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Abstract

The best arm identification problem in the
multi-armed bandit setting is an excellent
model of many real-world decision-making
problems, yet it fails to capture the fact
that in the real-world, safety constraints of-
ten must be met while learning. In this work
we study the question of best-arm identifi-
cation in safety-critical settings, where the
goal of the agent is to find the best safe op-
tion out of many, while exploring in a way
that guarantees certain, initially unknown
safety constraints are met. We first ana-
lyze this problem in the setting where the
reward and safety constraint takes a linear
structure, and show nearly matching upper
and lower bounds. We then analyze a much
more general version of the problem where we
only assume the reward and safety constraint
can be modeled by monotonic functions, and
propose an algorithm in this setting which
is guaranteed to learn safely. We conclude
with experimental results demonstrating the
effectiveness of our approaches in scenarios
such as safely identifying the best drug out
of many in order to treat an illness.

1 INTRODUCTION

Consider a dosing trial where a scientist is trying to
determine, out of d different drugs, which is most ef-
fective at treating a particular illness. For each drug,
the scientist can run an experiment where they ad-
minister a particular dose of a drug to a patient and
observe the effectiveness. After repeating this process
on multiple patients for each drug, the scientist must
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then give a recommendation as to which drug is most
effective. Critically, in the experimental process, the
safety of the participants must be ensured. While we
may know a low, baseline safe dosage for each drug,
the drug may only become effective at higher doses,
some of which may be above a certain dose threshold
in which the treatment begins to become unsafe, and
could cause negative side effects. The goal of the ex-
perimenter is not only to determine which drug is most
effective, but to also guarantee that only safe dosage
levels are applied to the patients in the experiments.

We can cast this problem as a best-arm identification
problem with safety constraints. In the classical multi-
armed bandit (MAB) setting, at each round, the agent
may choose from one of d options and obtains a noisy
realization of the option’s reward. The goal of best-
arm identification (BAI) is to determine which of the
d options has the largest mean reward using the min-
imum number of samples. This problem has been ex-
tensively studied and is an effective model of many
real-world problems. However, the standard MAB set-
ting is unable to incorporate either different “doses” or
safety constraints.

In this work we set out to address this question and
answer how an agent ought to sample in a multi-armed
bandit model where the goal is to safely identify the
best option. At each timestep, the learner must choose
both the “dosing level” for the arm pulled, and ensure
that this dosing level is “safe”. Critically, we assume
that the range of safe dosing levels is unknown, and
this must be learned as well.

We first study this problem in the setting where
the relationship between the reward obtained—the
effectiveness—and the dosing level, as well as the
safety of a dosing level, are linear. We propose a near-
optimal action elimination-style algorithm, SAFEBAI-
LINEAR, which successively refines its estimates of the
safe dosing levels to ensure safety throughout execu-
tion, and gradually increases the dose applied to each
option until it is able to determine the best option. We
next consider the much more general setting where we
only assume that the effectiveness and the safety are
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monotonic functions of the dosing level—a more re-
alistic assumption for modeling a drug response than
the linear assumption. We propose an algorithm in
this setting, SAFEBAI-MONOTONIC, which we show
explores efficiently—guaranteeing only safe dose levels
are applied while determining the optimal drug.

2 RELATED WORK

Best-Arm Identification in Multi-Armed Ban-
dits. The BAI problem in multi-armed bandits has
been extensively studied for decades, beginning with
the works of [Bechhofer| (1958) and |[Paulson| (1964). A
variety of different approaches have been proposed,
including action-elimination style algorithms (Even-
Dar et al., [2002; Karnin et al.| [2013) and upper con-
fidence bound-style algorithms (Bubeck et al., [2009;
Kalyanakrishnan et al., 2012} |[Jamieson et al., [2014).
Furthermore, lower bounds have been proposed (Man-
nor & Tsitsiklis, 2004; |Kaufmann et al., 2016 which
have been shown to be near-tight. The linear response
setting we consider is somewhat related to the BAI
problem in the linear bandit setting (Soare et al.,[2014)
and the monotonic function setting we study is related
to the continuous-armed bandit setting, also known as
zeroth-order or derivative-free optimization (Flaxman
et al) |2005; |Jamieson et al., |2012; |Valko et al., |2013;
Rios & Sahinidis|, |2013]).

Perhaps the most comparable work to ours is|Sui et al.
(2015, [2018), which considers the problem of finding
the value © € D such that f(z) is maximized, for
some f and D, where at each time step they observe
f(z¢) + m¢, and must guarantee that g(z;) > h dur-
ing exploration. In essence, this is a constrained BAI
problem, but these works do not provide a tight up-
per bound (indeed, their algorithms are unverifiable
in style—they provide no stopping condition guar-
anteeing the optimal value has been found), or an
information-theoretic lower bound. Furthermore, their
algorithms use a potentially wasteful exploration strat-
egy which could overexplore suboptimal arms. Our
work improves on all these facets—our algorithm is
verifiable, providing a stopping criteria with an op-
timality guarantee, utilizes a much more efficient ex-
ploration scheme, and we prove an upper bound with
nearly matching lower bound. To our knowledge, this
is the only existing work which studies a problem akin
to BAI where safety constraints are present.

Regret Minimization in Bandits with Safety
Constraints. A related line of work is that of re-
gret minimization in bandits with safety constraints.
The majority of work in this setting considers the more
general linear bandits problem where now the agent at
each timestep must choose a vector z; € X C R? and

observes y; = 0" x; + ;. A variety of different formu-
lations of the safety constraint have been proposed,
but in general they require that pu'z; < v either al-
most surely or in expectation. Various algorithmic ap-
proaches have been applied, such as Thompson Sam-
pling (Moradipari et al.l [2020, 2021)), as well as opti-
mistic UCB-style approaches (Kazerouni et al.l [2016;
Amani et al.l 2019} |Pacchiano et all |2021). The key
difference between our problem and the existing work
in this setting is that we are interested in best-arm
identification, while existing works tend to focus on
regret minimization, where the goal is to achieve large
online reward, not simply to identify the best arm. In
addition, we seek to obtain instance-dependent (gap-
dependent) results while existing works only target
minimax (worst-case) bounds.

Dose-Finding and Thresholding Bandits.
Dose-finding is a long-standing problem in the
biomedical sciences where the goal is to determine the
optimal dose of a drug to give a patient (Thall & Rus-
selll {1998; [Thall & Cookl [2004; [Rogatko et al.l 2005}
Musuamba et all 2017, [Riviere et al.l 2018]). Much
work has been done on developing statistically justi-
fied procedures to address this. Recently, the bandits
community has begun to approach this problem from
the perspective of structured multi-armed bandits—a
setting which has become known as the thresholding
bandit problem. |Chen et al.| (2014) consider a general
version of the thresholding bandit problem, while
several follow-up works (Locatelli et al.,|2016; |Garivier
et al [2017; |Cheshire et al.| 2020; |Aziz et al., |2021)
consider the particular application of this setting to
the problem of identifying safe dosing levels in Phase
1 clinical trials. In contrast to our setting, this setting
does not consider safety constraints—at any time,
any dose level may be tested with no penalty—and,
in addition, does not consider the identification of
the best drug out of many, rather it can be seen as
simply determining the largest safe dose level for a
particular drug. In a sense, our setup then extends
this dose-finding problem to its multi-dimensional
analogue.

3 PRELIMINARIES
Notation. Throughout, [n] = {1,2,3,...,n}. We
will use O(-) to hide logarithmic terms and absolute
constants. We let RL = {z e R : z; > 0,Vi € [d]}.

Problem Setting: Linear. In the linear response
case, we are interested in the setting where at every
time step t, the learner chooses a coordinate i; € [d]
and a value a; € [ag,, M;,], and observes

Yy = aly, +n, 2z = agpeg, +wy
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for n, and w, both o2-sub-Gaussian and mean 0. We
assume that 6 € Ri and i € Ri are initially unknown
and, furthermore, that the learner must always choose,
with high probability, a; and i, satisfying a;p;, < -y, for
some known «. To make this tractable, we assume that
the learner is given ag; > 0 and M; > 0, ap,; < M;,
and that ag;u; <~y for all i. We will refer to i € [d] as
a coordinate, and a € [ag;, M;] as an arm.

The goal of the learner is to identify the optimal coor-
dinate; that is, to find ¢* € [d] defined as:

¥ :=argmax max af; s.t.
i a€lao,i,M;]

ap; <.

In other words, we want to find the coordinate that
has the largest safe value. Here we will only be con-
cerned with identifying this coordinate, not determin-
ing what that largest safe value is (once the optimal
coordinate is identified, it can be repeatedly played un-
til the largest safe value is identified). For simplicity
we assume that there is a unique optimal coordinate.

We will let S; denote the set of all safe values for co-
ordinate i: S; = {a € [ao,;, M;i] : ap; < ~v}. We will
define the gap for coordinate i as:

A; = min { 16i- Oi*MZ—*} — min {79 QiMi} .

¥ ’ %

Note that v0;/u; = max,es; ab; is the largest safe ef-
fect for coordinate 4, in the case when M; ¢ S;, and
0; M; is the largest safe effect when M; € S;. Our def-
inition of the gap then corresponds to the difference
in maximum safe value for the optimal coordinate and
the maximum safe value for coordinate 1.

Problem Setting: Monotonic. While the linear
setting is useful for precisely quantifying the complex-
ity of learning, often in real-world settings the actual
structure is nonlinear. To address this, we introduce
the following more general version of the problem,
where now we assume our observations take the form
v = fi(ae) +me, 20 = gi, (ar) + wy
for some functions {(fi,g:)}icjq)r We assume that f;
and g; are defined over all R and, to simplify the
analysis, allow the learner to play any values a € R
(provided they are safe). To guarantee safety while
learning, we must make additional assumptions on the
structure of f; and g;. Henceforth, we will assume that
fi and g; satisfy the following.

Assumption 1. For all i € [d], g:(-) is I-Lipschitz
and strictly monotonically increasing. Furthermore,
for alli € [d] and a € R, f;(a) € [0,1] and f;(-) is

nondecreasing.

Note that this assumption implies that g; is invertible.
We assume that f; and g; are initially unknown to
the learner, but that the learner is told that g; is 1-
Lipschitz. In this setting, our safety constraint is:

gi,(ag) <7

and we assume that for each 4, the learner is given an
initial value ag,; such that g;(ao;) <. To guarantee
that we find the best coordinate, we need a slightly
stronger query model which allows arms to be queried
that are marginally above this threshold. To this end,
we introduce a value €g,6, and allow our learner to
query points a; which satisfy:

iy (at) < Y+ €safe-

However, we are still interested in finding the best
value satisfying g;(a;) < -, and define the best coordi-
nate as (note that f;(g; *(7)) is the maximum achiev-
able safe value for coordinate 4):

*

i* = armeasz'(gi_l("Y))

Similar to the linear case, our goal is only to identify
the best coordinate, not the value of f;-(g;.* (v)). We
can define a notion of the gap as the difference between
the maximum safe reward achievable by the best co-
ordinate and the maximum safe reward achievable by
coordinate i:

A; = fie (g1 (7)) = filg H(0)-

Algorithm Classes. Formally, we will define “safe”
algorithms in the following way.

Definition 1 (4-Safe Algorithm). We say that an al-
gorithm A is d-safe if, with probability 1 — 5, A only
pulls arms a; satisfying g;, (ar) < 7.

In the linear case, the above condition g;, (a;) < 7 is
equivalent to a;pu;, <.

Definition 2 (0-PAC Algorithm). We say that an al-
gorithm A is §-PAC if it outputs a coordinate i such

~

that P[i = i*] > 1 — 6.

Definition 3 (0-PAC Safe Algorithm). We say that
an algorithm A is a 0-PAC Safe algorithm if A is both
d-Safe and -PAC.

Our goal will be to obtain an algorithm that is §-PAC
Safe with the minimum possible sample complexity.

4 LOWER BOUND

We first present a lower bound on the complexity of
safe BAIL For simplicity, we assume here that o2 =
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1 and that 7, ~ N(0,02%),w; ~ N(0,02). We will
consider a slightly different class of algorithms to prove
our lower bound. Rather than learning which arms are
safe, we give the algorithm a set of arms it can pull
throughout execution.

