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Abstract

We present a detailed study of estimation er-
rors in terms of surrogate loss estimation errors.
We refer to such guarantees as JH-consistency
bounds, since they account for the hypothesis set
H adopted. These guarantees are significantly
stronger than J{-calibration or J{-consistency.
They are also more informative than similar ex-
cess error bounds derived in the literature, when
H is the family of all measurable functions.
We prove general theorems providing such guar-
antees, for both the distribution-dependent and
distribution-independent settings. We show that
our bounds are tight, modulo a convexity assump-
tion. We also show that previous excess error
bounds can be recovered as special cases of our
general results. We then present a series of ex-
plicit bounds in the case of the zero-one loss, with
multiple choices of the surrogate loss and for both
the family of linear functions and neural networks
with one hidden-layer. We further prove more fa-
vorable distribution-dependent guarantees in that
case. We also present a series of explicit bounds
in the case of the adversarial loss, with surrogate
losses based on the supremum of the p-margin,
hinge or sigmoid loss and for the same two gen-
eral hypothesis sets. Here too, we prove several
enhancements of these guarantees under natural
distributional assumptions. Finally, we report the
results of simulations illustrating our bounds and
their tightness.

1. Introduction

Most learning algorithms rely on optimizing a surrogate loss
function distinct from the farget loss function tailored to the
task considered. This is typically because the target loss
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function is computationally hard to optimize or because it
does not admit favorable properties, such as differentiability
or smoothness, crucial to the convergence of optimization
algorithms. But, what guarantees can we count on for the
target loss estimation error, when minimizing a surrogate
loss estimation error?

A desirable property of a surrogate loss function, often re-
ferred to in that context is Bayes-consistency. It requires
that asymptotically, nearly optimal minimizers of the surro-
gate excess error also nearly optimally minimize the target
excess error (Steinwart, 2007). This property holds for a
broad family of convex surrogate losses of the standard bi-
nary and multi-class classification losses (Zhang, 2004a;
Bartlett et al., 2006; Tewari & Bartlett, 2007; Steinwart,
2007). But, Bayes-consistency is not relevant when learn-
ing with a hypothesis set J{ distinct from the family of all
measurable functions. Instead, the hypothesis set-dependent
notion of H-consistency should be adopted, as argued by
Long & Servedio (2013) (see also (Kuznetsov et al., 2014)
and (Zhang & Agarwal, 2020)). More recently, Awasthi et al.
(2021a) further studied J{-consistency guarantees for the ad-
versarial loss (Goodfellow et al., 2014; Madry et al., 2017;
Tsipras et al., 2018; Carlini & Wagner, 2017). Nevertheless,
consistency and J{-consistency are both asymptotic proper-
ties and thus do not provide any guarantee for approximate
minimizers learned from finite samples.

Instead, we will consider upper bounds on the target esti-
mation error expressed in terms of the surrogate estimation
error, which we refer to as H-consistency bounds, since
they account for the hypothesis set J{ adopted. These guar-
antees are significantly stronger than J(-calibration or J(-
consistency (Section 6) or some margin-based properties
of convex surrogate losses for linear predictors studied by
Ben-David et al. (2012) and Long & Servedio (2011). They
are also more informative than similar excess error bounds
derived in the literature, which correspond to the special
case where I is the family of all measurable functions
(Zhang, 2004a; Bartlett et al., 2006) (see also (Mohri et al.,
2018)[section 4.7]). We prove general theorems providing
such guarantees, which could be used in both distribution-
dependent and distribution-independent settings (Section 4).
‘We show that our bounds are tight, modulo a convexity as-
sumption (Section 5.2 and 6.1). We also show that previous
excess error bounds can be recovered as special cases of our
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general results (Section 5.1).

We then present a series of explicit bounds in the case of
the 0/1 loss (Section 5), with multiple choices of the surro-
gate loss and for both the family of linear functions (Sec-
tion 5.3) and that of neural networks with one hidden-layer
(Section 5.4). We further prove more favorable distribution-
dependent guarantees in that case (Section 5.5).

We also present a detailed analysis of the adversarial loss
(Section 6). We show that there can be no non-trivial ad-
versarial J{-consistency bound for supremum-based convex
loss functions and supremum-based sigmoid loss function,
under mild assumptions that hold for most hypothesis sets
used in practice (Section 6.2). These results imply that
the loss functions commonly used in practice for optimiz-
ing the adversarial loss cannot benefit from any useful H-
consistency bound guarantee! These are novel results that
go beyond the negative ones given for convex surrogates by
Awasthi et al. (2021a).

We present new H{-consistency bounds for the adversarial
loss with surrogate losses based on the supremum of the
p-margin loss, for linear hypothesis sets (Section 6.3) and
the family of neural networks with one hidden-layer (Sec-
tion 6.4). Here too, we prove several enhancements of these
guarantees under some natural distributional assumptions
(Section 6.5).

Our results help compare different surrogate loss functions
of the zero-one loss or adversarial loss, given the specific
hypothesis set used, based on the functional form of their
H-consistency bounds. These results, combined with ap-
proximation error properties of surrogate losses, can help
select the most suitable surrogate loss in practice. In addi-
tion to several general theorems, our study required a careful
inspection of the properties of various surrogate loss func-
tions and hypothesis sets. Our proofs and techniques could
be adopted for the analysis of many other surrogate loss
functions and hypothesis sets.

In Section 7, we report the results of simulations illustrating
our bounds and their tightness. We give a detailed discus-
sion of related work in Appendix A. We start with some
preliminary definitions and notation.

2. Preliminaries

Let X denote the input space and Y = {-1,+1} the binary
label space. We will denote by D a distribution over X x Y,
by P a set of such distributions and by H a hypothesis set
of functions mapping from X to R. The generalization
error and minimal generalization error for a loss function
£(h,x,y) are defined as Ry(h) = E(, y)~p[£(h,2,y)] and
RZ}( = infpeqc Re(h). Let Hay denote the hypothesis set of
all measurable functions. The excess error of a hypothesis

h is defined as the difference Ry (h) — Rj 4¢_ , which can be
decomposed into the sum of two terms, the estimation error
and approximation error:

Re()=R7 5., = (Re(h) = Rf 3¢)+(Ri 3¢ = Ri s,y )- (D

Given two loss functions ¢; and /5, a fundamental question
is whether /1 is consistent with respect to {5 for a hypothesis
set H and a set of distributions P (Bartlett et al., 2006;
Steinwart, 2007; Long & Servedio, 2013; Bao et al., 2021;
Awasthi et al., 2021a).

Definition 1 ((P,XH)-consistency). We say that {1 is
(P, H)-consistent with respect to £, if, for all distributions
D € P and sequences {h,,} nen € H, we have

lm Re, () =Ry, 3¢ = 0= lim Ry, (hn) =R, 50 = 0. (2)

We will denote by ¢ a margin-based loss if a loss function
¢ can be represented as £(h, z,y) = ®(yh(z)) and by &: =
SUP | g—ar|, <y P(YR(2)), p € [1,+00], the supremum-
based counterpart. In the standard binary classification,
{y is the 0/1 10ss Lo_1:= Lgign(n(z))=y, Where sign(a) =
1450 — Lo<o and ¢; is the margin-based loss for some
function ®:R — R,, typically convex. In the adver-
sarial binary classification, /5 is the adversarial 0/1 loss
L= SUD,r g |, <y Lyn(ar)<0, for some 7 € (0,1) and ¢,

is the supremum-based margin loss ®.

Let Bg(r) denote the d-dimensional £,-ball with radius 7:
Bi(r) = {zeR?| |21, < r}. Without loss of generality,
we consider X = de(l). Let p,q € [1,+00] be conjugate
numbers, that is - + 1 = 1. We will specifically study the
family of linear hypotheses Hyiy, = {2z = w- 2 +b| |lw], <
W, |b| < B} and one-hidden-layer ReLU networks Hyy =
{o e S0y sy +0). | July < A, Juw;l, < W, bl < BY,
where (-); = max(-,0). Finally, for any € > 0, we will
denote by (t), the e-truncation of ¢ € R defined by ¢1 ...

3. J{-consistency bound definitions

(P, H)-Consistency is an asymptotic relation between two
loss functions. However, we are interested in a more quan-
titative relation in many applications. This motivates the
study of J(-consistency bound.

Definition 2 (J{-consistency bound). If for some non-
decreasing function f:R, — R,, a bound of the following
form holds for all h € H and D € P:

Rep (h) = R, 50 < F(Rey (h) = R7, 5¢), 3)

then, we call it an H-consistency bound. Furthermore, if
P consists of all distributions over X x Y, we say that the
bound is distribution-independent.
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When H = H,;; and P is the set of all distributions, a
bound of the form (3) is also called a consistency excess
error bound. Note when f(0) = 0 and f is continuous at
0, the H-consistency bound (3) implies JH-consistency (2).
Thus, H-consistency bounds provide stronger quantitative
results than consistency and calibration. Furthermore, there
is a fundamental reason to study such bounds from the
statistical learning point of view: they can be turned into
more favorable generalization bounds for the target loss /o
than the excess error bound. For example, when P is the set
of all distributions, by (1), relation (3) implies that, for all
h € H, the following inequality holds:

fRe2(h) _:Rzz,}fan Sf(Rfl(h) - Rzl ,TH)+R22,3'C _Rzz yHan 4)
Similarly, the excess error bound can be written as follows:

:Rb(h)_jzzm}fau Sf(:RZl(h) - :th% + :Rzzﬂf - :Rzz,gfau)'(s)

If we further bound the estimation error [Ry, (h) - R}, 4]
by the empirical error plus a complexity term, (4) and (5)
both turn into generalization bounds. However, the general-
ization bound obtained by (4) is linearly dependent on the
approximation error of target loss £, while the one obtained
by (5) depends on the approximation error of the surrogate
loss /1 and can potentially be worse than linear dependence.
Moreover, (4) can be easily used to compare different sur-
rogates by directly comparing the corresponding mapping
f. However, only comparing the mapping f for different
surrogates in (5) is not sufficient since the approximation
errors of surrogates may differ as well.

Minimizability gap. We will adopt the standard nota-
tion for the conditional distribution of Y given X =
z: n(z) = DY = 1] X = z) and will also use
the shorthand An(z) = n(z) - 3. It is useful to
write the generalization error as R,(h) = Ex[Cy(h,x)],
where C,(h,x) is the conditional (-risk defined by
Co(h,z) = n(z)l(h,z,+1) + (1 — n(z))l(h,z,-1). The
minimal conditional (-risk is denoted by Cj ;. (z) =
infpeqc Co(h, x). We also use the followiﬁg short-
hand for the gap ACyac(h,z) = Co(h,z) - € 4c(2).
We call (A(ch(h,x))e = AG&g{(h,x)ﬂAeeﬁ(h,z)x
the conditional e-regret for ¢. To simplify the nota-
tion, we also define for any ¢ € [0,1], C,(h,z,t) =
tl(h,x,+1) + (1 — t)l(h,z,-1) and ACysc(h,z,t) =
Ce(h, z,t)—infpeqc Co(h, x,t). Thus, ACyg¢(h, z,n(x)) =
Ae&g{(h,.’l}).

A key quantity that appears in our bounds is the (¢, 7)-
minimizability gap My 3¢, which is the difference of the best-
in class error and the expectation of the minimal conditional
{-risk:

Megc =R g¢ — JEX[GZ:H(x)].
This is an inherent property of the hypothesis set J{ and
distribution D that we cannot hope to estimate or minimize.

As an example, the minimizability gap for the 0/1 loss and
adversarial 0/1 loss with H,;, can be expressed as follows:

Mél]—lag{all = R;0,17%311 - IEX [min{n(x)) 1 - 77(17)}] = 07
Me, 56 = Re ¢, = Ex[min{n(z), 1 -n(z)}].

Steinwart (2007, Lemma 2.5) shows that the minimizability
gap vanishes when the loss ¢ is minimizable. Awasthi et al.
(2021a) point out that the minimizability condition does
not hold for adversarial loss functions, and therefore that,
in general, My, s, is strictly positive, thereby presenting
additional challenges for adversarial robust classification.
Thus, the minimizability gap is critical in the study of adver-
sarial surrogate loss functions. The minimizability gaps for
some common loss functions and hypothesis sets are given
in Table 1 in Section 5.2 for completeness.

4. General theorems

We first introduce two main theorems that provide a general
H-consistency bound between any target loss and surrogate
loss. These bounds are H{-dependent, taking into consid-
eration the specific hypothesis set used by a learning algo-
rithm. To the best of our knowledge, no such guarantee
has appeared in the past. For both theoretical and practical
computational reasons, learning algorithms typically seek
a good hypothesis within a restricted subset of J,;;. Thus,
in general, J{-dependent bounds can provide more relevant
guarantees than excess error bounds. Our proposed bounds
are also more general in the sense that ;) can be used as
a special case. Theorems 1 and 2 are counterparts of each
other, while the latter may provide a more explicit form of
bounds as in (3).

Theorem 1 (Distribution-dependent U-bound). Assume
that there exists a convex function U:R, — R with U(0) >0
and € > 0 such that the following holds for all h € H and
xeX:

U({ACy, 5¢(h,x)),) < ACq, 5¢(h, ). (6)

Then, the following inequality holds for any h € H:

U(Re, (h) = Ry, g¢ + My a¢)
< Re, (h) = R}, 5¢ + My, 9¢ + max{¥(0), ¥(e)}. (7)

Theorem 2 (Distribution-dependent I'-bound). Assume
that there exists a concave function I':R, - R and € > 0
such that the following holds for all h € H and x € X:

(ACy, 9¢(h,x)), <T(AC, 5¢(h,x)). (8)
Then, the following inequality holds for any h € 3{:

:R¢2(h) —:R;%g_f SF(ngl(h)—fthg_C +M@1 )}()—Mez’{}( +€.(9)
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The proofs of Theorems 1 and 2 are included in Appendix D,
where we make use of the convexity of ¥ and concavity of
I". Below, we will mainly focus on the case where ¥(0) = 0
and € = 0. Note that if £, is upper bounded by {1 and R}, 54—
Mo, 3¢ = R}, 9¢ = My, 3¢, then, the following inequality
automatically holds for any h € JH:

ngz(h) - REQ,S{ + Mgmg{ < fR@l (h) - R;hﬂf + Mghg{.

This is a special case of Theorems 1 and 2. Indeed, since
Ry, g¢ = My 3¢ = RE, 5 = Moy 3¢, we have €7, 4c(z) =
€7, oc(x) and thus ACy, 3¢(h,x) < ACy, g¢(h, ). There-
fore, ® and I' can be the identity function. We refer to such
cases as “trivial cases”. They occur when My, 5¢ and My, g¢
respectively coincide with the corresponding approximation
errors and Ry 4c =Ry 4c . We will later see such cases
for specific loss functions and hypothesis sets (See (38) in
Appendix K.1.6 and (56) in Appendix L.1.1). Let us point
out, however, that the corresponding J{-consistency bounds
are still valid and worth studying since they can be shown
to be the tightest (Theorems 4 and 6).

Theorem 1 is distribution-dependent, in the sense that, for a
fixed distribution, if we find a W that satisfies condition (6),
then the bound (7) only gives guarantee for that same dis-
tribution. Since the distribution D of interest is typically
unknown, to obtain guarantees for D, if the only informa-
tion given is that D belongs to a set of distributions P, we
need to find a W that satisfies condition (6) for all the distri-
butions in P. The choice of WV is critical, since it determines
the form of the bound obtained.

We say that ¥ is optimal if any function that makes the
bound (7) hold for all distributions in P is everywhere
no larger than ¥. The optimal ¥ leads to the tightest J-
consistency bound (7) uniform over P. Specifically, when
P consists of all distributions, we say that the bound is
distribution-independent. The above also applies to Theo-
rem 2, except that I is optimal if any function that makes
the bound (9) hold for all distributions in P is everywhere
no less than I'.

When /5 is the 0/1 loss or the adversarial 0/1 loss, the
conditional e-regret that appears in condition (6) has ex-
plicit forms for common hypothesis sets as characterized
later in Lemma 1 and 2, establishing the basis for intro-
ducing non-adversarial and adversarial JH{-estimation error
transformation in Section 5.2 and 6.1. We will see later in
these sections that the transformations introduced are of-
ten the optimal ¥ we are seeking for, which respectively
leads to tight non-adversarial and adversarial distribution-
independent guarantees. In Section 5 and 6, we also apply
our general theorems and tools to loss functions and hy-
pothesis sets widely used in practice. Each case requires a
careful analysis that we present in detail.

5. Guarantees for the zero-one loss ¢, = {y_;

In this section, we discuss guarantees in the non-adversarial
scenario where /5 is the zero-one loss, £y_1. The lemma
stated next characterizes the minimal conditional £y_1-risk
and the conditional e-regret, which will be helpful for intro-
ducing the general tools in Section 5.2. The proof is given in
Appendix E. For convenience, we will adopt the following
notation: J(x) = {h € H:sign(h(x))An(z) < 0}.
Lemma 1. Assume that H satisfies the following condition
Sforany x € X: {sign(h(x)):h e H} = {-1,+1}. Then, the
minimal conditional fo_1-risk is

Chor,9¢(®) = €4, 5¢,, () = min{n(z),1-n(z)}.

The conditional e-regret for £y_1 can be characterized as

<A650717j—((h,l’)>€ = (2|An(x)‘>e]lheﬁ(m) .

5.1. Hypothesis set of all measurable functions

Before introducing our general tools, we will consider the
case where H = J{,;; and will show that previous excess
error bounds can be recovered as special cases of our re-
sults. As shown in (Steinwart, 2007), both My, , 5¢,,, and
Ma 3¢, vanish. Thus by Lemma 1, we obtain the following
corollary of Theorem 1 by taking € = 0.

Corollary 1. Assume that there exists a convex function
U:R, - R with ¥(0) = 0 such that for any v € X,
V(2|An(x)]) <inf, gy ACa .30, (h, ). Then, for any
hypothesis h € H,y, the following inequality holds:

U(Reoy (h) =R, 90,,) < Ra(h) = Ry o,

Furthermore, Corollary 2 follows from Corollary 1 by taking

the convex function W (t) = (t/(2¢))".

Corollary 2. Assume there exist s > 1 and ¢ > 0 such that
1

Jorany x € X, |An(z)| < ¢ infy g (ACq 3¢, (h, @)~

Then, for any hypothesis h € H,,

o =

Reoy (h) = Rj, ac., <20 (Ra(h) = R 50.,) -

The excess error bound results in the literature are all cov-
ered by the above corollaries. As shown in Appendix F,
Theorem 4.7 in (Mohri et al., 2018) is a special case of
Corollary 2 and Theorem 1.1 in (Bartlett et al., 2006) is a
special case of Corollary 1.

5.2. General hypothesis sets

In this section, we provide general tools to study JH-
consistency bounds when the target loss is the 0/1 loss. We
will then apply them to study specific hypothesis sets and
surrogates in Section 5.3 and 5.4. Lemma 1 characterizes
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Figure 1: Left: surrogates. Right: J{j;,-est. error trans. inv.

the conditional e-regret for £y_; with common hypothesis
sets. Thus, Theorems 1 and 2 can be instantiated as The-
orems § and 9 in these cases (see Appendix C). They are
powerful distribution-dependent bounds and, as discussed
in Section 4, the bounds become distribution-independent
if the corresponding conditions can be verified for all the
distributions with some W, which is equivalent to verifying
the condition in the following theorem.

Theorem 3 (Distribution-independent U-bound). As-
sume that H satisfies the condition of Lemma 1. Assume
that there exists a convex function U:R, — R with U(0) =0
and € > 0 such that for any t € [1/2,1],

\I/((Qt—n{) < inf Afﬂpg{(h,.ﬁ,i).

zeX,heH:h(x)<0

Then, for any hypothesis h € H and any distribution,

\II(REO—I (h) - :Rzo_l,f}f + Mzo—l,%)

<R (h) = Ry g¢ + Ma 5¢ + max{0, ¥(e)}. (10)
The counterpart of Theorem 3 is Theorem 12 (distribution-
independent I'-bound), deferred to Appendix C due to space
limitations. The proofs for both theorems are included in
Appendix G. Theorem 3 provides the general tool to derive
distribution-independent J{-consistency bounds. They are
in fact tight if we choose ¥ to be the J{-estimation error
transformation defined as follows.

Definition 3 (H-estimation error transformation). The
H-estimation error transformation of ® is defined on t ¢
[0,1] by To(t) = T(t)Nsefe1] + (T(€)/€) tLyefo,e), where
T(t) = inf pexc neacn(a)<o ACo,ac (b, z, ).

When € = 0, T5(t) coincides with T(¢). Observe that for
any t € [(1 + €)/2, 1], the following equality holds:

Te(2t—1) = inf

Ae<1>’g-((h7 x, t).
zeX,heH:h(x)<0

Taking ¥ = T4 satisfies the condition in Theorem 3 if T
is convex with T4 (0) = 0. Moreover, as mentioned earlier,
it actually leads to the tightest J{-consistency bound (10)
when € = 0.

Theorem 4 (Tightness). Suppose that H satisfies the con-
dition of Lemma 1 and that € = 0. If Tg is convex with
T5(0) = 0, then, for any t € [0,1] and § > 0, there ex-
ist a distribution D and a hypothesis h € H such that

Table 1: Loss functions and their minimizability gaps.

Loss Functions ‘ Definitions Megey,  Mesian
Hinge Bpinge(t) = max{0,1 -t} (25) (40)
Logistic Dog(t) =log, (1 +e7) 27) (42)
Exponential Doy (t) =" (29) (44)
Quadratic Byuaa(t) = (1 =) Teer (31) @31
Sigmoid Dig(t) = 1 —tanh(kt), k>0 (33) (48)
p-Margin D,(t) = min{l max{(] 1- —}} p>0 (36) (40)
Sup-p-Margin P, = supl Jomarlpey Po(Yh(2")) (53) (58)
Zero-One lo-1 = slgn(h(z))xv (24) (39)
Adversarial Zero-One | £, = SUD, /.5 | <y Lyn(ary<o (52) (57)

Table 2: Hj;,-estimation error transformation and ;-
consistency bounds with e = 0.

