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Abstract

The Approximate-Proximal Point (APROX) fam-
ily of model-based stochastic optimization algo-
rithms improve over standard stochastic gradient
methods, as they are robust to step size choices,
adaptive to problem difficulty, converge on a
broader range of problems than stochastic gradi-
ent methods, and converge very fast on interpola-
tion problems, all while retaining nice minibatch-
ing properties (Asi & Duchi, 2019b; Asi et al.,
2020). In this paper, we propose an acceleration
scheme for the APROX family and provide non-
asymptotic convergence guarantees, which are
order-optimal in all problem-dependent constants
and provide even larger minibatching speedups.
For interpolation problems where the objective
satisfies additional growth conditions, we show
that our algorithm achieves linear convergence
rates for a wide range of stepsizes. In this setting,
we also prove matching lower bounds, identify-
ing new fundamental constants and showing the
optimality of the APROX family. We corroborate
our theoretical results with empirical testing to
demonstrate the gains accurate modeling, acceler-
ation, and minibatching provide.

1. Introduction

We move beyond stochastic and “minibatch”-gradient meth-
ods for stochastic optimization problems to extend (Asi
et al., 2020)’s work on parallelizable and minibatch aware
model-based and (approximate) proximal point methods for
the problem

migiergize f(z) = Ep[F(x;9)] :/SF(x;s)dP(s) (1)
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Here, S denotes the sample space, and S ~ P is an S-
valued random variable, where for each sample s € S,
F(5s) : R® - RU {+0c0} is a closed convex function,
subdifferentiable on the closed convex domain X.

First order stochastic methods are the default choice for
solving problem (1). They enjoy numerous convergence
guarantees (Zinkevich, 2003; Nemirovski et al., 2009; Bot-
tou & Bousquet, 2007; Shalev-Shwartz et al., 2011), and
extensions to parallelism and distributed computing that
make them practically attractive (Lan, 2012; Dekel et al.,
2012; Duchi et al., 2012). However, they are not robust
to noise and hyperparameter tuning (Li et al., 2017; Asi &
Duchi, 2019a;b); in fact, they may even diverge with slightly
mis-specified stepsizes (Asi & Duchi, 2019b; Nemirovski
et al., 2009). Motivated by the limitations of gradient meth-
ods, researchers (Bertsekas, 2011; Kulis & Bartlett, 2010;
Davis & Drusvyatskiy, 2019; Duchi & Ruan, 2018; Asi
& Duchi, 2019b) have developed stochastic (approximate)
proximal-point (APROX) and model-based methods as a
more robust alternative.

These APROX methods, as we explain in Section 2, construct
a model of the function and iterate by minimizing regular-
ized versions of the model. They improve over standard
stochastic gradient methods, as they are adaptive to problem
difficulty, converge on a broader range of problems than
stochastic gradient methods, while retaining nice minibatch-
ing properties (Duchi & Ruan, 2018; Asi & Duchi, 2019b;
Asi et al., 2020). Argubly most excitingly APROX also
converge very fast on interpolation problems—that is, prob-
lems for which there exists z* € X minimizing F'(-; s) with
P-probability 1—for a (very) wide selection of step size
choices. Such problems arise in numerous modern machine
learning applications (Belkin et al., 2018; 2019)—where one
can achieve zero training error—or, for example, in finding
a point in the intersection of convex sets N2 ; C;, where one
takes S = {1,..., N} and F(x;1¢) = dist(z, C;).

In spite of this progress, many questions remain open.
APROX does not attain the classical smooth optimization
lower bound as the noise tends to 0 (Nesterov, 2004); an
improvement here could lead to even larger minibatching
speedups. Additionally, the minibatch convergence rates
(Asi et al., 2020) shown in the interpolation setting require
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a small step size to work, dampening the message of the
original APROX paper (Asi & Duchi, 2019b) that APROX is
robust to step size choices. Finally, it is not clear whether
further improvements to APROX can be made in the interpo-
lation setting, as no optimality results have been shown.

