A Heuristic for Statistical Seriation (Supplementary Material)

Komal Dhull! Jingyan Wang/ Nihar B. Shah' Yuanzhi Li' R. Ravi’

'School of Computer Science, Carnegie Mellon University
2Tepper School of Business, Carnegie Mellon University

In this supplementary material, we present the proofs of all theoretical results.

A PRELIMINARY RESULTS

In this section, we present preliminary results that are used in the proofs. For the regularizer R, it can be verified that we
have the symmetry

Rii’jj’ = Rii/j,j = Rl'l]j' = Ri'ij/j'

We say that an entry (7, j) does not contribute to the regularizer if R;;;;» = 0 for all / € [n] and j' € [d]. We say that a
row/column does not contribute to the regularizer if none of the entries in the row/column contributes to the regularizer.
We say that (4,7, 7, j/) is a “conflicting quadruple” if we have (A;; — A;;)(Ay; — Airj/) < 0. By the definition {7) of the
regularizer, an entry (4, j) does not contribute to the regularizer if and only if the quadruple (4,4’, 7, j') is not a conflicting
quadruple for each i’ € [n] and j' € [d].

A.1 DERIVATIVE OF THE OBJECTIVE

We compute the derivative of the regularizer term I2;; ;- as

8R1’,i’jj’ - 0 if (AZJ - Aij/)(Ai’j - Ai/j/) >0 (13)
aAij B 2(14” — Aij/)(Ai/j — Ai/j/)2 otherwise.
Hence, we have
sign (PR3 ) _ Gon(Ay; — Ai), i (Ag; — Asy)(Ags — Ay 14
gn DA = sign(4;; i), if (Ay i) (Air i) <0. (14)
ij
It can be verified that we have the symmetry
ORiijy _ ORiivjy _ ORiijjr _ ORiij; (15)
aAij B aA” B OA” - aA” ’
Combining with the expression (6) of R, we have
8R aR S Al
=4 — 16
oA, ' 2 oA, (1o
i’€[n],j'€[d]
The derivative of the objective L is computed as
VL(A)=2(A-Y)q+ AVR(A). a7)
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We have the partial derviative

oL OR
=2(A;; — Vi) - 1{(i,5) € 1
= 2(Ai; — Vi) - 1{(i,4) € Qp+4X Y (19)
i’€n],j'€ld] K

where (i) is true by plugging in (I6).

A.2 ADDITIONAL PRELIMINARY RESULTS

For notational simplicity, we denote the projection step as Pp,1]A := min{1, max{0, A}} for any A € R4*". The
following lemma states that the objective L does not increase after a projection step.
Lemma 5. Consider anyY € [0,1]"*%. Then for any A € R™*%, we have L(Pjy1jA) < L(A).

Proof of LemmaWe consider the two terms in the objective (8)). For the first term || A — Y||?2, it is straightforward to
verify that

Y = Poy(Alla <Y —Allg, VY €[0,1]"*% (20)

For the second term, we consider R;; ;- for each quadruple (¢, 7', j, j'). Note that for any scalar values a,b € R, the term
(Pro,1)(a) — Pjo,11(b)) either has the same sign as (a — b) or has a value of 0. Now we discuss the following two cases
depending on the sign of each quadruple (¢,7’, j, j').

Case 1: (A” — AZJI)(Al/J — Ai/j’) > 0.

In this case, we have (Pjo 1) Aijr — Pjo,11A4i75) (Plo,1)Ai; — Po,11Aijr) > 0. Hence, by the definition of the function R;;;;/,
we have

0 = Ryijjr(A) = Ry jj (PioA) 2D

Case 2: (A;; — Aij )(Aij — Airjr) < 0.

In this case, we have (Pjo,1)Asjr — Plo,11Airj)(Ppo,11Ai; — Plo,1jAis) < 0. Moreover, due to the projection we have

|Plo.yAis = Pro,aAur| < A5 — Ay
|Pro,1Air; — PloajAwjr| < [Ainj — Airj.
By the definition of the function R;;;;-, it can be verified that
Riijjr(A) 2 Rivjjr (PoA)- 22)
Combining (ZI) and (22)) from the two cases, we have
R(A) > R(PpyA), V(.i,5,5"),VA € [0,1]™ (23)

Finally, combining the two terms (20)) and (23) of the objective L, we have
L(A) = L(Pp,1A),
completing the proof.
Now we analyze the local optima of the objective. Standard results suggest that any local optimum in the interior of the
domain satisfies the first-order optimality condition, namely having a gradient of 0. The following lemma suggests that any

local optimum on the boundary of the domain also satisfies the first-order optimality condition. We define VL(A) as the
gradient on R, without restricting to the domain [0, 1]*¢.



