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1 PROOF OF RESULTS FOR THE GAUSSIAN MODEL

In this section we give the proof of Theorem|I]and Corollary [2]

Before proving Theorem[I} we need to establish several lemmas. First we restate the result by [Chen et al.| [2020D]] that gives
the closed form solution for the robust classifier.

Proposition 1 (Lemma 10 inChen et al|[2020b])). Given n training data points {(;,y;)}?-; C R? x {1} and e > 0, if

the robust classifier is defined as (3)), then we have w' = W sign(u — € sign(u)), where u = % Do Yii.

First, we define the error function erf(-) : R — R by

erf(z) = \% /Oz et dt, (1)

and it has the following property.

Lemma 2. If z ~ N(0, 1), we have
P(z<zx) = % [1 + erf (%)} .

Proof of Lemma([2] In light of the density of the standard normal distribution and by a change of variable, we have
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In addition, we define the function L(-,-) : R? — R by
L(v,e") = erf (v) +erf (v (e’ — 1)) —erf (v (' + 1)) . )
For all j € [d], we define

Vj = y €5 = )
V2T T nG)
where 4i(j) and o (j) are defined in the data generation process described at the beginning of Section [4]

Lemma[3] gives the expression for the generalization error.
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Lemma 3. Suppose that the generalization error is defined as in @) Then we have

n—Wg vj,J ,

J€ld]

, .
where v; and €'; are defined in (3).

Proof of Lemma[3] By (@), Proposition[I]and the independence between test and training data, we have

Ln = —E{(xhyi)}? 1“"“ [E(I’y)NT’N [y<w§fb7x>]] - {(:cz yi) o, RD [< Z’b,,uﬂ
=-W-. % (g} o, 5180 (u(7) — esign (u()))]
j

Since y;z; ~ N (1, ¥), we have u ~ N (1, 2), and it follows that

Ln= =W ST OB, ) i 22, sign (ul) — <sign (u(7)]
J€ld]

Denote I; = —E (g)~/\/(u(g) 2(7>) [sign (u(y) — esign (u(y)))]. Then we have

I =Pu(j) < —e) —P(—e<u(j) <0)+P(0 <u(j) <e)—P(e <u(y))
=1-2P(—e < u(y) <0)—2P (s < u(y))

_1—2P<W<z<w>—2P(W<z>
(< ) < ) < )

where z is a standard normal random variable. By Lemma 2] we have

o p(j)v/n (€ —pU)VrY _ g E+rG)Vn
I; erf(ﬁa(j)) + erf (ﬂa(j) ) erf <\/§a(j) )
= erf(v;) + erf(v;(ej — 1)) —erf(v;(e} + 1)) = L(vj;,€5),

which implies that L,, = W 3,y #(j) L(vj, ).

O

Note that L(v, €’) is differentiable in v, and by our definition each v; is smooth and monotonic in n. Together with Lemma
we know that L, is differentiable w.r.t. n. Therefore, to study the dynamic of L,, in n, it is equivalent to studying the
derivative 2= We define the function f(-,-) : R — R by

Fte) =t — (144D (1 - )",

In Lemmafd] we compute the partial derivative of L.
Lemmad. Lett = ¢~V and f be defined as in (). The partial derivative of L(v,&’) w.r.t. v is given by
OL(v,e") 2

5 ﬁf(t’ e').

Proof of Lemma] By (I) we have

d 2 e
%erf(x) = ﬁe 5
and it follows by (2)) that
8L(’U 6/) 2 2 , 2 2. 2 2 22 2
D e A St — 1= v (e'=1)% 1)— vo-(e'+1)% t. e,
50 ﬁe + (e )ﬁe (e"+ )ﬁe —ﬁf(,s)



dder . Lemmaimplies that the derivative depends on the sign

The proof of Theorem |l|follows from studying the derivative
of the function f. We investigate the sign of f in Lemma 3]

Lemma 5. There exist 0 < §1 < 9o < 1 such that the following statements hold.
(a) When0 < &’ < b1, f(t,e') <O0for¥Vte (0,1).
(b) When 65 < &’ < 1, there exist 0 < 71 < o < 1 depending on ' such that

<0 vVt € (0,7’1),
f(t,€/) >0 vVt € (Tl,’TQ),
<0 Vt € (T271),

and

(c) When1 <¢€', f(t,e’), there exists o < 1 such that

~n >0 VtE(O,Tg),
fwg){<o Yt € (12,1).