Surrogates | To(t), t € [0,1] Bound
Hinge min{B,1}¢ (26)
f+l < e 71.
Logistic log,(t+1) + 5 2 5 log, (1-1), ; t T (28)
1——11()g2(1+f’_ ) - Ltlog,(1+€”), t>251.
2B
1-V1-12, < Spet,
Exponential e f; B t< gjgj (30)
1-Fre ™ =Fe?, t>Gryy
. 2, t<B,
Quadratic {2Bt B BZ, ‘> B (32)
Sigmoid tanh(kB)¢ (34)
p-Margin Wt (37)
Re,_ 1(h) (0 LK T My, 3¢ = t and ‘.Tq;.(t) < qu;.(h) -

R 39T M<I>’g—( < ‘.T@,(t) + 0.

The proof is included in Appendix I. In other words, when
€ =0, if T is convex with T4 (0) = 0, it is optimal for the
distribution-independent bound (10). Moreover, if T3 is ad-
ditionally invertible and non-increasing, T3' is the optimal
function for the distribution-independent bound in Theo-
rem 12 (Appendix C) and the two bounds are equivalent.

In the following sections, we will see that all these assump-
tions hold for common loss functions with linear and neural
network hypothesis sets. Next, we will apply Theorems 3
and 4 to the linear models (Section 5.3) and neural networks
(Section 5.4). Each case requires a detailed analysis (See
Appendix K.1 and K.2).

The loss functions considered below and their minimiz-
ability gaps are defined in Table 1. In some cases, the
minimizability gap coincides with the approximation
error. For example, Mo, 30, = Rg,, a¢,, — Bx[1 -
I1- 277(ac)|tanh(k(WHxH +B))] coincides with the
(Psig, Hiin )-approximation error R%g,ﬂﬁm - Ex[1 -
|1 = 2n(x)|] for B = +o0; Mgy, 5xn = Ri -

Phinge, HNN
Ex[1-[2n(z) - 1|min{AW ||, + AB,1}] coin-

cides with the (®Ppinge,Hnn)-approximation error
R pimge, Hon ~ Ex[1 -1 - 2n(x)|] for AB > 1. The

detailed derivation is included in Appendix K, L.

5.3. Linear hypotheses

By applying Theorems 3 and 4, we can derive JHj;,-
consistency bounds for common loss functions defined
in Table 1. Table 2 supplies the J{j,-estimation error
transformation J¢ and the corresponding bounds for those
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Table 3: Hyn-estimation error transformation and Hyy-
consistency bounds with € = 0.

Surrogates | Ta(t), t€[0,1] Bound

Hinge min{AB,1}¢ (41)
z+1 1t < -1
Logistic lo%‘z(t D+ \Blogz(l 2 ! W’ 43)
,L]Og (1+e” )——1052(1+c ), t> S
2AB
_\/ 2 <e -1
Exponential ! /+} _It\B LA ts fikﬁf} ' (45)
1-5re -Ge t> Sxpy
t*, t<AB,
adrati L 47
Quadratic {ZABt— (AB)?, t > AB. “n
Sigmoid tanh(kAB)t (49)
p-Margin 7"”"{23‘[’} t S

loss functions. The inverse T3' is given in Table 5 of
Appendix B. Surrogates ® and their corresponding T
(B = 0.8) are visualized in Figure 1. Theorems 3 and 4
apply to all these cases since Tg is convex, increasing,
invertible and satisfies that T4 (0) = 0. More precisely,
taking ¥ = Tg and € = 0 in (10) and using the inverse
function ‘T‘;l directly give the tightest bound. As an exam-
ple, for the sigmoid loss, ‘Tg,l (t) = m Then the
bound (10) becomes Ry, _, (h) R, 1,%m < (R, (h) -
R g T Ma,,, 3¢, )/ tanh(kB) — My,_, 3¢, wWhich
is (34) in Table 2. Furthermore, after plugging in the
minimizability gaps concluded in Table 1, we will obtain
the novel bound Ry, ,(h) = R} 4. < (Ro,,(h) -
Ex[1-[1-2n(z)|tanh(k(W ||, + B))])/ tanh(kB)
((35) in Appendix K.1.5). The bounds for other surrogates
are similarly derived in Appendix K.1. For the logistic loss
and exponential loss, to simplify the expression, the bounds
are obtained by plugging in an upper bound of T3'.

Let us emphasize that these J{-consistency bounds are novel
in the sense that they are all hypothesis set-dependent and, to
our knowledge, no such guarantee has been presented before.
More precisely, the bounds of Table 2 depend directly on the
parameter B in the linear models and parameters of the loss
function (e.g., k in sigmoid loss). Thus, for a fixed hypothe-
sis h € J(j;,, we may give the tightest bound by choosing the
best parameter B. As an example, Appendix K.1.5 shows
that the bound (35) with B = +oo coincides with the ex-
cess error bound known for the sigmoid loss (Bartlett et al.,
2006). However, for a fixed hypothesis h, by varying B
(hypothesis set) and & (loss function), we may obtain a finer
bound! Thus studying hypothesis set-dependent bounds
can guide us to select the most suitable hypothesis set and
loss function. Moreover, as shown by Theorem 4, all the
bounds obtained by directly using T' are tight and cannot
be further improved.

5.4. One-hidden-layer ReLU neural networks

In this section, we give J-consistency bounds for one-
hidden-layer ReLU neural networks Hyy. Table 3 is the
counterpart of Table 2 for Hy. Different from the bounds
in the linear case, all the bounds in Table 3 not only depend
on B, but also depend on A, which is a new parameter in

Hnn. This further illustrates that our bounds are hypothesis
set-dependent and that, as with the linear case, adequately
choosing the parameters A and B in Hyy would give us
better hypothesis set-dependent guarantees than standard
excess error bounds. The inverse T5' is given in Table 6
of Appendix B. Our proofs and techniques could also be
adopted for the analysis of multi-layer neural networks.

5.5. Guarantees under Massart’s noise condition

The distribution-independent J{-consistency bound (10) can-
not be improved, since they are tight as shown in Theo-
rem 4. However, the bounds can be further improved in the
distribution-dependent setting. Indeed, we will study how
H-consistency bounds can be improved under low noise
conditions, which impose the restrictions on the conditional
distribution 7(x). We consider Massart’s noise condition
(Massart & Nédélec, 2006) which is defined as follows.

Definition 4 (Massart’s noise). The distribution D over
X x Y satisfies Massart’s noise condition if |An(x)| >
B for almost all x € X, for some constant 3 € (0,1/2].

When it is known that the distribution D satisfies Massart’s
noise condition with 3, in contrast with the distribution-
independent bounds, we can require the bounds (7) and
(9) to hold uniformly only for such distributions. With
Massart’s noise condition, we introduce a modified H-
estimation error transformation in Proposition 1 (Ap-
pendix M), which verifies condition (13) of Theorem 8§ (the
finer distribution dependent guarantee mentioned before,
deferred to Appendix C) for all distributions under the noise
condition. Then, using this transformation, we can obtain
more favorable distribution-dependent bounds. As an exam-
ple, we consider the quadratic loss ®qyuaq, the logistic loss
®1,¢ and the exponential loss Py, with Hy. For all distri-
butions and h € H,j;, as shown in (Zhang, 2004a; Bartlett
et al., 2006; Mohri et al., 2018), the following holds:

b

RZOfl (h) - Rzn—l Flan = \/_(R‘I’(h) - :RE’,U'Cau)l/Q
when the surrogate loss ® is @155 O Peypp. If D = Pyad,
then the constant multiplier /2 can be removed. For dis-
tributions that satisfy Massart’s noise condition with 3,
as proven in Appendix M, for any h € JH, such that
Ra(h) < R g¢,,, + T(2B), the consistency excess error
bound is improved from the square-root dependency to a
linear dependency:

Reo—l (h) - fRZH, Fan < 26(R¢(h) - R;,J—Ca“)/q(zg)v (IT)

where T(t) equals to t?, 1 log, (t+1)+ L log, (1-t) and

1-+v1-1t2 for Pyuad, <I>1Og and Dy respectwely. These
linear dependent bounds are tight, as illustrated in Section 7.
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6. Guarantees for the adversarial loss /, = .,

In this section, we discuss the adversarial scenario where
¢ is the adversarial 0/1 loss £,. We consider symmetric
hypothesis sets, which satisfy: h € J if and only if —h € J.
For convenience, we will adopt the following definitions:

h(x)= —inf  h(z')

o a—a']p<y

hy(z) = sup  h(2).

oo’ <y

We also define H(,(z) = {heH:h (x)<0<h,(z)}.
The following characterization of the minimal conditional
£.,-risk and conditional e-regret is based on (Awasthi et al.,
2021a, Lemma 27) and will be helpful in introducing the
general tools in Section 6.1. The proof is similar and is
included in Appendix E for completeness.

Lemma 2. Assume that H is symmetric. Then, the minimal
conditional {-risk is

€7 s¢(2) = min{n(z),1- n(x)}]lﬁw(x)g{ + ]lﬁw(z):i}( :

The conditional e-regret for £, can be characterized as

([An(@)|+3), hedy(a) ¢ 3

@A), hy(x) <0
(el =1 500N

0 otherwise

6.1. General hypothesis sets

As with the non-adversarial case, we begin by providing
general theoretical tools to study H-consistency bounds
when the target loss is the adversarial 0/1 loss. Lemma 2
characterizes the conditional e-regret for £, with symmetric
hypothesis sets. Thus, Theorems 1 and 2 can be instan-
tiated as Theorems 10 and 11 (See Appendix C) in these
cases. These results are distribution-dependent and can
serve as general tools. For example, we can use these tools
to derive more favorable guarantees under noise conditions
(Section 6.5). As in the previous section, we present their
distribution-independent version in the following theorem.

Theorem 5 (Adversarial distribution-independent
WU-bound). Suppose that H is symmetric. Assume there
exist a convex function U: R, — R with ¥(0) =0and e >0
such that the following holds for any t € [1/2,1]:

((t)) < inf
zeX,heH  (x)EH

V((2t-1))<  inf
zeX,heH:h (z)<0

Aeav.}c(hq z,t),

Ae&:}c(h,l',t).

Then, for any hypothesis h € H and any distribution,

U(Re, (h) =Ry ¢+ Me, 5¢)
<Rg(h) = R 40 + Mg g¢ + max{0,¥(e)}. (12)

The counterpart of Theorem 5 is Theorem 13 (adversarial
distribution-independent I'-bound), deferred to Appendix C
due to space limitations. The proofs for both theorems are in-
cluded in Appendix H. As with the non-adversarial scenario,
the tightest distribution-independent J{-consistency bounds
obtained by Theorem 5 can be achieved by the optimal ¥,
which is the adversarial H-estimation error transformation
defined as follows.

Definition 5 (Adversarial J-estimation error transfor-
mation). The adversarial H-estimation error transformation
of @ is defined on t € [0,1] by T3(t) = min{T(t), Ta(t)},

where T1(t) =T, () Lge[rj2,17 + 271(1/2) tLie[0,1/2)>
TQ(t) = /KJ\HQ (t)]lte[e,l] + (6\‘2(6)/6) t]]-tG[O,e)7
with  Ty(t) := inf ACz 4c(h,z,t),
2eX,heF, (z)gH ’ i1
Ta(t) = inf Aeag{(h,x, —).

xeX,heH:h., (x)<0 2

It is clear that T satisfies assumptions in Theorem 5. The
next theorem shows that it gives the tightest J{-consistency
bound (12) under certain conditions.

Theorem 6 (Adversarial tightness). Suppose that H is
symmetric and that € = 0. If Tg = min{T,, T2} is convex
with T5(0) = 0 and Ty < Ty, then, for any t € [0,1] and
0 > 0, there exist a distribution D and a hypothesis h € H
such that R, (h)=Rj_ 3c+My, 3¢ = tand Tg(t) < Rg(h)-
R%,}C + M%,}C <Tz(t) +6.

The proof is included in Appendix I. In other words, when
€ =0,if Ty < 77 and T is convex with T3(0) = 0, T
is the optimal function for the distribution-independent
bound (12). Moreover, if Tz is additionally invert-
ible and non-increasing, ‘Ig is the optimal function for
the distribution-independent bound in Theorem 13 (Ap-
pendix C) and the two bounds will be equivalent.

We will see that all these assumptions hold for cases consid-
ered in Section 6.3 and 6.4. Next, we will apply Theorem 5
along with the tightness guarantee Theorem 6 to study spe-
cific hypothesis sets and adversarial surrogate loss functions
in Section 6.2 for negative results and Section 6.3 and 6.4
for positive results. A careful analysis is presented in each
case (See Appendix L).

6.2. Negative results for adversarial robustness

Awasthi et al. (2021a) show that supremum-based convex
loss functions of the type ® = SUDP s gar [, <y P(YR(Z")),
where @ is convex and non-increasing, are not H-calibrated
with respect to £, for H containing 0, that is regular for
adversarial calibration, e.g., Hii, and Hny.

Definition 6 (Regularity for adversarial calibration).
[Definition 5 in (Awasthi et al., 2021a)] We say that a hypoth-
esis set I is regular for adversarial calibration if there exists
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Table 4: Adversarial H-consistency bounds. They are com-
pletely new consistency bounds in the adversarial setting
and can turn into more significant e-consistency results. The
minimizability gaps appearing in the bounds for the surro-
gates are concluded in Table 1. The detailed derivation is
included in Appendix L, N.

Surrogates \ Bound (Hj;n) Bound (Hyyn) — Distribution set

) o (54) (59) All distributions
Phinge 67) 71) Massart’s noise
Dig (69) (73) Massart’s noise

a distinguishing z in X, that is if there exist f,g € H such
that inf sy, < f(2") > 0 and sup |,y < 9(2") <0.

Similarly, we show that there are no non-trivial adversarial
JH-consistency bounds with respect to £, for supremum-
based convex loss functions and supremum-based symmetric
loss functions (see Definition 7 below) including sigmoid
loss with such hypothesis sets.

Definition 7 (Symmetric loss). We say that a margin-based
loss @ is symmetric if there exists a constant C' > 0 such
that ®(t) + ®(-t) = C for any t € R, and denote it by
Ogym. We also define its supremum-based counterpart as
Pym = SUPgrs|g—ar|, <y Poym (y(2")) and call Py, the
supremum-based symmetric loss.

For the sigmoid loss ®g;e(t) = 1 - tanh(kt), k& > 0, we
have ®gig(t) + Psig(—t) = 2, which implies that ®g;, is
symmetric. Note that Awasthi et al. (2021a) do not study the
sigmoid loss, which is non-convex. Thus, our results below
go beyond their results for convex adversarial surrogates.

Theorem 7 (Negative results for robustness). Suppose
that 3 contains O and is regular for adversarial calibration.
Let {1 be supremum-based convex loss or supremum-based
symmetric loss and Uy = (.. Then, f(t) >1/2 for anyt >0
are the only non-decreasing functions f such that (3) holds.

The proof is given in Appendix J. In other words, the
function f in bound (3) must be lower bounded by 1/2
for such adversarial surrogates. Theorem 7 implies that
the loss functions commonly used in practice for opti-
mizing the adversarial loss cannot benefit from any use-
ful H-consistency bound guarantee. Instead, we show in
Section 6.3 and 6.4 that the supremum-based p-margin
loss @, = SUPy 1| z-av|, <y Po(yh(2")) proposed by Awasthi
et al. (2021a) admits favorable adversarial J{-consistency
bounds. These bounds would also imply significantly
stronger results than the asymptotic H-consistency guar-
antee in (Awasthi et al., 2021a).

6.3. Linear hypotheses

In this section, by applying Theorems 10 and 11, we derive
the adversarial JHj;;,-consistency bound (54) in Table 4 for

supremum-based p-margin loss. This is a completely new
consistency bound in the adversarial setting. As with the
non-adversarial case, the bound is dependent on the param-
eter B in linear hypothesis set and p in the loss function.
This helps guide the choice of loss functions once the hy-
pothesis set is fixed. More precisely, if B > 0 is known,
we can always choose p < B such that the bound is the
tightest. Moreover, the bound can turn into more signif-
icant e-consistency results in adversarial setting than the
H-consistency result in (Awasthi et al., 2021a).

Corollary 3. Let D be a distribution over X x Y such that
Mip&(nn < e for some € > 0. Then, the following holds:

Re(h) =R, 30, <p( R, () - Re g * ¢)/min{B, p}.

Awasthi et al. (2021a) show that ) p 18 Hiin-consistent with
respect to £ when Mg 4. = 0. This result can be im-
mediately implied by Corollary 3. Moreover, Corollary 3
provides guarantees for more general cases where M@,}Cnn
can be nonzero.

6.4. One-hidden-layer ReLU neural networks

For the one-hidden-layer ReLU neural networks Hnn and
5,), we have the JH{nn-consistency bound (59) in Table 4.
Note infex SUpyegey, Iy () does not have an explicit ex-
pression. However, (59) can be further relaxed to be (60)
in Appendix L.2, which is identical to the bound in the
linear case modulo the replacement of B by AB. As in
the linear case, the bound is new and also implies stronger
e-consistency results as follows:

Corollary 4. Let D be a distribution over X x Y such that
M5P,HNN < € for some € > 0. Then,

R, (h) =R}, g0 <0(R () - Jz%mj{wﬂ) /min{AB, p.

Besides the bounds for ® p» Table 4 gives a series of results
that are all new in the adversarial setting. Like the bounds
in Table 2 and 3, they are all hypothesis set dependent and
very useful. For example, the improved bounds for ihinge
and 5Sig under noise conditions in the table can also turn
into meaningful consistency results under Massart’s noise
condition, as shown in Section 6.5.

6.5. Guarantees under Massart’s noise condition

Section 6.2 shows that non-trivial distribution-independent
bounds for supremum-based hinge loss and supremum-
based sigmoid loss do not exist. However, under Massart’s
noise condition (Definition 4), we will show that there exist
non-trivial adversarial J{-consistency bounds for the two
loss functions. Furthermore, we will see that the bounds are
linear dependent as those in Section 5.5.
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Figure 2: Left: tightness of bound (11) in Section 5.5. Right:
tightness of bounds (54), (67) and (69) in Section 6.3 and
6.5.

As with the non-adversarial scenario, we introduce a modi-
fied adversarial J{-estimation error transformation in Propo-
sition 2 (Appendix N). Using this tool, we derive adversarial
H-consistency bounds for 5hinge and $sig under Massart’s
noise condition in Table 4. From the bounds (67), (69), (71),
and (73), we can also obtain novel e-consistency results for
?{;hinge and 5Sig with linear models and neural networks
under Massart’s noise condition.

Corollary 5. Let H be Hyiy, or Hnn. Let D be a distribu-
tion over X x Y which satisfies Massart’s noise condition
with B such that Mg 4. < € for some € > 0. Then,

" 1+2
Re, (h) =R 9¢ < 120

(R (h) - R 5 + /T (B),
where T(t) equals to min{t, 1} and tanh(kt) for ®pinge
and §Sig respectively, B is replaced by AB for H = Hyn.

In Section 7, we will further show that these linear depen-
dency bounds in adversarial setting are tight, along with the
non-adversarial bounds we discussed earlier in Section 5.5.

7. Simulations

Here, we present experiments on simulated data to illustrate
our bounds and their tightness. We generate data points
x € Ron [-1,+1]. All risks are approximated by their
empirical counterparts computed over 107 i.i.d. samples.

Non-adversarial. To demonstrate the tightness of our
non-adversarial bounds, we consider a scenario where the
marginal distribution is symmetric about x = 0 with labels
flipped. With probability 1—16, (x,y) = (1,-1); with proba-
bility 1—76, the label is +1 and the data follows the truncated
normal distribution on [, 1] with both mean and standard
deviation o. We consider ®y,.d4, P1og and Py, defined
in Table 1. The distribution considered satisfies Massart’s
noise condition with 3 = % Thus, our bound (11) in Sec-
tion 5.5 becomes Ry, , (h) =Ry | 4 <Ra(h) =RG 4,
for any h € H,y such that Rg(h) < R ¢, + 1. All the
minimal generalization errors vanish in this case. As shown
in Figure 2, for h(z) = —5z, the bounds corresponding to
D guad, Plog and Py, are all tight as o — 0.

Adversarial. To demonstrate the tightness of our ad-
versarial bounds, the distribution is modified as follows:

with probability 7=, (2,y) = (1,-1); with probability 1z,
(z,y) = (-1, +1); with probability %, the label is —1 and the
data follows the truncated normal distribution on [-1,v-c]
with mean v — ¢ and standard deviation 0. We set v = 0.1
and consider ® pWithp =1, $hinge and i.ig with k = 1. The
distribution considered satisfies Massart’s noise condition
with 8 = % Thus, our bounds (54), (67) and (69) in Table 4
become R, (h) < R z(h), for any h € Hyin. As shown in
Figure 2, for h(x) = —5z, the bounds corresponding to @,
5hingc and 551g are all tight as o — 0.

