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Abstract

Most existing results about last-iterate conver-
gence of learning dynamics are limited to two-
player zero-sum games, and only apply under
rigid assumptions about what dynamics the play-
ers follow. In this paper we provide new results
and techniques that apply to broader families of
games and learning dynamics. First, we show that
in a class of games that includes constant-sum
polymatrix and strategically zero-sum games, the
trajectories of dynamics such as optimistic mirror
descent (OMD) exhibit a boundedness property,
which holds even when players employ differ-
ent algorithms and prediction mechanisms. This
property enables us to obtain O(1/+/T) rates and
optimal O(1) regret bounds. Our analysis also re-
veals a surprising property: OMD either reaches
arbitrarily close to a Nash equilibrium or it out-
performs the robust price of anarchy in efficiency.
Moreover, for potential games we establish con-
vergence to an e-equilibrium after O(1/€?) itera-
tions for mirror descent under a broad class of reg-
ularizers, as well as optimal O(1) regret bounds
for OMD variants. Our framework also extends
to near-potential games, and unifies known anal-
yses for distributed learning in Fisher’s market
model. Finally, we analyze the convergence, ef-
ficiency, and robustness of optimistic gradient
descent (OGD) in general-sum continuous games.

1. Introduction

No-regret learning and game theory share an intricately con-
nected history tracing back to Blackwell’s seminal approach-
ability theorem (Blackwell, 1956; Abernethy et al., 2011),
leading to fundamental connections between no-regret learn-
ing and game-theoretic equilibrium concepts. For example,
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it is folklore that if both players in a zero-sum game employ
a no-regret algorithm, the time average of their strategies
will eventually converge to a Nash equilibrium (NE). How-
ever, typical guarantees within the no-regret framework
provide no insights about the final state of the system. This
begs the question: Will the agents eventually play accord-
ing to an equilibrium strategy? In general, the answer to
this question is no: Broad families of regret minimization
algorithms such as mirror descent (MD) are known to ex-
hibit recurrent or even chaotic behavior (Sato et al., 2002;
Sandholm, 2010; Mertikopoulos et al., 2018).

In an attempt to stabilize the chaotic behavior of traditional
no-regret learning algorithms and ameliorate the notoriously
tedious training process of generative adversarial networks
(GANs) (Goodfellow et al., 2014), Daskalakis et al. (2018)
discovered that optimistic gradient descent (OGD) (Popov,
1980) guarantees last-iterate convergence in unconstrained
bilinear “games”.l Thereafter, their result has been extended
along several lines (e.g., (Daskalakis & Panageas, 2019;
Mertikopoulos et al., 2019; Wei et al., 2021b; Golowich
etal., 2020a; Azizian et al., 2021)). Last-iterate convergence
is also central in economics (Milgrom & Roberts, 1990),
and goes back to the fundamental question of what it really
means to “learn in a game”. Indeed, it is unclear how a
time average guarantee is meaningful from an economic
standpoint. Nevertheless, the known guarantees only apply
for restricted classes of games such as two-player zero-sum
games. As a result, it is natural to ask whether last-iterate
convergence could be a universal phenomenon in games.

Unfortunately, this cannot be the case: if every player em-
ploys a no-regret algorithm and the individual strategies
converge, this would necessarily mean that the limit point is
a Nash equilibrium.? But this is precluded by fundamental
impossibility results (Hart & Mas-Colell, 2003; Rubinstein,
2016; Chen et al., 2009; Babichenko, 2014; Daskalakis et al.,
2009), at least in a polynomial number of iterations. This
observation offers an additional crucial motivation for con-
vergence since Nash equilibria can be exponentially more ef-
ficient compared to correlated equilibria (Blum et al., 2008).

'We call them “games” with an abuse of terminology. They
are not games in the game-theoretic sense.

To see this, observe that the average product distribution of
play—which is a coarse correlated equilibrium—will converge to
a product distribution, and hence, a Nash equilibrium.
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In light of this, we ask the following question: For which
classes of games beyond two-player zero-sum games can we
guarantee last-iterate convergence? Characterizing dynam-
ics beyond zero-sum games is a recognized important open
question in the literature (Candogan et al., 2013). In fact,
even in GANs many practitioners employ a general-sum
objective due to its practical superiority. However, many
existing techniques are tailored to the min-max structure of
the problem.

Another drawback of existing last-iterate guarantees is that
they make restrictive assumptions about the dynamics the
players follow; namely, they employ exactly the same learn-
ing algorithm. However, we argue that in many settings such
a premise is unrealistic under independent and decentralized
players. Indeed, to quote from the work of Candogan et al.
(2013): “The limit behavior of dynamic processes where
players adhere to different update rules is [...] an open
question, even for potential games”. In this paper, we make
progress towards addressing these fundamental questions.

1.1 Overview of Our Contributions The existing tech-
niques employed to show last-iterate convergence are in-
herently different from the ones used to analyze regret. In-
deed, it is tacitly accepted that these two require a different
treatment; this viewpoint is reflected by Mertikopoulos et al.
(2018): “a regret-based analysis cannot distinguish between
a self-stabilizing system, and one with recurrent cycles”.

Our first contribution is to challenge this conventional nar-
rative. We show that for a broad class of games the regret
bounded by variation in utilities (RVU) property established
by Syrgkanis et al. (2015) implies that the second-order path
lengths are bounded (Theorem 3.1) for a broad family of dy-
namics including optimistic mirror descent (OMD) (Rakhlin
& Sridharan, 2013). We use this bound to obtain optimal
O(1) individual regret bounds (Corollary 3.3), and, more
importantly, to show that O(1/¢?) iterations suffice to reach
an e-approximate Nash equilibrium (Theorem 3.4). This
characterization holds for a class of games intricately con-
nected to the minimax theorem, and includes constant-sum
polymatrix (Kearns et al., 2001) and strategically zero-sum
games (Moulin & Vial, 1978).

Furthermore, our results hold even if players employ differ-
ent OMD variants (with smooth regularizers) and even with
advanced predictions, as long as an appropriate RVU bound
holds. Additionally, our techniques apply under arbitrary
(convex and compact) constrained sets, thereby allowing for
a direct extension, for example, to extensive-form games.
We also illustrate how our framework can be applied to
smooth min-max optimization. Such results appear hard
to obtain with prior techniques. Also, in cases where prior
techniques applied, our proofs are considerably simpler.
Overall, our framework inherits all of the robustness and the
simplicity deriving from a regret-based analysis.

Our approach also reveals an intriguing additional result:
OMD variants either converge arbitrarily close to a Nash
equilibrium, or they outperform the robust price of anar-
chy in terms of efficiency (Roughgarden, 2015) (see Theo-
rem 3.8 for a formal statement). This is based on the obser-
vation that lack of last-iterate convergence can be leveraged
to show that the sum of the players’ regrets at a sufficiently
large time 7" will be at most —CT, for some parameter
C > 0. This substantially refines the result of Syrgkanis
et al. (2015) using the rather underappreciated fact that re-
gret can be negative. In fact, the further the dynamics are
from a Nash equilibrium, the larger is the improvement
compared to the robust price of anarchy.

Next, we study the convergence of mirror descent (MD)
learning dynamics in (weighted) potential games. We give
a new potential argument applicable even if players employ
different regularizers (Theorem 4.3), thereby addressing
an open question of Candogan et al. (2013) regarding het-
erogeneous dynamics in potential games. Such results for
no-regret algorithms were known when all players employed
variants of multiplicative weights update (Palaiopanos et al.,
2017; Héliou et al., 2017), though in (Héliou et al., 2017)
the analysis requires vanishing learning rates.

Our potential argument implies a boundedness property for
the trajectories, (similarly to Theorem 3.1 we previously dis-
cussed); we use this property to show that O(1/€?) iterations
suffice to reach an e-Nash equilibrium. We also show a sim-
ilar boundedness property for optimistic variants, which is
then used—along with the RVU property—to show optimal
O(1) regret for each individual player (Theorem 4.6). To
our knowledge, this is the first result showing optimal O(1)
individual regret in potential games, and it is based on the
observation that last-iterate convergence can be leveraged
to show improved regret bounds. In a sense, this is the “con-
verse” of the technique employed in Section 3. Our potential
argument also extends to near-potential games (Candogan
et al., 2013), implying convergence to approximate Nash
equilibria (Theorem 4.10). Importantly, our framework is
general enough to unify results from distributed learning in
Fisher’s market model as well (Birnbaum et al., 2011).

Finally, motivated by applications such as GANs, we study
the convergence of optimistic gradient descent (OGD) in
continuous games. We characterize the class of two-player
games for which OGD converges, extending the known
prior results (Theorem 5.1). Also, we show that OGD can
be arbitrarily inefficient beyond zero-sum games (Proposi-
tion 5.2). More precisely, under OGD players can fail to
coordinate even if the objective presents a “clear” coordina-
tion aspect. Finally, in Theorem 5.4 we use our techniques
to characterize convergence in multiplayer settings as well.

For the convenience of the reader we have summarized our
key results in Table 1.
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Setting

Results

Games with nonnegative regrets (Sections 3.1 and 3.2)

e Bounded second-order path lengths (Theorem 3.1)
e Optimal regret (Corollary 3.3)
e O(1/+/T) rates to Nash equilibria (NE) (Theorem 3.4)

Smooth games (Section 3.3)

e Outperforming the (robust) price of anarchy (Theorem 3.8)

Potential and near-potential games (Section 4)

e Optimal regret (Theorem 4.6)
e O(1/+/T) rates to NE (Theorems 4.7 and 4.10)
e Convergence in Fisher markets (Appendix B.2)

Unconstrained general-sum games (Section 5)

e Convergence of OGD (Theorems 5.1 and 5.4)
o Inefficiency of OGD (Proposition 5.2)
o Instability of first-order methods (Theorem C.11)

Table 1. Overview of our main results.

1.2 Further Related Work The related literature on the
subject is too vast to cover in its entirety; below we empha-
size certain key contributions.

For constrained zero-sum games Daskalakis & Panageas
(2019) established asymptotic last-iterate convergence for
optimistic multiplicative weights update, although they had
to assume the existence of a unique Nash equilibrium. Our
techniques do not require a uniqueness assumption, which
is crucial for equilibrium refinements (Damme, 1987). Wei
et al. (2021b) improved several aspects of the result of
Daskalakis & Panageas (2019), showing a surprising lin-
ear rate of convergence, albeit with a dependence on con-
dition number-like quantities which were left unspecified.
Some of the latter results were extended for the substan-
tially more complex class of extensive-form games by Lee
et al. (2021). While the aforementioned results apply under
a time-invariant learning rate, there has also been a sub-
stantial amount of work considering a vanishing scheduling
(e.g., (Mertikopoulos et al., 2019; Mertikopoulos & Zhou,
2019; Zhou et al., 2017; 2018; Hsieh et al., 2021)). Our
results apply under a constant learning rate, which has been
extensively argued to be desirable in the literature (Bailey &
Piliouras, 2019; Golowich et al., 2020a). Last-iterate conver-
gence has also been recently documented in certain settings
from competitive reinforcement learning (Daskalakis et al.,
2020; Wei et al., 2021a; Leonardos et al., 2022).

Beyond zero-sum games, our knowledge remains much
more limited. Cheung & Piliouras (2020); Cheung & Tao
(2021) made progress by establishing chaotic behavior for
instances of OMD in bimatrix games. Last-iterate conver-
gence under follow the regularizer leader (FTRL) is known
to be rather elusive (Vlatakis-Gkaragkounis et al., 2020),
occurring only under strict Nash equilibria (Giannou et al.,
2021). On the positive side, in (Hsieh et al., 2021), last-
iterate convergence for a variant of OMD with an adaptive
learning rate was established for variationally stable games,

a class of games that includes zero-sum convex-concave.
The convergence of learning dynamics has also recently
received attention in several auction settings; we refer to the
work of Feng et al. (2021) and Deng et al. (2022), as well
as references therein.

In the unconstrained setting, the behavior of OGD is by
now well-understood in bilinear zero-sum games (Liang &
Stokes, 2019; Mokhtari et al., 2020b; Zhang & Yu, 2020).
Various results have also been shown for convex-concave
landscapes (e.g., (Mertikopoulos et al., 2019)), and cocoer-
cive games (e.g., (Lin et al., 2020)), but covering this litera-
ture goes beyond our scope. For monotone variational in-
equalities (VIs) problems (Harker & Pang, 1990), Golowich
et al. (2020a) showed last-iterate rates of O(1/+/T'), which
is also tight for their considered setting. Note that this rate
is slower than that of the time average for the extra-gradient
(EG) method (Golowich et al., 2020b). Lastly, last-iterates
rates for variants of OMD have been obtained by Azizian
et al. (2021) in a certain stochastic VI setup.

2. Preliminaries

Conventions In the main body we allow the O(+) notation
to suppress game-dependent parameters polynomial in the
game; precise statements are given in the Appendix. We
use subscripts to indicate players, and superscripts for time
indices. The j-th coordinate of € R? is denoted by x (7).

Normal-Form Games In this paper we primarily focus
on normal-form games (NFGs). We let [n] == {1,...,n}
be the set of players. Each player i € [n] has a set of
available actions A;. The joint action profile is denoted
by a = (a1,...,a,) € Hie[n] A;. For a given a each
player ¢ receives some (normalized) utility u;(a), where
u; : [[;epn Ai = [-1,1]. Players are allowed to random-
ize, and we denote by x;(a;) the probability that player
¢ will chose action a; € A;, so that ; € A(A4;) =
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{w € R‘;};‘ . ZaiEAi x(a;) = 1}. The expected utility of
player ¢ can be expressed as u; () := Eq~z[ui(a)], where
x = (x1,...,xT,) is the joint (mixed) strategy profile. The
social welfare for a given a is defined as the sum of the
players’ utilities: SW(a) = > u;(a). As usual, we
overload notation to denote SW(x) := Eq SW(a). We
also let OPT := maxqaec.4 SW(a) be the maximum social
welfare.

Definition 2.1 (Approximate Nash equilibrium). A joint
strategy profile (x,...,@5) € [licp, A(A) is an e
approximate (mixed) Nash equilibrium if for any player
i € [n] and any unilateral deviation &; € A(A;),

wi(x;, ;) < ui(x”) +e.

