in Appendix withx =u; and 6 =1 — /1 — /4 (resp. 6 = /1 + x/4 —1) for the lower-tail (resp.
upper-tail) yields

P {d2 (1 - g) < (STu;,8Tuy)? < o2 (1 n g)] > - e, (21)

However, as the other terms highly depend on the decay rate of eigenvalues, to derive a high probability bound,
we need to carefully choose the parameters when applying concentration inequalities. In what follows, we
define s; = > 2 and s_ =S |oi|2t1 | and then prove in two cases: either (i). s_ = Q(v/d) or (ii).

ieTy Y €T
s_ = o(Vd).
(i). s_ = Q(v/d). Applying the lower-tail (resp. upper tail) of Lemma in Appendix with § = € =
1—+/1—k/2 (resp.  =e=+/14+£K/2—1), B; = for i € T, and B; = 0 otherwise, we get

Pla(1-5)se <>l (8w, 8 wm)? < d (145 ) sy | 21— 20V, (22)
i€I+

In addition, using Lemma |12| with § = ¢ = /1 4+ k/2 — 1 in Appendix , Bi = |ay| fori € Z_, and 3; =0
otherwise, we derive

P loil s u, STw)? < d (145 ) s | 21— e 2V, (23)
ieZ_
Now, we prove our assertion. The lower-tails in and the upper-tail in implies

3 a2 (Su;, Suy)? > d (d(l - g) (- g)s_,_ 1+ 5)3_)

i=1 2
(@ ,(d4—k)  K(sy+s_)
= ( VR 2

—~

b K K K © K=, 1
> i i > |29+1 . 2
> = (d(d(1+ D+ 2)(s++3_))) > 5 ) Jai T (Su;, Suy)?,

i=1
where (a) is due to (1 — k)s; = (1 + k)s_ (rearranged from Y7, 29" = k37 |ay|29t1), (b) is easily checked

by comparing the coefficients, and (c¢) follows from the upper-tails in . Therefore, a union bound

completes the proof with ¢, = % in this case.
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(ii). s_ = o(v/d). This is equivalent to say that there exists a constant ¢ > 0 such that s_ < c¢v/d. Notice that
from 37 a2 (ST, STup)? to 31 |27t (STw;, STuy)2, only the term with index i € Z_ changes its sign
and we show our assertion in the sense that the terms with indices in Z_ do not affect too much with high probability.

Invoking Lemma [12[in Appendix with § = “8‘@, €= 1%, Bi = |a;| for ¢ € T_, and 8; = 0 otherwise , we get

d
Pl JaPrt(8Tu;, 8Twy)? < d 1+i s_| >1— e Vi), (24)
= 4c

On the one hand, the lower-tail in and the upper-tail in yield that with high probability

Za?qH(Sui,Sul}Q > d? (1 — Z) —d (1 + M) 5_ + Z a2 (Suy, Suy )2 (25)

; 4c :
i=1 i€L

On the other hand, the upper-tails in and imply that with high probability

n d n
Z|ai|2q+1<8ui, Sup)? < d?(1 + g) +d(1+ %)S, + Z a?qJFl(Sui» Suy)?. (26)
i=1 €Ty

Finally with a union bound on (25) and (26 , we have probability at least 1 — e~ VAR that for any d >
2
14c
(10—7»@) =0(1),

n " a2t (Su,, Suy )2 d
Za?q+1<5ui,su1>2 - 21:1|a | < 2 U1> = d2 (1 N g) -4 (1 i i
C

L PO Hday dys
- 6 i )

6

_ 2 _
. (10 7H)Ci2 l4cdVd >0

where the second inequality stems from s_ < ¢v/d. Hence, the proof is completed with ¢, = % in this case.

O

Theorem |4l Assume A satisfies Assumption . Let ot = RSVD(A, N(0,1)"*4 q,d) for any ¢ € N. Then,

R(0) =Q <cﬁ, <dfio>2qlﬂ>

with probability at least 1 — e~ QVdR?),

Proof Evaluating R, defined in in Section on a = STu;/ HSTu1H2 and by Lemma [2| there exists a
constant ¢, € (0, 1] such that

Sr o (8T, STy )? i ]ai?t (8T, 8T ay )? o

=c. R
Y0 (STu;, 8Tuy)? T T S af?(STu;, STuy)? e

Ra =

the proof of Theorem [3|in Appendix |A.2[ with replacing R(l1) by R, yields:

) 4\
a:Q K -
R, (c <d+zo> )

with probability at least 1 — e’ﬂ(\/g“Q), and hence the desired result follows by the union bound. ]

where R, is introduced in (9] in Secti with probability at least 1 — e=?(Vdx*) Repeating the arguments in
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B Proofs of RandSum

B.1 Large deviation of projection length for Bernoulli random matrix

This subsection is used to prove Lemma [3] which serves as an intermediate step for Theorem [} restated below.
The proof relies on a simple but powerful concept, e-net. As its usefulness, the definition and related theorems
can be found in literature of random matrix. Here we shortly define it and state its important property below
Lemma [3l Interested reader are referred to the reference therein.