We compute the partial derivative of f w.r.t. ¢

/ P ’ ’
f(te) = L(atf) =1-(14&)2 0’1 _ (1 = )P0 —1,

The proof of Lemma uses the following Lemma|§| and Lemma To make it concise, whenever we fix € in the context, we
omit ¢’ and write f(t) = f(¢t,&') and f'(t) = f'(¢,€").

Lemma 6. The right-sided limit of f' at 0 is given by
—00 if0<e <1,

lim f'(t)=<1 ife' =1,
t—0+
400 ifl<e <2.
In addition, we have

lim f/() <0, V0o<ce.

t—1—

The proof of Lemma 6] follows from direct computation. Using Lemma|6] we obtain Lemma 7}

Lemma 7. For any fixed 0 < &' < 1, there exists some to = to(e') € (0,1) such that f'(t) is strictly increasing for
t € (0,t0) and strictly decreasing for t € (to, 1). For any fixed 1 < &' < 2, f'(t) is strictly decreasing for t € (0, 1).

Proof of Lemma(7] We differentiate f’ w.r.t. ¢ to get

of'(t)
ot

= (1+e) [(1 +e)? - 1] pateD?=2 (1 o) [(1 _ 2 o]tz

First we consider the case where 0 < ¢’ < 1. The function f’ is continuously differentiable on (¢,¢’) € (0,1) x (0,1). For

any fixed ¢’ < 1, setting ‘%gt(t) = 0 yields the unique solution of ¢ in (0,1) as

1+e\°/2+¢
1—-¢ 2—¢

_ 1
4e’

to =

“




Since lim; o+ f'(t) = —oo, f'(t) is strictly increasing w.r.t. t € (0, o). Also note that

. afl<t)_ . "3 72 (1+€')2—2 "3 "2 (1—¢’)2 -2
Jim ZE = lim — (14 [(1+a) —1}t —(1-¢) [(1—5) —1}t

= — 27 (5% 4+ 7) <0,

which together with 2 (f'(ty)) = 0 indicates that f'(t) is strictly decreasing for t € (t, 1). We conclude that ¢, is the
unique local extreme and also the global maximum of f’(¢) on ¢ € (0, 1).

For1 < ¢’ <2, we have forall ¢ € (0,1)
—(1 +€/)3 |:(1 +8')2 _ 1} t(1+6’)272 <0,

—(1=&) [a=e)—1] 02 <o,

It follows that % < 0, which implies that f’(¢) is strictly decreasing.

A direct application of Lemma[7) gives the following Lemmalg]
Lemma 8. For all 0 < &' < 1 sufficiently close to 1, f'(t) has exactly two zeros ont € (0, 1).
Proof of Lemma[8] By Lemmal[7} we know that f’(t) is strictly increasing on t € (0,to) and strictly decreasing on (to, 1).

Recall that Lemma [6] shows that for 0 < &’ < 1, lim;_,+ f/(t) = —oc and lim,_,;~ f'(¢) < 0. Therefore it suffices to
show f/(tg) > 0 for all &’ sufficiently close to 1~. We define

1+e\%/2+¢
()

We have A tends to +o00 as €/ — 1. We then write

e

flt) =1-(1+)PA2" 7 —(1-¢)°A

[NLN

N|=

Note that lim./ ;- (1 4+ 5’)3A_%_% =0, and

. N3 41_< . /By 3el N3 2¢’ £
lim (1—-¢")?A277 = lim (1—-¢&)277 . [(1+¢") 1—1—27 =0.

e'—=1- g'—1-

Therefore we conclude that f'(tg) > Oase’ — 17.

We denote the two zeros in Lemmaby t; = t1(¢’) and ty = to(e’) where t1 < to.
Now we are ready to prove Lemma[3]
Proof of Lemmal[3] We show [(a)|first. Note that for any fixed &’ < 1, f(0) = 0. Therefore it suffices to show that for any

¢’ sufficiently close to 0, the derivative f'(t) < 0. Since by Lemmawe have f'(t) < supse(oq1) f'(t) = f'(to) when
0 < ¢’ <1, itremains to show that f'(¢y) < 0 for all &’ sufficiently close to 0.