Lemma 6. For any local optimum A of the objective (8) defined on the domain [0, 1], we have VL(A) = 0.
Proof of Lemma [6If any local optimum A is in the interior, then standard first-order optimality condition [Beck} 2014]
Theorem 2.6] yields VL(A) = 0. It remains to consider the case where A is on the boundary of the domain.

Assume for contradiction that there exists a local optimum A on the boundary with VL(A) # 0. Without loss of generality

we assume aaLA(ﬁ) # 0. By definition of the local optimum, there exists some § > 0, such that L(A") > L(A) for all

A’ € [0,1]"*4 with ||A’ — A||, < . On the other hand, let E1; denote the matrix whose (1, 1)-entry is 1 and all other
entries are 0. By definition of the partial derivative, there exists some ¢’ € (0, ) such that L(A + §'Eq1) < L(A). Now
consider the point Pjy 1j(A 4 ' E11). By Lemma we have

L(Po1)(A+ 8'E1)) < L(A+ §'Eqy) < L(A). (24)
Since [0, 1]"* is a convex set and A € [0, 1]"*4, by Lemmawe have
|Po,g(A+0"En) — A, <[[A+8En — Al =6 <6 (25)
Combining (24) and (25), the point P 11(A + 0’ E11) yields a contradiction to the local optimality of A.

B PROOF OF THEOREM

The proof consists of two steps. First, we show that our objective L has a Lipschitz gradient. Second, we incorporate the
projected step straightforwardly into standard analysis of gradient descent for functions with Lipschitz gradient.

Step 1: Bound the magnitude of the gradient ||V L|| .. and the Lipschitz constant

As a general definition, consider any d > 1. A function f : R — R is said to have a Lipschitz gradient with constant K on
domain D C R? if

IVf(z) = VIl < Kllx—yll, forallz,y € D.

For projected gradient descent, the gradient step (T0a) may give solutions outside the domain [0, 1]"*%, so we bound the
gradient on an enlarged domain, namely [—1,2]"*<. For any A € [—1,2]"*%, its partial derivative is given by (T9) as:

oL OR;irjjr
=2(A4;; =Yy, - 1{(i,j) € Q 4\ L 26
i'€[n],j’ €[d]
Consider the term BS"T"'Z_"' in (26). For each i’ € [n] and j' € [d], we have
ORijyr <2 Aij — Aiji| - (Airj — Ay jr)? < 54 27
8Aij
Combining and (26)), we have
oL
<6+ 216And 28
‘314” <6+ nd, (28)
and hence
IVL(A)|| p < Vnd(6 + 216nd). 29)

Now we bound the Lipschitz constant of the objective L. Let A, B € [—1,2]"*< be any two matrices. Using (29), we have:
IVL(A) = VL(B)|% < 4(nd)(6 + 216And)?
0) ) )
<424+ 72 nd)*||A - B||%,

where (i) holds because A, B € [—1,2]"*¢ Hence, L has a Lipschitz gradient with K = K (n,d, \) := 4 + 144\nd on
[_17 2]n><d.

Step 2: Incorporate the projection step into standard analysis of gradient descent

The following standard result states that a gradient descent step with a sufficiently small stepsize decreases the objective.



Lemma 7 (Sufficient Decrease Lemma; Lemma 4.23 and Lemma 4.24 of Beck| [2014]). Suppose f : R — R has Lipschitz
gradient with constant K. Then for any v € R and ~y > 0, we have

@) = fo=vs@) > (1- 55 ) V1B 60)

Now denote { A5}~ as the sequence after the gradient step (T0a) in each iteration, and denote {A;};>¢ as the sequence
after the projection step in each iteration. We set the stepsize + such that vy € (0, ﬁ) Due to the projection we have
Ay € [0,1]™%4 for all ¢ > 0. Then for the gradient step, using (28) it can be verified that

AFM = A, | —AVL(Ay) € [-1,2]%4.

By Lemma[7| we have
grad K’Y 2
L) - 2aE) > (1= 77 ) IVE@) I 2 0 G1)
For the projection step, by Lemma 5| we have
L(AF™) — L(A;) > 0. 32)
Combining (31) and (32)), we have
K~ 2
L(Aj—1)—L(A) > (1-— 3 IVL(Ai—1)||7 > 0. (33)

Hence, the sequence {L(A;)}+>0 is non-increasing. Furthermore, it is straightforward to verify that L is bounded below by
0. Since the sequence { L(A;)}:>0 is non-increasing and bounded below by 0, we have

t—o0

Plugging (34) into (33), we have lim;_, . ||V A;|| . = 0, completing the proof.

C PROOF OF THEOREM
Since Y € M, we have A* is a global minimum if and only if

AH =Ya

and A* € M.
By Lemmal6|any local optima (on the boundary) is a stationary point, so we only consider stationary points for the proof. To
show that any stationary point is the global optimum, we separately discuss the three cases: d = 2, d = 3 and n = 2. In

each case, we show that any stationary point A satisfies A € M. Since we have VL(A) = 0 for any A € M, setting the
derivative to 0 gives Aq = Ya.