Definition 3 (e-net, Definition 4.2.1 in (Vershynin, 2018)). Let (S*~1,|-||,) be a metric space and e > 0. A
subset N C S%1 is called e-net if
vxvy € Ns7 ||:E - y||2 <e

Lemma 8 (Corrollary 4.2.13 in (Vershynin, 2018)). For any ¢ € (0,1), the size of N is bounded by

‘Ns| < 3ded,

We are ready to prove Lemma [3| restated below.

Lemma 3| Let v e S" ! d<n/3, and S ~ Bernoulli(p)"*? for a constant p € (0,1) Then,

cos? (v, S) = 0 (max{l, v, 1n>2}>

n

holds with probability at least 1 — e=*(4),

Proof As it is easy to see that S is a nonzero matrix with probability 1 — e~"¢, the following deduction will be
made under [[S||, > 0.
By the second inequality in Corollary [2|in Appendix with x = v and 6 = 1/2, we deduce that

_ 2
P lHSTVH2 > \/dp(l p—i—2p<v, 1,) )] >1— U, (27)

Recall that cosf(v,S) = max,cgi—1 %, allows us to substitute a = STv/ HSTVH and have
2

1871, _ 187V, | Va0 —p+p(v.1.0?)
cosf(v,S) > > > ,
V)= fisstvl, = Sl V2SI,
where the second inequality is due to submultiplicativity of ||-||,, namely HSSTVH2 < S]], ||STVH27 and the last

one is a consequence of (27). It remains to show that [|S|l, < O (\/ nd) w.h.p., then the proof is done. For

this goal, we use the e-net technique, introduced in the beginning of this subsection, and give a bound in two
steps:

(i). Let A be an e-net defined on (S?~1, ||-||,) for some e € (0,1) to be determined later. We claim that

1Sl <

1
2 sup sl (28)

Let w* € argmax,cga—1 ||Sx||,, and since there exists x* € A satisfying |[w* — x*||, < ¢, by submultiplica-
tivity and triangle inequality, we get

el18lly = 18w =x)ll; 2 IS, = [Sx7l, > 8], = sup [l

=

and rearranging the terms yields .
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(ii). Show that

ol

P [sup ISx|l, < (; np(l —p +pd)) >1—3de7de UM > 1 _ g~ OntdIng) (29)

xe./\fa

For each x € N¢, the first inequality in Corollary [2|in Appendix with x = x and § = % (here n and d are
reversed) implies that we have probability at least 1 — e~ 2n)

2

3 > /3
Ixl < (5t -+ px 1) < (Junt—p0)

where the last inequality is due to (x,14)2 < d. As the size of A is upper bounded by 3%~¢ (see Lemma
on the top of this subsection), the union bound over all x € A yields .

Finally, setting e = 1/e in (28)-(29) and assumption n — 2d > d lead to [[Sx||, < O (\/ nd) holds with probability

at least 1 — e~ n=2d) 1 _ ¢=2d) The union bound completes our proof as desired. O

B.2 RandSum with positive semidefinite matrices

Theorem Let A be a positive semi-definite matriz with Ay > 0 and 0 = RandSum(A, ¢, d, p) for any constant
p€ (0,1), any g €N, and d > 2. Then,

R(4) = (Q (max{d (uy, 1n>2}>> i

n

with probability at least 1 — e,

0
Proof Define A4; = { [Oai } tap € S[%W—l} and Ay = { [ 2[‘5]] tag € SL%J_l}. Since R(l1) > max,cgi-1 Ra,
L§J 2
where R, is introduce on Section and has an expression , we can conclude that

acA, acA;

1
R(1) > max {max R., max Ra} > max {cos® f(uy, S1), cos® 0(uy, S2) } 77,

where the last inequality is an application of in Section The proof is completed by Lemma [1|and Lemma
a
B.3 RandSum with indefinite matrices

Assumption [2] is restated here for convenience.

Assumption |2} Assume that (i) (uy,1,)? = Q(1) and (ii) there exists a constant k' € (0,1] such that
Z/\?QH&' > H'Z|)\¢\2q+1€i,
i=2 i=2

where & = B [(87w;, 10)?| = p(1 — p+ pd(u;, 1,)%), Vi € [n].