In light of @), f’(to) < 0 is equivalent to
€242’ /2ot

14+e\* (2+¢ * (1= 1+e\% (2+¢
1—¢ 2—¢& 1—¢ 2—¢
A 1+e\?/2+¢
C\1—¢ 2—¢ )

1—(1+¢)3

Recall that we define




Rearranging the terms yields A°'/4 < (1+¢')3A~1/2 4+ (1 —¢')>AY/2. Since A > 1 and &’ < 1, we have 4°'/4 < A'/2,
Thus it now suffices to show A'/2 < (1 +¢")3A~1/2 4 (1 — /)3 A2, or equivalently A < (1 +¢')3/[1 — (1 — £')%]. We
can further simplify this into

2+¢ (1-¢)3

o S1-(1-ep
Finally, note that LHS — 1 and RHS — +o00 as ¢’ — 0T. Therefore there must exist 6; € (0,1) such that: for any
0<e <dy, f/(t) <Oforallt € (0,1). Thus f(¢) < 0forall ¢ € (0,1).

Now we show [(b)l By Lemma we know that for all ¢’ sufficiently close to 17, f’ has exactly two zeros t; and t5. By
Lemma 7] we know that f'(t) > 0 for t € (t1,t2). These imply that f(t) is decreasing on ¢t € (0, 1), increasing on
t € (t1,t2) and decreasing on ¢ € (t2, 1), which gives arg max, [y 1) f(t) C {0,%2}. Furthermore, since f(0) = 0 and
f'(t) < O0fort e (0,t1), we know f(¢) < Oint € (0,t1). Also note that f(1) = —1 < 0. Therefore, depending on &',
the sign of f(¢) int¢ € (0,1) only has two possibilities: either f(t) < 0 for all ¢ € (0, 1) except possibly one point where
f(t) = 0, or there exist 7; and 7 as described in In the latter case we have 0 < t1 < 71 <ty < 7o < 1.

We now show the existence of such 7; and 75 for all ¢’ sufficiently close to 17. Since we have shown that
argmax;cp 1) f(t) € {0,f2} and f(0) = 0, it suffices to show f(t2) > 0. Since f'(t2) = 0, we have f(t2) > 0 <

flta) —ta- fl(t2) >0 [(1+€) - (1+ 5’)]tél+€/)2 >[(1-¢)—-(1- s/)B]tgl_s/)Q, which can be simplified into

a+affa+a)>1
(1—e)—(1—g) 5

Since ¢’ < 1, it then suffices to show 6 )
14+ 5———>—.
24+ -3 t3

Observe that LHS — +o0o0 as ¢/ — 17. It remains to show that ¢ is bounded away from 0 as ¢/ — 17, i.e,
liminf,/_ - t2(¢’) > 0. We claim that lim inf,, ;- t5 > % To show this, we note that

liminf f'(¢,¢') = liminf 1 — (1+¢)° - g = (1 =) g =127 g2,
which equals zero when g = 1.

The claim inthat T2(e") > 1 follows directly from the above analysis since o < 75 and liminf, ;- to > %

To show lim,,_,; - 71(¢’) = 0, we claim that 7; < (1—¢")% as ¢’ — 1. Then it suffices to show that f((1—¢')%% ¢") > 0
forall ¢/ — 17. We have

1 N2 _ _\2_

(1 — 8/)0.9 . f((l . E/)0'9,€/> —1_ (1 + E/)(l _ 8/)0.9[(1+8 ) —1] (1 _ E/)1+0.9[(1 e —1] ,
which tends to 1 as &’ — 1~ This implies

We now show [(c)] First note that f(0) = 0 and f(1) = —1.

When &’ = 1, f(t) = t — 2t*. In this case, we have f(t) > 0fort € (0,2~/3) and f(t) < 0fort € (2-1/31).