Definition 4 ((0, {X;};c[q)-PAC Algorithm). We say
an algorithm is (8,{X;}ic(q))-PAC if it is §-PAC and
with probability 1 only chooses values a; € A&, .

A (0,{Xi}icq))-PAC algorithm is then given a set of
values, &, by an oracle that it can pull for each coor-
dinate, and is only allowed to pull these arms through-
out execution (critically, it is not told if these val-
ues are safe—it is only told that it is allowed to pull
them). In other words, rather than requiring it to
learn which values it is able to safely pull, it is simply
told which values it can pull. In particular, we will set
X; = Sy, allowing the (6, { X }ic[q))-PAC learner to pull
any safe arm without verifying it is safe. In this case
a (6, {Xi}ie[q))-PAC learner is a strictly more powerful
learner than a §-PAC Safe learner—it is able to query
any safe arm at any time, while a §-PAC Safe learner
may only query arms it has verified are safe. Thus,
the task of learning the optimal safe coordinate for a
(6,{Si}ie[q))-PAC learner is easier than for a §-PAC
Safe learner.

Theorem 1. Fiz an instance § € R% and p € RY,
v >0, and M; = oo for all i, and let S;(n,) denote
the safe values for coordinate i on this instance. Let
7 denote the stopping time for any (6, {Si(1,7) }ierq))-
PAC algorithm. Then on this instance we will have
that

2,1 1+ 02 /u2 + 62/ u?
— 10g —— .

g ) 2
3 2.46 b A

Eo,p. [T] >

Theorem [I] states that the lower bound in the safe
BAI setting scales as the familiar “sum over inverse
gaps squared” lower bound of the standard multi-
armed bandit setting. The key difference here is the
02 /p2. + 6?/u? term. For each i, we can break up
the cost associated with coordinate 7 into terms

q e /nit62/}
Az :

1
Az

an The first term is due to showing

that coordinate 4 is suboptimal and is present in the
standard multi-armed bandit lower bound. The sec-
ond term, in contrast, is not present in the standard
multi-armed bandit lower bound and arises in this set-
ting as the cost of learning where the safety threshold
is for coordinate i. A proof of Theorem [I]|is given in
Appendix [B]

5 LINEAR RESPONSE

Given this lower bound, we next propose an algo-
rithm, SAFEBAI-LINEAR, in the linear response case.

Algorithm 1 Safe Best-Arm Identification for Linear
Functions (SAFEBAI-LINEAR)

1: input: Confidence 6, noise variance o2, safety tol-
erance v, value bounds {(ao,i, M;)}ic[q)

2: initialize a%(i) < ag i, a5 (i) < M;,i € [d], Xy +
[d], ¢+ 1

3: while |Xy_1] > 1 do
4: €p — 2-¢
5: for i € X;,_, do
6: N [202log 84 . ;2]
7 Pull @¢~ 1( ) Ny tlmes observe:
Y= A0 e ze =@ (i we
8: 915 — al- 11(1 Zt 1Yt
1 N,

B M N, e s
10: if at~1(i) < M; then

. = i [ A . .
11: as(i) mm{maX{A /a1 )aao,l}ﬂM’L}

: S ; ol ,
12: ay, (1) < min{ T TnY M;}
13: else
14: A()<—Mz,au()<—M

15: Xg(—{le.)(z,l : aﬁ( )(9Z£+Ag 1()>

max; @ (5)(0;.0 — sty
16: l+—(+1
17: return X,_;

SAFEBAI-LINEAR operates by maintaining estimates
of the maximum safe value for each active coordinate
i at epoch £, @%(i). At every epoch it pulls @’(i) re-
peatedly for each active arm, using the observations to
refine its estimate of the maximum safe value as well
as the minimum unsafe value, @’ (i), and to form an
estimate of 6;, é\z ¢. It then uses these estimates to con-
struct a lower bound on the maximum safe value of co-
ordinate 7, @%(i)(0;,0 — A,Zfi‘{()) and an upper bound on

the maximum safe value, @, (i )(49Z o=t £ and elim-

);
inates coordinates that are provably sulﬂ()éptimal By
only pulling the provably safe values, @%(i), and halv-
ing the tolerance at every epoch, SAFEBAI-LINEAR
is able to safely refine its estimates of the problem
parameters. Furthermore, by playing the largest ver-
ifiably safe value, it is able to effectively reduce the
signal-to-noise ratio, guaranteeing efficient, safe con-
vergence to the optimal coordinate.

5.1 Sample Complexity

Towards presenting the sample complexity of Algo-
rithm [I} we define the function:

€a (l‘) .— 9ay/ log, max{x,2} )
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For a > 0, &(x) grows sub-polynomially yet super-
logarithmically in z. The following result gives a quan-
tification of its growth.

Proposition 1. For a > 0, we can bound £,(z) <
min, max{xz,2}* 4+ 27°/* and &, (z) > 1.

We are now ready to give our sample complexity result.

Theorem 2. Recall that S; denotes the safe values for
coordinate i, and M; denotes the maximum playable
value for coordinate i. Let C. = & 5(27) and define
the following:

1. Case 1 (M; ¢ S; and M;« & S;+):

1+ 07 /ui- + 07 /u?
A2

+C, max{&i(ao ) 54(% T )}

Ny, =

2. Case 2 (M; €S, and M;« & S;+):

14 M202/72  M2u2/H?
Noi e ! /v N i/ i
A’ (’Y*M‘ui)

+C, max{&(ao T )8a(52 1\1;1#) 54((101*;“ )}

3. Case 3 (M; ¢S, and M;- € S;+):

N LEMEOL/Y? MEp /o
T A7 (v = My pri= )?

+ Oy max {62

) €alzt)

4. Case 4 (M; € S; and M;+ € S;+):

N1 M2 2 /42 MZpg /v*
VN G M2 T G = Ma)?
M;p;
+ C, max E(aoiuj)f‘l(’y—Mljuj).

Jjefii*}

Let c(i) € {1,2,3,4} denote the case coordinate i falls
in. Then, with probability at least 1 — &, Algorithm [1]
will output i*, only pull safe arms, and terminate after
collecting at most

6<log§ . Z Ne(iyi +log ¢ - 7‘2)

i
samples.

Theorem [2]is a slightly simplified version of the more
general Theorem [4] which we present in the appendix.
While we only state the result for best-coordinate iden-
tification, SAFEBAI-LINEAR could also be applied to
obtain an e-good coordinate identification-style guar-
antee. When M; is unsafe for all ¢ (for example, if the
maximum possible value M; is unbounded and yu; > 0),
we obtain the following.

Corollary 1. Assume that M; is unsafe for all i.
Then, with probability at least 1 — &, Algorithm [1] will
output i*, only pull safe arms, and terminate after col-
lecting at most

~ 1402 /2 + 02 /12
O(logf;lz + z//Zz—i— z/uz
1751} 7

+log 4 - Zmax{;lg,ay&(ao,lw )s 754(% e )}
i#i*

samples.

We note that the sample complexity stated in Corol-
lary [1] exactly matches the lower bound given in Theo-
rem I} up to constants, log factors, and the lower order
term scaling inversely in ap; and <y, despite the fact
that Theorem [I| was proved for a more powerful class
of learners. It follows that SAFEBAI-LINEAR achieves
near-optimal sample complexity for the problem while
guaranteeing only safe arms are pulled.

5.2 Proof Sketch

At every epoch ¢, for all coordinates i € X1 we
have not yet shown are suboptimal, we collect Ny =
(202 log 3% S‘M - ¢, %] samples at value @“~'(i) on Line
Standard concentration then gives that, with high
probability,

al (i) —
Note then that
Y Y 7

PN ~0—1; S ~0—1 -
Hie+ee/as (1) —eo/as (i) +eg/ac (i)

so it follows that 'y/(,ul ¢+ e/at1(i)) is safe. As this
is what we set @%(i) to on Line [L1] (ignoring the range
[ao.i, M;]), it follows that @’(i) is always safe, so we
only ever play safe values. A similar argument shows
that @’ (i) is always unsafe. Given the accuracy of our
estimate of 6;, it follows that @’ (i )(9 ¢ + e /at1(i))
is an upper bound on the maximum safe value of
coordinate 4, while @’ (i)(8; ¢ — €,/a’~1(i)) is a lower
bound. As we only eliminate coordinates that have
upper bounds less than the largest lower bound, it fol-
lows that we only eliminate suboptimal coordinates on

Line [[8

To bound the sample complexity, we first obtain a de-
terministic lower bound on @’ (i) by solving a recursion
(the dependence on &, (z) results from solving this re-
cursion), and then, using this, obtain deterministic up-
per and lower bounds on @, (i )(9 ¢ +e/at"1(i)) and
aﬁ(‘)(&’g — ¢0/a1(i)). Noting that these are sepa-
rated at most by the true gap, we show that if a%(s)
is close enough to the maximum safe value, in order

to eliminate coordinate ¢ it suffices to collect roughly
1/A? samples. The full proof is given in Appendix

fiiel < €, @i (i)|0; — Oie] < eo
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6 MONOTONIC RESPONSE

We turn now to our second setting, where we assume
that our response is a monotonic function. In order
to show that a coordinate is suboptimal, you must
obtain an upper bound on the maximum safe func-
tion value. Without assuming more than monotonicity
and smoothness, we cannot guarantee such an upper
bound if we only allow the learner to sample points a
such that g;(a) < y—points that are safe. To address
this, we allow the learner to sample points a such that
gi(a) < 7+ €sate, Where €g5e > 0 is a parameter that
may be specified as desired. However, the goal is still
to determine the coordinate i* := argmax; fi(g; *(7))
that achieves the largest safe value.

6.1 Algorithm Description

We propose a modification of SAFEBAI-LINEAR
that takes into account the Lipschitz, monotonic
nature of the function to guarantee safe learn-
ing, SAFEBAI-MONOTONIC. Similar to SAFEBAI-
LINEAR, SAFEBAI-MONOTONIC proceeds in epochs,
maintaining estimates of the largest verifiably safe val-
ues for each coordinate, and refining the tolerance to
learn better estimates of the function values.

At a high level, SAFEBAI-MONOTONIC maintains a
set of active coordinates at epoch ¢, Xy, that it has not
yet shown are suboptimal. For each active coordinate
i it maintains two values: @%**(i) and a7 (). a%*(4)
is its estimate of the largest safe value, and on Lines
I to (12| it increases an“e (i) as close as possible to the

safety threshold g; ( ), while ensuring g;(@%*(i)) <
~. In contrast, am“’g( ) is an estimate of the minimum
unsafe value. a™*(i) is first updated on Lines [13| to
until it exceeds the safety threshold, g;(@m+(i)) >
7, while ensuring that g;(@™*(i)) < v + €sate- After
this threshold is reached, am“ (7) is then decreased on
Lme.toﬁ7 so that aj' ( ) approaches g; ' (v) from
above.

Since f; is non-increasing, we will always then have
that f;(@%*(i)) is a lower bound on the optimal
safe value of coordinate i¢. Furthermore, once we
have reached the condition that g;(a m“f(z)) > 7,
fi(@mi(i)) will always be an upper bound on the
largest safe value of coordinate 7. By estimating these
respective values, and refining the estimates of a%*(7)
and @7 (i) so that they are as close as possible to the
safety threshold g;'(7), we are able to compare the
value of coordinates, and eliminate coordinates whose
upper bound is smaller than the lower bound of a dif-
ferent coordinate. We provide additional details on
the operation of SAFEBAI-MONOTONIC below.

