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STRUCTURE OF APPENDIX

Appendix 1 is devoted to the proof of Theorem 3.2. Appendix 2 reminds and proves auxiliary results that are used in the rest
of the supplementary material. The proof of Proposition 5.1 is split across Appendix 3 for the control of the reject rate and
Appendix 4 for the control of the demographic parity violation. Appendix 5 contains the proof of Proposition 5.2. Finally,
Appendix 6 provides a constructive proof of Proposition 6.1.

1 DERIVATION OF THE OPTIMAL PREDICTION
Recall that we are interested in solving the following optimization problem
Pg(X,5) #Y | 9(X,5)) #r)

st{Mg(X,s»#ms:s):as, vs € K] M
PO(X.8) =118 = 5.9(X,8) #£7) = P(g(X,S) = 1| g(X.9) £7), ¥se[K]

min
gRIx[K]—{0,1,7}

Simplifications. First we simplify the quantities involved in the above problem. Set & = Zil psas and recall that we
defined the random variable n( X, S) = E[Y | X, S]. Observe that for any g such that P(¢(X,S) # r | s = s) = a,, we
can write

K
P(g(X,S) #Y | 9(X,S) #1) = Z% x15=s [(1 = (X, 9)Lyx,5)=1 + (X, yx 5)=0] >
P(g(X,S) # 7S =5) = Ex|s=s [Lyx,5)=1 + Lg(x,8)=0] -

K

P(g(X.8) =1|g(X,S) #r) Z —Exs=s [Lgx.9)=1]

P(Q(X7 S) = 1|S = Sag(Xa S) 7é ’f‘) = ;E’X|S:s [ﬂg(X,S)zl}
Lagrangian. We introduce the Lagrangian £ of the constrained minimization problem as

L(g, A7) = ((XS)#Y\g(XS#HZA 9(X,S) # 7S =5) — )

s=1

+Z% 9(X,8) =1]S =5,9(X,5) #r) —P(9(X,5) = 1|g(X,5) #7r)) .
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Using the simpler expressions we derived in the previous paragraph and rather straight-forward algebraic manipulations, the
Lagrangian can be expressed as

‘C( 7 ZEXLS’ s [H(Xs) 9, 57 ZA Qs

s=1

where, setting 7 := Zf: 1 Vs> we defined the function

0, ifg(x,s)=r
H(m,s)(g7 Aa’)’) = %577(% 8) + )\sa lfg(iB, 8) =0 . (2)
P(l=m(x,s) =7) + As + 2=, ifg(z,s) =1

Using this Lagrangian, our initial problem in Eq. (1) can be expressed as the following min max problem

i L k) A’ )
mgln (A,'y)rélﬂgf}({xRK (g 7)

where the minimum is take w.r.t. all classifiers with abstention. Weak duality then implies that

i L(g, A, inL(g, A7) .
mgln(A,w)Igﬂgf}({xRK ( 7) (A'y)rélﬂgf)((xRKm;n (g 7)

Solving dual problem. In what follows we focus our attention on the dual max min problem, which can be solved
analytically. We first solve the inner minimization problem of the max min formulation for any (A, ~),

mgin L(g,X,7) , 3)

and then show that strong duality holds under our assumptions. Recall that the Lagrangian is given by L(g, A,v) =
Zle Ex|s—s [H(XM (g, A, 'y)] — Zﬁil Asas (with H defined in Eq. (2)), hence the problem in Eq. (3) can be solved
point-wise (i.e., minimizing H, ,) at every point (x, s)). Hence, it is sufficient to solve

H5)(2,A,7)
L8,y Hoo 20 )

for any s € [K] and any & € RY. One can check that, for any given couple (z, s) € R? x [K], the minimizer of the above
expression is given by

e r, if 0 < min(Zen(x,s) + As, Z2(1 —n(x,s) —7) + As + 21=)
z,s) = _ :
g 1(2(1-2n(z,s) —7) + % < 0), otherwise

Using the fact that 2min(a, b) = a + b — |a — b|, the minimum in the above system simplifies to

At B2(1-7) + =

2ag

i L fe(L=2n(m,s) = 7) + 55
glx,s) = B .
(2 (1 —2n(x,s) —7) + 2= <0), otherwise

Note that g actually depends on (A, ), but we omit this dependency for the sake of simplicity. Plugging back the expression
for g in the function H we get

where (a)_ := min(a,0). Thus, for every fixed (\,v) we have ming £(g, X,y) = L(g, A, ). Maximizing the latter
expression over the dual variables (), ), we derive the dual optimization problem, which reads as