Cl d=2

Consider any stationary point A. With d = 2, the matrix A has two columns. Assume for contradiction that A ¢ M. Denote
the sets

Iy :={ien]: A — A >0} (35a)
I_:={ien]: Az — A <0} (35b)

By the assumption that A & M, we have I # () and I_ # (.



For each i € I, we have

OR 8R1 I i . ii
OR OR;; i) . i

where the steps (i) are true due to (T4), and the steps (ii) are true due to the definition (33a) of I . Likewise for eachi € I_,
we have

slgn (aaAle) = blgn(All — Alg) =-1 (36C)
sign <£4f52) =sign(A4;2 — 4;1) = 1. (36d)

Case 1: If any entry (i, j) in the rows I U I_ is not observed (i.e., not in ), then by the gradient expression (I8)) we have

oL _ OR
0A;;  0A;

70,

where the inequality holds due to (36). Contradiction to the assumption that A is a stationary point with VL(A) = 0.
Case 2: All the entries in the rows I, U I_ are observed.

Now consider any i € I. Setting the gradient expression (I8) to 0, we have

An —Ya + 88711 =0
Yii = A + 68711. (37a)
Likewise, we have
Vo= Aut i (37b)
Subtracting (376) from (37a)), we have
Yii —Yio=A; —App + <88Ai - 6(?4]?2> 0, (38a)

where the last inequality holds because (A;; — A;2) > 0 by the definition (33a) of I;, and because % - % > 0 due
to and (36D). Likewise, for each i € I_,

(38b)

Y;l_}/i2:Ail_Ai2+<aR 8R> 0.

0A;  0A;

Combining (38) contradicts the assumption that Y € M.

C2 n=2

With n = 2, the matrix A has two rows. We prove by induction on the number of columns d. For d = 1, we trivially have
A € M. For d = 2, the proof in Section [C.1]yields the claimed result. Now suppose the claim holds for all 2 x d matrices.
We now consider any 2 X (d + 1) matrix.

Let A € R?*(4+1) be a stationary point given the observations Y € R?*(4+1) Without loss of generality, we re-index the
columns such that 4;; < Ao < ... < A; 441. Now consider the maximum entry in the second row of A.



Case 1: The entry As 441 is the maximum in the second row of A.

In this case, column (d + 1) contains the maximum for both rows. That is, we have A; 4,1 > A,; foreachi € {1,2} and
Al g+
2,d+1
the regularizer RR. Hence, the gradient of the submatrix { A;;};c{1,2},jc[a) remains the same if the last column is removed.
That is, for each ¢ € {1,2} and j € [d], we have
OL({Aijlicq1,2),5e@)  OL(A)

0A;j 0A;;
Applying the induction hypothesis on the submatrix {A;;}ict1,2),je[a)> We have {A;;}icqi1,2),je[q) € M. Since the last

each j € [d]. It can be verified that this column (d + 1) of the matrix, namely the column [ does not contribute to

At dt1

} has the maximum entries in both rows, we have A € M.
2,d+1

column {

Case 2: The entry A3 441 is not a maximum in the second row.
Assume that a maximum in the second row is Ay~ for some 1 < j* < d. Then we have Aaj- > Ag g41.

Now consider the entry A; ;-. By assumption we have Ay« < Ay g11.If Ay;- = Ay 441, then the two entries in column
J* are both the maximum in their respective rows. Applying a similar inductive argument as in Case 1 to the submatrix
{Aij}ieq1,2).jeld+1)\ (5} Yields A € M. It remains to consider the case of A+ < Ay g11.

a2 0
Moreover, since Ajj« < A1 g+1 and Agj« > Az 441, the quadruple (1,2, 7, d + 1) is a conflicting quadruple, and hence we
have the strict inequality

We first analyze row 2. Using (I4) combined with the fact that A;- is the maximum entry in row 2, we have

OR
DAy,

> 0. (39)

On the other hand, we have 3 AZ]LI < 0, because for any conflicting quadruple (2,d + 1,1, j) for some j € [d] that

contributes to the derivative BBT};’ we have
J

OR . )
sign <;114d+1j> i sign(Asg g1 — A2,5) ©_ sign(Ayay1 — A1) @ -1,
27

where step (i) is true due to (T4); step (ii) is true because (2,1,d + 1, j) is assumed to be a conflicting quadruple and hence
(A2,a41 — A2 j)(A1,a+1 — A1,j) < 0; step (ii) is true because by assumption A; 41 is the maximum entry in the first row.
Furthermore, the quadruple (1,2, j*, d + 1) is a conflicting quadruple, so we have strict inequality
OR
0A2 dy1
Now consider whether the entries Az ;- and As 441 are observed. If either A ;- or Ag gy is not observed, then combining
the gradient expression (I8) with the strict inequalities (39) and {@0), we have A 75 0 or a e = 0, contradicting the

assumption that A is a stationary point. Hence, both A5 j« and Agjd+1 are observed Settlng the gradient expression to
0 respectively for the two entries (2, j*) and (2,d + 1), we have