Safe Value Updates. SAFEBAI-MONOTONIC up-

Algorithm 2 Safe Best-Arm Identification for Mono-
tonic Functions (SAFEBAI-MONOTONIC)
1: input: Confidence §, safety gap €safe

2: initialize: a’%3i) <« ag,a%’(i) —

aouunsafe(') — 0, Xy < [d, £ + 1,t « 1

)

€27, n; 1, m; <1
3: while |Xg_1| >1do
4: Npy+ [20%log % 6,7
5: for i € X;,_; do
6: /\OZ()<_am 1,0— 1()7%(_1
7 M()<—am’_1€ L@), m; + 1
8: Estimate; ( ( ) Ney), tt+1
9: while v —g; ( LE(G)) > 2¢ do
// increase safe value to g; (%)
10: agt(i) <—7+A"”_“(')
—gi(@l (i) — e
11: Estimate;(a” "“ (1), Neg)y t—t+1
12: n; < n; +1
13: if unsafe(i) = 0 then
// increase unsafe value to g; (v + €sate)
14: Estimate; (@%%(i), Noy), t + t + 1
15: while Y + €safe — gz( b €( )) > 26@ do
16: amit (i) <y + €gafe + @i LE(G)
—gi(ay" 71’2(2')) — €
17: Estimate; (@7(1), No4), t + t + 1
18: if gi(ami (i )) — ¢y > then
19: unsafe(i) < 1, break
20: m; < m; + 1
21: else
// decrease unsafe value to g; ' (7)
22: alt(i) < a%t(i)/2+am—14(i) /2, m; + 2
23: Estimate; (aL?(i), Noy), t <t + 1
24: while gl( i 1’Z( )) — e <y do
25, ay () - g () /2 + a2
26: if a% (z) am“ ( ) < ¢ then
27: amit(i) < al*(i), break
28: Estimate; (@7 (i), Noy), t + t+ 1
29: m; < m; + 1

// eliminate suboptimal coordinate
30 Xy X \{i € Xy : unsafe(') 1,
Foami— . ~n;—1,0
i@ =14(0)) + 2e0 < max; f; (@ s G}
31: (+—(+1
32: return X;_;

33: function Estimate;(a, N)
// Pull coordinate i at value a N times and form
estimates of function values

34: fort=1,...,N do
35: Pull coordinate i at a, observe
36: yr = fi(a) +ne, 20 = gi(a) +wy

37: fila) « N"USSN oy, Gila) « NNz,
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dates the estimates of the safe values, a%‘(i), on Line

00 as
ap (i) v +ar T o) — gi@dihe (i) — e

At epoch {, we collect enough samples to guar-
antee that with high probability |g;(@m—%(i)) —
gi(@¥~1(i))| < €. Thus, using that g; is 1-Lipschitz,

gi(@y () < @@l @)+ — Gi@ () — e
< gi(@h )+ — gs(@y (i)
=7

so it follows that a%# ‘(i) is also safe.

Epoch Update Schedule. Note that we can in-
crease the value of a%-*(i) by at most a factor of
roughly v — g;(@%*(i)) at every iteration of the up-
date to am¢(i). Assume that v — g;(@%*(i)) > €. In
this regime it follows the dominant term in the update

ay i) ey agt(i) - 9@ (D) — e

is not ey)—our update increment is well above the
“noise floor”. As such, increasing ¢ will not help us,
we should instead keep incrementing a%+(i) until we
arrive at a value where v — g;(a ”“[(z)) ~ €. At this
point, we are close enough to the noise floor that de-
creasing ¢, will help us further increase a%+‘(i). This
is precisely the procedure SAFEBAI-MONOTONIC im-
plements, only increasing ¢ once the updates in each
coordinate have reached the noise floor.

Unsafe Value Updates. As noted, to guarantee a
coordinate is suboptimal in the monotonic setting, we
need to find a sample point a such that g;(a) >~ and
gi(a) < 7+ €gate. Once we have found this value, we
have an upper bound on the maximum safe value for
coordinate i, yet this value may need to be refined,
for example if the gap for coordinate i is small. As
such, once we find a with g;(a) > -, we must decrease
the a value to get as close as possible to the threshold
gi(a) = . SAFEBAI-MONOTONIC implements this
by updating the “unsafe” estimate, a*(i), in two
stages. In the first stage, while unsafe(i) = 0, it applies
an update analogous to the safe update, but which
instead guarantees it will stay below the threshold v+
€safe- Once it can guarantee it has crossed the safety
threshold, gz( misf(7)) > v, it sets unsafe( ) =1 and
decreases ali e(-) while ensuring g;(@™*(i)) > 7 via
a binary search procedure.

The elimination criteria of SAFEBAI-MONOTONIC is
similar to that of SAFEBAI-LINEAR but differs in that
it only eliminates a coordinate after it has crossed the
safety threshold, allowing it to obtain an upper bound
on that coordinate’s value.

6.2 Sample Complexity

Before stating the sample complexity of SAFEBAI-
MoNOTONIC, we make an additional assumption.

Assumption 2. For all x € [y,7 + €sate] and each
i € [d], there exists some a € R such g;(a) = x. As
such, the inverse g; *(z) is well defined for all x €
[73 Y + esafe] .

This assumption is primarily for technical reasons and
allows us to simplify the results somewhat.

Let z; := inf, z s.t. Ja, g;(a) = 2 and define E{l
ao, x <z
f’i <x <7+ €safe -

g (x) = g; (@)

9;1(7 + 6Saufe) T >y + €safe

In words, g, ! extends the inverse of 9; ! to outside its
range. Now define the following:

G (v—e0) =gy ' (v—6ep) />0
Njg = . € <&
2(gi ('7 - 5) - ao,i) /=1
- 9 (rtesare—ee)=9;  (yHesae=6ee)  p s, 9
mie = 1 €r 1 =<,
2(91‘ (7 + €safe — 5) — ao’i) (=1
_1(min{’7 + 2687 B + 6Safe})

P4 Z) _ X/: 9;
s=1

20—s+1

4g;* safe
+<€+ 9 (’Y"‘G f)>2€’
€safe

£(i) := argmin ¢
LeN

st fi(@y(0) +4dee < fir (G (v = 3er))

and let £(i*) := max;;+ £(i). We the have the follow-
ing result.

Theorem 3. Under Assumption[]] and[2, with proba-
bility 1 — &, Algorithm |4 will terminate and output i*
after collecting at most

d
<log5 Z me+n1g+€+2)2%)

i=1,i#1* £=1
samples, and will only pull arms during execution sat-
isfying gi(a) <7 + €safe-

We prove this result in Appendix [C] While this is a
closed-form and deterministic expression, it is difficult
to interpret in general. To obtain a more interpretable
expression, we make the following additional assump-
tion.

Assumption 3. For alli € [d], g; is differentiable on
R, and g; *(x) is well-defined for all z € [y — 3/2 v+
€sate]. Furthermore, gi(a) > L™ for all a € [g; *(y —
3/2),9; (7 + €sate)] and some L > 0.
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We do not assume that the learner knows either the
value of L or that g; satisfies Assumption Under
this assumption, we obtain the following corollary.

Corollary 2. Assume that Assumption [3 holds.

Then, with probability 1—5, Algorithm[q will terminate
and output ©* after collecting at most

. 1 L3 1 L -1 2/.2
@ ( log % . Z + + ( +A2)gl (’V) /Esafe
i#i* 7

d
+Y (g{1(7+esafe -D+g (-3 - 2ao,¢)>
=1

samples, and will only pull arms during execution sat-
ZSfyZﬂg gi (G,) < Y + €safe-

Corollary 2| provides the familiar “sum over inverse gap
squared” complexity, with the additional polynomial
dependence on L, as well as the terms g; 1(7 + €safe —
%) + 9;1(’7 - %) —2ap,; and 9;1(7)2/6;&' The former
term, g;l(v + €safe — %) + g;l(’y — %) — 2ay,;, results
from the initial phase of learning needed to guarantee
that we are in the “neighborhood” of the safety bound-
ary, g; 1(fy), and increases as ag,; starts farther from
the safety boundary. The latter term results from the
complexity needed to learn a value above the safety
threshold—if €g,¢e is small, we must explore more con-
servatively, which will increase our complexity.

7 EXPERIMENTAL RESULTS

In this section, we present experimental results on
our algorithms and compare them with two existing
models: the safe linear Thompson Sampling (SAFE-
LTS) algorithm of Moradipari et al| (2021), and the
SAFEOPT algorithm of [Sui et al.| (2015). We note that
the STAGEOPT algorithm proposed in
relies on similar design principles to SAFEOPT, which
will cause its failure modes on the instances we present
to be similar to that of SAFEOPT. As such, we only
plot results for SAFEOPT.

7.1 Algorithm Setup

We demonstrate the superior performance of our al-
gorithm in both a linear function model and a drug
response model. We must point out that in both
Moradipari et al|(2021) and |[Sui et al.|(2015), the prob-
lem setups do not aim to identify a best coordinate
with high confidence— Moradipari et al.| (2021) seeks
to minimize regret, and [Sui et al.| (2015) is unverifi-
able, their algorithm does not provide a stopping con-
dition. For effective comparison with our algorithms,
we must choose proper stopping criteria for these mod-
els. For SAFE-LTS, we adopt a similar stopping cri-
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& 60000] A SafeOpt
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© 50000
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3 30000
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Figure 1: Total arm pulls to termination vs. dimen-
sion in the linear model. Error bars give 1 standard
deviation.
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Figure 2: Simple regret in linear model with d = 10.

teria as SAFEBAI-LINEAR, with the confidence inter-
val expression following SAFE-LTS’s definition. For
SAFEOPT, we discretize the continuous values each
coordinate can take into 50 evenly spaced values. We
stop when SAFEOPT suggests all possibly optimal safe
values have been found and there is a coordinate whose
reward lower confidence bound is above all the reward
upper confidence bounds of the remaining coordinates.
In all our experiments, every algorithm always found
the best coordinate, and none pulled any unsafe arms.
More details on the experimental setup can be found

in Appendix
7.2 Linear Response Model

In our first experiment, we consider a setup with
d € {5,10,20} coordinates. We choose 0; = 1,05 =
0.9,0,~0 =1 and py = 1, us = 1.5, uj~2 = 5, and set
the safety threshold v to 1. With this setting, the min-
imum gap is A = 0.4, and the remaining gaps are all
0.8. The sample observations are perturbed by Gaus-
sian noise with mean 0 and variance 0? = 0.5. The
average simple regret values at d = 10 are also com-
puted to illustrate how fast the choice of coordinates
in each pull is improving. We define the simple regret
as ry = Opa — tha’;(it), for i; = argmax,0;a’ (i),

where 51-7,5 is each algorithm’s estimate of ; at time ¢,
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and @’ (i) is the largest verifiably safe value for coor-
dinate ¢ at time t. In this setting, we run SAFEOPT
with a linear kernel. All data points are the average
of 10 trials.

From Figure [T, we observe that the number of arm
pulls scales linearly with d, and SAFEBAI-LINEAR
outperforms the other two algorithms significantly.
Next, as seen from Figure 2] SAFEBAI-LINEAR shows
the fastest decrease in simple regret as the number
of arm pulls increases, and attains near zero regret
after the best coordinate is identified. On the other
hand, both SAFE-LTS and SAFEOPT show a slower
rate of decrease in simple regret. Intuitively the worse
performances of the other two algorithms may be at-
tributed to unnecessary pulls wasted to find the largest
safe value for suboptimal coordinates. In contrast,
SAFEBAI-LINEAR can quickly identify and remove the
suboptimal coordinates before their largest safe values
is reached, preventing overexploration.

7.3 Application to Best Drug Identification

In the second experiment, we investigate the perfor-
mance of SAFEBAI-MONOTONIC in comparison to

SAFEOPT on a nonlinear drug response model. In
the dose-finding literature, it is often assumed that
higher dosage leads to stronger drug response and efli-
cacy, while also increasing toxicity (Mandrekar et al.,
2007; [Yuan & Yin, 2009; [Cai et al. [2014). A com-
mon assumption (see e.g. Thall & Russell (1998) and
aforementioned works) has been to rely on a logis-
tic function to model both the efficacy and toxicity:
for the ith drug and dose a, the efficacy is modeled
as fi(a) = ﬁ and toxicity as g;(a) = He%ha
Note that this choice of f; and g; is monotonic and fits
within our setting. Applying this model, we can effec-
tively consider a drug selection setup where our goal
is to identify the drug with highest utility among a set
of candidate drugs, while ensuring none of the dosages
tested lead to toxic response, i.e. all drug tests sat-
isfy a safety constraint. We design drug sets with a
number of d € {3,5,10,20} drugs, efficacy model pa-
rameters 67 = 0.01,0,~1 = 10, toxicity model param-
eters p; = 1. This gives a minimum gap A =~ 0.497.
The safety threshold ~ is set to 0.3. For SAFEOPT,
we use an RBF kernel. The sample observations are
perturbed by Gaussian noise with mean 0 and vari-
ance 02 = 0.1. Similar to the linear case, we will
also plot the simple regret values, where here we de-
fine the simple regret as 1y = fi«(ai) — f> (aL(iy)),

K3
for iy = argmax; f;(a’(i)). We run SAFEOPT with an
RBF kernel in this setting. All data points are the
average of 20 trials.