)_ zpa%

Replacing the maximization problem above by its minimization analogue, we conclude that the optimal (for the dual)
Lagrange multipliers (A™, v*) are a solution of

min {ZEXS R (‘5;(1 —om(X,S) — (v,1)) + (v, es)

s
200

— (1= 2n(x,5) =) +

H q = 1-—
@A) = (Be1=7) + A4 g |22

wa{EZExw (B - P - 20(es) - ) +

(A7)

Qaé

A7) 2043

(v, €s)
_ %(1 (7. 1)—(Aes) - ms>+ + <>‘aa>} ;
)

where for any real number y, () := max(z,0) and for any s € [K], e, is the s-basis vector of R,



Dual is jointly convex. Let us check that the objective function of the problem in Eq. (4) of the above optimization
problem is jointly convex in (A, «y). First of all, the mappings

Ds (v, es) Ds (7. es)
(A7) = g (= 2n(s) = (1) + 25 and (Ay) o (1= (1) — (e = 5
are affine. Since taking the absolute value of an affine mapping gives a convex mapping (as a maximum between two affine,
hence convex, functions), the sum of the absolute value of the first mapping with the second mapping is a convex function.
Furthermore, the composition with the positive part function preserves convexity since this operation can be expressed as
taking the maximum between two convex functions. Finally, by linearity of expectation, we notice that the objective is
expressed as a finite sum of jointly convex functions and conclude that it is jointly convex in (A, ~).

Optimality conditions for (A\*,7*). The objective function of problem in Eq. (4) is not smooth everywhere due to the
presence of absolute values and positive part functions. However, thanks to Assumption 3.1, the set of points at which the
objective function is not differentiable has zero Lebesgue measure and can thus be ignored. The First-Order Optimality
Conditions (FOOC) on the optimal Lagrange multipliers (A*,~*) then read as

as =Px|g—s (’pi(l —2(X,s) — (v, 1)) + (v*, es)

> pi(l —{(¥*5,1)) + (X", es) + W’GS)) ,Vs

2a 2%, |~ 2a S,
K A\ _ (FOOC)
S €s . QAg aYg B
O:Z pTl_* Px|s—s | min | 2n(X,S),n(X,S) — — | > il +1-—7%
s=1 « s Ds PsOs

Feasibility of g for the primal problem Let us check that g with (A*,~*) is actually feasible for the primal problem.
Using the definition of § and the first-order optimal condition on A* we obtain, for any s € [K],

PG(X,5) #1|5=s) =Pxjs= (‘5;(1 —2(X,5) = (v,1)) + %

> P (1= 1)+ (e + )

=05 ,

which proves that g satisfies the first set of constraints (i.e., controlled reject rate). For the demographic parity constraints,
one obtains

Px(sms(G(X, 8) = 1] §(X,8) # ) = ~—Fxjs, (3(X,5) = 1)

S

1 0\ . ]
= —Pxjs=s (min (277(X,S)717(X,S) -2 ) > 2 +1—7> ;
Qs Ps DsCls

K _ _
_ _ s . aAs s _
Pl (0. 5) =11 3X.5) # 1) = 3~ ZPxiscs (min (2006, 8),0¢,8) = 22 ) = D=1 -5
s=1 S sHs

The second equation of the first-order optimality conditions (FOOC) guarantees that for, any s € [K],
PX|S:5(§(X1 S) =1 | g(X7S) 7& T) = ]P)(X,S)(g(Xv‘S’) =1 | g(XaS) 7& T) )
that is, it guarantees that the classifier g satisfies the demographic parity constraint.

We conclude that the classifier g is feasible for the primal problem and thus that the strong duality holds, implying the
claimed expression for the optimal classifier with abstention.

2 AUXILIARY RESULTS

We will need a tight control on the sup-norm of the difference between CDF and empirical CDF. The next result is [Massart,
1990, Corollary 1].

Theorem 2.1. Let Z,Z, ..., Z, be n+ 11i.i.d. continuous random variable sampled from P on Z, then for any § > 0,
with probability at least 1 — 6,

1 & log(2/9)
— < — < < _—
Pl 15 <2) P(Z—Z>| V"o



3 CONTROL OF REJECT RATE

In this section we derive a finite sample control on the reject rate of the proposed procedure claimed in the main body. We
start by recalling the result that we want to prove.

Proposition 3.1. Forall 6 € (0,1), the proposed algorithm satisfies with probability at least 1 — § that

21o8(2K/0) L 2 oK

N ns

P(g(X,S) # 7[5 =s)—a<

The rest of this section is devoted to the proof of this result. In what follows, all the derivations should be understood
conditionally on 7). In simple words, the estimator 7 is treated as fixed and the only randomness comes from the unlabeled
data. According to the definition of our estimator,

Pxjs=s (§(X,5) # 1) = Pxjs—s (G(X,5,A,4) > 0) ,
where G was defined in Section 4.