When 1 < ¢’ < 2, by Lemma we have f/(t) = 1+ (¢/ — 1)3t(' =" =1 — (&/ 4 1)3¢("+1°~1 being strictly decreasing
ont € (0,1). Therefore the function f(t) is concave. Since lim;_,o+ f'(¢t) > 0, f(0) =0 and f(1) = —1 < 0, the result
follows by concavity.

When 2 < &/, again since f(0) = 0 and f(1) = —1, it suffices to show f is strictly increasing and then strictly decreasing
ont € (0,1). Note that since lim;_,g+ f'(t) =1 > 0 and lim,;_,,— f(¢) < 0, it then suffices to show f’(¢) is increasing and
then decreasing on (0, 1). To show this, it suffices to show that if f”(f) = %f(f) < 0 for some ¢ € (0, 1), then f(t) <0
for all ¢ € [t,1). Now, since

(e =13 [ —1)*-1]
(e +1)3[(e +1)2-1]

i) <oe < {EFIET

and £+ == < (& +D*~("=D* for all ¢ > £, we conclude that f"(t) < 0forallt € [£,1). So we are done.



Now we are in a position to prove Theorem|[T]

Proof of Theoreml[l] Lett; = e~ for all j € [d]. By Lemma and Lemma we have

dL 3 OL(vj,€j) dv;  2W Z ()
n = H/ ] 7’7 . 7‘] = s ey — e
: #d) 5%’ dn (3.€3) 2V20(j)\/n
Je[d] j€ld] )

,u ’
t ,E
\/ 2nm ez[d ) j J )
By part[(a)|of Lemma([5] when ¢ < 4, mmje[d] 14(j), we have for all j € [d], it holds that &/, < 0, and thus f(¢;,&}) < 0 for
all ¢ € (0, 1). Combining it with (@) yields &= < 0.
When max;cq i1(j) < €, we have for all j € [d], it holds that 1 < &’. It follows from part |(c)| of Lemmathat for
all j € [d], there exists T2(};) such that f(t;,}) > 0V t; € (0,72(e] )) Pick 75 = min; 75(€%). Then for all j € [d],

we have f(t;,€}) > 0 when t; < 7. Since t; = e~ Vi = exp(— 252(;))) when exp(— 3= ((j))) < T9, Or equivalently

n > 2log ( ) max;c|q] 28, we have Ln" >0.

When 85 - max;e(q p(j) < € < minjerq (), we have for all j € [d], it holds that d, < ¢} < 1. Then by part [(b)] of
Lemma[3] for all j € [d], 3 71(¢];) and 72(¢) such that

<0 vt € (0,71(}))
fltjef)4>0  Vie(n 2
<0 Vit € (2

), )

where 71 (¢}) — 0% as e, — 17 and 12(e;) > £, forall j € [d]. Let 72 = max;¢[q) T2(€ €%) > 3,1 = min]e[d] 71(€}) and
71 = max;e(q) 71(€5)- Note that since lim,, ;- Tl(E ) = 0, without loss of generality we can assume 71 < 3. It follows
from (7) that for all j € [d]

<0 vVt € (0 Tl)
f(tje5) >0 vt e (71,3) , 8)
<0 Vit € (Tg,l).

Denote y = £ E] % for all j € [d] since this ratio is fixed. Then we have t; = exp ( - G ()j’;) = exp(—~?n/2). Therefore

we can choose N, = log( ') - (%), N3 = log(77 1) - ) Ny = log(3 (%) and Ny = log(r; ') - (722) where
N7 < Ny < N3 < Ny and the result follows from @ and

O

Proof of Corollary[2] From the proof of Theorem|l] in this simplified case we have 7, = 71 and 75 = 73(¢;) for all 5. It
follows that the thresholds N7, Ns, N3, and N4 in Theoremm satisfy N1 = Ns, and N3 is no longer needed and can be
replaced by N,. Therefore only two thresholds are needed in Corollary [2] We denote the two thresholds as Ny and No.