Regret Let X' C R? be a convex and compact set. A
regret minimization algorithm produces at every time ¢ € N
a strategy «*) € X, and receives as feedback from the envi-
ronment a (linear) utility function u® (x) :  — (z, u®).
The cumulative regret (or simply regret) RegT up to time T’
measures the performance of the regret minimization algo-
rithm compared to the optimal fixed strategy in hindsight:

T T
T NN (1) 44
Reg” : ar}nzg})({{Z(az , U )} Z(w ,utt).

t=1 t=1

Optimistic Dynamics Following a recent trend in online
learning (Rakhlin & Sridharan, 2013), we study optimistic
(or predictive) algorithms. Let R be a 1-strongly convex
regularizer—or distance generating function (DGF)—with
respect to some norm || - ||, continuously differentiable on the
relative interior of the feasible set (Rockafellar, 1970). We
denote by D the Bregman divergence generated by R; that
is, Dr(z,y) = R(x) — R(y) — (VR(y), z — y). Canon-
ical DGFs include the squared Euclidean R(zx) = ||z ||3
which generates the squared Euclidean distance, as well
as the negative entropy R(x) = Zle z(r)(logx(r) — 1)
which generates the Kulllback-Leibler divergence. Opti-
mistic mirror descent (OMD) has an internal prediction
m® at every time ¢ € N, so that the update rule takes the
following form for ¢ > 0:

2 =arg max n(x, mV)— Dg (z, 2Y);
TeEX

~ ~ ~ ), (OMD)
) —arg max n(z, uV) - Dg (z,2Y),
TEX
where (V) := arg ming, , R(Z). We also consider the

optimistic follow the regularizer leader (OFTRL) algorithm
of Syrgkanis et al. (2015), defined as follows.

¢
D) = arg maxn <m7m(t+1) + Zu§7)> — R(x).

zEX T=1

Unless specified otherwise, it will be assumed that
mt*D = u® for t > 1, and m® = 0. Syrgkanis
et al. (2015) established that OMD and OFTRL have the
so-called RVU property, which we recall below.

Definition 2.2 (RVU Property). A regret minimizing algo-
rithm satisfies the («, 8, 7)-RVU property under a pair of
dual norms® (||-|, ||-||+) if for any sequence of utility vectors
u® .. u®) its regret Reg” can be bounded as

T T
RegT SOH-ﬁZ IIu(”—U“—”lli—vZ ”m(t)_a:(t—nHz7

t=1 t=1

where «, 5,7 > 0 are time-independent parameters, and
x® ... 2T is the sequence of produced iterates.

Proposition 2.3 (Syrgkanis et al., 2015). OFTRL with n) and
m) = w1V sartisfies the RVU property with (o, 3,7) =
(%,77, ﬁ) where Q) = sup, R(x) — infy R(x). OMD
with n and m®) = w(=V satisfies the RVU property with

3. Optimistic Learning in Games

In this section we study optimistic learning dynamics. We
first show that the RVU bound implies a strong boundedness
property for the trajectories under a broad class of games.

Theorem 3.1. Suppose that every player i € [n] employs a
regret minimizing algorithm satisfying the («;, i, vi)-RVU
property withy; > 2(n—1) >~ B;, for all i € [n], under
the pair of dual norms (|| - ||1, || - ||ec)- If the game is such
that ", Reg! > 0, for any T € N, it holds that

n T n
SN vl 2 < 2> )
=1

i=1 t=1

The ¢1-norm in Theorem 3.1 is only used for convenience;
(1) immediately extends under any equivalent norm. Now
the requirement of Theorem 3.1 related to the RVU prop-
erty can be satisfied by OMD and OFTRL, as implied by
Proposition 2.3. Concretely, if all players employ (OMD)
with the same 1 > 0, it would suffice to take n < m.
In light of this, applying Theorem 3.1 only requires that the
game is such that Y, Reg? > 0. Next, we show that this
is indeed the case for certain important classes of games.

3.1 Games with Nonnegative Sum of Regrets In poly-
matrix games there is an underlying graph so that every
node is associated with a given player and every edge cor-
responds to a two-person game. The utility of a player is
the sum of the utilities obtained from each individual game
played with its neighbors on the graph (Kearns et al., 2001).
In a polymatrix zero-sum game, every two-person game is

3The dual of norm ||-|| is defined as ||v||. = SUP| ) <1 (U V).
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zero-sum. More generally, in a zero-sum polymatrix game
the sum of all players’ utilities has to be 0.

Strategically zero-sum games, introduced by Moulin & Vial
(1978), is the subclass of bimatrix games which are strate-
gically equivalent to a zero-sum game (see Definition A.5
for a formal statement). For this class of games, Moulin &
Vial (1978) showed that fictitious play converges to a Nash
equilibrium. We will extend their result under a broad class
of no-regret learning dynamics. An important feature of
strategically zero-sum games is that it constitutes the exact
class of games whose fully-mixed Nash equilibria cannot
be improved by, e.g., a correlation scheme (Aumann, 1974).

Proposition 3.2 (Abridged; Full Version in Proposi-
tion A.10). For the following classes of games it holds
that 37" Reg! > 0:

1. Two-player zero-sum games;
2. Polymatrix zero-sum games,
3. Constant-sum Polymatrix games,
4. Strategically zero-sum games;*
5

. Polymatrix strategically zero-sum games;*

As suggested in the full version (Proposition A.10), this
class of games appears to be intricately connected with the
admission of a minimax theorem. As such, it also cap-
tures certain nonconvex-nonconcave landscapes such as
quasiconvex-quasiconcave games (Sion, 1958) and stochas-
tic games (Shapley, 1953), but establishing last-iterate con-
vergence for those settings goes beyond the scope of this
paper. Note that Von Neumann’s minimax theorem for two-
player zero-sum games can be generalized to the polymatrix
games we are considering (Daskalakis & Papadimitriou,
2009; Cai & Daskalakis, 2011; Cai et al., 2016). Interest-
ingly, our framework also has implications when the duality
gap is small; see Remark A.11.

3.2 Implications Having established the richness of the
class of games we are capturing, we present implications
deriving from Theorem 3.1, and extensions thereof. First,
we show that it implies optimal O(1) individual regret.
Corollary 3.3 (Optimal Regret Bound). In the setting of
Theorem 3.1 with o; = «, §; = B, and ~y; =+, the individ-
ual regret of each player i € [n] can be bounded as

2n(n — 1)af

RegiT <a+
Y

For example, under (OMD) with n = ﬁ this corollary
implies that Reg? < 8nQ; < 8nlog|A;|, for any i € [n].
Moreover, we also obtain an O(1/¢2) bound on the number
of iterations so that the last iterate is an e-Nash equilibrium.
Theorem 3.4 (Abridged; Full Version in Theorem A.12).
Suppose that each player employs (OMD) with a suitable

4See Remark A.7.

regularizer. IfZ;L:1 Reng > 0, then for any € > 0 and
after T = O(1/€?) iterations there is joint strategy x*),
with t € [T, which is an e-approximate Nash equilibrium.

This theorem requires smoothness of the regularizer used
by each player (which could be different), satisfied by a
broad family that includes the Euclidean DGF. Interestingly,
the argument does not appear to hold under non-smooth
regularizers such as the negative entropy DGF, even if one
works with common local norms. We also remark that while
the bound in Theorem 3.4 applies for the best iterate, it is
always possible to terminate once a desired precision has
been reached. Asymptotic last-iterate convergence follows
immediately from our techniques; see Remark A.15.

Advanced Predictions Our last-iterate guarantees are the
first to apply even if players employ more advanced predic-
tion mechanisms. Indeed, Syrgkanis et al. (2015) showed
that a qualitatively similar RVU bound can be derived under

1. H-step recency bias: Given a window of size H, we
t-1 ) H.
definem® :=3"" u/H;
2. Geoemetrically discounted recency bias: For § €
=1 ¢+ (7
(0,1), we define m® = ﬁ ST,
In Proposition A.2 we show the boundedness property for
the trajectories under such prediction mechanisms, and we
experimentally evaluate their performance in Appendix D.

Bilinear Saddle-Point Problems Our framework also has
direct implications for extensive-form games (EFGs) where
the strategy space of each player is no longer a probability
simplex. In particular, computing a Nash equilibrium in
zero-sum EFGs can be formulated as a bilinear saddle-point
problem (BSPP)

. T
minmaxx ' A 2
zeEX yey Y @)

where X and ) are convex and compact sets associated with
the sequential decision process faced by each player (Ro-
manovskii, 1962; von Stengel, 1996; Koller et al., 1996).

Proposition 3.5 (Abdriged; Full Version in Proposi-
tion A.22). Suppose that both players in a BSPP employ
(OMD) withn < m, where || - ||2 denotes the spectral

norm. Then, after T = O(1/€?) iterations there is a pair
(x®, y®) witht € [T] which is an O(e)-approximate Nash
equilibrium.

We are not aware of any prior polynomial-time guarantees
for the last iterate of no-regret learning dynamics in EFGs.
Asymptotic last-iterate convergence also follows immedi-
ately. Proposition 3.5 is verified through experiments on
benchmark EFGs in Section 6 (Figure 1).

Remark 3.6 (Convex-Concave Games). Our framework also
applies to smooth min-max optimization via a well-known
linearization trick; see Appendix A.l. Implications for un-
constrained setups are also immediate; see Remark A.19.
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3.3 Convergence of the Social Welfare

We conclude this section with a surprising new result pre-
sented in Theorem 3.8. Let us first recall the concept of a
smooth game.

Definition 3.7 (Smooth Game; Roughgarden, 2015). A
utility-maximizing game is (\, p)-smooth if for any two
action profiles a, a* € A it holds that

gulaa

) > ASW(a*) — uSW(a).

The smoothness condition imposes a bound on the “external-
ity” of any unilateral deviation. The robust price of anarchy
(PoA) of a game T' is defined as p = sup, , A/(1 + p),
where the supremum is taken over all possible A, for
which I" is (A, p)-smooth. Smooth games with favorable
smoothness parameters include simultaneous second-price
auctions (Christodoulou et al., 2016), valid utility games
(Vetta, 2002), and congestion games with affine costs (Awer-
buch et al., 2013; Christodoulou & Koutsoupias, 2005). We
refer to (Roughgarden, 2015) for an additional discussion.

The importance of Roughgarden’s smoothness framework is
that it guarantees convergence (in a time average sense) of
no-regret learning to outcomes with approximately optimal
welfare, where the approximation depends on the robust
PoA. In particular, the convergence is controlled by the sum
of the players’ regrets (Syrgkanis et al., 2015, Proposition
2). We use this property to obtain the following result.

Theorem 3.8 (Abridged; Full Version in Theorem A.17).
Suppose that each player in a (\, p)-smooth game T em-
ploys (OMD) with a suitable regularizer and learning rate
n > 0. For any v > 0 and a sufficiently large number of
iterations T = Q(1/~?), either of the following occurs:

1. There is an iterate x®) with t € [T] which is an O(~)-
approximate Nash equilibrium;
2. Otherwise, it holds that

A 1 2
st ) > —=—OPT L
T+n 00 T ey

where (X, i) are the smoothness parameters of T.

In words, the dynamics either approach arbitrarily close to a
Nash equilibrium, or the time average of the social welfare
outperforms the robust price of anarchy. Either of these
implications is remarkable.

4. Convergence with the Potential Method

In this section we show optimal regret bounds (Theorem 4.6)
and last-iterate rates (Theorem 4.7) for the fundamental class
of potential games (Monderer & Shapley, 1996; Rosenthal,

1973) under mirror descent (MD) with suitable regularizers.
In fact, our approach is general enough to capture under a
unifying framework distributed learning in Fisher’s market
model (Birnbaum et al., 2011), while we expect that fur-
ther applications will be identified in the future. Finally, we
show that our approach can also be applied in near-potential
games, in the precise sense of (Candogan et al., 2013), show-
ing convergence to approximate Nash equilibria.

We commence by formally describing the class of games we
are considering in this section; in Proposition 4.2 we show
that it incorporates typical potential games.

Definition 4.1. Let ® : [ | A(A4;) 2 (@1,...,z,) = R
be a bounded function, with max, |®(x)| < Pyax, for
which there exists L > 0 such that for any , Z it holds that

O(z) < 0(2) — (Vo ®(z),Z — @) + L]z — 2[5 (3)
Moreover, let g; be a strictly increasing function for each

€ [n]. A gameT'is (g1, - . . , gn)-potential if for all i € [n],
a; € Aj,andx_; € H#i A(A;) we have that

;EEZ)) = gi(uias, @) @
A few remarks are in order. First, (3) imposes a “one-sided”
smoothness condition. This relaxation turns out to be cru-
cial to encompass settings such as linear Fisher markets
(Birnbaum et al., 2011). Moreover, (4) prescribes applying
a monotone transformation to the utility. While the iden-
tity mapping g; : © — x suffices to cover typical potential
games, a logarithmic transformation is required to capture
the celebrated proportional response dynamics (Birnbaum
et al., 2011; Wu & Zhang, 2007) in markets.

Proposition 4.2. Let I" be a game for which there exists a
function @ : T]"_, A; — R with
CI)((],;’ afi)

P(a) — = w;(ui(a) — ui(aj, a—;)),

where w € RZ. Then, I is a potential game in the sense
of Definition 4.1 with L = % Prax Doy Al

In this context, we will assume that all players update their
strategies using mirror descent (MD) for ¢ > 0:

(t+1) = arg max 7(g; (u (f)), x) — Dg,(x, a: ) (MD)
zeA(A;)

In accordance to Definition 4.1, players apply (coordinate-
wise) the transformation g; to the observed utility. Impor-
tantly, we will allow players to employ different regularizers,
as long as R; is 1-strongly convex with respect to || - ||o.
This trivially holds under the Euclidean DGF, while it also
holds under negative entropy. We are ready to establish that
the potential function increases along non-stationary orbits:
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Theorem 4.3. Suppose that each player employs (MD) with
a 1-strongly convex regularizer with respect to || - ||2, and
learning rate n = ﬁ, where L is defined as in Proposi-
tion 4.2. Then, for any t > 1 it holds that

1 n
(@) —(@®) > =3 el a3 = 0. 5
n i=1

For large values of learning rate 7 variants of (MD)
are known to exhibit chaotic behavior in potential
games (Bielawski et al., 2021; Palaiopanos et al., 2017).
Theorem 4.3 also implies the following boundedness prop-
erty for the trajectories from a telescopic summation of (5):

Corollary 4.4. In the setting of Theorem 4.3 it holds that

T-1

1
27 Z ‘|x(t+1)_m(t)||§ < (I)(w(T))_(I)(x(l)) < 2(I)max .
N t=1

In the sequel, to argue about the regret incurred by each
player and the convergence to Nash equilibria, we tacitly
assume that g; is the identity map. The first implication of
Corollary 4.4 is an O(v/T)) bound on the individual regrets.

