A Decentralized Policy Gradient Approach to Multi-Task Reinforcement
Learning - Supplementary Material

Sihan Zeng' Malik Aqeel Anwar! Thinh T. Doan® Arijit Raychowdhury' Justin Romberg!

!'School of Electrical and Computer Engineering, Georgia Institute of Technology, Atlanta, Georgia, USA
?Bradley Department of Electrical and Computer Engineering, Virginia Tech, Blacksburg Virginia, USA

A COMPUTATION DETAILS OF EXAMPLES IN SECTION

First, we look at the first example in Section [2.2used to illustrate that deterministic optimal policy may not exist in MTRL
in general. As we discussed, it is easy to see that the optimal policy in state S, and Sy is to always take action L in order to
reach the positive reward or to stay away from the negative reward, and all that is left to be figured out is the policy at state

Ss.

There are 2 possible deterministic policies in state Ss3, to always take action L or to always take action R. First, consider one
policy 74,1, which is to always take L.

We have V"' (S3) = « as the agent reaches S; in 2 steps under mq, and claims the +1 reward. However, this policy
produces a zero value in environment 2, V;d (S3) = 0, since an agent will move back and forth between S3 and Sy forever.
Therefore, this deterministic policy achieves

VI (Sg) + VI (Sg) =7 +0 = .

By symmetry, the value of the policy 74 -, which is to always take action R in state Ss, is

V"7 (S5) + V57 (83) = 0+ = 1.

Now, let’s consider a stochastic policy 75, which we will show performs better than the two deterministic policies. This
policy 7, takes the same deterministic actions as 74 ; and 74, in state Sa, Sy, and is defined as follows for state S3.

D, a = left
1—p, a=right

malsn) = {

We compute cumulative rewards under 7.

Vi (Ss) = py +p(1 — p)¥° +p(1 = p)*7° + ...

> (1)
k=0

____ b
1—-(1-p)y?
Similarly,
Vie(Ss) =1 =p)y+ (1 —ppy* + 1= p)p*y° + ...
o0
k
=1-p>_ ()

k=0
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(1—p)y
1—py?’

Then,

Ts Ts pY 1_p’y
VI\(S3)+V2\(S3): 1—(1—]))’72—’_(1—1?’})/2’

Taking the derivative with respect to p and setting it to 0, we get

1 1
(= -p? T2 .

which leads to p = 0.5.

The value of policy 7, at state Ss is

Ts Ts by 1—]7’7
V1<S3)+‘/2(S3): 1_(1_p)72+(1_p,))/2
-

_2_’)/2.

Then, we explain how the three stationary points are computed in the second example in Section [2.2] Note that from Section
[B.4] we have that

0

1
905 4 Viﬂe (pi) = ——d;° (s)ﬂg(a|s)A?9 (s,a) ®

11— N

We define D° to be the |S;| x |S;| matrix where the entry (i, 7) is d.°(s;|s;). It can be easily seen that
5, (s) = D’ pi. 3)
Given P the transition probability matrix of task ¢ under policy my (whose entry (j, k) denotes P;(j | k)), the matrix D;*
can be computed as
D = (1=~P")~ @)
Given the small scale and the known dynamics of the problem, we can also compute the value function and the Q function

of the policy 7y in the two tasks by solving the Bellman equation, from which we get A7° (s, a). Specifically, under a policy
7, the value functions associated with the first and second tasks are

0 0
1-p -p
Vi=I—~PO)H)™ ] 0 |, ad VF=(T—-~PH)"| 0 |. )
—p 1-p
0 0

In addition, we can compute the Q functions

QT (- L)=1[0, (1—p)+pV(Ss), AV (S2), v(1—p)Vi(Ss)—p, 0],
QT(R) =0, (1—p)+V(S3), AV (Sa), ~(L—p)Vi(S3)—p, O],
Q3(L) =10, (1 —p)VF(Ss)—p, AVF(S2), wVs(Ss)+(1—p), 0,
Q3(R) =10, ~(1—p)VF(Ss)—p, AV5(Ss), wVs(Ss)+(1—p), 0, ©6)

from which the advantage function can be easily computed by taking the difference between the Q functions and the value
functions. We also know 7y (s, a) of the policy for which we would like to evaluate the gradient. Therefore, we can compute



all the quantities in the gradient expression (2)). Now we go through all three parameterizations and calculate the gradient
and the cumulative return.

