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Abstract

This paper resolves the open question of
designing near-optimal algorithms for learn-
ing imperfect-information extensive-form games
from bandit feedback. We present the first line of
algorithms that require only O((X A + Y B)/&?)
episodes of play to find an e-approximate Nash
equilibrium in two-player zero-sum games, where
X, Y are the number of information sets and A, B
are the number of actions for the two players.
This improves upon the best known sample com-
plexity of O((X2A + Y?2B)/e?) by a factor of
O(max{X,Y}), and matches the information-
theoretic lower bound up to logarithmic factors.
We achieve this sample complexity by two new
algorithms: Balanced Online Mirror Descent, and
Balanced Counterfactual Regret Minimization.
Both algorithms rely on novel approaches of in-
tegrating balanced exploration policies into their
classical counterparts. We also extend our results
to learning Coarse Correlated Equilibria in multi-
player general-sum games.

1. Introduction

Imperfect Information Games—games where players can
only make decisions based on partial information about
the true underlying state of the game—constitute an impor-
tant challenge for modern artificial intelligence. The cel-
ebrated notion of Imperfect-Information Extensive-Form
games (IIEFGs) (Kuhn, 1953) offers a formulation for
games with both imperfect information and sequential play.
IIEFGs have been widely used for modeling real-world im-
perfect information games such as Poker (Heinrich et al.,
2015; Moravcik et al., 2017; Brown & Sandholm, 2018),
Bridge (Tian et al., 2020), Scotland Yard (Schmid et al.,
2021), etc, and achieving strong performances therein.
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A central question in IIEFGs is the problem of finding a
Nash equilibrium (NE) (Nash, 1950) in a two-player zero-
sum IIEFG with perfect recall. There is an extensive line
of work for solving this problem with full knowledge of the
game (or full feedback), by either reformulating as a lin-
ear program (Koller & Megiddo, 1992; Von Stengel, 1996;
Koller et al., 1996), first-order optimization methods (Hoda
etal., 2010; Kroer et al., 2015; 2018; Munos et al., 2020; Lee
et al., 2021), or Counterfactual Regret Minimization (Zinke-
vich et al., 2007; Lanctot et al., 2009; Johanson et al., 2012;
Tammelin, 2014; Schmid et al., 2019; Burch et al., 2019).

However, in the more challenging bandit feedback setting
where the game is not known and can only be learned from
random observations by repeated playing, the optimal sam-
ple complexity (i.e., the number of episodes required to
play) for learning an NE in IIEFGs remains open. Vari-
ous approaches have been proposed recently for solving
this, including model-based exploration (Zhou et al., 2019;
Zhang & Sandholm, 2021), Online Mirror Descent with
loss estimation (Farina et al., 2021c; Kozuno et al., 2021),
and Monte-Carlo Counterfactual Regret Minimization (MC-
CFR) (Lanctot et al., 2009; Farina et al., 2020b; Farina &
Sandholm, 2021). In a two-player zero-sum IIEFG with
X, Y information sets (infosets) and A, B actions for the
two players respectively, the current best sample complexity
for learning an e-approximate NE is O((X?A + Y2 B)/&?)
achieved by a sample-based variant of Online Mirror De-
scent with implicit exploration (Kozuno et al., 2021). How-
ever, this sample complexity scales quadratically in X, Y
and still has a gap from the information-theoretic lower
bound Q((X A + Y B)/e?) which only scales linearly. This
gap is especially concerning from a practical point of view
as the number of infosets is often the dominating measure of
the game size in large real-world IIEFGs (Johanson, 2013).

In this paper, we resolve this open question by presenting
the first line of algorithms that achieve O((X A + Y B)/e?)
sample complexity for learning e-NE in an IIEFG.

Our contributions can be summarized as follows.

¢ We design a new algorithm Balanced Online Mirror De-
scent (Balanced OMD) that achieves O(v/ X AT) regret for
the max player against adversarial opponents, and learns
an e-NE within O((X A + Y B)/&?) episodes of play when
run by both players in a self-play fashion (Section 3). These
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Algorithm Model-based | OMD | CFR Sample Complexity
Zhang & Sandholm (2021) v O (S2AB/<?)
Farina & Sandholm (2021) v (5(poly (X,Y, A, B) /eb)
Farina et al. (2021c) v 4] ((X4A3 + Y4B3) /62)
Kozuno et al. (2021) v o ((X2A+Y?2B) /%)
Balanced OMD (Algorithm 1) v ( (XA+YB)/e?)
Balanced CFR (Algorithm 2) v O ((XA+YB)/e?)
Lower bound (Theorem 6) - - - Q((XA+YB)/e?)

Table 1. Sample complexity (number of episodes required) for learning e-NE in IIEFGs from bandit feedback. Here the “Model-
based” category refers to any algorithm (including variations of OMD/CFR algorithms) with the component of estimating the transition
probabilities. By contrast, typical OMD/CFR algorithms do not have such a component.

improve over the best existing results by a factor of v/X
and max{X, Y} respectively, and match the information-
theoretic lower bounds (Section 3.3) up to poly(H ) and log-
arithmic factors. The main feature within Balanced OMD
is a new balanced dilated KL as the distance function in its
mirror descent step.

* We design another new algorithm Balanced Counterfac-
tual Regret Minimization (Balanced CFR) that also achieves
O((X A + Y B)/e?) sample complexity for learning an e-
NE (Section 4). Balanced CFR can be seen as an instantia-
tion of the MCCFR framework that integrates the balanced
exploration policies within both the sampling and the local
regret minimization steps.

* We extend our results to multi-player general-sum IIEFGs,
where we show that both Balanced OMD and Balanced CFR
can learn an approximate Normal-Form Coarse Correlated
Equilibrium (NFCCE) sample-efficiently when run by all
players simultaneously via self-play (Section 5).

1.1. Related work

Computing NE from full feedback When the full game
(transitions and rewards) is known, the problem of find-
ing the NE is a min-max optimization problem over the
two policies. Early works consider casting this min-max
problem over the sequence-form policies as a linear pro-
gram (Koller & Megiddo, 1992; Von Stengel, 1996; Koller
et al., 1996). First-order algorithms are later proposed for
solving the min-max problem directly, in particular by using
proper regularizers such as the dilated KL distance (Gilpin
et al., 2012; Hoda et al., 2010; Kroer et al., 2015; Lee et al.,
2021). Another prevalent approach is Counterfactual Regret
Minimization (CFR) (Zinkevich et al., 2007), which works
by minimizing (local) counterfactual regrets at each infoset
separately using any regret minimization algorithm over the
probability simplex such as Regret Matching or Hedge (Tam-
melin, 2014; Burch et al., 2019; Zhou et al., 2020; Farina
et al., 2021b). As each CFR iteration involves traversing the
entire game tree which can be slow or memory-inefficient,

techniques based on sampling or approximation have been
proposed to address this, such as Monte-Carlo CFR (MC-
CFR) (Lanctot et al., 2009; Gibson et al., 2012b;a; Johanson
et al., 2012; Lisy et al., 2015; Schmid et al., 2019), function
approximation of counterfactual values (Waugh et al., 2015;
Brown et al., 2019), and pruning (Brown & Sandholm, 2015;
Brown et al., 2017; Brown & Sandholm, 2017).

A related line of work considers learning stronger notions of
equilibria in IIEFGs such as the Extensive-Form Correlated
Equilibrium, e.g. (Gordon et al., 2008; Celli et al., 2020;
Farina et al., 2021a; Morrill et al., 2021a;b).

Learning NE from bandit feedback The MCCFR
framework (Lanctot et al., 2009) provides a first line of
approaches for learning an £-NE in IIEFGs from bandit
feedback, by feeding in sample-based unbiased loss estima-
tors to CFR algorithms. This framework is then generalized
by Farina et al. (2020b) to any regret minimization algorithm
(not necessarily CFR). They analyze the concentration be-
tween the true regret and the regret on loss estimators, and
propose to sample with a “balanced strategy” (equivalent to
a special case of our balanced exploration policy) to enable
a small concentration term. However, they do not bound
the regret on loss estimators or give an end-to-end sample
complexity guarantee. Farina & Sandholm (2021) instanti-
ate this framework to give a sample complexity guarantee
of O(poly(X,Y, A, B)/e*), by using an exploration rule
that favors larger sub-games (similar to our balanced explo-
ration policy but defined through the number of terminal
states instead of infosets). Our Balanced CFR algorithm
(Section 4) can be seen as an instantiation of this framework
using a more general balanced exploration policy in both
the sampling and the local regret minimization steps.

Another line of work considers sample-based variants of On-
line Mirror Descent (OMD) algorithms. Farina et al. (2021c¢)
provide an algorithm with O((X*A3 + Y*B3)/e?) sample
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complexity! by OMD with an unbiased loss estimator and
the dilated KL distance. Kozuno et al. (2021) propose the
IXOMD algorithm that achieves O((X2?A+Y?2B)/?) sam-
ple complexity using an implicit-exploration loss estimator.
Our Balanced OMD (Section 3) can be seen as a variant of
the IXOMD algorithm by using a new variant of the dilated
KL distance.

Finally, Zhou et al. (2019); Zhang & Sandholm (2021) pro-
pose model-based exploration approaches combined with
planning on the estimated models. Specifically, Zhou et al.
(2019) use posterior sampling to obtain an O(SAB/e?)
sample complexity under the Bayesian setting assum-
ing a correct prior. Zhang & Sandholm (2021) achieve
O(S?AB/s?) sample complexity by constructing confi-
dence bounds for the transition model. Both sample com-
plexities are polynomial in S (the number of underlying
states) due to their need of estimating the full model, which
could be much higher than poly(X,Y’). A comparison be-
tween the above existing results and ours is given in Table 1.

Markov games without tree structure A related line
of work considers learning equilibria in Markov Games
(MGs) (Shapley, 1953) with perfect information, but with-
out the tree structure assumed in IIEFGs. Sample-efficient
algorithms for learning MGs from bandit feedback have
been designed for learning NE in two-player zero-sum MGs
either assuming access to a “simulator” or certain reacha-
bility assumptions, e.g. (Sidford et al., 2020; Zhang et al.,
2020; Daskalakis et al., 2020; Wei et al., 2021) or in the
exploration setting, e.g. (Wei et al., 2017; Bai & Jin, 2020;
Xie et al., 2020; Bai et al., 2020; Liu et al., 2021; Chen
et al., 2022; Jin et al., 2021b; Huang et al., 2022), as well
as learning (Coarse) Correlated Equilibria in multi-player
general-sum MGs, e.g. (Liu et al., 2021; Song et al., 2021;
Jin et al., 2021a; Mao & Basar, 2022). As the settings of
MGs in these work do not allow imperfect information,
these results do not imply results for learning IIEFGs.

2. Preliminaries

We consider two-player zero-sum IIEFGs using the formu-
lation via Partially Observable Markov Games (POMGs),
following (Kozuno et al., 2021). In the following, A(A)
denotes the probability simplex over a set A.

Partially observable Markov games We consider finite-
horizon, tabular, two-player zero-sum Markov Games with
partial observability, which can be described as a tuple
POMG(H,S, X, Y, A, B,P,r), where

'By plugging in an O(X) upper bound for the dilated KL dis-

tance and optimizing the regret bound by settingn = 1/v X2 A3T
in their Theorem 3.

* H is the horizon length;

e S = Uhe[H] Sy, is the (underlying) state space with
|Sh| = Sp, and Z,Ile Sy =S,

e X = Uhe[ ] < 1s the space of information sets (hence-
forth infosets) for the max-player with |X| = X}, and
X = Zthl X} Atany state sp, € Sy, the max-player only

observes the infoset x, = x(sp) € X, where zz: S — X
is the emission function for the max-player;

Y=, c[H] Yy, is the space of infosets for the min-player

with [Vp| =Y, and Y := Zthl Y},. An infoset i, and the
emission function y : & — Y are defined similarly.

» A, 5 are the action spaces for the max-player and min-
player respectively, with |A| = A and |B| = B>.

P = {po() € A(S1)} U {pu(-[sn,an,bn) €
A(Sht1)} (sn,an bn)eSn x AxB, he[rr—1] are the transition
probabilities, where p; (s1) is the probability of the initial
state being s1, and py, (Spt1|Sh, an, by) is the probability of
transitting to sj,41 given state-action (s, ap, by,) at step h;

*r= {Th(Sh,CLh, bh) € [07 1]}(S’L7ah7bh)esh><AXB are the
(random) reward functions with mean 7, (s, an, by, ).

Policies, value functions As we consider partially observ-
ability, each player’s policy can only depend on the infoset
rather than the underlying state. A policy for the max-
player is denoted by pu = {pn(-|zn) € A(A)} e 0y e
where pp (ap|zy,) is the probability of taking action aj, € A
at infoset x;, € A}. Similarly, a policy for the min-
player is denoted by v = {vi(-[yn) € A(B)}e(m) ey,
A trajectory for the max player takes the form
(x1,a1,71, %2, ..., TH,a,7H), Where ap, ~ pup(-|zh),
and the rewards and infoset transitions depend on the (un-
seen) opponent’s actions and underlying state transition.

The overall game value for any (product) policy (u,v) is
denoted by V#* :=E, , [Zthl rr(Sh, an, bh)] . The max-
player aims to maximize the value, whereas the min-player
aims to minimize the value.

Tree structure and perfect recall We use a POMG
with tree structure and the perfect recall assumption as
our formulation for IIEFGs, following (Kozuno et al.,
2021)}. We assume that our POMG has a tree struc-

2While this assumes the action space at each infoset have equal
sizes, our results can be extended directly to the case where each
infoset has its own action space with (potentially) unequal sizes.

3The class of tree-structured, perfece-recall POMGs is able
to express all perfect-recall IIEFGs (defined in (Osborne & Ru-
binstein, 1994)) that additionally satisfy the timeability condi-
tion (Jakobsen et al., 2016), a mild condition that roughly requires
that infosets for all players combinedly could be partitioned into
ordered “layers”, and is satisfied by most real-world games of
interest (Kovaiik et al., 2022). Further, our algorithms can be
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ture: For any h and s, € Sy, there exists a unique his-
tory (s1,a1,b1,...,85—1,an—-1,bp—1) of past states and
actions that leads to s;,. We also assume that both
players have perfect recall: For any h and any infoset
xp, € X, for the max-player, there exists a unique history
(z1,a1,...,xp—1,an—1) of past infosets and max-player
actions that leads to z;, (and similarly for the min-player).
We further define Cp,/(xp,an) C X to be the set of all
infosets in the h’-the step that are reachable from (xy, ap),
and define Cp/ (zp) = Ug, caChs(xp,ap). Finally, define
C(xp,ap) := Cpha1(xp, ap) as a shorthand for immediately
reachable infosets.

With the tree structure and perfect recall, under any prod-
uct policy (u,v), the probability of reaching state-action
(sn,an,by) at step h takes the form

P*¥ (s, an, br) = pr:n(sh)pi:n(Th, an)v1:n(Yn, bn),

)

where we have defined the sequence-form transition proba-
bility as

pl:h(sh) = pO(Sl) H Pn’ (Sh’-‘rl |Sh’a ap', bh’))
W <h—1

where {sp/, ans, bps },, <5, are the histories uniquely deter-
mined from s;, by the tree structure, and the sequence-form
policies as

pn(@ny an) = [T}y i (ans|zm0),
v1:h(Yn, bn) 1= HZ/:1 U (ba [ynr ).

where z;,, = x(sp/) and ypr = y(sp ) are the infosets
for the two players (with {z/,ap },.,_, are uniquely
determined by z;, by perfect recall, and similar for
{yh’abh’}hghfl)'

We let I, denote the set of all possible policies for
the max player (Il,;, for the min player). In the se-
quence form representation, IT,,,,x is a convex compact sub-
set of R¥4 specified by the constraints ji1., (x5, an) >
0 and >, cqpn(@n,an) = prn-1(Th-1,an-1) for
all (h,xzp,an), where (z,-1,a,—1) is the unique pair of
prior infoset and action that reaches x; (understanding
to(zo, ao) = po(0) = 1).