In this paper, we answer these open questions. Like (Asi
et al., 2020), we study methods to parallelize the APROX
family via minibatched samples S Lm c §™ that is, where
each iteration of the method receives an independent batch

glm 1d P, developing several new results for model-based
methods the problem (1) more generally along the way.
Concretely, we provide the following:

1. Non-asymptotic rates and accelerated convergence: We
develop an accelerated and minibatched version of the
APROX family in Section 3 which improves on previous
convergence results and is minimax optimal. This algo-
rithm enjoys linear speedups in minibatch size up to the
cube of the total number of iterations run.

2. Optimal convergence and interpolation problems: In Sec-
tions 4 and 5, for interpolation problems, we develop new
lower bound results, characterizing (worst-case) problem
difficulty based on a particular growth condition (Asi &
Duchi, 2019b) introduce, which is (by these results) evi-
dently fundamental; this result also shows that APROX
is minimax optimal, with the correct problem dependent
constants. We give some sufficient conditions for mini-
batching to yield improved convergence, and we further
improve on the minibatching upper bounds presented in
(Asi et al., 2020), by showing that the same (near)-linear
convergence rates hold for a (very) wide range of step
size schedules.

3. Experimental evaluation: We conclude with an exper-
imental evaluation in Section 6, where we study the
robustness and acceleration properties of the methods;
performance profiles highlight the benefits of using these
better models.

1.1. Related work

First order stochastic methods (Robbins & Monro, 1951) are
the most popular method for minimizing stochastic objec-
tives; an enormous literature gives numerous convergence
results (Polyak, 1987; Polyak & Juditsky, 1992; Zinkevich,
2003; Nemirovski et al., 2009; Zhang, 2004; Kushner &
Yin, 2003; Bach & Moulines, 2011). The growth of parallel
computing has motivated the development of “minibatch”
methods that use multiple samples S in each iteration, where
researchers have shown how stochastic gradient-like meth-
ods enjoy linear speedups as batch sizes increase (Lan, 2012;
Dekel et al., 2012; Duchi et al., 2012; Niu et al., 2011; Chat-
urapruek et al., 2015). Other work proposes accelerated

stochastic optimization methods, showing faster (worst-case
optimal) associated convergence rates (Lin et al., 2018; Lan,
2012). In spite of their successes, stochastic gradient meth-
ods still suffer a number of drawbacks. For example, mis-
specified stepsizes may force slow convergence for these
methods (Nemirovski et al., 2009); objective functions with-
out appropriate scaling or that grow too quickly may cause
divergence (Asi & Duchi, 2019a;b); they can fail to adapt
to problem geometry (Duchi et al., 2011; Levy & Duchi,
2019). To circumvent this, (Asi & Duchi, 2019b;a) show
how better models in stochastic optimization yield improved
stability, robustness, and convergence guarantees over clas-
sical stochastic gradient methods. The aim of our develop-
ment is to extend accelerated convergence rates (as available
for gradient-based methods (Lan, 2012; Nesterov, 2004)) to
such model-based methods.

2. Preliminaries & Methods

The foundation of our methods is the model-based approxi-
mate proximal-point (APROX) framework (Davis & Drusvy-
atskiy, 2019; Duchi & Ruan, 2018; Asi & Duchi, 2019b),
which approximates the functions F' via models F, of F'
localized at x, which satisfy the following conditions:

(C.i) Convexity: The function y — F,(y;s) is convex and
subdifferentiable on X'.

(C.ii) Lower bounds and local accuracy: Forally € X,

F.(y;s) < F(y;s) and Fy(x;s) = F(x;s).