Corollary 4.5. In the setting of Theorem 4.3, with R; =
ll||3, it holds that the regret of each player i € [n] is such

that Reg! = O(V/T).

Note that we establish vanishing O(1/v/T) average regret
under constant learning rate, thereby deviating from the
traditional regret analysis of (MD). More importantly, with
a more involved argument we show optimal individual regret
under optimistic multiplcative weights update (OMWU):

Theorem 4.6 (Optimal Regret for Potential Games). Sup-
pose that each player employs OMWU with a sufficiently
small learning rate n > 0. Then, the regret of each player
i € [n] is such that Reg! = O(1).

This theorem is based on showing a suitable boundedness
property (Theorem B.5), which is then appropriately com-
bined with Proposition 2.3. While Theorem 4.6 is stated
for OMWU, the proof readily extends well-beyond. In this
way, when the underlying game is potential, we substantially
strengthen and simplify the result of Daskalakis et al. (2021).
Moreover, we also obtain a bound on the number of itera-
tions required to reach an approximate Nash equilibrium.

Theorem 4.7 (Abridged; Full Version in Theorem B.6).
Suppose that each player employs (MD) with a suitable reg-
ularizer. Then, after O(1/€?) iterations there is a strategy
") which is an e-approximate Nash equilibrium.

This theorem has a similar flavour to Theorem 3.4, and it is
the first of its kind for the class of potential games. Finally,
in settings where the potential function is concave we show
a rate of convergence of O(1/T).

Proposition 4.8. In the setting of Theorem 4.3, if the poten-
tial function ® is also concave it holds that

(") — (@) < TN Dr, (], 2;Y).
=1

This result is stronger than the standard convergence guar-
antee in smooth convex optimization since Definition 4.1
only imposes a one-sided condition. While concavity does
not hold in typical potential games, it applies to games such
as Fisher’s market model; see our remark below.

Remark 4.9. In Appendix B.2 we explain how our frame-
work naturally captures the analysis of Birnbaum et al.
(2011) for distributed dynamics in Fisher’s market model.

4.1 Near-Potential Games Finally, we illustrate the ro-
bustness of our framework by extending our results to near-
potential games (Candogan et al., 2013). Roughly speak-
ing, a game is near-potential if it is close—in terms of the
maximum possible utility improvement through unilateral
deviations (MPD)—to a potential game; we defer the pre-
cise definition to Appendix B.1. It is also worth noting
that our result immediately extends under different distance
measures. In this context, we prove the following theorem.

Theorem 4.10 (Abridged; Full Version in Theorem B.12).
Consider a §-near-potential game where each player em-
ploys (MD) with suitable regularizer. Then, there exists a

potential function ® which increases as long as €™ is not
an O(v/$)-Nash equilibrium.

5. Continuous Games

Sections 3 and 4 primarily focused on classes of games stem-
ming from applications in game theory. In this section we
shift our attention to continuous “games”, strategic interac-
tions motivated by applications such as GANs. Specifically,
we study the convergence properties of optimistic gradient
descent (OGD) beyond two-player zero-sum games. Recall
that OGD in unconstrained settings can be expressed using
the following update rule for ¢ > 1:

:c,EtH) = :cE”—FQaniui(m(t))—aniui(w(t’l)), (OGD)

for any player i € [n], where u; : [, i — Riis as-
sumed to be continuously differentiable.

5.1 Two-Player Games We first study two-player games.
Let A,B € R%*? be matrices so that under strategies
(z,y) € X x Y the utilities of players X’ and Y are given
by the bilinear form " Ay and = " By respectively. As



On Last-Iterate Convergence Beyond Zero-Sum Games

is common in this line of work, the matrices are assumed
to be square and non-singular. In line with the application
of interest, we mostly focus on the unconstrained setting,
where X = R? and X = R%; some of our results are also
applicable when X and ) are balls in R?, as we make clear
in the sequel. A point (x*, y*) is an equilibrium if

wTAy* S (ac*)TAy*,
(z*) "By < (z*) "By,

Ve € X;

Yy e ). ©
Even when B = — A, this seemingly simple saddle-point
problem is—with the addition of appropriate regularization—
powerful enough to capture problems such as linear re-
gression, empirical risk minimization, and robust optimiza-
tion (Du & Hu, 2019). Further, studying such games relates
to the local convergence of complex games encountered in
practical applications (Liang & Stokes, 2019). We also point
out that our techniques can address the addition of quadratic
regularization. In this regime, our first contribution is to
extend the known regime for which OGD retains stability:

Theorem 5.1 (Abridged; Full Version in Theorem C.3).
Suppose that the matrix AT B has strictly negative (real)
eigenvalues. Then, for a sufficiently small learning rate
n > 0, (OGD) converges linearly to an equilibrium.

The proof of this theorem is based on transforming the
dynamics of (OGD) to the frequency domain via the Z-
transform, in order to derive the characteristic equation of
the dynamical system. When the game is zero-sum, the
condition of the theorem holds since the matrix —A T A
is symmetric and negative definite. As such, Theorem 5.1
extends the known results in the literature. The technique we
employ can also reveal the rate of convergence in terms of
the eigenvalues of A " B. The first question stemming from
Theorem 5.1 is whether the condition of stability captures
games which are, in some sense, fully competitive. Our next
result answers this question in the negative.

Indeed, it turns out that the condition of stability in Theo-
rem 5.1 also includes games with a coordination aspect, but
under (OGD) the players will fail to coordinate. In turn, we
show that this implies that (OGD) can be arbitrarily ineffi-
cient. More precisely, for strategies x € X andy € ), we
define the social welfare as SW(x,y) = 2" Ay + = By.
We show the following result (see Figure 8 for an illustra-
tion).

Proposition 5.2. For any sufficiently large R > 0,
there exist games such that (OGD) converges under any
initialization to an equilibrium (x>, y(>)) such that
SW(x(>®) y(>)) = 0, while there exist an equilibrium
(x*,y*) with SW(z*,y*) > 2R

This holds when X and ) are compact balls on R? and pa-
rameter £ > 0 controls their radius. Proposition 5.2 seems

to suggest that the stabilizing properties of (OGD) come at
a dramatic loss of efficiency beyond zero-sum games.

Another interesting implication is that an arbitrarily small
perturbation from a zero-sum game can destabilize (OGD):

Proposition 5.3. For any € > 0 there exists a game (A, B)
with ||A + B||r < € for which (OGD) diverges, while the
dynamics converge for the game (A, —A).

Thus, even if a game (A, B) is arbitrarily close to a zero-
sum in the Frobenius norm, (OGD) may still diverge. To
put it differently, a small noise in one of the payoff matrices
can dramatically alter the behavior of the system. This
phenomenon is illustrated and further discussed in Figure 9.

5.2 Multiplayer Games Moreover, we also characterize
the (OGD) dynamics in polymatrix games. Such multiplayer
interactions have already received considerable attention in
the literature on GANs (e.g., see (?), and references therein),
but the behavior of the dynamics is poorly understood even
in structured games (Kalogiannis et al., 2021). Our next
theorem characterizes the important case where a single
player 1 plays against n — 1 different players, numbered
from 2 to n. In particular, the utility of player 1 under
strategies @ = (x1,...,®,) is given by >, & Ay jz;,
while the utility of player j is given by :c;r A 1x;. Our next
result extends Theorem 5.1.

Theorem 5.4 (Abridged; Full Version in Theorem C.7). If
M = Zﬁﬂ Ay jA ;1 has strictly negative (real) eigenval-
ues, there exists a sufficiently small learning rate n > (
depending only on the spectrum of the matrix M such that
(OGD) converges with linear rate to an equilibrium.

This condition is again trivially satisfied in polymatrix
zero-sum games. In fact, Theorem 5.4 is an instance of a
more general characterization for polymatrix unconstrained
games, as we further explain in Remark C.9.

Remark 5.5 (Beyond OGD: Stability of First-Order Meth-
ods). In light of the result established in Theorem 5.1, it is
natural to ask whether its condition is necessary. In Theo-
rem C.11 we show that the presence of positive eigenvalues
in the spectrum of matrix A "B necessarily implies insta-
bility even under a generic class of first-order methods.

6. Experiments

In this section we numerically investigated the last-iterate
convergence of (OMD) in two zero-sum extensive-form
games (EFGs). Recall that computing a Nash equilibrium
in this setting can be expressed as the bilinear saddle-point
problem of (2). When both players employ (OMD) with
Euclidean regularization and n < m, where ||A |2 is
the spectral norm of A, our results guarantee last-iterate
convergence in terms of the saddle-point gap.
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We experimented on two standard poker benchmarks known
as Kuhn poker (Kuhn, 1950) and Leduc poker (Southey
et al., 2005). For each benchmark game, we ran (OMD)
with Euclidean regularization and three different values of
n for 10000 iterations. After each iteration ¢, we computed
the saddle point gap corresponding to the iterates at time ¢,
as well as to the average iterates up to time ¢. The results are
shown in Figure 1. As expected, we observe that both the
average and the last iterate converge in terms of the saddle-
point gap. Moreover, we see that larger values of learning
rate lead to substantially faster convergence, illustrating the
importance of obtaining sharp theoretical bounds.

Additional experiments related to our theoretical results
have been included in Appendix D.

Kuhn poker

Last iterate
e "“\».\ .

T T T T T T
10 10t 102 10*  10* 10° 100 102 10®  10%

Average iterate
10

~.
o~

1071 5

1072 4

Saddle point gap

uc poker

Saddle point gap

10° 10t 102 10° 10 10° 10t 102 10®°  10?
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1 1 . 1
_— = S A S
JAll2 10[[A]l2 TN

Figure 1. The saddle-point gap of the last iterate and the average
iterate of (OMD) dynamics in Kuhn and Leduc poker.
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A. Proofs from Section 3

In this section we give complete proofs for our results in Section 3. For the convenience of the reader we will restate the
claims before proceeding with their proofs. We begin with Theorem 3.1.

Theorem 3.1. Suppose that every player i € [n| employs a regret minimizing algorithm satisfying the («;, B;,7;)-RVU
property with v; > 2(n — 1) 3., B;, for all i € [n], under the pair of dual norms (|| - [|1, || - ||oc)- If the game is such that

S Reng >0, forany T € N, it holds that

n T n
S illal —a VI <2y o (1)
=1

i=1 t=1

Proof. The proof commences similarly to (Syrgkanis et al., 2015, Theorem 4). By assumption, we know that for any player
i € [n] it holds that

T T
Reg! < a;+6; ) uf” —ul V2 — % Y el — 2 V)3 (7)
t=1 t=1

Furthermore, the middle term in the RVU property can be bounded using the following simple claim.
Claim A.1. For any player i € [n] it holds that
t t—1 t t—1
o = ™Vl < D llag” — 2.
J#i

Proof. By the normalization assumption on the utilities we know that |u;(-)| < 1. Thus, from the triangle inequality it
follows that

t t—1 t t—1
lu’ —ul V< 3 [[=(as) - [[=V " (ay)|.
a_;€A_; |j#i Jj#i

The induced term can be recognized as (two times) the total variation distance of two product distributions. Hence, a
standard application of the sum-product inequality implies that

ORI CEEY ) CIIIED SR

a_€A_; |ji j#i J#i
O
Moreover, a direct application of Young’s inequality to the bound of the previous claim gives us that
t t—1 t t—1
e R DI R ®)

JF

As a result, if we plug-in this bound to (7) we may conclude that for all players ¢ € [n] it holds that

T T

t t—1 t t—1

Reg! <o+ (n—1)8> 3 et =2l V)2 =3 3 faf” — 2 V)2.
t=1 j#i t=1

Summing these inequalities for all players i € [n] yields that

;Reg? S;(LﬁL; (nil)Zﬂj*’}% Zlnmz(t) 7581(']5_1)”% < ;m;;’y,gﬂmfﬂ 7m§t—1)||%7

i t=

where we used the assumption thaty; > 2(n—1) >, B; forany i € [n]. Finally, the theorem follows from a rearrangement
of the final bound, using the assumption that y_" | RegZT > 0. O
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Proposition A.2. Suppose that each player employs OFTRL with the same learning rate 1) > 0. Moreover, suppose that the
game is such that Y Reg! > 0. Then,

1. If all players use H-step recency bias (Item 1) and n < DA )H it holds that

T n n
SN e 2R <8
=1

t=1 i=1

2. If all players use geometrically d-discounted recency bias (Item 2) and n < (= T 5) zt holds that

T n n
SNl -2V <16 Q.
t=1 =1 =1

Proof. Let us first establish Item 1. We will use the following RVU bound shown by Syrgkanis et al. (2015, Proposition 9).
Proposition A.3 (Syrgkanis et al., 2015). OFTRL with learning rate n > 0 and H-step recency bias (Item 1) satisfies the
RVU property with (a, B,7) = ( ,nH?2, 477) where € = sup ¢y R(x) — infzcx R(x).

As a result, we may conclude from this bound that the regret of each player ¢ € [n] can be bounded as

T T

Q; ¢ t—1 1 ¢ t—1

Reg! < ;+nH22HU§ DY - %ani- VY3,
t=1 t=1

where ; := sup,c y, R(x) — infzex R(x). Next, using Claim A.1 the previous bound implies that

T T
Q, N
Reg! < ;+n(n—1)szZwa)— [ nZqut)—wEt V2.
t=1

t=1 j#i

Summing these bounds for all players i € [n] gives us that

n n n T

1 1 t t—1 t t—1
YILTEL SRS S CTUNIID/ERI D S SURICLIT IS SN 3 SIS IS
=1 =1 =1 t=1

t=1 i=1

forn < m. Thus, Item 1 follows immediately under the assumption that Z?:l Regi > 0. Next, we proceed with the
proof of Item 2. We use the following RVU bound shown by Syrgkanis et al. (2015, Proposition 10).

Proposition A.4 (Syrgkanis et al., 2015). OFTRL with learning rate 1 > 0 and geometrically 6-discounted recency bias
(Item 2) satisfies the RVU property with (a, 3,7) = (Q, = 6)3, 8n) where Q = sup ey R(x) — infzex R(x).