Using the triangle inequality we can upper bound |Px|g— (G’ (X, 5,A,4) > O) — ;| by two terms

’PX‘S:S (G‘(X, 5, X,4) > 0) — Px|s_s (G(X, 5, X,3) > 0)‘ v ‘I@’X‘S:s (G(X, 5, X,4) > o) — a,

T1 T2

R E)

which are treated separately.

Control of T;. The first term T; can be controlled using tools from empirical process theory. One can directly observe by
definition of (G that

T; < sup ‘]P’X\S:s (G(Xvsv>\77) > 0) - ]fDX|S:S (G(X»S,Aﬁ) > 0)‘
(A7) ERK XRK

< sup ‘]P’Xw:s (’;ifﬁ(x, S) — a‘ —a+b> 0) — Pxys_s (’;iif,(x, S) — a’ —a+b> o)]
(a,b)ERXR « « ©)

‘psﬁ(X S)—a‘>c)—I@X|S, (‘ps N(X S)—a‘>c)‘
a b =S b

s ﬁ"

R

(a,c)eERxR

< 250p [Px|s2 (1(X. 5) < a) ~Px|s—,(1(X.5) < a)| .
ac

where we used the triangle inequality and the fact that (77(X, S) | S = s) is a continuous random variable to obtain the last
inequality.

By our assumption (see Remark 3.3), the random variables 7(X;, s), (7(X,S) | S = s) for i € Z; are i.i.d. continuous
conditionally on 7). Thus, applying Theorem 2.1 we conclude that with probability at least 1 — § it holds that

< 21log(2/0) . ™

ns

Control of To. The control of the second term Tq requires a more involved analysis. Since X is a minimizer of (3), the first
order optimality condition for convex non-smooth minimization problems states that for any s € [K], there exists ps € [0, 1]
such that

oy = Pxjoms (GOX,5.0,9) > 0) + pPxjses (G(X,5,5,4) = 0)

Thus, the second term of Eq. (5) can be bounded as

To =

]fDX|S:S (G(X,S,S\,‘y) > O) — Qg

< Pxjsms (G(X,5,%,4) =0) . @®)

The control of P X|S=s (G (X, s, by ) = O) is provided by the following result.



Lemma 3.2. Assume that (j(X,S) | S = s,1) is almost surely continuous, then for any s € [K|, for any (\,~),

]fDX|S:S (G’(X,s,)\,'y) = O) < 2 , a.s.

ns

Proof. Fix some arbitrary (X\,v) € RE x RX. We recall that by definition of the empirical measure P x|s We have

IAPXLg:S (G(X S }\,’7 = O) le X“S Aa’)’) - O) (9)

The proof goes by contradiction. Assume that the event

ns

Ng 3
0= 1(G(X,8,A9)=0)> =% | 10
{né 2; $,A,7) =0) } (10)

happens with positive probability. Then, on €2, there exist three indexes i1, iz, 73 such that
G(Xi 8,07 =0, j=123.

Furthermore, (X, s, A7) = 0 implies that either

X, s)+ (Aes) =0 or Z(H(X,s)+ (v, 1) —1) — (A es) + (res) _ g

Qs

Q\‘@’
Q\‘ﬁ’

By the pigeonhole principle, on 2, there exist ¢, j € {iq,42,43},% # j such that
'f)(XZvS) = ’f)(Xj?S) )

which contradicts our assumption that (7(X,S) | S = s,7) is continuous almost surely, hence the event {2 has zero
probability.

Remark 3.3. Recall that the assumption of continuity of (7(X,S) | S = s,1) can always be fulfilled with the help of
additional randomization. More formally, one needs to replace 1) by its smoothed version using additional randomization such
as in Algorithm 1. To keep things simple, we avoid this technicality in our proof and simply assume that (7(X,S) | S = s,7)
is indeed continuous. The statement of this result is straightforwardly adapted to the perturbed version of 7).

Lemma 3.2 allows to control the second term in Eq. (5) yielding

2
Ty < — . (11)

Ng

Putting together. Substituting Egs. (7) and (11) into Eq. (6), we deduce that for all s € [K] we have, with probability at
least 1 — 6,

21og(2/0) n 2

ns ns

[Pxjs=s (G(X,5,3,9) > 0) -

Finally, taking the union bound we deduce that, with probability at least 1 — ¢, we have for all s € [K]

21og(2K/4) n 2

‘waszs (G(Xysax ¥) > 0) —ay| <

Ng Ns

The proof of Proposition 3.1 is concluded.



4 CONTROL OF DEMOGRAPHIC PARITY VIOLATION

In this section we derive a finite sample control on the demographic parity violation of the proposed procedure, claimed in
the main body. We start by recalling the result that we want to prove.