Lemma 4| Assume that A satisfies Assumption @ Let S ~ Bernoulli(p)™*? for a constant p € (0,1). There
exists a constant ¢, € (0,1] such that

P [Z ATHST 0, 8 ug)? > e Y|P (ST 1y, 8Ty )2 | > 1 — e VI,
i=1 i=1
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Proof Here we introduce
2 .
pi =E [[STywill}] = p(1 —p + plu, 1,)2), Vi € [n]

Recall that a; = A;/A; for all ¢ € [n]. From Assumption [2| we have:

e By (i), there exists a constant v € (0,1] such that (uy,1,)? > v. It follows that

& > p*d(ur, 1,)% = pd - p((1 — p)(ur, 1,)% + pluy, 1,,)2) > prdu;. (30)

e By (ii), there exists " € (0,1] such that Y7, a2t ¢; = k' 0, oy |29t

We then partition [n] into three subsets, [n] = {1} UZy UZ_, where 7, = {i € [n]\{1} : oy > 0} and
I_ ={i € [n]:qa; <0}. It is natural to assume Z_ # (), as otherwise this lemma trivially holds. As similar to
what we proceed in the proof of Lemma 2] in Appendix [A-3] two important quantities follows from this partition:

St =Yier, A}t and s_ = Y, p |aifate

Firstly, for the term (STuy, STu;)?2, applying Corollary [2[in Appendix withx =uj; and 6 =1—+/1 —K'/4
(resp. § = /1 + K'/4 — 1) for the lower-tail (resp. upper-tail) yields that

!’

!
P [dQl@ (1 - Z) < (STuy,8"wy)? < dPpd (1 + Z)] > 1 — e QAR (31)

As for the remaining terms, we carefully apply concentration inequalities under two scenarios: either (i).

S_ = Q(\/&) or (ii). s_ = 0(\/3).

i). s_ = Q(v/d). Invoking the lower-tail (resp. upper-tail) of Lemma in with § = e = /1+«'/2—1 (resp.
d=e=+/1—-K/2—-1), 8; =«; for i € T, and B; = 0 otherwise, we get

/ /
P |& (1 - ;) sy < Y oS T, 8 wy)? < dm (1 * ;> sp| 21— e AUVE), (32)
1€L
Again, using Lemma [13|with § = e = /1 + k'/2 =1, B; = |o;| for i € Z_, and B; = 0 otherwise leads to
/
Pl et (87w, 8Twy)? < dyy (1 + 2) 5| >1— 00V, (33)
i€T_

Now, we prove our assertion. The lower-tails in and upper-tail in imply that

. 21 (Su;, Suy)? > dpy ( d (1—K—/)+§—1(1—K—I)s —(1—&—’1’)5
;:1 i iyouy)” > dpy | din 1 i 5 )5+ 5 )5~
(a) /ﬁ:/ H/ H/
> pv-dpu (dul(l - Z) +(1- 5)5+ -1+ 2)5—)
b d(4 -« K (sy +s—
(z)pu-du1<( 4)#1+ (+2 ))

© pur’ d(4+ k) K’ @ prr’ &
225 (i (T 0 e 4000) ) 2 IS e s

where (a) uses (30), (b) is due to (1 — £")s; = (1 + £")s_ (rearranged from }, a2t

il =R Y|P,
(¢) is easily checked by comparing the coefficients, and (d) follows from the upper-tails in . Therefore,

a union bound completes the proof with ¢, = 2% in this case.
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(ii). s_ = o(v/d). There exists a constant ¢ > 0 such that s_ < ¢v/d. Observe that for two summations of
interest, .1, a9 (STu;, 8Tu;)? and Y1 |27t (STw;, STup)2, only the terms in Z_ change their signs.
Our assertion follows in the sense that the terms with indices in Z_ do not affect too much with high probability.

Invoking Lemmain with § = R/(\/il:l)ﬂl’ € = 4:(/1#;15)7 B; = |a;| for i € Z_, and 5; = 0 otherwise , we
get

/ d ,
P Y oo (8 i, 8" w)? < dp <1 += \Qﬂ> so| =1 e YA, (34)
i€l

On the one hand, the lower-tail in (31)) and the upper-tail in (34) yield that
n ’ , n
d
3 a2 (Su;, Su)? > i (1 - ’Z) — dm (1 + ’“Q“) so+ > a2 (Su;, Sup)? (35)
i=1 i€L L

On the other hand, the upper-tails in imply that

n / 12 d n
S e (Suy, Suy)? < (1 + ”Z) tdma+ \Q“)s, + 37 a2t (Su;, Suy)? (36)

i=1 i€Ty
As a consequence of a union bound on , we have with probability at least 1 — e‘Q(\/E"lz),

> ot (Su;, Suy)? - é Y a7 (Suy, Suy)?