8. Conclusion

We presented an exhaustive study of J{-consistency bounds,
including a series of new guarantees for both the non-
adversarial zero-one loss function and the adversarial zero-
one loss function. Our hypothesis-dependent guarantees
are significantly stronger than the consistency or calibration
ones. Our results include a series of theoretical and con-
ceptual tools helpful for the analysis of other loss functions
and other hypothesis sets, including multi-class classifica-
tion or ranking losses. They can be further extended to the
analysis of non-i.i.d. settings such as that of drifting dis-
tributions (Helmbold & Long, 1994; Long, 1999; Barve &
Long, 1997; Bartlett et al., 2000; Mohri & Medina, 2012;
Gama et al., 2014) or, more generally, time series predic-
tion (Engle, 1982; Bollerslev, 1986; Brockwell & Davis,
1986; Box & Jenkins, 1990; Hamilton, 1994; Meir, 2000;
Kuznetsov & Mohri, 2015; 2017; 2020). Our results can
also be extended to many other loss functions, using our
general proof techniques or a similar analysis.
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A. Related Work

Bayes-consistency (also known as consistency) and excess error bounds between margin-based loss functions and the
zero-one loss have been widely studied in the literature (Zhang, 2004a; Bartlett et al., 2006; Steinwart, 2007; Mohri et al.,
2018). Consistency studies the asymptotic relation between the surrogate excess error and the target excess error while
excess error bounds study the quantitative relation between them and thus is stronger. They both consider the hypothesis set
of all measurable functions. Zhang (2004a), Bartlett et al. (2006), and Steinwart (2007) studied consistency via the lens of
calibration and showed that calibration and consistency are equivalent in the standard binary classification when considering
the hypothesis set of all measurable functions.

Zhang (2004a) studied the closesenee to the optimal excess error of the zero-one loss minimizers of convex surrogates.
Bartlett et al. (2006) extended the results of Zhang (2004a) and developed a general methodology for coming up with
quantitative bounds between the excess error corresponding to the zero-one loss and that of margin-based surrogate loss
functions for all distributions. In a more recent work, Mohri et al. (2018) simplified these results and provided different
proofs for the excess error bounds of various loss functions widely used in practice. Calibration and consistency analysis
have also been extended to the multi-class settings (Zhang, 2004b; Tewari & Bartlett, 2007) and to ranking problems
(Uematsu & Lee, 2011; Gao & Zhou, 2015).

Bayes-consistency is not an appropriate notion when studying learning with a hypothesis set J{ that is distinct from the
family of all measurable functions. Therefore, a new hypothesis set-dependent notion namely, J{-consistency, has been
proposed and explored in the more recent literature (Long & Servedio, 2013; Kuznetsov et al., 2014; Zhang & Agarwal,
2020). In particular, Long & Servedio (2013) argued that JH{-consistency is a more useful notion than consistency by
empirically showing that certain loss functions that are J{-consistent but not Bayes consistent can perform significantly
better than a loss function known to be Bayes consistent. The work of Kuznetsov et al. (2014) extended the J{-consistency
results in (Long & Servedio, 2013) to the case of structured prediction and provided positive results for J{-consistency of
several multi-class ensemble algorithms.

In a recent work Zhang & Agarwal (2020) investigated the empirical phenomenon in (Long & Servedio, 2013) and designed
a class of piecewise linear scoring functions such that minimizing a surrogate that is not J-consistent over this larger class
yields JH-consistency of linear models. For linear predictors, more general margin-based properties of convex surrogate
losses are also studied in (Long & Servedio, 2011; Ben-David et al., 2012). Aiming for such margin-based error guarantees,
Ben-David et al. (2012) argued that the hinge loss is optimal among convex losses.

Most recently, the notion of JH-consistency along with J{-calibration have also been studied in the context of adversarially
robust classification (Bao et al., 2021; Awasthi et al., 2021a). In the adversarial scenario, in contrast to standard classification,
the target loss is the adversarial zero-one loss (Goodfellow et al., 2014; Madry et al., 2017; Carlini & Wagner, 2017; Tsipras
et al., 2018; Shafahi et al., 2019; Wong et al., 2020). This corresponds to the worst zero-one loss incurred over an adversarial
perturbation of = within a y-ball as measured in a norm, typically ¢, for p € [1, +oo]. The adversarial loss presents new
challenges and makes the consistency analysis significantly more complex.

The work of Bao et al. (2021) initiated the study of J{-calibration with respect to the adversarial zero-one loss for the linear
models. They showed that convex surrogates are not calibrated and introduced a class of nonconvex margin-based surrogate
losses. They then provided sufficient conditions for such nonconvex losses to be calibrated in the linear case. The work of
Awasthi et al. (2021a) extended the results in (Bao et al., 2021) to the general nonlinear hypothesis sets and pointed out
that although J{-calibration is a necessary condition of J{-consistency, it is not sufficient in the adversarial scenario. They
then proposed sufficient conditions which guarantee calibrated losses to be consistent in the setting of adversarially robust
classification.

All the above mentioned publications either studied asymptotic properties (Bayes-consistency or JH{-consistency) or studied
quantitative relations when J{ is the family of all measurable functions (excess error bounds). Instead, our work considers
a hypothesis set-dependent quantitative relation between the surrogate estimation error and the target estimation error.
This is significantly stronger than H-calibration or H{-consistency and is also more informative than excess error bounds
which correspond to a special case of our results with 3 = J(,;;. As a by-product, our theory contributes more significant
consistency results for the poorly understood setting of adversarial robustness. There have also been recent works on
different theoretical aspects of adversarial robustness such as tension between the zero-one loss and the adversarial zero-one
loss (Tsipras et al., 2018; Zhang et al., 2019), computational bottlenecks for adversarial loss (Bubeck et al., 2018a;b; Awasthi
et al,, 2019), adversarial examples (Bartlett et al., 2021; Bubeck et al., 2021), sample complexity of adversarial surrogate
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losses (Khim & Loh, 2018; Cullina et al., 2018; Yin et al., 2019; Montasser et al., 2019; Awasthi et al., 2020), computational
complexity of adversarially robust linear classifiers (Diakonikolas et al., 2020), connections with PAC learning (Montasser
et al., 2020; Viallard et al., 2021), perturbations beyond ¢,, norm(Feige et al., 2015; 2018; Attias et al., 2018), adversarial
robustness optimization (Robey et al., 2021), overparametrization (Bubeck & Sellke, 2021) and Bayes optimality (Awasthi
et al., 2021b).

B. Deferred Tables

Table 5: Non-adversarial H);,-estimation error transformation (e = 0) and Hy;,-consistency bounds. All the bounds are
hypothesis set-dependent (parameter B in J{};,,) and provide novel guarantees as discussed in Section 5.3. The minimizability
gaps appearing in the bounds for the surrogates are concluded in Table 1. The detailed derivation is included in Appendix K.1.

Surrogates | To(t), t € [0,1] Tt (t), t e Ry Bound
Hinge min{B,1}¢ WBI} (26)
’ 2
t+1 1-t eB_1 1fefB-1
. ), t+1)+ L] 1-t t< , V2L, t< )
Logistic 2 ::%2( ) 2 ngi ), 5 ggj upper bounded by 5 2 ( eﬁ“ )2 (28)
1—Tlog2(1+e )—Tlog2(1+e ), t> 5. Q(ZBj)t, t>%(25‘;1)
2B 1(e2B_1\?
1—\/1—t2 t<L7_1 V2t7 tS7 P )
Exponential o1 B 14 B - zggﬂ ’ upper bounded by 0B 2 ( ezgﬂ 2 (30)
RN (2220, o> 4(2020)
2 2 e?5+1 e2B_1 | Y 2\ e2B 41
t? t<B Vi t < B2
drati ) =D, ’ - ’ 32
Quadratic {2Bt—B2, t>B. {%+§, t> B2 G2)
Sigmoid tanh(kB)t m (34)
p-Margin % t ==t (37)

Table 6: Non-adversarial Hny-estimation error transformation (e = 0) and Hnn-consistency bounds. All the bounds are
hypothesis set-dependent (parameter A and B in Hyy) and provide novel guarantees as discussed in Section 5.4. The
minimizability gaps appearing in the bounds for the surrogates are concluded in Table 1. The detailed derivation is included
in Appendix K.2.

Surrogates | T (t), t € [0,1] T3 (t), te Ry Bound
Hinge min{AB, 1}t m (41
t+1 1-t AB_ 1(erB1)?
Logistic 5 logy(t+1) + 5t log, (1-1), t< :ﬁiﬁ’ upper bounded by vz, t<3 ( eABH) ' (43)
1-2llog,(1+e™P) - Lilog (1+eP), t> Spt APy 1(ABo1)?
2 1082 € 3 1082 e ) eAB11” &%)t > 5\ G5y ) -
2AB 1( 2B 12
1-vV1-1¢2 R V2t, t<if< ,
Exponential t+1 —AJ; 1-t AB N Zgﬁgff upper bounded by 2AB 2( e;/\BBtl )2 (45)
1t 1=t el AB 4y ife 1
2 € 3 € t> gy 2(52A3-1)t7 t>§(eQAB+1)
) t*, t<AB Vi t<(AB)?
drat X ’ ' 47
Quadratic {QABt— (AB)?, t > AB. {QXB +48, t>(AB)? “n
Sigmoid tanh(kAB)t NG (49)
p-Margin | OBy saEy t 1)
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C. Deferred Theorems

Theorem 8 (Non-adversarial distribution-dependent U-bound). Suppose that H satisfies the condition of Lemma 1 and
that ® is a margin-based loss function. Assume there exist a convex function V:R, — R with ¥(0) = 0 and € > 0 such that
the following holds for any x € X:

U((2lAn(x)l)) < inf ACq sc(h, ). (13)
heJH(x)

Then, for any hypothesis h € H,
(R, (B) = RG, | a¢ + Mgy 5¢) € Rop(h) = R g¢ + Mo 5¢ + max{0, ¥(e)}. (14)

Theorem 9 (Non-adversarial distribution-dependent I'-bound). Suppose that H satisfies the condition of Lemma 1 and
that ® is a margin-based loss function. Assume there exist a non-negative and non-decreasing concave function I': R, - R
and € > 0 such that the following holds for any x € X:

(2|A77(5U)|)53P( inf Ae@%(h,x)). (15)
heH (x)

Then, for any hypothesis h € H,
fRzo_l (h) - RZU—l»}C < F(:Rq)(h) - R:D,'}C + M@;}() - Mz0_17}( + €. (16)

Theorem 10 (Adversarial distribution-dependent V-bound). Suppose that H is symmetric and that Pisa supremum-
based margin loss function. Assume there exist a convex function V: R, — R with W(0) = 0 and € > 0 such that the following
holds for any x € X.:

Y((|An(x)[+1/2),) < inf ACq sc(h,x),

heJ . (x)

U((2An(z)).) < inf  ACeac(h, ), (17)
heXH:h (z)<0

T((-2A < inf  ACgac(h, ).
( n(x)>€)_he?€:1£(x)>0 o,9¢(h,x)

Then, for any hypothesis h € H,
U(Re, (h) = Ri, g+ Me, 30) < Rg(h) - R 3¢ + M ¢ + max{0, U(e)}. (18)
Theorem 11 (Adversarial distribution-dependent I'-bound). Suppose that H is symmetric and that Pisa supremum-

based margin loss function. Assume there exist a non-negative and non-decreasing concave function I':R, - R and € > 0
such that the following holds for any x € X:

(|An(z)|+1/2), < F( inf AG«pJ{(h,x)),
heF . (x)

(2An(x)), ( inf AG<I>,gC(h,x)), (19)

heH:h, (x)<0

(-2An(x)), < ( inf Aeq,,g.c(h,x)).

heFt:h (z)>0
Then, for any hypothesis h € H,

Re, (h) = R; g < T(Re(h) = R o + Mg g0 ) = Mo, 3¢+ (20)

Theorem 12 (Distribution-independent I'-bound). Suppose that H satisfies the condition of Lemma 1 and that ® is a
margin-based loss function. Assume there exist a non-negative and non-decreasing concave function I': R, - R and e >0
such that the following holds for any for any t € [1/2,1]:

2t-1) <T inf AC h,z,t) ).
< )6 (mex,helﬂr-l(f:h(mko (I)’:H( ' ))
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Then, for any hypothesis h € H and any distribution,

:Rfoq (h) - :Rzoq,f}f < F(R@(h) - R;,I}C + M(p’g{) - M@07175{ + €. 21

Theorem 13 (Adversarial distribution-independent I'-bound). Suppose that J is symmetric and that Pisa supremum-
based margin loss function. Assume there exist a non-negative and non-decreasing concave function I':R, - R and € > 0
such that the following holds for any for any t € [1/2,1]:

(t), < I‘( inf ACgx }C(h,:p,t))7
xeX,heF (., (z)gIH ’

(2t-1), < F( inf A(‘Z’gﬂ(h,x,t)).
zeX,heH:h (x)<0

Then, for any hypothesis h € H and any distribution,

Re, (h) =Ry, g < r(%(h) ~ R gt MM) ~ My, ¢ +e. 22)

D. Proof of Theorem 1 and Theorem 2

Theorem 1 (Distribution-dependent ¥-bound). Assume that there exists a convex function U:R, — R with ¥(0) > 0
and € > 0 such that the following holds for all h € H and x € X:

U((ACq, 3¢(h,x)),) < ACyy 3¢(h, ). (6)
Then, the following inequality holds for any h € H:

U(Re, (R) = RE, 50 + Mg 5¢) < Ry (R) = R7, g0 + My, 5¢ + max{¥(0), ¥(e)}. (7)

Proof. For any h € H, since \IJ(AGgZ7g{(h, m)]lA@zzm(h’m)x) < ACy, 5¢(h,x) for all z € X, we have

\I’(ngz (h) - :RL,J-C + M@Z’g{)

= U(Ex[Cr, (h,x) - €, 5(x)])
= U(Ex[ACy, 5 (h,z)])

<Ex[P(AC, 5 (h,x))] (Jensen’s ineq.)
= Ex[W(ACH 5¢(h, 2) L ac,, o (ha)se + ACL3c(h2) L Ac,, o (ha)<e)]
<Ex [\P(Aelz,%(hvx)]lA(‘ZKQYH(h,w)x) + \If(Aegz’{}((h,x)]lAeez,H(hw)SE)] (\I/(O) > 0)
<Ex[ACy 3¢ (h,x)] + sup U(t) (assumption)
te[0,€]
=Ry, (h) = Ry, 3¢ + Me, 3¢ + max{¥(0), ¥(e)}, (convexity of ¥)
which proves the theorem. O

Theorem 2 (Distribution-dependent I'-bound). Assume that there exists a concave function IR, — R and € > 0 such
that the following holds for all h € H and x € X:

<AG[2,}C(h,I)>E SF(AG@MJ{(}L,LE)). (8)
Then, the following inequality holds for any h € 3:

:R&(h) - RL,}( SF(ngl(h) - fR;I’}C + leyg{) - M@Z’g{ +e€. ©)]
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Proof. Forany h € 3, since ACq, 5¢(h,x)Lac,, o (hz)>e <T(ACe 3¢(h,x)) for all z € X, we have

Re, (h) - IR}Q&C + My, 5¢

=Ex[Cp, (h,2) = €, 9¢(2)]

=Ex[ACy, 5c(h,x)]

=Ex[ACy, ac(h, z)Lac,, se(ha)>e + ACe ac(h, ‘r)]lAGZQJ{(h,x)Se]

<Ex[T(ACy, gc(h,x))] +e (assumption)
<T(Ex[ACy, sc(h,x)]) +€ (concavity of T')
=T(Re, (h) = Ry, 9c + Mey 3¢) +e,

which proves the theorem. O

E. Proof of Lemma 1 and Lemma 2

Lemma 1. Assume that H satisfies the following condition for any x € X: {sign(h(z)):h e H} = {-1,+1}. Then, the
minimal conditional {y_1-risk is

Clor 9c(2) = €4, a¢,,, (x) = min{n(z),1-n(x)}.

The conditional e-regret for £y_1 can be characterized as
(A€, 0c(h ), = AN Ly -
Proof. By the definition, the conditional ¢(_;-risk is

Coo-s (hﬂx) = n(x)]lh(x)<0 + (1 - n(x))]lh(z)zo

_ n(x) if h(x) <0,
1-n(z) ifh(x)>0.

By the assumption, for any z € X, there exists h* € H such that sign(h*(z)) = sign(An(z)), where An(x) is the Bayes

classifier such that €y, , (An(z),x) = C} | 4 () =min{n(x),1-n(x)}. Therefore, the optimal conditional £y_;-risk
is

GEO,I.&C(@ = eeofl(hﬂ ‘r) = e4071 (A’O(ZL'), {L') = min{’?(xﬁ 1- 77(95)}
which proves the first part of lemma. By the definition,

Aefoq,g{(hwfc) = 65071 (h7x) - 650,1,9{(33)
=0(2)Ln(zy<o + (1 = n(2)) L (2)20 — min{n(z),1 - n(z)}
i {2|An<x>|, heH(x),

0, otherwise.
This leads to

<AGZO,1J'C(h7x)>€ = <2|An(x)‘>e]lhe§(w) :

Lemma 2. Assume that H is symmetric. Then, the minimal conditional {.,-risk is

€7, 9¢(z) = min{n(z),1 - n(x)}]lﬁw(x):tﬂ{ 150 (wy=0c -



‘H-Consistency Bounds for Surrogate Loss Minimizers

The conditional e-regret for £, can be characterized as

(80() +8), heTL () €3¢
8n@)), T <0
(8B DL = Comna), )50

(-
0 otherwise

Proof. By the definition, the conditional ¢, -risk is
eév(hww) = 77(35)]1{%(1)30} + (1 - W(m))ﬂ{gv(z)zo}

1 if h e 3¢, (),
={n(x) if by (x) <0,
L-n(z) ifh (z)>0.

Since H is symmetric, for any z € X, either there exists h € 3 such that . (z) > 0, or H.(z) = H. When I, (z) = 3,
{heH:h,(x)<0}and {heXH: h.,(z) > 0} are both empty sets. Thus C; ;. (x) = 1. When F,(x) # I, there exists
h € 3 such that €,_(h,x) = min{n(x),1 -n(x)} = C;wg{(x). Therefore, the minimal conditional ¢, -risk is

RN Hoy(z) =H,
SORTC) {min{n(:ﬂ),l—n(ﬂf)}’ 3, () # 3¢

When 3, (z) = H, C (h,x) = 1, which implies that AC; 3¢(h,x) = 0. For h € H,(z) ¢ H, ACy 3c(h,z) =
1 - min{n(z),1-n(z)} = |[An(z)| + 1/2; for h € K such that h,(z) < 0, we have ACy 3c(h,z) = n(z) -
min{n(z),1-n(z)} = max{0,2An(x)}; for h € I3 such that h (z) > 0, ACy gc(h,x) = 1 - n(x) -
min{n(z),1-n(z)} = max{0,-2An(z)}. Therefore,

An@)| 12 heT(a) 89K,
max{0,2An(z)}  h,(x) <0,
max{0, -2An(z)} h, (z)>0,

0 otherwise.

Aegw}((h, :L’) =

This leads to

(lan(@)|+35), heH,(2)gH
{

(Aez gc(h, :C)) 2An(x)). E,y(x) <0

(-2An(z)).  h,(x)>0
0 otherwise
O
F. Comparison with Previous Results when H = )
F.1. Comparison with (Mohri et al., 2018, Theorem 4.7)
Assume @ is convex and non-increasing. For any x € X, by the convexity, we have
Co(h,z) =n(x)2(h(x)) + (1 -n(z))2(-h(x)) > 2(2An(x)h(z)). (23)
Then,
inf AC h inf AC h heXH, h(z)A <0
e ACa.st albor)z, i B 3¢ (7, 7) (h e Han(z) = h(z)An(z) <0)

il @A) - e, (2) (ca. (23))

=Cs(0,2) - C3 5¢,, () (® is non-increasing).



‘H-Consistency Bounds for Surrogate Loss Minimizers

Thus the condition of Theorem 4.7 in (Mohri et al., 2018) implies the condition in Corollary 2:

|A77($)| <c [G‘I)(O?x) - e;,}fau (‘T)];v VreX = \AU($)| <c if [Aeq;)g-(au(h7$)]%

heHn(z)

, VxelX.
Therefore, Theorem 4.7 in (Mohri et al., 2018) is a special case of Corollary 2.

F.2. Comparison with (Bartlett et al., 2006, Theorem 1.1)

We show that the t-transform in (Bartlett et al., 2006) verifies the condition in Corollary 1 for all distributions. First, by
Definition 2 in (Bartlett et al., 2006), we know that 1 is convex, ¥(0) = 0 and ¢ < ¢. Then,

$(2lAn(z)]) < P(2An(2)]) W <)
- inf (max(n(x). 1 - () }@(a) + min{n(x). 1~ n(x)} 8(-0))
— inf (max{n(z), 1 - () }&(a) + min{n(z), 1 -n(z);2(-a)) (def. of 1)
- (@)@(a) ¢ (1-(@)8(-a)) - mEG)B() + (L-1()(-0))  (symmeny)
- he‘}Can:hi(IngAn(r)gO A5 (h,7)
< inf  ACgsc, (h, ) (h e Han(z) = h(x)An(z) <0)

heHn(z)

Therefore, Theorem 1.1 in (Bartlett et al., 2006) is a special case of Corollary 1.

