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A DERIVATION OF ELBO

A central task in the application of probabilistic models is the evaluation of the posterior distribution of the latent variables
given the observed (visible) data variables. For many models of practical interest, it will be infeasible to evaluate the posterior
distribution since the dimensionality of the latent space is too high to work with directly or because the posterior distribution
has a highly complex form for which expectations are not analytically tractable. This is the case in our approach. Therefore,
we resort to the approximation techniques called variational inference or variational Bayes to estimate M (¢) and M(®),
Similar with Beal et al.|[2003]], we can decompose the log marginal probability log p(Y") as

logp(Y) = 10g/p(Y|M(p))p(M(P))dM(P) 0
> ZEq(M“’)) [logp(yi|M(P)ﬂ — KL(g(M®)||p(MP))),

where KL(¢(z)||p(z)) = [q(= 1og (ﬁ )dz is the Kullback-Leibler divergence (KLD), which measures the similarity

between distrlbutlon q and p. We treat the parents M (?) as a hidden variable with prior p(M (), and q(MP)) is its
variational posterior distribution. As M/ (P) is a mixture model, to simplify the log-likelihood log p(Y;| M (p)), we introduce a

hidden assignment variable Z;, where Z; = j if Y; and its associated child model Mi(c) are assigned to M ;p ), Next, we
obtain a lower bound on the log-likelihood log p(Y;| M (®)),
log p(Yi|M®)) =1log ¥ " p(Yi, Zi = j|M ™) )

J
> Zéij [logp(Yi|M](p)) + logwﬁp) —log 2;5],
J

where w§p ) = p(Z; = jlw®)) and we denote the variational distribution z;; = q(Z; = j) and 2;; = E[2;;]. Note that one

child in our model only has one parent but one parent has several children, as shown in Fig. 2. Given the assignment Z; = j,
the generative process of the data Y; is:

1. Sample a child model M, ~ p(M | MP);

2. Sample (i.i.d.) data sequences ¥’ ~ M n=1,..N.

?

(e)

Thus, we define the likelihood p(Y; \M (p )) as the marginalization over the corresponding child model A, ™, and obtain its

lower bound,
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> E, 0, [10g p(Yil M) + log p(M7|MP) — log a(M)],

where q(Mi(c)) is the variational posterior distribution of child Mi(c). Finally, combining @), , and , we obtain the our
objective function (lower bound),

LM® M) ZE (@, [log p(Vi | M(?)] +ZZzu 0 Eyarion (108 (M M)

+ Z Z 2B a(w®) [logw(p)} + E, ) log p(w (p) )+ ZE (M<P)) [Ing M(p) Z Z Zijlog 2;;

i J

= DB, (0 loga(M{)] = 3 E ) (108 Q(M;p))] — Bt [log g(w™)]. “
7 J

where %; ; = Ey(z)[2i;]- Since log p(Y') > L(M®), M (), we find the best child models M. and the best parent models
M® through

{Mﬁp),M,EC)} = argmax L(M®) M),
M@) M@

B VARIATIONAL DISTRIBUTION OF ¢

In this section, we give the specific L£(¢"7). The term involved ¢™ in our objective function is
@@
By By o8 p M TIMG)] e

L(¢™) o EyoEm 10gp(Mi(C) |M;p))a

we derive Eq(ngw)Eq(M;m) [10gP(M¢(C) |M;p))] first and then give £(¢"7).

Bl E E, @) log p(M,“) | M)

a(M{) q(

B e Baqar) log p(M M) > B Equ)Ea(s9) [IOgP(MfC)W’j? M) +log p(¢™7) — log q(df’j)]

= Eq(ﬂ'(c),i)Eq(w(P),j)Eq(aﬂ,j) [logp(ﬂ(c)’i Oéé)C)a ¢i’j, W(p)’j)] + ZEQ(G(C) )Eq(A(p) ])E (¢i9) [logp( (e)i "j, A(P),j)]
+ Z ZEQ(W i (bk l q(Mc) NCI) q(u(”) 9 AP [log/\f( | P (ﬁ((JC)AJ(:)’i)_l)}
T Z Z Eq(si9)[9%]] Eqa@)Eqaway [IOg WA AP ) v )} : &)
ko1 ' '

Consider the first line in the RHS of , we simplify the normalization terms in two Dirichlet distributions. Firstly, qﬁzjl isa
binary variable and ), ¢ij = 1. Thus,

log I'( ao quu (P)J <Z¢2J1 logF(a((f)wl(p)’j), ©6)
l

c)

since log I is convex. Moreover, we assume » & dﬁcjl > 1, which means at least one state in Mi( is assigned to the [-th

state in M;p). Since log'(p - a) > p-logT'(a), ifa > 1,p > 1 we have
IOgF () Z Z (ZS’L J (1))73 Z Z ¢1 2J (p)J IOgF( (C)) (7)