=1 i=1

/ ' d202(1 + 5 4 du (1 4 5wy g
deM%(l—’Z)—dul <1+“f‘“>s— mt o) +din(+ s
C

6

1
> = ((10 TR — 14cd\/8u1) >0,

2
where the second inequality is due to s_ < eVd, for any d > (ﬁ) = O(1). Hence, the proof is completed

with ¢, = % in this case. O

Theorem @. Assume that A satisfies Assumptions |1 and @ Let & = RandSum(A, q,d,p) for any constant
p € (0,1) and any g € N, and iy be defined as in Deﬁnition@ in Section . Then,

oo ) )

with probability at least 1 — e~ H(Vdmin(x,x")%)

Proof Let
Sful 0[@]
a; = HS’{ulnz and as = SQTfn
04y 87w,

A union bound of Lemma [2] and Lemma [ implies that there exist constants ¢, and ¢, such that

Ra1 > CNRal and Ra2 > Cli'Raz7

with probability at least 1 — e~ 2(Vds®) _ ¢=2(Vdr") where R, and R, are defined in (@) in Section |4.1/ and ©
in Section [£.3] respectively. Hence,

P [R(1) > max {c,Ra,, o Ray }] > 1 — e~ (Vdmin(r.r")?),

Finally, applying similar argument in the proof of Theorem [3| (see Appendix A.2)) to lower bound R,, and
Theorem 5[ to lower bound R,, completes the proof. O
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C Concentration inequalities

Before showing our lemmas on both Gaussian and Bernoulli random variables, there are some necessary definition
and standard concentration inequalities to be introduced. For the random variables considered in this work,
sub-gaussian and sub-exponential norms are useful to quantify the probabilities of rare events. In [CI] we
introduce them for completeness and list the concentration inequalities (Hoeffding, Bernstein, and Hanson-Wright
inequalities) used in the following proofs. In we provide two corollaries yielded by Bernstein inequality for
Gaussian and Bernoulli distributions respectively. Finally, our technical lemmas for these two random variables
will be shown in

C.1 Sub-gaussian norm and sub-exponential norm

Definition 4 (Definition 2.5.6 (Vershynin, [2018)). The sub-gaussian norm ||-[|,,, is a norm on the space of
sub-gaussian random variables. For any sub-gaussian random variable X,

[X|l,, =inf{t >0:E [exp (X?/t%)] < 2}.

The sum of sub-gaussian random variables is still a sub-gaussian random variable, and its norm can be
characterized by the following Proposition.

Proposition 1 (Proposition 2.6.1 (Vershynin, |2018))). Let X3, -, X,, be a zero-mean sub-gaussian random

variables. Then,
2

SNoxi =0 > Ixll, ]
1€[m]

W 1€[m]

where O hides an absolute constant.

Definition 5 (Definition 2.7.5 (Vershynin, 2018)). The sub-ezponential norm |[-||,, is a norm on the space of
sub-exponential random variables. For any sub-exponential random variable X,

X1, =inf{t > 0: Elexp (|X]/?)] < 2}.

If X is sub-gaussian random variable, then X is also a sub-exponential random variable. Besides, there is one
well-known property for these two norms.

Proposition 2 (Lemma 2.7.6 (Vershynin| 2018)). Let X be a zero-mean sub-gaussian random variable. Then,

XI5, = 1152, -

For concreteness, we compute sub-gaussian norms for two basic variables.

Example 1. Here we evaluate the values of |||, and |||, for the sub-gaussian random variables which will be
used later

o If X ~N(0,02), for some o € Ry, then X1, = 20.

e IfY ~ Bernoulli(p), for some p € (0,1), then |[Y||,, = ) and Y|, = m.

1
VIn(14p—1
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Proof For any t > \/ia, we observe that

1 x2 2 1
E X?2/t%)] = = 4 V= ——
[exp (X°/7)] o\/2r zeReXp( 202+t2> ! o/ L _ 1
202 t2

which is 2 when ¢ = 20, hence || X||,, = 20. As for Y, elementary calculus shows that

1

Vin(T+p-1)’

1
IYll,, =inf {t > 0:pexp(t™) + (1 - p) < 2} = inf {t >0:exp(t™?) < ;p} —

and that

1
In(1+p~t)

1
1Y, =inf {t>0:pexp(t™") + (1 —p) <2} =inf {t >0:exp(t™) < ;p} =

O

Here is the list of concentration inequalities we will use later. The first proposition is an immediate result from
Definition [f] and [5} the others are standard concentration inequalities characterized by these two norms.

Proposition 3 (Proposition 2.5.2 and Proposition 2.7.1 in (Vershynin| 2018)). Let X and Y be a sub-gaussian
and a sub-exponential random variables, respectively. Then for any t > 0, we have

12 !
P[|X —E[X]| > {] < exp <_Q <||)(||i2>> and P[IY —E[Y]| >t] <exp <—Q (”Ynzpl))

Lemma 9 (Hoeffding’s inequality (Theorem 2.6.3 in (Vershynin| 2018))). Let m € N, Xy,---, X, be i.i.d.
zero-mean sub-gaussian random variables, and a € R™ be a nonzero vector. Then,

m 2
t
vVi>0, P a; X;| > t] < exp (—Q <2>> ,
[ ; K all3
where K = ||X1H12¢12'
Lemma 10 (Bernstein’s inequality (Theorem 2.8.2 in (Vershynin, [2018))). Let m € N and a = (a1, -+ ,a,) €
R™\{0,}. Let X1,---, Xy, be independent sub-gaussian r.v.’s. Then there exists a universal constant ¢ > 0 such

that for any t > 0,

f: (X2 ~E[x?])