Proposition 4.1. For any 6 € (0,1), the proposed algorithm satisfies with probability at least 1 — 6, for any s € [K],

K
N . . . 1 1
IPxis=s (§(X,8) =1]§(X,s) #71) —Px 5 (9(X,8) =1]9(X,8) #7)| < OTUZ’SK + Zpsvf,{f{ )
S s=1

where

4K
WK <3 Log /a>+4>
n n

Remark 4.2. One can observe from the proof that the event on which Proposition 4.1 holds is contained in the event on
which Proposition 3.1 holds, thus both hold simultaneously with high probability.

The rest of this section is devoted to the proof of this result.

Problem splitting. Similarly to the control of the reject rate, we start by splitting our problem in several parts. Let us set
(DP°) = [Pxjs—s (§9(X,5) = 1] §(X,s) # 1) = Px,5) (9(X,S) = 1] §(X,8) #r)| ,

for all s € [K]. The triangle inequality yields that (DP®) can be bounded by five terms as follows
(DP*) < |Px|s—s (§(X.5) = 1| 3(X, ) # 1) — o] 'Px|s—s (§(X,5) = 1)

+ [T P s, (9(X,5) = 1) — a7 Pxsms (3(X,5) = 1)

+ |y Pxis—s (9(X,8) =1) —a ' Y pPxjs—, (9(X,5) =1)
sE[K]

+lat Z psfP)X\S:s (g(XaS) = 1) —a! Z psPX\S’:s (Q(X,S) = 1)
s€[K] s€[K]

a7t ) pPxjs—s (9(X,5) = 1) = Px.s) (§(X,8) = 1] §(X, 8) # 1)
sE[K]

= (DP;7) + (DP3) + (DP3) + (DP4) + (DP5) .

The second and the fourth terms will be controlled using empirical process theory. We can get a bound on the first and
fifth terms through our control of the reject rate. The third term is controlled via the first-order optimality condition on 4,
similarly to Lemma 3.2.

High-probability event. Let us describe in details the high-probability event on which we will place ourselves for
controlling all the terms appearing in the bound for (DP?), uniformly over the groups s € [K].

Proposition 3.1 states that there exists an event )" that holds with probability at least 1 — K§ and on which, for any
0 € (0,1/K), the proposed algorithm satisfies with probability at least 1 — K§ that

2log(2 2
|P(Q(X,S)#T|S:s)—as|Suis, Vs € [K], where ui::y/%—kf, Yn>1.

n

Furthermore, for any s € [K], using the fact that the random variable (7(X, S) | S = s) is continuous, the event

. log(2/s
M — Suﬁ Px|s—s (N(X,5) > a) —Px|s—s (n(X,5) > a)‘ < % :
aec °



holds with probability at least 1 — § (by Massart’s bound, recalled in Theorem 2.1). By a simple union bound argument, the
intersection of those events, denoted by QM :=nN sel K]Qg/f , then holds with probability at least 1 — 2K¢.

In what follows we place ourselves on the event
Qo= naM |
which holds with probability at least 1 — 2K4.

First-order optimality condition for 4. Recall that (5\, %) is a solution of

in { (A Ex|s—s(G(X, 5 X
(Iil,l'rn){< yo) + Exs—s(G(X, s, »7))+} )

where the function G is defined as

A Ps . (v, es) Ps (v, es)
AYy)=|—(1-2 — 1 - —(1- 1)) — (A es

Gla.s. A7) = | 72 (1= 2i(.s) = (1. 1)) + 52 P (1= (3,1) — (Ae) =

The positive part of G can be expressed as
(G(x, 5,X,7))+ = max(0,m (x,5,X\,7),m_(x,5X7)) ,
where we used the following short-hand notation
m+(m,5,)\,'y) = 7pfsﬁ(m7s) 7)‘5 and m—(mvsvkaﬁy) = gj(ﬁ(m,S)+ <771> 71) - <7765> 7)‘5 :
(0% « Qg

Observe that since {m_(x, s, A,v) > max(0,my(x,s,A,7v))} < {§(X,s) = 1}, then the first-order optimality
condition on 4 written in vector form reads as

K K 5 (s 1 - . . <
Ap)is € 1017 s g(alases) (Pxjs=s (3(X,5) = 1)+ pePxisms (Au(A,9)) ) =0,

where we define the event A (X, v) = {m_(X,s,A,v) = max(0,m(X,s,A,7))}. In scalar form the previous
condition can be expressed as: for any s € [K], there exists ps € [0, 1] such that

S (Bxisms (90X, 5) = 1) + puPxisms (8s(AA)) ) = o (Bxisa (9(X,5) = 1)+ puBxisoe (80(3,9)))