The result in Figure suggests SAFEBAI-
MONOTONIC is able to much more effectively
identify the best safe drug than SAFEOPT. The total
number of drug evaluations required for SAFEBAI-
MonNoTONIC is roughly half of SAFEOPT in all
instances. Furthermore, the expensive posterior
update in SAFEOPT makes it slow to run with
samples > 5000, while SAFEBAI-MONOTONIC can be
efficiently run when many more samples are required,
allowing it to easily scale to trials with more drugs.
Figure [4] illustrates that SAFEBAI-MONOTONIC also
performs much better in terms of the simple regret.
Not only is it able to identify and verify the optimal
coordinate more quickly, even before verifying it has
found the optimal coordinate, its sampling strategy
allows it to obtain better intermediate estimates of
the best coordinate.
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A Linear Response Functions Proof

A.1 Correctness of SafeBAI-Linear

Lemma 1. For any i € [d] and ¢ € N*t, define the events
~ 2 ‘ . 2~¢
6 = {01 < s} B = { i — il < 5 | )
and let
d oo d oo
(ﬂ (& ) <m N 52',@00) :
i=1¢=1 ‘
Then it holds that P(€) > 1 — 4.

Proof of Lemma[l. Given that at (-th iteration, Ny = [20? log 2% 8de? ;%] and

N 1 .
e = - D0+ = 0 +—Zm
t=

8de2
— @ ()] < /27 = 974 with probability 1 — 525. Thus we

. Taking union bound over all coordinates and rounds we have:

By Hoeffding’s inequality, |a%1(i);
have that P(E7,(0)) = P(EF,(n)) < 5

2

e d oo 5 S
U 1S3 g =g <2 @

Using the same inequality on the union bound we can obtain the inequality result for 6 as well, and union
bounding over both gives the result. O

HC&

Lemma 2. On the event &, for all £ and i € Xy_1, we will have that a%(i) € S;.

Proof. On the event &, |i; ¢ — pi] < Az 1( x |0M 0;| < 471()

al (i) < at(i)(fie + aefif(z)) =". Thus by construction, a%(i) will be safe. O

Then using our choice of @’ (i), it follows that

Lemma 3. On the event £, coordinate i is suboptimal if the event

—L 275

(@ € 1> 0 @O Oua + zpires) <D Ore — zrs)) Q)

holds, so i* € Xy for all {.

Proof of Lemma[3 Fix coordmate i and its largest safe value a4(i). By Lemmal we will have that @’ (i) is safe.
Further, applying our choice of @, (i), we obtain

ag(@) = Mi Ay /(e + 55 5) < aali) = Mi Ay/ps < My A/ (fiie — 57%55) = @ (0)-

Applying this set of inequalities @%(i) < a,(i) < @’ (i), it follows that

NENT — 00N 27[
ay, (1) (i + W) < ay(7)(05,0 — W)
) ST i
= as() (B0 + a1y <G00~ 2= )

— as(z)el < as(j)Hj.

The last inequality suggests i being suboptimal by definition. That i* € A} for all ¢ follows directly since (3))
is identical to the condition in Algorithm [I{ to remove a coordinate, and so, since implies 7 is suboptimal, it
follows that i* can never be removed. O
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A.2 Coordinate Elimination Criteria

Lemma 4. Assume a'(i) < M; and a%(i*) < M;- and that £ holds. Let a(i,f) be a lower bound for @%(i), then
any suboptimal coordinate i will be eliminated after the £-th iteration where £ satisfies:

O;a(i, 0 — 1) +21—*

ca(i* 0 —1) —21=¢
paali, 0 — 1) —21-F =

9.
wira(i*, 0 —1) + 1=¢" (4)

Proof of Lemmal[j Since on &, i*

€ Xy for all ¢ as shown in Lemma [3 a sufficient condition to eliminate
coordinate 7 is that ¢* has a larger estimated maximum safe value, and we can therefore reduce the elimination
criteria to simply a comparison between ¢ and %

. First we transform this inequality via:

1-¢ 1—¢
0ia(i, 0 — 1)+ 20 Guali*, 0 —1) —217¢ V0 + ) 10 — i)
- =7 < = — 7(2174 ) = 7(2177@ ) (5)
Mz’@(lvf_l)_Q i /M*f( a€_1)+2 Mi—m Mi*—Fm
Note that, by their definition and on &, @’ (i*) > %, @', (i) < —2——. Using this and that a(i, ¢) <
Kix T aGx e—1) Ri—=glie—1)
a'(i) and 0; 0 — 0;] < e 1[( 5 we have that implies:
21—£ 21—@
~C (s AL [k
0+ —=) < Oy — ———
au(l)( + (’L é*l)) a (Z )( Q(Z*,gfl))
2~ . 2~
= 0; +2—F——) <a,(i") (0« — 2—5———
B+ 227 <O —2ms)
0N - 0N (T 2
= @, (1) (0ie + W) <, (1) (0= 0 — W)
From the last inequality and Lemma |3, we have that ¢ stops getting sampled at such /. O
Lemma 5. On &, for any saturated coordinate i (i.e. as(i) = M;), when i* is not saturated, we will eliminate i
after the £-th iteration when £ satisfies:

_ Oea(i*, 0 — 1) —21-¢
M0, + 21—+ ?
R S e T

(6)
Proof of Lemma[j Since on &,

* € X, for all £ as shown in Lemma a sufficient condition to eliminate
coordinate 7 is that ¢* has a larger estimated maximum safe value, and we can therefore reduce the elimination
criteria to simply a comparison between i and i*. First we transform this inequality via:
Opea(i* 0 — 1) — 21~ o1~t (i — 2 )
_ al(? - Ve T GG a—1)
M;0; + 21 < = M;(0; <
ibi + T (i 0= 1) 1 21-¢ il + =3)

7)
. P (
Ml i + a(i* f—1)

Note that a%(i) = M; = a%~1(i), at(i*) > ﬁ Using a(i,f) < @’ (i) and |§i’g —6;] < 42_7712“), we have
T a(F -1
that implies:

1-7¢ ’ 2—5
M. (0; at(* L 9=
i(0; + M, ) <@, (i*)(0; aﬁil(i*))
’ —£ ; 276
— @' ())(6; +2 <@ (i*) (0 — 2=
L+ 2275 <6~ 220)
2—4 ~ 2~¢
— a' (i )(9M+ —

) <@ (i) (030 —

s Z)

From the last inequality and Lemma [3] we have that i stops getting sampled at such ¢
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Lemma 6. On &, when i* is a saturated coordinate (i.e. as(i*) = M;~ ), then for any unsaturated suboptimal
coordinate i, we will eliminate i after the £-th iteration where £ satisfies:

O;a(i, 0 — 1) +21—¢

7 pia(i, 0 —1) —21-¢

< Mjnf;e — 217 (8)

Proof of Lemma[@ Since on &, i* € X, for all ¢ as shown in Lemma [3] a sufficient condition to eliminate
coordinate 7 is that ¢* has a larger estimated maximum safe value, and we can therefore reduce the elimination
criteria to simply a comparison between ¢ and ¢*. First we transform this inequality via:

g1t
Hia(i {— 1) + o1t 1_¢ v (97, + a(i 571)) 21—t
- —_— .’ < Mz*el* -2 — — < Mi* (91* - 7) (9)
piali, 0~ 1)~ 217 = M

Note that @’ (i*) = M;» = a%~*(i*), @', (i) < —2L=—. Using a(i,¢) < @%(i) and |§i’g —0;] < 652‘7712(1')’ we have (9)

s u -
Hi— a1

implies:
21—( 21—€
~0 /-
0+ ——) < M= (0;» — ——
00+ ) < Mo (B = 3)
¢ 2~* ‘ 2~
= a,(1)(0; + 2————) < a.(i*) (0 —2———
)0+ 22s) <L) O0 —2zmr)
N 2~ ¢ 5 2~
= @, () (0ie + ) <@ ()00 — )
’ ai () al (i)
From the last inequality and Lemma [3] we have that ¢ stops getting sampled at such /. O

A.3 Lower Bounding Safe Value Estimate

Lemma 7. Define

090(6+1)/2
i) = — ~
i Zk:l 2£—k7k—12k(k+1)/2 + QL

0,1

Let £y := argmin, ¢ s.t. a(i) > M;. Then, on E:

~0 - min{max{gg(i), a(]’i}, Mz} ! < £0
a4 > { 4 s

Proof of Lemma[] Recall our choice of @%(i) = min{max{y/(li, + ai;f(i)),ao,i}»Mi} Let ¢y :=

argmin, ¢ s.t. a’(i) > M;. We will first show that for £ < £y, we can lower bound a%(i) > max{a%(i), ag;}. We
prove this lemma via induction.

In the base case, since on &, |f; ¢ — p;i| < 6142_771;)7 we have
1 ! y-2 ¢
a, (i) = max{— OB , a0} > max{ﬁ,ao,i} = max{ —————, a0} = max{a,(i),ao,},
Hia t o i+ 2 216 T G

hence the base case holds. Next, suppose the inequality holds for £ — 1, i.e. @%~'(i) > max{a‘~'(i), a0}, then

we obtain, on &,
v S gl
~ 2—¢ — . 9. 2—¢
Wie + i + =1

ag (i) as (9)

2—¢
i +2- — =
Hi max{’Y/(#i,L1+aﬁ7rzfi)),ag,i}
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- v
= 7
42 A2—7
T G )
- v
= 1 gtttk 195k, +2tz 1
9.9-t% X
,LL2+ 757122k71
(193 k
vyt =

L f 122[— k;_|_22_('u1 e 12[ 1—k k 1225 16+2[771)

ao,i
ezzﬁije
1L f122k1k2/+2m 5122 1=Kk~ 1935 s 4 20

ao,i

B ')/EQZkzl :
- l _ _ kg ¢
i Dy 26k 193718 4 28

ao,qi

Since ZI::1 s = s(s+1)/2, it follows then that

a'(i) = min{max{’y“,,a07i},M} > min{max{a’ (i), ap,it, M;}.
Hz[‘i’Ae o)

Since ¢ < £y, by definition a’(i) < M;, which implies that max{a’ (i), ag;} < M; (since ag; < M; by assumption),
so a‘(i) > max{a (1), a0}, proving the inductive step. We conclude that for any ¢ < ¢y, we can lower bound
@' (i) > max{a’(i), ap;} = min{max{a’(i),ao;}, M;}.

Now take £ = £y. In this case we can use that @%~1(i) > max{a’ (), ap;} and repeat the above calculation to
get that

21—2£g

ﬁi,éo + W
Since by definition a’ (i) > M;, we conclude

@% (i) = min { max {/\_F’y21‘€07 ao,z}, Ml} > min{max{a® (i), ao;}, M;} > min{max{M;, ao;}, M;} = M,
Hieo

~lo—1,.
a0 (4)

Since we set @%(i) to M; for all epochs after the first epoch for which @’ (i) = M;, it follows that @%(i) = M; for
> 0. O

Lemma 8. We will have that

AlolE+1)/2 ~

o >
Hi Zizl 2€fkykf12k(k+1)/2+l1272 =1+ )

K3

as long as

21/2 4 4
£> ®;(a) := max 810g2 4log2 4log2 —,logs — + 2log, (log2 ) .
o Yo

Proof. We first want to find a lower bound on ¢ that will guarantee

2/ag; < % Cpy TR/ (10)

since in this case we can lower bound
7£2€(€+1)/2 7€2Z(Z+1)/2

>
L - 4 .
Mi} :k:l 2€—k7k—12k(k+1)/2 + 2 Ui} :k:l QZ—k,yk—12k(k+1)/2 + % . Mi75—122(1+1)/2

Qao,i
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s 1

) 2y k—1ok(k+1)/2 .
K Zk 1 e orcrr /2

To show ([L0]), we can rearrange it as

CLOJ'[I%'O[ 42/2
(21/2/)! < Q0ilioe/2,
2y

Note that (21/2/~)¢ < 2¢°/4 for
(> 4log,(2'/% /7).