P[}

>t <2 i t* t
> < 2exp [ —cmin R s
K2 |a|} K [all,

Lemma 11 (Hanson-Wright inequality (Theorem 6.2.1 in (Vershynin| [2018))). Let m € N and X = (X4, ..., X;,)
be a random vector with i.i.d zero-mean sub-gaussian entries and M € R™*™ \ {0, xm}. Then,

where K = max;cm HXzz -E [Xf] le'

e !
ve>0, Pl Y MyXiX;—E| Y MXiX;||>t| <exp (_Q (mm{K2 ||M||§’K||Mll2}>>’

i,j€[m] i,j€[m]

where K = ||X1H12/;2-
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C.2 Useful lemmas derived from Bernstein’s inequality

In this subsection, we will use Lemma [I0]in [C.1] to derive two Bernstein-type concentration inequalities. Corollary ]
(resp. Corollary [2)) provides tail bounds on the length ||Sx||, of Gaussian (resp. Bernoulli) random matrix S with
linear combination weights x of its columns.

Corollary 1. Letx € R"\ {0,} and S ~ N(0,1)"*<. Then, ¥§ > 0,

P([87x]; 2 d1+ 9 x| < e @m0, and P [[|$Tx|; < d(1 - 8) xlj3] < e emn ),

Proof For eachi=1,...,d, the i-th column of S is denoted as S. ;. Because (S. 1, ﬁ}, (8.4, ﬁ) are
2 2
ii.d. random variable drawn from A(0, 1), the application of Lemma with m = d, a = 14, t = dd, and
X; =(S.:,x/|x]|y) for i =1,...,d, implies that there is a universal constant ¢ > 0 such that
4 x §82d &d
P ;<s;,i, mﬂ —d|>5-d| <2exp (—cmin {[(2 K}) = exp (—Q (dmin {5,6%})),

where K = ||X? — E [X?] A triangle inequality on 11 norm gives the of Kas:

||1l’1'

1 1

2 2 2

K< |IX3, + B X3, <Xy, + 15 <2+ 5

where the second inequality is a consequence of Proposition [2] and the last one is shown in Example [[] As
HSTxH; = Z?=1<S:7i,x>2, the two claimed inequalities hold by rearranging the above inequality. a

Corollary 2. Let x € R™ and S ~ Bernoulli(p)"*¢ for a constant p € (0,1). Then, ¥§ > 0,

P[[s™x[; = d(1 + )] < =m0 g P [||STx|; < d(1 - o)] < emHAmin{o0),

where j1 = p(1 —p) |5 +p?(x, 1,)2.

Proof Foreachi=1,...,d, we denote the i-th column of S as S. ;. Since (S.1,x%),...,(S. 4,x) are 1.i.d., Lemma
withm =d, a =14, t = ddy, and X; = (S.;,x) for i = 1,...,d, implies that there exists a universal constant

¢ > 0 such that
252
Pl 26~du] §2exp<cmin{d'u(S M}),

K2 'K
where K = [|(S.1,%x)? — E [(S.1,%x)?]

d

> (8.i,%)? —dE [(S.1,%)?]

=1

le' The proof is done by showing (i). E [(S.1,x)?] = p, and (ii). K = O(u).

(i). Show E [(Szyl, x>2] = u: By using linearity of expectation repeatedly, we obtain that

n 2 n
E [<S:71,X>2] =E (Z Si,lxi> = Z]E [(Slei)ﬂ + ZE [(Si71xi)(Sj71xj)]

i#j
2 2 2
= pllxl3 + p*((x, 1.)* — [Ix[l5) = p(1 — p) x5 + p*(x,1,)* = p.

(ii). Show K = O(u): Let Z = S.1 — pl,. As verified in (i), E [(S.1,%)?] = p = p(1 —p) Hx||§ + p(x,1,)?%, we
get

K = (8,13 ~E [(8.1.20] ||, = [(Z.3)? + 20(2Z. x) e, 1) — p(1 ~ ) I3

p(1-p) [Ix]3
< [14Z,2)%l,,, +2plx 1) 162, 2y, + = 57—
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Since Z has i.i.d. entries and p = ©(1), we evaluate

n
2
2 2 2 2 2
12, %)%, = IKZ, %), = D% 1Zilly, = =I5 1Zuly, < llz]; (||Sl,1||¢2 + ||PH¢2) v
i=1

and [[(Z, %)y, = 1%, 1)l 1Z ], < 16610} (IS1aly, + el ) -

Because [|S14],, = \/ﬁ = 0(1), IS11ll,, = m = O(1) (see Example (1| for ¢; and 9 norm),
Iplly, = \/% = 0O(1), and ||pll,, = 5 = O(1), combining all yields K = ©(y).