Regret and Nash Equilibrium  We consider two standard
learning goals: Regret and Nash Equilibrium. For the regret,
we focus on the max-player, and assume there is an arbitrary
(potentially adversarial) opponent as the min-player who

directly generalized to any perfect-recall IIEFG (not necessarily
timeable), as we only require each player’s own game tree to be
timeable (which holds for any perfect-recall IIEFG), similar as
existing OMD/CEFR type algorithms (Zinkevich et al., 2007; Farina
et al., 2020b). .

may determine her policy ¢ based on all past information
(including knowledge of u') before the ¢-th episode starts.
Then, the two players play the ¢-th episode jointly using
(ut, ). The goal for the max-player’s is to design policies
{ut}thl that minimizes the regret against the best fixed
policy in hindsight:

) t t t
(Vﬂf,l" _ V#'J/’) . (2)
t=1

RT =

max
JTARSS §

We say a product policy (u, V) is an e-approximate Nash
equilibrium (e-NE) if

NEGap(p,v) := max Ve~ min Ve <,

,u.T Ellnax v €llmin

i.e. p and v are each other’s e-approximate best response.

Using online-to-batch conversion, it is a standard result that
sublinear regret for both players ensures that the pair of aver-
age policies (fz, 7) is an approximate NE (see e.g. (Kozuno
et al., 2021, Theorem 1)):

Proposition 1 (Regret to Nash conversion). For any se-
quence of policies {/ﬁ}tT:l € I ax and {Vt}z;l € Min,
the average policies i := 7 Zthl ptand v = 7 Zthl vt
(averaged in the sequence form, cf. (17)) satisfy

~ R+ R

NEGap (ﬁ’ ﬁ) _ max 7 min ,

T R T MT.Vt putvt
where R, = mas, e, Y, (VA — Vi) and

T t ¢ t ot
RE = max,ier, >, (VEY — V) denote the

regret for the two players respectively.

Therefore, an approximate NE can be learned by letting
both players play some sublinear regret algorithm against
each other in a self-play fashion.

Bandit feedback Throughout this paper, we consider the
interactive learning (exploration) setting with bandit feed-
back, where the max-player determines the policy uf, the
opponent determines v (either adversarially or by run-
ning some learning algorithm, depending on the context)
unknown to the max-player, and the two players play an
episode of the game using policy (u!, v*). The max player
observes the trajectory (z4,al, 7%, ... at;, at;, rl;) of her
own infosets and rewards, but not the opponent’s infosets,
actions, or the underlying states.

2.1. Conversion to online linear regret minimization

The reaching probability decomposition (1) implies that
the value function V#+¥ is bilinear in (the sequence form
of) (i, v). Thus, fixing a sequence of opponent’s policies
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T . .
{v'},_,, we have the linear representation

H
h=1 (zy,ap)EX, XA

Z p1:h(8h)Vf;h(y(3h

spExnh,bnEB

t
vy p1:n(Th, an) X

), br)Tr(Sh, an, bp).

Therefore, defining the loss function for round ¢ as
gz (:Eh 5 ah) (3)

- >

sh€Th,bLEB

pren(sn)vi.g (y(

the regret 37 (2) can be written as

Z@

where the inner product (-, -) is over the sequence form:

<:u7€t> = Zthl th,ah ,Ulzh(x}u ah)@}i(xha ah) for any
€ Hpax.

pt ety 4)

= max
pt Ellmax

2.2. Balanced exploration policy

Our algorithms make crucial use of the following balanced
exploration policies.

Definition 2 (Balanced exploration policy). For any 1 <
h < H, the (max-player’s) balanced exploration policy for
layer h, denoted as ,u*’h € Ilax s defined as

pys (ans|an) = SAC
1/4, ned{h,... H}.
5)

In words, at time steps h' < h — 1, the policy ;i*" plays ac-
tions proportionally to their number of descendants within
the h-th layer of the game tree. Then at time steps h' > h,
it plays the uniform policy.

Note that there are H such balanced policies, one for each
layer h € [H]. The balanced policy for layer h = H is
equivalent to the balanced strategy of Farina et al. (2020b)
(cf. their Section 4.2 and Appendix A.3) which plays actions
proportionally to their number descendants within the last
(terminal) layer. The balanced policies for layers h < H —1
generalize theirs by also counting the number of descendants
within earlier layers.

We remark in passing that the key feature of u*"
for our analyses is its balancing property: We have

2 (@n,an)EXn x A % = XA for any policy p €

II,ax and any h € [H] (formal statement in Lemma C.4).
This property ensures that the “distribution mismatch” be-
tween 1% and any other policy x has a bounded L; norm.

Sh), bh)(l — Fh(sh, ap, bh)),

Requirement on knowing the tree structure The con-
struction of p*" requires knowing the number of descen-
dants |Cp,(ps, aps)|, which depends on the structure* of the
game tree for the max player. Therefore, our algorithms that
use ;*" requires knowing this tree structure beforehand.
Although there exist algorithms that do not require knowing
such tree structure beforehand (Zhang & Sandholm, 2021;
Kozuno et al., 2021), this requirement is relatively mild as
the structure can be extracted efficiently from just one tree
traversal. We also remark our algorithms using the balanced
policies do not impose any additional requirements on the
game tree, such as the existence of a policy with lower
bounded reaching probabilities at all infosets.

3. Online Mirror Descent

We now present our first algorithm Balanced Online Mirror
Descent (Balanced OMD) and its theoretical guarantees.

3.1. Balanced dilated KL

At a high level, OMD algorithms work by designing loss es-
timators (typically using importance weighting) and solving
a regularized optimization over the constraint set in each
round that involves the loss estimator and a distance function
as the regularizer. OMD has been successfully deployed for
solving ITEFGs by using various dilated distance generating
functions over the policy set I1,,,,x (Kroer et al., 2015).

The main ingredient of our algorithm is the balanced dilated
KL, a new distance measure between policies in [IEFGs.

Definition 3 (Balanced dilated KL). The balanced dilated
KL distance between two policies i, v € 1y ax is defined as

Z Z Mlh $h,ah) log

h=1zp,an lu’lh LhyQh

pn(an|zn)
vp(ap|zp)

(6)

D" (pl|v)

The balanced dilated KL is a reweighted version of
the dilated KL (a.k.a. the dilated entropy distance-
generating function) that has been widely used for solving
IIEFGs (Hoda et al., 2010; Kroer et al., 2015):

ap|T
D(p|v) Z S (e, an) log 22T 7,

h=1xn,an (ah|xh)

Compared with (7), our balanced dilated KL (6) introduces
an additional reweighting term 1/ M;;’Z(l‘m ay,) that depends
on the balanced exploration policy z**" (5). This reweight-
ing term is in general different for each (xy,, a, ), which at

“By this “structure” we refer to the parenting structure of the
game tree only (which x4 is reachable from which (xp, an)),
not the transition probabilities and rewards.
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Algorithm 1 Balanced OMD (max-player)

Input: Learning rate n > 0; IX parameter v > 0.
1: Tnitialize p},(an|zn) < 1/A4 for all (h, zn, an).
2: for Episode t =1,...,7 do
3:  Play an episode using u, observe a trajectory

t t t t t t
(:Claa17rlv"'7xH7aH7rH)'
4: forh=H,...,1do

5 Construct loss estimator {Zﬁb(xh, ah)}
(zh,ap)E€EXE XA

1{(zh,ah) = (ensan)} - (1= 18)

1, (T, an) + v (Th, an)

G (xh, an)

6: Update policy

a1 .
ptt « argmin <u,€t> + HDb e’ O

HEMmax

using the efficient implementation in Algorithm 5.

a high level will introduce a balancing effect into our algo-
rithm. An alternative interpretation of the balanced dilated
KL can be found in Appendix C.3.1.

3.2. Algorithm and theoretical guarantee

We now describe our Balanced OMD algorithm in Algo-
rithm 1. Our algorithm is a variant of the IXOMD algorithm
of Kozuno et al. (2021) by using the balanced dilated KL.
At a high level, it consists of the following steps:

* Line 3 & 5 (Sampling): Play an episode using policy !
(against the opponent v*) and observe the trajectory. Then
construct the loss estimator using importance weighting and
IX bonus (Neu, 2015):

1{(z},ap,) = (wn,an)} - (L —1})
lu’i:h(xih ah) + 7“;7Z(xha ah)

. (8)

Zz(-%'ha ah) =

Note that the IX bonus 'ypI;Z(x h, ap,) on the denominator
makes (8) a slightly downward biased estimator of the true
loss ¢ (zp,, ap,) defined in (3).

* Line 6 (Update policy): Update u*+! by OMD with loss
estimator ¢ and the balanced dilated KL distance function.
Due to the sparsity of ¢t , this update admits an efficient im-

plementation that updates the conditional form pf, (-|z),) at
the visited infoset 2, = z!, only (described in Algorithm 5).

We are now ready to present the theoretical guarantees for
the Balanced OMD algorithm.

Theorem 4 (Regret bound for Balanced OMD). Algo-
rithm 1 with learning rate n = /X Alog A/(H3T) and

IX parameter v = \/ X At/(HT) achieves the following

regret bound with probability at least 1 — §:
% < O(VHPXAT:),
where v := log(3HX A/¢) is a log factor.

Letting both players run Algorithm 1, the following corol-
lary for learning NE follows immediately from the regret-
to-Nash conversion (Proposition 1).

Corollary 5 (Learning NE using Balanced OMD). Sup-
pose both players run Algorithm 1 (and its min player’s
version) against each other for T rounds, with choices of
n,y specified in Theorem 4. Then, for any € > 0, the av-
erage policy (T, 7) = (& S21_, ut, L 32, v') achieves
NEGap(ii, 7) < € with probability at least 1 — 6, as long
as the number of episodes

T > O(H*(XA+YB)/e?),
where 1 :=log(3H(X A+ Y B)/¢) is a log factor.

Theorem 4 and Corollary 5 are the first to achieve
O(poly(H) - VXAT) regret and O(poly(H) - (XA +
Y B)/?) sample complexity for learning an s-approximate
NE for IIEFGs. Notably, the sample complexity scales only
linearly in X, Y and improves significantly over the best
known O((X2A + Y2B)/e?)) achieved by the IXOMD al-
gorithm of (Kozuno et al., 2021) by a factor of max { X, Y'}.

Overview of techniques The proof of Theorem 4 (de-
ferred to Appendix D.2) follows the usual analysis of OMD
algorithms where the key is to bound a distance term and an
algorithm-specific “stability” like term (cf. Lemma D.4 and
its proof). Compared with existing OMD algorithms using
the original dilated KL (Kozuno et al., 2021), our balanced
dilated KL creates a “balancing effect” that preserves the
distance term (Lemma C.7) and shaves off an X factor in
the stability term (Lemma D.11 & D.12), which combine
to yield a v/ X improvement in the final regret bound. This
X factor improvement in the stability term is the techni-
cal crux of the proof, which we do by bounding a certain
log-partition function log Z¢ using an intricate second-order
Taylor expansion argument in lack of a closed-form formula
(Lemma D.11 & Appendix D.6).

3.3. Lower bound

We accompany our results with information-theoretic
lower bounds showing that our O(v H3X AT regret and

O(H?*(X A + Y B)/e?) sample complexity are both near-
optimal modulo poly(H) and log factors.

Theorem 6 (Lower bound for learning IIEFGs). For any
A>2 H >1, we have (¢ > 0 is an absolute constant)

(a) (Regret lower bound) For any algorithm that controls
the max player and plays policies { ,ut}z;1 where T > X A,
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there exists a game with B = 1 on which

]E[E)%T} = max Z ut —put, €t> >c-VXAT.

pF E€Mmax =1

(b) (PAC lower bound for learning NE) For any algo-
rithm that controls both players and outputs a final pol-
icy (fi,v) with T episodes of play, and any ¢ € (0,1],
there exists a game on which the algorithm suffers from

E[NEGap(ji, V)] > ¢, unless

T>c- (XA+YB)/e?

The proof of Theorem 6 (deferred to Appendix D.7) con-
structs a hard instance with X = ©(Xp) = ©(AH~1) that
is equivalent to A -armed bandit problems, and follows by
a reduction to standard bandit lower bounds®. We remark
that our lower bounds are tight in X but did not explicitly
optimize the [ dependence (which is typically lower-order
compared to X).

4. Counterfactual Regret Minimization

Counterfactual Regret Minimization (CFR) (Zinkevich et al.,
2007) is another widely used class of algorithms for solving
IIEFGs. In this section, we present a new variant Balanced
CFR that also achieves sharp sample complexity guarantees.

Different from OMD, CFR-type algorithms maintain a “lo-
cal” regret minimizer at each infoset xj, that aims to mini-
mize the immediate counterfactual regret at that infoset:

T
jimmT (00 ) = max () —
h (zn) wEA() 2 <Nh( |zh)

N()’ LZ(xha )> )

where L (xp,, ap,) is the counterfactual loss function

H
LZ(JJh, ah) = f%(xh, ah) + Z
B =h+1
Z 'u)éh-i-l):h/ (xhla ah’)éz/ (xhla (Ih,/)-

(a5, )ECH (Th,ap) XA

(10)

Controlling all the immediate counterfactual regrets
R ™7 (2,) will also control the overall regret of the game
RT, as guaranteed by the counterfactual regret decomposi-
tion (Zinkevich et al., 2007) (see also our Lemma E.1).

> Alternatively, a lower bound like Theorem 6 can also be
shown by expressing stochastic contextual bandits (for the max-
player) with X contexts and A actions as IIEFGs, and using the
Q(v X AT) regret lower bound for stochastic contextual bandits
e.g. (Lattimore & Szepesvari, 2020, Chapter 19.1). This provides
hard IIEFG instances with H = 1 and any value of X, A > 1.

4.1. Algorithm description

Our Balanced CFR algorithm, described in Algorithm 2,
can be seen as an instantiation of the Monte-Carlo CFR
(MCCFR) framework (Lanctot et al., 2009) that incorporates
the balanced policies in its sampling procedure. Algorithm 2
requires regret minimization algorithms R, for each x, as
its input, and performs the following steps in each round:

* Line 4-6 (Sampling): Play H episodes using policies
{ut (h)}he[H where each (") = (pio it 1) is a con-
catenation of the balanced exploration policy z*" with the
current maintained policy u! over time steps. Then, compute
L}f1 (zp,ap) by (12) that are importance-weighted unbiased
estimators of the true counterfactual loss L! (x5, ap,) in (10).

* Line 8 (Update regret minimizers): For each (h, z,), send
the loss estimators { L} (x,, a) }4c. to the local regret mini-
mizer R, , and obtain the updated policy i}, (-|zy,).

Similar as existing CFR-type algorithms, Balanced CFR has
the flexibility of allowing different choices of regret mini-
mization algorithms as R, . We will consider two concrete
instantiations of R, as Hedge and Regret Matching in the
following subsection.