We first consider the policy m; under the parameterization fs, 1, = 1,05, r = oo, which implies 71 (L | S3) = 0 and
m1(R | S3) = 1. First, we can easily see that the transition probability matrices are

1 1-p O 0 0 1 D 0 0 0
0 0 0 0 0 0 0 0 0 0
PMr=|0 p 0 1-p 0|, and P'=[0 1—p 0O p 0
0 0 1 0 0 0 0 1 0 0
0 0 0 1 0 0 0 1-p 1
Computing D[ according to (4) using Gaussian elimination, we can derive
1 ~(1-p) 0 0 0 1 vp 0 0 0
0 1—7v 0 0 0 0 1—7 0 0 0
(1—7) 1— (1—y)(1—p) 1—)(1— 1— 1—
Dyt = 0 (WZ::M/QH) sz,gzﬂ ﬂ{vzpjwuf 0 , and Dj'= 0 X 13”)‘/(217 2 1—7317 71(—7;/1)717 0
0 rr(d-v) Y(1—) 1—y 0 0 2Y0=m0-p) y(1=) L B
(v?p—72+1)  2p—2+1 72p—%+1 1—v2p 1—2p 1-v2p
0 *p? +’p p 1 0 7’ (1-p)? Y(-p) 20=p)
(v2p—2+1)  ~2p—v2+1 72p—v2+1 1-v2p 1-~2p 1-v2p

As we explained in (B)) and (6), we can compute the advantage functions

r 2.2 1 2, 211 T
AT@MZ(W’7(7P+( p)(v’p 7+)+m& q

i Yp = +1
ATI(W R) = [03 07 07 Oa O}T 5

r 201 _ p)2 20 1) — (1 — T
AT (L 0) = lo, o, 107 =P +p07p - =(=p) 4 o]
I 1—~%p
Agl(" R) = [07 Ov 07 0; 0]

Recall (2). We have

76 r T 71 1 T L om 1
D05, 1 (V™ (p1) + V5" (p2)) = 1 4cll,pl(53)7r1(L|53)A1 (Ss3,L) + lﬂdzm(sg)m(usgm? (S5,L) =0,
since 71 (L | S3) = 0. In addition, we have
a 1 1 1 T ™ 1 T -
55, VI (0) + V5" (02)) = T, (S3)m (BISs) AT (S5, B) + =5, (S3)m (RIS5) 43 (S5, R) =0,

since AT* (S5, R) = A3* (S5, R) = 0. The cumulative return under this policy is

(=2°p+~9*+2p—1)
VP -ytp -1

Vi (p1) + Vi (p2) = Vi (Ss) + Vi () = ©

By symmetry, the second policy 7> under parameterization g, ;, = 00,05, r = 1 is also a stationary point and has a
cumulative return

V(=22*p+~*+2p-1)
VP —ytp+y? -1

Vi (p1) + V3™ (p2) =

Finally, we look at the policy 3 under parameterization fg, 5, = 1,6g, r = 1, which implies w3(L | S3) = m3(R | S3) =
0.5. We can see that the transition probability matrices are

1 1-p 0 0 0 1 p 0 0 0
0 0 0.5 0 0 0 0 0.5 0 0
PE=0 p 0 1—-p 0|, and P*=|0 1—-p O P 0
0 0 05 0 0 0 0 05 0 0
0 0 0 p 1 0 0 0 1—-p 1



Computing D[ according to (@) using Gaussian elimination, we can derive

(1 2P+ —2p42)  2(1-p) Y*(1-p)* 01
2—~2 2—~2 2—~2
0 (1= (*p—y>+2) =y 20=n0-p)
2—~2 2—~2 2—~2
D= | 0o 2v(1—y)(1—p) 20—)  29(1=0-p)
1 2_,Y2 2_,),2 2_72 9
0 Y2(1=)p 0=y)  A=mMCe=+’p)
2—~2 2—~2 2—~2
0 73p? *p yp(2=~*p) 1
L 2—7? 2—42 2—772 J
(1 22C="p) ’p Y2(1=p 01
27,},2 27,72 7,},2
0 =1C=’p) 0-7) Y2(1=p 0
—~2 2— 2 2— 2
and DJ*=| 0 27(12—_7%(1—1)) 22(1_—’;) 2'y2(1_;’v)p 0
0 2L0-=0-p) 0-v) (1= (2=7*++’p) 0
2_7,2 2— 2 2_,),2
0 73 (1-p)? (-p)  22=?p?4+29°p—n?-2p) 4
L 2—72 2—7? 2—7? J
As we explained in () and (6)), we can compute the advantage functions
— 97292 1920 A2 1 T
AP (L) = |00, TERPENPTHY o]
2—72
97202 _ 9n2 2 _ T
A;rg(aR) = |:O? 07 7( TP i p2+’y ), O, 0:| 5
2—y
9n2p2 _ 92 2_q T
AT (L) = |0, o, RLCA bl ke e T
2 —~2
—9 2,2 2 2.0 A2 1 T
T e e
-