Thus, if player i € [n] uses geometrically §-discounted recency bias it follows that its regret can be bounded as

T
Q; ¢ —1 1 ¢ -1
Regl < = ! 3Z||u“ u! >||iof§Z||w§->fm§ 2.
t=1

Combining this bound with Claim A.1 yields that

T
t) 1 1 t—1
Reg! < ; Zan( >||%—§Zusc§“ R

j#i t=1 t=1
Summing these bounds for all players i € [n] gives us that

T n

_ 1< 1 _
ZRegz <= ZQ +Z( )ZH 0 _ gt ”H%%;ﬂf@tZlewY”wEt Ve,

=11i=1

forn < (- pTe- 0)°/ ) Finally, the fact that )" | Regl > 0 along with a rearrangement of the previous bound concludes the
proof. O
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Next, we proceed with the proof of Proposition 3.2. First, we state some preliminary facts about strategically zero-sum
games, a subclass of bimatrix games. It should be stressed that bimatrix games is already a very general class of games. For
example, Daskalakis et al. (2006) have shown that for succinctly representable multiplayer games, the problem of computing
Nash equilibria can be reduced to the two-player case. Below we give the formal definition of a strategically zero-sum game.

Definition A.5 (Strategically Zero-Sum Games (Moulin & Vial, 1978)). The bimatrix games (A, B) and (C, D), defined
on the same action space, are strategically equivalent if for all z, ' € X and y,y’ € ),

Ay > (2') Ay < 2" Cy> (') Cy;
xz'By>x2' By < z'Dy>z'Dy.
A game is strategically zero-sum if it is strategically equivalent to some zero-sum game.

In words, consider a pair of strategies (x,y) € X x ). Player X can order her strategy space based on the (expected) payoff
if player ) was to play y, and similarly, player ) can order her strategy space under the assumption that player X will play
x. In strategically equivalent games this ordering is preserved.

Without any loss, we will consider non-trivial games in the sense of (Moulin & Vial, 1978, Definition 2). The following
characterization (Moulin & Vial, 1978, Theorem 2) will be crucial for the proof of Proposition 3.2.

Theorem A.6 (Moulin & Vial, 1978). Let (A, B) be a non-trivial n x m strategically zero-sum game. Then, there exist
A >0, > 0 and a compatible matrix C such that

e A=)C+ valll, for some v, € R™;

e B=—-uC+ lnvl;r,for some v, € R™,

Here we used the notation 1,, to denote the all-ones vector in R™. The converse of Theorem A.6 also holds. It is also worth
pointing out strategically zero-sum games can be “embedded” in a zero-sum game with imperfect information (Moulin &
Vial, 1978).

Remark A.7. For the purpose of Proposition 3.2 (and Proposition A.10) it will be assumed that A = p, neutralizing any
“scale imbalances” in the payoff matrices of the two players. We remark that if this is not the case, our result for strategically
zero-sum games (Item 4) still holds by considering an appropriately weighted sum of regrets. In this case one should select
different learning rates for the two players in order to cancel out the underlying scale imbalance. Nonetheless, such an
extension does not appear to work for polymatrix strategically zero-sum games (Item 5). The latter fact could be partly
justified by the surprising result that even polymatrix strictly competitive games are PPAD-hard (Cai & Daskalakis, 2011,
Theorem 1.2).

Remark A.8 (Strictly Competitive Games). Strictly competitive games form a subclass of strategically zero-sum games.
More precisely, a two-person game is strictly competitive if it has the following property: if both players change their mixed
strategies, then either there is no change in the expected payoffs, or one of the two expected payoffs increases and the other
decreases. It was formally shown by Adler et al. (2009) that a game (A, B) is strictly competitive if and only if B is an
affine variant of matrix A; thatis, B = AA + p1, where A > 0, p is unrestricted, and 1 denotes the all-ones matrix.

Before we proceed with the proof of Proposition 3.2, let us first make the following simple observation.

Observation A.9. FTRL and MD, and optimistic variants thereof, employed on a strategically zero-sum game with suitable
learning rates are equivalent to the dynamics in a “hidden” zero-sum game.

Thus, this observation reassures us that OFTRL and OMD dynamics in strategically zero-sum games inherit all of the
favorable last-iterate convergence guarantees known for zero-sum games. We are now ready to prove Proposition 3.2, the
extended version of which is included below.

Proposition A.10. Full Version of Proposition 3.2 For the following classes of games it holds that y ;- Reg; >0:
1. Two-player zero-sum games,
2. Polymatrix zero-sum games;

3. Constant-sum Polymatrix games;
4. Strategically zero-sum games;’

See Remark A.7.
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5. Polymatrix strategically zero-sum games;’

6. Convex-concave (zero-sum) games;
7. Zero-sum games with objective f(x,y) such that

a € = ma €
wn ey (e y) = g e v

%o

Quasiconvex-quasiconcave (zero-sum) games;
Zero-sum stochastic games.

hS)

Proof. We proceed separately for each class of games.

e For Item 1 let us denoted by A the matrix associated with the zero-sum game, so that player X" is the “minimizer” and
player ) is the “maximizer”. Further, let us denote by & := () +...2("))/T and g := (y™) +...yT))/T the
time average of the strategies employed by the two players respectively up to time 7' € N. Then, we have that

T

T T
RegX+Regy—max< AZy > Z ) Ay®) +max<y ATZ:E >Z<y(t),ATa:(t)>

t=1 t=1 t=1

=T (;ng))(} <y ATz > — ;Pg}( <ZB*,AQ>) >T (<g,ATa_:> - <:E,AQ>) =

¢ For Item 2 let us denoted by A; C [n] the neighborhood of the node associated with each player ¢ € [n] so that
the (expected) utility of player ¢ € [n] under a joint (mixed) strategy vector « := (x1,...,&,) can be expressed as
> JEN: x] A; jz;, where A, ; is the payoff matrix associated with the edge i — j. Observe that since every edge

corresponds to a zero-sum game, it holds that A; ; = AT Moreover, we let Z; == (x El) +--+ :cl(-T)) /T be the
time average of player ¢’s strategies up to time 7". We have that

n n T T
%ZReg;‘F = %Z Jnax <m:‘,z Z Az‘,ng»t)> - Z <cc Z A, 7]m(t)>
i=1 ' :

i=1 t=1jEN; t=1 JEN;
n 1 n T
_ t t
= mmg§ <ac;‘, Z Ai,j$j> T Z <w§ ), Ai,ng )>
j=1 " JEN; i=1 t=1 JjEN;
n
=2 max <”” >3 Aiu‘%‘> ©
i=1"" JEN;
n
2 Z <2121', Z Ai’jile> == 0, (10)
i=1 JEN;

where (9) and (10) follow from the fact that A; ; = —AjT’i for any ¢ # 7.
* For Item 3 the proof is analogous to Item 2 using the assumption that
Zui(w) = Z <aci7 Z Ai’jwj> =C
i=1 i=1 JEN;
forany & = (x1,...,2n) € [;c,) A(Ai), where C'is some arbitrary constant.
* For Item 4 we let (A, B) be the underlying (bimatrix) strategically zero-sum game, with A, B € R™"*™. We will use

Theorem A.6 under the assumption that A = p; see Remark A.7. That is, we know that there exists a (compatible)
matrix C and A > 0 such that A = AC + v,1,], and B = —\C + 1,,v,/, where v, € R" and v, € R™. Similarly to
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the proof for Item 1, we have that

T T T
T T _ * () ) ®) T t) ) pT..(t)
Regy + Regy, Jmax, <a: ,Agy > Z ,Ay ernéékxm <y B Za: > Z ,B'x'")

t=1 t=1
T
:wgleai(" {)\<:c Ctzlyt)>+T " v, } )\Z<m(t) Cy > t_zl< (t),va> (1
T T
+ {_/\ <y*7CT;m(t)> +T<y*7vb>} +/\;<y(t)7CTm(t)> —;<y(”,vb> (12)

=7 (g @, €9) + @) — (@) + s (A".CTa) + (o o)}~ (.0

> T(\z,Cy) — A\(g.C &) = 0.

where in (11) we used the fact that A = A\C + val;rn and that ll—ly(t) = 1 since y* € A™, and (12) follows given
that B = —AC + v,1, and that 1] 2®) = 1 since z(*) € A",

For Item 5 the proof follows analogously to Item 2 and Item 4; see Remark A.7.

For Item 6 let f(x,y) be any convex-concave function; that is, f(x,y) is convex with respect to x € X for any
fixed y € Y and concave with respect to y € ) for any fixed x € X. Moreover, let us assume that player X is the
“minimizer” and player X the “maximizer”. We have that

T T T
Regl +Reg}, = — min {Z f(=, y(“)} +2_S@0,y") + max {Z f@, } =" f=®,y D)
t=1 t=1 t=1
T T

> =Y f@y)+> fa,9) > -Tf(@,9)+Tf(@9) =0,

t=1 t=1

where the last inequality follows from Jensen’s inequality, applicable since f(x,vy) is convex-concave.

For Item 7 we assume that X and ) are convex and compact sets. Then, we have that we have that

Regf(—kReg; ) . 1 T o
= max wa ") ¢ — min lef(w,y )

> _ ) = () 13
5 BT 0) i g o) =0 "

where (13) uses the following inequalities:

fl@®,y*) + -+ (D), y7)

T = Inin, f(2%,y");
O N % oy(T)
flx*,y )+T+f(w,y )<;ng§f( ).

For Item 8 it is assumed that f(x, y) is lower semicontinuous and quasiconvex with respect to € X for any fixed
y € ), and upper semicontinuous and quasiconcave with respect to y € ) for any fixed x € X, where X and ) are
convex and compact sets. By Sion’s minimax theorem (Sion, 1958) we know that

max min = min ma *
yeggmexf( YY) mé;cyefff( YY),

and the conclusion follows from Item 7.

¢ For Item 9 the claim follows directly by Item 7 by virtue of Shapley’s theorem (Shapley, 1953).
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O
Remark A.11 (Duality Gap). Consider a function f : X x Y — R. Weak duality implies that
. * * > . * * )
wryg;(glgf(w YY) = ggzryg;(f(w Y")
The value gap = ming-cxy maxycy f(x*, y*) — maxy-cy ming-cx f(x*,y*) > 0 is called the duality gap of f.

Analogously to the proof of Proposition 3.2 (Item 7) we may conclude that
Regg + Reg§ > —gapT.

Now observe that if we relax the condition of Theorem 3.1 so that Z?Il RegiT > —gapT, then for o; = , B; = 3, and

~; = = it follows that
T

o _ 2 2
SN 2 -2t < 12 288y
t=1 1=1 v v

This observation, along with the argument of Theorem 3.4, imply that for suitable regularizers and for a sufficiently
large T there will exist a joint strategy vector *) with ¢ € [T] which is an O(,/gap)-Nash equilibrium, as long as

2?21 RegiT > —gap T, where gap > 0. In fact, this argument is analogous to that we provide for near-potential games in
Theorem 4.10.

Corollary 3.3 (Optimal Regret Bound). In the setting of Theorem 3.1 with o; = o, 5; = B, and v; = v, the individual
regret of each player i € [n] can be bounded as
2n(n — 1)af

5 .

RegiT < a+

Proof. First of all, when «; = 7 and «; = « for all ¢ € [n], the bound we obtained in Theorem 3.1 can be simplified as

n L 2na
SN el -2V < T2 (14)

=1 t=1 v

Moreover, the RVU property implies that the regret of each individual player ¢ € [n] can be bounded as

T T T
Reg/ <a+p> [luf —ul VL =1 > 2! —2" VI <at(n-18Y > |l —2 V3, (5)
t=1 t=1 j#i t=1

where we used Claim A.1 and the fact that v > 0. As a result, plugging-in bound (14) (which follows from Theorem 3.1) to
(15) concludes the proof. 0

Next, we proceed with the proof of Theorem 3.4, the detailed version of which is given below.

Theorem A.12 (Full Version of Theorem 3.4). Suppose that each player employs (OMD) with (i) pair of norms (|| - ||, || - ||+)
such that ||z|| > C|lz||1 and |||« < Cil|x|co for any x € X;; (ii) G;-smooth regularizer R;; and (iii) learning rate
n < ﬁ. Moreover, suppose that the game is such that Z?zl RegiT > 0forany T € N. Then, for any € > 0, after

T > [& Y0, Q) iterations there exists an iterate 'V with t € [T] which is an

¢ (C* 4 oA Vi {GiQ§}>
b

approximate Nash equilibrium, where Q; := sup, e, Dr,(%,y) and Q] := sup, ,cx,

z—yl.

Proof. We will use the following refined RVU bound, extracted from (Syrgkanis et al., 2015, Proof of Theorem 18):
Proposition A.13 (Syrgkanis et al., 2015). If a player i employs (OMD), it holds that

T T
Q; _ 1 . (t—
Regl < =y o — a0 = 137 (= &0 4 el - VR
t=1 t=1
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Using the norm-equivalence bounds ||z|| > C||x||; and ||z|. < C.||Z|« to the bound of Proposition A.13 yields that

T T
Q; _ 1 R ot
Reg] < = ! +0C? Sl — a2 - ¢ ST — 20 )2 + ) - &Y

t=1

T
1 ~ (t—
— g 2w =@l - 2P
t=1

Moreover, combining this bound with Claim A.1 implies that

T T
Q; ~(t—
Reg! < = 4 5C2(n— )Y 2l 2 V- 0?3 (Il - 80 + el — 2 VR)
N t=1 j#£i n t=1
JF
T
1 ~ A(t—1
— > (1= =272 + 2 — 2|1
ni:l
Q 1) —1
<% - )T Y ) — Y - o Zn -V
N t=1 j#1i 77

T

1 ~ A(t—1

g 2 (el =& 4l 3P
=1

where we used the fact that

T T T

>l — eV <23 2 - @77 +2 ) Jlaf? - & VIR,
t=1 t=1

which in turn follows from Young’s inequality. As a result, we may conclude that

> Regl <3 24 (4C2n - lﬁn)zzn [
i=1 i=1

=1 t=1
1 n T

— 0> (I =& + 2 — & Y)).
N i=1 i=1

Thus, for learning rate n < m it follows that

n n n T
1 1 . (t—
<) Regl <= ;- & D (||$Z(_t) —a20)2 4 2l — &l 1)||2) ’
i=1 = ==
implying that
T n n
SO (I = @72 + 2l — 2 V)2) <83 (16)
t=1i=1 P
Now assume that for all ¢ € [T'] it holds that >, (||a:§t) - &:\Et) % + ||a:l(.t) - 5}\1(;—1) H2> > €°. In this case, it follows from
(16) that

n 8 n
2
€ T§8z;(2i = T < 6—229
P
Thus, for T > [ £ 37" | ;| it must be the case that there exists ¢ € [T'] such that

>~ (Il =202 + 2l — & V)2) < e

=1
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In turn, this implies that for any i € [n],
@ Jlz -2 <&
Q) 12" -z V)2 < 20al — 207 + 202 — 2 V2 <2 = |70~ 3| < 2

Finally, we show the following claim which will conclude the proof.