It remains to show lim__, - Ng(e) — Ni(e) = +oo. From partof Lemma [5|and (), we know the derivative ddL" is
positive when t := exp(—%) € (71, 72), or equivalently n € <log(T1 )200 log(+ )2‘7") Byof Lemmal we know
0

1 — 0" as e — p while 75 is bounded away from 0. This shows lim__, h 1og(711 ) — 1og(72) +00 and completes the
proof. O

2 PROOF OF LEMMA

In this section we give the proof of Lemma[3]



Let f* € Sy, ie., f* is a minimizer of > ., MAaX||z, ¢, || <e H (—yi(fi — f(§l))) with the smallest £; norm. To show Sy
is nonempty and such f* does exist, we specify the form of f*. We claim that f* can take the following form

N
s) =Y ajl[s € I, )
j=1

where I; = (j —e,j+¢),j €[N ] Indeed by definition of H, we know that the value of f* outside those intervals I;’s

€
won’t change the value of H ( yi(t ))) Therefore in order to attain the smallest possible ¢; norm, we must have
[*(s) =0forall s ¢ U;I;.

Note that by letting £ < 1/2, any two intervals have no overlap. To see why f* is a constant function over each interval
I;, we consider three possible cases of the dataset {(xz;,v;),? € [n]}. For the first case, suppose that those data points
with s = j contain only positive points. Then in order to correctly classify these points with € perturbation, we must have
[*(s) < p—eforall s € I,. In order to minimize || f*||;, we would take a;; = min{0, p — e}. Similarly, if those points
purely consist of negative points, then o; = max{0, —p + ¢}. For the second case, suppose that those data points with
s = j contain both positive and negative points. Suppose the number of positive points exceeds the number of negative
points. Then to correctly classify the positive points, we have f*(s) < p— e forall s € I;. To correctly classify the negative
points, we have f*(s) > —p+ceforalls € I;.If —pp+¢e <0 < p — ¢, then o; = 0. Otherwise, if —p1 + ¢ > p — ¢, then
f* can never simultaneously classify both classes correctly. It will choose to correctly classify the class with more points,
which is the positive class. Then a; = ;1 — €. On the other hand, if negative class has more points, then a; = —p + €. If the
two class have equal number of points at s = j, then «; can be either — + € or 1 — €. For the third case, assume no point
in the training set has s = j. Then o; = 0.

We have now specified the form that f* € S5 can take, which also indicates that Sy is nonempty. We now show for all
sufficiently small A, S(A\) = S5.

First we show S(\) C Sa. Let f € S(\). We want to show f € S and || f||, < ||f||, forall f € S. Suppose on the contrary
that f ¢ S. Then by definition of H, there exists f* € S s.t.

n n

Z‘ ~max  H (—y(ti — f*(5:))) < Z‘ ~max  H (—y(ti — f(5))) —1/2

7 \zi—mi\|oo<s 1 \zi—mi\|oo<6
and since S5 is nonempty we can further assume f* satisfies

[17%]11 € arg min || 1.
fes

Since f € S(A), we then have A||f][1 < A||f*||1 — 1/2, which implies || f*||1 > 1/2). From above analysis we know
f* must take the form of Eq. (9) where o; < |u , and I; has length equal to 2¢. This implies || f*||; < 2Ne|p — ¢l
Therefore, if we pick A < then such f* cannot exist. Therefore, for all sufficiently small A\, we have f € S.

4Ne|p—e|’

Now we show || f||1 < ||f]|1 for all f € S. Suppose on the contrary that there exists f* € S such that || f*||; < ||f]]1.
However, since we have already shown

n n

Z max H (—yi(tNi — f*(§z))) = Z max H (_yi(fi - f(gz))) )

ZTi—i||oo <€ ° Ti—i||oo <€
||z —a1] oo < oo

this would contradict the fact that f € S()\). Therefore we have S(\) C Ss.