4.2. Theoretical guarantee

To obtain a sharp guarantee for Balanced CFR, we first
instantiate R, as the Hedge algorithm (a.k.a. Exponential
Weights, or mirror descent with the entropic regularizer; cf.
Algorithm 3). Specifically, we let each R,, be the Hedge
algorithm with learning rate nu;;Z (w1, a)®. With this choice,
Line 8 of Algorithm 2 takes the following explicit form:

*,h Tt
i (alen) oo ph(alzy) - M (en e B i)
We are now ready to present the theoretical guarantees for

the Balanced CFR algorithm.

Theorem 7 (“Regret” bound for Balanced CFR). Suppose
the max player plays Algorithm 2 where each R, is instanti-
ated as the Hedge algorithm (11) withn = /X Av/(H3T).
Then, the policies pt achieve the following “regret” bound
with probability at least 1 — 0:

Z@

where . = log(10X A/¢) is a log factor.

RT = ul, ét

max
pf EMmax |

< O(VH3X AT),

The O(VH3X AT) “regret” achieved by Balanced CFR
matches that of Balanced OMD. However, we emphasize
that the quantity R is not strictly speaking a regret, as
it measures performance of the policy {u'} maintained
in the Balanced CFR algorithm, not the sampling policy

SNote that this quantity depends on x, but not a.
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Algorithm 2 Balanced CFR (max-player)
Input: Regret minimization algorithm R, for all (h,z).

1: Tnitialize policy pf, (an|zr) < 1/A for all (h, zn, an).
2: forroundt =1,...,7 do

3: forh=1,...,Hdo
4: Set policy pu ™ «— (U5l s 1imr)-
5 Play an episode using ut’(h) x v, observe a trajectory

t, t,(h t,h t,(h) t,(h) _t,(h
(@) gt B L gt () quh) e(h)y

1 ay” Ty
6: Compute loss estimators for all (h, zp, an):
1{ t(h) t(h) (mh ah)}
Li,(zn, an)
1y (@h, an) (12)

<H h+1-— Zrt(h)>.

h/=h

for all h € [H] and z}, € &}, do
Update the regret minimizer at x5, and obtain policy:

e

w1 (|zn) < Ry, .UPDATE({L},(xn,a)}aca). (13)

p () that the Balanced CFR algorithm have actually played.
Nevertheless, we remark that such a form of “regret” bound
is the common type of guarantee for all existing MCCFR
type algorithms (Lanctot et al., 2009; Farina et al., 2020b).

Self-play of Balanced CFR Balanced CFR can also be
turned into a PAC algorithm for learning e-NE, by letting
the two players play Algorithm 2 against each other for
T rounds of self-play using the following protocol: Within
each round, the max player plays policies { AR }th1 while
the min player plays the fixed policy v'*; then symmetrically
the min player plays {v* (" }th1 while the max player plays
the fixed uf. Overall, each round plays 2H episodes.

Theorem 7 directly implies the following corollary for the
above self-play algorithm on learning e-NE, by the regret-
to-Nash conversion (Proposition 1).

Corollary 8 (Learning NE using Balanced CFR). Let both
players play Algorithm 2 in a self-play fashion against
each other for T rounds, where each R, is instantiated
as the Hedge algorithm (11) with n specified in Theo-
rem 7. Then, for any ¢ > 0, the average policy (i, V) =

(+ St T S°1_, ') achieves NEGap(7i, 7) < & with
probability at least 1 — 6, as long as
T > O(H3(XA+YB)/e%),

where  :=log(10(X A+ Y B)/d) is a log factor. The total
amount of episodes played is at most

2H - T = O(H* (XA +YB)i/e%).

Corollary 8 shows that Balanced CFR requires O(H*(X A+
Y B)/e?) episodes for learning an e-NE, which is H times
larger than Balanced OMD but otherwise also near-optimal
with respect to the lower bound (Theorem 6) modulo an
O(poly(H)) factor. This improves significantly over the
current best sample complexity achieved by CFR-type al-
gorithms, which are either poly(X,Y, A, B)/e* (Farina &
Sandholm, 2021), or potentially poly(X, Y, A, B)/? using
the MCCFR framework of (Lanctot et al., 2009; Farina et al.,
2020b) but without any known such instantiation.

Overview of techniques The proof of Theorem 7 (de-
ferred to Appendix E.2) follows the usual analysis pipeline
for MCCEFR algorithms that decomposes the overall regret
R into combinations of immediate counterfactual regrets
R ™7 (z1,), and bounds each by regret bounds (of the re-
gret minimizer IR, ) plus concentration terms. We adopt
a sharp application of this pipeline by using a tight coun-
terfactual regret decomposition (Lemma E.1), as well as
using the balancing property of 1**" to bouund both the re-
gret and concentration terms (Lemma E.2-E.4). We remark
that the way Algorithm 2 uses the balanced policy p*"
both the sampling step (by concatenating with the current
policy u!) and as the learning rate (for the Hedge regret
minimizer R,, (11)) is novel, and required for the above
sharp analysis.

We remark that our techniques can also be used for analyz-
ing CFR type algorithms in the full-feedback setting. Con-
cretely, we provide a sharp O(y/H? [ nax||, log A - T)
regret bound for a “vanilla” CFR algorithm in the full-
feedback setting, matching the result of (Zhou et al., 2020,
Lemma 2). For completeness, we provide a statement and
proof of this result under our notation in Appendix F.

Balanced CFR with Regret Matching Many real-world
applications of CFR-type algorithms use Regret Match-
ing (Hart & Mas-Colell, 2000) instead of Hedge as the regret
minimizer, due to its practical advantages such as learning-
rate free and pruning effects (Tammelin, 2014; Burch et al.,
2019). In Appendix G, we show that Balanced CFR in-
stantiated with Regret Matching enjoys O(V H3X A2T)
“regret” and O((H*(X A2 + Y B?)/=2) sample complexity
for learning e-NE (Theorem G.1 & Corollary G.2). The
sample complexity is also sharp in X, Y, though is A (or
B) times worse than the Hedge version, which is expected
due to the difference between the regret minimizers.

S. Extension to multi-player games

In this section, we show that our Balanced OMD and Bal-
anced CFR generalize directly to learning Coarse Correlated
Equilibria in multi-player general-sum games.

We consider an m-player general-sum IIEFG with X; in-
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fosets and A; actions for the i-th player. Let V; denote the
game value (expected cumulative reward) for the ¢-th player.
(More formal definitions can be found in Appendix H.1.)
Definition 9 (NFCCE). A joint policy « (for all players) is
an e-approximate Normal-Form Coarse Correlated Equilib-
rium (NFCCE) if

f o

CCEGap(7) := max ( max V"7 — Vf) <e,
i€[m] \ zTer,

i.e., no player can gain more than ¢ in her own reward by

deviating from 7 and playing some other policy on her own.

We remark that the NFCCE differs from other types of
Coarse Correlated Equilibria in the literature such as the
EFCCE’ (Farina et al., 2020a). Using the known connec-
tion between no-regret and NFCCE (Celli et al., 2019), we
can learn an e-NFCCE in an multi-player IIEFG sample-
efficiently by letting all players run either Balanced CFR or
Balanced OMD in a self-play fashion. In the following, we
let {ﬂf}tT:l denote the policies maintained by player 7, and
mt :=[[/~, 7! denote their joint policy in the ¢-th round.
Theorem 10 (Learning NFCCE sample-efficiently using
Balanced OMD / Balanced CFR). We have

(a) (Balanced OMD) Let all players play Algorithm 1 for
T rounds with learning rate n = \/X;A;log A;/(H3T)
and IX parameter v = \/ X; A;u/(HT) for the i-th player.
Then for any € > 0, the average policy T uniformly sampled
from {n*}L_ satisfies CCEGap(7) < e with probability
at least 1 — 6, as long as the number of episodes

T>0 (HBL( 12{3}(} XiAi) /62),
where 1 :=log(3H Y " | X;A;/d) is a log factor.
(b) (Balanced CFR) Let all players play Algorithm 2 in
the same self-play fashion as Corollary 8 for T rounds,
with R, instantiated as Hedge (11) with learning rate n =
VXiA;o/(H3T) for the i-th player. Then for any e > 0, the
average policy T uniformly sampled from {*}L_ satisfies
CCEGap(7) < e with probability at least 1 — §, as long
as T > O(H3u(max;c(,) XiA;)/e?). The total number of
episodes played is at most

mH-T = O(H4mL . (max Xl-Al-> /52).

1€[m]
where v :=log(10>"1" | X;A;/d) is a log factor.

For both algorithms, the number of episodes for learning
an e-NFCCE scales linearly with max;¢[,,) X; A; (with Bal-
anced CFR having an additional Hm factor than Balanced
OMD), compared to the best existing max;e [y, X 2A; de-
pendence (e.g. by self-playing IXOMD (Kozuno et al.,
2021)). The proof of Theorem 10 is in Appendix H.2.

"Such distinctions only exist for (Coarse) Correlated Equilibria
and not for the NE studied in the previous sections.

6. Conclusion

This paper presents the first line of algorithms for learning
an e-NE in two-player zero-sum IIEFGs with near-optimal
O((X A+Y B)/e?) sample complexity. We achieve this by
new variants of both OMD and CFR type algorithms that in-
corporate suitable balanced exploration policies. We believe
our work opens up many interesting future directions, such
as empirical verification of our balanced algorithms, or how
to learn IIEFGs with large state/action spaces efficiently

using function approximation.
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A. Technical tools

The following Freedman’s inequality can be found in (Agarwal et al., 2014, Lemma 9).

Lemma A.1 (Freedman’s inequality). Suppose random variables {Xt}z;l is a martingale difference sequence, i.e. X; € F;
where {Fi},~, is a filtration, and E[X|F,_1] = 0. Suppose X; < R almost surely for some (non-random) R > 0. Then
for any X\ € (0,1/R)], we have with probability at least 1 — § that

log(1/d
EXt<)\§EX|}”t1 Og(A/)
B. Bounds for regret minimizers

Here we collect regret bounds for various regret minimization algorithms on the probability simplex. For any algorithm that
plays policy p; in the ¢-th round and observes loss vector {¢;(a)},c4] € Rgo, define its regret as

T

Regret(T) := p*glAa(}[{A]) <pt,Z:> _ <P*,Et> .
t=1

B.1. Hedge

Algorithm 3 Regret Minimization with Hedge (HEDGE)

Input: Learning rate n > 0.
1: Initialize p1(a) < 1/Aforall a € [A].
2: for iterationt =1,...,7 do

3:  Receive loss vector {E(a)} .
a€lA]

4:  Update action distribution via mirror descent:

Pit1(a) <o pe(a)exp (—nzt(a))-

The following regret bound for Hedge is standard, see, e.g. (Lattimore & Szepesvari, 2020, Proposition 28.7).
Lemma B.1 (Regret bound for Hedge). Algorithm 3 with learning rate n > 0 achieves regret bound

log A
Regret(T) < o8 77 Z Z pe(a Et

f 1 ae[A]

B.2. Regret Matching

The following regret bound for Regret Matching is standard, see, e.g. (Cesa-Bianchi & Lugosi, 2006; Brown & Sandholm,
2014). For completeness, here we provide a proof along with an alternative form of bound useful for our purpose
(Remark B.3). Note that here 7 is not the learning rate but rather an arbitrary positive value (i.e. the right-hand side is an
upper bound on the regret for any 1 > 0). Algorithm 4 itself does not require any learning rate.

Lemma B.2 (Regret bound for Regret Matching). Algorithm 4 achieves the following regret bound for any n > 0:

resr) < [ 5 () -0 < 243 5 (o) o)

t=1 ac[A] K

Proof By the fact that (a + b)3 < a% + 2a, b+ b?, we have

[Re(@)]} < [Re—1(a)]} + 2[Ri-1(a)]1re(a) +1e(a). (14)



Near-Optimal Learning of Extensive-Form Games with Imperfect Information

Algorithm 4 Regret Minimization with Regret Matching (REGRETMATCHING)

1: Initialize p1(a) < 1/A and Ro(a) < 0 for all a € [A].

2: for iterationt =1,...,7 do

3:  Receive loss vector {E(a)} .
a€lA]

4:  Update instantaneous regret and cumulative regret for all a € [A]:

ri(a) < <pt,zt> - E(a) and Ri(a) < Ri—1(a) + r(a).

5:  Compute action distribution by regret matching:

[Ri(a)], DHECRARACIR

wela [Be(a)] a el {23:1 <pt7gt> _ E(a/)Lr

pt+1(a) A Z

In the edge case where [R;(a)], = 0 forall a € [A], set p;1(a) <= 1/A to be the uniform distribution.

Then by the definition of p;(a) and r¢(a), we have

> Rea(@lim(@) = Y Ria@) (Y pila)i(@) ~ (@)

a€[A] a€[A] a’€[A]
= > [Ria(a)]4bi(a) = > [Rioa(a)]4li(a) =0
a€[A] a€lA]

Then summing over a in Eq. (14) and using Eq. (15), we get

Y [Br(a)]i < ) [Rroi(@)} +2 Z [Rr—1(a)]+rr(a) + ) rr(a)®

a€[A] a€lA] a€[A]
T
= 2 [Bra@li+ 3 rr@f <) ) m
a€[A] a€[A] t=1 a€[A]

Using that max, Rr(a) < max,[Rr(a)ly < (3,c4[Rr(a)]3)!/? gives the regret bound

1/2 1/2

Regret(T) = max Rr(a Z Z r(a Z Z <<pt,€t> (a))Q

t=1 ae[A] t=1 a€[A]

The claimed bound with 7 follows directly from the inequality \/z < 1/n + nz/4 for any n > 0, z > 0.

~ ~ 2
Remark B.3. The quantity ZGG[A] <<pt, €t> — Zt(a)> above can be upper bounded as

S ({pedt) 7o)< 3 (i) s i)
a€lA] ae[4]
= A(p ) + HEHE <AY (n@h@?+ (1/4)ia))
a€lA]
=24 Z pt )

a€[A]

where pi(a) = [pe(a) + (1/A)]/2 is a probability distribution over [A.

5)
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As a consequence, we get an upper bound on the regret of Regret Matching algorithm by

Regret(T l Ui Z Z (Apt(a

o t=1 ac[A]

Comparing to the bound of Hedge (Lemma B.1), the above regret bound for Regret Matching has a similar form except for
replacing log A by 1 and replacing p; by Apy.

C. Properties of the game
C.1. Basic properties

For any opponent (min-player) policy v € Il,,;,, define
Y. (xR) Z P1a(Sp)V1h—1(y(Sh—1),bn—1) forall h € [H], z, € X}.
ShETH

Intuitively, p¥.,, (z7,) measures the environment and the opponent’s contribution in the reaching probability of z,.
Lemma C.1 (Properties of p¥., (xp)). The following holds for any v € Tl :

(a) For any policy pu € Il,,x, we have

Z pa:n (Th, an)plg, () = 1.
(zh,,ah,)GXh XA

(b) 0 <pY,(zn) <1forallh,xy.
Proof For (a), notice that

pan(@n, an)plon(@n) = > pra(sn) - pan(@n, an) - i1 (y(sn-1),bh-1)

ShETH

= > PUY(visit (sp,an)) = PP (visit (zn, an)).

ShETHL
Summing over all (xp, ap) € X X A, the right hand side sums to one, thereby showing (a).