Claim A.14. In the setting of Theorem A.12, suppose that

> (12 =30 + e -3 V)2) < e

=1

Then, it follows that z® is an
( max;e[n G QL )
el Cy + 27
n

approximate Nash equilibrium.

Proof. Observe that the maximization problem associated with (OMD) can be expressed in the following variational
inequality form:

1 R ", L _
<u§t> n(VR( ") - Rz 1))>,wi—w§t)>§0, Va; € A;,

for any ¢ € [n]. Thus, it follows that

- - 1 N -
(W, & w£“>s5<vn< ) - vRi&" ),z - &)
1 ~ (t— -
< 5||VRi<w§“> ~VRi(@E" )@ - 27 (17)
i
§2e%, (18)

where (17) follows from the Cauchy-Schwarz inequality, and (18) uses the fact that |[VR; (A(t)) - VRi(ﬁc\z(-t_l))H* <

G; ||A(t) a:it 2 || < 2eG;, which follows from the smoothness assumption on the regularizer R;. (18) also uses the
notation {2} := [n] it holds that for any Z; € X,

i
@ 30y > W #) - 26%. (19)

Moreover, we also have that
(& = 2| < [lul”|.]|l={" - 2| < eC.,

where we used the fact that ||:1:Z(-t) - a?gt) || <€, and that Hugt) lo < 1 (by the normalization hypothesis). Plugging-in the
last bound to (19) gives us that

. G; Q’
(:Bgt),ul(-t)> > (:nl(-t),ugw) —eCy > (T, u,; @ ) — €Ci — 26—

for any &; € X and player i € [n]. As a result, the proof follows by definition of approximate Nash equilibria. O

O

Remark A.15 (Last-Iterate Convergence). Leveraging our argument in the proof of Theorem A.12 it follows that for any
e > 0 there exists a sufficiently large T = T'(¢) so that Haziw — igt) i <eand ngt) - 5:\?_1) || <e,foranyi € [n] and
t > T In turn, under smooth regularizers this implies that any 2(*) with ¢ > T = T'(¢) will be an O(€)-approximate Nash
equilibrium by virtue of Claim A.14, establishing last-iterate convergence. On the other hand, our techniques do not seem to

imply pointwise convergence.
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Next, we give the proof of Theorem 3.8, the detailed version of which is given in Theorem A.17. To this end, we will require
the following proposition shown by Syrgkanis et al. (2015), which is a slight refinement of a result due to Roughgarden
(2015).

Proposition A.16 (Syrgkanis et al., 2015). Consider a (X, u)-smooth game. If each player i € [n] incurs regret at most
Reg,iT, then

'ﬂ

T n
A 1 1
— § W(z®)> = OPT———— Reg’ .
pot L+ p L+uT =

Theorem A.17 (Full Version of Theorem 3.8). Suppose that each player employs (OMD) with (i) pair of norms (|| - ||, || - ||+)
such that ||z|| > C|lz|1 and ||z||. < Cil|®|co for any x € X;; (ii) G;-smooth regularizer R;; and (iii) learning

16370,
2

rate n < m. Moreover, fix any v > 0 and consider T iterations of the dynamics with T > , where

Qi = Supy, yex, Dr.(x,y). Then, either of the following occurs:

1. There exists an iterate =) with t € [T which is

max; e, GifY;

approximate Nash equilibrium;

2. Otherwise, it holds that

2

a A
(t) OPT +——
; 1 + + 16n

Proof. Similarly to the proof of Theorem A.12, we may conclude that for n < ﬁ it holds that

ﬁﬁdsﬁf—ZZW:%mumtﬁ”m. 0)
=1 1=1

i=1 i=1
Now if there exists ¢ € [T'] such that

n

> (1= =202 + o - 3 )2) <2,

i=1
it follows from Claim A.14 that ") is a
mw@m@m)
"

approximate Nash equilibrium. In the contrary case, we may conclude from (20) that

7<C*+2

n T

~ 1 1 1
Regj < - Qi—— 3 7*<—9"T,

162l 1

aslongas T' > 2 Thus, we may conclude from Proposition A.16 that

1

=l

T
A
SW(z®)> -~ OPT+— .
; (@ )_1+u 14 p 167
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A.1 Smooth Convex-Concave Games

In this subsection we explain how our framework can also be applied in the context of smooth min-max optimization. To
be precise, let f(x,y) : X X Y — R be a continuously differentiable convex-concave function; that is, f(x, y) is convex
with respect to « € X for any fixed y € ) and concave with respect to y € ) for any fixed x € X'. We will also make the
following standard ¢>-smoothness assumptions:

||wa(may) - wa(mvy/)HQ < LHy - y/H27 Vo € vaay/ S yv

2
IVaf(x,y) = Vaf (@, y)l2 < Llz — 22, Vo2’ € X,y e);

and

|Vyf(x,y) = Vyf(x,y )2 <Ly —y'lla, YxeX,yy el @)

IVyf(z,y) = Vyf(@ y)lls < Lz — 22, Va2’ € X,y €.
For notational simplicity we are using a common smoothness parameter L in (21) and (22), but a more refined analysis
follows directly from our techniques.

The key idea is the well-known fact that one can construct a regret minimizer for convex utility functions via a regret
minimizer for linear utilities (e.g., see (McMahan, 2011)). Indeed, we claim that the incurred regret RegT under convex
utility functions can be bounded by the regret Reg of an algorithm observing the tangent plane of the utility function
at every decision point. To see this, let Vgu(® (x®) be the gradient of a convex and continuously differentiable utility
function u*) on some convex domain X'.° Then, by convexity, we have that

u®(x) > u®(@®) + (Vou (W), z — ), vrex.

From this inequality it is easy to conclude that
Reg’ < Regz, (23)
as we claimed.

Now let us assume, for concreteness, that each player employs (OMD) with Euclidean regularization, while observing the
linearized utility functions based on the aforementioned scheme. Then, Proposition 2.3 implies that the individual regret of
each player can be bounded as

T T
Qx _ _ 1 _
Regr € 5503 IVe/ @ y) = Vol @Dy D) - g 5 o —alt V1
t=1

(24)
T
Q _ -
Regy , < Ty 1) IVyf (@, y") = Vy (@D, y )3 - Z Iy =y 3,
t=1
where 2y and 2y are defined as in Proposition 2.3. Now it follows from (21) and Young’s inequality that
IVaf(x®,y) = Vo f(27, 4 D)5 <2|[ Vo ',y ") = Vo ',y V)34
2| Vo f(a, 4 7Y) = Vg fa 1,y )3
<2L?|x® — 2V 3+ 202y -y, (25)
Similarly, it follows from (22) and Young’s inequality that
IVyf(@®,y®) = Vy f@1, D)5 <2|Vy (@, y D) — vy f(®, )5+
2| Vy f(z®,y"7Y) = Vy faD, 4T3
<2L?2® — 23 + 2L y® — y V2. (26)

The same technique applies more generally using any subgradient at the decision point.
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As aresult, plugging (25) and (26) to the RVU bound of (24) gives us that

T
Q Q 1
Rogy,c + Rogy. < 502 ¢ (112 - ) Z o = 2B+ (122 = ) STy - VI @)
t=1
Letting n = 8% in (27) implies that
T 1 X
Regy o +Regy » <8L(Qx +Qy) — 5 z:: l® — a3 — 3 ; [y =y V3. (28)

Moreover, we know from Proposition 3.2 that Regg + Regg > 0, in turn implying that Regr}ra r+ Reg{,’ ¢ > 0 by virtue of
(23). As a result, we may conclude from (28) the following theorem.

Theorem A.18. Let f(x,y) be a continuously differentiable convex-concave function satisfying the L-smoothness condition
of (21) and (22). If both players employ (OMD) with Euclidean regularization and n = i it holds that

T T
S 2@ — 234> T ly® -y < 16(Q + Qy).
t=1 t=1

This theorem combined with (24) directly gives us that every player incurs O(1) individual regret. Further, a bound on the
number of iterations required to reach an approximate equilibrium can be derived similarly to Theorem 3.4.

Remark A.19 (Unconstrained Setting). While our framework based on regret minimization—and in particular Theo-
rem A.18—requires {2y and 2y to be bounded, extensions are possible to the unconstrained setup as well. Indeed, as
was pointed out by Golowich et al. (2020a, Remark 4), it suffices to use the fact that the iterates of (unconstrained)
optimistic gradient descent remain within a bounded ball that depends only the initialization; the later property was shown
in (Mokhtari et al., 2020a, Lemma 4). This can be combined with Theorem A.18 to bound the norm of the gradients
A = |V f (@, y®)|| + || Vy f(z®,y®)]| at time ¢. More precisely, Theorem A.18 implies that after T iterations
there exists time ¢ € [T] such that A®) = O(1/+/T); cf., see Golowich et al. (2020a). We point out that A®) is, perhaps, the
most common measure for last-iterate convergence in min-max optimization (Diakonikolas & Wang, 2021).

Remark A.20 (Curvature Exploitation). The linearization trick we employed can be suboptimal as the regret minimization
algorithm could fail to exploit the curvature of the utility functions; e.g., this would be the case if the objective function f is
strongly-convex-strongly-concave. Extending our framework to address this issue is an interesting direction for the future.

A.2 Bilinear Saddle-Point Problems

In this subsection we show that our framework has direct implications for extensive-form games (EFGs). A comprehensive
overview of extensive-form games would lead us beyond the scope of this paper. Instead, we will focus on two-player
zero-sum games wherein the computation of a Nash equilibrium can be formulated as a bilinear saddle-point problem
(BSPP). A BSPP can be expressed as

min maxx | Ay,
reEX ye)y

where X’ and ) are convex and compact sets, and A € R™*™. In the case of EFGs, X’ and ) are the sequence-form strategy
polytopes of the sequential decision process faced by the two players, and A is a matrix with the leaf payoffs of the game.
We first show the following.

Proposition A.21. Suppose that both players in a BSPP employ (OMD) with Euclidean regularizer and n < where

||A |2 is the spectral norm of A. Then, it holds that

_1
4l A2

T
S (I =2 D3+ [y — 5V 3) < 162 + ).

t=1



On Last-Iterate Convergence Beyond Zero-Sum Games

Proof. Given that player X employs (OMD) with Euclidean regularization, Proposition 2.3 implies that’

T T
Qx _ 1 _
Rel < =% 403 [Ay® - Ay* D5 - 3 o 2tV
=1

t=1
Qx 1 «
<— +77||A||22||y y V- =D e — 25 (29)
U 8n
t=1 t=1
Similarly, we have that
Q _
Reg}) < y+nZ||AT @~ ATal 1||2—f2||y —y
Qy A  _ -z _ L (t) _ o (t=1))2 30
+ 1 IIQZIIGB 12 8nz:lly ¥z (30)
t=1 t=1

where we used the fact that || A T[] = ||A||2. Thus, summing (29) and (30) yields that

T
Qx +Qy _ 1 _
0 < Reg’ + Reg] < ( 1Al - ) Z o® — 2¢-D2 1 (nnAn% - &7) S Iy — g V)R,
t=1

T
Qv +Qy 1 _ 1 _
<c ATy ) _ pt=12 - _— (1) _ 4,t=1) 2
S T §t:1j o = = 15 30 -

where we used the fact that np < AT, A” . A rearrangement of the final bound completes the proof. O

Moreover, we can employ the argument of Theorem 3.4 to also bound the number of iterations required to reach an e-Nash
equilibrium of the BSPP. In the following claim we use the O(+) notation to suppress (universal) constants.

Proposition A.22 (Full Version of Proposition 3.5). Suppose that both players in a BSPP employ (OMD) with Euclidean
regularization and n < 4HA|| Then, after T = O (@) iterations there is a joint strategy (x®), y ) with t € [T
which is an O(e max{Qx, Qy }||A||2)-approximate Nash equilibrium of the BSPP.

B. Proofs from Section 4

In this section we give complete proofs for our results in Section 4. We commence with the simple proof of Proposition 4.2,
which is recalled below.

Proposition 4.2. Let I be a game for which there exists a function ® : [[\_; A; — R with

P(a) — (a5, a—;) = wi(ui(a) — ui(a;, a_;)),

where w € RZ. Then, I is a potential game in the sense of Definition 4.1 with L = % Prnax 2 iy |Ail-

Proof. By assumption, we know that there exists a (bounded) function ® such that
d(a) — D(a),a_;) = w;(u(a) —u;(a,a_;)). (€2))

That is, T is a weighted potential game: the difference in utility deriving from a deviation of a player ¢ € [n] is translated to
the exact same deviation in the potential function, modulo the scaling factor w;. We will first show that the condition of (31)
can be translated for the mixed extensions as well. As is common, in the sequel we slightly abuse notation by using the
same symbols for the mixed extensions of the potential function and the utility function of each player.

7 Although Proposition 2.3 was only stated for simplexes by Syrgkanis et al. (2015), the proof readily extends for arbitrary convex and
compact sets.
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Claim B.1. Forany (1, ..., @) € [[;c(,,) A(A:) it holds that

O(x) — (), ;) = w;(ui(®) — w2}, ©—7)), (32)
where ®(z) = Eana|®(@)] = 3 (4, 0yea Plats. - an) [[IL; @ila:).
Proof. We have that

O(z) - (@), z—) = Y B(a)(@i(a;) — (@) [ ] 2;(e)

acA VED

= > (@ia) —xi(a) > ai,a) [[=i(a;)

a;, €A; a_;€EA_; J#i

=w; Y (@i(w) —zi(a;) Y wila,a-) [[z;(a) (33)

a; €EA; a_;€A_; j#i

= w; Z ui(a) H xj(a;) — Z u;i(a)xz)(a;) H xr(ay)
Jj=1

acA acA k#1

= w; (u; (z) — wi (], ©_;)),

where (33) follows from a rearrangement of the terms and the assumption of (31). O

Now observe that from Claim B.1 we may conclude that

= Ww; Z ui(ai, a_i) H £Ej (aj) = 'wiui(ai, w_i).

a_;€EA_; JF#i

This verifies condition (4) from Definition 4.1. Thus, it remains to establish the smoothness of the potential, in the sense of
(3). To this end, we first recall the following simple fact.