Note that Condition (C.ii) immediately implies that
OF;(y; 8)ly=z C OF(z;s). With such a model, APROX

algorithms iteratively sample S}, X pand update

. 1
Tgy1 ‘= argmin {ka (z; Sk) + Sar lx — xk||§} )
reX g

Typical choices for the models include the following three:

* Stochastic gradient methods: for any F'(x;s) €

OF (z; s), use the linear model

Fo(y;8) = F(x;8) + (F'(z;8),y —x).  (3)

* Stochastic proximal point methods: use the true function
Fo(y; ) = F(y; ). )
e Truncated methods: for any F’(x;s) € OF (z; s), use

Fy(y; s) = max { F(x;s) + (F'(2;5),y — ),
Zlg)va(z, s)}. ()
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The model (5) is often simple to apply: in many applica-
tions, the objective is non-negative, so inf ,c x F'(z;s) =
0 and the model is simply the positive part of the linear
approximation (3).

Now, we provide extensions to APROX to the minibatch set-
ting, where instead of having one sample function at every
iteration, we have m sample functions. (Asi et al., 2020) pro-
posed using the model F(z; Sp™) == LS F(x;51)
which exhibits improved rates with minibatching.

It minimizes a model of the average at every iteration. With

any model F, (z; S}™) of the average satisfying Condi-
tions (C.i) and (C.ii), we can perform the update

. Enl m 1
Tpt1 = argen)l(m {Fﬂfk(’r? SE™) + 2an |z — fk”g} :
(6)

In the case of truncated models (5), this leads to the
following two natural algorithms, which can be parallelized
efficiently (see (Asi et al., 2020) for details):

Truncated Average (TruncAv): For any lower bound
A(s¥™) on F(-, s%™), choose the model as F, (y; s*™) =

max {F(m, stm) + <F/(x; sty y — x>,A(slzm)}. This
results in the update,

Tk41 = Tk

ia . Qlimy _ 1:m 7
— min {ak, F(xlik,gk ) 1'A(SQ ) } F/(I'M Shimy,
[ F (w5 S3™) I3

(7

Average of Truncated Models (AvMod):

m ) 1 5
= in — » Fp (z;8)+—|z—
Tht1 ar;gen)l{ln { - ; LS + e || a:k||2}
®)

Notation For a convex function f, df(x) denotes its sub-
gradient set at =, and f'(x) € Of(x) denotes an arbitrary
element of the subdifferential. We follow (Bertsekas, 1973),
where we take F’(x; s) to be any measureable selection in
OF (x; s), that is,

F'(z;s) = g(x;5) € OF (3 s)

where s — g(x,s) is P-measurable. We set f/(z) =
[ F'(z;s)dP(s) = [ g(x;s)dP(s) accordingly. We let
X* = argmin,c f(z) denote the optimal set of prob-
lem (1) and * € X™* denote a single minimizer.

3. Non-Asymptotic Convergence Results

Our first set of theoretical results extends the familiar non-
asymptotic rates of convergence for smooth convex stochas-

tic optimization (Lan, 2012) to model-based methods. Here,
we show that model-based methods for problem (1) enjoy
optimal dependence on the variance of stochastic gradients,
and, building off of (Tseng, 2008) and (Lan, 2012), can
be accelerated to achieve worst-case optimal complexity.
To present our results in the most generality, we allow non-
Euclidean geometries to generalize mirror descent (Beck &
Teboulle, 2003; Nemirovski et al., 2009).

To that end, recall that a differentiable convex function h
is a distance generating function for X if it is strongly
convex with respect to a norm ||-|| over X, meaning
h(y) > h(z) + (Vh(z),y —2) + § |& — y||* for z,y € X.
The associated Bregman divergence is then Dy(x,y) =
h(z) — h(y) — (Vh(y),x — y), which evidently satis-
fies Dp(z,y) > 3|z — y|®>. Recalling the dual norm
lzll, = supj<1(z, ), throughout this section, we will
work with the following standard assumption (Lan, 2012).

Assumption 1. The function f has L-Lipschitz gradient
with respect to the norm ||-||, meaning that

IVi(z) =Vl < Lllz—yl,

and there exists o5 < 0o such that for each x € X,

E(|Vf(z) - VF(2;9)|7] < op.