So for ¢ satisfying this, we will have that (21/2/7)¢ < %262/2 as long as

o/t < QitiQosy 2V oja 4log, ANy
T 2y agifi Qg ifi
so a sufficient condition to meet is
2 21/2
¢ > max 4log, i ,4logy — » .
0,iiC¥ Y
Our goal now is to find ¢ such that
a t otk k= Lok(k+1)/2 _, =1 2£7k,yk712k(k+1)/2
§ Z e 19e(e+1)/2 + A L=126(t+1)/2
k=1
If we can find such an ¢, the desired conclusion will follow. Note that
=k h—1ok(k+1)/2 < max{2z72,yz—22“*1>f}7 VE < 0—1. (11)

To see this, consider
logy (207 Fyk=1ok(k+1)/2y — y _ k4 (k — 1) logy v + k2/2 + k/2.
Taking the derivative of this with respect to k we get
—1/2 +logy v + k.

As this is negative for k < 1/2 —log, v and otherwise positive, it follows that the maximum of 2¢~F~*—12k(k+1)/2
over the range k € [1,£ — 1] must either occur at k =1, or k = ¢ — 1.

It follows that

(e—1)¢ 1)@

i ol—k k 1ok(k+1)/2 - (éf 1)max{2£ 2,75 295+

} 1—Lol/2—0%)2 _—161—£
e otz = A1l /2 = (£ —1)max{y ~"2 Y2 T

k=1

Now
(6 — 1)y 12! < a/2 <= log,(f —1) — log, % <t

Assume that —log, % > 0, as otherwise we are trivially done. We claim that the above inequality is satisfied
as long as

£ > max{— log2 3} + 2log (max{ log2 T 3})
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To see this, note that with ¢ = max{—log, 2*, 3} + 2log (max{—log, 2*,3}), we have

log, (¢ — 1) — log, % = log, (max{ log2 3} + 2log (max{ log2 T 3}) — 1) — log, %

< log, (3 max{— 1og2 R 3}) log, 740[
< max{—log, %, 3} +2log (max{— log, %, 3})
=/
where the last inequality follows since
log, (3 max{— log, %, 3}) = log, 3 + log, (max{— log, %, 3})
< 2log, (max{—10g2 %, 3}) .

To guarantee that

(0 — 1Dy 0227012 < /9 = log, (£ — 1) + Llogy (212 /) — log, % <122

[« 21/2
¢ > max{8, ,/—8logy, — 2 ,4log, —}

Putting all of this together, we have shown that

it suffices to take

~E2tE+1)/2 ~

>
Mzk ol —kyk—19k(k+1)/2 4 2‘-7‘ T 1+ a)

0,1

as long as

£> max{ - /—810g sq)4logy —— - 410g2 max{ log2 3} + 2log (max{ log2 3}) }
0,iMiCx

Note that if max{—log, Z*,3} = 3, then the condition
£ > max{— log2 3} + 2log (max{— 1og2 T 3})

is implied by ¢ > 8. The stated conclusion follows.

A.4 Sample Complexity of SafeBAI-Linear
We will define the following:

A2+ %4 4 &
Ul(x) = log, —( o )
x

4(2 + M;6; 4
U?(x) := max {log2 w, log, }
4
U (z) :=log, —
1(%) 082 T

Y
i M

Q; 1=
Lemma 9. On &, when running Algorithm [1:

1. If M; € S; and M« & S;«, then we will have eliminated coordinate i once

¢ > max {\I/}(Ai), o,(1), %(1)}.
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2. If M; € S; and M;+ & S;~, then we will have eliminated coordinate i once

L> max{\I/f(Ai),q)i(ai),q)i*(l)} or (> max{\Il% (791* - 70%) ,@i(l),éi*(l)} )
Hi i

3. If M; € S; and M;« € S;«, then we will have eliminated coordinate i once

‘> max{\I/?*(Ai), D,(1), ;- (ai*)} or { > max {\Illl (7&* - 791') ,@i(l),@*(l)} .
127 i

4. If M; € §; and M~ € S;«, then we will have eliminated coordinate i once any of the following conditions is
met

¢ > max {WH(A), @i(a), Bie (op-) }, €2 max {qf} (7; = 7;)) ,<1>i(1),<1>i*(1)}

£ > max {\1'12 <”y€i* — Mﬂi) , D), @i*(l)} , £ > max {\I’f* (Mi*ﬁi* — 79i> ,@i(l),@i*(ai*)} .
Hi* M

Proof. We prove each case individually.

Case 1 (M; ¢ S; and M;- ¢ S;x). By Lemmalﬂ on &,

Lol(t+1)/2

~0 - Y

a,(i) zmax{ C op k~k—lok(k+1)/2 . 2¢° aoﬂ}
i D gy 257 RRT12 + o

since by Lemma [2 we know that @’ (i) € S;, and M; € S; by assumption, so we are in the first case given in
Lemma [7] By Lemma 8] we can therefore lower bound

Lo0(6+1)/2
2
al(i) > il >

= [ ok ,
L Zk:l ol —knk 12k(k+1)/2+aL 21

0,1

as long as ¢ > ®,(1), and similarly

as long as £ > ®;+(1).

By Lemma [4] we will then have eliminated coordinate i once

iz +217¢ 05 — 21t 0. 0, 0 0
S = 22172 S ) <y (- )
iz, — 2 Mz 55— 2 M b M b

AV
0 | 0y
42+ S5+ 00)

Hi*

— 27¢<

where the last expression follows since we have assumed M; € S; and M« & S;«, so A; = 'y(fﬁ — z—)

Case 2 (M; € S; and M;« ¢ S;+). Note that M; = m for a;; = ﬁ — 1. Since M; € S; by assumption,

we will have o; > 0. By Lemma [7| and Lemma |8 we will have that a’(i) = M; once £ > ®;(a;) Also assume
that £ > @, (1) so that @(i*) > /(2 ). We can then apply Lemma to get that we will eliminate coordinate
1 once:

O e — 27° 3 Mo, 2 0;
T 2p% 2_¢ Y4 i*
— A e 27N +2 )<y
pir g +207¢ 2 v g e

Mzal + 21_€ < v — MZQZ) = Al

A sufficient condition to meet this is that

4(2 4+ M;0; 4
Ezmax{log2(+w }

Az ) IOgZ ;
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While we are guaranteed to terminate for this choice of /, it is possible that we will also terminate and eliminate
coordinate i for an ¢ value where we have not yet guaranteed that M; is safe. In that case we can revert to the
first case, with the only difference being that 'y(fj%’; — %) # A,;, so we replace the A; in the complexity derived

in the first case by ’y(fﬁ — %) Nonetheless, our sufficient condition above still works.

Case 3 (M; ¢ S; and M;- € S;+). This case is nearly identical to the previous case. To guarantee that
a‘(i*) = M-, we can take £ > ®;- (- ), where a;- is defined as in the previous case. Assume also that £ > ®;(1)
so that we can guarantee @’ (i) > v/(2u;). By Lemma |§| we will then eliminate coordinate i once

big +27 3 Mp. 21 0,
7 < My =2 = PTG T - ) < Mibi -yt = A
/L12,u,Z Y Y i

and a sufficient condition to meet this is

4(3/2 + M;-0;- /)

¢ > log, A

As in the previous case, we may reach the termination criteria before identifying that M;- is safe, so we can also
derive a sufficient condition analogous to case 1. This time, we have A; < ( O _ &), so the case 1 condition
holds naturally without replacing A;.

Hoi* %3

Case 4 (M; € S; and M;+ € S;+). In this case, if ¢ is large enough that ¢ > @, (a;+) and ¢ > ®;(c;) hold, on
&, a sufficient condition to eliminate 4 is that

M;0; + 214 < M0« — 21-¢ — 2~* < 4(M1*01* - Mzﬁz) = A;.

The result then follows from this and by noting that we might terminate earlier than this by meeting any of the
conditions in Case 1-3. O

Lemma 10. With probability at least 1 — 6, Algorithm [1] will output i*, only pull safe arms, and terminate after
collecting at most

BdL?
80% ) log =120 423 L
i#i* ii*

samples, where L; denotes the minimum feasible £ value given in Lemmald for the case coordinate i falls in.

Proof of Lemma[I0} Lemma [l] implies that P[£] > 1 — 6. We will assume that € holds for the remainder of the
proof.

By Lemma on &, i* € Xy for all £. Since Algorithm || will only terminate when |X,| = 1, we will return ¢*. By
Lemma [2| we will only pull safe arms on £.

We can then bound the number of samples taken by arm ¢ using Lemma [9} Every ¢ with i* will fall into one
of the four cases given in Lemma [0] We let £; denote the minimum sufficient ¢ value in the relevant case for
coordinate i. Then we can bound the sample complexity as (since we will pull ¢* as many times as the next best
arm)

SO 8de , , 8dL2 .
23 ) (20 log =——2% +1) <80 ZlogT-Q 2y L
i#£i* £=1 TF£L* iF£L*

Lemma 11. We can upper bound

200 < & (max {24, € )€ (1), (&) 100 ).

)
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Proof. Recall that

21/2 4 4
@, (o) = max 810g2 4log2 410g2 — 10g2 — + 2log, (log2 ) .
0o

Using that va + b < v/a 4+ v/b, we can then upper bound

22\/8log2 %Y < 22\/810g2 2’y22\/810g2 1/« < 6\/7(2706\/7(1/0‘)

9241082 ag i < 91/10%2 T 91 /lors () 9/ loss (1) < &l )54(27)54(1/04)
2.4log, 222 16
2 82 2 v = %
2(log, = +21log, (log, %)) ~ (L0
2 g2 5 gz( g2 ) < O(ry?a?)'
The result follows from these. O
Theorem 4 (Full version of Theorem . We define the following values:
1. Case 1 (M; ¢ S; and M~ & S;+):
1+ 02 /13 + 07 /13 1
Ny = A? + max 575\/33( v), 54( ZMZ)EAL(?’Y) »&a( . )§4(27)

2. Case 2 (M; € S; and M« & S;+ ):

1+ M2602 /42 1 Mip;
Ny == AT + max {78,5\/35(27),5\/33(27)5\/3*2(7_1\%),
M;p; 1 1%
54([107#”)54( 7)54(7 — Miui)’§4<a0,i*ui* )€4(27), 0y — Miﬂi)2}
3. Case 8 (M; € S; and M;» € S« ):
M2 02 /'y 1 M’L*MZ*
N3 ;= A—f + max {7875\/3*2(27)’5\/3*2(27)5\/37(%%
1 M- i+ 1 16 M2 u2.
9 i A A
64(a07i*///i* )54( 7)54(7 _ ]\41‘*//[/1.)k )’ 54(@071'/111‘ )54( 7)7 '72(’}’ _ Ml‘*,ui*)2
4. Case 4 (M; € S; and M;» € §;+):
1 1 M M pii
Ny = AQ +maX{78,f\/§(2'Y)§\/§(%M) € /aa(2 7)§m(m )
M;p; 1 M =
2 2 _
&a( 01%_)54( 7)54(7 — Miui>’€4(ao,i*ui* )€a( 7)54(7 ~ M );

M2 p“z* Mfﬂg }
V2(y = Mispin )2 2 (y — Mipui)?

Let c(i) denote the case coordinate i falls in. Then, with probability at least 1 — 4, Algorithm will output i*,
only pull safe arms, and terminate after collecting at most

~ d
O(log 5 Z Nc(i)ﬂ;)
i#£L*
samples.