S

Control of the first term (DP]). Re-arranging terms and using the fact that Px|s—, (¢(X,5)=1) <
IP)X|S:s (g(Xa S) 7é ’I") = IEDX|S:s (g(X7 S) = 1) + PX'S:S (Q(Xv S) = 0)’ we obtain

(DP]) := |]P’X\s=s (9(X,s)=1]9(X,s)#r)— @;1PX|S=3 (9(X,5) = 1)|

1 1 A -
o B GOX,9) #7) ‘ Px|s=s (§(X,5) =1)

1 1 )
<[5, - B Or T P 005 £ = L P X £1) -

We can conclude that, on the event €, for all s € [K]

ud

(DP}) < L [Pxjs— (§(X, ) # 1) — o] <

ng
Qs



Control of the second term (DP3). The second term is given by the empirical process

(DP3) := a7 [P, (3(X.8) = 1) = Pxjs—y (3(X, 8) = 1)

The event {G(X, s) = 1} is the same as the event

S(A77) = { %(1 —277(X’3) — <]_7»3,>) + ;Oj's

which can be compressed to
. 1 ay 1 a (< 0
X, s) > S 31, — (A ) 41— (1,
fix.s) > max (54 52 - S0, = (A4 21— )}
Following this observation, the second term (DP3) of interest is expressed as

DPs N ;7 ~ @'7' N
Psqi_a A+ x> 1+ s 51y
> PR )+ A I 20X 2 1+ S (3.

(DPS) = a;I (S;\up) ‘PX\st (S(Av'V)) - PX|S=S (S()"V))‘ < O‘;I Sug PXlS:s (ﬁ(Xv 5) > a) - EDXlS:s (ﬁ(Xv s) > a)
Y ac

On the event 2y, which is contained in the event 2, we have for all s € [K]

(DPS) < i log(2/5)
2=, 2ng

Control of the third term (DP3). The third term can be controlled with the first-order optimality condition on ¥ similarly
to Lemma 3.2 and multiple triangle inequalities as

(DP;) = as_lﬁleS:s (Q(X7 S) = 1) - 64_1 Z psHADX|S:s (Q(Xa S) = 1)

s€[K]
= Z—‘:]@mszs (AJX’?)) - é %/)s[@’ms:s (As(j\ﬁ’»‘
< —Bxjss (AA) + i Bebxises (A (A4))

The following lemma gives an almost sure upper bound on P X|S=s (AS(S\, 4/)) for any s € [K].

Lemma 4.3. Assume that (j(X,S) | S = s,1) is almost surely continuous, then for any s € [K|, for any (\,~),
5 ] 2
Pxjs=s (AA9) <=, as

)
ns

Proof. This proof is similar to proof of Lemma 3.2. Assume by contradiction that the stated bound is not true. Then, it
happens with positive probability that

ni nZ]l {m_(Xi, s, A7) =max(0,m (X;,8,X,7))} > 3 )
s i s
which implies that there exist a triplet 71, i2, 73 such that
m_(Xy;,s,A,v) = max(0,m4(X,,,s,A,7)), forj=1,2,3.
By the pigeonhole principle, there must exist a couple (i, j), ¢ 7# j among this triplet such that either
m_(X;,8,X,7) =m_(X;,5,A,7) or m_(X;,s,A\,7) —myp(X;,8,X,7) =m_(X;,s,A\,7) —my(X;,s,A,7) .
In both cases one must have (X ;, s) = 7(X;, s) which happens with probability 0 by the continuity assumption and leads

to a contradiction. The proof of lemma is concluded O

Plugging in the bounds from Lemma 4.3 yields for all s € [K]

(DP3) <

+ = — .
Nss Q4= N



Control of the fourth term (DP,). The fourth term can be seen as a sum of empirical processes:

(DP4 Z psPX\S s Z psPX\S s X S) )
s€[K] sE[K]

<at Zps

On the event 2, we can control the fourth term from the bound we have on the second term (which holds uniformly over
the classes s) as

]P)X|S s (Xvs):1)_PX|S:S(Q(XVS):1)

(2
(DP,) Z log /6

SEK

Control of the fifth term (DP5). Finally, the fifth term can be bounded using the same trick as for the first term. On the
event (), we have

(DP5) := |a~* Z PsPx|s=s (G(X,9) =1) —=Px ) (9(X,s) =1| g(X,s) #r)
s€[K]
‘1 1 E psP 9(X,58)=1)
“la” s X|S=s
@ Z§:1PSPX|S:9( (X,s)#r)
1 1
“la § psP)qs s(g(X,8)#r)
@ Z§:1PSPX|S=Q( (X,s) #r)
1
- (Pxs=s (9(X,8) #71) —a)| < 5 ps ng )

Conclusion. Putting everything together, we have shown that, on the event A which holds with probability at least
1 — 2K 4, we have, for any s € [K],

op) < - (3 lois/ ’) i ,/log ), 4 =

S CONTROL OF THE EXCESS RISK

Define the sequence

4K
ufvi:: M+27 Vnzl

n n

We state and prove a slightly more precise bound then the one presented in the main body.