For (b), fix any zj, € A},. Clearly py, (z) > 0. Choose any a5, € A, and choose policy p*"%" € Il,ax such that

pil " (zp, an) =1 (such pn*» exists, for example, by deterministically taking all actions prescribed in infoset z, at all

ancestors of xy). For this %" using (a), we have

Pl (@n) = pyy " (zn, an) - Pl (zn) < > (@, ap) i) = 1.
(z},,a},)EXL XA

This shows part (b). O

Corollary C.2. For any policy p € I, and h € [H], we have

Z pak (zn, an), (zp, ap) < 1.
(Th,an)EXn XA

Proof Notice by definition

Gmnan) = Y pra(sn)vinW(sn), bn) (1 = ru(sn, an, b)) < iy (an),

ShExR,bn EB

and the result is implied by Lemma C.1 (b). O
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Lemma C.3. Forany h € [H], the counterfactual loss function L}, defined in (10) satisfies the bound

(a) For any policy p € 1l,x, we have

Z ,ul:h(xha ah)LZ(-T}L,CL}L) S H—-h + 1.
(:Eh,ah)EXhX.A

(b) For any (h,xp,an), we have
t
0 < L (zn,an) < pYp(zn) - (H—h+1).

Proof Part (a) follows from the fact that

H

ZTh/] SH*h‘Fl,

h'=h

Y e an)Li(wn, an) = By
(Th,an)EXn XA

where the first equality follows from the definition of the loss functions ¢;, and Lj in (3), (10).

For part (b), the nonnegativity follows clearly by definition. For the upper bound, take any policy pu*»“» & Il,,.x such that

ZTh,0h

" (xh, an) = 1. We then have

H
t Th,aQ t _ fad
LY (xh, an) = pih " (xn, an) LY (xh, an) = Eyepan e [1 {visit zp,ap} - E Th/‘|
h'=h
H
= Pumh,ah’yt (VlSlt Th, ah) . Euwh,ah’yt E Tht
h'=h

visit zp, ah]

< U (wh, an)pYo () - (H — b4 1) = pYy (en) - (H — h+ 1).

Definition of average policies For two-player zero-sum IIEFGs, we define the average policy of the max-player i =
+ Zle ! (in conditional form) by

T t
(o) = etz (2 ) (16)
D=1 My (Th)

forany h and (z, ap) € X, x A. Itis straightforward to check that this 7 is exactly the averaging of ! in the sequence-form
representation (see e.g. (Kozuno et al., 2021, Theorem 1)):

1 T

fy(Th, an) = T ;ufi;h(ﬂfmah) for all (h, zp, an). (17)

Both expressions above can be used as the definition interchangably. The average policy of the min-player 7 = % Zle vt
is defined similarly.

C.2. Balanced exploration policy

Lemma C.4 (Balancing property of u*"). For any max-player’s policy ji € Iy,ax and any h € [H|, we have

3 FanlTh, an) _ 5oy
*,h
(zh,an)EXH XA “1:h($h; ap
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Lemma C.4 states that ;*" is a good exploration policy in the sense that the distribution mismatch between it and any

1 € T ax has bounded L norm. Further, the bound X, A is non-trivial—For example, if we replace /LI:Z with the uniform
unif

policy pi%if (2, ap) = 1/A", the left-hand side can be as large as X;, A" in the worst case.

Proof of Lemma C.4  We have

Z Mlh l'haah
)

Th,an /1*1 h xh7ah

N Z Z M1:(h71)($h—17ah—1) 'Mh(ah|$h)
- *,h
Th—1,0h—1 (xph,ap)EC(TH—1,an—1) XA /”Ll'(hfl) (thl’ ah*l) ’ (1/A)

® 4. Z Z 1)($h717ah71)

Th—1,ah—1 xp €C(TH_1,an_1) 'u’l h 1)(z’l—1’ah—1)

B P:(h—1)(Th—1,0n-1)
=A- Z *,h

|Ch(2h—1,an-1)]
Th—1,0h— /’61 (h— 1)(171 1, Qh— 1)

(i1) Pi:(h—2y(Th—2, an—2)pth—1(an—1]TH—1)
=4 > S E— (Ch (w1, an1)|
Th—2,0p—2 (mh_l,ah_l)EC(a:h_g,ah_Q)><.A Mll(hfz) (xh727 ah72) ’ |Ch(xh71’ ah*l)'/‘ch(thl)‘
Pi:(h—2)(Th—2, ah—2) pth—1(ah—1|TH—1)
=4 > > e - [Ch(wn)|
Th—2,ap—2 (xh_l,ah_l)GC(mh,_g,ah_g)X.A Ml:(h—?) (xh_2’ ah_2)
Pi:(h—2)(Th—2, an—2)pth—1(an—1]TH-1)
=4 > > -|Cn(@n-)]
Th—2,8h—2 (Th—1,an-1)EC(Th_2,an—2) XA Fi:(h—2) (xh_Q’ ah_2)

(m)A’ Z Ml:(h—z)(fl?h—27ah—2)

ok |Ch(zh—2,an—2)|
Th—2,an—2 Ml:(h—2) ($h727ah72)

pi(ar|ey)
=A- - |Ch(z1,a
Z Crler,an)l/Caan)] <o)l

—A. Z pa(arley) - |Chlay)|

Z1,01

=AY [en(an)| = A- [ (0)] = Xy A.

Above (i) used the definition of HZ " and the fact that Zahe abn(an|ry) = 1 for any p, xp; (i) used the definition of

uh ', (iii) used the fact that th L EC(2n_2an_ |Ch(:vh_1)| = |Ch(zp—2, an—2)| which follows by the additivity of the
number of descendants; and the rest followed by performing the same operations repeatedly. [

The following corollary is similar to the lower bound in (Farina et al., 2020b, Appendix A.3).
Corollary C.5. We have

1
h
M;:h(zh’ ah) > m

forany h € [H| and (zp,ap) € X, X A.

Proof Choose some deterministic policy p s.t. p1.,(zp, ap) = 1 in Lemma C.4 and noticing each term in the summation
is non-negative,
p1:h(Ths an)

—h < X, A.
win (@n, an)
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C.2.1. INTERPRETATION AS A TRANSITION PROBABILITY

‘We now provide an intepretation of the balanced exploration policy ,u?’ﬁ : its inverse 1/ ,u’{jz can be viewed as the (product)
of a “transition probability” over the game tree for the max player. As a consequence, this interpretation also provides an
alternative proof of Lemma C.4.

Forany 1 < h < Hand1 < k < h — 1, denote p;’h(xk+1|xk,ak) = |Ch(zk+1)|/|Ch(xk, ar)| (We use the convention
that |Cy, ()| = 1). By this definition, pZ’h(- |k, ar) is a probability distribution over Cy, (2, ai) and can be interpreted as
a balanced transition probability from (x, ay) to zx1. We further denote the sequence form of the balanced transition
probability by

*,h |Ch(171 | ‘C” 1 | Cr(@rss)]
. et loe.a 18
iy (xn) = X, kl_[lp k1|Tr, ar) = H Cr(zn, an)| (1%

Lemma C.6. For any (xp,ap) € X X A, the sequence form of the transition p’l‘jZ(zh) and the sequence form of balanced
exploration strategy ,u;;Z(wh, ap,) are related by

*,h 1
Pl (Tn) = ; . (19)
o XnA- pip(@n, an)

Furthermore, for any max player’s policy p € Iy and any h € [H], we have

Z Ml:h(xhvah)p;ﬁ(xh) =1. (20)
(zh,ap)EX XA

Proof of Lemma C.6 By the definition of the balanced transition probability as in Eq. (18) and the balanced exploration
strategy as in Eq. (5), we have

h—1

1 |Ch ()| \Ch )| " 1Ch(@hg)| o
x A =pi(zh)-
XhA'luI;Z(xhaah) XhA H Ch (@, a)| H |Ch (2, ar)| l'h( n)

where the second equality used the property that |Cp, (2, )| = 1. This proves Eq. (19). The proof of Eq. (20) is similar to the
proof of Lemma C.1 (a). O]

Alternative proof of Lemma C.4 Lemma C.4 follows as a direct consequence of Eq. (19) and (20) in Lemma C.6. [

C.3. Balanced dilated KL

Lemma C.7 (Bound on balanced dilated KL). Let ;"™ € Il,,,., denote the uniform policy: ,uumf(ah|xh) = 1/A for all
(h, zp,ap). Then we have

max DPal (|| i) < X Alog A.

/"L enmax
Proof We have
ni 1., (Ths an) w (aplzn)
e DY) = e 37 57 e pog
pt €l pax pt€llmax 3= 4 wip(@n, an) Wit (ap, |2,
H T
M. (xh7ah)
:MJQH&X Z Z % (IOth(ah|xh)+logA)
max p—1 p,an H1:h\Ths Gh
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(3) = ﬂ h xhvah
<logd E max E CLh i R
1
M Ellmax . ,Ll,1 h xh,ah)

@ logAZ XpA=XAlogA,

h=1

where (i) is because uh(ah|xh) log uh(ah|xh) < 0 (recalling that each sequence form ul 1 (Zh,ap) contains the term
uh(ah|xh)), and (74) uses the balancing property of y*" (Lemma C.4). O

C.3.1. INTERPRETATION OF BALANCED DILATED KL

We present an interpretation of the balanced dilated KL (6) as a KL distance between the reaching probabilities under the
“balanced transition” (18) on the max player’s game tree.

For any policy p1 € ILax, we define its balanced transition reaching probability P} (xy,, ap,) as

P (@n, an) = pa:n (T, ah)p;§}}£($h)~ 21

This is a probability measure on X}, x A ensured by Lemma C.6. For any two probability distribution p and ¢, we denote
KL(p||q) to be their KL divergence.

Lemma C.8. For any tuple of max-player’s policies p,v € Il .x, we have

H
DY (p|v) = Z(X}LA)KL(PZHH*HPZLhﬂVh,*) 22)
h=1

Proof of Lemma C.8 By Eq. (21) and by the definition of KL divergence, we have

(X, A)DH(Bf 7 [

*,h
= (X,A) Z pi:n(Th, ah)PI;’Z(l"h) log [ (T, ah)p1 h(xh) *,h }
(onaan)edn x A fi1:n—1(Th—1, an—1)vn(znlan)pyy (Tn) (23)

Z p:n(Zh, an) log [Mh(ah\xh)}

I/h(ah|93h) ’

*,h(x a )
(zn,an)€Xp x A H1:R\Th> Qh

where the last equality is by Lemma C.6. Comparing with the definition of D! as in Eq. (6) concludes the proof. O

D. Proofs for Section 3

D.1. Efficient implementation for Update (9)
Lemma D.1. Algorithm 5 indeed solves the optimization problem (9):

1
p'+! « arg min <u,€t> + Dbal(ullu )-
HEIImax

Proof First, by the sparsity of the loss estimator 7t (cf. (8)), the above objective can be written succinctly as

~ 1 .,
(o) 3 D" Gl (24)

G . | nanlon)
= Z Z w1n(xh, an) [EZ (Thyan) + —F log f ne ]

he1 oo iy (T, an) wy (an|zn)
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Algorithm 5 Implementation of Balanced OMD update

Input: Current policy p'; Trajectory (zf, a}, ..., 2%, a%); learning rate n > 0;
Loss vector {Zﬁl(mh, ah)} that is non-zero only on (5, az) = (xh, a}).
h,zp,ap
1: Set Zf 4 < 1.
2: forh=H,...,1do
3:  Compute normalization constant

i (xt al) log Z}
Zp, < 1= pp(aplay) + ph(an|zh) - exp ( i (xh, ah) 0 (xh, ah) + l*hh!f . L)
H1ihyt (mh+17ah+1)

4:  Update policy at z%:

t+1

xh,at)log Z} .
. ph (anzh,) - exp nulh(wh,ah)ft(wmah)Jrlesﬂf n)108 i ~logZ; | ifan=aj,
b (anlzh) <

b1 (xh+17 ah+1)
u’;i (ahlwi) - exp(— log Z}i) otherwise.

50 Set " (|lzn) < pi (o) forall z, € X \ {=}, }.
Output: Updated policy ™.

H .
=2 Hna(zn) l<uh(-xh),?§1 (J?h,')> KL (pan (Cln) [ ()

*,h
h=1 xp nﬂl:h(xh’ah)

KL (pen (-|n)l |1, (1))

77N1 h(xh,ah)

KL Jx Lig
n Z pton1 () (Mh(*|hh)||:uh(| 1))
Ny (Thy an)
(25)

H
S P [uhmmxm (o, al) +

h=1 mh,?‘éxh

We now show the equivalence by backward induction over h = H, ..., 1. For h = H, we can optimize over the H-th layer
directly to see

i M anloty) ay il (anloty) exo {—mui (el a0y (aly, an) §

= iy (am[y) exp { =0l (el anr) = log Z }

where Z!, > 0 is the normalization constant. For all non-visited x5 # z';, by equation (25) and non-negativity of KL
d1vergence the object must be minimized at p4 " (-|zg) = pk (|2 m).

If the claim holds from layer A+ 1 to H, consider the h-th layer. Plug in the proved optimizer after layer h, the objective (25)
can be written as

H

v ]. ANIANANA NG
S5 o) [ (ran) g Ll “]

W=1 sy it @nsan) - Hp(anlzn)

H t
=35 pwa(an) [<uh/(~xh/),€~2/ (zm, ,)> L KL (uh/(-%h')||uh/(.la:h/))]

*,h
h'=1 e (Zhe, anr)

h arey
S S (e [@h,(.xh,),gz (o) + Kl o ))]

h=1 Np3 gy (T s anr)

*,h/+1

t ¢ t
n Z [Nl b xh,,ah,)logZh,+1 . Ml:h/—l(xh/,pah/71)10gzh'
*h' 0t t
UL h'+1(zh +1’ah/+1) Ni e (X5 agy)

=h+1

h
~ KL (s (lon) |1 Clzn)) | b n(@t at)log Z}
S S (o) l@h,(.xh,),g;, )+ K )| _ oty ) s 2
h=1 zp Niy gy (T, anr) N1 (Tt Q)
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h—1 t
=55 uwa(ew) [<uh,(.xh,),2§l, (@, _)> L KL (Nh/(-ﬂfh')||ﬂh/(~|th))]

*,h
i (The, anr)

h'=1 Tyt
~ log Z; KL (pn (-2 [ 5, |27,)
+ pran—1 () [uh(aﬂmZ)(fﬁl (24, a}) — B th+1 n (*th tH nClE))
Tk h+1($h+17ah+1) ny s, (@, an)
KL x
£ o K i)
zpF#xh nlu’l h(xh’a’h)
Thus in the h layer we can optimize by setting
t+1 t t t *hy t Ftoot N?Z(ﬂwah) ¢ t t
Ky, (anlzy,) = pp(anlzy) exp § — nﬂ1;h(xhvah)€h(xhaah) R n log Z}, 11| 1 {ah = ah} —logZy, o .
11 (Thi1s Q)

For all non-visited z;, # z! , by non-negativity of KL divergence, the object must be minimized at ,uffl (lzn) = ph, (-|zn).
This is exactly the update rule in Algorithm 5. O

D.2. Proof of Theorem 4
Decompose the regret as
T

RT = max <,ut - /ﬂ,ft> (26)

JTARS] | e =1

i<,u 0 — >+ max ZT:@T,? €>+ max Z<,u —u, €t> 27)

=1 puf €llmax i—1 pt€llmax =1

BIAS! BIAS? REGRET

We now state three lemmas that bound each of the three terms above. Their proofs are presented in Section D.4, D.5, and D.6
respectively. Below, ¢ := log(3H X A/¢) denotes a log factor.