"Let f(a) = logT'(pa) — plogT(a), f'(a) = p(y)(pa) — +(a)) > 0, thus f(a) is a monotonic increasing function and f(a) >
f(1)=o.



and a(c) > 1. Comblnlng (EI) and (7)), firstly we obtain a lower bound on the normalization term log C(&*7) for Dir(r(¢)7),
and secondly, we bring ¢, » out of the log-gamma function. The normalization term log C' (€ ) for prior on ! is similar.

k
Next, for each term in the RHS of (3, we have,

1.
Eq(ﬂ—(c),i)Eq(ﬂ—(p),j)Eq(¢i,j)[logp(ﬂ'(c)’i Oé(c) L 7r(p),j)]
= EyrEyrt015) Eq(g) | og C(6 +Z Z%%’j "~ 1) log r{]
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k l k
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(c)
c c),t 14 s c),i
= Eq(Aic),i)]Eq(Aip),j){ IOgB(A(p ’j/l/ )) log |A§€) | — 07 Tr((A (p) J) 1A( )i )}

(c) B . (¢) (C)D D(D (c) +1—-d
= —VOT logAl(p)’] + VOTlog |uéc)| — VOT log2 + ¥log7r + Zlogl" f)}
d=1
©_p_1 ... (c), (c)i , A
Yo 5 1ogA§:)’l _ Vo Vg TT((WZ(P)J)—lwlgC)J).
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q[)”] Z Z ‘ ‘{frl(p)’j log F(aéc)) — Elog F(a((f)ﬂl(p)’j) + oz((f)frl(p)’j log ﬁl(f)’i
k
+ Elog N ({1 (8EAH)71) 4 Elog WAL AP /(9 1)) —1og §®) —log éii}

+ Z Z QE;CJ {A(P)J logr(egc’)) + EIOgF(EéC)A(p)J) (C)A(P)J loga(P)J}( v )T7

kK

~ ()i

where log 7" = E[log 7.“"]

and
1.Elog F(a(()c)ﬂl(pm)

Kim et al.|[2013] propose an upper bound for [E log F(a(()c)wl(p)’j), i.e

Lo

Elogr(aéc)ﬂ_l(m»j) < logl“(a(()c)ﬁl(p)’j) + a(()C)(l B A(p)yj)/ (p),j + (1 é)ﬁl(p)d)[log ~ (p),J + w(d(p),j) N ¢(al(;0)7j)],
3

where w(p)’J ]E[w(p)’j] and &) = Y, al(P),j_
2. Elog N (™ [P, (857 AL ) 1)
There is

Eq(ugcc),i7A§€c),i)Eq(M§p),j7A§p),j) [logj\/'( (c),i |H(:U)7J (B(C)A (c),i ) )}
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where logA ()t _ E[log A;gc),i]-
3. Elog W(Aéc)aiml(p),j/yéc)’ I/(()C))
There is
Eq(Agj)»f‘)E (AP {logW(A(C |A(p ,J/ (c c))}
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4. Elog (el A®)3) is similar to E log F(a(()c)yrl(p)’j),

With the above 1-4, we solve (;3” via an optimization problem with constraints, i.e.,

maxﬁqﬁw s.t. Z@fl:l Z¢’J>1

C VARIATIONAL DISTRIBUTIONS FOR PARENT MODELS

In this section, we derive the parameters for variational distributions for parent model, and we consider each parameter in
the following.

C.1 INITIAL PROBABILITY

For initial probability 7(P)7, the terms involved its parameter a(P)/ in variational distribution is
L(aP7) x Elog p(n©|al?, ¢"7, 7®:7) + Elog p(n®7) — Elog q(x "))
> log I'(ax (c) ZNJ - (p),J ZNJE log (| (p):J (c))] +af )Z p),J + Z (p)d ) log 7! ~(p),J
l

—log (&P +ZlogF al(p)’J),
where

(). gy ari _ OF}
'ﬂ'l = ]E[’/Tl ] T, Za
o

log( “’“) Wleg™) = ("),

= Z Z 200 (1]k),
ZZZU¢ 1og7r ,

and combining the inequality in Equ , we obtain L(a(p)’j ). Solving the optimization problem
max L(aP)7) st al(p)’j >1,

to solve a(P)-J

C.2 TRANSITION MATRIX

For transition matrix A®)J , the terms involved its parameter ¢(P),J in variational distribution is
L(ePF) ZﬁijEIOg P(A(C)’i|eéc), ¢, AP 4 Elog p(AP) — Elog q(AP) Z (P) 7
i l
and

L) = 3 [NDafh) log D(el?) — N Elog D(efafh)7) + e 87a{)7| — 10g (")
l/



+ > logT(e})?) = > (e — ) log i’y

U I
where
(p).j (») qh’ @) Z
&lﬁ/’j E[al ll»]] (p ,] ~(P ’J 6[ l/’ja

logagf)! = v(eff”) - o .

