Faster Lifting for Two-Variable Logic Using Cell Graphs (Supplementary
Material)
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COMPLETE PSEUDOCODE

The pseudocode for the functions GetGTerm and GetJTerm
are given in Algorithms(T|and[2] The latter also makes use of
another function, GetDTerm, which is given in Algorithm 3]

Algorithm 1 GetGTerm
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Input: p, N, ng4i41, - -

Olltpllt: gp(nk+l+1, e ,n|].-c‘ y N)

if [p, N,ng 1141, - .., n| 7. |] in cache then
return cache[p, N, ng 4141, .., 7 7o )]
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s+ 0
if p = 0 then
forie {1,...,k} do
t+— w;
forje{k+1+1,...,|Fc|} do
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: else

fornk+p S {O,...,n—N—nk+l+1—--~—n|}-c|}
do

n—N—nk+z+1—~-—er\), Nk+p
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t < t- GetJTerm(k + p, ni4p)
forje{k+1+1,...,|Fc|} do
t o t-r,7" - GetGTerm(p — 1,N +
Nktps k41415 - - - N Fo|)
S s+t
cache[p, N, ngyit1,- -
return s
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SENTENCES FROM EXPERIMENTS

The first-order logic encodings of the experiment bench-
marks are given below. As mentioned in the main text, the
3-regular and derangements benchmarks are spec-
ified in C2, and have been translated into FO? sentences

Algorithm 2 GetJTerm

Input: ¢, n
Output: J.(7)

1: if [¢, 7] in cache then

2: return [c, 7]

3: /*s and r are arbitrary r;; and s; terms in ¢ */:
4: if cis a clique of length 1 then

5: 0 + sUA-1)/2

6: else

7: o — ph=1)/2

GetDTerm(c, 1,7, CliqueLength(c))
: cacheli,n] <+ o
9: return o

[ee]

Algorithm 3 GetDTerm

Input: ¢, i, k, 10
Output: d; (1)
: if [¢, 4, 7] in cache then
return [c, 7, 7]
: /* s and r are arbitrary r;; and s; terms in ¢ ¥/:
if i = k then
0 (i)n(nfl)/2
else
040
forn; € {0,...,n} do
e (1) (2)
m < m - GetDTerm(c,i + 1, k, 7 — n;)
o<—o+m
: cache[e,i,7] + o
: return o
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(also given below). Support for cardinality constraints are Transformed version:
required to obtain the final solutions in these instances. The

details for enforcing these cardinality constraints are beyond Vo ~F(z,z)

the scope of this paper (one way is to make repeated calls VaVySi(z) V —F(z,y)
2 . . .

to an FO* WFOMC oracle with varying weights), but we VaVySs(z) V —F(y, z)

refer interested readers to [Kuzelkal [2021]] for details.
with @w(S7) = w(S2) = —1, and all other weights set
to 1. The cardinality constraint one would need to add
Vo ~E(z,x) to obtain the number of derangements is |F'| = n.
VaVy E(z,y) — E(y, ) * 3-matchings:
Va3 =3y E(z,y)

* 3-regular:

Vo —FE (2, )
Transformed version: Ve —Ey(z, )
L2\ ¢,
Vo —E(z,x) Vo —E3(z, v)
vavy Blw,y) = Bly,z) VaVy Ei(z,y) — Ei(y, @)
VaVy E(z,y) < F(x,y) Vavy Ey(z,y) — BEa(y,
oy Fi(z,y) = Si(z) Vavy E3(z,y) — Es(y,x
VaVy Fa(z,y) — Sa(z) Va3=ly By (z,y)
vzv:y Fg(ﬂ:,y) - Sg((l’) V$E|:1y EQ((E,y)
Vavy F(z,y) < Fi(z,y) V Fa(z,y) V Fs(z,y) —1
Va3~ y Es(z,y)
VaVy —Fy(z,y) V ~Fa(x,y)
VaVy Ev(z,y) = —Es(y, @)
VaVy —Fy(z,y) V - F3(x,y)
Vi ~Fy(,y) V —Fs(z.y) Vavy By (z,y) — ~Es(y, )
S Vavy Ea(z,y) — ~Bs(y, o)
with @(S1) = w(S2) = w(S3) = —1, and all other
weights set to 1. The cardinality constraint one needs Transformed version:
to add to obtain the number of 3-regular graphs is then
|F'| = 3n. Since these cardinality constraints are han- Vz —Ei(z,z)
dled in [Kuzelkal 2021]] by multiple calls to an oracle Vo —Es(z, 1)
for the FO? sentence above, we ignore them here as Yz ~Es(z, z)
they are not important for comparing the performance vy B ' >
of the FO? algorithms. Vavy Bi(,y) = Eiy, o
e 4-coloured: Vavy Bx(z,y) = Ea(y, o
VaVy E E
Vi ~E(z, 7) vxvy 53(% yv) _27 3(y,7)
Vavy B(z,y) — Ely, ) vwvy S1 () y ﬁEl(m’ y)
Vo Cy(x) vV Ca(x) vV C3(z) V Cy(x) Yy Salw) V = Es(x, )
VaVy Ss (95) —E3(x ZJ)

Vx _‘Cl (.’E) \Y _\CQ(.’E)

Va =Cq(x) V =Cy(x) VaVy Eq
Va —Cs(x) V =Cy(x)

vavy Ble,y) = (CL@) ACi{y) V-V with @(S1) = 0(S2) = w(S3) = —1, and all other

(Calz) A =Cu(y))) weights set to 1. The cardinality constraints one needs

In this case no cardinality constraints are needed. to add to obtain the number of ways of constructing

three non-overlapping maximal matchings on K, are
|Ev| = |E2| = |Es| =n

* derangements:
Vo —F(x, )
VaI=ly F(x,y)
Va3~ Y F(y, x)



3 PROOF OF THEOREM 2

We have:

2

Ngp1+-+nm <n

Xl

Nyt FNE=n—ng41—..n| 0|

Nk+15- -+ M|

Ng+1++np<n
(n—nml—

>

n1+~~~+nk:n—nk+1—...n‘M|

< . )
Nk+1s -+ M|

WFOMC(¢, n, w,w) =

ni,Nna, .

[I

i,5ui,§ @{1,2,....k}i<j

>

Ngt1++nm <n

< . )
Nk+15- -+ M|

n—nk+1—...n|M)
ey Ng

i,ji6,§ 211,20, k}i<]

...n|M|) 1

ny,na,...

k
nin; n; ni(ni—1)/2 ) n;
Tij H Wi S, ' Wi Tij

NiMnj
H "ij

i,3:6,§ €{1,2,0.., k}i<j

nj
H Wy

je{1,2,....k}

MM
11 "ij

n; ni(ni—1)/2
I wivs '

ig{1,2,....k}

njni_
H Tji =
i€ {k+1,...,| M|}
NG nb(anl)/Q
1T wis |
i€{1,2,....k}

nj

g _
H Tji =

ie{k+1,...,|M|}

Wi
Nk
Tk je{1,2,....k}
N—Ng41— =N M|

J¢{1,2,....k}

i=1

i2{1,2,....k}

In the derivations above, we used the fact that s; = 1 and r;; = 1 forall 4,5 € {1,2,...,k} and then we applied the

multinomial theorem. This finishes the proof.
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