Lemma D.2 (Bound on BIAS'). With probability at least 1 — 0/3, we have
BIAS' < HV2T. + vHT.
Lemma D.3 (Bound on BIAS?). With probability at least 1 — 4/3, we have
BIAS? < X Av/y.
Lemma D.4 (Bound on REGRET). With probability at least 1 — §/3, we have

XAlog A nH2X A

y

REGRET < +nH3T +

Putting the bounds together, we have that with probability at least 1 — 6,

XAlog A H?XA XA
R < 2288 4 gt P2 L BT 4 yHT + S
Setn = X‘;?ﬁA and vy = |/ 24 we have

RT < 6VXAH3T. + HX As.
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Additionally, recall the naive bound R < HT on the regret (which follows as (i, £*) € [0, H] for any pt € Iyay, t € [T)),
we get

RT < min {6\/XAH3TL + HX A HT} < HT -min {6\/XAHL/T + X AT, 1}.

For T' > H X A, the min above is upper bounded by 7./H X Ac/T. For T' < H X A, the min above is upper bounded by
1 <7/HXAy/T. Therefore, we always have

RT < HT -7/HX AT = TVH3X AT

This is the desired result. O

The rest of this section is devoted to proving the above three lemmas.

D.3. A concentration result

We begin by presenting a useful concentration result. This result is a variant of (Kozuno et al., 2021, Lemma 3) and (Neu,
2015, Lemma 1) suitable to our loss estimator (8) where the IX bonus on the denominator depends on (z,, a,).

Lemma D.5. For some fixed h € [H), let o, (zp,an) € [O, 2’7/‘;:’2 (zh, ah)] be F'~'-measurable random variable for
each (xp,ap) € Xy x A. Then with probability 1 — ¢,

T
Z Z ok (zn,an) (Zﬁl (zh,an) — 04 (mh,ah)) <log(1/6).

t=1 zp,an

Proof Define the unbiased importance sampling estimator

t
7 1—ry t t
b, = ————"— 1ixp =x),an =ay ¢ .
T gy e =)
We first have
7t 1- T;i t t
éh ('rhvah) = P R 1{:1,‘h :xh,ah:ah}
1o (@ns an) + i (Th, an)
< L—7h ~1{;1:;—x',5 ah—aZ}
= 7 , v = Thy Oh =
lu’i:h(xhﬂ a’h) + ’7/1”1(:]7. (xh? ah) (1 - T;L)
h
< 1 29u (@nsan) (1 — 1) V{ap = af,, an = ap } /pl (2, an)
29 (s an) 1+ (@ny an) (1= rh) 1o = b, an = al} /il (2n, an)
_ 1 2y (why an )l (xh, ap)
— W : |
2y (@ny an) 1+ Ypyn (wn, an ) (zn, an)

(4) 1

< log (1 + 2yt (e, an) (o, ah)) ,

2yui (s an)
where (4) is because for any z > 0, o7z < log (1+2).

As a result, we have the following bound on the moment generating function:

E {exp { Z ab (zp, ah)zz (zp, ah)} |]-"t1}

Th,0h

t
<E {exp { S Do (1 2 o, v, ) } |ft-1}

9 *,h(
Th,ah 7/’[’1:h Lh, Ap,
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%)E {exp { Z log (1 +af, (zh, an) O (2, ah))} Ftl}

Th,0h

=E { H (1 + b, (zn,ap) @l(ggmah)) |]:t1}

Th,0h

W {1 + 3 o, (@hoan) O, (z, ah)|]-'t_1}

Th,0h

—1 4+ Z o, (wh, an) 0, (xn, an)

Zh,Qh

<E {exp { Z al (a:h,ah)ﬁﬁb(xh,ah)} |.7-"t_1} ,

Th,0h

where (i) is because zlog (1 + z’) <log (1 + z2) forany 0 < z < 1 and 2z’ > —1, and (i7) follows from the fact that for
any h, at most one of £} (x5, az,) is non-zero, so the cross terms disappear.

Repeating the above argument,

Therefore, we can apply the Markov inequality and get

T
P{Z Z aj, (zn, an) (ZZ (zh,an) — 4, (iﬂmah)) > log(l/é)}

t=1 xp,an
T-1 _
=P {eXP {Z > o (wn,an) (52 (xh, an) — £ (xhvah)>} > 1/5}
t=1 xp,ap
T ~
<6 -E {GXP {Z Z aj, (zn, an) (52 (zn,an) — b, (xn, ah)) }} <.
t=1 xp,an
This is the desired result. O

Corollary D.6. We have

(a) For some fixed h € [H] and (x,,ap), let o (xh,ap) € |0, 27,u*?h xn,ap)| be F~-measurable random variable.
h 1:h
Then with probability 1 — 6,

T
Z ab (zn,an) (Z’;L (zh,an) — 0 (zh, ah)> <log(1/9).

t=1
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(b) For some fixed h € [H| and xp, let o, (zp, ap) € [0, 27/[;:’2 (zh, ah)} be F*~'-measurable random variable for each

ay, € A. Then with probability 1 — 6,

T
Z ah (Th,an) (Zh (zh,an) — 04 (xh,ah)) <log(1/6).

Proof  For (a), using Lemma D.5 with (o)’ (2, a},) = o, (¢}, a}) 1 {z}, = x4, d}, = an},

o, (zn, an) (ZZ (zhyan) — € (zn, ah))

[M]=

~
Il
-

Z ab (zn,ap) 1{x), = ap,a), = an} [Zt(x;l, aj,) — 04z}, aﬁl)} <log(1/9).

x

I
-
:

’
ho@

Claim (b) can proved similarly.

D.4. Proof of Lemma D.2
We further decompose BIAS! to two terms by
T T T
BIAS' = POt = LR FL) 4 LE{GFSL ),
I A M i G VA U S
(A) (B)

To bound (A), plug in the definition of loss estimator,
> (ut e —E{|F})

H t Vi
=ZZZMWw4%wW—MNMM%M)1
h=

Mﬁ:h(xh’ ah) + vl (zh,an)

*,h
[ Yy (@, an) ]

Mi:h(m}h ah) + 'VNI:Z(xha ah)

H
SN e, an)l (@n, an)
h=

lzn,an

where (i) is by using Corollary C.2 with policy p**" for each layer h.
To bound (B), first notice

<’ut’zt> Z Z 1., ( xh,ah)(l_rh)l{xh*mh’ an = ajy}

h=1wmn,an ph., h(mhaah)"‘%“l h(xh’ah)

<Z Z 1{zy =zf,an = ap} = Zlf

h=1zp,an
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Then by Azuma-Hoeffding, with probability at least 1 — 6/3,

T
e
;W,E{étlﬁ V-7 < 1/2T10g(3/0) < HVTL.

Combining the bounds for (A) and (B) gives the desired result. O
D.5. Proof of Lemma D.3
We have
T
BIAS? = < T,Zt—et>
R I

t=1

= max ZZ Z o (e, an) Vh(xh»ah) 14 (xh,ah)}

#H€lmax 31 5] aan
g ﬂ;h(‘rhvah) *h Tt t
= Inax Z Z — k1 (@h, an) {gh(fﬁ}u@h) - fh(l‘mah)}
ptEllmax t=1 he12n,an ’ylu,l_h(xh,ah)
H

Th,Ap
— max 3N Mzwlh ehan) [ (onsan) — th(on,an)
Iz GHm'lxh Lanan YH1! h(xh,ah)

(Th, an)

og (XA/6) i,
Z Z ;Z(Ihaah)

I/\?

max
tell
v pmq M Slmex wp,an P

(”)
LZX;LA XAy,
h=1

where (4) is by applying Corollary D.6 for each (x},, ap,) pair and taking union bound, and (%) is by Lemma C.4. O

D.6. Proof of Lemma D.4

We begin by stating the following lemma, which roughly speaking relates the task of bounding the regret to bounding the

term <u,l7t> + log Z1.

nuy (wﬁ,al)
Lemma D.7. For any policy p € I x,

~ 1
DU (1) = DY gy = (0, 8 ) + ——— log ZL.
p (2, ar)

Proof By definition of D! and the conditional form update rule in Algorithm 1,

DO (]| ) — DO (| )

-3 Y gl Hiule)

h=1n,an Nlh ah) py' (anlzn)

_Z pen(@hoan) | Hh(anlzh)

t+1
o i (atan) g (anl)

*hoe ot ot

H1:n 'Th7 @h xh ¢ . h(xmah) H1: h xha ah +
= E i (hs af) 0 — — 5% —log Z; . | + E > log Z),

—1 M. h(f’fm aj,) M. h+1(xh+17ah+1 h=1 an 1 h x},, an

ﬁi > §: pan (xf, af) fimhmalaha
— t t t(..t t 1\ hy Yp t th— —1> — t
=n ,ul:h(x}uah)eh(xh?ah) h+1, t t 10gZh+1+ hy t ¢ 1ogZ}L

h=1 h=1 M1 h+1(xh+17ah+1) h=1 wn (@), ay,)
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~ 1
=n <u,£t> R e log Z%.
i (21, ar)

Additional notation We introduce the following notation for convenience throughout the rest of this subsection. Define
t. *ho to L
B = npy (@, ap,)-

For simplicity, when there is no confusion, we write

pr, = bn(aplag),  pha = H [
h''=h
and .
~ ~ 11—t
0 =0 (xh,ah) = h .
( ) ui:h(xiwaz) +7u;:h(m§z’a2)

Define the normalized log-partition function as

gt = ﬁ log Z} = [3 log ( — pb + ph exp {BZ (E’;LH — K;)D . (28)
h h
Note that this value can be seen as an H-variate function of the loss estimator {Et } " To make this dependence more
helH

clear, for any £ € [0, 00)", we define the function {=} ()}th1 recursively by (overloading notation)

=t <€ ==t (Z,H) —

With this definition, we have =} = =}, (Zt) where /¢ is the actual loss estimator. Note that, importantly, =} (Zh; i) has a

log (1= pf, + by exp |~ 81.n] ) /84 it h=H,

log (1 — b+ pk exp [52 (Eh+1 (?hH:H) - Zh)D /Bt otherwise.

compositional structure: It is a function of Zh (h-th entry of the loss) and EZ 41 (which is itself a function of Ehﬂz ). This
compositional structure is key to proving bounds on its gradients and Hessians.

The rest of this subsection is organized as follows. In Section D.6.1, we bound the gradient% and Hessians of the function
Z!(-) in an entry-wise fashion, and then use the Mean-Value Theorem to give a bound on Zf = Z! (/') (Lemma D.11). We
then combine this result with Lemma D.7 to prove the main lemma that bounds REGRET (Section D.6.2).
D.6.1. BOUNDING E}
Lemma 8. For € [0,00)" and any h € [H], 2, (£) < 0. Furthermore, =}, (0) = 0.
Proof We show the first claim by backward induction. For h = H,
=t (G ) =tog (1= ply + g exp |~ Bln | ) /Bl <log (1= iy + wly) /Bl <0,
because ﬁH > 0.

Assume Ez 11 (Z) < 0, then for the previous step h,
= (Zh;H) = log (1 — 11}, + i, exp {5}2 (EZH (Zthl:H) - Zh)D /Bf, <log (1 — pf, + pp,) /81, < 0.

The second claim follows as all inequalities become equalities at {=0. O
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Lemma D.9 (Bounds on first derivatives). For £ € [0,1)7 and any h € [H), the derivatives are bounded by

= . _ 02,
0< — <up;, and —p, < —=*<0.
0=} 44 & "= ol

Furthermore,

. — M?L:h/ lf h/ Z h,
o o otherwise.

Proof By chain rule and the compositional structure of the functions =, (-), for any 2’ > h,

h'—1

6?}7 _ o=t . 85}, _ 0=t . 85:,2/.
5'€h/ 6':‘21 aEh/ h'=h 8:1}&1”-‘1-1 aéh/
For any h, the derivatives are bounded by
oz, _ vhew A (50 () - 6) t
FE A — —— —— € [0, 7],
Sh+1l 1 — pj + ) exp [Bh (:h-i-l (Z) fﬁhﬂ
0=}, Hh ©XD {ﬁi (3‘“ (Z) B éh)] [t 0]
== —— € [—u},0].
O 1=+ phexp |8 (h (0) = )]
. .. . to 1—pt .. .
The inequalities hold because the function f(z) = % =1- T‘T/Z%Z is increasing on z € [0,1], and
exp {5; (Eg » (Z) _ Eh)} € [0,1] by Lemma D.8.
Putting them together, at ¢ = 0, the derivative is just g; h = —ub  if B > h.If B < h, since =}, only depends on
R’ 14t=0 ’
loss in the later layers, %\@:0 =0. O

Lemma D.10 (Bounds on second derivatives). For { € [0,1)7 and any h € [H], if b’ > h and h" > h, the second-order
derivatives are bounded by

92t min{h’,h""} min{h’,h""}
=h 2: t ot t _ 2: t ot t t
ﬁg ﬁh///uh:hluh///+1:h11_ ﬂh/liMh:h///uh///+1:hluh///+1:h/l.
aghlaéh// W —h h!"=h
. %=t
Otherwise ——2— = ()

98,1 08,11

Proof By symmetry of the second derivatives and the right-hand side with respect to 4’ and h”, it suffices to prove the
claim for b > h' only.

By chain rule and the compositional structure of the functions =, (-),

2=t 2=t —t —t 2=t
o’ oEy o=l | 0=, o=,

0y Oy OFL, 00y Oy OZh Ol 0l

Ifh” =h' =h,
20t _ _ _—
862}2; = B} p1}, exp {52 (:1;1+1 (@ - fh)} {1 e %5}2 /(L}EZH (a - Zh)} }2 < Bhut.
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Ifh =h,h' > h,
o2zt (= i)Bhu w81 (Shes () =6)]  0my,,

= - L t t. .
00,00y (1 il 4 it exp {52 (EZH (Z) —Zh)DQ o0 < Bhbth:n

If h < i/ < h”, we can compute the Hessian by induction. Notice once h’ > h we have

o=t B o=t . o=t 41
Ml 0Zh 1 Oly
Take second derivative,
= = A = 5, 0=,
Oln by OZhi1 0lydlyr  OZL, 00w Oy
(2) (i4)

‘We first bound the second term,

i [ s (0-8)] oz, e
(1= s+ exp |8 (Bh (B) = 0)])T OB O
< Bt B v Bhgin

t t t
< Bhlh:h Bhg1:h -

(1) =

The first term can be simplified to

Hh ©XP [BZ <Ez+1 (Z) _ Zh)] 0°=} 1 <t 0°Z) 1
T R GRS T P v

(i) <

2=t
R <L 52/ uz,: n and backward induction from h' to h gives:

Now plug in 9=y
p g Sﬁh/é)fhu -

X

%=,

= t oot ot
Wﬁ E Bhurrt b b 41207 -
h!UEtp! R =h

We can check this expression is also correct for the above special cases when i’ = h. The second claim holds because =},
only depends on loss in the later layers. O

Lemma D.11 (Bound on =%). We have

H H

— ~ nH h ~

<= () + 2T Y Y i s an) o (e an) B (o an)
h=1 h’:hlih/,ah/

Proof We apply the Mean-value Theorem to function =} (Z) atl =0,

bt () = I I AP
= =2 (7) =2 + (ViElliy ) + 5 (VEE e 007,

where £* lies on the line segment between 0 and i,
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By Lemma D.8, the initial term is just zero. By Lemma D.9, the first-order term is just — < ut, Zt>

It thus remains to bound the second-order term. Applying the entry-wise upper bounds in Lemma D.10 at h = 1 (which
hold uniformly at all nonnegative loss values, including £*), we have

(vigl ) =3 Y PR aa
=t 9 h*h’

h=1h'=1 ghagh’

min{h,h’}

Z Z Bl i bty s O

1h'=1 h"=1
H min{h,h'}

BB > s

1 h’=1 h'"=1
(id H mln{hh}

S }{Ielal){(] Z Z 6h”:uh”+1 h/gt/

h'=1 h'"=1

H
=H Z Z 52///‘2’%1:}1/%/

h'=1h""=1

H H N
=H > Y Bhopthr il

h!'=1 h!=h'"

inH Z ( Z ,Uzl h// (xh/ ah/) :u“h”-‘,-l h’gh’>

h!'=1 h!/=h'

H
H

=
.
=

M=

h

"

h

H H
(#41) b -
= 77H Z Z Z lu’l:h” (.’L'h/, ah’) Mz//+1:h/ (ifhu ah/) gz/ (ﬁL’h/, ah’) 5

h'"=1 \h'=h'" xr,ap

where (4) is by Lemma D.10; (i¢) follows from the bound

Zﬂmﬁ—ZMh Lo n < H;

1h+7/~‘1h

and (iii) is because (%, (x5, ap) = 0 at all (zp, ap/) # (xt,,al,). O
Lemma D.12. With probability at least 1 — §/3,
T T
~ XAH?,
D I R

where 1 := log(H/9).