To see Sy C S(A) for all sufficiently small A\, we again pick A < m. Note that since || f*||1 < 2Ne|p — ] for all

f* € Sa, we have A||f*[|; < 5. Now suppose on the contrary that there exists f ¢ S, such that

n

D s H (=il = £5) + Al < Z

1 [Zi—zi|lo <€

H (=gl — ) + Al I

H i_xl‘|oo<5

Since f* € S, we must have M < Ml < 4 Now, if Y0 max)z,—a,<c H (—yi(ts — f(5:))) <
S maX )|z, | <e H (—yi(ti — f7(5:))), this would contradlct the fact that f* is in arg ming || f||1. Therefore we



must have Y7 max|z, _p|l<c H (—yi(ti — £(5:)) > Y0 max|z,—g. | <c H (—yi(ti — f*(5:))). However, by
definition of H, this implies

n

S e CulE = S S

7 [1Zi—willeo<e

H (~yslEs — 1 (3)) + 3 + NIl

|Z; 7x1||oc<5

>Z max  H (—yi(t; = [*(5:))) + M|,

Hmt_rt||oc<5

which is a contradiction. Therefore Sy C S(\). Altogether we have S(\) = Ss.

3 PROOF OF THEOREM

In this section, we give the proof of Theorem [4]

The proof follows from the Lemma and its proof. By Lemma we have S(A) = S» and we can consider the equivalent
definition that f°® € S5. From the proof of Lemma we know f°° must take the form of (9). Since |o;| < |u , when
e < 2u, we have || <y and thus | fi°(s)| < p for all s € R. For such fI°*, we have H (—y (t — fi*(s))) = 0 for all
(x,y) = (s,t,y) in the support of Dy . This implies L,, = 0 for all n.

Assume 2y < € < 1/2. Then |a| can take the value of either 0 or | — €| > |u|. When a; = 0, f™° can classify both
the positive and negative points at location s = j correctly. When || > p, then T can only classify one of the two
classes correctly. Note that a; = 0 if and only if there is no point with s = j in the tralnlng set. Let the random variable
Z € 0 U [N] denote the cardinality of the set {j € [N] : s; # j forall ¢ € [n]}, which is a function of the training set
{(xs,y:)}. Then the generalization error can be written as

N-Z | _ Eewne,?

Ln = E iid. -
{(zi,yi) ?ledDm\r N N

Note that E{(a:i,yi)};; | Z decreases as n increases. Therefore L, < Ly for all n.

4 FURTHER DETAILS ON GAUSSIAN MIXTURE WITH 0-1 LOSS

4.1 PROOF OF PROPOSITION

Here we give the proof of Proposition 3]

Proof of Proposition E} By (). it suffices to show that under the 0-1 loss
maX 1ly;(z;, —w) < 0] = E g/i]l xh < w). 10

z_l

Conditioning on whether there exists Z; € By°(¢) such that 1[y;(#; — w) < 0] = 1 or not, one can deduce that

arg max 1[y;(Z; — w) < 0] 2 argmin y;(Z; — w) = {z}},

:516327(8) thB?‘Z(E)
and it follows that
néax( )]l[yl( i —w) < 0] = Z]l[yl(a?; —w) < 0] = Zyi]l[m; < wl.
x,€B° (e
i=1 i=1 i=1



4.2 TEST LOSS AND OPTIMAL TIEBREAK

To find the optimal tiebreaking in hingsight, we need to minimize the test loss over the model parameter w, which is given
by Proposition 9}

Proposition 9. The test loss of classifier w is given by

By (1l — ) < 0] = 5+ 5 (@ (w;“) —@(wj’“‘)) , (an

where ® is the CDF of the standard normal distribution. Furthermore, the minimizer of (L) is w = 0.

Proposition [9] indicates that the optimal tiebreak in hindsight chooses the point closest to 0 (i.e., the point with the
minimum absolute value) from (the closure of) the interval where w* lies. This is because w = 0 minimizes the
test loss in (II), and one can see that (TI) increases as |w| increases. Indeed, the derivative of (TI)) is given by

20\1/ﬂ (exp(—%) - exp(—%)) , which is negative for w < 0 and positive for w > 0.

Proof of Proposition[9. Conditioning on y = £1, we have

E(x,y)NDN []]' [y(l’ - 'U}) < 0]]

1
‘Eon o[z —w < 0] + 5 “Egr N (—poy [z — w > 0]]

w— [ 1 w4+ [
“Poeno,1) (Z < p ) + 5 “Poeno,1) <Z > >

)l

Since the derivative is 20\1/5 (exp(—(wgi”ﬁ) - exp(—M)) , we see that w* = 0 minimizes the above quantity. [

N~ N~ N

o 20
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