Proof. We apply Lemma [11] to simplify each of the cases. While for cases 2-4 there exist multiple termination
criteria, as we are concerned with interpretability, we consider only the first.
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Case 1 (M; ¢ S; and M;- € S;»). Here we need ¢ > max{¥}(A;), ®;(1),®;-(a)}. By Lemma and noting
that £,(1) = 1, we can upper bound

maX{22\I/%(A¢)’ 22‘1’1(1)7 22%;+ (1)}

~ 1+ 02 /pd + 67 /2 16 1 1
< 0 (o { LRI 510, 2 ¢ ), a0 GG} )

Case 2 (M; € §; and M;» ¢ S;+). We now need ¢ > max{\P?(Ai),@(ai),@i*(l)}. Applying the same

simplifications, we can bound
max{22‘1'?(Ai), 22<I>i(ozi)’ 92®;+ (1)}

M p; )

- 1+ M262/72 5 16
< O max § ~ LT 916 22 6 (94 £ (2 Ml
< ( { 3 §/33(27), € m3( 7)5@(W_Miui

A2

1 M;p; 1 16M7 13
54(ao,im )54(27)54(7 — M;p; ) f4(ao,i*m* J6a(27), Y2y — Miju;)? })

Case 3 (M; ¢ S; and M;« € S;x). We now need ¢ > max{¥Z (A;), ®;(1), ®;« (a;~)}. We can bound

max{ZQ‘I’?* (Ai)7 22<1>i(1)7 92®;+ (o )}

Mi* /,Li*

~ 1+ M20% /42 16
< (’)(max {11/72167 *8,5\/3*2(27)75\/3*2(27)5\/3*2(T )
Y Y i* M

A?

1 M- ;- 1 16 M2 p2.
54(%71_*/“* )€a( 7)54(7 v )754(%71_“1_)54( ), 2y = My i )?

Case 4 (M; € S; and M;+ € S;+). In the final case, we need ¢ > max{\I/f’(Ai),@i(ai),éi*(ai*)}. We can
then upper bound

max{?”f* (Ai)7 22<1>1-(ai)’ 92®x (0 )}

~ 1 16 le,l,l Mi*ﬂi*
g(’)(max{,Qlﬁ,,§ 27v)& ——),¢ 29z ——— ),
A12 A8 \/32( ) m(V*Miﬂi) \/372( ) 32(77 M pi«
Miﬂi 1 Mi*,ui*
2 , 2 —),
54(@071,#1,)54( 7)54(7 — Mim) 54((1071*#1,* )€a( 7)54(7 A

16 M2 2. 16M? 12 })
V(Y = Mispin )2 2 (v = Mipa)? | )
Obtaining a final complexity. To obtain the final result, we apply Lemma [10| with the upper bounds given

here. For the simplified case presented in the main text, we note that £,(y) can be thought of as an absolute
constant for a and v not too large. O

Proof of Proposition[]l Let ¥ := max{2,z}. Note that, for z > 0,

2a\/logziéfz — cu/log?ﬁzlogQE — ES quQE — 2a2/2’2 <7
z

As 29V1°82 T jg increasing in ¥, we then have

T 2(12/22 <7 77 2a2/22 < T

= 2/.2 2272 2/.2
” oms - {2a\/10g21 T < 94°/z < {2a\/10g22 / T < 9a’/z <3490 flog, 272/ _ +2a2/z

As this holds for all z > 0, we can take the minimum over z. O
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B Lower Bound Proof

Throughout this section we assume that o2 = 1.

Let v denote a distribution with

for some 6; > 0, u; > 0, and let

i* = argmax0;/ ;.
i

We assume that ¢* is the unique maximum of 6;/ ;.

Lemma 12. Let 7 denote the stopping time for any 6-PAC algorithm. Then,

2 1 Oix 2 o7
W<Tf+(ﬂiﬂi*) +FT§) 1
EV[T] > Z (91‘* _ b )2 - log 246"

iFi* i i

Proof. We rely on the change-of-measure technique of [Kaufmann et al. (2016). Note that while [Kaufmann
et al.| (2016]) assumes the distributions are 1-dimensional, their proof goes through identically for 2-dimensional
distributions. In particular, their Lemma 1 holds as

d

i:Zl E,[N;(7)|KL(vs, v) > SS;]I:)T d(P,(E), P, (£)).

where here v;, v} are 2-dimensional distributions, N;(7) is the number of pulls of arm 4 up to stopping time 7,
and F is the filtration up to 7.

To prove the result, for every coordinate i we construct three alternate instances—one which involves perturbing
0;, and two which involve perturbing u;. We then apply the above inequality with each alternate instance to
show a lower bound on the number of times we must pull arm 1.

Alternate Instance 1. Fix i # i* and consider the alternate instance v’ where v, = v; for j # 4, and

J
vi =N <[‘”9§] ,1)
Qg i

for 0) = il /pui» + @, a > 0. Let & = {i = i*} (where here i* denotes the optimal arm on ). Note that on v/,
we will have that 0/u; = 0« /pix + a/p; > 0+ [pix. It follows that arm ¢ is the optimal arm under instance v/,
so for any 6-PAC algorithm, P, [£] > 1 — §,P,/[€] < J. In addition, we have that

(™)

/ 0’7,'2 ne _ % 2 a?,u? 2
KL(vs,v;) = 3(91' —0;)° = ?(91' — il [ pie — @) = T(Gi/ui — O« [ puie — 0t/ pi)”.

Lower bounding d(Pr, (), Pr,/(€)) > log 545 as in Kaufmann et al| (2016) and letting a — 0, we conclude that
2 1

0, 0, ’
afpi (G — 752

E,[Ni(7)] >

Alternate Instance 2. Next, consider the alternate instance v’ where u; = p;+0;/6;« — a, and leaving all
other parameters the same as v. We now have that

>

T %05 Hix* « .
Hi HQi*Z -« Gl* 0, Hix
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where the last inequality holds for small enough a. Thus, 7 is the optimal coordinate for »/. Using that

; ; s 7 oMiic o O 00 i
KL(vi, ) = 5 (i = 1) = S (s = B+ a)? = S(HEE)? o),

i) %

2 2 0; 2" O~ Mix by Pl
Letting « tend to 0 and using the same event £, we conclude that
2 1
EV[NZ(T)] 2 11, 9. ) -log :
QA iy 2

Alternate Instance 3. We next consider the alternate instance ' where u; = p; — ”—(Z—* - Z—) and all other
parameters the same as v. Now,

0; 0 07 pi p 0~ 0; 0 02 “puge g

pp o pF e 0o e ey pd B 0
- T R ()

Note that
R N T 9i)<M? 0~ 9i)

0; 0 B 0;05= " = Hi @ Hi* a E

where the inequality follows since i* is the unique maximizer of 6;/u;, so ( Z’—* — %) > 0 and p;/0; > pix /0= .
Thus, '

2
N R A L . R 2
0. +(5 =7 )~ p(———)<

50 0;/u; > p=/0;+, and i is therefore the optimal coordinate on instance v’. Note also that

KL(v;, V) = =2 (u; — ()% = 2 (2L (25 — 22 = (8 0y2
() = G = i) = GO =) = S =
Using the same event £ as above, we conclude that
2 1
) > - . .
E,[Ni(r)] 2 a?ﬂ?(é‘i* _ ﬁ)2 log 2.46
07\ g i

Full Lower Bound. Putting these three lower bound together, it follows that

2 2 2 1
E,[N;(7)] > max -log —
- 2,,2(0; _ Oix\27 j2(pipi=\20 0sx _ 0i\27 aZul 9« 0; .
ai“i(m m*) a; 0 ) (# ui) %(ﬁ - E)Q 2.49
2 (1 0« V2, O
> Sa?(7?+(ﬂiui*) +PT;:1) -log 1
= (B _ iy 2.468°
M= Hi
Repeating this argument for each i # i* and noting that 7 = Z?:l N;(7) gives the result. O

Proof of Theorem/[1 For any coordinate 7, note that any (d, {Xi};c[q)-PAC algorithm can pull all arms a; < 7/ ;.
Assume that we pull a; = v/, for all time, then the observation model and hypothesis test are identical to that
used in Lemma[12] It therefore follows from Lemma [12] that

0. 62
oz + (e + 55) 1
E,[7] > Z (0 _Oiy2 log 2.48°
iF£L* i i

Plugging in a; = 7/p; (note that this value minimizes the above, subject to the safety constraint) gives

. 62 . 07 07 0%
oz + )+ ) SiGe + ()P + i) 30+ 4+ )

3a7 \ 3 it ni p7 T N I 1
Oix _ 0i\2 B 2(0ix _ 0iy2 o A2
(Mi* Hi) v (Hi* Hi ) v

which proves the result. O
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C DMonotonic Response Functions Proof

The following is a useful fact that we will employ in several places.

Proposition 2. Assume that f is nondecreasing and is 1-Lipschitz. Then for x >y, we will have
y—fy) <o — f(z).

Proof. This trivially follows from the assumptions on f. Since the function is 1-Lipschitz, we have | f(z)— f(y)| <
|z —y|, and since the function is nondecreasing and = > y, we have |f(z)— f(y)| = f(z)— f(y) and |[z—y| = z—y.
Rearranging these expressions gives the result. O

Notation. Let 7; ¢ denote the first value of n; — 1 in epoch ¢ when v — g;(@% ~1¢(i)) < 2¢,. Similarly, while
unsafe(i) = 0, let m; ¢ denote the first value of m; — 1 in epoch ¢ when v + €gafe — @( mi—1L(4)) < 2€p, and when
unsafe(i) = 1, let m; ; denote the first value of m; — 1 for which the condition on Line |24 E or Line [26[is met. Let

Zunsafe(i) denote the epoch on which we set unsafe(i) = 1.

Lemma 13. Let Exyy be the event on which, for all £, i € Xy, n;, and m;,

1Gi@2 (1)) — gi(@ (@) < e, |F@0)) — £:(@0))| < e
G @ (i) — gi @) < e, |Hi@0(0)) — fi@(0))] < e
Then P[&qn] > 1 — 6.

Proof. Our estimate g;(a?**(i)) will have mean g;(@%*(i)) and variance 1/Ny,, and similarly fz(A’“ £(4)) will
have mean f;(a%*(i)), and variance 1/Ny,;. By the concentration of sub-Gaussian random variables, it follows
that, with probability at least 1 — 6/(2t2),

202 log &L 82 202 log &

ot et 20%log B _
Nﬂ,t = €y, ‘fz( ( )) fl( ( ))| < N, = ¢

)

i (@2 (1)) — gi(@y(9))| <

The same is true of g;(@7*(i)) and ﬁ(agh‘»f (7)). As we increment ¢ each time we collect samples, we can union
bound over the total number of times samples are collected, and will get that the above events hold every time
with probability at least

C.1 Controlling Safe and Unsafe Value Estimates

Lemma 14. For all k, ¢, and i, we will have that a**(i) > ag,; and a%* > aq ;.

Proof. We initialize both a%°(i) = @%°(i) = ag;. The only point at which we change @*() is Line |10} and we
update it as

ayt(i) =y +ar () = i@ ) — e

Note that, by the condition of the preceding while loop, to run this line we must have that v —g; (@% ~%(i)) > 2¢,.
It follows that

@) = 5+ @) = Gi@ () — e
> a’“_lv"(z) + €
> An1—1 E(Z).
Thus, we only increase the value of a%~1¢(i), so since a% 0( ) = ao,i, the result follows. A similar argument

shows that while unsafe(i) = 0, we will also have that a™(i) > ag;. Once unsafe(i) = 1, note that we will
always have that a7"-*(i) > a% (i), so it follows here that a7"**(i) > ag; as well. O
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Lemma 15. For all k, £ and i, on Exn we will have that a%%(i) < g, () and (i) < ;7' (7 + €sate)-

Proof. We prove this result by induction. By assumption a2:°(i) < g; Y(y). Assume that a®~14(i) < g;l('y),
then, on &un,

ast(i) =y +as b)) - gi(@ki ) — e
<yt ak i) — gi(@l (i)
<y+g' () —gilg ()
=g, (7)
g e—1,0—1

where the last inequality follows from Proposition [2l As we always set a%‘(i) = @s (i), the upper bound
on a**(i) follows.