< 0. (40)

OR  OR
0Ag;-  0As a1

where the inequality holds because (Agj« — Az 441) > 0 as Agj+ is the maximum entry in the second row, and because
of (39) and (0).
IR

Now we analyze row 1. Using a similar argument as in row 2, we have 5 A > 0 because A 41 is the maximum entry

Yojo = Y a1 = (Agjx — Ao g41) + >0, (41a)

in row 1, and strict inequality holds due to the existence of the conflicting quadruple (1,2,5*,d + 1). Moreover, we have

82i — < 0, because Agj~ is the maximum entry in row 2 and the same conflicting quadruple (1,2, j*,d + 1). Similar to the

analysis of row 2, we derive that both entries (1, %) and (1,d + 1) are observed. Therefore,

OR OR
Y1+ — V) = (A« — A — <0. 41b
1j Ld+1 = (Aqj Ld+1) + 941, 9Avan (41b)
Combining @T)) contradicts the assumption that Y € M. Therefore, the entry As 441 is the maximum in row 2. From Case
1 we have A € M for any 2 x (d + 1) matrices, completing the inductive step.




C3 d=3

With d = 3, the matrix has 3 columns. We consider the maximum entry in each row of the matrix. If a row has multiple
maxima, one is chosen arbitrarily unless otherwise specified.

Case 1: The maxima in all the n rows of the matrix lie in the same column.

Without loss of generality, assume that the column containing all the maxima is column 3. It can be verified that all entries
in column 3 do not contribute to the regularizer R. Applying the proof of the d = 2 case in Appendix [C.I|to the submatrix
{Aij}Yiem),jeq,2y yields {Aij }icpn),jef1,2y € M. Since column 3 contains the maximum of each row, we have A € M.

Case 2: The maxima of the n rows lie in two different columns.

If the 3 entries within each row are identical, then we have A € M, so it remains to consider the case where there exists a
row whose values are not all identical. Without loss of generality, we assume that the entries are not all identical in row 1.
We re-index the columns such that the first row is non-decreasing. Hence, we have A1; < A;3. We also re-index the rows,
so that rows whose maxima are in the same column are grouped together. Then the matrix A is in one of the two following
forms:

min * max

max  * (42a)
|« max x|
or
[min % max]|
x % max ’ (42b)

max x *

where we use “min” and “max” to indicate that the matrix entry is respectively a minimum or a maximum of its row (allowing
ties). We use * to indicate a general matrix entry, and use the horizontal line to indicate that the matrix structure decomposes
into two blocks of rows. We denote the upper block and the lower block of the matrix as Ay and Ap, respectively, so that

. . A o
the matrix is also written as {A—U} We denote the row indices of the upper block and the lower block as Iy, I, C [n],
L
respectively. By the assumption of the case, we have Iy, I, # (.
Case 2.1: We consider the matrix form {2a)).

We assume that in the lower block Ay, the entries in column 2 are strictly greater than the entries in column 3 within each
row. That is, we assume A;o > A;3 for each i € Ij. This assumption is without loss of generality, because otherwise we
have A;> = A;3, so that one can move row 7 to the upper block of the matrix.

Case 2.1.1: There exists a strict min-entry in column 2 in some row of the upper block. That is, there exists ¢* € Iy such
that A;«1 > A;-2. Since column 3 contains the maximum for all rows in the upper block, we have the strict inequality
Ajreg < Ajs.

Using (T4)), it can be verified that

OR
A < 0 (43a)
OR
43b
94, >0, (43b)

where strict inequalities hold because the quadruple (i*,4',2, 3) is a conflicting quadruple for each i’ € I.. Setting the
gradient (T8) for the stationary point A and combining with (3]), we have the entries (i*,1) and (¢*,2) must both be



observed. Subtracting the gradient expression on the entries (i*,1) and (i*, 2), we have

OR__ OR \ _,
0Ais  0Avs)

where the last inequality holds by combining the fact of A;«o < A;-3 with inequalities @3]). Hence, we have

Yieg = Yie 3 = (Aje 2 — Aj 3) + (

Now consider the case where there exists a min-entry in column 3 in the lower block, and denote this row as iy, € I.
Since we assume A; > A;3 for each i € I, for Case 2.1, we have (i1, 3) is a strict min-entry. Note that (i*, 4,2, 3) is a
conflicting quadruple. Using an argument similar to the derivation of (44)), we have

Yia>Yis 45)