Proof Using Lemma D.11 and take the summation with respect to ¢ € [T'] we have

T T H H
Z — Z <,ut,zt> + % Z Z Z Z Ml h xh/aah/) Mh+1 “ht (l’h/, Cbh/) ﬁh, (fhuah/) (29)

t=1 t=1 h=1h/=h t=1 xp,,an,

A

=At

h,ht

Observe that the random variables A’;% n, satisfy the following:
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* A}, < Xp A/v almost surely:

1—rt)1{xp =2t ap = d}
M= 5 1 s o) g (e, apy) L= T2 I = Tl s = )
ThiyQh, K1 (xh”ah/) +71u‘1:h’ (xh/’ah’)

*,h
<l Z Hi:p ("Eh’vah’)ﬂl}flﬂ:h/ (Thr, ans) (é) XA

Y i M (0, an) v
where (i) is by using Lemma C.4 with the mixture of ;*" and p?.
. ]E[Az wlFi—1] < 1, where F;_; is the o-algebra containing all information after iteration ¢ — 1:
(4)
E[A} | Fi-1] Z 1 @nes an) s (@ ans) O, (@, ans) < 1,
ZThryQhr

where (i) is by using Corollary C.2 with the mixture policy of z** and .

* The conditional variance E[(A], ,,)?|F;—1] can be bounded as

2
(]. - T;L/) 1 {xh/ - (I/'Z/, apr = a];L/})

E[(Af ) ?|Fe1] MIZZ (@n, an) s (Thr, anr) 7
Z ’ ’ l’l’ﬁ;h/ (xhla ahl) + 'YM;’Z; (xh/7 a,h,)

LhryQhr

*,h
< Z <M1h

—~

Tpt, ah’) Mh+1 h/ (xh” @hr)

2
>> Mi:h/ (xh/a ah/)

t
ThryQhs H1:n (xh/v a’hl) + ’7/-//1 h’ (xh/, Qpy

* h -
. $ wilg (Tn ah/)'u'thl o (@hry ans) @) Xy A
5 = )
ry Zhr,Qhr /’Ll:h/ (Ihlv ah/) Y

where (%) follows from the fact that for any h, at most one of indicators is non-zero, so the cross terms disappear and
(i7) is using Corollary C.2 with the mixture policy of z*" and p’.

Therefore, we can apply Freedman’s inequality (Lemma A.1) and union bound to get that, with probability at least 1 — §/3,
for some fixed Ap, s € (0,7/X}p Al, the following holds simultaneously for all h, A’

A X AT 2log(H/S
3 AT 211

+T,
Y Ah,hl

Take Ay s = v/ Xp A, we have

ZAh < Xh/A~210g(H/5) Lor
Y

Plug into equation (29), we have

[

T T

_ , H2X A
D 72<ut,£t>+nH3T+ Uity
t=1 t=1 v

where ¢ := log(H/§) is a log factor. O
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D.6.2. PROOF OF MAIN LEMMA

By Lemma D.7, for any policy ! € Iax,
1 ba a AN
p (DO (uf| 1) = DX (T |u)) = <MT,€t> +Ei

Taking the summation w.r.t. ¢t € [T] and using Lemma D.12, we have with probability at least 1 — ¢/3, the following holds
simultaneously over all 1f € TT,p .y

1

] =

(D (et = DM ') = 37 (. 7 + 304
n t=1 t=1
T - nH2X A
S S T R i A
t=1 v
Rerranging the terms we have
4 t gt 1 bal/, T ,,1 bal/, t1,,T 3 77H2XAL
nax <u —u,€>§ max  — (D" (uT[|pt) = D> (uT||p")) +nH?T + ———
1t €lmax =1 pt€llpax 1)
1 H2XA
< max ~DP(ul||ut) + pHPT + T2
pt€llmax 1
XAlog A H2XA
Siog + 7]H3T + %,

where the last inequality above follows by recalling that ' is taken to be the uniform policy (¢}, (an|z) = 1/A for all
(h,zp,ap)) in Algorithm 1, and applying the bound on the balanced dilated KL (Lemma C.7). This proves Lemma D 4.

D.7. Proof of Theorem 6

Both the regret and PAC lower bounds follow from a direct reduction to stochastic multi-armed bandits. For completeness,
we first state the lower bound for stochastic bandits (Lattimore & Szepesvari, 2020, Exercise 15.4 & Exercise 33.1) as
follows. Below, c is an absolute constant.

Proposition D.13 (Lower bound for stochastic bandits). Let K > 2 denote the number of arms.

(a) (Regret lower bound) Suppose T > K. For any bandit algorithm that plays policy u* € A([K]) (either deterministic
or random) in round t € [T, there exists some K -armed stochastic bandit problem with Bernoulli rewards with mean
vector r € [0, 1]%, on which the algorithm suffers from the following lower bound on the expected regret:

T

max Z<;ﬁ—ut,r>] >c¢-VKT.

weA(K]) &

E

(b) (PAC lower bound) For any bandit algorithm that plays for t rounds and outputs some policy i € A([K]), there exists
some K-armed stochastic bandit problem with Bernoulli rewards with some mean vector r € [0, 1]%, on which policy
1 is at least € away from optimal:

E| max f_ar ] > g,
L*EM[K]) <,u K >

unless T > cK /&2,

We now construct a class of IIEFGs with X; = Af~1 (the minimal possible number of infosets), and show that any
algorithm that solves this class of games will imply an algorithm for stochastic bandits with A¥ arms with the same
regret/PAC bounds, from which Theorem 6 follows.
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Our construction is as follows: For any A > 2 and H > 1, we let S}, = APl forall h € [H] (in particular, S; = 1)
and B = 1 (so that there is no opponent effectively). By the tree structure, each state is thus uniquely determined
by all past actions s, = (a1, ...,an—1), and the transition is deterministic: ((a1,...,an—1),an) € Sp X A transits to
(a1,...,apn) € Spy1 with probability one. Further, we let 2, = z:(sp) = sp, so that there is no partial observability, and thus
Xy, = Sy, for all h. Only the H-th layer yields a Bernoulli reward with some mean 74, ,, := E[rg(a1.g—1,am)] € [0, 1],
for all a1.;y € Xpy. The reward is zero within all previous layers.

Under this model, the expected reward under any policy i+ € Il can be succinctly written as

(p,r) = Z pra (@, aq)EBra(zy, an)) = Z pa:m (A1) ey g -

(zH,am)EXH XA a1.g€AH

This expression coincides with the expression for the expected reward of an A’ -armed stochastic bandit problem.

Now, for any algorithm Alg achieving regret 37 on IIEFGs, we claim we can use it to design an algorithm for solving any
AH _armed stochastic bandit problem with Bernoulli rewards, and achieve the same regret. Indeed, given any A -armed
bandit problem, we rename its arms as a sequence a1.g = (a1,...,a5) € AH  Now, we instantiate an instance of Alg on
a simulated IIEFG with the above structure. Whenever Alg plays policy u! € Il,.y, We query an arm a1.y using policy
wh . (+) € A(AM) in the bandit problem. Then, upon receiving the reward r* from the bandit problem, we give the feedback
that the game transitted to infoset a.7; and yielded reward r‘. By the above equivalence, the regret Y37 within this simulated
game is exactly the same as the regret for the bandit problem.

Therefore, for T > A, we can apply Proposition D.13(a) to show that for any such Alg, there exists one such IIEFG, on
which

E[RT] > ¢ VAHT = /X AT > ¢V X AT,
where the last inequality follows from the fact that X < Xy (1+1/A+1/A%2+---) < X /(1 —1/A) < 2X g by perfect
recall. This shows part (a).

Part (b) (PAC lower bound) follows similarly from Proposition D.13(b). Using the same reduction, we can show for any
algorithm that controls both players and outputs policy (i, ) € nax X nin, there exists one such game of the above
form (where only the max player affects the game) where the algorithm suffers from the PAC lower bound

E[NEGap(ﬂ, ;/\)] =E| max V:“‘Tv/’; _ VI%D Z c
€I Imax

unless T > cX A/e2. The symmetrical construction for the min player implies that there exists some game on which
E[NEGap(fi, )] > € unless T' > c¢Y B/

Therefore, if T' < ¢(X A+ Y B)/(2¢?), at least one of T' > ¢X A/e? and T' > c¢Y B/&? has to be false, for which we obtain
a game where the expected duality gap is at least €. This shows part (b). [
E. Proofs for Section 4

E.1. Counterfactual regret decomposition

Define the immediate counterfactual regret at any x;, € X, h € [H] as
' T
R (o) = max 3 (uhClan) = Clon), L (on.) ) (30)
(.
wy, Clen) 121
where L (-, ) is the counterfactual loss function defined in (10):

H

Ly, (zn, an) = O, (zn,an) + > > 11y Ty ane ) Oy (Thr s an).-
h'=h+1 (wh/,ah/)ech/ (I;L,G}L)XA
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Lemma E.1 (Counterfactual regret decomposition). We have RT < Zle RT, where

i T
Rl = max - - - E max E R, (),
a1€EA ap—1€A
z1 EX Tp-1€C(THh—2,an—2) R €C(Th—1,an—1)
imm,T
= max § p:h—1)(Th—1,an-1) - Ry, (xn).

Henlllax

ThE€X}

Proof The bound R” < 37 T with the sum-max form expression for 917 has already implicitly appeared in the
proof of (Zinkevich et al., 2007, Theorem 3), albeit with their slightly different formulation of extensive-form games
(turn-based games with reward only in the last round). For completeness, here we provide a proof under our formulation.

We first show the bound with the z form expression for SR7, which basically follows by a performance decomposition
argument. We have

T
R = Jnax u t— ot Et
pF Ellmax =
H
mfélgfn(axzz <N 1:h— 1ﬂh H~ lh h#h+1 ! >
t=1 h=1
H
< nax Z<M1h Vi = WP € >
i e

-
‘7mh

Note that each term Y measures the performance difference between NI; b 1M g and MI: N7

T
T _ E : _ E
Ry, = Tlngx EShN#I.h,l xvt ahNNt( |zn) Th Eahwﬁ( [zn) Th
i Ellmax £ ; = =
4 T
2 E Z ~E Z
T ey snmonl vt | BanmpitClan) | 2 "0 |~ Bapmut loy | 2 T
B max h'=h h'=h
(id) =
& t t T t
2 omax 337l @nana) - (uhClan) = ah Clan), ()
I"L max t:l ajhEXh
imm,T
= ax E M1h 1(@h—1,an-1) - R, (xh).
14 max wn EXn

Above, (i) follows as the rewards for the first i — 1 steps are the same for the two expectations; (ii) follows by definition of the
counterfactual loss function (cumulative loss multiplied by the opponent and environment’s policy / transition probabilities,
as well as the max player’s own policy from step h onward). The claim (with the p form expression) thus follows by
renaming the dummy variable ! as .

To verify that the second expression is equivalent to the first expression, it suffices to notice that the max over p1.5,—1 € Ilax
consists of separable optimization problems over pp/(-|zp) over all z, € Xy, B < h — 1, due to the perfect recall
assumption (different (x,/, ay/) leads to disjoint subtrees). Therefore, we can rewrite the above as

W= D ey 2 ko) D

1 EX a1 EA z2€C(z1,a1)
imm,T
> Z pn—1(an—1|Tn-1) > R ().
Hh— 1(\f6h 1)€A
Th-1€C(Th_2,an—2) ah_1€.A zh€C(Th—_1,an—-1)

Further noticing (backward recursively) that each max over the action distribution is achieved at a single action yields the
claimed sum-max form expression. O
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E.2. Proof of Theorem 7
We now prove our main theorem on the regret of the CFR algorithm.

By Lemma E.1, we have R” < Zle RT, where for any h € [H] we have

S)f{{:“ghax > -y (@ho1, an- )R ()
Ellna £

= max 3 pgen(@nos,ano1) max Z<uh Jan) = i Clan), L (o, ) )

I e wl Clan) =5
T
t . i Tt
< max > prgen@noan) max S (uhClan) = ufClea), Then, )
A€l Lmax LEX}L P‘h(‘zh)t 1
:Z{)}i’:nm,T(xh)
T
Tt
+ max E p1:(h—1)(Th—1,an-1 E <M;L Jan), L, (zh, ) — Lh(l’h,')>
14 rﬂaxfl?hGXh =1
T
t
+ max E p:(h—1)(Th—1,an-1) max E <Mh Jan), Ly (xh, ) — Lh(xhv')>
pne maxxhexh p‘h(|mh)t 1
(4) ~imm, T
= max E p1:(h—1)(Th—1, an—1)R, (xn)
T e
xh EXp
‘—REGRET),
T
Tt
+ max E B1:(h—1)(Tho1, @01 E wh(an|xn) [Lh(Ilz;ah) Ly (xn,an)
HE max (zh,an)EXE XA t=1
::BIAS1
T
t
+ max E pi:n (@, an) E [Lh Th,an) Lh(l‘mah)}
HE (zh,an)EXR XA t=1

= REGRET), + BIAS}, + BIAS;.
Above, the simplification of the BIAS3 part in (i) uses the fact that the inner max over ,u;r]( |zp,) and the outer max over
H1:(h—1) are separable and thus can be merged into a single max over p1.5.

We now state three lemmas that bound each term above. Their proofs are deferred to Sections E.3-E.5.

Lemma E.2 (Bound on BIAS,{L). For any sequence of opponents’ policies V' € F;_1, using the estimator Eh in (12), with
probability 1 — §/10, we have

H
> BIAS;, < 2VH3XAT1+ HX,

h=1
where . = log(10X/0).