While unsafe(i) = 0, the update of @%*(i) is analogous to the update of akt(4) except we replace 7 with v+ €gafe-
Thus, in this regime an identical argument to the above shows that a**¢(i ) g; (7 + €sate). When unsafe(i) = 1,
note that we can only decrease a**(i) so the result also holds there. O

Lemma 16. On S, a0 (i) > 3 My — 3er).

Proof. By construction v — g; (Am ok (7)) < 2e4. This implies, on Egyp,
NG PN
gi(@s"7 (1) >y — 3¢ = s (i) > g; (v — 3er)

where we use g~ ' since, by Lemma [14] we know that @ An’ “ Z( ) > ag,.

Lemma 17. On &gy, while unsafe(i) = 0, aT"=“(z‘) > ﬁ;l('y + €safe — 3€0).

Proof. Note that when unsafe(i) = 0, the sequence a7"**(i) is updated analogously to a?+*(i), except with ~
replaced by 7 + €gafe. We can therefore use the proof from Lemma [I6] to get the result. O

Lemma 18. On &y, for all i and £ > Zunsafe(i), we will have that @ Aml et > 9;1(7).

Proof. We prove this by induction. Note that to set unsafe(i) = 1, we must have that g;(@™‘(i)) — e, > . On

- sLunsafe
Etun, this implies that g;(all il (7)) >, so gl(au Lunsafe () reld )(z)) > .

Now assume that for some ¢ > éunqafe( ), i (EZA” ot (i )) > v. At round ¢ + 1, the while loop on Line 24| either

terminates when gii “LEL(G)) — ey > v and @ an gy ami—LAHL(3)) or it terminates when the if

Am1 ﬁ+1:£+1( )

statement on Line |[26|is true, and we set a In the latter case we are done since we have

g g,
=au """ (i)

assumed that g; (@, " Z( )) = 7. In the former case, on Epyy we will have that g; (@7~ 1(7)) — e, 1 > v implies
gi(@mi =L (5)) > v, s0 g;(@ (Aml “81(§)) > . This proves the inductive hypothesis so the result follows. O

Lemma 19. On &y, once unsafe(i) = 1, we can bound

4 -1
N Aml 7 m1n{7+265,7+ebf}) 4977 (7 + €sate) \ o .
an (i) = ay Z ol—s+1 = 04 S22 )27 = (i),

€safe

Proof. Assume that for epoch /, the if statement on Line [26]is never true. Then, by definition, we will have that

~

g,(Aml “Y)) — ¢y < v and gl(/\ml “4(3)) — € > 7. Tt follows that we can bound, on Egun,

d@n @) <+ 26
By Lemma [15] we can also bound g;(@ (Am’ =L K( )) <4+ €safe- Putting this together we get that

g e—1,0 .
am o ( ) < g@ (mln{7+2€€a7+ 6safe})-
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Note that this is well-defined since by assumption g; Y(y + €sate) is well-defined. By definition, au e Z( ) =

Aoe(z) Auzé 2(.)
2 + 2 :

so if follows

~ ~0,4(; fl :
azli,be(i) < auQ(Z) + 9; (mln{fy +22€Z7’Y + Esafe}).

If we instead terminate with the if statement on Line [26] we will have that @, M( ) = a%*(i). Furthermore, the
termination crlterla is only met if @%¢(i) — a7 (3) < e and g; (@7 (1)) — e, < 4. On Epyy, this implies that
aml(i) < g7 ' (min{y + 2€7,7 + €safe}), which implies that

o a8 a%f(i) _a%’(i) | g; M(min{y + 2ep,7 + €sate}) + €
(?) 2 5 S35 T 2 :

By construction a%‘*1(i) = ET"’K’E(Z'), so we have shown that for all £ > Zunsafe(i),

aO,Z+1(i) < 6272 (Z) gi_l(miﬂﬁ + 2€0,7y + esafe}) + €
u

S + B

V4 —1 . /\Oazunsafe(i) .
- Z g; (min{y 4 2¢5,v + €safe}) + €5 " Qy, (4)
= 20—s+1 9l —Lunsare (1) +1

s=Lunsate (1) +1

We would like to obtain a deterministic bound that does not depend on éunsafe( ). To this end, we bound

¢ ¢ s

s 27¢ _
Z 2€fs+1 < Z ol—st1 027t

s=Lunsate(d)+1 s—=1

¢ ¢

g; (mln{’y + 264,77 + fsafe} mln{’y + 2¢€4,77 + eeafe})
Z 2€ s+1 Z 2@ s+1
SZZunsafe(i)"rl s=1

Finally, by Lemma | we can bound aw [““Sm(z)( ) <g; (’y + €sate), and by Lemmawe can bound Zunsafc (i) <
logy —— o> to get that

~0,Lunsate (4) ( ; -1 -1
& o) (Z) < 9; (’7 + esafe) o 4gi (’Y + 6saufe)
QZ_Zunsafe(i)J’_l - 2@—10g2 &"'_1 EsafCQZ )

Putting these bounds together gives the result. O

C.2 Bounding Number of Epochs

Lemma 20. On &y, Nip < 71y 0 where

. 9 (e =G M(=6er) 55 o
N0 = —1 Ell - .
2(g; (v — 5) —ap;) (=1

Proof. Throughout this proof, we make use of Lemma [14] to note that a?+*(i) > ao,; always. This allows us to

lower bound terms with a g 1.

By definition, 72; ¢ is the smallest value of n; — 1 such that v — g;(@%~"*(i)) < 2¢,. Assume we are in the regime

where n; — 1 < M, 4, so that v —g; (@2~ (1)) > 2¢,. By construction,
apt(i) =y +ar b (i) — gi(@l T () — e = ali T (i) + e
It follows that while n, — 1 < 7; ¢, we can lower bound

ZL\?“Z(Z) > ag’l(Z) + n;ep.
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~

On &y, We can guarantee that v — g; (@~ 14(i)) < 2¢, once

v —gi@r (D) < e = arTh6) = gy — e).
It follows that we will have reached the exit condition once
g (v —e) — a2 (i)

a2t (i) +niee > G My — @) = n; > .

Note also that, for £ > 2, on &y, we must have that

vy = gi(@ (i) < 6eg
since we know that the termination criteria v —g;(@%¢(i)) < 2€,_; = 4¢, was reached for a%*(i) = aniets 1( ) at
epoch £—1, and since we sample up to tolerance ¢, at round ¢ (note that this holds even if the termination criteria
was reached for n; —1 = 0 at round ¢ — 1, since we collect data on Line [§] to ensure we have an accurate enough
sample, i.e. we obtain an €;_1- accurate sample at g;(@%~1(4)) instead of relying on our previous ¢,_s-accurate
estimate of this). Tt follows that a%*(i) > g; ' (y — 66@), so a sufficient condition to meet is that

g "y —e0) = g; (v — 6ep)
€y ’

n; >

In the case where ¢ = 1, we can simply replace a%‘(i) in with ag ;.

Finally, if we have that n; , = 0, i.e. we terminate on the first iteration, we note that this is still a valid upper
bound since g; ' (v — €7) > g; * (v — 6¢p). O

Lemma 21. On &y, My < My e where

Mj g 1=

B

97 (v tesare—€e) =G ' (Yt€sare—6er) /> 9
€p = .
2(51_1(7 + €safe — %) - Cl(m‘) /=1

Proof. The proof of this follows identically to the proof of Lemma since while unsafe(i) = 0, the sequences
@"*(i) and @%‘(i) are updated in analogous ways, with the ~ in the @%*(i) update replaced by 7 + €gafe in the
k k(i) update. O

8 1.

€safe

Lemma 22. On Equn, zunsafe(i) < [log,

Proof. Since we only terminate the while loop on Line [15|once v + €gare — s (@™ (1)) < 2¢¢, we will have that

amel(i) = 4 + esate + A V() — Gi@0 V(D) — e
>ami ) + e
>y ).

It follows that a7~ 1¢(i) is increasing in m; if the termination criteria of the while loop has not been met.
Let Munsate denote the m; value where we set unsafe(') < 1. As the while loop on Line has not yet

terminated, it follows that a
the last inequality follows by Lemma

,\ 7 _m; g Lansate () —1 —
munsafe7 unsafe( )( ) > Qu unsafe (1) —1 ( ) 2 gz 1(7 + €safe — 3 ) ( ) 1) Where
Lunsafe

By definition, we will have that @(Am“““fe’[“‘““e()(2)) — € . > v which, on &, is implied by

Lunsafe (1) =

gl(’\munﬁafe7eunsafe()(z)) . 262unsafe(z) > ~. The above implies gl( munsafewzunsafe(l)(l)) > gl(g (’V T eante —

€7 )), so a sufficient condition is that
Lunsate (1) —1

9i(@ (7 + €sate = 3€5, . -1) 2V T2, )
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Assume that funsafe( ) is large enough that g; Yy + €gate — 3€ Foone (i) D= ;1(,}, + €safe — 36?unsafe(i)fl)’ then the
above is equivalent to

€safe = €7 ()=1 T 260, 0nee() = SFumnare i)’

Using that ¢, = 27¢ and rearranging this gives that Zunsafe 1) > log
2

€safe
As we assume that g;l(v) is well-defined, we will have that 5;1(7 + €safe — 3€ €Fomene (i) — 1) = .*1(7 + €safe —
362,mafc(i)fl) onee vy + €gafe — 3€ Drononre (i) —1 = >y = Eafe > 6€€|,mtc(z) <= lunsafe(t ) > log2 . It follows that

once ¢ > log, ﬁ, we will be in the regime where g, ("y + €safe — 3elunsafe(z) 1) =y; (,y + €gafe — €5 umeate(i)— 1)

Puttlng these together we conclude

LR}

and where a sufficient condition for termination will be Zunsafe( ) > log, .

that we will have set unsafe(i) = 1 for £ > log, ﬁ, 50 Lunsate(i) < [log2

€safe

O

C.3 Sample Complexity of SafeBAI-Monotonic

Lemma 23. On &y, 0* € &y for all L.

Proof. We will only eliminate ¢* if unsafe(i*) = 1 and there exists some i # ¢* such that

Fr @20 0) + €0 < fi@s " (i) — er.
On &gy, this implies that
SN PR
i@ ™00 () < fi@st i)

By Lemma we will have that g; (An”’é(z)) < v, so0 as‘z’[(z) is safe. By Lemma (18] we will have that

gix (Am’* M( *)) >y for £ > Eunsafe( *), 80 Qu M(z*) is unsafe. However, this is a contradiction because ¢* by
definition satisfies

Fir (g () 2 max filg;” (7))

and since f; and f;« are monotonic. Thus, we must have that i* € X, for all £. O

Lemma 24. On &gy, we will have eliminated coordinate i # i* once

¢ > max { [log2 €~8f -‘,E(z)}

where

£(i) == ar%éginf st fi(@ (i) + der < fir (G52 (v — 3er)).

Proof. By Lemma we will always have that i* € AXj,. It follows that a sufficient condition to eliminate
coordinate i is that unsafe(:) = 1 and

F@ ') + e < fir @
By Lemma [22] we will have that unsafe(i) = 1 once £ > [log, =2
unsafe(i) = 1. On Ep, is implied by
A~ 0, ~Tx gl
Fi@ 0 0) + 260 < fir (@3 (1)) — 26

By Lemma since we have that unsafe(i) = 1, we can upper bound AmlM(z) < al(i ), which implies

fi(Ami’z’é(i)) < fi(@'(i)). Furthermore, by Lemma M we can lower bound a.*" M(z*) > Gt (y — 3er) so
fix (a;‘ : M( *)) > fi(G;=* (v — 3ep)). If follows that the above expression is implied by

fi(EL ( ))+2€€<fz ( (’Y 3€g))726£.
Combining these gives the result. 0

L

(i*)) — €. (13)

=—1]. Assume ¢ meets this constraint so that

€s
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Theorem 5 (Full version of Theorem . With probability 1 — 6, Algom'thm@ will terminate and output i* after
collecting at most
4 Mogs 7 ] 40
Z Z (Tﬁ@g + N0 + f+ Z)Ng’g + Z (ﬁ@g + 0+ 2)N@7t>
i=1 (=1 ¢=[logy —2-7+1

€safe

samples, and will only pull safe arms during evecution, where we define £(i*) := max;; £(i).
Proof. First, by Lemma we will have that P[€¢,] > 1 — 6. We assume that Epyy, holds for the remainder of
the proof.

