Generalization Error Bounds for Deep Unfolding RNNs
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1 PROXIMAL OPERATOR OF REWEIGHTED-RNN

The proximal operator ¢, », ,(u) is defined as
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where g(v) = A\1g|v| + Aoglv — A

Following the proof in Appendix of [Luong et al.,|2021], @ﬂgl‘ggl ,(u) is given by
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2 SUPPORTS FOR RADEMACHER COMPLEXITY CALCULUS

The contraction lemma in |Shalev-Shwartz and Ben-David| [2014] shows the Rademacher complexity of the composition of a
class of functions with p-Lipschitz functions.

Proposition 2.1. [Shalev-Shwartz and Ben-David, 2014, Lemma 26.9—Contraction lemma]
Let F be a set of functions, F = {f : X — R}, and 1, ..., Py, p-Lipschitz functions, namely, |P;(a) — &;(8)| < pla — S|
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forall a, B € R for some p > 0. For any sample set S of m points X1, ...,Xm € X, let (P o f)(x;) = D(f(x:)). Then,
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alternatively, Rg(D o F) < pRg(F), where @ denotes P1(x1), ..., Py (Xi) for S.
Proposition 2.2. [Mohri et al.| |2018| Proposition A.1—Hdlder’s inequality]
Let p,q > 1 be conjugate: % + % = 1. Then, for all x,y € R",

1yl < lxllpllylla, )

with the equality when |y;| = |x;|P~! for all i € [1,n).

3 PROOF FOR GENERALIZATION ERROR BOUNDS FOR DEEP UNFOLDING RNNS

Proof. We consider the real-valued family of functions F7 : R" x R ~ R for the functions f‘(,'é)U to update hgﬁi ) in
layer d, time step 7', defined as

Far = {0 1 xr) = Sl fiy ) 05 xr) + ufxr)  [Wallioo < @, [Udlhw < 8afs ()

where wg, uy are the corresponding rows from W, Uy, respectively, and oy, 5;, with 1 < [ < d, are nonnegative
hyper-parameters. For the first layer and the first time step, i.e., [ = 1, ¢ = 1, the real-valued family of functions,

Fia: R x R" — R, for the functions f&,)u is defined by:

F11 = { (ho, x1) > B(wlho + ulx) ; < a1, Ul < 61}, )

where a1, 31 are nonnegative hyper-parameters. We denote the input layer as f\(/?)),u = hy at the first time step. From the
definition of Rademacher complexity [Definition 3.1] and the family of functions in (6) and (7), we obtain:
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where A > 0 is an arbitrary parameter, Eq. (8a) follows Lemma [2.1]for 1-Lipschitz ¢ a long with Inequality (20), and (8b)
holds by Inequality (I7)).



For layer 1 <[ < d and time step ¢, let us denote:

Angl.xt = sup exp| A4 Z € (Wl f(l 1)(ht71,i7 th))) ; ®
/ wu i=1
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where A; is defined as follows: Ay =1, A; = H o with 1 <1 <d-1,and Ag = H ag.
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Following the Holder’s inequality in (3) in case of p = 1 and ¢ = oo applied to Wl and f

respectively, we get:
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Similarly, from (I0), we obtain:
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where {7, k} = argmax
ted{l,...,T},je{l,....n}

From (8B), (1)), and (I2)), we get:
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where (T3a)) holds by Inequality (T7) and (I3b) follows by repeating the process from layer d — 1 to layer 1 for time step 7'.
Furthermore, is returned as the beginning of the process for time step 7' — 1 and (T3d) follows Inequality (3).

Proceeding by repeating the above procedure in (13e]) from time step 7" — 1 to time step 1, we get:
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where (T5a) follows Inequality (T9), (T5B) holds by replacing with 37, and Z?:p respectively. In addition, follows
and (T5d) is received by the following definition: At time step ¢, we define X; € R™*"™  a matrix composed of m

columns from the m input vectors {x; ; }7~,; we also define || X;||2,c0 = J{rnax , S x2, . < \/mBx, representing
ke{l,..., =17t

the maximum of the ¢>-norms of the rows of matrix X, and ||hg||oc = max |hg ;.
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Choosing A = , we achieve the upper bound:
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It can be noted that R (Fg,r) in (I6) is derived for the real-valued functions Fy 7. For the vector-valued functions
Far: R” x R™ — R” [in Theorem 3.3]we apply the contraction lemma [Lemma | to a Lipschitz loss to obtain the
complexity of such vector-valued functions by means of the complexity of the real-valued functions. Specifically, in Theorem
3.3 under the assumption of the 1-Lipschitz loss function and from Theorem 3.2, Lemma 2.1} we complete the proof.

O
Supporting inequalities:
(1) If A, B are sets of positive real numbers, then:
sup(AB) = sup(A) - sup(B). a7
(i) Given z € R, we have:
exp(x) —l—;xp(—x) < exp(a?/2). (18)
(iii) Let X and Y be random variables, the Cauchy—Bunyakovsky—Schwarz inequality gives:
(E[XY])* <E[X?]-E[Y?]. (19)

(iv) If ¢ is a convex function, the Jensen’s inequality gives:

P(E[X]) < E[p(X))]. (20)



4 EXTENSION OF GENERALIZATION ERROR BOUND FOR CLASSIFICATION

Proof. Lety = Yh&d) = y(hgd)) be a linear classifier with Y € R®*". Let Y; denote the i" row of Y. Below, we show
that each entry yi(hgd)) is p-Lipschitz on its input with p = min(max; ||'Y;||, , max; || Y;]|;):

Vhh' e RP Vi€ {1,...c}: |y — vl = ‘Y,Th —YTh| = ’YZ—T(h— %) @1
< 1Yl [[ln =, (22)
< Y|, b -1 23
< cmax  [Y;l; [ =W, 23)

In the development above, line[22] was obtained by applying the triangular inequality. Moreover, in line[23] we have identified
a unique Lipschitz constant that is valid for all 7. Alternatively, we can also write that:

Vh,h' e R" Vi€ {1,....c}: |y —yi| <[[Y4lly |h—D| (24)
< maXC}HYjHth—h/HOO (25)
< max Y5 [|B - b, (26)

In the development above, line 25| was obtained using Holder’s inequality [see Proposition[2.2]] and line [26] was obtained
considering that the ¢, norm is an upper bound of the /., norm. Setting p = min{max; ||'Y,||, , max; || Y;||; } completes
the proof and shows that p is a Lipschitz constant for each entry y; (hgd)). To obtain the generalization upper bound proposed
in section 4.3 using the ramp loss evaluated on the classification margin ¢, (y) (which is %—Lipschitz), it suffies to apply
the contraction lemma twice [see Proposition , first for the composition with multivariate linear classifier function and
secondly with the £, loss function, leading to:

21log(4/0)

2
L A(f) = Lo (f) < fmswdm) +4 @7)
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