From (2), we have

8 KU s 1 Us T us s
%(W *(p1) + V, 3(P2)) = 1— 7W3(L|SS) (d1?p1(53)1413(53a L)+ d2?p2(53)A23(S3’L))
35
_ 05 (20-9) 22 ANt 20-9) A2 =2+t L)
S l-y\ 2-792 2—~2 2 — 42 2—~2
=0.
Similarly, one can show
9
(Vi (p1) + V5™ (p2)) = 0
003, R
The cumulative return under this policy is
2-4
VI ) + Vi (o) = Vi (Sa) + V7 (80) = 20,

For computational simplicity, we choose v = 1/0.5. Then,

) _ Y(=2v’p++*+2p—1) 2p—1

Vit (p1) + Vo't (p2) = - 7
1 (p1) + V3 (p2) ip2 — g 442 -1 8vV2(p—2)(p+1)
Y(2-4p) 4-8p
2— 192 3

and Vi (p1) + V5 (p2) = V" (S3) + V57 (S3) =

Ifp > 0.5,
2p—1 4—8p
>
8V2(p—2)(p+1) 3

V™ (p1) + V5 (p2) = Vi (p1) + V52 (p2) = = V" (p1) + V5 (p2)-



B PROOFS

In this appendix, we provide complete analysis for the results stated in the main paper. We first introduce the following
notations used throughout this appendix.

Vlﬁgl (p1)

Vy " (pa)
02 [07,67,...05] eRVISIML v(gp 2| 7 eRY,

Vi (o) @
p=1Ip1.05,pon’s =l n3,unl", VV(6;p) Zve v

B.1 PROOF OF THEOREM

Define D = 2N\ + vazl ﬁ In the proof, we will need the following lemmas.

Lemma B.1. For all k and p, ||VL*(6%; u)|| < D.

Proof. By Eq. (37),

aLA ’L ? /’(‘7/
89"

18,a

IvEN6 ol < 3

(el 947 () + 5 g~ motals) )

TF(;a| 1 A A
< +5 S Dm(als
Z T o A el
1
<t
=)

where the second last inequality uses (3). Using triangular inequality,

N N
IVIAO"; )| < D IIVLXOF; i)l <2NA+

—_—. ®)
— (1—m)?
O
Lemma B.2. Let 0% = N ZL 107, Ifeach agent starts with the same initialization, i.e. 90 = 90 =..= QON, then
- D
108 — 0% < ==, Vi,k. ©)
1-— ()]
This is a standard result whose proof can be found in the existing literature, such as|Yuan et al.|[2016].
We made the assumption in Theorem E]that the agents start with the same initialization. We denote §° = 69, Vi.
We define the Lyapunov function
1
€an(O:p) & —1TLNO; ) + 1617w, (10)

where ||0][3_,, £ 07 (I — W) @ 1)6.



Note that the sequence {0’“} generated by the distributed policy gradient algorithm is the same as the sequence generated by
applying gradient descent on &,_»(8), if both algorithms use fixed step size «.. This can be observed by re-writing the update

equation (9).
0" = (W @ I)0* + aVL (6%, )
= 0"+ aVLNO" ) — (I -W)1)0"
= 0" — a(-VLN6"; p) + é(([ ~W)e1)8")
= 0" —ave, \ (0% ) (11)

We have to establish the smoothness constant of £, 1(0; pt). Combining Lemmaand Lemma. L>‘ ) is 32-smooth
with