b=
C.3 Techinical Lemmas

Lemma 12. Let 8= (01, -+, Bn) € [0,1]" 5.t (B2, ..., Bn) # Op—1, U =[ug, - ,u,] € R"*™ be an orthonormal
matriz, and S ~ N'(0,1)"*?. Then, for any § > 0 and € € (0, 1),

P [Zn: Bi(STw;, 8T uy)? > d(1 +€)(1 + 6) zn:@] < exp ( (max{ Zﬁz} min {4, 52}>> Qde*),

and P [z”: Bi(STu;, STup)? < d(1 —€)(1 —9) iﬂi} < exp ( (max{ Zﬁl} min {4, 52})) 4 e~ Ude?)

Proof In the following, we only focus on the upper-tail bound as the others will hold by symmetry.

For the simplicity of presentation, we introduce a set V, = {v e R?: 0 < ||V||§ < d(1+¢€)} and the events

=2 =2

E:H{Zﬁi<STui,STu1)2 Zd(1+e)(1+5)26i} and G(v) =I1{S"u; = v}, ¥ e V..

Using Corollaryin with x = uy,6 = € < 1 and the fact that [|STu; Hi > 0 a.e. yield that P [= (Uyey, G(V))] =
P [HSTul ||§ > d(1+4€)| < e @) which explicitly says that Uyey, G(v) happens with high probability. As a

consequence, we have

PE] <P[EN = (Uver. G(vV))] + /EV PENG(v)] dP [G(v)] < ™) 4 sup PIENG(V)], (37)

where the last inequality follows from P [Uyey, G(v)] < 1 and the upper bound of P [ (Uyey. G(v))] proved above.
By , it is sufficient to show that for any v € V,,

P[ENG(v)] < exp ( <max{ ZBZ} min {4, §> })) (38)

Show for any v € V,

Since ||v||§ < d(1+¢€) for each v € V,,

n

P[ENG(v)] =P lz Bi(8"u;,v)?

v

=2

(Z&) (1+8)(1+e)

<P [Z Bi(STu;,v)? > (Z ﬂz> +8) vl (39)
i=2
Because for each i = 2,...,n, (STu;,v) = S0, Zgl:l S, s(u;),vs is a random variable from N (0, ||V||§) (a

linear combination of normal distributions is a normal distribution again), Example (1| in shows that
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H<STui7V>H¢2 = 2||v||,. Moreover, the assumption U is an orthonormal matrix implies that {(STw;,v)}?,
are independent (see Theorem 8.1, Chap 5(Gut} 2009)). By applying Lemma [10] in with m = n — 1,
X; =(STuj1q1,v),Vi=1,-- ,n—1,a=(Bs,....5,),and t =5 (X1, i) ||v||§, we give an upper bound of
right-hand side of as below (it is already shown that E[(STu;, v)?] = ||V||§ before):

[Zﬁl( w,v |v||)>a<2@> IVIIQ]<P[ZBZ( wi,v v)>5<2/z> |v|2]
<2exp <_cmin{ (Sry 6% IVl 5 ~<zi_2ﬂz—>nvn§}>

Vs Xty 82 7 ||Vl max.q Bi

_ (T, 5% S, B })
_2exp< len{ ST A7 maxis 5, . (40)

Combining (39) (40)), it remains to show that
. (ZTLQ Bi)2 ZT'LQ Bz
i)-=—— > max o, and (ii).—=*==— > max i
( ) Zi:Q 512 Z & maXz‘;ﬁl Bi Z &

For (i). As (X1, B:)% =21, B2 + Yoz BiBi = 20y BZ,and Y1, B2 < S, B, (i) holds by using these two
inequalities in numerator and denominator respectively.

For (ii). As Y1 , 3; > max;1 3;, and max;, 8; < 1, (ii) follows by using these two inequalities in numerator
and denominator respectively. O

Lemma 13. Let 8= (B1, - ,Bn) € [0,1]" s.t. (B2y...,0n) # 0p—1, U =[uy, - ,u,] € R™ ™ be an orthonormal
matriz with (uy,1,)% = Q(1), and S ~ Bernoulli(p)"*¢ with some constant p € (0,1). Then, for any § > 0 and

,Q(max{l,Z:ZQ Bii 8;:;; min{5’52})

€ (0,1), we have probability at least 1 — e —Q(min(d,&1)€*) ghq¢

(1= Bi&i& <D Bi(STw, 8Tw)? <d(1+6)(1+€) D Bk,

=2

where
pi =p(l —p+plu;,1,)?), and & =p(l —p+pd(u;,1,)%), Vi€ [n].