Proposition 5.1. Assume that u;* < oy < 1— 2 forany s € [K| and that Assumption 3.1 holds. Then, for any 6 € (0, 1),
the excess risk of the post-processing classifier with abstention § defined in Eq (2) satisfies, with probability at least 1 — 9,

X 1 1 Ps | LY sk
= (2 o3 (2 )i
@) <a a—ngu;if)” ills Z 5 o)

A quick inspection of the proof shows that the high-probability event on which the stated bound holds is the same as the
event on which Proposition 4.1 holds, which is contained in the event on which Proposition 3.1 holds. Thus, we can control
the excess risk and the violation of the constraints on the same high-probability event.



Proof. Since, using Assumption 3.1 we have established strong duality, the following equality holds

K K
) — Ps 5 Js | Psq_ _ay L I )
R(g*) = max {g Ex|s=s <2a(1 V) A+ 5= = oL 2n(@,8) =) + 2, D_ ;/\sas} . (12)

S

R(g) =) mﬂfxm:s (1= (X, 8)Lgx,0=1 + 1(X, ) Lg(x,5)=0]

=t (13)
= p 7 — 71
<N P Eie (1= (X, ) x a1t + (X, ) ox o] + =L
<2 B, 5 £ 0 oxis=s [ - 10X ) o= 41X scxn=o] + 5506 5) 279
Setting A,(g) := ZEx|s—s [(1 — (X, 5))Ly(x,5)=1 + 7(X, 5)14(x,5)=0], we have for any classifier g,
- =l 1
R(g) < A5g+—1+ X,S)£7r)—al .
0 <3 R0+ ks £y 5 PO S #0) -l
In what follows we bound 1 (g) := Zle A4(g). Re-arranging terms we deduce that
K ). K
ri(g) = Z EEX|S s [(L=7(X,9)) Ly x,5)=1 + (X, ) yx,5)= Z)\ {Ex|s=s [Lgx,5)=1 + Lg(x,8)=0] — s }
s=1 s=1
K 4 K K
iZOTSE)qs s Mgix,s)=1] — (Z ’%/) (Z gSEX\S:s [Lyx S)_1]>
s=1 % s'=1 s=1
K K K
= ZEX\S:S {H(X,s)(gakﬂ)] - Z)\soés - Z/\s {Exs=s [Lg(x,5)=1 + Lg(x,5)=0] — @ }
s=1 s=1 s=1
K 4 K L
*Z;Exw s [Lgx,8)=1] — (Z %) (Z EEX\S s [ﬂg(x,5)=1]> )
s=1 ° s'=1 s=1
where
0, ifg(x,s)=r
H(w,s)(g7Aa7): %ﬁ( )+)‘sa lfg(mas)zo s
B (1= e, 8) =) + Ao+ 25, if gla,s) = 1
with ¥ = Zle vs. Note that, by the definition of g, it holds that
ZEX\S | Hocs@AA)] = B(-G(X,5,2,9))- .
s=1
Thus, the following holds
K 5 5 K
) — E ' 1—A 5\ s 1-2n(X A 2 - 5\s s
00) = Y Bxises (50 -3) + At g B =200 =4 g |) <3
K ~
=Y A (PAX,S) #7| S =5) - ay) (14)




Substituting Eq. (14) into Eq. (13) we obtain the following upper bound on R(§)

Qg
llm — 7l
P(9(X,S) #r)
which holds almost surely.

Define the excess risk £(§) := R(g) — R(g*). Note that, using the fact that mapping x > (z)_ is 1-Lipschitz followed by
the triangle inequality, the difference

can be upper bounded by £ |(x,s) — n(x,s)|, for any (x,s, A,<y). Thus, replacing (A*,v*) by (A, #) (recall that
(A*,v*) is optimal) in the expressmn for R(g*) in Eq. (12) we obtain

Vs
2006

Vs
2006

Ps 1 of(a,s) —7) + ﬁﬂ*%@@*ﬂ+

204g 2t

Ps
—(1- As
‘(QCE( N+ A+ 204g

)_f(%u F) 4 A + =

e(g) <1y a((XS)#r)—a|+M+Z|A|P (X.8)#r[S=5)-a

s)

[a%
K
Z 9X,5)=115=5) Zps i(X,S)=1]|S=5)

Qs

In what follows we provide a control of all the terms appearing in the above derived bound.