When Dj,(x,y) < R? for all #,3y € X and Assumption 1
holds, mirror descent methods achieve convergence guaran-
tees of the form LTRZ + "05, while accelerated methods (Lan,
2012) can achieve Lk};”? + Uof. The latter is worst-case
optimal (Nemirovski & Yudin, 1983). We develop an accel-
erated analogue of the iteration (2), which gives a leading
minimax-optimal O(1/k?) rate, by building off of the ideas
of (Lan, 2012) and (Tseng, 2008). We consider a modified
iteration, which augments the model-based update (2) with
two auxiliary sequences whose momentum allows acceler-
ated convergence. For full generality and completeness, we
consider an augmented version of problem (1), where we
wish to minimize

f(@) +r(z) = Ep[F(z;5)] + r(z),

where 7 is a known convex function (typically a regularizer
of some type). We require a non-increasing sequence 6, €
[0, 1] of stepsizes and consider the three term iteration

Yk = (1 = Op)xp + Opzy
1
Zgp4+1 = argmin {Fyk (x; k) +r(x) + Dh(x,zk)}
reEX O
Tpy1 = (1 — Op)zr + Ok i 9

All our analysis requires is that the additional stepsizes

0y, satisfy 0y = 1, % < 42— for all k, and are non-
k k—1

increasing; for example, our choice 6, =

2 .
fe) satisfies
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these desiderata, as does taking any constant stepsize. We
then have the following theorem; proof in Appendix A.1.

Theorem 1. Let Assumption 1 hold, and assume that
Dp(z*,2) < R% forall x € X. Let (yi,zk, k) fol-
low the three term iteration (9) for any model satisfying
Conditions (C.i) and (C.ii). Take stepsizes 0y, = %ﬁ and

o = ﬁnkfor e = noV'k + 1, where g > 0. Then

Elf (2r41) +7(xrp1) — f(@*) —r(z")]
< Lm + 2R72 |:U8 + 7 :l
S (k+22 " Vel L

Specializing to the “minibatch” setting with h(z) = % Hx||§
again yields a minimax optimal algorithm for the class of

problems we consider.

Corollary 3.1. Let the conditions of Theorem 1 hold, ex-
cept that we use a minibatch S; ™ Yp of size m at each
iteration, and F, (+; Si™) is a model of = 37" | F(+; S1)
satisfying Conditions (C.i) and (C.ii). Setny = ‘T"Tﬁ. Then

Bl (@i r(anen)— (@) =r(a)] < G 322,

The error rate O(1/k?+1/+/km) is faster than the O(1/k+
1/+v/km) rate we showed for the basic minibatched APROX
algorithm (2), and it is minimax rate optimal.

4. Interpolation Problems

In interpolation problems, there exists a consistent solu-
tion z* € X satisfying F'(z*; S) = inf,cx F(z;S) with
probability 1. While this is a strong assumption, it holds
in numerous practical scenarios: in machine learning prob-
lems, where a perfect predictor (at least on training data)
exists (Belkin et al., 2018; 2019; Ma et al., 2018); in prob-
lems of finding a point in the intersection C* = N, C;
of convex sets C;, assuming C* # (), where we may
take F'(z;4) = dist(z,C;) (e.g. (Bauschke & Borwein,
1996)); or in least-squares problems with consistent solu-
tions (Needell et al., 2014; Strohmer & Vershynin, 2009).
We show a few results in this section, first that model-
based methods (often) enjoy linear convergence on these
problems—in analogy to the results available for stochastic
gradient methods (Ma et al., 2018)—while also demonstrat-
ing improvement via mini-batching and reducing variance.
Second, we revisit the convergence guarantees that Asi and
Duchi (Asi & Duchi, 2019b) provide, giving a unified treat-
ment and some discussion of the possibilities of parallelism.
These conditions appear on their face to be somewhat non-
standard, but as we show, they capture the essential diffi-
culty of interpolation problems, and we can provide sharp
(matching to within numerical constants) lower bounds for
optimization using them.