G. Proof of Theorem 3 and Theorem 12

Theorem 3 (Distribution-independent V-bound). Assume that H satisfies the condition of Lemma 1. Assume that there
exists a convex function U: R, — R with W(0) = 0 and € > 0 such that for any t € [1/2,1],

U((2t-1), )< inf AC h,z,t).
(( >6)_xex,helﬂl-lf:h(w)<0 (I)’j{( '@ )

Then, for any hypothesis h € H and any distribution,
(R, (B) = RG, | a¢ + Mgy 5¢) € Rap(h) = R g¢ + Mo g¢ + max{0, ¥(e)}. (10)

Proof. Note the condition (13) in Theorem 8 is symmetric about An(z) = 0. Thus, condition (13) uniformly holds for all
distributions is equivalent to the following holds for any ¢ € [1/2,1]:

U((2t-1) )< inf  ACpsc(ha,t),
(( >€) xex,hélfJI}C:h(z)<0 <I>,f}{( . )

which proves the theorem. O

Theorem 12 (Distribution-independent I'-bound). Suppose that H satisfies the condition of Lemma 1 and that ® is a
margin-based loss function. Assume there exist a non-negative and non-decreasing concave function IR, - R and € > 0
such that the following holds for any for any t € [1/2,1]:

<2t—1)€ SF( inf Aeq>,g-c(h,1},t)).
zeX,heH:h(z)<0

Then, for any hypothesis h € H and any distribution,
fR@oq (h) - :Rzoq,f}f < F(:R@(h) - ZR;J{ + M@J{) - Mg()il’:}( + €. 21

Proof. Note the condition (15) in Theorem 9 is symmetric about An(z) = 0. Thus, condition (15) uniformly holds for all
distributions is equivalent to the following holds for any ¢ € [1/2,1]:

U((2t-1) )< inf AC h,x,t
(( >6) - wefx,helﬂr-lf:h(z)<0 CPJ{( a )7

which proves the theorem. O
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H. Proof of Theorem 5 and Theorem 13

Theorem 5 (Adversarial distribution-independent W-bound). Suppose that H is symmetric. Assume there exist a convex
Sunction U: R, — R with ¥(0) = 0 and € > 0 such that the following holds for any t € [1/2,1]:

xeX,heXH  (x)EH ’

w((2t-1),) < inf ACg 4c(h, ).
xeX,heF(:h., (x)<0 ’

Then, for any hypothesis h € H and any distribution,

U(Re, (h) = Ri, g+ Me, 30) < Rg(h) - R ¢ + Mg ¢ + max{0, U(e)}. (12)

Proof. Note the condition (17) in Theorem 10 is symmetric about An(z) = 0. Thus, condition (17) uniformly holds for all
distributions is equivalent to the following holds for any ¢ € [1/2,1]:

((t),) < inf ACx 4. (h,x,t),
zeX,heF(, (z)gIH ’

U((2t-1),) < inf ACg 4c(h,x, 1),
zeX,heH:h (z)<0 ’

which proves the theorem. O

Theorem 13 (Adversarial distribution-independent I'-bound). Suppose that H is symmetric and that ® is a supremum-
based margin loss function. Assume there exist a non-negative and non-decreasing concave function I':R, - R and € > 0
such that the following holds for any for any t € [1/2,1]:

(t), < F( inf ACg }C(h,@t)),
xeX,heF (., (z)gIH ’

(2t-1), < r( inf Aem(h,x,t)).
zeX,heH:h (x)<0

Then, for any hypothesis h € H and any distribution,

Re, (h) =Ry, g < r(%(h) ~ R gt MM) ~ My, ¢ +e. 22)

Proof. Note the condition (19) in Theorem 11 is symmetric about An(z) = 0. Thus, condition (19) uniformly holds for all
distributions is equivalent to the following holds for any ¢ € [1/2,1]:

(t), < I‘( inf AG$’:}C(h7x7t))7

xeX,heF(, (x)gH

(2t-1), < F( inf ACg 4¢(h, t)),
zeX,heH:h (x)<0

which proves the theorem. ]

I. Proof of Theorem 4 and Theorem 6

Theorem 4 (Tightness). Suppose that H satisfies the condition of Lemma 1 and that € = 0. If T is convex with T4 (0) = 0,
then, for anyt € [0, 1] and § > 0, there exist a distribution D and a hypothesis h € 3 such that Ry, , (h)=Rj, | 4c+Me,_, 9¢ =
t and T@(t) < qu>(h) - fR;J{ + M<I>’g-( < ‘.qu(t) + 0.
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Proof. By Theorem 3, if T4 is convex with T4 (0) = 0, the first inequality holds. For any ¢ € [0, 1], consider the distribution
that supports on a singleton {x} and satisfies that n(zq) = % + % Thus

inf AC h = inf  AC h = inf AC h )
wexahelgl'lc:h(x)<0 <I>,9'C( 737777(1‘0)) heﬂ—C:IhI}xo)d) <I>J-C( ,-TO,T}(QTO)) heg-f:l}{%xo)d) q>,}(( PTO)
For any § > 0, take ho € H such that hg(x9) < 0 and
AC h < inf AC h 0= inf AC h 0.
@3¢(ho, %0) he?C:lhI%zo)d) @.9¢(h, 7o) + xex,helﬂr-lfzh(z)<0 @.9¢(h, 2, n(w0)) +

Then, we have

Reoy (ho) = RG, | a¢ + Mgy 3¢ = Rey_, (ho) ~Ex[CF, | sc(@)]
= ACyy_, 3¢ (ho, o)
=2n(zo) - 1
= t’
R (ho) = R 3¢ + Ma,a¢ = Ra(ho) = Ex[Ch 5¢(2)]
= ACqp 3¢ (ho, o)

< inf AC h )
mex,hg;l(:h(zko (I)J{( ,1‘777(330))"'

=Ta(2n(z0) - 1) +6
= T@(t) + 57
which completes the proof. O

Theorem 6 (Adversarial tightness). Suppose that H is symmetric and that € = 0. If Tg = min{T1, T2} is convex with
T5(0) = 0 and Ty < T, then, for any t € [0,1] and § > 0, there exist a distribution D and a hypothesis h € 3 such that
ngw(h) - fszj{ + Mzmg{ =tand ‘J‘E(t) < fR@(h) - fR% 3 + M& ¥ < 75@) + 0.

Proof. By Theorem 5, if T is convex with Tz (0) = 0, the first inequality holds. For any ¢ € [0, 1], consider the distribution
that supports on a singleton {x }, which satisfies that n(z() = % + % and H, (z¢) # H. Thus

inf ACg 4c(h,x,n(z0)) = inf ACg 4. (h,xo,m(x0)) = inf ACg 4¢(h, o).
2eX,heF:ho (x)<0 ’ heH:hy (20)<0 ’ heF:hy (z0)<0 ’

For any ¢ > 0, take h € 3 such that h. (x0) < 0 and

ACgz 4c(h,xg) < inf ACg 4c(h o) +6 = inf ACg 4c(h,x,m(z0)) + 6.
’ heF:hoy (20)<0 ’ xeX,heF:hoy (2)<0 ’

Then, we have

Re, (h) = Ri g¢ + Mo, 90 = Re, (h) ~Ex[CF 5¢(2)]
= Aegmg—((h,l'o)

=2n(x0) — 1
=t,
R (h) = R 50 + M 3¢ = Rs () ~ Exc[ €5 o () ]
= Aeag{(h, :L'o)
< 1n£ Ae$ g—((haxvn(xo))+§
zeX,heXH:h (z)<0 ’
=T2(2n(z0) - 1) + 0
- T (20(0) ~1) + 6 (T2 <)
=Tz(t)+6

which completes the proof. O
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J. Proof of Theorem 7

Theorem 7 (Negative results for robustness). Suppose that H contains 0 and is regular for adversarial calibration. Let
{1 be supremum-based convex loss or supremum-based symmetric loss and U5 = {... Then, f(t) > 1/2 for any t > 0 are the
only non-decreasing functions f such that (3) holds.

Proof. Assume x € X is distinguishing. Consider the distribution that supports on {zo}. Let n(z¢) = 1/2 and hg = 0 € K.
Then, for any h € I,

ngv(h) = va(hmco) = 1/2]1%(%)30 + 1/2]1EW(300)20 >1/2,
where the equality can be achieved for some h € H since xg is distinguishing. Therefore,
Ry, 90 =Cp gc(@o) = nf Ce, (h, o) = 1/2.
Note Ry (ho) = 1/2 +1/2 = 1. For the supremum-based convex loss ®, for any h € K,
Rg(h) = Cx(h,x0) = 1/28(h. (20)) + 1/2®(-h(20))

> @(1/2@7(9:0) - 1/257(:1:0)) (convexity of ®)

> ®(0), (@ is non-increasing)
where both equality can be achieved by hg = 0. Therefore,

:R%,&c = G%’%(xo) =Rz (ho) = (0).
If (3) holds for some non-decreasing function f, then, we obtain for any h € H,
Re, (h) - 1/2 < f(Rg(h) - ©(0)).

Let h = hg, then f(0) > 1/2. Since f is non-decreasing, for any ¢ € [0,1], f(¢) > 1/2.

For the supremum-based symmetric loss ESym, there exists a constant C' > 0 such that, for any A € K,

Rz, (h) =C5_ (h,xo) = 1/2® gy (b (20)) + 1/2@gym (~ho (20))
2 1/2@Sym(ﬁv(fc0)) + 1/2®Sym(_ﬁv(x0))
C
> —
2
where the equality can be achieved by hg = 0. Therefore,
* % C
:R$sym,.'}{ = e$syn,,yc(x0) = Riym(h‘)) CR
If (3) holds for some non-decreasing function f, then, we obtain for any h € I,
C
Re (h) - 1/2 < f(ﬂ%sym(h) - 5).
Let h = hg, then f(0) > 1/2. Since f is non-decreasing, for any ¢ € [0,1], f(¢) > 1/2. O

K. Derivation of Non-Adversarial J{-Consistency Bounds
K.1. Linear Hypotheses
Since H;, satisfies the condition of Lemma 1, by Lemma 1 the (£g_1, Hy;, )-minimizability gap can be expressed as follows:

Mfoflﬁ}fun = fRzg,l,i}CHn -Ex [min{n(x)a 1- U(x)}]

_ ® 24)
= Mo-1,3in ~ Vo-1,Han

Therefore, the (£o-1, Hin )-minimizability gap coincides with the (-1, iy )-approximation error. By the definition of
Hiin, for any z € X, {h(x) | h € Hyn | = [-W |z, - B,W |z, + B].
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K.1.1. HINGE LoOSS
For the hinge 10ss ®Ppinge (v): = max{0,1 — a}, for all h € Hy;,, and = € X:
Corpinge (B ;1) = tPhinge (M(x)) + (1 = 1) Ppinge(—h(z))
=tmax{0,1—-h(z)} + (1 -¢) max{0,1 + h(z)}.

h:%fl,n Copinge (M2, 1) =1~ |2t — 1|m1n{WHxH +B,1}.

Therefore, the (@hinge, Hiin )-minimizability gap can be expressed as follows:

Mq)hinge,g'fun = :R:ihinge,f}flm EX[l - inf eq)h)ngs(h x 77(55))]

heFiin

= Ripnee, 3t — Ex[1=[20(2) = 1 min{W [z, + B, 1}].

(25)

Note the (Phinge, Hiin)-minimizability gap coincides with the (Ppinge, Hin)-approximation error Rghingeﬁ“n -
x[1-12n(z) - 1|] for B > 1.

For 1 <t <1, we have
heJ—f“inI:llf(:rkO Coyinge (M2, 1) = tmax{0,1 -0} + (1 -¢) max{0,1+0}
=1.
inf f AC h,z,t) = inf inf h,z,t) - inf € hyx,t
:lb.ex h&g’fhlnnh(‘l,)<0 q>hmgeff}clm ( T, ) irelf)C{hei}Clm h(.L)< (I)hmge( €, ) Eln Fiin <I>hmge( €, )}
il?fc(% - mln{WHpr +B,1}

(2t - 1) min{B,1}
=T(2t-1),

where T is the increasing and convex function on [0, 1] defined by
Vit e[0,1], T(¢)=min{B,1}t.
By Definition 3, for any € > 0, the J};,-estimation error transformation of the hinge loss is as follows:

=min{B,1}¢, te[0,1],

¢'hinge

Therefore, Tg,,,,. is convex, non-decreasing, invertible and satlsﬁes that Tg,,,..(0) = 0. By Theorem 4, we can choose
U(t) = min{ B, 1} t in Theorem 3, or, equivalently, I'(¢) = m in Theorem 12, which are optimal when ¢ = 0. Thus,

by Theorem 3 or Theorem 12, setting € = 0 yields the J);,,-consistency bound for the hinge loss, valid for all h € FHy;y:

:R'q)hingc (h) - Rrbmnge,ﬂfun + M‘i’hingc,i}flin
min{B, 1}

:Rfo-1 (h) - fRZO_l,}clm < - Mzo—lﬂfun' (26)

Since the ({y_1,Hin)-minimizability gap coincides with the (€o-1,Hin)-approximation error and (Pninge, Hiin)-
minimizability gap coincides with the (Phinge, Hiin)-approximation error for B > 1, the inequality can be rewritten
as follows:

<I>h‘“ge(h) :R‘I%mge,g'fan if B>1

Reg_y (h) =Ry, | g, < {B[gq@hmgc(h) - EX[ - 12n(z) - 1] min{WHme + B, 1}]] otherwise.

The inequality for B > 1 coincides with the consistency excess error bound known for the hinge loss (Zhang, 2004a; Bartlett
et al., 2006; Mohri et al., 2018) but the one for B < 1 is distinct and novel. For B < 1, we have

IEX[I - 2n(z) -1 min{WHpr + B, 1}] >Ex[1-12n(z) - 1]] = 2Ex[min{n(z),1 -n(z)}] = R},m“geﬁall.
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Therefore for B <1,
y"bhinge (h’) - ]EX [1 - ‘277(33) - 1| mln{W”pr + B7 1}] < :R‘bhinge(h‘) - R‘E’hingc,g‘fau'
Note that: R

. B Han = 27, 3cy = 2Ex[min{n(z),1-n(z)}]. Thus, the first inequality (case B > 1) can be
equivalently written as follows:

Vh e Hin, :Rfo—l(h) < :Rq)hinge(h) -Ex [mln{n(x)v 1- 77(»’”)}],

which is a more informative upper bound than the standard inequality Ry, _, (h) < Ra,,,,... (h).

K.1.2. LoGISTIC LOSS

For the logistic loss @10 (ar): =log, (1 +e7®), for all h € Hy;, and € X:
Coyop (B, 2, 1) = tR10g (M(7)) + (1 =) Prog(~h(2))
=tlog,(1+ e’h(x)) +(1-t)logy(1+ eh(z)).
helir}lcfin Co,, (R, 1)

_ | tlogs(t) = (1-1)logy (1~ 1) if log| 5| < W x|, + B,
max{t,1 -t} 1og2(1 + e_(W”“'”p*B)) +min{t, 1 -t} logy(1+ eW”‘””f'B) if log| | %%

Therefore, the (P1og, Hiin )-minimizability gap can be expressed as follows:

M 0 = R, - Bx| i1 o, (o, (0))]

€Hiin

= Ray, 905 ~ Ex[—n(fﬂ) logy (n(2)) = (1 -n(z))logy(1 - n(w))ﬂlog| KON <WHJ;HP+B]

27)

lfn(z

- Ex[mm{”(:”)’ 1-n(z)}logy (1 + 6W”I””B)]llogl 2D o +B]
-n(x P

Note (®Piog, Hiin)-minimizability gap coincides with the (Pioq, Hiin)-approximation —error Rt*blog, 0 —
x[-n(x)logs(n(x)) - (1 = n(z))logs (1 —n(x))] for B = +oo.
For % <t<1, wehave
e g G (1) = Hlogy (1 + e™)+(1-t)log,y(1+¢)
=1

)

inf inf AC (h,z,t) = inf inf ( h,z,t) - f G h,z,t
glcEDChe}CHlnr:lh(xkO P1og. 3 (1 2:1) ;relx(heﬂfli,rzlh(xko @10y (1 2,1) elfg-lcl o5 (h ))

1+tlogy(t) +(1—t)logy(1-1)

i if log‘% < W\|m\|p+B,

weX |1 —tlogy(1+ e’(W”xHﬁB)) —(1-t)logy(1+ er‘xl‘ﬁB)
if log 14 > W|z|, + B.

L+ tlogy(t) + (1 -t)logy(1-1) if log 15 < B,
C |1 -tlogy(1+eB) - (1-t)logy(1+€P) if log 1 > B.
= T(2t-1),

where T is the increasing and convex function on [0, 1] defined by

Hllogy(t+1) + Ltlog,y(1-t), t< 251,
1 - tllog,(1+e7P) -~ Lllogy(1+eP), > 5=t

vte[0,1], T(t) :{
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By Definition 3, for any € > 0, the J{};,,-estimation error transformation of the logistic loss is as follows:

o [T, telen,
vos STy pe[o,0).

Therefore, when € = 0, T, , is convex, non-decreasing, invertible and satisfies that T, (0) = 0. By Theorem 4, we can
choose ¥(t) = T, (t) in Theorem 3, or equivalently T'(¢) = ‘J'q>1 (t) in Theorem 12, which are optimal. To simplify the
expression, using the fact that

1 +1 1-
ilogQ(t+1)+ log2(1 t)=1- ( t; logg(t )— 10g2( 2t))
>1- 41 —
2 2
=1-V1
t2
> —

t+1 gy 1-t B 4 1+ef
I—Tlog2(1+e )—Tlog2(1+e )2510g2(m)+1/210g2 m t,

T, can be lower bounded by

2 e -1

T (t) = 27 t<om
Plog - 1 eP-1 t t> eP-1
2\eB+1 )™ eB+1-

Thus, we adopt an upper bound of ‘nglog as follows:

\/g tS%(23+1)2’

2ott)e 0> 5(5t)

Therefore, by Theorem 3 or Theorem 12, setting € = 0 yields the J{;,-consistency bound for the logistic loss, valid for all
he g‘flini

Tg,,, (1) =

*
:Rl()—l (h) - fRZo,l,‘}C“n + Mfofl,?flm
51

. 3 Po1)?
V2 (:Rq)log (r) - IR & * Mq)l"g"%““) ’ if Rq)log (h) - Rq>log Hn S %( eB+1 ) B Mq)logv%“" (28)
B
2( S )(R@log (h) Rdmg,ﬂﬁm Ma,,, 3 ), otherwise

Since the ({y-1,Hiin)-minimizability gap coincides with the (€o_1,Hn)-approximation error and (®ioe, Hiin)-
minimizability gap coincides with the (®joq, Hiin )-approximation error for B = +oo, the inequality can be rewritten
as follows:

:R&Fl (h) - RZofhj'fall

V2[R, (B) =R sen] if B = +o00
5.1

< \/_ % 1({e”— 2
- L:R‘?log(h) :R<I>1 og»Hiin M‘i)logy}clin] if Rq)log(h) :anog Hiin < §(cB+1) - M¢10g7g{lin
1
2( S ) (Rpmg (h) = R, 30 * Moy 301 ) otherwise

otherwise

where the (®1og, Hiin)-minimizability gap Mg, 3¢, is characterized as below, which is less than the (®iog, Hiin)-
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approximation error when B < +oo:

Mot 2610 = R 56, = Ex| 1) 08 (7)) = (1= 0(0)) 08 (1= M@,y ) gy ]

- max(n(a), 1= ()} logy(1+ & W)L )y

T-n(a)

>W\|x\|p+B:|
. i - Wi, +B
Ex[mm{n(x), 1 n(m)}log2(1 +e » )]llog 29w o +B]

<R3, 300 — Ex[-n(z) logy (n(2)) - (1 - n(z)) logy (1 - n(z))]

_ p* _ Pp*
- R‘i’loiyg{lin jQ"‘blog7g{all :

Therefore, the inequality for B = +oo coincides with the consistency excess error bound known for the logistic loss (Zhang,
2004a; Mohri et al., 2018) but the one for B < +o0 is distinct and novel.

K.1.3. EXPONENTIAL LOSS
For the exponential loss @y, (a):= e™, for all h € Hyiy, and z € X
€y (1 2,1) = 1Dy () + (1 =)o (~h())
= te @) 4 (1 - ¢)eh@,

mf Co,,, (h,2,t) = {2 i -1) if 1/210g| I H$||p +B

max{t, 1 - the" W7l B) 4 min{t, 1 -t} It B if 1/210g| 15| > W], + B.

€Hiin

Therefore, the (Pexp, Hiin )-minimizability gap can be expressed as follows:

M6, = R 30, ~Ex| 1] €, (b, n())]

€Hiin

= R 300 EX[2 n(z)(1-n(x)) ]11/210g| 2| W +B]

(29)
- B[ max{n(x). 1 - n(x)}e“W”"””“B)ﬂuzlogl a0 il o8]
~ ) B W], +B
IEX[mm{n(x),l n(x)}te 11/210g|1j7<72) >W”z”p+B:|'
Note (Pexp, Hiin)-minimizability gap coincides with the (®exp,Hiin)-approximation error :R:bexp,ﬂﬁm -
IEX[2 n(z)(1- n(m))] for B = +o0.
For % <t <1, we have
inf hyx,t) =te™® +(1-t)e’
heﬂ{lilnr:lh(ac)<0 oy (1,2, 8) = e+ e
=1.
inf inf A = inf f f
;Ielx heﬂ{li,r:lh(z)< eq)exmj{hn(h € t) Hélx(heﬂ'fhlnnh(z) e‘bexp(h“r’t) lnlm eée P(h z t))
; 1-2\/t(1-1) if 1/2log 15 < Wz, + B,
= in
aex | 1-te”Wlelht By (1 —)eWIelo B if 1/210g 14 > W 2|, + B.
C1=2y/t(1-t), 1/2log = < B
1-teB - (1-1t)e?, 1/210gﬁ >B
=T(2t-1),

where T is the increasing and convex function on [0, 1] defined by

2B
1-V1-1¢2, t< Spt,
vie[0,1], T(t) = {1 _tl B 1=t B 4 233

P
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By Definition 3, for any € > 0, the J{};,,-estimation error transformation of the exponential loss is as follows:

T _T(t),  tele1],
Por TN TO 4 e 0,€).