Lemma E.3 (Bound on BIAS%). For any sequence of opponents’ policies vt € F;_1, using the estimator Eh in (12), with
probability 1 — §/10, we have

H
> BIASj, < 2VH3XAT.+ HX Au,

where 1 = log(10X A/9).
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Lemma E.4 (Bound on REGRET)},). Choosing n = /X Av/(H3T), we have that with probability at least 1 — §/10 (over
the randomness within the loss estimator L),

H
> REGRET), < 2VH3XAT. + \/HX3A%3/(4T),
h=1

where . = log(10X A/9).

Combining Lemma E.2, E.3, and E.4, we obtain the following: Choosing n = /X Ac/(H3T), with probability at least
1—-36/10 > 1 — 0, we have

H
T < Z < Z REGRET), + Z BIAS; + Z BIAS?

h=1 h=1
< 6\/H3XATL +2HX A+ HX3A3L3 J(4T).

Additionally, recall the naive bound R” < HT on the regret (which follows as (xi!, £*) € [0, H] for any pt € Ipax. t € [T)),
we get

7 < min {6\/H3XATL + 2HX Av+ /HX3A33 /4T, HT}

< HT - min {6\/HXAL/T +2X AT + /X3 A33 ) (4HT?), 1}.

For T' > H X At, the min above is upper bounded by 91/ H X A./T. For T' < H X A, the min above is upper bounded by
1 <9y/HXA./T. Therefore, we always have

RT < HT -9/HX AT = 9V H3X AT..

This is the desired result. O

E.3. Proof of Lemma E.2
Rewrite BIAS} as

BIAS! — max Z p1:(h—1)(Th—1,an-1)
h — L€ e *,h (:17 a )
(zn,an)eX, x A P1:(h—1)\Th—1, Ch—1
T ~
Y Wy (@ner ano )i (anlen) - | L Gony an) = L (o, an)|
t=1
p:(h—1) (Th—1,an-1)
= n}jax *,h
ne max X /J1 (h— 1)($h 1, Ap— 1)

T

ap|xr
ST ST SRR )28 (o, an) — (H h+1—Z“(h> {@ ’(h)’afi(h”:(xh’“h)}]-

*,h
t=1 aneA Hn (an|zn) h'=h

€2y

Observe that the random variables ﬁf” satisfy the following:

. ﬁfh < H almost surely:

wh ahlxh wh

A < e (@h, an) Ly, (2, ap)
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= ui(ahlxh)uﬂ?h_l)(zh_l,ah_l)LZ(xh,ah) <H.
ap€A

Above, the last bound follows from Lemma C.1(a).

« E[A?"|F,_1] = 0, where F,_ is the o-algebra containing all information after iteration ¢ — 1;

« The conditional variance E[(A?")2|F,_1] can be bounded as

2 H 2
t
<z 3 (O (e 30 2 ) = )}
e \Hy" (anlzn) h'=h
2
t t
it 5 (e ) P () = )
ap€A Hy (ahlmh)
2
TACAED) .,
=H> > ( 3 (@, an) - Yo (n)
aneA \Hn (ahlxh)
t
TACAED) :
= H? Z ( *’fh )'M;Zl(-rh 1y an—1) - iy, (anlen)pip (xn)
aned \Hp" (anlzn)
<A
t
S HQA . Z H;;Z,l(zh—lyah—l) . ul}:L(ah‘zh)pllj:h('l:h)'

ap€A

Therefore, we can apply Freedman’s inequality (Lemma A.1) and union bound to get that, for any fixed A € (0,1/H], with
probability at least 1 — §/10, the following holds simultaneously for all (h, zp,):

T T
- L
E A m < AH?A E ,ulh (Th—1,an-1) E pr,(anlxn)py, h(mh)"' Y\

t=1 ap€A t=1

where ¢ := log(10X/¢) is a log factor. Plugging this bound into (31) yields that, for all A € [H],

M1:(h71)($h717 an—1)

M
B

BIASh = I’Ill_IaX -
Ellmax ;
. TR EXp, Ml:(h—l)(xh—la an—1) o

T
p:(h—1) (Th—1,an-1) h .
< max g ( S| NH%A E ,UJ;:h_l(xh—l,ah 1) E 1 ,u (an|zn)py. h(xh) + 5 \

Ellmax *5h
" ThEXD, /‘1:(h71)(xh*17ah*1) an€A t=
T
2 E
< AH*A- max E 1:h—1(Zh—1,an-1) M (an|on)py. h(xh)
Menma t=1

¥ (zh,an)EXL XA

i max Y f1:(h—1) (Th—1, an-1)

*,h
A el L, {(h—1)(Th—1,an-1)

unif
AH2AT—|—7 — max ('U/L(hfl)'u’h )(xhaa/h)

Tinax *:h
A A ne (2 ,an)EXn x A Ml:h(‘rh’ah)

W NH2AT + § X

Above, (i) used the fact that Z(zh,ah)exhxflMl:hfl(thl’ an— 1)u§l(ah|xh)p’ffh(xh) = 1 for any pu € Il and any
t € [T] (Lemma C.1(a)), as well as the fact that ,u;;’h(ah|xh) = uiif (ay|2p) := 1/A4; (ii) used the balancing property of
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M;ZZ (Lemma C.4). Combining the bounds for all h € [H], we get that with probability at least 1 — /10,

il X
> BIAS; < AHPAT + .
h=1

\ — mi X 1 < 1
TN AT H (S '

H
> BIAS;, < 2VH3XAT. + HX1.

h=1

Choosing

we obtain the bound

This is the desired result. O

E.4. Proof of Lemma E.3

The proof strategy is similar to Lemma E.2. We can rewrite BIAS%L as

~

BIAS] = max Z 'ulh £ 4n) ZN (Th,an [LZ(xh,ah) - LZ(fEh,ah)}

pEMmax (zn, (Lh)GXhXA H’l h(-rhm a)h t=1
_ /J/l:h(xhva'h)
= max Sho N
HE max (znan)EXn x A /leh(xha ah)
T
3 KH h4l- Z b (’”) {@®,a™) = @n,an) } - uis,’:<xh,ah>Lz<xh7ah>]v (32)
t=1

=ATh'%h
et

where the last equality used the definition of the loss estimator E}L(z hyap) in (12).
Observe that the random variables Ay"**" satisfy the following:
o AP™" < H almost surely.

. E[Agmh’ah ) |F:—1] = 0, where F;_; is the o-algebra containing all information after iteration ¢ — 1. This follows as
the episode was sampled using pt(") = ,uf;Z,ule:H, as well as the definition of L} (xp,, ap,) in (10).

« The conditional variance E[(A{""****))2|F,_;] can be bounded as

2
E[(Agm’““h) |7 1} <E (H h+1- Zrt <h>> 1{(@®, ™) = (@n,an) b Fics

< H2prin ((ff{(h),a;[(h)) = ($h7ah))

= H?py ) (n, an) - pLp (@n).
Therefore, we can apply Freedman’s inequality (Lemma A.1) and union bound to get that, for any fixed A € (0,1/H], with
probability at least 1 — 6/10, the following holds simultaneously for all (h, z,, ap,):

T T
ZAgzh,ah) < )‘HQ/th x’“ah Zp h
t=1

t=1



Near-Optimal Learning of Extensive-Form Games with Imperfect Information

where ¢ := log(10X A/J) is a log factor. Plugging this bound into (32) yields that, for all h € [H],

T
BIASh = max E :U’lh -Th,ah ZA?’“G’I
Imax
s o an) € Xn X _Au’l h(xhvah =1

T

H1:n(Th, Gp h ¢ ¢

<omax YD PO e )3 pt ) +
t=1

Ellmax *,h X
g (zh,an)EXE XA 'ul:h(xhaah)
T
AT (@, an) p pip(en) + 5 - max paen(@h, an)
B : ) 1:h
1:h(Zh, Qn h Lh
HEIT max A PEILnax wh (l”h ah)

(e an) €A =t (zn,an)€Xn x A H1:n\Th

O 2T + § X, A.

Above, (i) used the fact that E(zh,ah)eXhX.A w1:n(zh, ah)pffh(xh) = 1forany p € Ilax and any ¢ € [T'] (Lemma C.1(a)),
as well as the balancing property of M;’Z (Lemma C.4). Combining the bounds for all h € [H], we get that with probability
atleast 1 — §/10,

H
> BIAS) < AH*T +
h=1

X\ = mi XALi <i
W mBTH( S

XAL
A

Choosing

we obtain the bound

H
> BIAS; < 2VH3X AT+ HX Au.
h=1

This is the desired result. O

E.5. Proof of Lemma E.4

Recall that for all (h,z;), we have implemented Line 8 of Algorithm 2 as the HEDGE algorithm (Algorithm 3) with

learning rate nuIZZ(:ch, a) and loss vector {E’;L(zh, a)} p (cf. (11)). Therefore, applying the standard regret bound for
) ag

HEDGE (Lemma B.1), we get (below a € A is arbitrary)

aimm, T T
o () = n??x)z@h fan) = ] Clan), (@, ) )
Nh Th) 4—1

log A ~ 2
g + Q : Z Z M;:Z('x}uah) : HZ(CLHJ?IL) (LZ(JZ}“CL}L))

= ,h
Wih(xh»a) 2 t=1apcA

(@) _ logA
77/[1(;2(37}1, a) (33)
. T . . (H —h+1-— Zh’ r;,(h)) 1 {(xz,(h)’az(h)) _ (wh,ah)}
+ 9 Z Nl?h(zhaah)#h(ahmh) : 5
*,h
t=taned (Mlzh(xhaah))
J(F ,(h
IOgA 2 ) 1 {(xz( L)7a2( )) = (xhaah)}

F ST hanlan)

— *,h *,h
Ny (Th, a) t=1 ancA K (Ths an)
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Above, (i) used the form of Zz in (12). Plugging this into the definition of REGRET},, we have

REGRETh: max Z /Ll:(h_l)(lﬁhfl,ahfl)%lhmm’T(.’Eh)

Menmax (L‘}LEX}L
log A
< max Z p1:(h=1) (Th-1,Qh—1) - —F
pellmas = npi (xn, a)
> 34)
t,(h) t(h
nH? ¢ {(xh( L) = (xh’ah)}
+ max H1:(h—1) (Th—1,Qn—1) - 5 Z Z pin(an|zn) - *h
pllmax £, = w1 (Th, an)
I
We first calculate term I;,. We have
i) log A 1 (h—1) (Th—1,an—
p, @led T Ail,ul.(h *1.)h( h—1;@n—1)
Mo e A piy (Tn, an)
log A (1:(h— 1y ™) (h, an)
= + Imax *h
Mo e e A Wi (@h, an)
i) log A XpAlog A
(@) log XA = h1l0g 7
n

where (i) follows by splitting the sum over a;, and using the fact that ,u’{:Z (zp, a) does not depend on «; (ii) follows from the
balancing property of NIZZ (Lemma C.4).

Next, we bound term II;,. We have

yi? U 1 {5, ) = (@101
= pelh, Z Hx(n=1) (Th-1, Gh—1) Z Hh(anlzn) - 15 (wn, ap)
T e, t=1an€A 1:n Ly Gh
H? (1) (Th_1,an_ L
_ 772 Hll_lax H1:(h i)JS h—1,0Qh 1) ) Z Z Ml}i(ah‘xh) 1 {(xZ(h)7aZ(h)) _ (xh;ah)} ) (35)
pellmax 3 i, (@n, a) t=1 ancA
::th

The last equality above used the fact that MI;’Z(xm ap,) does not depend on ay, (cf. (5)).

Observe that the random variables th satisfy the following:

« AY" €10,1] almost surely;

« BE[A"|Fiq] = D ancA W (@, an) - pih (anlzn)pt, (1), where Fi_y is the o-algebra containing all information

after iteration t — 1;

« The conditional variance Var[A}" | F;_1] can be bounded as
— —zp )\ 2
Var|[A}"|Fia ] < E {(At ") ‘]-}_1]

=E

> (uh(anlan)*1 {(@; ™ ap™) = (znan)} f]
ap€A

S (b (anlan)” - P (@™, ap ™) = (o, an) )
ap€A

h 2yt
= > win@n.an) - (h(anln))” - Pl (zn).
apEA
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Therefore, we can apply Freedman’s inequality (Lemma A.1) and a union bound to obtain that, for any A\ € (0, 1], with
probability at least 1 — 6/10, the following holds simultaneously for all (h, xy,):

ZA“ Z ST i@, an) - (anlen)ptp (@n)

t=1ancA

X3S e (hanlen)? ) +

N\
t=1apeA

where ¢ := log(10X/¢) is a log factor. Plugging this bound into (35) yields that, for all h € [H],

2
1T, < % max Y p:(h—1) (Th—1, Gh—1)

h ¢
il h Z Z :“I:h(fch’ah) 'N%(ahuh)ﬁfzh(xh)
" max Ty €Xp 'ul:h(xh’ Cl) t=1a,eA
77H2 Nl:(hfl)(ajhfl,ahfl)
+ - max D
2 pEIlmax X lu’l:’h (Qj’h, a)

T
ASTST e, an) - (b (anlzn))® - o (an) + <

A
t=1apcA

T
5 LoRx E H1:(h—1) (Th—1, An-1) E 1k (an)zn)pho (xn)
1€ max

M (@ ,an) X x A t=1

T
nH? .
+ 5 'Ng}[anix Z B1:(h—1)(Th—1,an-1) /\Z ph (anzn)) -pll’:h(a:h)
(zh,an)EXR XA t=1
H? (h—1)(Th_1,Gn_
+772 ;\ A Hi:(h 1)}5 h—1,0n—1)
uel‘lmaxwhexh 'ul:’h(x}“a)
(47) 77H2 T
S TN (1"‘/\)'Ng}[arix Z p1:(h—1)(Th—1,an—1) Zu (an|zn) plh(mh)
(fh,ah,)EXhX.A t=1
nH? (11 (h—1y ™) (s an)
+ - max

*,h

2 A pellne (enan)eitn x A Wi (@n, an)
(iii) nH? nH? 1

= — 14+ NT+— - X A

5 (1+NT + 5y Xn

Above, (i) used again the fact that ,u;,}:(xh, a) = ;[{;Z(;z:h, ap,) for any a, aj, € A; (ii) used the fact that z!, (ap,|xp) < 1; (iii)
used the fact that 35,y x, x a(H1:(h—1)1,) (Th, an)v! (z5) = 1 for any pi € Ilinax and any ¢ € [T] (Lemma C.1(a)), as
well as the balancing property of ,u’{;Z (Lemma C.4).

Combining the bounds for I;, and II;, we obtain that

H H
> REGRET, < Z I, +1Ip)
h=1 h=1
H
XpAlogA  nH? nH? X, Au
< 1+ M7+ —
< hz::l [ St LT+
XA o3 H? XA
S ity B e Y £ AN Wiindt
2 2 A
where we have redefined the log factor ¢ := log(10X A/¢). Choosing A = 1, the above can be upper bounded by
XA H2 XA
Y A iieichindy

2
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Further choosing = /X A¢/(H3T), we obtain the bound

H
> REGRET), < 2VH3X AT1 + \/HX3A3/3 /(4T).
h=1

This is the desired result. O

F. Results for full feedback setting

We now consider the full feedback setting in which the algorithm can receive the true loss {Lj, (x4, an)},, ,, ,, Within each
round. Define o

||HmaxH1 ‘= max Z E ,Ul:h(th,ah).
HEmax
h=1 (zp,an)EXnx A

Note that we have the bound [T, < X (as Z p1:n(Zh,an) = prp—1(zh—1,ap—1) < 1 for all (h,xp)), but
[ inax||; may in general be much smaller than X (Zhou et al., 2020).