8 2
Bl=r— o (12)
B G DA
which implies S~ | L)(6;) is 8*-smooth, where
N
8 2\
pr = <+) (13)
2 \ar s
In addition, we know §,, ,(0; ) is 382 -smooth, with
1
Bar = B2+ —omax(I = W) = B> + a7} (1 = o). (14)
By the 3%.>-smoothness of €..,(0), we have
/Bga)\
€an(0"5 1) <€ (0%5 1)+ (VE, (0% 1), 011 — 0%) + ——[|0"+] — 072
0i1—6 ) Car )
= €0+ (-0 g gy T g g2
BEQ,A 1
= £ (05 )+ (T — )]0 - 0P
!
1
= £ (0% ) = 57 1+ on) - BY)]|0FT - 6|7 (15)
Since o < —=y—FN = Lo we know L(a (1 + on) — BY) > 0, Vk. This implies £, ,(0%; ) is a
Qijl(WjLW) 23 2 a,
non-increasing sequence. Let 6 = ming €ax(6; ). We have
Z 195+ — 6> < Z 1t on) = BY) 7 (Ean (0% 1) — €0 n (0" 1)
= (5047)\(607“) £oz,A( IJ’))
< cl(&a,)\( ) £o¢,/\< )) (16)
where we define ¢; = 2(a" (1 +oy) — )7t
This implies
. k1 _ gk2 « €1 0.,y _ 0-
]{;ISII}HB 0 H = K(ga,)\(e 7“) éa,)\(avu’))‘ (17)
From Eq. (TI), [|aVE, A (6%; p)||* = ||§°"" — 6%||. Thus,
. 1 c ~
. ko2 — & k1 _ gk2 « 4 0.\ _ .
]I;l’él}% Hvé.oz,)\(e 7”’)” a2 I?EII% ||0 0 || = Ka?2 (ga,)\(a 7”’) €a,)\(07 l"’)) (18)



Taking derivative of Eq. (T0),

V(0 ) = ~VING:) + (1~ W) © 1)6, (19

Observe that 17 (I — W) = 0 due to the double stochasticity of 1, which leads to
— — 1
Ve, (0:p) = —VL'(8:p) + 1~ (17 (L - W) @ )6

= VL' (6: ).

Now we can bound the gradient VL (8*; ).

T k. 2 _ i [ITF AN
min [[VL7(0% p)||” = min [[VE,, 5(87; p)]]

IN

. k. 2
min [[VE, (6% w)l]

C1

< ﬁ(ﬁa ,\(BO;N) - ﬁa ,\(éﬁt))

= Ka2 ZLA 0‘),uz)+—\|0°|\1 W+ZL’\ (6; Mz)_7|| 0/12_1)
=1

<

C ~
Kiéég Z(LZ\(Q;M) - LZ\(QO; 1))
i=1

< ez 2 (Vi 7 (i) = Vi ™ (i) + ARE ()
=1
c N 1
< Ki;z > p— + ARE(mg0)). (20)
i=1 v

The third line comes from (T8)). The fifth line uses our assumption that all agents start with the same parameter initialization,
making \|00| 2 = 0.The second last inequality is from the fact that relative entropy is non-negative. The last inequality
comes from the bounded value function (3).

Using the definition of L*(0*; 1) in (7)), we have

N IV (QF- 2
IEIEII}HVV(O il IIllIl ||VL ZVRE )|
< 2min | VL' (6" >W+~—§:HVMmMmMF Q1)
i=1

The second term uses the smoothness of the regularizer, which we establish in Lemma[B.6 The first term is bounded in (20).
Therefore,

N
- =T k. 2 T k. 2 2 2
min [[VV(6"; )| < 2 min [V (6% ) ” + + D [VARE(myy) |

=1

N 2
2cq 1 2 A
< — ARE — | —+ A
S Ka2 i:l(l—%+ (mo>)+N< = + >
N
201 1 8)\2
< ARE — 22
= Ka2 i=1(17%+ (mgo)) + N (22)



Using the smoothness of V;, which we show in Lemma|[B.3] we have
min Hf Zvv v )|1* = min Hf Zvv ji13) = (V3055 15) = VV; (055 115) |

< 2/|— V(0% 1))?
min 2| ZV * )l

- fZva k1) — V(08 1)

N
— 2
< . 2, k _ pki2
_2]{,1313\IVV( M+ & Eﬁ 6||9 o511 (23)

From Lemma[B.2] we have

167 = 0511 = 1105 — 6%) — (0" — o)
< [10F — 6°[| + 167 — 6"

2aD
< (24)
1-— g9
Plugging this inequality and (22)) into (23], we get
L 2
min || ZVV 0F 11y
N N
4cq 1 6)\2 2 402 D?
< + ARE(mgo)) +
KQQ; ].—’7]' j:l ].— 1—0’2)2
N N
16 1 163* 512D%a?
< — — + ARE
_Kaz(l - <7T90) ZNl—Ug 177])

The proof is completed by recognizing p; = pu;, Vi.