€

Therefore, when ¢ = 0, ‘J',;,exp is convex, non-decreasing, invertible and satisfies that Ty, (0) = 0. By Theorem 4, we can
choose W(t) = Tg,,, (t) in Theorem 3, or equivalently I'(¢) = ‘Tg,ixp (t) in Theorem 12, which are optimal. To simplify the
expression, using the fact that

t2
1-V1-t2> 7
t+1 1-t¢ B_eB
1- T e B_2TleBo1 1/2eB_1j2e B+ S ¢
2 2 2
Ts.,,, can be lower bounded by
£ e?B-1
~ = t< S5
2 = e2B41>
‘T@exp (t) = {1(6251 )t ‘> Zszl
2\ e?2B+1 )" e2B+1°

Thus, we adopt an upper bound of ‘Jgixp as follows:

NG t<1(gnst
2B 2B 2
2wttt t> 3(Swrt)
Therefore, by Theorem 3 or Theorem 12, setting € = 0 yields the J{j;,-consistency bound for the exponential loss, valid for
all h e J‘flinl

*
Rfo—l (h) - fRZo,hi}C“n + MZO—I,:}CHU
1
* 2 : *
< \/5 (:R‘I)exp (h) - R@ex}hﬂfﬁn + Mq)exp’}c““) ’ if Rq)e"p (h) - :Rq)exw:}clin
= 2B, X
2( 51 ) R, (B) - R;EXP,%M + Mg, 50,, ), otherwise.

Since the (fo-1,Hyy)-minimizability gap coincides with the (£o_1, Hiin)-approximation error and (Pexp,Hiin)-
minimizability gap coincides with the (Pexp, Hiin )-approximation error for B = +oo, the inequality can be rewritten
as follows:

:Rfo—l (h) - Rzo_l,f}fa”
1
V2[R () =R o]’ if B = +o0o,

1
1 2
< * 2 . * 1( 81
ViP%“Jh)—R%wpmn+W%nw%m] if Ra,, () = Rg_ 5, §tﬂﬁa = Moy, Frin s
2B
e +1 * .
2( ey s )(R@exp (h) =R, 300 + Mery 30 ) otherwise.

Tab, (1) =

Y(221) -
2\ e2B+1 Pexp, Hiin s

IN

(30)

IA

otherwise.

where the (®eyp, Hiin)-minimizability gap Mg, 5¢,, is characterized as below, which is less than the (Peyp, Hiin)-
approximation error when B < +oo:

Mtbexp,}clm = iR‘*bexp,}c“n -Ex [2 n(x)(1 - U(x))11/210g|7ﬂ(” sz\ml\p+B]

1-n(z)

“Ex I:max{n(x), 1= n(x)}6_(WHIHP+B)]11/2log| n(?)) >Wz| +B:|
1-n(x P

- i . Wlal, +B
Ex[mm{”(x)’l NN g e >annp+3]

< jz:%'expﬂ"clin - ]EX [2 7’](1‘)(1 - 77(1'))]
= R:;)ex;ng{lin - R:%expyj{all.

Therefore, the inequality for B = +o0o coincides with the consistency excess error bound known for the exponential loss
(Zhang, 2004a; Mohri et al., 2018) but the one for B < +oo is distinct and novel.
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K.1.4. QUADRATIC LOSS
For the quadratic loss ®qyaa(a):= (1 - a)?1 o<1, for all h € Hy;, and z € X:
Coguua (1, 7,1) = tPquad (h(x)) + (1 = 1) Lquaa (- (x))
= (1= h(2))* Dp(ayes + (1= )(1+7(2)) Tp(ayso1-
¥ﬂ1-w, 2t = 1| < W ||, + B,

inf C h,x,t) =
Pauea (1,2 1) max{t,1 - 1}(1 - (Wla|, + B))" +min{t,1 - t}(1+ W[, + B)”, [2¢-1]>W]z|,+B.

heHiin
Therefore, the (q)quady Hiin )-minimizability gap can be expressed as follows:
W&mmm%m]:yéwmpmn_EX{Mﬂxxl‘”Kx»ﬂpmz%HQVMh+B]
- Ex[max{n(x),1-n(@)}(1= (W], + B)) Laye-1pwia o] (31)
- Ex[min{n(2), 1= n(@)}(1+ (Wzl, + B)) Ly -1pwial, 5

Note (Pquad, Hiin)-minimizability gap coincides with the (®qyaq,Hiin)-approximation error Rj
Ex[4n(x)(1-n(x))] for B > 1.

quad vg'clin

For % <t <1, wehave

inf @ hyo,t)=t+(1-t
hei}Clilnr:lh(w)<0 R ( )

=1

inf inf AC (h,z,t) = inf inf ¢ h,z,t) - inf C h,z,t
I e, B0 B a6 (1) ;Ex(he%t}?hw Pansa (1:2:0) = 10l € (B >)

C[1-4ata -0, 2t~ 1< Wla|, +B,
22X |1-#(1- (W], + B))" - (1 -)(1+ W], + B)", 26-1>W]z|,+B

Cf1-ati-v), 2% -1< B,
T l1-t1-B)?*-(1-t)(1+B)?, 2t-1>B.
= T(2t-1)

where T is the increasing and convex function on [0, 1] defined by

t2, t< B,

vee[0.1), I = {2Bt—32 t>B

By Definition 3, for any € > 0, the J{};,-estimation error transformation of the quadratic loss is as follows:

L[ eege,
P quna = “T(f)t7 te[0,€).

€

Therefore, when € = 0, Tg,,, is convex, non-decreasing, invertible and satisfies that Tg_,,(0) = 0. By Theorem 4, we can

quad

t t<B? .
choose W (t) = Tg,,,,(t) in Theorem 3, or equivalently I'(t) = Tyl (t) = {\{_’ B . pgin Theorem 12, which are
aua B 4
256 T3>

optimal. Thus, by Theorem 3 or Theorem 12, setting € = 0 yields the H);,,-consistency bound for the quadratic loss, valid for
all h € Hjip:

:Rfo-l (h) - :Rzo_l,ﬂ—(“n + MZU—lyj—Clin
1
2 .
[R(I)quad (h) - :R:;quad,ﬂﬁm + M(bquachg{lin] if 92‘I’quad (h) - fR;

.
R guad (M=Ra 490, P M@ 0a %, B
2B 2

2
< _
quad>Hiin = B My

wad > Hiin
auad»H (32)
otherwise
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Since the (ly-1,Hiin)-minimizability gap coincides with the ({y-_1,3Hin)-approximation error and (Pquad, Hiin)-
minimizability gap coincides with the (®quad,Hiin)-approximation error for B > 1, the inequality can be rewritten
as follows:

jzZ()_l (h) - :Rzo_l J’Call

1
p@wﬂm—mamﬂﬂr ifB>1
1
< [ﬂz¢quad(h)—ﬂz; 5H“n+M(1[>qmg{“n]2 if Ro,,., (h) - R

Re(h)-R% +Me 5,
quad ®quad: Hiin quad>Flin B .
¥ +3 otherwise

2
<B°- M‘bquad,f}flin

quad, quad>Hlin

otherwise

where the (®quad, Hiin )-minimizability gap Me
approximation error when B < 1:

quad, ¥ 18 Characterized as below, which is less than the (®quad; Hiin)-

Mo e, Hin = R e 305 — Ex [477(55)(1 - n(x))]]'|2’r/(ac)—1\SWHJ;Hp+B:|
- Ex[max{n(2), 1 - n()}(1 = (Wz], + B)) Lpyy-1owia, 5]
- Ex[min{n(l”), 1-n(z)}(1+ (W], + B))2]1\2n(x)-1\>wuz\|p+3]
< R pna,70m ~ Ex[4n(2) (1 - n(2))]
= R a0 ™ Rbguna

Therefore, the inequality for B > 1 coincides with the consistency excess error bound known for the quadratic loss (Zhang,
2004a; Bartlett et al., 2006) but the one for B < 1 is distinct and novel.

K.1.5. StGmoID LOSS
For the sigmoid loss ®g;s(a):= 1 - tanh(ka), k > 0, for all h € Hy;, and z € X:
e(bsig(h7x’ t) = t(I)Sig(h(x)) + (1 - t)q)Sig(_h(x))v
=t(1 - tanh(kh(x))) + (1 - t)(1 + tanh(kh(x))).

inf Cg (h7x,t):1—|1—2t|tanh(/€(W\|pr+B))

sig
€Hiin

Therefore, the (®giy, Hiin )-minimizability gap can be expressed as follows:

M‘Psig,ﬂ}fhn = R;Sig)[}f“n - ]EX [h;%fl' GCI’sig (h7 z, n(x))]

= Ry, 96m — Ex[1 = [1=2n(z)| tanh (k(W|z], + B))].

(33)

Note (Pgig, Hiin )-minimizability gap coincides with the (®Pg;q, Hiin )-approximation error R o005 ~ Ex [1-1-2n(x)|]
for B = +0o0. '

For % <t <1, we have

inf Gq;

(h,z,t) = 1= 1 -2¢|tanh(0
heFHin:h(z)<0 Slg( v ) | | an ( )

=1.

inf  inf  ACq, s, =inf| inf - " Cay
;Exm%f}h(zko G¢S'g’g{lln(h’x7t) glcrelX(he?CnlnI}h(szG(I)S'g(h’x’t) hélglfnneq)&g(h’aji))
= inf (2 - 1) tanh(k(W 2], + B))
= (2t - 1) tanh(kB)
=T(2t-1)
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where T is the increasing and convex function on [0, 1] defined by
vVt e[0,1], T(¢) = tanh(kB)t.

By Definition 3, for any € > 0, the J;;;,-estimation error transformation of the sigmoid loss is as follows:
T, = tanh(kB)t, te[0,1],

Therefore, Tg,;, is convex, non-decreasing, invertible and satisfies that T%g(o) = 0. By Theorem 4, we can choose
U(t) = tanh(kB)t in Theorem 3, or equivalently I'(¢) = m in Theorem 12, which are optimal when e = 0. Thus, by
Theorem 3 or Theorem 12, setting € = 0 yields the J{;;,-consistency bound for the sigmoid loss, valid for all A € Jj;,:

:Résig (h) - R:%S;g,g“f“n + Mq)sigyg{lin
tanh(kB)

:REOA (h) - :Rzg,l,i}ﬁm < - Mzo—ly}flin' (34)

Since the (-1, Hin)-minimizability gap coincides with the ({o—1,Jiin)-approximation error and (®Pgig, Hiin)-
minimizability gap coincides with the (®gig, Hyin )-approximation error for B = +oo, the inequality can be rewritten
as follows:

Ry (h) =R, s if B =+o00

35
ez | R (1) ~ Ex[1-[1 - 2n(a)|sanh (k(Wa], + B))]] ~otherwise. (35)

:Rfoq (h) - REO—17}C311 < {

The inequality for B = +oco coincides with the consistency excess error bound known for the sigmoid loss (Zhang, 2004a;
Bartlett et al., 2006; Mohri et al., 2018) but the one for B < +oo is distinct and novel. For B < +oc0, we have

EX[l -1 -2n(z)| tanh(k(WHx”p + B))] >Ex[1-2n(z) - 1[] = 2Ex [min{n(z),1-n(z)}] = Re,,.... 56"
Therefore for B < +o0,

Re,,, (h) - Ex[l —|1-2n(z)] tanh(k:(WHpr + B))] <Re,, (h) = R, 5¢

all”

Note that: Ry qc = 2R; | o, = 2Ex [min{n(x),1-n(x)}]. Thus, the first inequality (case B = +oc0) can be
equivalently written as follows:

Vh € Hiin, RZO—l (h) < Rq’sig (h) -Ex [min{n($)> 1- 77(30)}]7
which is a more informative upper bound than the standard inequality Ry,_, (h) < Rs_,, ().
K.1.6. p-MARGIN LOSS

For the p-margin loss ®,(«): = min{l, max{(), 1- %}}, p >0, forall h e Hyy, and z € X:
Co, (h,z,1) =t®,(h(x)) + (1 - 1), (=h(z)),
= tmin{l,max{o, 1- h(w)}} +(1-1) min{l,max{(), 1+ h(x)}}
P p

(1_ min{W|z|p+B,p}).

p

inf Cg,(h,z,t) =min{t,1 -t} +max{t,1 -t}

heHiin

Therefore, the (®,, Hii, )-minimizability gap can be expressed as follows:

min{W|x|p+B,p})} (36)
p

= Ra, 36, Ex[min{n(x), L=n(2)} + max{n(z),1 - 77(:6)}(1 -
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Note the (&®,,Hn)-minimizability gap coincides with the (®,,3;,)-approximation —error inI,p’fH“n
Ex[min{n(z),1-n(z)}] for B > p.

For 1 <t <1, we have

heHyin:h(z)<0

miny Wl|z|| + B,
inf e%m@¢y4+a—w0- Wizl ”)
p

inf inf A ) = inf inf — inf
10 s 0o G20 300 (R 2) gx(mﬁhwo@W%t> . %p(hvm)

min{W”pr + B,p}

e
min{B, p}
P

=T(2t-1)

- (2t-1)

where 7 is the increasing and convex function on [0, 1] defined by
in{B
vie[0,1], T(r) = DB},

By Definition 3, for any € > 0, the Jji,-estimation error transformation of the p-margin loss is as follows:

in{B
To, = min{B.p}, [0,1],
p
Therefore, U'q)p is convex, non-decreasing, invertible and satisfies that ‘.Tq>p(()) = 0. By Theorem 4, we can choose
U(t) = % t in Theorem 3, or equivalently I'(¢) = m t in Theorem 12, which are optimal when € = 0. Thus, by

Theorem 3 or Theorem 12, setting € = 0 yields the Jj;,,-consistency bound for the p-margin loss, valid for all h € Hjjy,:
p(Ra, (h) = R3, 56, + M, 961, )
min{B, p}

Since the ({o_1,FHiin)-minimizability gap coincides with the (€o—1,Hin)-approximation error and (®,,Hin)-
minimizability gap coincides with the (®,, Hiin)-approximation error for B > p, the inequality can be rewritten as
follows:

:Rfoq (h) - :RZH JHlin < - Mfoq,g{nn . (37)

R, (h) =R e, if B>p

Reo_y (B) = Rpy | ge0 < p(ﬂhpp(h)—Ex rmin{n(m),l—n(m)}+max{n(m),1—n(m)}(1_w)])
5 otherwise.

Note that: Ry, 4c =Rj | gc, =E x[min{n(z),1 -n(x)}]. Thus, the first inequality (case B > p) can be equivalently
written as follows:
Vh e Hin, Rey, (h) < qu;p (h) (38)

The case B > p is one of the “trivial cases” mentioned in Section 4, where the trivial inequality Ry,_, (h) < Rg, (h) can
be obtained directly using the fact that £y_; is upper bounded by ®,. This, however, does not imply that non-adversarial
Hiin-consistency bound for the p-margin loss is trivial when B > p since it is optimal.

K.2. One-Hidden-Layer ReLLU Neural Network

As with the linear case, Hnn also satisfies the condition of Lemma 1 and thus the (£y_1, Hnx )-minimizability gap coincides
with the (£p_1, Hnn )-approximation error:

Meo—l;:HNN = :R;g,l,i}CNN -Ex [miﬂ{ﬁ($)7 1- 77(33)}] (39)
= REU—I»}CNN - :Rz()—lyg{all.

By the definition of Hyy;, for any = € X,
{h(z) | heHnx} = [-AW|z], + B), A(W|z|,+B)].
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K.2.1. HINGE Lo0SS
For the hinge 10ss ®Ppinge (v): = max{0,1 - a}, for all h € Hyxy and z € X:

Capinge (11,7, 1) = tPhinge (A(2)) + (1 = 1) Phinge (~h(x))
=tmax{0,1-h(z)} + (1 - ¢) max{0,1 + h(x)}.

M%N Copppnge (hy 2, 1) = 1= [2t = 1| min{ AW [z, + AB, 1}.

Therefore, the (Ppinge, Hnn )-minimizability gap can be expressed as follows:

Mz g6 = R st~ Ex[ 1= 100 Cay (o 0(0)) |

= R;hingeyj{NN - Ex[l - 2n(z) -1 min{AWHpr +AB, 1}]

(40)

Note the (Pninge, Hnn)-minimizability gap coincides with the (Phinge, Hnn)-approximation error Rj -

Phinge,HNN
Ex[1-[25(z) - 1]] for AB > 1.

For % <t <1, wehave
heJ{NiNr}i(xkO Copinge (hy 2, 1) = tmax{0,1 -0} + (1 -¢) max{0,1+0}
=1.
inf inf ACg,. h,z,t) = inf inf Cs,.  (h,z,t)- inf Cg,.  (h,z,t
;EXhe}CNLI}h(I)<O ‘I’hmgoJ{NN( y Ly ) ;EX{hG}CNLI?h(I)<O @hmgc( > Ly ) helﬂr-lfNN ‘I’hmgo( » Ly )}
= gicrelgf;(Qt - 1) min{AW ||, + AB, 1}

(2t - 1)min{AB, 1}
=T(2t-1),

where T is the increasing and convex function on [0, 1] defined by
Vte[0,1], T(¢t) = min{AB,1}¢t.
By Definition 3, for any € > 0, the H{nn-estimation error transformation of the hinge loss is as follows:
Tdpimge = MIn{AB,1}t, te[0,1],

Therefore, Tg,,, . is convex, non-decreasing, invertible and satisfies that Ty, . (0) = 0. By Theorem 4, we can choose
U(t) = min{AB, 1}t in Theorem 3, or, equivalently, I'(¢) = m in Theorem 12, which are optimal when € = 0. Thus,
by Theorem 3 or Theorem 12, setting € = 0 yields the JH{yn-consistency bound for the hinge loss, valid for all h € Hyn:

" Rq)hinge (h) - :R:b] e, NN T Mq)hingeag'CNN
:RZO—1 (h) - :ng_l,ﬂ-CNN < mianB, 1} - M@o—l,?CNN' (41)

Since the ({y-1,Hnwn)-minimizability gap coincides with the (€y_1,Hnn)-approximation error and (Pninge, Hnn)-
minimizability gap coincides with the (Ppinge, Hnn )-approximation error for AB > 1, the inequality can be rewritten as
follows:
* :Rq)hinge (h) - Rghingeyj{all ifAB 21
jQZ()—l (h) - :Rég_l,ﬂ'fan < 1 I::R : 1
5 [ Ry (B) ~ Ex[1 - |20(2) ~ 1 min{ AW 2], + AB, 1} ]] otherwise.
The inequality for AB > 1 coincides with the consistency excess error bound known for the hinge loss (Zhang, 2004a;
Bartlett et al., 2006; Mohri et al., 2018) but the one for AB < 1 is distinct and novel. For AB < 1, we have
IEX[l - 12n(z) - 1| min{AWHpr +AB, 1}] >Ex[1-12n(z) - 1]] = 2Ex[min{n(z),1-n(z)}] = :R:Phinge,ﬁ

all”
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Therefore for AB < 1,
Rappnee () = Ex[1-[2n(z) = 1 min{AW |z[ , + AB,1}] < Ra,,.. (h) - R e Hon

Note that: behmgs,}fm = 2R} 9c., = 2Ex[min{n(z),1-n(x)}]. Thus, the first inequality (case AB > 1) can be
equivalently written as follows:

Vh e Hyn, RZO—I (h) < y"bhinge (h’) -Ex [mln{ﬂ(ff)» 1- n(x)}]v
which is a more informative upper bound than the standard inequality Ry, _, (k) < Ra,,,,... (h).
K.2.2. LOGISTIC LOSS
For the logistic loss @10 (v): = logy (1 +e™*), forall h € Hyy and z € X:
eq)log (h,@,t) = tP1og (M(x)) + (1 = 1) Prog(~h(T)),
= tlogy(1+¢7"™) + (1= ) logy(1+¢"™).

—tlog,(t) — (1 -t)log,(1-1t) if log| 5| < AW x|, + AB,

inf C h,x,t) =
hélirClNN P10 (1,2, 1) {max{t,l—t}log2(1+e_(AW“”P+AB))+min{t,1—t}log2(1+eAWmfAB) if 10g|%|>AW||:E|| +AB.

Therefore, the (P1og, Hnn )-minimizability gap can be expressed as follows:

jVE‘Plcxg,7:}cNN = Rglo j’fNN - EX[ inf C‘Z‘blog (h7 x? n(x)):l
&2 heHnN

= Ry o ~ ]Ex[—n(:v)logz(n(x)) = (1 =n(x))logy(1-n(z))L, o] 22 <AWHx|\p+AB:| w)

-Ex [max{n(x), 1-n(z)}logy(1+ e_(AWHz”PJ“AB))IllOg

L >AW|\z|\p+AB]

-Ex [min{ﬂ(ﬂﬂ), 1-n(x)}logy(1+ eAW”I”"+AB) log| {242 [>AW |z +AB]

Note (®iog, Hnn)-minimizability gap coincides with the (®iog,Hnn)-approximation error R§ =4
x[-n(z)logy(n(x)) - (1 - n(z))logy (1 - n(x))] for AB = +oo.

For 1 <t <1, we have

Ca, (M2, t) =tlogy(1+e70) + (1—1) logy(1 +€”)

=1

inf
heHnn:h(z)<0

)

inf inf Aeqﬁog’j—(NN(h,Q?,t)

inf inf e h,z,t)— inf C h,x,t
2eX heFnn:h(x)<0 e - 105 (1 ,1) helﬂr-ICNN Do (1,2, ))

IEDC(hG?fNN:h(x)d)
1+ tlogQ(t) (1-t)logy(1-1¢)
if log 75 < AW |z, +AB,
in
zeX |1 - tlog (1+e ~aWle] +AB)) —(1-t)logy(1+ eAWHmHPJ'AB)
if log 155 > AW |z|, + AB.

L+ tlogy(t) + (1 -t)logy(1-1) 1f10gﬁ§AB
|1 -tlogy(1+e2B) — (1-t)logy(1 + e P) if log 14 > AB.
- T(2t-1),

where 7 is the increasing and convex function on [0, 1] defined by

wtelo1], (=2 sl D om0 '
Y - Ellogy(1+eMP) - Lllogy(1+e*P), t> St
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By Definition 3, for any € > 0, the H{nn-estimation error transformation of the logistic loss is as follows:

o [T, telen,
vos STy pe[o,0).