F.1. Regret bound for CFR algorithm

Algorithm 6 CFR with Hedge (full feedback setting)

Input: Learning rate n > 0.
1: Initialize policies u},(an|xn) < 1/Aforall h € [H], (1, an) € X x A.

2: for iterationt = 1,...,7 do

3: forall h € [H] and z;, € X do

4: Receive loss L}, (z1, ar) for all a, € A.
5 Update policy at zj, using Hedge:

—n-Lt (z
piH(aln) oxa ph(alan) - e ERERD),

We present a “vanilla” CFR algorithm for the full-feedback case in Algorithm 6 (with regret minimizers are instantiated as
Hedge). The algorithm is similar as Balanced CFR for the bandit-feedback case (Algorithm 2), yet is simpler as it does not
need the sampling step, and uses a constant learning rate for all infosets.

The following sharp regret bound for CFR in the full-feedback case has appeared in (Zhou et al., 2020, Lemma 2)8. For
completeness, we provide a full statement and proof under our notation.

Theorem F.1 (Regret of CFR in full feedback setting). For the full feedback setting, Algorithm 6 with learning rate
N = /2 Hmax||, log A/(H?T) achieves regret bound

RT <\ 2 [y, Tlog A,

Proof Note that Algorithm 6 updates the policy at each z;, using the Hedge algorithm (Algorithm 3) with loss vector
{L},(xn,a)},c 4 and learning rate 7. Therefore, plugging the standard regret bound for Hedge (Lemma B.1) into the
counterfactual regret decomposition (Lemma E.1), we get

%T < max Z Z prn1 (@h1, an—1) 8™ ()

€I max

h=1xz,EX)
— T t
= max E E Pi:h—1(Th—1,ap—1) - max E <uh den) = py, (lzn), Ly (zh, )
pEmax J =1 3 uh(\wn)t 1

8modulo the (minor) difference of them using Regret Matching instead of Hedge
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H T
log A

< max S mnoa(@aoian) - g +gz > uZ(alxh)LZ(xh,a)Q]

= ma }L—lthXh n tﬂaeAh
(i4) logA L0 9
< gﬁaX Z Z p1n—1(Tp—1,an-1) - Z Z wh(alzy) P1h($h) H

B e T eneXn 2 1 acAp
(i) logA nH? L .
< Leex ZNM 1(@h—1,an-1) - 57;7 + 5 ax Z,Ulh 1(Th-1,an-1) Z Z ph(alzn) - Yoy (zn)

max ) h max } t:l (LEA}L

() | Tlpax||, log A nH? t
2 Ml os A 0 e S35T S (o) (o)
h=1t=1 (l;L,a)EX;LXA

(v) ||HmaX||110gA WHST
n 2

Above, (i) uses a stronger form of Lemma E.1 (with max, ¢y, outside of the Zthl, which could also be extracted from
the proof of Lemma E.1); (ii) used the bound for L! (x5, a) in Lemma C.3(b); (iii) pushed the max into each of the two parts,
and used pfh(xh) < 1 (Lemma C.1(b)); (iv) used the fact that Zh@h 1:h—1(Tp—1,ap—1) = Eh,wh}ah pip(zy, ap) <
|IMmax||; for any g € Ipax; (v) used Lemma C.1(a).

Choosing 1) = /2 [ILnax]||; log A/(H3T) yields the desired regret bound.

O
G. Balanced CFR with regret matching
In this section, we consider instantiating Line 8 of Algorithm 2 using the following Regret Matching algorithm:
t
i o) = e
Yaea B, (@],
(36)

t
where R! ( Z <,uh J@n), L (zn, )> — L} (xp,a) foralla e A.

We now present the main theoretical guarantees for Balanced CFR with regret matching. The proof of Theorem G.1 can be
found in Section G.1.

Theorem G.1 (“Regret” bound for Balanced CFR with Regret Matching). Suppose the max player plays Algorithm 2 where

each R,, is instantiated as the Regret Matching algorithm (36). Then the policies ut achieve the following regret bound
with probability at least 1 — 0:

T
RT = max (u' = /ﬂ,ﬁt> < O(VH3XA?T.),

pt EMmax $—

where . = log(10X A/¢) is a log factor. Further, each round plays H episodes against v' (so that the total number of
episodes played is HT).

We then have the following corollary directly by the regret-to-Nash conversion (Proposition 1).

Corollary G.2 (Learning Nash using Balanced CFR with Regret Matching). Letting both players play Algorithm 2 in a
self-play fashion against each other for T' rounds, where each R, is instantiated as the Regret Matching algorithm (36).
Then, for any € > 0, the average policy (i,V) = (+ Z;‘ll T Zle vt) achieves NEGap(j1,v) < & with probability at
least 1 — 0, as long as

T > O(H3(XA? + Y B?)1/e%),
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where 1 := log(10(X A + Y B)/0) is a log factor. The total amount of episodes played is at most

2H -T = O(H*(XA? + Y B?)./<?).

G.1. Proof of Theorem G.1
The proof is similar as Theorem 7, except for plugging in the regret bound for Regret Matching instead of Hedge.
First, by Lemma E.1, we have RT < Zthl 9%?;, where for any h € [H| we have

Ri < max Z fi:hy (Th—1, an— 1) R ()

Ellnax
K TR EXN
:=REGRET},
T
t Tt
+ max E B:(h—1)(Tho1,an-1 § i ( ah|-75h){Lh<33h;ah)_Lh(l'haah)
HE max (zh,an)€Xn XA t=1
:=BIAS} (37

Mennxax

T

t

4+ max E w1:p(xh, ap) g [Lh Th,ap) Lh(xh,ah)}
(xh,an)EXL XA t=1

::BIAS}QL
= REGRET), + BIAS}, + BIAS;,

imm,T

where the definition of %h
given by Algorithm 2.

(@n), L} (zh, ap) are at the beginning of Section E.1 and the definition of EZ(a:h, ap) are

To upper bound BIAS;, and BIAS?, we use the same strategy as the proof of Lemma E.2 and E.3 (whose proofs are
independent of the regret minimizer), so that we have the same bound as in Lemma E.2 and E.3: with probability at least
1—4/5, we have

H H
> BIAS;, <2VH3XAT'+ HX., > BIAS) <2VH3XAT.+ HX A, (38)
h=1
where ¢ = log(10X A/9).

To upper bound REGRET},, we use the same strategy as the proof of Lemma E.4 as in Section E.5. First, applying the
regret bound for Regret Matching (Lemma B.2 & Remark B.3), we get (below a € A is arbitrary, and 7 > 0 is also arbitrary)

ﬁ;mmvT( = max Z<,uh |wn) — L(|l‘h),52($h7)>
/‘Lh |xh)t 1
1 U x i L i
< DS S o) - Aok (B onon) @

*,h
niyy (Th, ) 2 t=1apcA

T 1L @™ by (g
1 N nH? Z Z A 2 (anlzn) - {(l“h ap’) = (wn ah)}

>~ h 7
T]ILLI:h(.Th,(Z) 2 t=1apcA ILLJI(:}L (’l’h,ah)

)

where jif, (ap|zn) = (uf (an]zn) + (1/A))/2 is a probability distribution over [A]. Comparing the right hand side of Eq.
(39) with the right hand side of Eq. (33), we can see that there is only one difference which is A - i}, versus u},. Plugging
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this into the definition of REGRET},, we have

REGRET, = max Y pn-1)(@h-1,an-1)Rp"" 7 (z1)

pElmax ey
1
< max Z P11y (Th-1,Qh—1) - —55——
nellmax £ i (xn, a)
T 40)
T 1 (xtv(h) atx(h)) — (m a )
TIH2 B { 2Oy h> Qh
+ max > -y (@n-1,an-1) - 5 D> A (anlwn) - oy :
P e e X t=1 apcA 1yl (Th, an)

IIp,

Comparing Eq. (40) with Eq. (34), we can see that I, in Eq. (40) is the same as I, in Eq. (34), and 11}, in Eq. (40) and (34)
only have one difference which is also A - i}, versus ! . Using the same argument as in the former proof, we have
XA

I, = .
n

Furthermore, using the same argument as in the former proof, we can show that the upper bound of 1I; in Eq. (40) is at most
A times the upper bound of ITj, in Eq. (34). This gives for any A € (0, 1), with probability at least 1 — §/10, we have

2 2

H-A H
W< P20 0T+ T 5 X A2,
Combining the bounds for I;, and II;,, we obtain that
H H
XA nH3A nH?A XA
REGRET), < I II;,) < — T AN-HT
Z h_Z(h—f— ) < 7I+ 5 + 5 + ek

h=1 h=1

Choosing A = 1 and choosing n = /X ¢/ (H3T'), with probability at least 1 — /10, we obtain the bound

H
> REGRET), < 2VH3X AT+ \/HX3A%3 /(4T). (41)
h=1

This bound is v/A times larger than the bound of Zthl REGRET}, as in Lemma E.4.
Combining Eq. (37), (38) and (41), we obtain the following: with probability at least 1 — 36/10 > 1 — ¢, we have

H H H H
R <> W] <> REGRET, + Y _BIAS; + > BIAS;
h=1 h=1 h=1 h=1
< 6VHSXA?Tu + 2HX Av + /HXSA%3 [(4T).

Additionally, recall the naive bound RT < HT on the regret (which follows as (u*, ¢*) € [0, H] for any p € Tax, t € [T]),
we get

R7 < min {6\/H3XA2TL +2HX A+ /HX3A%3 /AT, HT}

< HT - min {Gs/HXA%/T +2X AT + /X3AL3(AHT?), 1}.

For T' > H X A%, the min above is upper bounded by 91/ H X A2./T. For T < HX A?., the min above is upper bounded
by 1 <9/ HXA2/T. Therefore, we always have

RT < HT -9/ HXA%,)T = 9VH3X AT\

This is the desired result. O
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H. Results for multi-player general-sum games

We introduce multi-player general-sum games with imperfect information and show when all the players run Algorithm 1 or
Algorithm 2 independently, the average policy is an approximate Coarse Correlated Equilibrium policy.

H.1. Multi-player general-sum games

Here we define an m-player general-sum IIEFG with tree structure and perfect recall. Our definition is parallel to the POMG
formulation for two-player zero-sum IIEFGs in Section 2.

Partially observable Markov games We consider finite-horizon, tabular, m-player general-sum Markov Games with
partial observability. Formally, it can be described as a POMG(H, S, {X; }7,, { A}y, P, {r; }72 ), where

* H is the horizon length;
e S= Uhe[ H] Sy, is the (underlying) state space;

e X, = Uhe[H] X 1, is the space of infosets for the i-th player with |X; 5| = X, j, and X, := Zle X, n. At any state
sp, € Sp, the i-th player only observes the infoset ; j, = z;(sp) € X j,, where x; : S — A is the emission function for the
i-th player;

» A; is the action spaces for the i-th player with |A;| = A;. For any h, we define the joint action of m players by
ap, := (a1,p, - ,am,n) and the set of joint actions by A := A3 x -+ X Ap,.

* P={pi(-) € A(S1)} U{pn(-[sn,an) € A(Shi1)}(sn.an)eSnx A, he[H—1) are the transition probabilities, where p; (s1)
is the probability of the initial state being s1, and py (Sp+1|Sn, @) is the probability of transitting to sj1 given state-action
(Sh,an,by) at step h;

o r; = {rin(sn,an) €0, 1]}(shAah)ethA are the (random) reward functions with mean 7; p, (sp, ap).

Policies, value functions A policy for the i-th player is denoted by m; = {m; 5 (:|x;i.n) € A(A;) , where

}hG[H],xi‘h €eX;in
7i.n (@i p|2in) is the probability of taking action a; , € A; at infoset z; , € X; 5. A trajectory for the i-th player takes
the form (z;1,a:1, 7,1, %625 - - - TiH, GiH, 74,1 ), Where a; p, ~ 7; 5(-|2; 1), which depends on both the other (unseen)
players’ policy and underlying state transition.

We use 7 to denote the joint policy. Notice although the marginals are 7;, 7 is not necessarily a product policy. When 7 is
indeed a product policy, we have 7 = m; X - -+ X m,,. We also use m_; to denote the joint product policy excluding the i-th

player. The overall game value of the i-th player for any joint policy 7 is denoted by V;™ := E, {Zthl 7.0 (Sh, ah)] .
Tree structure and perfect recall As before, we assume

* Tree structure: for any h and s;, € Sy, there exists a unique history (s1,a1,...,Sn,—1,a,—1) of past states and (joint)
actions that leads to h.

* Perfect recall: For any h and any infoset x;;, € A&;; for the i-th player, there exists a unique history
(Ti1,@i1,- .-, %in—1,a;n—1) Of past infosets and i-th player’s actions that leads to x; p.

Given above conditions, under any product policy 7, the probability of reaching state-action (s, ay) at step h takes the form

m

P"(sn,an) = p1:n(sn) H?Tm:h (@i,ny @in)s 42)
=1

where {sy/,ap},, ), are the histories uniquely determined from s, and x; 5, = x;(s5). We have also defined the
sequence-form transition probability as

p1:h,(5h,) 3:]?1(51) H ph/(Sh/+1|Sh/,ah/),
ht<h—1
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and the sequence-form policies as

h
T3,1:h ($i7h7ai,h) = H Ti,h! (ai,h/|$i,h')~
hr=1

Regret and CCE Similar as how regret minimization in two-player zero-sum games leads to an approximate Nash
equilibrium (Proposition 1), in multi-player general-sum games, regret minimization is known to lead to an approximate

NFCCE. Let {ﬂt}thl denote a sequence of joint policies (for all players) over T rounds. The regret of the i-th player is
defined by

d R t
R = max Z(Vl e —Vf>.

)
T cll; =1

where II; denotes the set of all possible policies for the ¢-th player.

Using online-to-batch conversion, it is a standard result that sub-linear regret for all the players ensures that the average
policy 7 is an approximate NFCCE (Celli et al., 2019).

Proposition H.1 (Regret-to-CCE conversion for multi-player general-sum games). Let the average policy T be defined as
playing a policy within {wt}le uniformly at random, then we have

T
maX;e () R;

CCEGap(7) = T

We include a short justification for this standard result here for completeness.

Proof By definition of 77, we have for any ¢ € [m] and 7riT € II; that

T
TrT,?_i T 1 7r2-77r1’_7./ xt
Vi -Vi T;_l(Vi -V >

Taking the max over 7| € II; and i € [m] on both sides yields the desired result. O

H.2. Proof of Theorem 10

It is straightforward to see that the regret guarantees for Balanced OMD (Theorem 4) and Balanced CFR (Theorem 7)
also hold in multi-player general-sum games (e.g. by modeling all other players as a single opponent). Therefore, the
regret-to-CCE conversion in Proposition H.1 directly implies that, letting 7 denote the joint policy of playing a uniformly
sampled policy within {ﬂt}thl, we have for Balanced OMD that

, VH3X,; AT
maxX;e m) T v ) :(9<\/H3<

CCEGap(7) < O ( max XiAi> L/T) ,

i€[m]

with probability at least 1 — 6, where ¢ := log(3H > ", X;A;/6) is a log factor. ~ Choosing T >

4] (H?(max;e[m) XiA;)t/e?) ensures that the right-hand side is at most e. This shows part (a). A similar argument
can be done for the Balanced CFR algorithm to show part (b). [



