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Algorithm 1 Combinatorial Sequential Monte Carlo

Input: Y = {Y1, · · · , YM} ∈ ΩNxM , θ = (Q, {λi}|E|i=1)

1: Initialization. ∀k, sk0 ←⊥, wk0 ← 1/K.
2: for r = 0 to R = N − 1 do
3: for k = 1 to K do
4: RESAMPLE

P(akr−1 = i) =
wir−1∑K
l=1 w

l
r−1

5: EXTEND PARTIAL STATE

skr ∼ q(·|s
akr−1

r−1 )

6: COMPUTE WEIGHTS

wkr = w(s
akr−1

r−1 , s
k
r ) =

π(skr )

π(s
akr−1

r−1 )
·
ν−(s

akr−1

r−1 )

q(skr |s
akr−1

r−1 )

7: end for
8: end for
9: Output: s1:KR , w1:K

1:R

The proposal distribution for CSMC and approximate posterior for VCSMC can be written explicitly as follows:
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State skr = (T kr ,Bkr ) is sampled by proposing forest T kr ∼ qφ(·|T a
k
r−1

r−1 ) and branch lengths Bkr ∼ qψ(·|Ba
k
r−1

r−1 , T
akr−1

r−1 ) from
UNIFORM and EXPONENTIAL distributions corresponding to Eq. 1 with φ and ψ denoting discrete and continuous terms.
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Figure 1: Overview of the NCSMC framework. The enumerated topologies for state {A,B, {C,D}} are (top):
{A, {B, {C,D}}}, (center): {{A,B}, {C,D}} and (bottom): {B, {A, {C,D}}} . M = 1 sub-branch lengths are sampled
for each edge. Sub-weights or potentials are computed (right). A single candidate is sampled to form the new partial state.



BOVINE CORONAVIRUS: NC_003045.1

HUMAN CORONAVIRUS OC43: NC_006213.1

RABBIT CORONAVIRUS HKU14: NC_017083.1

BETACORONAVIRUS HKU24: NC_026011.1

RAT CORONAVIRUS PARKER: NC_012936.1

HUMAN CORONAVIRUS HKU-11: NC_006577.2

SARS-COV : NC_004718.3

SARS-COV-II: NC_045512.2

BAT CORONAVIRUS BM48-31/BGR/2008: NC_014470.1

BAT HP-BETACORONAVIRUS/ZHEJIANG2013: NC_025217.1

ROUSETTUS BAT CORONAVIRUS HKU9-1: NC_009021.1

ROUSETTUS BAT CORONAVIRUS ISOLATE GCCDC1 356: NC_030886.1

TYLONYCTERIS BAT CORONAVIRUS HKU4-1: NC_009019.1

PIPISTRELLUS BAT CORONAVIRUS HKU5-1: NC_009020.1

MERS CORONAVIRUS EMC/2012: NC_019843.3

BETACORONAVIRUS ENGLAND 1: NC_038294.1

BETACORONAVIRUS ERINACEUS/VMC/DEU/2012: NC_039207.1

Figure 2: Overview of the betacoronavirus results. The data consists of 17 species of betacoronavirus across 36,889 sites.
VNCSMC is run using K,M = (256, 1). A single nonclock phylogeny is chosen based on maximum likelihood and
displayed. Colors denote species from the four varying viral lineages: Embecovirus (orange lineage A); Nobecovirus (blue
lineage D); Sarbecovirus (red lineage B including SARS-COV and SARS-COV-II); Merbecovirus (grey lineage C) and
Hibecovirus (black not classified into the four lineages) are each partitioned in clades.



Figure 3: VNCSMC on the primates data with K,M = (128, 1). The full distribution of log likelihood values for all particles
across epochs is plotted in black. The average likelihood across samples is plotted in blue.
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Figure 4: Overview of the dual representation of a partial state. The partial state s11 = {PAB , C,D} for four taxa correspond-
ing to Fig. 2 is illustrated using its dual representation D(s). The dual state D(s) ⊆ T corresponds to the three complete
tree topologies. (left): {{A,B}, {C,D}} (center): {{A,B}, {A,B,C}} and (right): {{A,B}, {A,B,D}}.

VCSMC VNCSMC
K s/it s/mit time (minutes) ESS s/it s/mit time (minutes) ESS

4 5.17e-2 1.31e-2 0:22 3.98 4.01 1.17 6:32 3.99
8 5.58e-2 1.42e-2 0:28 7.96 4.27 1.24 7:09 7.88

16 3.11e-2 7.76e-2 0:30 15.79 4.83 1.53 8:15 15.62
32 5.78e-2 2.17e-1 0:49 31.72 5.98 1.59 10:17 31.00
64 9.80e-2 2.66e-1 1:23 62.92 8.33 2.09 14:33 62.59

128 1.35 3.48e-1 2:16 122.79 11.88 2.89 20:02 124.23
256 2.25 5.95e-1 3:52 252.02 21.77 4.98 36:51 252.43

Table 1: Empirical running times of VCSMC and VNCSMC. The Primates data consists of 12 taxa over 898 sites admitting
13,749,310,575 distinct tree topologies. Experiments were performed on a 2.4GHz 8-core intel i9 processor Macbook Pro
with 64 GB memory and no GPU utilization. We profile using K = {4, 8, 16, 32, 64, 128, 256} and M = 1. The left column
provides seconds per iteration (s/it), the left center column provides seconds per minibatch (s/mit), the center right column
provides total running time (minutes) across 100 epochs. The effective sample size is provided in the right columns.



Figure 5: VNCSMC on the 9-taxa subset of primates data with K,M = (128, 1). The full distribution of log likelihood
values for all VNCSMC particles across epochs is plotted in black. The average likelihood across samples is plotted in red.
Particle Gibbs [Wang and Wang, 2020] is run for 5000 iterations 10 times independently. The last 100 iterations for the
10 independent runs of Particle Gibbs are averaged and plotted in green. VNCSMC using 100 epochs outperforms Particle
Gibbs using 5000 iterations.
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