Fact B.2. Let g : R? — R be a twice continuously differentiable function such that the spectral norm of the Hessian V2 is
upper bounded by some M > 0. Then, for any =,y € R? it holds that

[Vg(x) — Vg(y)ll2 < M|z -yl

Hence, it suffices to bound the operator norm of the Hessian of ®. This is shown in the following lemma, where we crucially
leverage the multilinearity of the (mixed) potential function.

Lemma B.3. It holds that ||[V?®||s < ®pax iy A

Proof. First of all, it is easy to see that for all ¢ € [n] and a;, a; € A,, it holds that

0?®

Ox;(a;)0x;(a}) 0-

On the other hand, for i # j € [n] and a; € A; and a; € A; it holds that

0%®
W = Z (D(a’i’aj’a’—i,—j) H Sck(ak);

a_; _;EA_; _; k#i,j
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here we used the notation a_; _; =[], 2ij Ok and A_; _; =], ij Ay,. Thus, applying the triangle inequality yields
that
0?®

W = Z ‘I)(ai,aj,a—i,—j) H mk(ak) < Prax Z H mk(ak):q)lnaxa (34)

a—i,—j k#i,j a—i,—j k#i,j

where the final equality holds by the normalization constraint of the induced product distribution. Thus, for any z € R?,
where d = )" | |A;|, we have that

HVQ(bZHQ S (I)max

d
23" 22(r) = B d| 2],
r=1

where we used (34) in the first bound, and Jensen’s inequality in the second one. As a result, we have shown that
[V2®|2 < ®rax D iy [Ail, concluding the proof. O

Finally, combining this lemma with Fact B.2 we arrive at the following corollary, which concludes the proof of Proposi-
tion 4.2.

Corollary B4. Let L = 1 &, 37" | |A;|. Then, for any x,x € [Tiem) A(A:) it holds that

(@) < B(x) + (Vad(@).& - @) + LI|7 - 2|3
< —

—®(x) O(x) — (Vo®(x),x — ) + L|Z — ||3.
O
Theorem 4.3. Suppose that each player employs (MD) with a 1-strongly convex regularizer with respect to || - ||2, and
learning rate n = i where L is defined as in Proposition 4.2. Then, for any t > 1 it holds that
1 n
2@ ) — 2(@) 2 23 el — " 2 0. 5)
i=1
Proof. First of all, since every regularizer R; is 1-strongly convex with respect to || - ||2, we obtain from Definition 4.1 that
O(x) < (T) - (VoP(@),Z —2) + LY & — =i
i=1
< O(&) — (Vol(x), & — @) + 2L Y Dg,(Ti, ;). (35)
i=1
Moreover, we know from the update rule of (MD) that for any player ¢ € [n] it holds that
1
ng_l) = arg max {<Vwi(1>(:v(t))7 T; — wgt)> — —Dg, (wi,wgt))} , (36)
2 EA(A;) Ui
where we used the fact that g(u;) = Vo, ®(x) (Definition 4.1). Also, from (35) we obtain that
n
q;(m(t)) < q)(x(tJrl)) _ <qu>(m(t))7 2D _ m(t)> + QLZDRi (ml(t+1)’ J’Et))- (37)
i=1
Now the update rule of (36) implies that
1 1
(Ve 0@ )2 —al’) - =D, (2 al") > o [l2f") — 2" |3, (38)
n n
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for all ¢ € [n], where we used the 1-strong convexity of R; with respect to || - ||2 (quadratic growth). As a result, summing
(38) for all i € [n] yields that

<Vw<I>(ac(t)), 2D _ w(t)> Z Dx (t+1 t) Z Hw(Hl Z(_t) 2.

Finally, plugging this bound with n = ﬁ to (37) and rearranging the terms concludes the proof. O
Corollary 4.5. In the setting of Theorem 4.3, with R; := % ||@||3, it holds that the regret of each player i € [n) is such that
Reg! = O(VT).

Proof. Ttis well-known (e.g., see (Shalev-Shwartz, 2012)) that the cumulative regret RegT of (MD) can be bounded as
Reg’ < — +Z|lu“’|\ lz'® — 2=V, (39)

where () = sup, ,cx Dr(x,y), and uM, ... u® represents the sequence of utility vectors observed by the regret

minimizer. Note that with a conventional abuse of notation, it is assumed that (®) := 0 in (39). Now we know from
Corollary 4.4 that for n = 57 it holds that

T

n T
20
&) _ =12 < (1) _ =12 « 2Pmax
> fa® —2VE <3N e — 23 < 7

t=2 i=1 t=2

Thus, an application of the Cauchy-Schwarz inequality implies that

T T

2(I)max
D 2@ =Vl <\ [(T=1) ) _lle® — 2Dl < VT ===, (40)
t=2 t=2

Finally, from (39) it follows that for any player ¢ € [n] it holds that

T
. Q; 2q)m X
Reg; < # +luilla Y [l2® — 2V, < # + il (IIm(l)b +VT La> = 0(VT),
t=1

where we used the notation ||u;||2 = max;cp ||u H2 This concludes the proof. O

Theorem 4.6 (Optimal Regret for Potential Games). Suppose that each player employs OMWU with a sufficiently small
learning rate n) > 0. Then, the regret of each player i € [n] is such that RegiT =0(1).

Proof. First of all, it is well-known that OMWU on the simplex can be expressed with the following update rule for ¢ > 1:

exp (2l () = nul ™ (@)
Sujea, v (2ul (@) —nul' ™ (@)) 2 ()

for any action a; € A; and player i € [n]. By convention, ccgo) and mgl) are initialized from the uniform distribution over

A;, for all i € [n]. Now we claim that the update rule of (OMWU) is equivalent to

" (ay), (OMWU)

1
@) = argmax {<2Vm1<1><w<t>> Vo 2(@ )2~ al") - ~Dr, (@@ “))} :

assuming that R; is the negative entropy DGF for all ¢ € [n]. By 1-strong convexity of R, this implies that

1 1
@), 2 — 2} — “Dp (@ 2) > el — 23, 41

2V, d(zM) — V, D)=
(294,0(2) - Vs, ; o
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Moreover, we have that

(o, 0@ = Va, 0@ 0),a* — 2(V)| < V4, 0(@?) = Va, &2 D) 2]l — 27l 42)
= [l —u ol — 2 (43)
< VA = ™l — 2 (44)
VI Il =l Vol =2, (45)
J#i
1 1 1
< SVIATY (I =l D+ =i —2P)3) @6
J#i

1 1) -1
= VIl | (=Dl 2P+ 3 2l — V3 )
J#£i

where (42) follows from Cauchy-Schwarz; (43) is a consequence of Definition 4.1; (44) is derived from Hoélder’s inequality
(equivalence of norms); (45) uses Claim A.1; and (46) is an application of Young’s inequality. Thus, combining this bound
to (41) yields that

1 1 1
(o 2(@ )2l —al!) ~ L0r @l .al?) 2 (5 - 5T D) ol - ol

n
1 t t—1
—5VIATY Iz =25,
J#i

Summing these inequalities for all ¢ € [n] gives us that

<vmq)(w(t))7w(t+l) _ w(t)> ZD t+1) Z(t)) >

—~ (1 t+1) (2 1L (t) _ pt=1)2
] ) L B POV .

J#i

Thus, from (35) for n < i we conclude that

1 _
o)~ 0 2 3 ( (5 = 5T -0 ) 1 a1 - | 3T ) sl

e
< mi 1 1
ming —, —————,
=T 2 iA (e — )

for all ¢ € [n], the previous bound implies that

() >Z A D RVIVHN N Sl

J#i

As aresult, as long as

Thus, a telescopic summation leads to the following conclusion:

Theorem B.5. Suppose that each player i € [n] employs (OMWU) with learning rate ) > 0 such that

1 1 1
nﬁmm o7 ) )
{2L 2y/[Ail(n — 1) 4Zj7&i\/|Aj|}
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Soralli € [n], where L is defined as in Proposition 4.2. Then, it holds that

n T-1
1
=3 el 2 < 0(@™) — 2(2h) < 2Ppas
n

=1 t=1

Finally, Theorem B.5 along with the RVU bound (which holds for (OMWU) as specified in Proposition 2.3) and Claim A.1
conclude the proof of the theorem. O

Next, we proceed with the proof of Theorem 4.7, the detailed version of which is given below.

Theorem B.6 (Full Version of Theorem 4.7). Suppose that each player i employs (MD) with R;(x) such that VR, is

G-Lipschitz continuous with respect to the {o-norm, and n = ﬁ, where L is defined as in Proposition 4.2. Then, after

O(1/€?) iterations there exists a joint strategy ") which is an e-approximate Nash equilibrium.

For the proof of this theorem we will use the following simple claim.

Claim B.7. Suppose that each player employs (MD) with learning rate n > 0 and regularizer R; such that V'R, is
G-Lipschitz continuous with respect to the ly-norm. If |+ — x|y < ¢, it holds that x® is an

Q
] (G + A|>
n

approximate Nash equilibrium, where § := maX;¢[n] SUDg, 2/ ¢ A(A)

|z; — @}||2, and | A == max ¢y |Adl.

Proof. The argument proceeds similarly to the proof of Theorem A.12. First, observe that for each ¢ € [n] it holds that
ngtﬂ) - wgt) |l2 < e. By definition of (MD) we have that

1
mEtH) = arg max {(wi,ugt)> — —Dg, (wi,a:,gt))} .

This maximization problem can be equivalently expressed in the following variational inequality form:

[ 7

1
<u§t) - (vni(;p(f“)) - VRi(wE”)) & zc(t+1)> <0, Vaie A4,

for any ¢ € [n]. Thus, it follows that

N 1 =R
(.8~ ") < L(VR(@) - VRi(al"), & - 2lY)
1 N
< CIVR(l) - VRi(al) o] — (s 47)
Q;
<G (48)
n

where (47) follows from the Cauchy-Schwarz inequality, and (48) uses the fact that HVRi(mZ(.tH)) - VRi(mz(-t)) Iz <

G ||mz(-t+1) - :cl(t) |l2 < eG, which follows from the assumption that V'R, is G-Lipschitz continuous. Also note that (48) uses
the notation €2; == SUp,, 41 ca(a,) |Ti — T||l2. As aresult, we have established that for any player i € [n] it holds that for
any ; € A(A;),

N GQ;
(ugt),wgtﬂ)} > <u£t),a:i> —€ - (49)

Moreover, it also follows that

(@i, 2" — M) < [lul 22T — 2], < V] Aile,

%
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(t+1) _

where we used the fact that ||x; Et) |2 < e, and that ||u§t) lloo < 1 (by the normalization hypothesis). Plugging the

last bound to (49) gives us that

. GQ;
(i, 2% 2 o 2*Y) = VT 2 (), 8) = = %~ /AL (50)
for any Z; € A(A;) and player ¢ € [n]. Finally, the proof follows by definition of approximate Nash equilibrium. O

Proof of Theorem B.6. Suppose that |2+ — ()5 > ¢ for all t € [T]. Corollary 4.4 implies that

40 Pax

(t+1 (t 2 2
Priax = Z ||33 ) — )” (T-1)e = T< 2

+1. 51)

Hence, for T' > + 1 it must be the case that there exists ¢ € [T] such that [|z(‘+1) — z(®)|, < e. Thus, the
theorem follows directly from Claim B.7. [

4n <I>mx
€

Proposition 4.8. In the setting of Theorem 4.3, if the potential function ® is also concave it holds that

(I)(.’B*)—q)( T+1 2LZD'R

Proof. The proof proceeds similarly to that in (Birnbaum et al., 2011, Lemma 4). We will first require an auxiliary lemma
regarding the following optimization problem:
maximize x)— Dr(x,y);
imize g(w) ~ Dr(.9) )
subjectto x € C,

where g is a concave function on a convex and compact domain C.

Lemma B.8 (e.g., see (Chen & Teboulle, 1993)). Let & be the optimal solution to the optimization problem (52). Then, it
holds that

9(x) — Dr(z,y) < g(@) — Dr(Z,y) — Dr(z, @).
Next, we will apply this lemma to conclude that for all ¢ € [n] it holds that

(Ve ®(@®), 2} —2") ~ Dr, (@7, 2{") < n(Va,®(@®), & —2) —Dr (2" 2) ~ Dg, (@7, 2. (53)

7 % i 1 7 i 70

Moreover, from (35) it follows that

_q)(w(t+1)) < _(p(w(t)) — (Va®(x t)) 2D x(t) )+ 2LZD (f+1)’ gt))

i=1
< —0(a®) — (Vo@(z),z* —2®) + 20 Dg,(z",«") — 2L Y D, (2}, ") (54)
=1 =1
< —o(z* +2LZDR z*, z! —2LZDR s ity (55)

i=1

where (54) follows from (53) for n = 5 L,
removing the telescopic terms yields that

T
> (2() - o) )<2LZDR ) —2LZD 21) <20Y Deara’). GO

t=1 i=1

and (55) follows by concavity of ®. As a result, summing (55) for all ¢ € [T] and

where in the last inequality we used the well-known fact that Dg, (-, ) > 0. Finally, Theorem 4.3 implies that
Z B(z*) - o(zV) > Td(a) - TO(xTHY),

and plugging this bound to (56) concludes the proof after a rearrangement. O
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B.1 Near-Potential Games

In this section we extend some of the results established for (weighted) potential games to near-potential games—in the
sense of Candogan et al. (2013)—by proving Theorem 4.10. Intuitively, a game I is said to be near-potential if it is close to
some potential game. While there are many natural ways to measure the distance between two games, here we follow the
one suggested by Candogan et al. (2013); namely, the maximum pairwise difference:

Definition B.9 (Maximum Pairwise Difference (MPD); (Candogan et al., 2013)). Let I and T be two (normal-form) games.
The maximum pairwise difference between I' and I is defined as

dT,T) = sup |(ui(a;,a_;)—ui(a,a_;)) — (U(a;,a_;) —u;(a;,a_;))|,
i€[n],acA

where u; : [, Ai = [-1,1] and @; : J[;¢(,,) Ai — [—1, 1] are the utility functions associated with player i for I and T

This definition tacitly posits that the games are compatible in the sense that the set of actions available to each player
coincide. MPD captures the difference between two games in terms of the maximum possible utility improvement through
unilateral deviations. Different distance measures can be considered without qualitatively altering the rest of the analysis.
Armed with Definition B.9, we are ready to introduce the concept of a near-potential game.

Definition B.10 (Near-Potential Game; (Candogan et al., 2013)). A game I is d-near-potential if there exists a (compatible)
potential game I' such that d(I',T") < 4.