Using the fact that on the event of Proposition 4.1 we have, with probability at least 1 — 2K,

P(§(X,S)#r|S=8)—as| <ul, Vse[K], with u):= M—i—z, Vn>1,

n n

we deduce that with probability at least 1 — 2K the following three inequalities hold

CIB((X,8) £ 1) —al <+ Zpb .

ln—allh ||77—77H1
P(G(X,8) #r) — a—=3 psup,

K K )
> 1A S)#Er|S=5)—al <> [Adud,

s=1 s=1

(16)

Note that by the assumption of the proposition, the term & — ZS psquS > 0.

Furthermore, on the same event, using the notations of the proof of Proposition 4.1, we have for any s € [K]

P =3 g X>S =1 X s’ ~ s s 1
xjs=s (9(X,8) =1) 3 p@ Px|s—s (§(X,S) = 1)| < (DP3) + (DP§) + (DP4) < —v5 += Zps
] s=1

Qs
(17)
where va =1/ 1og(2/ ) + . Hence, substituting Eqs. (16) and (17) into Eq. (15) we deduce that with probability at least



K K
~ 1 5 |9 2ps N 5
< —_— D ————— 2/
£(g) < (a+ z — ns)n 77||1+Z( + 1l ) i, +;<as +2 @% D) v,
K
. l 1 |75 2]75 log(l/é)
- (5+ 5= ) - n||1+s§_jl< oA+ b3 S|) e

K

Ps N |’?s‘ 2]35 ~ 2
+Z<a+lxs+ ot e ) o
s=1 s/

In order to finish the proof it remains to provide a bound on |;\5\ and |9s|. Proposition 5.2, proven below, establishes this
bound and yields

v (3 s ) e | (e ) ()
<<i %)”” 77||1+6§:< );is.

s=1
the proof is concluded after the observation that thanks to our assumption we have & — > _ ps Uis > af2. O

Boundedness of optimal parameters

Proposition 5.2. The minimization problem in Eq. (4) admits a global minimizer (X*,~*) which satisfies

<2 and xgl< ey

Furthermore, if for any s, ng > m and 7j(+, s) € [0, 1), the same holds for Eq. (3), that is,

191 <2 and |/\|< |Zs| .

Proof. Overloading the notation, we denote the conditional expectation of Y given S = s by 7(s). Denote by H (A, ) the
objective function of the minimization problem in Eq. (4).

Existence of global minizer. Fix arbitrary (X, ~) € R® x R¥ such that 3-%_ ~, = 0. Since the function 2 > (|z| — b) 1
is convex for any b € R we can lower bound H (A, «) using Jensen’s inequality as

H(Am:fz B (|72 (0= 20(X ) 4

72% (| %0 = 20(0) + 7

Furthermore, since s < 1 for any s and by assumption, 5 = 0, we can further lower bound H (X, 7) as

K
Dss
- — 720[SA87 s) + )\sas
1 K D, K
> 3 (It 322 - =123 0 ) + 3 b
+ s=1

s=1

K
s (Y
- pé_ - 2as)\s - 78) + § )\sas
« + s=1

| \/

Ps
_ Sas_QOéss ’Ys) +Z)\048.

K
1O = 5 3 (|0 - 20060 42

o
2

v

(18)



where we used the triangle inequality for the second inequality and we lower bounded the positive part by the number itself
and upper bounded |1 — 27 (s)| by one.

Besides, notice that

K K
1 1 QsPs PsQs
HAa =35 —E :s(‘ 1-2n(X, s| — == — 205 A — s) AsCis
(A7) 2;% x|s (1= 20(X,5)) + 75| = == = 2050 =7 ++; a
L o K
> Zl OTSEX‘S:S (_ S_ 877<X75) Oés)\s) + 2;)\5045
= p
> = - )\s) )\s s
> ; {( S n(s) + Asa }
The last expression in the above derived inequality can be further lower bounded as
K » K K »
3 { <—Esv7(s) - >\3>+ + Asas} >3 fau A (L= a)}A] = Y Eals){(2a) V1) (19)

s=1 s=1 s=1

At this moment we have shows that for any (\,~) € R¥ x RX such that Zﬁil s = 0 we have
K

H(A~) > ”72”1 ~1 and Z{ag (1= a)}Al = Y En){2a) v} .

s=1

To exploit the above result, we observe that for any (X, ~) € RX x R and for any ¢ € R the transformation

o v+ P2 and Ay A s€[K],
«

does not change the value of the objective function. Take any minimizing sequence (/\k7 ~*) of H. Due to the above,
translation invariance observation, we transform ()\k, ~*) to another minimizing sequence with the property

iyi?:o, VkeN . (20)
With a slight abuse of notation we denote this (potentially new) minimizing sequence by (/\k7 ~*). By definition of (/\k7 ~)
as the minimizing sequence, for any € > 0 there exists NV € N such that
H(AF 4% < H(0,0)+¢, VE>N .
Since H(0,0) = Zf(: S (|1 = 2n(X,s)| — 1), =0, then it holds for all k > N that
H(AF %) <, Vk> N .