Therefore, when € = 0, T, , is convex, non-decreasing, invertible and satisfies that T, (0) = 0. By Theorem 4, we can
choose ¥(t) = T, (t) in Theorem 3, or equivalently T'(¢) = ‘J'q)l (t) in Theorem 12, which are optimal. To simplify the

expression, using the fact that
i+l 1 (t 1) 1—t1 (l—t))
) - o
B g2 B g2 B
1-

>1-\/4——

1
ilogQ(t+ 1)+ —logQ(l -t)=1-

/—\

;_A

2 2

1-V1
t?

v

2’
t+1 1

1-t 1+eMB
1- Tlog2(1+e_AB) - Tlog2(1+€AB) = 21 g2( e )

4
2+ e AB 4 eAB ) +1/2 log2( 1+eAB

T, can be lower bounded by

2 erBoy
To,. (1) 27 t< ame
Plog - 1 eAB 1 t t> |
2\eAB+1 )™ erAB 41

Thus, we adopt an upper bound of ‘nglog as follows:

V2, t< %(222;})27
2Smt)e, o> (Set)

Therefore, by Theorem 3 or Theorem 12, setting € = 0 yields the H{xxn-consistency bound for the logistic loss, valid for all
he HNNZ

To,, (1) =

*
:Rl()—l (h) - fRZo,l,‘}CNN + Mzo—lyf}CNN
AB_y

1 2
\/_ (:R@l% (h) :R* o FINN + Mq)logyg{NN) ’ ) if fR@]og (h) - :R%OEJCNN < %(Z/\Bﬁ) - Mq)logvg{NN

: (43)
2( = 1)(qu)log (h) Rélog,%w +M¢,10g7g{NN), otherwise

Since the (lo_1,Hnn)-minimizability gap coincides with the (¢o_1,Hnn)-approximation error and (Piog, Hnn)-
minimizability gap coincides with the (P04, Hnn )-approximation error for AB = +oo, the inequality can be rewritten as
follows:

:Rfofl (h) - :Rzkl,g{all

V2 [qu,log(h) yélogml]% if AB = +o0

AB_1

1 2
< \/_I;IR‘I’log (h) - :R<I>1w Haw T M‘blog,'}cNN:I ’ if fbelog (h) - Rcblog,%NN < %(W) - Mq)log»}CNN

otherwise
2( 5 1)((Rq>log(h) R¢10279{NN+M¢1%%NN) otherwise

where the (®iog, Hnn)-minimizability gap Mg, 5y i characterized as below,which is less than the (®1q, Hnn)-
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approximation error when AB < +o0:

Mo, 30an = Ry, 300w — Ex[—n(m) logs (1(2)) = (1 =n(x))logy (1 - n(x)T, 2 AW o +AB]

B [mac(ne), 1) o (1O ]

- I:min{n(x)u 1- 77(5(;)} 10g2(1 + eAW”wHP-'—AB)]l 171(02)) SAW |z +AB]
-n(x P

<R, stan — Ex[-n(x) loga (n(2)) = (1 -n(z)) logy (1 - ()]

_ * _ *
- :R‘i’logJ{NN iR‘I)log; yHan

log,

Therefore, the inequality for A B = +oo coincides with the consistency excess error bound known for the logistic loss (Zhang,
2004a; Mohri et al., 2018) but the one for AB < +o0 is distinct and novel.

K.2.3. EXPONENTIAL LOSS

For the exponential loss @y, (a):= e, for all h e Hyy and z € X:

G(I’exp(h’ r,t) = tq)eXP(h(x)) +(1- t)(I)eXP(_h(x))
= te M@ 4 (1 - 1)@,

, 2\/t(1-1t) if 1/2log|5| < AW |z, + AB
f ¢ h,xz,t) = P
helan Py (1 2:1) {max{t, 1-tye AWl AB) L min{t, 1 - t}erWIel A8 jr /2 10g|1i| AW |z[, + AB.
Therefore, the (Pexp, Hnn )-minimizability gap can be expressed as follows:
M Tonn = Ripyy 3nn —EX[ inf Ce,,, (h,z 77(1?))]
P> heXH NN
= :R:i)cxp»g{NN - EX [2 77(-’1:)(1 - n(x)) 1/210g| n(?w) <AW”IHP+AB] (44)

-Ex [max{n(z), 1- n(:c)}e_(AWHm””MB)]ll/z10g| HL >AW\|me+AB]

B . 3 AW |lz|,+AB
B[ min{n(z). 1 - n(a))e Ly ot 261 vl 5 |

Note (Pexp, Hnn)-minimizability gap coincides with the (Pexp,Hnn)-approximation error fRfDeXp Fonn
Ex [2 n(z)(1- n(m))] for AB = +o0.

For % <t <1, we have

Copp (hyx,t) = te®+(1-t)e°

in
heHnn:h(x)<0
=1.

inf inf ACqy,, 30xn (2, 1)

Il ™ o 1nf( inf Co,,p (hy2,t) — 1an Co,, (hy 2, t))

zeX \ he Hnn:h(z)<0

e 172 t(1-t) if 1/2log &5 < AW|z|, + AB,
11
aeX | 1= te” ATl AB) (1 = )eAWIZl*AB if 1 /910g 1L > AW |2, + AB.
C1=2yt(1 - 1), 1/2log {5 < AB
S |1-te™B - (1-t)erB, 1/2log L > AB
=T(2t-1),
where T is the increasing and convex function on [0, 1] defined by
1-V1-£2, t< Srmt,
vte[0,1], T(t)= {1 _ bl -AB _ 1=t AB_ 4 ZQABJ—?

2 ¢ A
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By Definition 3, for any € > 0, the J{};,,-estimation error transformation of the exponential loss is as follows:

T _T(t),  tele1],
Per T1IOy pe0,e).

Therefore, when ¢ = 0, ‘J',;,exp is convex, non-decreasing, invertible and satisfies that Ty, (0) = 0. By Theorem 4, we can
choose W(t) = Tg,,, (t) in Theorem 3, or equivalently I'(¢) = ‘Tg,ixp (t) in Theorem 12, which are optimal. To simplify the
expression, using the fact that

2
—\/1—t22%,

t+1 1-t AB _ o~AB
1- Te-AB - TeAB =1-1/2eAB —1j2¢ MBS —C 4

Ts, . can be lower bounded by

exp

2 o2AB_q

) =12/ snn = aptL’
DPoxp 1(e -1 e 1
§(e2AB+1)t’ t> e2AB 41"

Thus, we adopt an upper bound of ‘Jgixp as follows:
2AB 2
v, 1< 3Gt -
2AB 2AB 2
() o H(2)
Therefore, by Theorem 3 or Theorem 12, setting € = 0 yields the Hnn-consistency bound for the exponential loss, valid for
all h e J‘CNNI

Rfo—l (h) - fRzo,hi}CNN + MZO—MHNN
t . . o20B_1\2
\/_ (:Rq)exp (h) :R<I> xp > JINN + M(bexpy}CNN) ’ ’ if :R‘:I)exp( ) :R@exp,i}CNN < é (52/\5-{-} ) - Jvl:q)exp,g'CNN’ (45)
2AB
Q(W)(beexp (h) = Rg

Since the ({o-1,Hn~)-minimizability gap coincides with the ({o_1,Hnn)-approximation error and (®iog, Hnn)-
minimizability gap coincides with the (P04, Hn )-approximation error for AB = +oo, the inequality can be rewritten as
follows:

:R'Zo_l (h) - jer()_l yHan <
1
\/—[ Doxp (h) Pxp,%au] i v

2AB 2
\/i[ﬁéexp(h) Ry 3tan T M%xp,:}cm] if Ra,,, () = Rg_ sen < %(Wﬁ) = Mo, 30nn

2 5721 ) (R (0) = R 1000+ Moy 96 ) - 0

where the (®eyp, Hnn )-minimizability gap Ma,,, 5cyy i characterized as below, which is less than the (Pexp, Hnn)-
approximation error when AB < +o0:

M‘i’expvg{NN = jz:i)exp,g{NN -Ex [2 77(1‘)(1 - n(x))]ll/m‘)gz

- B[ max(n(a), 1~ n(a))e M40y

Ton, (1) =

Foan T M@exmj{NN), otherwise.

exps

1
2

o/w

T N AW |z +AB:|

1/2logy| 24 |> AW | | +AB]

. AW AB
—[mln{n(x),l—n(a;)}e Il ]11/2logz| e >AWHa:Hp+AB]

1-n(=z)
<R, 5000~ Ex[2Vn@) (1= 0(2))]

_ m* _ p*
- Rq>exp ,HNN Ri’exp yHan

Therefore, the inequality for AB = +oo coincides with the consistency excess error bound known for the exponential loss
(Zhang, 2004a; Mobhri et al., 2018) but the one for AB < +o0 is distinct and novel.
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K.2.4. QUADRATIC LOSS
For the quadratic loss ®qyaa(a):= (1 - @)1 o<1, for all h € Hny and z € X:
Cauaa (7, 1)
= D quaa () + (1 - ) Pquaa (~h(2))
= t(1 - h(2))*Tn(yer + (1= 1) (1+ h(@)) Doyt
heijr%iN Copaq (hy2,1)
_Jat(1-1), |2t =1 < AW ||, + AB,
) {max{t, 1-t}(1 - (AW]|, + AB))” + min{t, 1 - t}(1+ AW|a|, + AB)®, [2¢-1|> AWz, + AB.

Therefore, the (Pquad, Hnn )-minimizability gap can be expressed as follows:

M, oxn = R 3on — ]Ex[477(5€)(1 - n(x))]1|2n(x)—1\§AW|\pr+AB]
2
-Ex [max{n(x), 1- n(m)}(l - (AW”IHP + AB)) ﬂlgn(w)_1|>AWH:ch+AB:| (46)
. 2
-Ex [mln{n(fﬂ)’ 1-n(x)}(1+ (AW |z, + AB)) Ill?n(x)—1|>AWHm\|p+AB]

Note (Pquad, Finn)-minimizability gap coincides with the (®quad,Hnn)-approximation error Rj
Ex[4n(x)(1-n(x))] for AB > 1.

For % <t <1, we have

quad ,JINN

inf C h,x,t
hef){Ng}h(sz q)q“ad( > )

=t+(1-1)

=1

inf inf AC h t
:{CEXhej—CNg}h(z)<o <I><1Uada}fNN( y Ly )

= inf( inf Copaa (hy 2, 1) = . i}I{lf Coyaa (P w,t))
€ANN

zeX \ heHnn:h(z)<0

o [1-aa-o), 2t-1<AW|a|, +AB,
slcrelx{l—t(l—(AW||x|p+AB))2—(1—t)(1+AWz:p+AB)2, 2t-1>AW|a|, + AB.
C(1-4t(1-t), 2t—1<AB,
‘{1—t(1—AB)2—(1—t)(1+AB)2, 2t - 1> AB.

=T(2t-1)

where 7 is the increasing and convex function on [0, 1] defined by

2, t<AB,

VtE[O,l]a T(t):{QABt—(AB)2a t>AB.

By Definition 3, for any € > 0, the Hnn-estimation error transformation of the quadratic loss is as follows:

T - {ﬂm tefe1],

IOy tef0,e).

€

Therefore, when € = 0, (Iq)q is convex, non-decreasing, invertible and satisfies that Ty (0) = 0. By Theorem 4, we

uad quad
t t<(AB)?
can choose ¥(t) = Tg,,., (t) in Theorem 3, or equivalently I'(t) = T5! () = \/t_’ AB ( )2, in Theorem 12,
aua a5 T 5, t>(AB)

which are optimal. Thus, by Theorem 3 or Theorem 12, setting € = 0 yields the J{xn-consistency bound for the quadratic
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loss, valid for all h € Hyn:

*
RZO—I (h) - Rfo,l,}CNN + MZO—MJ{NN

I:R@quad (h) - :R:;quadag{NN + Mq)quad TJ'CNN:I ’ if Rq’quad (h) - R(})

*
:Rq)quad(h)_:Rq)quad,}fNN+M(I>quad7:HNN L AB

2AB 2

quadag{NN S (AB)2 - M(p

quadvg{NN (47)
otherwise

Since the (-1, Hnn)-minimizability gap coincides with the (¢o-1,Hnn)-approximation error and (®Pquad, Hnx)-
minimizability gap coincides with the (®yyad, Hnn)-approximation error for AB > 1, the inequality can be rewritten as
follows:

:Rfo—l (h) - fRZ)_l,}ca“
1
[%quad (h) - %quad,%all] ’ ifAB>1
1
N [Rea () - R M 90 |1 R () = R

*
R(])quad(h)_jz(pquadeNN Pquad JINN | AB
2AB 2

2
quad,JINN quad,JINN < (AB) - M‘I’quadx:}CNN

Y otherwise

otherwise

where the (P quad, Hnn )-minimizability gap Mg, 4,50y is characterized as below, which is less than the (®quad, Hnn)-
approximation error when AB < 1:

M, Fonn = R e 30w — BX [477(33)(1 - 77(1:))HIQn(z)—l\gAW|\sz+AB]
-Ex [max{n(m), 1- n(:v)}(l - (AWHpr + AB))2]l|2,,(w)_1|>AWHprH\B]
~Ex[min{n(2),1-n(@)}(1+ (AW ], + AB)) Lay(ey-1pawia +a5]
<R gua T~ Ex[4n(2) (1 = n(z))]

* _ R*
P guad, Hnn D quad,Han"

Therefore, the inequality for AB > 1 coincides with the consistency excess error bound known for the quadratic loss (Zhang,
2004a; Bartlett et al., 2006) but the one for AB < 1 is distinct and novel.
K.2.5. SiGmoID Loss

For the sigmoid loss ®g;s(a):= 1 - tanh(ka), k > 0, for all A € Hxy and z € X:

Co,y, (h, 2, 1) = 1D (h(2)) + (1 - 1) Dsig(=h(x)),
=t(1 - tanh(kh(x))) + (1 —t)(1 + tanh(kh(x))).
 Inf Ca,,, (h,z,t) =1 -1 -2t tanh (k(AW | z| , + AB))

Therefore, the (Ps;q, Hnn )-minimizability gap can be expressed as follows:

Mésig,ﬂ'fNN = :R:Psig,?CNN -Ex I:héi‘.'}lffm eq)sig (ha z, 77(35))] (48)

= R%Sig):}CNN - EX[I —-|1- 2n(x)|tanh(k:(AWHpr + AB))].

Note (Psig, Hnn)-minimizability gap coincides with the (®gq, Hnn)-approximation —error fprsig’}(NN
Ex[1-]1-2n(x)|] for AB = +oo0.
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For % <t <1, wehave

inf eq;.

(h,x,t) =1—|1 - 2t/tanh(0
heHnn:h(z)<0 SIg( v ) | | an ( )

=1.

inf inf ACs._. = inf inf ) — inf .
:}cIElDChe}cNg}h(x)w Causg 00 (B 2,1) alch(he}cNg}h(x)we@“g(h’x’t) heFtrn Gq,mg(h,x,t))

= i?ofc(% ~ 1) tanh(k(AW|z|, + AB))
= (2t - 1) tanh(kAB)
=T(2t-1)
where T is the increasing and convex function on [0, 1] defined by
Vte[0,1], T(¢) = tanh(kAB)t.
By Definition 3, for any € > 0, the J{nn-estimation error transformation of the sigmoid loss is as follows:
T, =tanh(kAB)t, te[0,1],

Therefore, Te,;, is convex, non-decreasing, invertible and satisfies that ‘J";,Sig(O) = (0. By Theorem 4, we can choose
U(t) = tanh(kAB)t in Theorem 3, or equivalently I'(¢) = m in Theorem 12, which are optimal when € = 0. Thus,

by Theorem 3 or Theorem 12, setting ¢ = 0 yields the Hnn-consistency bound for the sigmoid loss, valid for all h € Hnn:
R(I’sig (h) - :R;)Sig,g’CNN + M(I’
tanh(kAB)

sigr) JONN

:Rzo—l (h) - fRZ)_l,}cNN < - Mg()—l,g{NN' 49)
Since the (€y_1, Hnn )-minimizability gap coincides with the (£y_1, Hnn )-approximation error, and since (Pgig, Hnn)-
minimizability gap coincides with the (®s;q, Hnn )-approximation error for AB = +oo, the inequality can be rewritten as
follows:

R (h) R :Rq)sig (h’) - jQ:ID if AB = +00
- <
los oot 2 =) s [:Rq)sig (h) —Ex[1-[1-2n(x)|tanh(k(AW |z[, + AB)) ]] otherwise.

sig>Hall

The inequality for AB = +o0 coincides with the consistency excess error bound known for the sigmoid loss (Zhang, 2004a;
Bartlett et al., 2006; Mobhri et al., 2018) but the one for AB < +o0 is distinct and novel. For AB < +o00, we have

Ex[1-[1-2n(a)| tanh (k(AW ], + AB))] > Ex[1 - [2n(x) - 1]] = 2Ex [min{n(2), 1 - n(2)}] = Ry, e
Therefore for AB < +oo,
Ra;, (h) —Ex[1-[1 - 2n(z)|tanh(k(AW ], + AB))] < Ra,,, () = Ra__ s¢.,-

. * = *
Note that: Ry qc = 2R} | 4

ig all
equivalently written as follows:

Vh € Hnn, :Rfo—l(h) < :R(I)sig(h') -Ex [mln{n(x)v 1- 77(5”)}],

which is a more informative upper bound than the standard inequality Ry, _, (h) < Rs_,, ().

= 2Ex [min{n(z),1 -n(z)}]. Thus, the first inequality (case AB = +o0) can be

K.2.6. p-MARGIN LOSS
For the p-margin loss ®,(«):= min{l,max{(), 1- %}}, p>0,forall h e Hyy and z € X:

Ca, (h,a,t) = 1@, (h(x)) + (1 =)@, (=h(x)),

= tmin{l,max{O, 1- ) }} +(1-1) min{l,max{O, 1+ h(x)}}
P p

min{AWHx”p +AB, p})
P .

inf Cg,(h,x,t) =min{t,1 -t} + max{t,1- t}(l -
heHNN
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Therefore, the (®,, Hnn )-minimizability gap can be expressed as follows:

Ma, 300n = R, 300 —Ex[hgl(f G%(h%ﬁ(??))]
(50)

min{ AW |z A
=ﬂz:p,,mm—Ex[mm{nm,l—n<x>}+max{n<x>,1—n(m)}(l— Sl Ll B”’})

Note the (®,,Hny)-minimizability gap coincides with the (®,,Hnn)-approximation error R&, 3oan
Ex[min{n(z),1 -n(z)}] for AB > p.

For % <t<1, we have

inf C@p(h,x,t):t+(1—t)(1—

min{AW”a:Hp +AB, p}
heFHan:h(z)<0 ’

P

I PR (h.z) = gchelDfC(heﬂngg(xkO Co,(h2,t) = Il Ca, (b2, t))

min{AWH:ch +AB, p}

= glCIElDfC (2t-1)

- (2t-1) min{AB, p}
=T(2t-1)

where 7 is the increasing and convex function on [0, 1] defined by

_ min{AB,p} ;
-,

vt e[0,1], T(t)

By Definition 3, for any € > 0, the H{nn-estimation error transformation of the p-margin loss is as follows:

_ min{AB,p} ;

te[0,1],
0

P

Therefore, ‘.T(pp is convex, non-decreasing, invertible and satisfies that ‘J'¢p(0) = 0. By Theorem 4, we can choose
U(t) = M t in Theorem 3, or equivalently I'(¢) = m
by Theorem 3 or Theorem 12, setting € = 0 yields the JH{xn-consistency bound for the p-margin loss, valid for all h € Hnn:

p(fR{)p (h) - REP,HNN + Mq)pyg{NN)
min{AB, p}

t in Theorem 12, which are optimal when € = 0. Thus,

Re(}—l (h) - :Rzo,l,ﬂ{NN < - Mzo—ly}CNN' (51)

Since the (fo-1,Hnn)-minimizability gap coincides with the ({o-i,Hnn)-approximation error and (®,,Hnn)-
minimizability gap coincides with the (®,, Hyn)-approximation error for AB > p, the inequality can be rewritten
as follows:
Ra,(h) =R g ifAB>p
Reogr (h) = Riy_, 90 < p(IR«pp(h)—]EX[pmin{n(w),l—n(w)}+max{n(1),l—n(w)}(1—W)])
AB

otherwise.