B.2 PROOF OF THEOREM

When condition (T2) is observed, we can establish the global optimality condition under the tabular policy.

Proposition 1. Let 6* = maxy V(6; p). For policy parameter 0, if || Ez VLN )| < 2|SIIA\’ we have

V(0 Vo, < 2AN dzf* (S)
(0"5p) = V(8 p) seditnes, (T — y)pa(s)

}

if the environment and the initial state distributions p and p jointly satisfies the discounted visitation match assumption.

The proof this proposition is in Section m Using the proposition we can guarantee that 6% is an e-optimal solution in the

50 (o
objective function by setting € = 2N A max; S{(l'yi} and ensuring || Z VL;‘ (0F; )| < % Solving for A
J

0]
in terms of €, we get

€

A= (25)

r®
2N max; {7350 ’vg)m(é)}




Now we bound the norm of the gradient.

N N N
min [| Y VRO )l = min|| Y VINOGu5) + D (VLI OF 1) = VLI (E) |
j=1 Jj=1 J=1
N
. =\
< min [|[NVI™(0"; )l + D IVLF (075 1) = VL(0]; 1)
j=1
N
o7k gk k
< : ‘ pg—l
< N min [[VE™(8"; )l +>_ 52165 — 0511,

j=1

where the last inequality uses the smoothness property of L.Combining Lemma nd Lemma B =

We have a bound on the first term in (20), and now we bound the second term using Lemma B2}

|0F — 0| = [|(0F — 8*) — (6% — 0%))|
16% — 6"|| + [|0% — 6¥||
2aD

170’2

IN

IN

Plug this into (26),

N N

: A pk. ST k. gk k

}&%”;VLJ‘(GMM)H SN,?EII%HVL G 7H)||+Zﬂi||9i = 65|
J:

J=1

o s, 1 N | 2aD
<N, |2 ARE A
j=1 Jj=1
N
c1 1 2a8 D
<N ARE
< KanX:;( — FRE(m) + T
To ensure miny« x || Z;\le VLNOF; 1)|| < o751 a7» we make
a1 2B D AN
N ARE <
Ka? ;(1 =, TARE(Te)) + T S oAl

Solving for K, we get

| al? (Sl + ARE(m)

- o2 (AN _ 208D 2
2S|IA -0z

aN? (S0 (5 + ARE(mn) )

2 €co _ 2aD N 8 €co
a (4|SHA| ) D] (4(1_%-)3 + N|S\)>
A

AN 208" D . AN (1—02)
SSIA] ~ 1een > O it < gxpsiar

where we used the fact that

B.3 PROOF OF PROPOSITION

From the assumption (12), we define
dig(s) _ 45,05

dig, (s)  df, (s)

VRIS

2d(s), Vs:se€S&NSj, Vi,j.

(26)

8 2\
= T 18]

@7

(28)

(29)

(30)

3D

(32)

(33)



Kakade and Langtord| [[2002] introduced the performance difference lemma that relates the value function of two policies.
We use this lemma in our analysis.

Lemma B.3. For any policy m and 7 operating in environment i under the initial state distribution p;,

1
1=

‘/iﬂ- (,01) - ‘/iﬁ (pl) = ESNd;‘:p% Ea~7r(»|s) |:A7T/(Sv a’):| : (34)