Furthermore, since for all £ € N the property in Eq. (20) holds, then using Egs. (18) and (19) we obtain
Iv¥]l1 < 2(1+¢) and Z{as A (1 — ag) A <e+z {(2a,) V 1} .

Thus for all k£ > N the minimizing sequence ()\k, ~*) is bounded. Extracting convergent sub-sequence and using the fact
that H is continuous we conclude that the global minimizer exists. So far we have shown that the minimizer is attained and
that at the optimum we have ||7*||; < 2 (same holds for ||§]|1). Note that the above argument also give a bound on |A\}] as
well as |\, |, yet this bound is not satisfactory and we can derive a better one.



Refined bound on A. Recall that the first-order optimality condition on A* (see (FOOC)) is given by

(120X, 5) (', 1)) + Lo

Ps
Y 20

2

Z;(l—(v*,1>)+<k*,es>+w>, Vs € [K] .

20

as =Px|s—s (‘

Since 7(x, s) € [0, 1], then for any = € R? it holds that

Ps (7:()— Ps s Ps s (’7:)—
P W)= o\ Ps g s -
& as T 207( n(x, s)) + 2004 200 205 T Qs
Therefore, if o is not in {0, 1}, we must have that
R\ GHENS
« g

otherwise the considered probability is either equal to O or to 1. In particular, it implies that

*
a Qg

Note that the same can be shown for A since Eq. (8) and Lemma 3.2 imply

2
< —,Vse[K],
n

S

o Ps ~ Iy :Ys Ps 2 X Vs
Pxis—s | |[==(1 —27(X,s) — 21> 2(1- As — Qs
s (|- 2000 -4+ |2 P-4+ A0+ ) -

and the assumption on ny guarantee that the empirical probability is strictly between 0 and 1. The proof is concluded.

6 REDUCTION TO LINEAR PROGRAMMING

In this section we show that the minimization problem in Eq. (3) can be reduced to a problem of linear programming. Recall
that our goal is to solve

K
g\u’rn){<}‘7a>+ZEXS_S(G<X7S7)‘7’7)>+} ’ (2])
’ s=1
where
G5, A7) =| 221 2, 9) — (1) + O Py ) - (e - 20
Y 2a ’ ’ 204 2a ’ T 2004
Similarly to the support vector machines, the reduction is achieved via the slack variables (;, © = 1, ..., n. With these slack
variables the above problem can be expressed as
K G
min (A, @) + >
¢G>0 Vi € [n] (LP-Primal)
st L0 <G+ (A es) + En(xy, s) Vi € I,Vs € [K]

0< Ci + <77 aises - %1> + <Aaes> +3 (1 - ﬁ(wlas)) Vi€ ISVS € [K]

To prove this result it is sufficient to observe that for all z € R it holds that (z) = min¢>4 ¢>0 ¢



Introduce the following matrix notation

C = l/nl,.‘.,1/n1,...1/ns,.‘.,l/ns,...,1/nK,‘..,1/nK,a1,...,aK,0...,O
7 T Ik

y=(¢" AT yT)
b= ( (Fi@.s) oo (Biws)  (Z i) o (0 ﬁ(wi,s»)@)

1
_In1 Xniy 0711 Xna .o 0n1 XN K _Enl x K OnQXK
2
O’I’Lzan _In2><n2 .. OTLQXTLK _En2 X K 01’L1><K
K
A— O'nKX'I’Ll OnKXng L 7InK><nK 7E7lK><K OnKXK
- 1 P1 1l
_In1><n1 0n1><n2 0n1><’ﬂK _EnlxK E]'MXK T o PnixK
2 P2 1 g2
0n2><n1 7In2><nz 0n2><nK 7En2><K E]-HQXK T g nax K
K PK _ 1 RgK
L OTLK><7L1 OnKan _InKXnK _EnKXK fanXK ax PngxK
where ES . is a n x m matrix composed of zeros and ones, whose s™ column is equal to 1 and all other elements are zero,

1,,«m is a matrix of ones of size n x m. Using the above notation, the problem in (LP-Primal) can be written as

Jonin, (c;y)

. { Ay<b (LP-Primal-compacted)
S.t.

While the dimension of matrix A is 2n x (n + 2K), this matrix has at most 4n 4+ nK non-zero elements. This fact can be
exploited if n > K, that it, the amount of unlabeled data is large compared to the amount of groups.
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