We remark that (Candogan et al., 2010; 2011) have devised a framework for efficiently finding the nearest potential game to
a given game when the distance is measured in terms of the MPD. Specifically, they show that this can be formulated as a
convex optimization problem (Candogan et al., 2010; 2011). Nevertheless, it is clear Athat following a given updaie rule in a
game I does not require any sort of knowledge regarding the closest potential game I'; the potential function of I" will only
be used for the purpose of the analysis. We begin by pointing out the following simple claim.

Claim B.11. Let T" be any é-near-potential game with utilities w; : [[,¢(,) Ai — [=1,1], for all i € [n]. Moreover; let ® be
the potential function of a game T such that d(T, f) = 4. Then,

0P (x)
85(:@ (al)

=u;(a;, ®—;) +e;(a;; &), (57)

where |e;(a;, x—;)| = O(6), forany i € [n], a; € A;, and x_; € [, 1; A(A;).

Now we are ready to prove Theorem 4.10, the full version of which is given below.

Theorem B.12 (Full Version of Theorem 4.10). Consider a 6-nearly-potential game wherein every player employs (MD)
with learning rate n = ﬁ, where L is a parameter associated with the closest potential game, and regularizer R; which is
1-strongly convex and G-smooth with respect to || - ||2. Then, there exists a bounded potential function ® which increases as
long as ) is not an O(\/g)-approximate Nash equilibrium.

Proof. Since players employ (MD), we know that the update rule of each player i € [n] takes the form

1
wl(.t'H) = arg max {<u§t),wi - wz(-t)> - DRi(wi,wgt))} .

By the 1-strong convexity of R; with respect to || -

2, this implies that

1 1
(w2 —al?) — D (@ 2l") 2 ol -2 (58)

However, by Claim B.11 we also know that

ul) = Vg, 0(z®) + e,
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where ® is the potential function of the potential game within § distance from the original game, and egt)

that ||el(t) oo = C9, for some parameter C' > 0. Thus, combing this fact with (58) yields that

is a vector such

?

1 1
(Ve.2(@®). 2" —al?) — D (@, 2") 2 5l — - (el 2l — 2l

i — 2,,7 1 7
L a+1 t t t+41 t
> ol — 273 ~ el sl — 2"
n
1
> ol — |~ 200, (59)
n

where we used the fact that the ¢ diameter of A(A4;) is 2 in the last derivation. Summing (59) for all i € [n] gives us that

<Vm¢)(x(t)), 20D _ m(f>> Z D, (2, 2) > 277 Z 1z — 202 — 20ms.
Thus, using the smoothness condition of (35) with n = 1mphes that
q)(m(tJrl)) m(t Z ”m(t-i-l) Z(f) Hg — 206,

As aresult, we conclude that ® increases as long as
2D — 20y > 24/nCnd,

and the theorem follows directly from Claim B.7. O

B.2 Fisher Markets

In this subsection we illustrate how the framework we developed in Section 4 unifies the work of Birnbaum et al. (2011)
related to distributed dynamics in Fisher’s classical market model. While the following exposition focuses on the linear
counterpart of Fisher’s model, we refer the interested reader to the work of Birnbaum et al. (2011) for an elegant extension
to the spending constraints model. Regarding the motivation for studying distributed dynamics in markets, let us quote from
the work of Birnbaum et al. (2011):

“Algorithmic results in a centralized model of computation do not directly address the question of market dynamics:
how might agents interacting in a market arrive at an equilibrium? Here, the quest is for simple and distributed
algorithms that are guaranteed to converge fast. Such distributed algorithms are especially applicable when the
agents involved are automated, and one has to prescribe a particular protocol for them to follow”

In this context, we commence by recalling the underlying model. The exposition in the sequel follows that in (Birnbaum
et al., 2011). In the linear Fisher’s market model there are n agents (bidders) and m (infinitely) divisible goods. It is
assumed—without any loss of generality—that there is a unit supply from each good. Every agent has an overall budget B;,
circumscribing its buying power. The goal of each agent ¢ € [n] is to maximize its own utility, which, for a given allocation
vector x € RET™, is defined as 3 a;(j)ui(j), where u;(j) represents the utility of that agent for a unit of good j.

Equilibrium Conditions Consider an allocation vector & € [Rnxm and a price vector p € RZ,,. The pair (x, p) is said to
be an equilibrium if the following conditions are met.

1. Buyer optimality: Each agent i € [n] maximizes its own utility subject to the budget constraints. Formally, for the
given price vector p, it has to be that the allocation vector  maximizes the following (linear) program:

maximize Z u; ()i (4),
jelm]

subject to Z p(j)zi(j) < By;
J€[m]

xi(j) >0, Vje[m].
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2. Market clearance: It must be the case that Zie[n] x;(j) =1, forall j € [m].

Convex Formulation of Equilibria Equilibria in linear Fisher markets can be determined via the seminal Eisenberg-Gale
convex program (Eisenberg & Gale, 1959). As in (Birnbaum et al., 2011), here we focus on an alternative formulation due
to Shmyrev (2009), which is given below.

maximize Z b;(j) logu;(j) — Z p(j)logp(j),

J€[m]

subject to Z bi(j) = p(j), VYjem];

Z bi( Ve [n);

J€[m]
bi(j) >0, Yieln],jem].

In this convex program each variable b; () represents the amount spent by agent ¢ on good j, so that for a given solution to
(60), the induced allocation @; () is given by b;(j)/p(j). Observe that for any feasible solution to (60) the markets always
clears in the sense of Item 2. Moreover, Shmyrev (2009) showed that the optimal solution of (60) is such that each buyer is
allocated an optimal bundle of goods, guaranteeing both equilibrium conditions for the associated Fisher market. In the
sequel, and for the sake of simplicity, we will let B; = 1.

(60)

In this context, we will relate linear Fisher markets with the setting we presented in Section 4. To this end, let ®(b) be the
objective function of (60):

ui(5)
b;(j) logu;(j J)logp(j bi(j ( ,
=20 -2 = 2 bl ee (5
j€lm]
where we used the fact that p( j) = Y ie[n bi(j), which in turn follows by the feasibility constraints of (60). Now a direct
calculation shows that for any ¢ € [n], each component j € [m] on the corresponding gradient is such that

(Vo(b)); ; = log (l;i(g))> !

Thus, observe that ® is not always smooth on the feasible region

S=SbeR™™: > bi(j) = B;,V¥i € [n],bi(j) > 0,¥(i, j) € [n] x [m]

j€[m]

Nevertheless, (Birnbaum et al., 2011, Lemma 7) establishes that ® satisfies the weaker “one-sided” smoothness condition
of Definition 4.1 with respect to the Kullback-Leibler divergence. Moreover, let g :  +— logx — 1 be a monotone
transformation, so that G) (G)e)
1 u;(Jj Ui\])Ti\]

(VO =36) = "0l ob
But the latter expression can be thought of as the utility that agent ¢ received from item j per fraction of budget invested to j.
As a result, if every agent employs (MD) with negative entropy DGF, monotone transformation g :  — logx — 1, and
utility vector the feedback suggested by Equation (61), it can be shown that bids are updated using the following update rule:

, wi(§)zi(j)
o) 2 kem) Wi(k)wi(k) B R
These dynamics are known us Proportional Response, and they were introduced by Wu & Zhang (2007) (see also (Zhang,
2011)). (PR) can be seen as typical multiplicative weights update after applying the monotone transformation g. In this way,
these distributed dynamics are tantamount to optimizing Smyrev’s convex program (60), which converges to an equilibrium
with O(1/T) rate by concavity of ®; see Proposition 4.8.

An interesting direction would be to incorporate into this framework further and more general market models such as the
Arrow-Debreu (exchange) version; e.g., see (Panageas et al., 2021) for some recent developments related in spirit to the
approach we presented in this section.
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C. Proofs from Section 5

In this section we provide the proofs omitted from Section 5. From a technical standpoint we will rely on a fundamental tool
from signal processing and control theory; namely, the Z-transform. Recall that the (bilateral) Z-transform of a sequence
(x®) in R is defined as

X(z)=2Z {a:(t)} = i )z~ (62)

t=—o0
< oo} .

Observe that we define the Z-transform coordinate-wise. Our analysis will leverage the following well-known properties
which follow directly from the definition of (62).

and (y )32

where z € C* is assumed to be in the region of convergence:

i x® 7t

t=—o00

ROC := {ZEC*:

Property C.1 (Linearity). Let (x(*))22 be sequences in RY. Then,

Z {:c(t) + y(t)} =Z {az(t)} +Z {y(t)} .

Property C.2 (Time-Delay Property). Let (ac(t))OO _ . be a sequence in R, and some ty € R. Then, it holds that

t=—o00

Z {w(t_t())} =z hzZ {az(t)} .

We are now ready to prove Theorem 5.1, the detailed version of which is given below.

Theorem C.3 (Detailed Version of Theorem 5.1). Let A and B be square and full-rank d x d matrices, and v = p(A T B),
where p(-) denotes the spectral radius. If the matrix ATB has strictly negative (real) eigenvalues, it holds that for any
learning rate n < ﬁ (OGD) converges with linear rate to an equilibrium.

— 00

Proof. First, observe that V,(z " Ay) = Ay and V,, (2" By) = B z. Thus, (OGD) can be expressed as the following
linear dynamical system:

2D = 2 4 opAy® — pAytD,

YD = ) L 9 BT _ BT (1), (©3)

To analyze its convergence properties, we will transfer (63) to the z-space. To this end, let X (z) and Y (2) be the Z-
transform of the sequence (z(*)) and (y(t)) respectively; here it is tacitly assumed that z belongs to the region of convergence.
Thus, using linearity (Property C.1) and the time-delay property (Property C.2), it follows from (63) that

2 X (2) = X(2) + 2nAY (2) —nz ' AY (2);

64
2Y =Y (2) +21BT X (2) —nz"'BT X (2). 4

Note that we also used the fact that Z { Ay} = AY () and Z {BTz"} = BT X(z), which follow from linearity of
the Z-transform. In this way, we have transferred the difference equation (63) to the algebraic equation (64). From the latter
algebraic system, we may uncouple these equations to conclude that

22(z—1)2X(2) = 2z —n)Az(z — 1)Y (2) = (2nz — n)A(2nz — )BT X (2) = n*(22 — 1)?°AB " X (2);

2(z-1%Y(2) = 2nz —n)B 2(z — 1) X (2) = (2nz — )BT (2nz — n)AY (2) = n*(22 — 1)’BTAY (2). (©3)

As aresult, we have derived the characteristic equation of the dynamical system (63):
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Proposition C.4. The characteristic equation of (63) can be expressed as
det(Tg(z(z — 1)) = n*(22 — 1)2AB) = 0. (66)

In particular, if x(z) is the characteristic polynomial of matrix AT B, it follows that z € C* satisfies (66) if and only if
12(z=1)\>
il -/ =0. 7
x((n 22_1)> 0 (67)

Note that we used the fact that the matrices AB T and BT A have identical spectrum, which in turn follows since A and B
are assumed to be non-singular, as well as the property det(IM) = det(M ") in order to derive (66) from (65). To see the
second part of the claim in Proposition C.4, first observe that z = % is never a solution to (66). Thus, from the multilinearity
of the determinant, it holds that

det(Iy(2(z — 1)) = 7*(22 — 1)2A"B) = 0 <= det <<71722(j:?>2 I, — ATB> =0.

As aresult, the equivalence asserted in (67) follows by recalling that x(\) = det(A;—A " B) since x () is the characteristic
polynomial of matrix ATB.

Having derived the characteristic equation of the dynamical system (Proposition C.4), it remains to derive its solutions. To
do this, let —\ be such that x(—\) = 0; by assumption, we know that A € R~ . Now this eigenvalue induces solutions of
the following form:

1az =D\ _ -1 22 4 2(=1 = 20V/A)) + VA = 0;
(n 22—1> =k e oy =EVN = {z2+z(—1+2nﬁj)—nﬁj=0. %)

where j € C denotes the imaginary unit. Now observe that 22 + z(—1 — 2V Aj) + nVAj = 0 <= 22+ 2(—-1 +

20V \j ) — nvAj = 0, where Z denotes the complex conjugate of z. Hence, it suffices to solve only the first equation
since their solutions are equivalent in terms of magnitude—in particular, they are complex conjugates. Thus, we obtain the

following solutions:
1 2pV/Nj £ /1 — A2 )
= 5 .

Moreover, by assumption we know that n < which in turn implies that n < <= 1 — 412X\ > 0; this holds by

1
2f’ 2V

definition of v := p(A T B). Thus, it follows that

P = 1 (0 VT3P 4 @aVA)?) = 5 (1 VI aP) < 1
|z_|2:i((1fm)+(2nﬁ)):%(1fm><l.

This implies that all of the solutions to the characteristic equation (67) lie within the unit circle on the complex plane. Thus,
the theorem follows from the fundamental theorem of linear dynamical systems. O

N |

Proposition 5.2. For any sufficiently large R > 0, there exist games such that (OGD) converges under any initialization to
an equilibrium (x(>°) y(>)) such that SW (%), y(>)) = 0, while there exist an equilibrium (x*, y*) with SW (z*, y*) >
2R2.

Proof. We consider the game described with the following matrices:

1 =2, 11
A = {_1 1},3. L _J. (70)

We also assume that the constraints sets are such that X = 51(0, R) and ) = B;(0, R), for a sufficiently large radius
R > 0. Here B denotes the closed ¢;-ball; we only use the ¢;-norm for mathematical convenience. We will first consider
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the unconstrained dynamics. In particular, we will show that the condition of Theorem 5.1 is met. Indeed, a direct calculation

reveals that
Tm | O 2
[0 2]

Now the characteristic equation of ATB reads A\(A +3) +2 =0 <= \; = —2, A\ = —1. Thus, AT B has negative
(real) eigenvalues. As a result, Theorem 5.1 implies that for a sufficiently small learning rate (OGD) converges under any
initialization—assuming unconstrained domains (see Figure 8). Moreover, the following claim characterizing its limit points
is immediate.

Claim C.5. Suppose that (63) converges to a point (w(‘x’), y(oc)). Then, it holds that Ay(>) = 0 and BT () = 0.

In particular, given that the matrices A and B are full-rank, this claim implies that 2(>®) = 0 and y(°°) = 0. Moreover,
for a sufficiently large R > 0 we know that the projected dynamics on X and ) (respectively) will coincide with the
unconstrained dynamics. As a result, we have shown that (OGD) constrained on X and ) will converge to (0, 0), which is
clearly an equilibrium point. However, there exists a much more efficient equilibrium:

Claim C.6. Let x* = (R,0) € B1(0, R) and y* = (R,0) € B1(0, R). Then, (x*,y*) is an equilibrium of the game (70).