Combining (44) and @3)) contradicts the assumption that Y~ € M. Hence, there does not exist any min-entry in column 3 in
the lower block. Hence, the min-entry must lie in column 1 in the lower block, and all such min-entries are strict. Now the
matrix A can be written in the form

min

*

max

* max
min max *

|min  max * |

Now consider any row 7;, € I;.. We have 81‘23 > > 0 because column 2 contains a max-entry, and strict inequality holds
Ly
due to the conflicting quadruple (i*, 41,2, 3). On the other hand, we have 8253 < 0, because no quadruple within the

lower block contributes to the regularizer, and in the upper block column 3 contains the max-entry. Moreover, we have the

strict inequality 823 - < 0 due to the conflicting quadruple (:*, 71,2, 3) again. Setting the gradient expression (I8)) for the
i,

stationary point A, we have that both entries (i1, 2) and (i1, 3) are observed. Subtracting the two gradient expression, we

have

Yii2 > Y 3. @3D)
Combining (@4) and @3] yields a contradiction to the assumption of Y € M, completing the proof of Case 2.1.1.

Case 2.1.2: There does not exist a min-entry in column 2 in the upper block.

In this case, the matrix is in the form

min * max

min * max
*  max *

* max *

We consider column 2 in the upper block. If 4,5 = A;3 for all i € Iy, then column 2 of the entire matrix only contains
max-entries, and we apply the proof of Case 1 to column 2. It remains to consider the case where there exists some ¢ € Iy
such that A;, o < A;;, 3. We have OR _ ~ (), where strict inequality holds due to the conflicting quadruple (Iy, I, 2, 3) for

0Aiy,3
any ip, € I.. Moreover, we have

R
A2

and in the lower block column 2 contains the max-entries. We have the strict inequality

< 0, because no quadruple within the upper block contributes to the regularizer,

AR -
94, < 0 due to the conflicting

quadruple (Iy, I, 2, 3) for any i;, € I.. Using the gradient expression (I8)), both entries (iy, 2) and (iy, 3) are observed,
and we have

Yiy,2 < Yiy 3. (46a)



Now consider column 3 in the lower block. If for any row 41, € I, column 3 contains the min-entry. Then due to the
quadruple (iy,iL, 2, 3) we have

Yi 2 <Yi_gs. (46b)

Combining (@6) yields a contradiction to the assumption that Y € M. Hence, column 3 does not contain any min-entry in
the lower block. That is, the matrix can be written in the form

|min  max * |

Note that column 1 of the entire matrix only contains min-entries. Applying Case 1 to the minima (instead of the maxima)
completes the proof of Case 2.1.2.

Case 2.2: We consider the form (42b).

Without loss of generality, we assume strict inequality A; 1 > A; 3 for all ¢, € Ij.. Otherwise, we have 4; 1 = A; 3
and one can move row ¢, to the upper block. Assume that column 3 in the lower block contains a min-entry for some row
iy € I.. Combining row 4, with row 1 gives a conflicting quadruple (1,41, 1, 3). Using an argument similar to Case 2.1, we
have

Yii <Yis
Yi1>Y 3,

contradicting to the assumption Y € M. Hence, column 3 in the lower block does not contain any min-entry. Therefore, the
matrix can be written as

min *  max
* *  max
max min *

_m'ax m.in >|< i
For any 4, the quadruple (1,4, 1, 3) is again a conflicting quadruple. We have
Yin <Yis
Yiia>Y 3,
contradicting to the assumption Y € M, completing the proof of Case 2.2.

Case 3: The maxima of the n rows span all the 3 columns. That is, the matrix can be written in the form:

min *  max|

* max
max *
* max
max *

max * *




Ay
Denote the three blocks in the matrix as Ay, Ay and Ay respectively, so that the matrix is also written as | Ay | . Denote
AL

the corresponding sets of row indices as Iy, Iy and I, respectively. Without loss of generality, we assume
Aig > AM Vi € Iy
Aﬂ > {Aig, Alg} Vie L.
Otherwise, we may move the rows in the middle block to the upper block, and move the rows in the lower block to the upper

or middle blocks.

Now consider the lower block. Assume that there exists some min-entry in column 3 of the lower block. That is, assume that
there exists some 4, € I, such that A; 3 is a min-entry. Then the quadruple (1,74, 1, 3) is a conflicting quadruple. Hence,
we have

Y1 <Yi3
Yii1>Y 3,

contradicting with the assumption that Y € M. Hence, there does not exist any min-entry in column 3 of the lower block.
Then the matrix can be written in the form:

min * max

* max
max *
* max
max min

max min *

Now consider row 1. The quadruple (1,4, 1, 3) is a conflicting quadruple for each row i, € Iy, in the lower block. Hence,
we have

Y11 < Yis. 47)

Assume without loss of generality that there exists some iy € Iy, such that A;, 1 < A;,, 2. Otherwise, the first column in
the middle block contains all max-entries, and the matrix reduces to Case 2.2. Now consider any row i;. € I.. The quadruple
(im, 1L, 1, 2) is a conflicting quadruple. Hence, we have