By Lemma[B3]
N
V(O'ip) = V(0ip) =) 1 Z Y dio (s)mo- (a] s) AT (s, a)
=1~ Vi ic5 acA
_ me(als) 30 T (AT (0
sESacA i:SES;
]' To* T
= r;g;f,Z T, G (5047 (5,0)
sES 1:SES;
a7 (s) dTs (5)
— P4 K A7"9
SR 2 T (5 T—my (s,2)
seS i:s€8; i
- dre (s)
= d(s) max Dl L AT (s,
se€S ( )GEA 792651 1 — i ' ( )
d;e" (s) dre (s)
< max {22 }Z max Bl 2 AT (s, a)
SE€S,i:s€ES; d ( ) s a€A irsCS, 1-— Yi
”*( )
< b
= sesines; {d’fe (s 1S e |5|
drer (s)
=2\N max {221}
sES,i:s€S; d',(:ii (S)
dro (s
_ oW max () (35)
s€S,i:s€S; (1 — ’}/Z)MZ(8>
dre (
The sixth line follows since maXee A ) ;. 4cs, ~7 iy A’Tg (s,a) > 0, Vs. The last inequality uses the fact that d , (s) >
(1 —7i)pi(s), element-wise, ¥, which simply follows from the definition of d7 , (s). The seventh line uses
dre (s 20N
max 1" (8 )Am’( a) < GR (36)
acA i:SES; 7 | |
d;e
which we now prove. To show this, we only have to prove this is true for those (s,a) where D ;. s —* ﬂ/( AT?(s,a) > 0.
The gradient of § under the softmax parameterization in environment ¢ is
T w— dit,(s)me(als)AT (s, a) + s\~ mo(als) | . @7
d’ 0 s
From our assumption || ZZ L VLMNO; )] < 2\SHAI’ we know that for all (s,a) such that ), . o —% iv( )A’T" (s,a) >0,

AN - 0L (0 12)
2IS[IA| = = 00,4

_ L4 (5)m0(als) A (5, ) i:j <|A| 0(a|8)>

1:SES; 1= i



>0+ i_v; |§| (Iill - 7re<as)>

AN( 1
> —mg(a s)> . (38)
s\ ™
Rearranging the terms,
1 S| AN 1
_— > 39
TS = ) 7w aisal = 214 o
Re-writing Eq. and summing over environments,
N m N
d:’ (s 1 LA [y 1
> Bl o0 = 3 oy ( -1)
—~ 11— vl mo(als) 0054 — [S] \mo(als)|Al
1 DL (0 i) | = A
< —t AN + -
o(als) 26; 9s.a ; S|
AN AN
<2l + e
2S|IA[ 1S
2A\N
S|

where the second last line uses inequality (39).

B.4 DERIVATION OF THE GRADIENT ()

Here we just derive the gradient for V™. The gradient of L} can be easily computed from the gradient of VV,™ by adding
the gradient of the entropy regularizer.

By definition,
V7 (si) =E | Y A Ri(sFab) [s) =si|,  af ~7o(s))
k=0
= Z mo(ai | si) (54, a)
a; €A
= mg(ai | 5:)Esres, [R(si,a:) + 7V ()],
aquA
which implies
V" (si) _ . Img(a; | s:) 9Q;° (s, a;)
= EEjA {Qi (51 00) =5 + mola: | 5:) =
- Vomg(a; | s;
= > molai|s)QT (s, as) ; (0a(4|s| ))
a;EA AN R
+ > molai|si) 55Ees, [Risiy i) + %7 ()]
a; €A
= Z mo(a; | $:)Qr° (si,a:)Velnmg(as|s;)
a; €A

+ % Z mo(ail si) Z pi(sﬂsi,al)aev’”’( s%)

a; €A Sé €S;



= Z mo(ai| si)Q7 % (si,a:)Veolnmg(a; | s;)

a;EA
+7i Z T (ai | si) Z pi(s; | sisai)
a; €A SéESi
x Y molai| sQT (51, af) Vo lum(ai| s7)
a,eA
+7 > malai|si) Y pils)|siian)
al€A s1€S;
9
xS molallsh) D pals! |l al) s Vi ()
a’eA s/ES;
=D > WP (sf=sils:) Y molal|s))Qf (s}, al) Ve lnmo(ai | })
k=0s/€S; aleA
1
= 1 —E sh~ds 9()Ea’~7re( \S’)Q ( Si z)vG 11171'.9( ;|5;)
1 Uy U
= 1, Cetar () Batmma sy (QF (s, a5) = V™ (53) + Vi (s7)) Vo In e (a; | ;)
1

= T, Beimd? (O Baimac s A7 (55, a;) Vo Inmo(aj | 57),

where the last equation follows since
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Let 1[-] denote the indicator function of argument condition. We observe that under the softmax parameterization
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B.5 LIPSCHITZ, SMOOTHNESS, AND HESSIAN LIPSCHITZ CONSTANTS