Proof. When player ) plays y* it follows that Ay* = (R, —R). Thus, it follows that z " Ay* < ||z||1||Ay*||e < R? =
(x*) T Ay*, for any € B1(0, R). Thus, z* is indeed a best response to y*. Similarly, when player X plays * it follows
that BTx* = (R, R). Thus, we conclude that (z*) "By < [|y|[1|BTz*||o < R? = (z*) By*, forany y € B;(0, R).
This means that y* is indeed a best response to «*, verifying our claim. O

Finally, we have that SW(z*, y*) = (x*) T Ay* + (=*) " By* = 2R2. This concludes the proof. O

Proposition 5.3. For any € > 0 there exists a game (A, B) with |A + B||r < € for which (OGD) diverges, while the
dynamics converge for the game (A, —A).

Proof. Fix any € > 0. We consider the game (A, B) described with the following payoff matrices:

A= [(1) 6?2} ‘B = [01 6(/)2} ) (71)

Observe that ||A + B||r = €.® Let us first argue about convergence of (OGD) in the game (A, —A.). To this end, observe
that the matrix A T A has only positive eigenvalues. Thus, we know from Theorem 5.1 that (OGD) converges for 7 < %
since the spectral radius of AT A is 1. On the other hand, for the game (A, B) it holds that the matrix A " B has a positive
eigenvalue; namely, A = ¢2/4. But from Proposition C.4 it can be shown that this implies that the characteristic equation of
the associated dynamical system has a solution z € C* with |z| > 1. In turn, this implies that (OGD) will diverge under any
non-trivial initialization; see Figure 9 for a graphical illustration and a discussion about this phenomenon. O

Next, we proceed with the proof of Theorem 5.4, the detailed version of which is recalled below.

Theorem C.7 (Detailed Version of Theorem 5.4). Let {A1 ;}7_5 and {A 1}, be square matrices such that det(M) # 0,
where M := 3., A1 jA; 1. Moreover, let y := p(A), where p(-) denotes the spectral radius. If M has strictly negative

(real) eigenvalues, it holds that for any learning rate n < ﬁ (OGD) converges with linear rate to an equilibrium.

Proof. First of all, recall that we have that ui(x) = >_,, x| A; jz;, while u;(z) = a:jTAj,lwl for j # 1. Thus, it
follows that Vg, ui(x) = 3,1 A1 ;x;, and Vg uj(x) = A1 for j # 1. As aresult, (OGD) can be cast as

mgt—‘rl) — ZBY) + 2nZA1’jm§t) _ nZAl’jw;t_l);
i1 i1 (72)
x;tﬂ) = acg-t) +2nA 02 — A2V V) £ 1.

$Recall that the Frobenius norm of a matrix M is defined as || M|z := ||(M)” |2, where (M)” is the standard vectorization of M.
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Transferring these dynamics to the z-space yields that

2X1(2) = Xu(2) + 20 ) A1 X(2) =02t Y Ay XG(2);
i1 j#1 (73)
2X;(2) = X;(2) + 2nA; 1 X1(2) —nz ' Aj i X (2),V) # 1.

From the second equation it follows that (2% — 2) X;(2) = n(2z — 1)A ;1 X1(2), for all j # 1. Thus, plugging this to the
first equation of (73) yields that

Pz —12X1(2) =n*(22 = 1)° Y A1jA 1 X1(2) <= | (22— 1)’ La =022 = 1)* Y Ay ;A 0 | Xai(2) =0.
i#1 J#1
From this, it is possible to conclude the characteristic equation of the associated dynamical system:

Proposition C.8. The characteristic equation of the dynamical system (72) can be expressed as

det | (2(z — 1))%1g — n*(22 — 1)? ZALJ‘AJ’J =0.
j#1

Observe that if all the poles of X (z) lie within the unit circle of the complex plane, the same holds for each X ;(z), for all
j # 1, modulo at most a single pole at z = 1. This follows given that (2% — 2) X;(2) = (22 — 1) A, 1 X1(z), for all j # 1.
Finally, the rest of the theorem follows analogously to Theorem C.3, while it is direct to verify that, assuming convergence,
the limit points satisfy the equilibrium conditions. O

Remark C.9. More broadly, the convergence of (OGD) can be determined in terms of the spectrum of the matrix

0q A Az ... Ay,
A271 04 A273 e A27n
M = . . . . .
An,l An,2 An,S R Od

Indeed, Theorem 5.4 can be seen as an instance of such a broader characterization for separable continuous games. As we
point out in Remark C.10, obtaining such results in multilinear settings would require different techniques.

Remark C.10 (Beyond Polymatrix Games). We believe that results in unconstrained multilinear n-player games (akin to
standard NFGs, but without constraints) can be obtained using recent advances from multilinear control theory (Chen et al.,
2021). In particular, stability could be determined in terms of the tensor of the underlying game.

Our final result for Section 5 shows that a generic class of first-order fails to guarantee stability in all general-sum games,
even with two players. More precisely, we consider the following method.

T T
O =3 a0 13 AT () o)
=0 7=0

This method—which will be referred to as historical gradient descent (HGD)—can be described with the ordered set of
coefficients A := (a(®,..., ™) and B = (8©,..., M), In particular, (HGD) contains (OGD) when A = (1) and
B = (2n, —n), but it goes well-beyond this method. For the purpose of our analysis we are going to represent an (HGD)
algorithm using the following two polynomials.

S(z) = a® L oMy=t 4 Oz(T)Z_T;
G(z) = 5(0) + 5(1)2*1 NI ﬂ(T)Z*T.
For example, (OGD) is associated with polynomials S(z) = 1 and G(z) = 21 — nz~". However, the considered class of

dynamics contains certain trivial algorithms. For example, the update rule of an (HGD) algorithm for which G(z) = 0
would not depend on the observed utility at any iteration. To address such trivialities, we impose a condition which ensures
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that an (HGD) algorithm is interesting from a game-theoretic standpoint. In particular, we say that an (HGD) algorithm is
regular if S(1) = 1 and G(1) # 0. Then, it is easy to see that, if both players employ a regular (HGD) algorithm and the
dynamics converge, the limit points will be equilibria in the sense of (6). We will also assume without any loss that the
polynomials G(z) and S(z) — z have no common roots. We are now ready to state and prove our main theorem on (HGD)
algorithms.

Theorem C.11. For any regular algorithm in (HGD) there exists a game for which the method will diverge under any
non-trivial initialization.

Proof. Consider a game (A, B). The dynamics of the underlying dynamical system in the z-space can be expressed as
follows.

2Y (z)

S(2)X(2) + G(2)AY (2); (z— 5(2)X(2) = G(2)AY (2);
S(2)Y (2) + G(2)B" X (2). (z—S(2)Y(2) = G(2)B" X (2).

From this representation, we may conclude that the characteristic equation of the dynamical system can be expressed as
2 24T z—8(2)\°
z

where Y (z) represents the characteristic polynomial of matrix A T B. Note that our previous derivation uses the assumption
that the polynomials S(z) — z and G(z) do not share any common roots, in turn implying that no root of G(z) can satisfy the
equation det ((z — 5(2))?I4 — (G(2))?ATB) = 0. Now consider any € > 0 so that G(1 +¢) # 0and S(1 +€) # 1+
If the game (A, B) is such that the matrix A ' B has the positive eigenvalue

()

then it follows that z = 1 + € is a solution to the characteristic equation of the system. But given that |2| > 1, this necessarily
implies that the dynamics will diverge by the fundamental theorem of linear dynamical systems. O

While there is a plethora of control-theoretic techniques that could stabilize the dynamics, we have argued (Proposition 5.2)
that stability might be at odds with efficiency—welfare maximization. Understanding the fundamental tension between
different solution concepts is an important question for the future.

D. Experiments
In this section we corroborate some our theoretical results through experiments on several games.

D.1 Normal-Form Games We start by illustrating the last-iterate convergence when players employ different and
potentially advanced prediction mechanisms in normal-form games. We are first going to assume that both players employ
(OMD) with prediction m*) set to either H-step recency bias (Item 1), or geometrically §-discounted recency bias (Item 2).
We remark that while Syrgkanis et al. (2015) established RVU bounds only for OFTRL under such predictions, it is immediate
to extend these bounds with qualitatively similar results for OMD. That is, the bounds on the learning rate obtained in
Proposition A.2 for OFTRL are analogous to the corresponding ones for OMD. Inspired by the work of Daskalakis et al.
(2021), we will also experiment with predictions inducing H -order differences in the RVU bound:

(i) l-order: m® = (t=1);
(i1) 2-order: m® — 21 _ 'u,(t—2);
(i) 3-order: m® = 3u(=1) — 30 (=2 4 4 (=3);

(iv) 4-order: m® = 4wt~V — 6072 4 473 — 4 (t=9),
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We point out that our techniques immediate imply last-iterate convergence under H-order predictions, for a sufficiently
small learning rate n = n(H).

Zero-Sum Games We first illustrate the behavior of the dynamics for two-player zero-sum games. We let A ; represent
the cost matrix for player X¥—and subsequently the payoff matrix for player Y—for j € {1, 2, 3}, defined as follows.

1 -1 -1 1 -2 -1 -1 1 -1
Aj=| -1 -1 0|:;As=|-1 1 0|;A3:=]0 05 —1]. (74)
—05 0 -1 —05 1 -1 0.3 —05 —05

The (OMD) dynamics when both players employ H-step recency bias are illustrated and discussed in Figure 2. Figure 3
illustrates the behavior of the dynamics when only one of the two players employs H-step recency bias. The geometrically
d-discounting prediction mechanism is depicted in Figure 4, while Figure 5 shows the dynamics under H -order predictions.
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Figure 2. The (OMD) dynamics in the zero-sum games described in (74) for 2000 iterations. The y-axis corresponds to the probability
with which each player selects the first action 1. Both players use Euclidean regularization with n = 0.05 and H-step recency bias
(Item 1) for different values of H € {1,10,25,50}. The dynamics under small values of the prediction window H are qualitatively
similar. On the other hand, as suggested by Proposition A.2, larger values of H can lead to instability, confirming that the learning rate
has to be adapted to H.
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Figure 3. The (OMD) dynamics in the zero-sum games described in (74) for 2000 iterations. The y-axis corresponds to the probability
with which each player selects the first action 1. Both players use Euclidean regularization with 77 = 0.05. Unlike Figure 2, player X uses
one-step recency bias, while player ) continues to be using H-step recency bias for differnt values of H € {1, 10,25, 50}. We observe
that larger values of H could lead to unstable behavior if 7 is not selected sufficiently small.

Strategically Zero-Sum Games Next, we experiment with strategically zero-sum games (Definition A.5). The cost matrix
for player X in each game is still given by (74), but now we assume that the cost matrix of player ) are given as follows.

-1 05 1 03 0 03 0.7 0.5 0.56
Bi=| 0 5 5[;By:=|-02 25 03|:By=104 04 07]. (75)
—025 0 1 ~0.35 0.75 0.05 0.5 0.6 05

To verify that the games (A1, B1), (A2, B3), and (A3, Bs) are strategically zero-sum, observe that

B; =—05A; +13[-05 0 05];
B; = —0.5A; +13[-02 05 —0.2];
B3 = —0.2A3+13[0.5 05 0.5].

where recall that 13 is the all-ones vector in R?. Thus, the fact that these games are strategically zero-sum follows from the
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Figure 4. The (OMD) dynamics in the zero-sum games described in (74) for 10000 iterations. The y-axis corresponds to the probability
with which each player selects the first action 1. Both players use Euclidean regularization with 7 = 0.02 and geometrically ¢-discounted
predictions (Item 2) for different values of 6 € {0.5,0.8,0.95,0.96}. We observe that while § approaches to 1 the dynamics become
more oscillatory.

converse of Theorem A.6. In particular, the game (A3, B3) is strictly competitive (see Remark A.8). The (OMD) dynamics
in these games are illustrated in Figure 6.

We also experiment with different players using different regularization. In particular, we assume that player X" uses the
Euclidean DGF, while player ) uses the negative entropy DGF. While our last-iterate guarantees do not appear to apply
for this case due to the lack of smoothness of the entropic regularizer (close to the boundary), Figure 7 illustrates that the
dynamics still converge.

D.2 Continuous Games In this subsection with provide experiments on continuous unconstrained games. In particular,
we illustrate the behavior of the dynamics for the games constructed for Proposition 5.2 and Proposition 5.3 in Figure 8 and
Figure 9 respectively.
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Figure 5. The (OMD) dynamics in the zero-sum games described in (74) for 2000 iterations. The y-axis corresponds to the probability with
which each player selects the first action 1. Both players use Euclidean regularization with n = 0.05 and H -order predictions for different
values of H € {1,2,3,4}. Interestingly, the dynamics exhibit almost identical behavior to that with one recency bias—equivalently,
1-order predictions.
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Figure 6. The (OMD) dynamics in the strategically zero-sum cost-minimization games described in (74) and (75) for 10000 iterations.
The y-axis corresponds to the probability with which each player selects the first action 1. Both players use Euclidean regularization
with 7 = 0.05 and H-step recency bias for different values of H € {1, 10, 25, 50}. The dynamics under small values of the prediction
window H are qualitatively similar. In contrast, observe that larger values of H can lead to instability.
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Figure 7. The (OMD) dynamics in the zero-sum games described in (74). The y-axis corresponds to the probability with which each
player selects the first action 1. Player X uses the Euclidean DGF, while player ) uses the negative entropy DGF, both with n = 0.05 and
H-order predictions. We observe that the dynamics exhibit convergent behavior.
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Figure 8. The (OGD) dynamics for the continuous game described in (70) for 800 iterations. The y-axis illustrates the first coordinate of
x € R? and y € R? respectively. Different columns correspond to different random initializations. As predicted by Theorem 5.1, and
subsequently Proposition 5.2, the dynamics converge to the point (0, 0), which leads to each player receiving 0 utility.
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Figure 9. The (OGD) dynamics for the continuous game described in (71) for e = 0.05. In particular, the left image corresponds to the
game (A, —A) for 10° iterations, while the right one to the game (A, B) for 1000 iterations. Although ||A + B||r = ¢, the two systems
exhibit completely different behavior. This appears to be related to the fact that although the dynamics in the game (A, —A) converge
linearly, the rate of convergence is very close to 1. The same phenomenon occurs for any € > 0, as predicted by Proposition 5.3.