)/;le > }/iL72' (48)
Combining (@7) and (@8) along with the assumption that Y € M, we have
Yio < Yia < Vi, Vi € [n]. (49)

Now consider row iy again in the middle block. Assume A, ;1 is the min-entry in row éy. The quadruple (im, 41, 1,2) is a
conflicting quadruple for any 71, € I;.. Hence, we have

)/’iM72 > }/iM,la

contradicting (@9). Hence, it must be the case that A;,, 5 is the min-entry. Then we have Ay, o > Ay, 1 > A, 3. Now again
consider any row ¢, € Ir. Recall that we have established that A; 3 cannot be a min-entry, so we have A4; 3 > A; o. Then
the quadruple (im, 4L, 2, 3) is a conflicting quadruple. Hence, we have

Yiu2 > Y, 3,

again contradicting (@9)), completing the proof of Case 3.

Finally, combining the three cases yields the claimed result.



D PROOF OF PROPOSITION

Without loss of generality, we consider any j, j’ € [d] such that

Al,j < ALJ" (50a)
Az ;> Ay, (50b)

and prove that

YLj < Yl,j'7 if (17.7)7 (173/) €.

First, consider the quadruple (1,2, 7, 7'). By (30), it is a conflicting quadruple. By (T4), we have

OR1 5 3.
9Ar; 1)
IRy 2,55
—== > (). 51b
81417]'/ ( )

Now consider quadruples involving any other column k € [d] \ {7, j'}. We consider all possible orderings of the entries in
column £ relative to the columns j and j/ as follows (we bold the entries in column k for better readability).

Case 1:

A <A <Ay or A <Ay <Ajx
Az < Agjr < Agj’ Az < Agj < Az

It can be verified that column k& does not form conflicting quadruples with columns j or j'. Hence, column % does not
contribute to the gradient of the regularizer with respect to A;; or Ay

OR12jk  OR12jk

— —0.
A, DA,/

Case 2:

Ay <AvesAyy 0 Ay <Ay < Ak
Az < Apjr < Agy’ Agjy <Ak < Agj

It can be verified that column £ contributes a negative gradient to the regularizer with respect to A, ;, and no gradient to the
regularizer with respect to A

OR12k OR12j1
0= .
04, 0Ay

Case 3:

A <A <Ay or A <A <Ay
Agjr < Agj < Az Agjr < Agx < Ay

It can be verified that column £ contributes no gradient to the regularizer with respect to A; ;, and a positive gradient to the
regularizer with respect to Ay

OR1jor ORy ok
04, V< oA,

Case 4:

Al,j < Al,k < Al,j’
Agjr < Az < Az,



It can be verified that column % contributes a negative gradient to the regularizer with respect to A; ;, and a positive gradient
to the regularizer with respect to Ay ;/:

OR1j2k OR1 ok
0 .
9A;; - oAy

Case 5:

Ak <Ay <Ay
Agﬁj/ < A2’j < A2,k7

It can be verified that column k& contributes positive gradients to the regularizer with respect to both A;; and A; ;.. By (13),
we have

ORq;
ﬁ = 2(A1j — Aug)(Azj — Agy)?
OR
61417]1;‘2'1C = 2(A1j — Awg)(Azjr — Agp)?,
and hence
0< aleZk < aleIQk

Finally, combining all the 5 cases, it can be verified that they cover all possible orderings of the entries in column & relative
to columns 5 and j’. Moreover, we have

ORq ok < ORy 2k

Vk e |d gL, 52
7, 9y € [d\{j.j"} (52)
Plugging (31)) and (52) to (I6), we have
OR OR1 o i s OR1jok
g\ | el Z el VELY
OA; O Gy O
8R1 PRI 6R1 ik OR
< AN | —2 L 4 Z I = (53)
Oy iy O 01y

Since we assume (1, 5), (1,5") € €2, using the gradient expression (I8), we have

OR OR
Yij = Y1y = (A — Agy) + (8141] - aAlj’) <0

where the inequality holds due to (30a) and (53), completing the proof.

E PROOF OF THEOREM @

To present the main ideas of the proof, we first prove the following lemma under a simplified setting of Theorem ] where
the partition includes two subsets, [d] = S U S under full observations €2 = [n] x [d]. Then we present how to generalize
Lemma|§|to any partition and partial observations.