Lemma B.4. Let 7, £ Tg qu, where w is a unit vector and f/l-(a) £ Vire(s;). If

Z ’ dﬂa;abo) < C’l, Z dQWf; (‘;|50) < C'N, andz dsﬂ{; (§|50) < CW, (41)
acA a a=0 acA @ a=0 acA @ a=0
then we have
d~- '
max Vi(a) < 70 ,
llullz=1 ] dar | |7 (1 =)
42 1 " 2v; 2
max V(zoz) < ¢ 5+ ¢ 5, and
lufl=1| da? | 7 (1=7%)?  (1-7)
dSVi(OZ) o 6%0/0// 67-20/3
max |————= < + - L (42)
lullz=1 | da® | 17 (1=7)*  (1=7%)*  (1-%)

Proof. The proof uses a similar technique to Lemma E.2 of |Agarwal et al.|[2020]], which proves the second derivative is
bounded. Here we also show the first and the third derivative is bounded. We use P;(«) to denote the state-action transition
matrix in environment ¢.
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With M (a) := (I — ~;P;(«))~", we re-writing the Bellman equation in the matrix form,
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By the definition of V;(«),
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Taking the first derivative of f/i(a) with respect to «,
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Lemma B.5. Under the tabular softmax policy, V;"® () is Lipschitz, has a Lipschitz gradient and a Lipschtz Hessian for all
1 and p, i.e.
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Proof. To show a function is Lipschitz, we show the derivative of the Hessian with respect to 8 is bounded. Under the
softmax parameterization, we have
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Then we can use Lemma[B.4]with C' = 2,C” = 6,C"" = 26, and get
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This is equivalent to
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Lemma B.6. The cross entropy regularizer is Lipschitz, has a Lipschitz gradient and a Lipschtz Hessian, i.e.

1
IARE(mg) — ARE(7g)|| < AM(——== \/|7| + 110" ="},
Vo' ARE(mg) — Vo ARE(mg)|| < | SI |I9’ 0", and
|[V2 ARE(mp) — V2, ARE(ry)|| < ISI ||9/ 0"||.

Proof. Define

We have
ALl
V. ((0) = E(ml —mo(:|s)),
V3,0(6) = Ta(~dine(mo(1s)) + moCcls)mo (1))

5 V8.600) = gy (=molal|s)ew s + mofa|)ing(mo (1)

+ 2mg(a’[s)mo(-|s)eds — 2ma(a’|s)ma(-|s)mo(-|5)T).
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where the last inequality uses ||u||3 < ||u||2. This implies that ¢(6) is A( \/ﬁ + 1)-Lipschitz, %-smooth, and has

% -Lipschitz Hessian. O

C EXPERIMENTS DETAILS

C.1 DRONE EXPERIMENTS

The framework used for the drone experiment is PEDRA [PED], a 3D realistically stimulated drone navigation platform
powered by Unreal Engine. In the simulated environment, a drone agent is equipped with a front-facing camera, and can
implement actions to control its flight. To model the problem as an MDP, the state is represented by the monocular RGB
images captured by the camera of the drone, which has dimension 103(height) x 103(width) x 3(color). There are a total
number of 25 actions, corresponding to the drone controlling the yaw and pitch by various angles. Reward is calculated based
on dynamic windowing of the simulated depth map, and is designed to encourage the drone to stay away from obstacles, as
used in|/Anwar and Raychowdhury|[2018].



We select 4 indoor environments on the PEDRA platform: indoor long, indoor cloud, indoor frogeyes, and indoor pyramid.
They contain widely different lighting conditions, wall colors, furniture objects, and hallway structures (Fig.[T).

Indoor_cloud

Figure 1: Environments used in drone navigation.

Every agent uses a 5-layer neural network as the function approximation. The exact architecture is shown in Figure[2] The
agents use the ADAM optimizer with a constant step size of le-4, 81 = 0.9, and 2 = 0.999. Communication happens
every episode, and follows a cyclic communication graph (ring graph). The same discount factor v = 0.99 is used by all
agents. The weight of the cross entropy regularizer is chosen to be 0.03. We conducted three sets of experiments, where the
local gradient g¥ is estimated using REINFORCE, advantage actor-critic (A2C), and proximal policy optimization (PPO),
respectively. The discounted cumulative reward is estimated by the every visit Monte-Carlo method in all experiments. For
PPO, we choose the clipping parameter € to be 0.2. We train the agents for 4000 episodes in all experiments. Using two
RTX2080 GPUs, each set of experiments takes about 25 hours to complete.

Convolutional Layers Fully Connected Layers
3 1024 1024

] Y
103

Input Feature Map
103

Conv Layer

MaxPool

Fully Connected Layer

Figure 2: Network architecture for drone experiments
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