By Lemma on &y 1 € Xy for all £. Since Algorithm [2| only terminates when |X;| = 1, it follows that it will
output ¢*.

That Algorithm [2] only pulls safe arms on &,y is given by Lemma

For some suboptimal coordinate i # i*, Lemma [24] gives that on Exy, we will eliminate ¢ after

0> max{[log2 68f W,é(z)}

Furthermore, by Lemma [20| and Lemma we can bound 7;, < 7; ¢ and Mm;, < m; . Furthermore, once
unsafe(i) = 1, we can bound the number of iterations of the while loop on Line 24| by log,(1/¢,) = ¢, since after
this many iterations the if statement on Line [26| will have been met. Putting this together, we can upper bound

tgt_:zz

i=1 ¢

f(i)
(i + Tie + £+ 2)
=1

where the 2 arises since we always collect at least one set of samples for both safe and unsafe at every epoch. By
this same reasoning, we can bound the total number of samples collected by Algorithm [2]from pulling suboptimal
arms by

d Mogy 21 170
> > (Mig+ e+ L+ 2)Nes + > (gt l+2)Ngg
i=1,i7#0* =1 £=Tlog, 8 T+1

€safe

where we have used Lemma [22] to upper bound the number of iterations where unsafe(i) = 0, and thus where
we have to pay m; . Furthermore, we can bound the total number of pulls to i* by

Mogs 2271 10,
max Z (M= 0 + Mo + €+ 2)Np g + Z (7«0 + €+ 2)Nyg
=1 £=[log, —2-1+1

€safe

where we have used the fact that we will only pull ¢* for as many epochs as it takes to eliminate the second-to-last
remaining arm. O

C.4 Interpreting the Complexity

Throughout this section, we will assume that Assumption [3| holds. The following result shows that this implies
that g; *(-) is L-Lipschitz, for each i.

Proposition 3. For any function g; satisfying Assumption@ we will have that gi_1 exists and satisfies:
l9: 1 (x) —9; ()| < Llz —y|
for all x,y € [y — 3/2,7 + €sate)-

Proof. The following is a standard analysis result
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Fact 1. Assume that f : I — R is strictly monotone and continuous on the interval I, and that its derivative f’
is defined at some ¢ € I. Then it’s inverse f=1: f(I) — R is differentiable at f(c) and

1
—1y\/
c)) = .
D) = 55
Applying Fact [I| to our setting, we have that

—1y/ 1

. ; = <L
(9; ) (gi(2)) @ S

for any x € [g; (7 —3/2),9; ' (7 + €sate)]. As the Lipschitz constant of a function over an interval is bounded by
its maximum derivative over that interval, the result follows. O

Lemma 25. Under Assumption[3, we can bound

5L {>2 { 5L {>2
2(g; (

N < - y o My < _ .
a {2(91 1(7 - l) - aO,i) =1 . i ! ’Y"’_ €safe — %) - aO,i) (=1

Proof. Recall that:

- (=e)=g; (1=6et) 5 9
e {Q(Ei‘lw “Y—ags) £=1
As we have assumed that g, 1(’y —3/2) is well-defined, we can replace all g; 1in the above with 9; ! Then using
that the inverse of a monotonic function is also monotonic, we can bound

9i (v —ee) —gi (v —6er) _ g (v —e) —gi (v —6er)| _ 5Ler

= L S - 5L.
€r € €

This gives the upper bound on #; ¢, and the identical argument can be used to upper bound m; ;. O

Lemma 26. We can bound

al (i) < g7 (7) + ((L +1)0+ 6L + 691'1(7)) 9.

€safe

Proof. By definition,

4 — . _
_ 9; 1(111111{’}/ + 2¢,, v+ 6safe}) 4gi 1(7 + 6safe) )
3 atminty e el (400 o)) oo

Esafe

Our primary concern will be with upper bounding the first term. Let £y denote the minimum value of ¢ such

that 2¢€5 < €safe: Yo = [logy 6?{]. Then,
¢ 1, . to—1
g7 "(min{y + 26,7 + €sate}) % Y(y + €sate) 97 (7 + 2¢5)
Z 9€—s+1 B Z 2—s+1 Z 9—s+1

s=1 s=Lo
-1 to—t—1 ’ g9; () + 2Le,
9 (7 + €sate)2 +) e

S_eg

g; (v) +2Le,
<9 (v eaare) 207 ZW

s=1
< gi_l('}/ + 6safe)2207271 + gi_l(’Y) + Le2™".

Furthermore, since £y = [log, <31, we have that

-t _ 291‘_1(7 + €safe)

€safe

- —f— — 1 _2 .
9; 1(7 + €safe)2e0 -1 < 9; 1(’)/ + 6safe)2 082 Tate 2 4



Zhenlin Wang, Andrew Wagenmaker, Kevin Jamieson

Finally, we upper bound g; ' (v + €ate) < g5 *(7) + Lésate- The conclusion then follows by combining these
bounds. 0

Lemma 27. We can bound

2L +1)
A;

£(i) < max {3 + log,

2AL+1 140 + 12 + 12¢;°1 .
(L + )+3)71g2 +12 4 129, (7)/€sate

8
+ 2log, (log2 A, A, ,log, - + 1} .

Proof. Recall that

(i) = ar%nne st fi(@h (i) + dep < fir (G (7 — 3€r)).

We first upper bound this by

argmin  +10 s.t. fi(al (i) + e < fir (952" (7 — 3er))

LeN,L>log, - Sf

which, by Lemma implies that we are in the regime where ¢ > Zunsafe(i). As we have assumed gi_*1 is
L-Lipschitz, and since the inverse of a monotonic function is monotonic, we have that

9" (7) — g (v — 3ee)| = 92" (7) — 932" (v — 3€&) < 3Lep => gi-' (v — 3er) > 92" (7) — 3Ley.
As f;« is 1-Lipschitz, this then implies that
fir (gt (1) = fir (g7 (v — B€)) < 9" (7) — g3 (v — 3ee) < 3Ley = fir (95" (7)) — 3Lee < fi (97" (v — 3er)).

Similarly, using that f; is 1-Lipschitz, we can bound (using that, by Lemma aT“’e(i) < @’ (i) and by
Lemmaaumi’[’z(i) > g; ' (7), which implies that a@’,(i) > g; *(7)):

Fil@y () = filg () S ay (i) — 97" (1) = filan, (i) < filgr ' (1) +lag (i) — g7 (V).
It follows that we can upper bound

(i) < argmin € st filg () +1ag(i) — g ()] + dee < fir (971 (7) - 3Lee
LeN,>1og,

8
€safe

= argmin £ st. |a (i) — g7 (7)) + (4 +3L)e < A,
(N, >log,

8
€safe

By Lemma [26] we can bound

€safe

gt (i) — g7\ ()] < (<L+ 190+ 6L + w) 2t

so it follows that an upper bound on £(4) is any ¢ satisfying
2(L+1 L .
2* > max (L+ )6,27 + 6+ 6g; (7)/€safe710g2 8 1
Ai Az €safe
L+1)0+7L (7)) €sate
>max{( +1)0+T7L+6+6g; (7)/e © Jog, 8 +1}.
A; €safe

To ensure that 2¢ > Z(LTJZI)E <= {>logy l +1logy(2(L + 1)/A;) it suffices to take

¢ > max{log,(2(L + 1)/A;), 3} + 2logy(max{log,(2(L + 1)/4;), 3})
since, in this case,

log, £ + log,(2(L 4+ 1)/A;) < logy (max{log,(2(L + 1)/A;),3} + 2logy(max{log, (2(L + 1)/A;),3}))
+logo (2(L +1)/A)
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< log, (3max{logy(2(L + 1)/A;),3}) + logy (2(L + 1)/A;)

— logy 3 + log, (max{log, (2(L + 1)/A), 3}) + logy(2(L + 1)/A,)
< 2log, (max{log,(2(L 4+ 1)/A;),3}) + max{log,(2(L 4+ 1)/A;), 3}
=/.

We conclude that

£(7) < max {3 + log,

2L +1)
A

?

8
1 1.
Ai Az » 1082 €safe + }

O

2(L +1 14L + 12 + 12¢7°1 safe
+ 2log, (logQ( * )+3),1g2 12+ 129 (7)/€sas

Proof of Corollary[4 This result follows from Theorem [3] and the upper bounds given in Lemma and
Lemma By Theorem [3] we can bound the sample complexity as

a [ MNoga 2-1 (i)
Z Z (mi,g + 70+ L+ 2)Ng7t‘ + Z (ﬁi,g + 4+ 2)]\7@7{
=\ = b=l 141

By Lemma we can upper bound 7; ¢ < 5L for £ > 2 and 71,1 < 2(gi_1('y —1/2) —ap,;) and similarly m; , < 5L
and m; 1 < 2(9;1(7 + €safe — 1/2) — ap ;). By Lemma [27| we can bound

2(L+1 140 + 12 + 12971 () /€sato 8
+2log, (1og2(A_)+3),1og2 A'gz ™/ *,log, - : +1}.

2L +1)
A.

?

(i) < max {3 + log,

Recall that Ng, = 2log % - 226 For i # i*, letting < denote inequality

Mog, =21 o)

safe

> (Mig+nie+ONeg+ > (i, + O)Ne g
=1 £=[log, —2-1+1

€safe
< (84070 + esate = 1/2) + 97 (7 = 1/2) — 200, ) N g

Mogy 2—1 10

safe
+ ) (24 10L+ () Nps + > (L+5L+ (i) Neg
£=2 £=[log, —£-1+1

€safe

_ _ 82
< 8(3+gi 1(7+6safe - 1/2) +9; 1(7* 1/2) - 2a0,z‘) IOgT

s 82 o)
+4(2+ 10L + £()) log 5 2
72

_ _ 8t
<8(34 07 (7 + €sate = 1/2) + 67 (7 = 1/2) — 200, ) log

822 1+ L%+ g7 (7)?/
5 A

o ((2 +10L + £(i)) log

where O(-) hides logarithmic terms and absolute constants. Noting that (i) is only logarithmic in problem
parameters, we can bound all of this by

~ _ _ 1 (Q+L)Y(1+4 L%+ g (y)2/e 1
o((ugilmem1/2>+gi1(71/2)2a0,i)log5+< JERRARY (v)/safa,logé)

A similar upper bound can be used to bound the contribution of i*. Combining these gives the result. 0
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D Additional Experiments and details

In the following, we elaborate some additional details of experiments in Section [} First we note that in our
instances, we need to choose the initial points ag; and boundary values M;. In the linear response model, we
choose ag; = 0.1 and M; = 1.5 for all 4, whereas in the nonlinear drug response model, we set initial safe dosage
value ag; = —3 and M; = —0.5 for all 4.

We try to make our implementation of SAFEOPT more realistic and efficient. In the linear response model, we
choose a linear kernel with a §; value selected from |Abbasi-Yadkori et al.| (2011)):

(t—1)L?
Be(6) = R, | log (d(l i 3 A )> + V7S

with v = 1 (note that this only scales logarithmically in d since it is assumed the learner knows the coordinates

are orthogonal). In the drug response model, we choose a RBF kernel k4(z,2') = o’fbfexp (— (zgﬁ,f) with

signal variance Ufbf =1 and length scale [ = 1.

To simplify the algorithms’ executions in the drug response model, we made some minor changes to the algorithms
in our experiments. In SAFEBAI-MONOTONIC we replaced the theoretical expression for Ny from [21log % €7
to [2log % ~e€_2]. In SAFEOPT, we replaced the theoretical 3; value with a fixed constant 3. These modifications
slightly reduced the amount of pulls needed. Nonetheless, the empirical performances were satisfactory, as no

error in result was found.
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