Lemma 8. Consider any matrix Y € R™*%, and full observations Q = [n] x [d]. Consider n = 2. Assume there exists a
partition of columns [d] = S U S, such that any column in S dominates any column in S. That is, for any j € S and j' € S,
we have

Y <Yy Vi € {1,2}. (54)
Then we have the same relation for any stationary point A. That is,

Aij <Ay Vie{l,2},VjeSandj €3, (55)



E.1 PROOF OF LEMMA

We decompose the proof into the following steps.
Step 1: Show that conflicting quadruples cannot lie across (5, S)

Assume for contradiction that there exists a conflicting quadruple across (.S, S). That is, assume that there exists j € S
and j' € S such that (A ; — Ay j/)(As; — Agjr) < 0. Applying Proposition we have (Y1; — Y1 j/)(Yz; — Ya50) <0,
contradicting the dominance assumption (54). Hence, all conflicting quadruples must lie within S, oor within S. Formally, for
any 7, j' € [d] such that (1,2, 7, j') is a conflicting quadruple, we have either j, ;' € Sor j,j' € S.

Step 2: Partition columns into blocks We partition the columns into blocks [d] = B; U By U ... U By for some K > 2,

such that the following conditions are satisfied:

(a) For k € [K], the block By, includes columns only from S, or only from S. That is, for each k € [K] we have By, C S
orB, CS.

(b) Foreach k € [K — 1], the blocks By and By 1 are in different sets of the partition (S, S). That is, for each k € [K — 1],
we have either By, C S and Biy1 C S,or B, C Sand By C S.

(c) Foreach k € [K — 1], the columns in Bj; dominates the columns in By. That is,
Ay < Ay Vi € {1,2},Vk € [K],Vj € By, andVj' € Bj.1.
Due to Step 1, all conflicting quadruples lie within S or .S, so it can be verified that a partition of blocks with K > 2
satisfying exists.
Step 3: Show that A satisfies the claimed dominance relation (53).
We define
ky := max{k € [K]: By C S} (56a)
ki := min{k € [K] : By C S}, (56b)

where ties are broken arbitrary. That is, By, is the block that is ordered the lowest among all blocks consisting of columns in

S, and By, is the block that is ordered the highest among all blocks consisting of columns in S. Furthermore, we define

Ju = argmax Aj; (57a)
JEBuy

JL = argmin Ay ;, (57b)
JEBk

where ties are broken arbitrarily. That is, (1, ju) is the the maximum entry of A in row 1 among columns By,,, and (1, j) is
the minimum entry of A in row 1 among columns By, .

Case 1: Al,jH < Al,jL
By conditionof the construction, we have ki > ky. Hence, for all j € S and j’ € S, we have

(i) (ii)
Ay < Aqjy < Agj < Ay,

where steps (i) and (ii) are true due to the definitions (56) and along with the fact that k. > ky. This completes Case 1.
Case2: Ay j, > A1y

If any conflicting quadruple includes the entry A; j,, then from Step 1 we have that all such conflicting quadruples are
within S. By the definition (56a) of ky and the definition of ju, the entry A j;, is the maximum entry among all entries
in row 1 among column S. Hence, we have

OR
— >0 58a
0A1 5, — 8
and likewise
OF <O0. (58b)

8A1,]-L



Using the gradient expression (I8]), we have

OR OR
Hm—mmr%&m—AmJ+A(&hﬁ—&%@>SQ

where the last inequality is true due to (58)) along with the assumption of the case. This contradicts the assumption (54) that
the columns S dominates the columns S, completing Case 2.

Combining the two cases completes the proof.

E.2 PROOF OF THEOREMEI

Now we extend Lemma@] to partial observations, stated as follows.

Lemma 9. Consider any matrix Y € [0,1]"*%, and partial observations Q C [n] x [d]. Consider n = 2. Assume there

exists a partition of columns [d] = S U S, such that any column in S dominates any column in S. That is, we have
Yi; <Yij Vi e {1,2},Vj € SandVj' € S. (59)
Moreover, we assume that for each j € S,j' € S, we have
Ji € {1,2} such that (i,5), (i,7') € Q. (60)
Then for any stationary point A, we have

Aij < Ay Vi€ {1,2},Vj € Sand j' € S. 61)

We first use Lemmal[9]to prove Theorem ] and then prove Lemma [9} To prove Theorem ] applying Lemma[9] with
S =uk_,5,
S=U"Ly1S
with every k € [m — 1] gives
Ajj < Agjr Vi € {1,2},Vj € Sk, and Vj' € Sk1,

completes the proof of Theorem 4} It now remains to prove Lemma}

Proof of Lemma [9| We extend the three steps in the proof of Lemma[§]to partial observations as follows.
Step 1: Show that conflicting quadruples cannot lie across (5, S)

Assume for contradiction that (1,2, 7, j') is a conflicting quadruple with j € S and j/ € S. Assume without loss of generality
that

Alj < Alj/ (62a)
AQJ' > Agj/. (62b)
If all the 4 entries in this quadruple are observed, then applying Proposition 3] yields a contradiction. By assumption (60),

one pair in the quadruple is observed. If the pair As; > A,/ is observed, then applying Proposition gives Ya; > Yo,
yielding a contradiction to (59). Hence, it remains to consider the case that the pair A;; < Ay is observed.