Note that: Rg, ¢ =R; | 4c. =Ex [min{n(z),1-n(z)}]. Thus, the first inequality (case AB > p) can be equivalently
written as follows:

Vh € Hyn, :Rfoq (h) < qu;.p (h)

The case AB > p is one of the “trivial cases” mentioned in Section 4, where the trivial inequality Ry, , (h) < Rg,(h) can
be obtained directly using the fact that £y_; is upper bounded by ®,,. This, however, does not imply that non-adversarial
Hnn-consistency bound for the p-margin loss is trivial when AB > p since it is optimal.
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L. Derivation of Adversarial H{-Consistency Bounds
L.1. Linear Hypotheses
By the definition of H;y,, for any x € X,

b (z) =w-z=7y|wl, +b

[-Wlz[, =W - B,W|z|,~-yW + B] x|, >~
[-Wlz[, -+W - B, B] l=ll, <~

hy(2) =w-z+yfwlq+b

[-Wlz], +yW = B,W ||, +yW + B] |z, >~ _
[-B,W|z], +W + B] l=ll, <~

Note Hjiy is symmetric. For any x € X, there exist w = 0 and any 0 < b < B such that w - z — v|w]||, + b > 0. Thus by
Lemma 2, for any z € X, Ggwﬂfun(x) = min{n(z),1 -n(x)}. The (¢, Hiy,)-minimizability gap can be expressed as
follows:

Mz'\mg{lin = :R'Zy,ﬂ'f“n - EX [mln{n(z)’ 1 - n(:r)}] (52)

L.1.1. SUPREMUM-BASED p-MARGIN LOSS

For the supremum-based p-margin loss

= sup D (yh(z')), where ®,(a) = min{l, maX{O, 1- g}}, p>0,
p

@iz -] p<y
for all h € Hj;, and z € X:

C, (h,z,1) =18, (h(x)) + (1~ 1)®,(~h(x))
= tq)p(ﬁy(l")) +(1- t)(pp(_ﬁ’v(x))

- tmin{l,max{o, - h”(x)}} L1-t) min{l,max{(), 14 (@) }}
P P

min{Wmax{Hpr,v} -yW + B, p}
p

inf Cz = 1- 1-
he%—lfun G%(h,x, t) = max{t, t}(

) +min{t, 1 -t}.
Therefore, the (5 Py ?(hn)—minimizability gap can be expressed as follows:

M$P7%1i“ - :R%p’g{““ B EX [héi;g'lffm 85’) (h’ . 77(:5))]

min{W max{|z],, v} ~+W + B, } )l (53)

::R%p,%un -Ex max{n(z),l—n(m)}(l— ;

- Ex[min{n(z),1-n(x)}].
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For % <t <1, wehave

inf Gy (h,z,t)=t+(1-1)
heHinih, (2)<0<hy (z) "
=1
inf inf ACz .. (h,z,t) =inf inf Cz (h,xz,t) - inf Cz (h,xz,t
zeX heﬂ—(lmzﬁw(w)gosﬁw(x) @mﬂl"’( ) xeDC{hle“n:h,Y(x)<O<h7(;v) ‘i)p( ) heHin (Pp( )}

" min{Wmax{Hpr,'y} —-yW + B,p} .
zeX P
min{B, p} ;
p
=T1(t),

where TJ7 is the increasing and convex function on [0, 1] defined by

vte[0,1], Ti(t)=

b

min{B, p} .
p

P

min{ W maxi |z|| ,v;-vW + B,
inf  Cgz (hyat)=t+(1 —t)(l ~ { {Il, v} -~ p})
héﬂ'f“n:h,y(m)<0 P

inf inf ACx h,z,t) = inf inf Cz (h,z,t) - inf Cz (h,x,t
X heFyinhny (2)<0 (I)p’g{“n( ) ﬂﬁex{heﬂ'(nn:hﬂ,(zko (I)p( ) heFiin (I)p( )}

min{W max{Hpr, v} =W + B, p}
p

Sy

in{B
=(2t-1) M
=To(2t-1),
where T3 is the increasing and convex function on [0, 1] defined by

min{B, p}

i

Vte[0,1], To(t) =

By Definition 5, for any € > 0, the adversarial JH);,,-estimation error transformation of the supremum-based p-margin loss is
as follows:
in{B
S V) A ]
’ P
Therefore, T; = T5 and ‘75p is convex, non-decreasing, invertible and satisfies that ‘J’gp (0) = 0. By Theorem 6, we can
choose U (t) = % t in Theorem 5, or equivalently I'(¢) = —£=— ¢ in Theorem 13, which are optimal when € = 0.

min{B,p}
Thus, by Theorem 5 or Theorem 13, setting € = 0 yields the adversarial J{};;,-consistency bound for the supremum-based

p-margin loss, valid for all h € Hy;y:

p(:Rzp (h) B :R%pvj{lin * Mamﬂlin)
min{B, p}

sz (h) - fszi}{“n < - M@W)g{m. 54)

Since

Mzw;:}clin = CRL,}CHU - EX [min{n(l‘), 1 - n(x)}]7

min{W max{|e],, v} - YW + Bm})l

M3, 300, = RF, 96, ~EX lmax{n(x), 1- n(x)}(l - P

- Ex[min{n(x),1-n(x)}],



‘H-Consistency Bounds for Surrogate Loss Minimizers

inequality (54) can be rewritten as follows:

Rg,(h) -Ex [maX{U(xL L-n(x)}1- min{W max{lzl, 7}y W+ B.o} )] if B>p

P
sz (h) < p(Rap (h)-Ex [max{n(m),lfn(gg)}(lf mi"{W"’ax{HILP’”’}‘WW"BvP} )]) (55)
min{B,p}
+(1 - min{pB oF )Ex[min{n(xL 1-n(x)}] otherwise.

Note that: min{W max{Hpr, v} =W + B, p} = pif B > p. Thus, the first inequality (case B > p) can be equivalently
written as follows:

Vh € Hiin, ng_Y (h) < fR@p (h) (56)

The case B > p is one of the “trivial cases” mentioned in Section 4, where the trivial inequality R, (h) < ngp(h)

can be obtained directly using the fact that £, is upper bounded by P o- This, however, does not imply that adversarial
Hyn-consistency bound for the supremum-based p-margin loss is trivial when B > p since it is optimal.

L.2. One-Hidden-Layer ReLLU Neural Networks

By the definition of Hyn, for any x € X,

n

h(z)=inf Y ui(w;-a"+b),

95'?”95—95'Hp57j:1

hy(z)= sup Y u;(wj-z'+b).
/| z—z’|p<y j=1
Note Hyy is symmetric. For any x € X, there exist u = (%, e, %), w=0andany 0 <b < B satisfy that b (x) > 0. Thus
by Lemma 2, forany z € X, €74 () = min{n(x),1-n(x)}. The (¢, Hnn)-minimizability gap can be expressed as
follows:

MLWJ{NN = RZ,,S}CNN -Ex [min{n(x)> 1- ?7(55)}] (57)

L.2.1. SUPREMUM-BASED p-MARGIN LOSS

For the supremum-based p-margin loss

$p = sup ®,(yh(z)), where ®,(a)= min{Lmaux{O7 1- g}}7 p>0,
p

z'i| -z’ | p<y
for all h e Hyn and z € X:
€5, (ha.t) = 18, (h(2)) + (1~ )F,(-h(x))
= t@p(ﬁy(m)) + (L= 1)@y(~h, (2))

= tmin{l,max{o, 1- b(@) }} +(1-1t) min{l,max{o, 1+ () }}
P P

min{Supheﬂ{NN hv(x)’ p} ) +min{t,1 -t}

heH NN

inf Cgz (h,x,t) = max{t,1- t}(l -
’ p

Therefore, the (5 0 U{NN)-minimizability gap can be expressed as follows:

Map,}(NN = :R%pyg{NN - IE:X I:heiﬂr-lCiN eﬁp(hv z, 77(35))]

min{suphe%NN h7($)ﬂp} )] (58)

:R%pa:}fNN —Exlmax{n(x),l—n(z)}(l— P

- Ex[min{n(z),1-n(x)}].



‘H-Consistency Bounds for Surrogate Loss Minimizers

For % <t <1, wehave

inf Gz (hx,t)=t+(1-1)
heHnn:h, (2)<0<hy (z) 7
=1
inf inf ACzx h,x,t) = inf inf Cz (h,z,t) - inf Cz (h,z,t
zeX he}CNN:ﬁv(x)SOSE,Y(x) 'i)p’}cNN( ) IEDC{hE?‘fNNIh,Y(.’E)SOSh»Y(x) CDP( ) heHnn ‘I)p( )}
. min{suphE}fNN ﬁ'\/('r)7p}
=in t
zeX P
_ min{inf ex SUPLesey ﬁ,y(x),p} .
p
=T1(n(z)),

where TJ7 is the increasing and convex function on [0, 1] defined by

min{inf,ex suppesey b, (), p) N

Vte[0,1], Ti(t) = ;
P

heHnn:hy (2)<0

minysupy,. h(z),
inf eap(h,x,t)=t+(1_t)(1_ {SUDhescy By ( )p})
P

inf inf ACx h,x,t) = inf inf Cz (h,x,t) - inf Cz (h,z,t
””exhe?{NNzﬁw(ka (I)p"j{NN( ) zeDC{heﬂ-(NN:ha,(ka ép( ) heHnn ép( )}

min{suppesyy by (2), 0}

Sy

p

_(2-1) min{infxex SUDpegtan Qw(x), p}
p

-T2t - 1),

where T is the increasing and convex function on [0, 1] defined by

minqinf .y su h_(x),
wrefo], T - P W 1,00},
P

By Definition 5, for any € > 0, the adversarial H{nn-estimation error transformation of the supremum-based p-margin loss is
as follows:

min{infwex SUD}eq¢x hw(a:), p} ;
p

¢y

, te[0,1],

Therefore, T; = T> and ‘3'5’) is convex, non-decreasing, invertible and satisfies that ‘J'ap (0) = 0. By Theorem 6, we

minyinf ex supy,cq h_(x), . 3 A
{infacx supencs By (20} t in Theorem 5, or equivalently I'(t) = — L t in
P mm{mfﬁx SUPLesinn ﬁw(a:),p}
Theorem 13, which are optimal when € = 0. Thus, by Theorem 5 or Theorem 13, setting € = 0 yields the adversarial

Hnn-consistency bound for the supremum-based p-margin loss, valid for all h € Hnn:

can choose ¥(t) =

o(Ra, (h) - 5

0, NN * M5075{NN)

Re (h) -R; <
Zw( ) Ly, HNN min{infﬁx SUP hedtnn Q’y(x))p}

~ M, g (59)
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Observe that

inf sup h (z)2 sup 1nfh ()
X heFHnn heHnn T€X
n
= sup inf inf > wj(w;-x+w;-s+b),
\|u\|1<A |w;]lg<W, [b|<B T€X [Islp<y ;21

> sup inf inf Zu7(0 x+0-5+b),
lull1<A, [blsB X Islp<y j=53

n

- sup Z uj(b)+
[ull1<A, |b|<B j=1

=AB.
Thus, the inequality can be relaxed as follows:

p(%p (h) =R% seen ™ Mapg{w)
min{AB, p}

Rgv (h) - RL’}(NN < - MgW}(NN. (60)

Since

Méﬂmi}fNN = ‘(RL,J-CNN - IEX [min{ﬁ($)7 1- 77(53)}]’

min{suphe:}CNN Qw(x), p}
p

M$p,‘}(NN = R%pg:}cNN -Ex lmax{n(x)a 1- 77(1’)}(1 -

-Ex [min{n(‘r)v 1- 77(56)}]»

inequality (59) can be rewritten as follows:

Ry, (h) - Ex|max{n(x),1-n(z)} 1—mi"{s‘”’““;N’”(””“})] it AB 2 p

Re, (h) < p(ﬂ%ap (h)-Ex [max{nm,l—n(r)}(l— el ) )])

min{AB,p}
+(1 - M)Ex[min{n(@”), 1-n(x)}] otherwise.
Observe that
sup h,(z) = sup Zu](w] ' +b),
heHnn lulli<A, w;llq<W, |bl<B 2" Hr @ Hp<v]

n
< in sup Y uj(w;-a’ +b),
a2 lp<y ) <A, |lw; | <W, [bl<B j=1

inf  A(W|2'|,+B)

o'z’ || p<y

AWzl W+ B) it ], >
AB if |z, <~

= A(WmaX{Hpr,'y} -yW + B).

Thus, the inequality can be further relaxed as follows:

i, (1) - B max{a), 1 - (1 - LB )| s
:ng (h) < p(ﬂ%gp (h)-Ex [max{n(z),l—n(z)}(lf mi"{A(Wmax{”m;lp"y}_'yw*'B)*/’} )]) (61)
min{AB,p}
+(1 - min{ZB o) )]EX [min{n(z),1-n(x)}] otherwise.

Note the relaxed adversarial Hnxn-consistency bounds (59) and (61) for the supremum-based p-margin loss are identical to
the bounds (54) and (55) in the linear case respectively modulo the replacement of B by AB.
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M. Derivation of Non-Adversarial H,;-Consistency Bounds under Massart’s Noise Condition

With Massart’s noise condition, we introduce a modified J{-estimation error transformation. We assume that € = 0 throughout
this section.

Proposition 1. Under Massart’s noise condition with (3, the modified H-estimation error transformation of ® for e = 0 is
defined ont € [0,1] by,

To' (8) = T() Liefap1) + (T(26)/28) tliefo 26).
with T(t) defined in Definition 3. Suppose that H satisfies the condition of Lemma I and ﬁ'é\f is any lower bound of ‘J‘(Jl\f

such that "fgf < ‘J'g[ f i]ff is convex with i]}v (0) =0, then, for any hypothesis h € H and any distribution under Massart’s

noise condition with (3, _
Tgitl(jz@ofl (h) - RZH,:H + Méo,l,ﬂ-() < qu’(h) - CR;,}C + M‘b,g‘f'

Proof. Note the condition (13) in Theorem 8 is symmetric about An(z) = 0. Thus, condition (13) uniformly holds for all
distributions is equivalent to the following holds for any ¢ € [1/2 + 3,1]:

U((2t-1 < inf A 2
((2t-1),) < et o Co,3c(h, z,t), (62)

It is clear that any lower bound ?fi,u of the modified H-estimation error transformation verified condition (62). Then by
Theorem 8, the proof is completed. O
M.1. Quadratic Loss
For the quadratic loss @ qyaa(a):= (1 - a)?1 <1, forall h € H,y and x € X:

Coguaa (B 7, 1) = tPquad (h(2)) + (1 = 1) Pquaa (- (2))

= (1= h(2)) Lpgyer + (1= 1) (L +7(2)) Lpaysor-

inf =4t(1 -
hElir}lfau e(bquad (h,l‘,t) t( t)

M graniar = Ryt~ Ex| 10 Cappaa(h,1(0))]
=R, vua, 30 — Ex[4n(z) (1 - n(z))]
=0
Thus, for 3 <¢ <1, we have

inf ¢ h,z,t)=t+(1-1¢
heﬂ-(ahI:lh(r)<0 <D<,uad( y Ly ) ( )
=1
inf inf AC h,z,t) = inf inf C h,z,t)— inf @ h,z,t
;;Exhe:}c;ilh(wyo Pauaa Han (1 2, ) ;:EDC(}LGIH:P:}L(ka @aua (12 2:1) helfr}lfan Pquna (1 2, ))

= inf (1-4t(1-1))

1-4t(1-1)
=T(2t-1)
where 7 is the increasing and convex function on [0, 1] defined by
Vte[0,1], T(t)=t>

By Proposition 1, for € = 0, the modified H,j;-estimation error transformation of the quadratic loss under Massart’s noise
condition with (3 is as follows:

N |28t tel0,28],
‘J-q:‘quad (t) = {t27 te[2p,1].



‘H-Consistency Bounds for Surrogate Loss Minimizers

Therefore, ‘J’éﬁ o is convex, non-decreasing, invertible and satisfies that T‘Ji\’i o (0) = 0. By Proposition 1, we obtain the

Han-consistency bound for the quadratic loss, valid for all h € 3.y such that Rg_ ., (h) - R, <T(2B) =452 and

. . . . . . . quad:f}call
distributions D satisfies Massart’s noise condition with 3:

Rapgyaa (h) = R
2p

quad>Fan

fRfofl (h) - :R;o,l,i}{au < (63)

M.2. Logistic Loss

For the logistic loss @0 ():=10gy (1 + ™), forall h € H,oy and x € X:

eq)log(h7x’t) = tq)log(h(x)) + (1 - t)q)log(_h(x))v
= tlog2(1 + e_h(“‘)) +(1-1) log2(1 + eh(m)).
nf €a,,, (h.t) = ~tlogy (1) - (1~ ) loz(1 1)
€ an i

M s = R0~ Ex| 0 €y, (hon(o) |
= R3,,,. 30 — Ex[-n(2) logy (n(z)) - (1 - n(x)) logy (1 - n(x))]
=0

Thus, for 3 <t <1, we have

he:}cjllzlhf(myo Cs,., (h,7,t) = tlogy(1+e™®) +(1-t)logy(1+e”)

=1

)

inf inf AC h,z,t) = inf inf C h,z,t) - inf @ h,z,t
nlcrelx}Le?Ca}Fh(xkO 1o 3 (1 2,1) ;?X(heﬂ{ahr:lh(xko @10 (R 2,1) hé%au P10 (1 2, ))

= inaf;(l +tlogy(t) + (1 -1t)logy(1-1)
=1+tlogy(t) + (1—t)logy(1-1)
=T(2t-1),

where 7 is the increasing and convex function on [0, 1] defined by

t+1 1-¢
vte[0,1], T(t) = %1og2(t+ 1)+ - logs(1-1)

By Proposition 1, for € = 0, the modified H,);-estimation error transformation of the logistic loss under Massart’s noise
condition with (3 is as follows:

Tg — 155237) te [257 1] )
log 5 b tE [0,208).

Therefore, ‘Igfog is convex, non-decreasing, invertible and satisfies that ‘Ig{og(()) = 0. By Proposition 1, we obtain
the JH.y-consistency bound for the logistic loss, valid for all h € H.y such that Rg,,, (h) - R:b]oq,%an < J(28) =

Qﬁ;l log,(268+1) + # log, (1 —2/3) and distributions D satisfies Massart’s noise condition with (3

26(Rar,, (h) = R, o0,
jQfo-1 (h) - :Rzo_h?fau < 28+1 : 1

64
L logy (28 +1) + 122 logy (1 - 28) ©4)
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M.3. Exponential Loss

For the exponential loss ®eyp(v):= e, forall h € Hyy and 2 € X:

Coeny (hy ) = 1Pesp (R()) + (1 = 1) Pexp (~h())
=te™ "M@ 1 (1 - 1)),

inf Cs,., (h,z,t)=2\/t(1-1)
heFan
Moy 960 = Ry 6~ Ex|, 101 Cave (h0(0))]

= Ri., 50 ~ Ex[2v/n(@) (1 =n())]
=0.
Thus, for % <t <1, we have
inf Co, (h,z,t) =te™+ (1-1t)e°

heFan:h(z)<0 P
=1.

inf inf Aeéexp,%au(h? x)

inf inf Co,,, (R, )~ inf Cq, (h, x))
xeX heFHa:h(x)<0 ’ heF )

zex(hei}fan:h(:vko
nt(1-2vi0-0)

=1-2\/t(1-1)
-T2t - 1),

where T is the increasing and convex function on [0, 1] defined by
Vte[0,1], T()=1-V1-t2.

By Proposition 1, for € = 0, the modified J{,;-estimation error transformation of the exponential loss under Massart’s noise
condition with (3 is as follows:

v {ﬂm, te[28,1],

J T
Por | 204 te[0,2B).

Therefore, ‘J’é‘fi - is convex, non-decreasing, invertible and satisfies that ‘J'gﬁ - (0) = 0. By Proposition 1, we obtain the 3~

consistency bound for the exponential loss, valid for all / € (. such that Rg,_ (h) - R <T(28)=1-+/1-4p2

exp>Hall
. . . . N . ., . pota
and distributions D satisfies Massart’s noise condition with 3:

25(qu>exp (h) - R;}ex}ﬂj{au)

1-/1-432

N. Derivation of Adversarial 7{-Consistency Bounds under Massart’s Noise Condition

(65)

:Rfoq (h) - fRzoq,g‘fan <

As with the non-adversarial scenario in Section 5.5, we introduce a modified adversarial H-estimation error transformation.
We assume that € = 0 throughout this section.