Proof Similar to the proof [C.3] of Lemma [I2] we introduce the set
Ve={veR: du(1—e) <|[v] <du(1+e) and d& (1 —€) < (v,14)2 < déy (1 +€)}

and the events

=1 ({Z/Bi<STui, STu1>2 < (1 — 5)(1 — e) Zﬁzngl} U
{zn: Bi(STu;, 8T ui)? > d(1 +6)(1 +¢) iﬂi&ﬂl})
=2

=2

and G(v) =1 {STu1 = V} ,Vv € V.. The sum rule of probability implies that

P[E] =P[EN = (Uver.G(V))] + /ev PIENGW)]dP[G(v)] < P[=(Uvev.G(v))] + sup P[ENG(v)]. (41)

vEV.
To bound the first term in , we claim that
P[IS7wll; — drur| > e+ dpn] < e,
(). P[[(8Tu1,10)% — déy| = ¢ - déy] < e ¥,
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and then an application of a union bound of (i)(ii) yields P [~ (Uyey,G(v))] < =) 4 e=2&1¢*) - Ag for the
second term in , one consequence of Lemma [14] at the end of this section is that

n . (v,1)% (v,14)2 .
o B0ty < (O T A 55 524 )
veV, -

in which min {1, %7 %} = min {1 8+3§ d§12} =0 (%) Hence, combining all by union bound
2 2

gives the desired.

It remains to show (i) and (ii). For convenience, let Z = S — p1,,17, a zero-mean matrix.

@ This is a direct result of the first inequality in Corollary [2[in with x =u; and § = e.

(ii). To show P [[(STuy,14)? — d&1| > - d&y] < e~ &) where € = p(1 — p + pd(uy, 1,,)2). As the lower tail is

proved in a similar to the upper tail, in what follows, we will pay attention on the upper tail only. Firstly, it is
easy to verified that

(STul, 1d>2 = (ZTul, 1d>2 + 2pd<ZTu1, 1:)(ug, 1,) + pzdz(ul, 1n>2. (42)

To bound the first (resp. the second) term in (42)), we will use Proposition [3] in for sub-exponential (resp.
sub-gaussian) r.v., which is quantified the sub-gaussian norm, denoted by K = |[(Z7uy, 1d>||w2 (recall that

the sub-exponential norm can be obtained by sub-gaussian norm, and vice versa, see Propsition [2|in [C.1]). By
Proposition [I] and Example [I] in [C:1]} we have

7?2 2 2
=0 (d Y @)?1Z0al, | =0 (d1Zaall},) = O (d (ISsly, + Ipl,,) ") = OCa):
i€[n]
Additionally, one can evaluate (ZTuy,14)? = dp(1 — p) by repeatedly use the linearity of expectation and the

fact that the entries of S are i.i.d. drawn from Bernoul i . Hence, invoking the concentration inequality for

sub-exponential (resp. sub-gaussian) in Proposition 3 I in|C.l{with t = d%“ (resp. t = L;&) on (ZTuy,14)? (resp.

(ZTuy,1,)) yields that

d e
P 12w, 102 = a1 - )| = ] < om0 < e (43)

g [RZTUL 1) > ?il&} R = i), (44)

Plugging these and into , a union bound gives us that

d d
(ZTay,14)% 4+ 2pd(Z" a1, 14) (uy,1,,) + p*d®(uy, 1,,)% < dp(1 — p) + p*d*(uy, 1,)% + % + 2pd(u; >6 3]

< d€1 + d&qe,

where the second inequality is yielded by & = p(1 — p + pd{uy,1,)?) and pd(uy,1,) < /d&;. Then we conclude
this lemma with (ii) as desired. O

Lemma 14. Let v € R4\ {04}, (B2,...,Bn) € [0,1]" 2\ {0,_1}, [uy,...,u,] € R™" be an orthonormal matrir,
S ~ Bernoulli(p)™*¢ with some constant p € (0,1), and & = p(1 — p + pd(uw;,1,)?),Vi € [n]. Then,

670 (max{l,z Bi&; }mm{ d"z ch“): , <;‘,‘::,T‘Lé2 } min{5,52}>

P 1_ n1<2ﬂz u;, v §(1+5)772 21_

)

where g = Y, 86 and ny = T, 856 [|v]|2.
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Proof An elementary calculation of evaluating the expectation of Y ., 3;(STu;, v)? leads to

n

ZB,’<STUi, > ‘| _p 1_ Zﬁt ||V||2 +p22ﬂz uu n <V 1d> .

=2

E

After applying Cauchy inequality, (v,14)%? < d Hng, twice, we get that 7y <E [Z?:z ﬁi<STui,v)2] < 9. This
observation inspires us to give high probability lower bound in term of 77; and upper bound in term of 75 respectively.