Nl(jl’) = ZZU ZZ‘%l P
l(Jl) = sz Z Z¢kl e log &ﬁ"

and combining the inequality in Equ , we obtain £(el(p ) ). Solving the optimization problem
(p).J (P),J
max L(e""), st " >0,

to compute €77

C.3 GAUSSIAN EMISSION DENSITY

The terms in objective function (4) involve ml(p 0, ﬂl(p 3, V[/l(p )d_ and V(p )3 are
E(ml(p)’J, Bl(p)u’ W—l(p),y’ Vl(p),J)
= > 4By o) E a0 108 p (MM + B ) [10gp(M;")] B, 0, [log a(M7)]
— £(m®P9y e3Py oo Pray L op )i
= Lmy"77) + LOBT) + LOV) + L)

L L(m{")

Ni ~ 7,7 B(C) c),i c),i \J c),i c),i J
ﬁ(ml(p) J) _ 3 ¢kjl [ - LVI(C ) (ml(ﬂ) - ml(p) ])T . W,g ) (ml(c) _ ml(p) ])]
- 2

/B(p) J J r J J r
_ Oiyl(p)a(ml(p)J _ mé ))TVVZ(P)J(ml(P)J - m(() )).

Take the derivation of L(ml(p )3 ) w.rt. ml(p )7 and set to zero, we can obtain a closed-form solution of m(p )d,

|:ﬁOC Zzw Z¢ W(C)z /Bép)yl(p),le(p)»j}

( Z%ZW (@) igpre)iy )iy ﬂép)u}p)’jwl(”)’jmgp)).

-1

2. L(BPY)

. B8 v Wi 1p@i]  BYD D
L(BP) 2 CTe(W ) Tt — = log BV,
; J ; [ (VI(P)J -D-1) ! k ] Bl(p) J 2 l

Take the derivation of £(3"7) w.r.t. ,Bl(p )7 and set to zero, we can obtain a closed-form solution of 37/

(p)g _ (c) (W(P)J‘)—lu(ﬂc),iw(c),i
=B+ By Zz“z(bkld ( l ufp)'f—kd_1 - )

©))

(10)
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Figure 1: Illustration for individual HMMs learned by VBEM and our method, and LL means the log-likelihood on test data.

3 [:(Wl(p)’j)
(p)jy—1 (c) (p) J (C)
gy _ L W) N i [ Po 1. (&) irgr(e)i — Ny, ).
LWy =3I ((ul(m —D-1) Zzw;%l { w5 Y0 }”k Wi 2 log [,

1
1 ) ) ) )
_ 5I/l(P),J Tr (Wl(p)J [Bép)(ml(p)u _ m(()P))T(ml(P)J _ m(()p)) + (Wép))—1])_

%

Take the derivation of E(VVl(p )i ) w.r.t. VVl(p )7 and set to zero, we get an Algebraic Riccati Equation,

_QCWZ(I’)J + Wl(p)vj RWZ(ZD)J' o Q =0, an
where

)

yém_;\,j,/(()c)
R— Vl(p)aa [I@(p)( ()J m(P))(m(P)J - m(()p))T + (I/V(p))—l]7

(e) c c, c),i
Q= o5 (58 + 46 )Z%Zﬂﬁ e

1D with a unique positive definite solution. Thus, solve , we get Wl(p )7 In this paper, we use the Matlab ARE solver
(icare) to find the solution of ().

4. [Z( (p) ,J)

A 1 - @ O Z e
) = s e (049 = (5 + ) X 0w )

D (p),j (4) (C) (p).J (p)
1% +1—-d ; N +v -V
[P et———=5) + Dlog2 + log(IWP))] [~ - 0]
d=1
r1 . . . B
Vl(p),J [5 Tr (VVI(P)J [ﬁép) (ml(p),J _ m(()P))T(m(P)a] - mép)) + (Wo(p)) 1])

D (p)J
D 1 (p),j D +1—-d
— —log2— =1 WP’J——] n(4——).
A TR e

Solving the optimization problem
max E(Vl(p)’j), s.t. Vl(p)’j >d+1,

to solve v,

In this paper, we use the Global Optimization Toolbox (GlobalSearch combine fmincon solver) in Matlab to solver the
optimization problems.



D ALGEBRAIC RICCATI EQUATION

The Algebraic Riccati Equation (ARE) has been used to study the matrix generalized inverse Gaussian distribution [Fazayeli
and Banerjeel [2016]], which is a distribution over symmetric positive semi-definite matrices. We consider the ARE when
learning group model and here give a brief introduction. An ARE with respect to symmetric positive matrix P € R4*9 is

ATP 4+ PA+PRP+Q =0, (12)

where A € R™? and Q, R € S, where Si denotes the space of symmetric (d X d) positive semi-definite matrix. The

A R }has

ARE li has a unique positive definite solution if and only if the associated Hamiltonian matrix H = [ Q —AT

no imaginary eigenvalues [Boyd and Barratt, [1991].
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