Proposition 2. Under Massart’s noise condition with (3, the modified adversarial H-estimation error transformation of P
fore=0is defined ont € [0,1] by

7%4(75) = min{‘T{VI(t)va(t)}v
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where

~ ~ (1
T ) =T Oy + 20+ 29)Ta( 5+ 8) gy,

T5(28)
26

T (t) = /fz(t)]lte[zﬁ,l] + t1te[0,28)

with T1(t) and To(t) defined in Definition 5. Suppose that H is symmetric and ﬁ'g[ is any lower bound of ‘Tg such that

?g < ‘Tg f %%[ is convex with %gf (0) = 0, then, for any hypothesis h € H and any distribution under Massart’s noise
condition with (3,

TH (Re, (h) = Rp g¢ + Me, 90) < Ry (h) = R 4 + Mg g

Proof. Note the condition (17) in Theorem 10 is symmetric about An(x) = 0. Thus, condition (17) uniformly holds for all
distributions under Massart’s noise condition with 3 is equivalent to the following holds for any ¢t € [1/2 + 3,1]:

\Ij(<t)5) < Ef Ae@ g{(h,ﬁ,t),
xeX,heF(, (z)gIH ’

W((2t-1)) s inf A a(ha,t),
xeX,heFC:h., (x)<0 ’

(66)

It is clear that any lower bound Tg of the modified adversarial H-estimation error transformation verified condition (66).
Then by Theorem 10, the proof is completed. O
N.1. Linear Hypotheses

By the definition of H;,,, for any x € X,

b (x) =w-z =y|wlq +b

[-Wlz], =+W = B,W x|, -yW + B] |z, >~
[-Wlz[, -+W - B, B] Izl <~

hy(2) =w-z+yfwlq+b

[-Wlz], ++W = B,W ||, +yW + B] |z, >~
[-B,W|z], + W + B] l=ll, <~

Note Hjip is symmetric. For any x € X, there exist w = 0 and any 0 < b < B such that w - z — y|w]||, + b > 0. Thus by
Lemma 2, for any z € X, €7 5. (2) = min{n(z),1-n(z)}. The ({,,H;n)-minimizability gap can be expressed as
follows:

Me'yyj'(lin = RZ,,S}C““ - EX [mln{n(‘r)7 1 - n(x)}]'

N.1.1. SUPREMUM-BASED HINGE LOSS

For the supremum-based hinge loss

ahinge: = sup (I)hinge(yh(xl))a where (I)hinge(a) = max{O, 1- O[},

o'z’ || p<y
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for all h € Hy;, and z € X:

<1>hmge( z,t)

= tBhinge (h(@)) + (1~ ) Bhinge (~h())

= tPhinge (o, (2)) + (1 = ) Phinge (~h (2))

= tmaX{O, 1 —h,y(m)} +(1-1) maX{O, 1 +E7(ZE)}

> [tmaX{O, 1 —Ev(m)} +(1-1) max{O, 1 +E-Y(I)}] A [tmax{O, 1 —Q,Y(x)} +(1-1) maX{O7 1 +Q,Y(m)}]
inf Ca iy (hyz,t)

heHyin

>h€1nf [tmax{0,1-h,(z)} + (1 -t)max{0,1+h (x)}]/\ 1nf [tmax{O 1-h (x)}+(1ft)max{0 1+h (:c)}]

=1-2t- 1|m1n{Wmax{Hx||p,’y} -yW + B, 1}
(h,z,t)

inf
heHiin

= inf [tmax{O 1-h (x)}+(1—t)max{0 1+h (x)}]

heHyin
= inf [tmax{0,1-w-z+~v|wlq-5b}+ (1-t)max{0,1+w-x+~vy|w|q+0b}]

hedHyiy,
< inf 1- 1- 1
< be[{r}g’B][t max{0,1-b} + (1 -¢) max{0,1 +b}]

-2t - 1| min{B,1}

<I>hmg

PhingesHlin

- RL A —IE‘,[ inf %hingc(h,x,n(w))]

Cbhlngeaj{lln heHin

<R3 - E[l - 12n(z) -1 min{W max{Hme,'y} -yW + B, 1}]

Phinge:Hlin

Thus, for % <t <1, wehave

inf _ q> ( $t)_t+(1_t)
heHuin:h, (2)<0<h, () hinge
=1
inf inf Ae$hinge7g—(1in (h7 x’ t) = ;E&{l - hlnf e%mnge (h/7 x) t)}

2€X heHyin:h., (2)<0<hy (2)
> ;Elﬁfc(% -1)min{B, 1}
=(2t-1)min{B,1}
=T1(t),

where TJ7 is the increasing and convex function on [0, 1] defined by

T (t) = {min{B AV (2t-1), te[l/2+8,1],

in{B,1} 13551,  t€[0,1/2+p).

inf Cs . (h,x,t)> inf [t maX{O, 1 —Ew(m)} +(1-1¢) maX{O, 1 +E7(x)}]
heHinihy (z)<0 8 heFHiinihr (2)<0
=tmax{0,1-0} + (1 -¢) max{0,1 + 0}
=1

q>lnuge

(h,z,t) - 1nf Gghmge(h,x,t)}

heXiin

inf inf ACg, 4. (hyx,t) = inf inf
2€X heH),thoy (2)<0 Hnee TR 2€X | heH )iy hy ()<0

> ianc(Qt -1)min{B, 1}
xTe

=(2t-1)min{B,1}

= To(2t - 1),
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where T is the increasing and convex function on [0, 1] defined by
Vte[0,1], T2(¢) =min{B,1}t.

By Proposition 2, for € = 0, the modified adversarial J);,-estimation error transformation of the supremum-based hinge loss
under Massart’s noise condition with S is lower bounded as follows:

min{B,1} (2t -1), te[1/2+8,1],

min{B,1} ¢ te[0,1/2+73).

Phin Dpi
ge hinge
1+28

gM S TM s min{ T, T} = {

Note ‘I%/[ is convex, non-decreasing, invertible and satisfies that ‘J'g
hinge hinge

(0) = 0. By Proposition 2, using the fact that
TJM min{ B, 1}% t yields the adversarial J{;,-consistency bound for the supremum-based hinge loss, valid for all

hinge

h € Hj;in and distributions D satisfies Massart’s noise condition with 3:

]_ + 2ﬁ jzahinge (h) - R’%hinge’}flin + JvEihinge’g{lin
43 min{B, 1}

:Re’v (h) - :R'Zy7g'clin < B Mz””g{“" (67)

Since

MZ—Y,?‘C““ = RZ—Y,U‘C““ - ]EX [mln{n(x)’ ]‘ - n(x)}]7

Mgmnge,%un < R%hmgc,ﬂfun - E[l - 2n(x) -1 min{W maX{Hsz,'}/} -vYW + B, 1}],

the inequality can be relaxed as follows:

1+28 R, (1) 1+28 E[1-[2n(x) - 1| min{W max{|z|,,7} -+W + B,1}]

Re, (h) < +Ex[min{n(z),1-n(x)}] -

48 min{B,1} 48 min{B, 1}

Note that: min{W max{Hpr,v} —yW +B,1} <land1- |1 -2n(z)| = 2min{n(z),1 - n(z)}. Thus the inequality can
be further relaxed as follows:

? (h)<1+2ﬁ%hmge(h) ( 1+28
¢, (1) <

46 min{B,1} \28min{B,1} 1) Ex[min{n(z),1-n(z)}].

When B > 1, it can be equivalently written as follows:

1+28 1 .
Re, (h) € — 20 R, (0) = 5 Exlmin{n(a). 1 -n(a))} ] (68)
N.1.2. SUPREMUM-BASED SIGMOID LOSS
For the supremum-based sigmoid loss
Bgpi=  sup  Dye(yh(z')), where Dyg(a) = 1 —tanh(ka), k > 0,

a|a-a']y<y
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for all h € Hy;, and z € X:
eisig (h,x,t) = tisig(h(x)) +(1- t)$sig(_h(x))
= tq)sig(ﬁ»y(x)) + (1= 1) Pyig(~h, (2))
=t(1- tanh(kﬁ,y(x))) +(1-t)(1 +tanh(kh,(z)))
> max{l +(1-2t) tanh(kh,(x)),1+ (1 -2t) tanh(kﬁv(:ﬂ))}

helfr}lcfl 3., (hyz,t) > max{hel%fhn[l +(1-2¢) tanh(k:hv(x))], helélcin[l +(1-2t) tanh(kﬁv(x))]}

=1-]1- 2t|tanh(k(Wmax{||pr,7} YW + B))

hialcf eis;g(h’m’t):hi%f [t(1 - tanh(k(w -z —y|w|, +b))) + (1 —t)(1 + tanh(k(w -z + y|w]q +b)))]
inf [t(1-tanh(kb 1-1t)(1+ tanh(kb
< nf [0~ tanh(i8)) + (1-1)(1+ tanh(k0))]

=max{t,1 - t}(1 - tanh(kB)) + min{t,1 - t}(1 + tanh(kB))
=1-|1-2¢t|tanh(kB)
Mg, 500 = Rs.,. 36 = E[h nf €5, (b, n(rf:))]

< R%s;g,%nn - E[l — |1 -2n(z)] tanh(k:(W max{ Hpr,’y} —yW + B))]

Thus, for 3 <¢ <1, we have

inf Gz (h,x,t)=t+(1-1)
heHinih, (2)<0<h, (z) —°F
=1
inf inf ACs,., 30 (h,z,t) = ;«Ielafc{l - heH}lcfl eésig(h’ x, t)}

zeX heﬂ-{lin:ﬁv(r)SOSEW(x)
> ingfc(2t - 1) tanh(kB)

= (2t —1) tanh(kB)
=T1(t),

where T is the increasing and convex function on [0, 1] defined by

To() = tanh(kB) 1551, t€[0,1/2+3],
"  tanh(kB) (2t - 1), te[1/2+5,1].

inf Cz.. (h,z,t) > inf [1 +(1-2t) tanh(kﬁw(x))]
heFHiin:hy (z)<0 8 heHiinhy (2)<0

=1
inf inf ACz 4 (h,z,t) = inf inf Cz.
T€X heFH i :hn (2)<0 q>5]g’g{h"( ) wGX{he}CIm:hw(sz Dsig
> inf (2t - 1) tanh(kB)
zeX

(h,ﬂ?,t) - hEliI}l(f e$sig(h’7$at)}

lin

= (2t - 1) tanh(kB)
= 72(2t - 1)7

where T5 is the increasing and convex function on [2(, 1] defined by

¥te[0,1], Ta(t) = tanh(kB)t;
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By Proposition 2, for € = 0, the modified adversarial 3{(;;,,-estimation error transformation of the supremum-based sigmoid
loss under Massart’s noise condition with 3 is lower bounded as follows:

1+28

T 2T _=min{Ty,Tp} =
tanh(kB) (2t -1), te[1/2+3,1].

mg

{tanh(kB) 2Bt tel0,1/2+ 8],

Note ﬁgf is convex, non-decreasing, invertible and satisfies that %M (0) = 0. By Proposition 2, using the fact that

sig

‘IM > tanh(kB) ﬁ t yields the adversarial Hj;,-consistency bound for the supremum-based sigmoid loss, valid for all

h € Hiin and dlstrlbutlons D satisfies Massart’s noise condition with [3:

* ~
14’25:R¢ﬂg( ) R §@7}th+>m{®9g;H“n

Re (h)-R; < -M . 6
& (M) =RE 36, < 48 tanh(kB) b, Frim ©9)
Since
Me, 305 = R, 56, — Ex[min{n(z), 1 -n(x)}],
Mg, 30 < <R3 B I [1 -1 -2n(z)] tanh(kz(W maX{Hpr,y} YW + B))],
the inequality can be relaxed as follows:
Re, ()
1+2 () 1+ 28 E|1—-|1-2n(x)|tanh(k(W maxq|z| ,vf-7YW + B
128 T5) a1 - oy - Lo 28 B L2 tanb (W max{ el 2} 77 B))
43 tanh(kB) 43 tanh(kB)

Note that: tanh(k (W max{ Hpr,'y} -yW+B)) <land1-|[1-2n(z)|=2min{n(z),1-n(z)}. Thus the inequality
can be further relaxed as follows:

1+23 Rz, (h) ( 1+283

43 tanﬂEkB) 23 tanh(kB)

Re. (1) < 1) Exlinin (o). 1- )]

When B = +00, it can be equivalently written as follows:

1+28
4p

Re, () < Rs,, () - o= " [min{n(2), 1 - n(x)}]. (70)

2p

N.2. One-Hidden-Layer ReLLU Neural Networks
By the definition of Hyy;, for any = € X,

h,(z)= inf ZuJ wj-z' +b),

o o-a'll<v f4

ho(z) = sup Zuj(wj cx' +b)y

az—a’|p<y j=1

Note Hyy is symmetric. For any z € X, there existu = (%, .. ., %), w=0andany 0 <b < B satisfy that b (x) > 0. Thus

by Lemma 2, forany z € X, Cj 4 () =min{n(z),1-n(x)}. The (¢, Hxn)-minimizability gap can be expressed as
follows:

J\/[:Z’wj'CNN = REW,}(NN - EX [min{n(x)7 1 - 77(37)}]

N.2.1. SUPREMUM-BASED HINGE LOSS

For the supremum-based hinge loss

ihinge: = sup  Phinge(yh(a')), where Pphinge(a) = max{0,1-a},

o'z’ || p<y
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forall h € Hnyn and x € X:

%mge (h,z,t)

= 1B hinge (A(2)) + (1~ ) Bhinge (~h(2))

= tPhinge (b (%)) + (1= 1) Phinge (—h ()

= tmax{(L 1 —ﬁw(m)} +(1-1) maX{O7 1 +E7(ac)}

> [tmaX{O 1-h (:r)} +(1-1) max{O7 1 +Eﬂ,(m)}] A [tmaX{O7 1 —ﬁw(x)} +(1-1¢) mao{{()7 1 +ﬁw(x)}]
inf Cz (h,z,t)

heHiny  Phinge

> inf [tmax{O 1-h (x)} +(1-1) max{O 1+ hy(x)}] 1nf [t maX{O, 1 —Qv(m)} +(1-1¢) maX{O, 1 +ﬁw(m)}]

heH NN
=1-]2t- 1|min{ sup h (), 1}

inf (h,z,t)

heHnN ‘I’hmge

< inf
heH N N0 (I>]nnge

=1-12t-1|min{AB,1}

(h,z,t)

Phinge NN

= RZ fIE[ inf

Phinge NN heHn Cbh]nge

(hon(e) |
< R%hmgeJCNN - E[l -12n(z) - 1] min{hesﬂl{lEN h (), 1}:|

Thus, for % <t<1, wehave

inf Cs (h,z,t) =t+(1-t)
he}CNN:ﬁ»y(x)SOSE.Y(x) hinge
-1
inf inf ACz h,xz,t) = 1nf{1— 1nf Cx h, ot }
zeX he%NN:ﬁw(f)SOSE,(z) q>hmge,?CNN( ) (I)hmge( )

> ianC(Qt -1)min{AB,1}

= (2t - 1) min{AB, 1}
= Tl(t)a

where T is the increasing and convex function on [0, 1] defined by

To(t) - min{AB,l}%t, te[0,1/2+ 3],
T lmin{AB, 1} (2t - 1), te[1/2+5,1].

inf (h,z,t) > inf [tmaX{O,l—B,(a?)}t+(1—t) max{0,1+ﬁv(x)}]
heﬂ{NN:hw(x)«) Pringe heFnn Py ()<0
=tmax{0,1 -0} + (1 -¢)max{0,1+0}
=1
inf inf ACx h,x,t) = inf inf h,z,t h,z,t
X heH nn:hoy (2)<0 c}hmge?}CNN( ) xex{he%m\l :hy (2)<0 <Dhmge( ) FHnn (bhmge( )}

> 1n9fc(2t -1)min{AB,1}
xTe

= (2t -1)min{AB, 1}
= To(2t - 1),
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where T is the increasing and convex function on [0, 1] defined by
Vte[0,1], Ta(t) =min{AB,1}¢;

By Proposition 2, for € = 0, the modified adversarial Hyyn-estimation error transformation of the supremum-based hinge
loss under Massart’s noise condition with 3 is lower bounded as follows:

min{AB,1} (2t-1), te[1/2+8,1],

min{AB, 1} 1355, t€[0,1/2+5).

Phinge Phringe

gM S TM s min{ T, Ty} = {

Note TM s convex, non-decreasing, invertible and satisfies that ﬁg (0) = 0. By Proposition 2, using the fact that
hinge

q:'hinge

TJM min{AB, 1} ﬁg 5t yields the adversarial H{nn-consistency bound for the supremum-based hinge loss, valid for

hinge

all h € Hyn and distributions D satisfies Massart’s noise condition with /3

*
]. + 25 fJQ‘:I)hinge(h) :Rihmge,}(NN + jvE<I>hinge7g{NN

48 min{AB, 1}

ngw (h) — fsz}CNN < - M@,WJ{NN (71)

Since
Mo, 300w = R, s00n — Ex[min{n(z), 1 -n(z)}],

Mimnge,ﬂfw < R%hingc7:}CNN -E|1-12n(x) -1 min{hsup Qv(ac), 1}]7

€HANN

the inequality can be relaxed as follows:

1+28 Rg,,,.(h) 1+28 E[1-[2n(z) - 1| min{supycgey by (2),1}]

Re (h) < E i 1- -
() < = gy Exlmin{n(@), 1=n(@)}] - =3 min{AB, 1}
Observe that
sup h(z) = sup inf > wj(wj-a’ +b),
heHnn luli<A, Jw;llq<W, pl<B ="l lp<y 5

n
< in sup > uj(w;-a’ +b),
oo lp<y |luf <A, |lw;|<W, [bl<B j=1

= inf  A(W[2'|,+B)

o'|a—a’| p<y

) AW x|, -yW +B) if |z|, >y
AB if [z, <~

= A(Wmax{|\x\|p,7} -yW + B).
Thus, the inequality can be further relaxed as follows:
Re, (h)

L 1+28 R e (1)
48 min{AB,1}

1+ 29 E[1 - [20(2) - min{A(Wmax{Jz],,.+} ~W + B).1)]
48 min{AB, 1}

+Ex[min{n(z),1-n(x)}] -

Note that: min{A(W max{Ha:Hp,*y} -yW +B),1} <land 1 - |1 - 2n(z)| = 2min{n(z),1 - n(z)}. Thus the inequality
can be further relaxed as follows:
1+28 Rg,,,.(h) 1+283 _
- -1|E 1- . 72
43 min{AB,1} \28min{AB,1} x[min{n(z), 1 -n()}] (72)

RL’ (h) <

When AB > 1, it can be equivalently written as follows:

1+28
4B

Re, (h) < R, () - %Ex[min{n(w), L=n(z)}].
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N.2.2. SUPREMUM-BASED SIGMOID LOSS

For the supremum-based sigmoid loss

Bggi=  sup  Dge(yh(a')), where Dyg(a) = 1 - tanh(ka), k >0,
alo—a <y
forall h € Hyyn and x € X:
GESig (h,x,t) = tisig(h(x)) +(1- t)isig(‘h(@’))
= tq)sig(ﬁy(x)) + (1= 1) Pyig(~hy (2))
=t(1- tanh(kﬁ,y(x))) +(1-1t)(1 +tanh(kh,(z)))
> max{l +(1-2t) tanh(kh,(x)),1+ (1 -2t) tanh(kﬁv(:ﬁ))}

heiﬁiN Cz,,, (ha.t) > max{heiﬁiN[l + (1 - 2t) tanh(kh.(z))], hglchNp +(1-2t) tanh(kg(m))]}

=1-]1- 2t|tanh(k sup hw(x))
heHnN

. iﬁf 3., (hyz,t) <max{t,1-t}(1 —tanh(kAB)) + min{t,1 - t}(1 + tanh(kAB))
€ NN S1

=1-|1-2¢/tanh(kAB)

M5 60 = R 960 ~ B8 €5, (ho0(2)) ]

<R3 . —E[l -1- 277(ac)|tanh(k sup hv(x))]

heHNN

For 1 <t <1, we have

inf Cs. (h,z,t)=t+(1-1)
heﬂ'fNN:ﬁw(a:)SOSE,Y (z) 7%
=1
inf inf ACz h,xz,t) = inf{l — inf Cz (h,z,t }
2€X heHnnih, (2)<0<hy (2) (bs’g’j{NN( ) zeX heH NN ‘I’S'a( )

> ianC(Qt - 1)tanh(kAB)

= (2t - 1) tanh(kAB)
= ‘Il(t)a

where 77 is the increasing and convex function on [0, 1] defined by

T () = tanh(kAB)%t, te[0,1/2+ 8],
() = tanh(kAB) (2t -1), te[1/2+3,1].

inf Cz.. (h,z,t)> inf 1+ (1-2t) tanh(kh.(z))
heHnnihqy(z)<0 € heHnn:hq (2)<0

=1
inf inf ACx h,x) = inf inf Cz (h,x,t)- inf Cz (h,z,t
zeX th{NN:ﬁW(:E)<O QS‘EJ—CNN( ) Iex{heg{NN:h«, ($)<0 <I>slg( ) th{NN @slg( )}
> ianC(Qt - 1) tanh(kAB)
T€

= (2t - 1) tanh(kAB)
=T2(2t - 1),
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where T is the increasing and convex function on [0, 1] defined by
Vte[0,1], Ta2(t) =tanh(kAB)t;

By Proposition 2, for € = 0, the modified adversarial Hyn-estimation error transformation of the supremum-based sigmoid
loss under Massart’s noise condition with 3 is lower bounded as follows:

+20

Ty 2T _=min{7T1,To} =
tanh(kAB) (2t -1), te[1/2+3,1].

sxg

{tanh(kAB) 22t te[0,1/2+8],

Note "ffl\f is convex, non-decreasing, invertible and satisfies that "fM (0) = 0. By Proposition 2, using the fact that

sig

‘J'M > tanh(kAB)-22_ ¢ yields the adversarial Hnn-consistenc bound for the supremum-based sigmoid loss, valid for
w23 LY y p g

si

all h € Hyn and distributions D satisfies Massart’s noise condition with 3:

1 + 26 :R‘I’mg (h) :R* Dyig, HNN + Misigyj{NN

R (h) =Ry < -M 73
E»y( ) é'w}CNN 4/3 tanh(kAB) E»Y,g’CNN ( )
Since
M, 3exn = Ri, 30n — Ex[min{n(z), 1 -n(2)}],
Mg, soan < R%sigyg{NN -1 277(x)|tanh(k sup h (x))]
heHNN
the inequality can be relaxed as follows:
1+28 Rg, (h) 1+ 28 E[1 -1 - 2n(z)| tanh(k suppese, o, (2))]
Re, (h) < e E i ,1- -
() < e Ay * B lmin{n(@), L-n(@)}] - = tanh(kAB)
Observe that
sup h. (z) = sup Zu](w] ' +b),
heHnn lul1<A, Jlw;]lq<W, [bl<B %" Hr r’Hp<vJ
< inf sup Y uj(w;-a’ +b),
o= lp<y luf <A, |lw; ] <W, [bl<B j=1
= inf  A(W]|z'|,+B
at|lz—a’|p<y ( =1, )
) AW x|, -yW +B) if |z], >~
AB if |z, <~
= A(WmaX{Hpr,'y} -yW + B).
Thus, the inequality can be further relaxed as follows:
Re, (h)
1+28 Rg,, (h) , 1+28 E[1-[1-2n(z)| tanh(KA(W maxi|z],, v} -+W + B
(1228 55y e - atey) - L2 AW mes{ el v} )l
48 tanh(kAB) 43 tanh(kAB)

Note that: tanh(kA(W max{H:ch,'y} -yW +B)) <land 1-|1-2n(x)|=2min{n(z),1 - n(z)}. Thus the inequality
can be further relaxed as follows:
1+28 Ry, (h) 1+28

46 tanh(kAB) \2Btanh(kAB)

Re, (1) < 1) Extmin{o(o).1- ()] 74

When AB = +oo0, it can be equivalently written as follows:

R, (h) < 11623 Ry, (h) - TB]Ex[min{n(ac),1—n(ac)}].
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