Define Z =S — plnldT, M=53", Biw;ul and B = M ® vvT where ® is the Kronecker product. With these
definition, we can express the weighted sum as:

> B8 i v)* = > B(i1 ) (i2,2) Sin s Stz g = (1) + (1), (45)
(=2 (i1,51),(i2,52) €[n] X [d]
Where (I) = Z B(il,j1)7(i27j2)zil’jl Zi2>j2
(i1,71),(i2,52) €[n] x [d]
and  (II) = Z B(i1,j1)a(i27j2)(zilvjl + Zi, 5, + p)p-

(41,41),(i2,52) €[n] x [d]

Such decomposition allows us to bound (I) by Lemma [[1]and bound (II) by Lemma [9]in which require us to
evaluate the necessary quantities.

2 2 4 4 n
e |B|r= Zihize[n],jl,jze[d] (M0, V5, v5)" = [V M = [[vl], Z?:2 B2,
where the last equation is due to M = Z?zz Biw;ul is an eigenvalue decomposition of M.

2
o |BIl, = [IM]l; [[vw"]], = maxi.1 B [[ v,
where the first equation is a property of Kronecker product (see e.g. Theorem 4.2.15 in (Horn et al., [1994).

To bound (I), invoking Lemmawith m=nd, M =B, X(;_1yay; = Zij, Vi € [n],j € [d] and t = 0711 /2 (resp.
t = dn2/2) for the lower- (resp. upper-) tail bounds yields that

7% 5772 exp | —€1 | min 1307 pd exp | —€1 | min nio*  mo
P[ { p < W -El=<5 Hg p( Q( {||B||;‘;,’|BIIQ}>>+ p( Q( {||B||§’BII2}>>'
(46)

To bound (II), applying Lemma [J] with ¢ = 671 /4 (resp. t = d12/4) for the lower- (resp. upper-) tail bounds

yields
P [ﬁ {—57271 < (1) -E[1D)] < 532 H < exp (—Q (ﬁ;k)) +exp (—Q <|(gi%>> . (47)

In what follows, we will show
2 n
(i). min { IIBWTI%’ Hg—"’”z} = Q(max{1,>.1 , B:&}), and
.. . n? 0 v,ilg)* (v,14)°
(). min { i 7 = @ (max (1,20, ﬁl@}mm{ EIER dnvu% })
Then this proof is done by using a union bound of (46 and ( into .

2 2
@ From the definition of 7, and our above computations, we get HB"—T‘% = <(Zz: f ;2) ) and III?HQ =

Q <M> It is done by the following claims:

max;x1 i

Cuicg Biti)" _ max an 2?22 bii _ max Y £
(a).m =9 ( { Z@&}) d (b). maxig B Q ( {1,;@&}) ,

(a). stems from (31, B:&)* > p*(1 —p)2 >0, B2, and p(1 —p) Yr o B2 <p(1—p) Sy Bi < Diy Bik

(b). holds since S, Bi€ > p(1 — p)max; B;, and max;«; 3; < 1.
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(ii). From the definition of 1y and our above computations, we get

n M (X, Bi&)? Zlgﬁifz} (v, 1)t (v, 1,)?
-0 i i :
D{BH?IIBHQ} <mm{ S 8 a5 )\ @ VT v

We then deduce (ii). by (a). and (b). and conclude this proof. O

D Conflicting group detection: approximation ratio

Algorithm 3: RandomEigenSign (v) by [Bonchi et al.| (2019))

fori=1—ndo

‘ r; = sign (v;) - Bernoulli(|v;|);
end
return r;

Theorem 7. For any & € S"', RandomEigenSign(it) is an O(n'/?/R(%))-approz algorithm to 2-conflicting
group detection.

Proof The proof strategy is similar to the analysis in (Bonchi et al., [2019).
Let r = RandomEigenSign (1) and s = sign (1) where s; = 1 if @1; > 0 otherwise s; = 0, Vi € [n]. We have

rTAr rTAr|
El:I‘TI':|:Zk:E|:I‘TI' ‘I‘ I'Zk‘:| Z ZAJSSJ |:I'i1‘j=SiSj

zae[n]
1
(@) Z Z A, js;s;P {r r=kirr; = szs]} Plr;r; = s;s/] Z A; ;0,0;E [

i,j€[n i,j€[n]

1
> Z A; ;0,0 . ,
i,j€[n) E |:T’ T|\rr; = SiSj:|

rlr = k;] P [rTr = k:]

rr; =s; sj]

where (a) results from applying Bayes’ rule, and (b) uses conditional Jensen’s inequality. By

E{rTr rirj:sisj} =24+ Z Plry=s¢ <24 vn—2,
te[n]\{4,5}
r’Ar alAda R(0)\
b) and a7 Ad = R(1 t that E > = . O
(b) and G* At (1), we get tha {rTr}_2+\/nT2 I
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