We first show that one entry in the pair Ay; > Ay must be observed. Using the same argument as in the proof of
Proposition 3} we have
OR - OR
(9A2j 8A2j/ '

(63)

If both entries in this pair are unobserved, then combining (63) with the gradient expression (I8), we have

oL _, OR _ OR _ 0L
04y, [ 0Ay; T C0As; DAy




oL
94,

entry in the pair Ay; > A,js is observed. We now separately discuss the two cases depending on which entry in this pair is
observed.

contradicting the assumption that A is a stationary point with a gradient of 0, and hence aaTi = = 0. Hence, one
J

Case 1: Aj; is observed and A,;- is unobserved.

Since A, is unobserved, we have

oL OR
= =0. (64)
0Azjr  0Agj
Since (1,2, j, 7') is a conflicting quadruple, we have
IR 2,5
——= < 0. 65
A, (65)

. . . 8R 2 .
Combining and (63)), there must exist some k € [d] such that g2+ > 0. Thatis, we have
J

Ay < Aug (66a)
Agj/ > Aog. (66b)

If k € S, then (1,2,;',k) is a quadruple across the partition (S, S). Recall by the assumption of the case that Aj/
is unobserved, by condition (60), the pair A;;; < Aj; must be observed. Applying Proposition [3| yields Y3 < Yiy,
contradicting the dominance assumption (39).

It now remains to consider k& € S. Recall by the assumption of the case that A, ;s is unobserved. If Ay, is also unobserved,
then the applying the arguments in Proposition [3|to the conflicting quadruple (1,2, j, k), we have

OR < OR
8A2j/ 8A2k ’
and hence

oL _ OR _ 9R _ 0L
8A2j/ - 8A2j/ (9A2k - 8A2k’

contradicting the assumption that A is a stationary point with a gradient of 0. Hence, Ay, is observed. Combining (62)
and (66)), we have

Ay < Ay
Agj > Agk.

That s, (1,2, 4, k) is a conflicting quadruple. Note that all the 4 entries in this conflicting quadruple are observed. Note that
by the assumption that j € S and k € S, this conflicting quadruple is across the partition (S, S). Applying Proposition
yields a contradiction with the dominance relation (39) of the partition (.5, S).

Case 2: Aj; is unobserved and A, is observed. A similar argument as in Case 1 applies.

Combining the two cases completes Step 1.
Step 2: Parition columns into blocks

We use the same construction of the blocks described in Step 2 of the proof of Lemma [§ and obtain the blocks
[d] =By U...UBk.

Step 3: Show that A satisfies the claimed dominance relation (61)

We follow Step 3 of the proof of Lemma and use the same definition of ky, k.. from (56)), and the definition of (ju, ji)
from (57). Again assume for contradiction that the dominance relation (61)) does not hold on A. We separately discuss the
following cases depending on whether the entries (1, jy) and (1, j..) are observed.



Case 1: Both (1, jy) and (1, ji) are observed. Then Step 3 of Lemma|g]can be applied directly.

Case 2: Both (1, ju) and (1, ji.) are unobserved. Due to the definitions and (574), the entry (1, ju) is the maximum

entry of A in row 1 among columns S. If the entry (1, jy) is involved in any conflicting quadruple, then due to Step 1, all

such conflicting quadruples must lie within S. Hence, all conflicting quadruples contribute a positive gradient to aglR‘ .
»JH

Since (1, jy) is unobserved, setting the gradient expression (I8)) to 0 for the stationary point A, we have

oL OR

— =——=0
0A1j,  0A1j,

Hence, the entry (1, ju) cannot be in any conflicting quadruples. Therefore, (2, jy) is the maximum entry in row 2 among
columns S. Likewise (1, j.) cannot be in any conflicting quadruples, and (2, ji) is the minimum entry in row 2 among
columns S. By the assumption (60), both (2, j;.) and (2, ji.) are observed. Applying the arguments in Case 1 to the pair of
(2, ju) and (2, jr.) completes Case 2.

Case 3: (1, L) is observed and (1, jy) is unobserved.

Denote (2, j{ ) as the minimum entry in row 2 among columns S. If (2, j{ ) is unobserved, then as in Case 2, the entry (2, j/ )
cannot be in any conflicting quadruples, and hence j| = ji. We have (1, jy) and (2, j.) both unobserved, contradicting (60).
Hence, (2, j{ ) must be observed, and likewise (2, j{;) must be observed, where (2, j{;) is the maximum entry in row 2 among
columns S. Applying Case 1 to the pair of (2, j{ ) and (2, j{;) completes the proof.

Case 4: (1, ;1) is unobserved and (1, jy) is observed. By symmetry, a similar argument as in Case 3 applies.

Finally, combining the 4 cases completes the proof.
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