Definition 4.1. Ler X* := argmin .y f(z). Then
problem (1) is an interpolation problem if there exists
x* € X* such that for P-almost all s € S, we have
infyex F(x;s) = F(z*;s).

We develop two sets of upper bounds for such interpolation
problems. The first applies to any model-based method,
while the second relies on the models having more fidelity
to the functions F.

4.1. Upper bounds under smoothness and quadratic
growth

Our first set of upper bounds relies on two assumptions
about the growth of the function f at the optimum—which
is weaker than typical strong convexity assumptions (Ma
et al., 2018) that require quadratic growth everywhere—and
the noise in its gradients.

Assumption 2 (Quadratic Population Growth). There exist
A > 0 such that forall x € X,

f(x) — f(a*) > Ndist(z, X*)%

Assumption 3. There exists 05 < oo such that for
every © € X, we have E[|Vf(z) — VF(x;8)|3] <
o2 dist(z, X*)2

It is straightforward to give examples satisfying the assump-
tions; noiseless linear regression problems provide the sim-
plest such approach.

Example 1: Consider a linear regression problem with data
s = (a,b) € R" x R, where a”2* = b for all (a, b), and set
F(z;(a,b)) = 3(a”x — b)2. If the data a belong to a sub-
space V' C R™ (which may be V' = R"), then Assumption 2
holds with A = infy . _1 {v"E[aa”]v/2 | v € V}, and it
is immediate that Var(F'(z; 8)) < E[|a? (a,2 — 2*)2],
so Assumption 3 holds with o3 = )\maX(E[HaHg aa™]). For
example, if a is uniform on the scaled sphere \/ﬁSn_l, then
A=1lando3 =n. <

Alternatively, we may follow (Ma et al., 2018) by consider-
ing a problem where the functions have Lipschitz gradients:
Example 2: If F(;s) has L(s)-Lipschitz gradient and
problem (1) is an interpolation problem with z* € int X,
then VF'(z*; S) = 0 with probability 1, and so

E[|Vf(x) — VF (3 9)]3]

= E[|[V/(x) - Vf(z*) = (VF(2*; 5) = VF(x; 5))|I3]

<2||V(x) - VF(")ll3

+ 2E[|VF (2% ) — VF(; 9)3]
<4E[L(S)’] |z — =*]3 -

We may thus take 03 < E[L(S)?]. ©
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We present a linear convergence result (Proposition 1) for
model-based methods with constant and decaying stepsize
choices. This is a cleaner, generalized, and unified version of
Proposition 1 and Theorem 2 from (Asi et al., 2020) that uses
a more standard and simpler definition of quadratic growth.
We primarily present these results for the completeness of
the story and to contrast them with results later in the paper.

Proposition 1. Assume problem (1) is an interpolation prob-
lem (Definition 4.1) and let f have L-Lipschitz gradient and
satisfy Assumptions 2 and 3 , where L > \. Let xy, follow
the model-based iteration (6) with any model F(y; S*™)
satisfying conditions (C.i) and (C.ii) with minibatch size m.
Then

(i) Let o = for ni, > 0. Then

_1
L+ng

E[dist(zg, X*)?] <

k k
1 2
exp <—2 E Ao + E Z;a) dist(xo,X*)Q.
=1

i=1 i= v

(ii) With the constant stepsize choice oy, = (L + 1)t and

802
n = max{L, -2},
E[dist(zg, X*)?] <

. A mA2 . %
exp (k min {SL’ 640%}) E[dist(zo, X*)?].

The results in Proposition 1 imply that when the batch size
is large enough that m > o2 /(AL), we achieve convergence
rate E[dist(zx, X*)] < (1 — ¢2)"E[dist(zo, X*)], where
¢ > 0 is a numerical constant, which is the rate of con-
vergence for (deterministic) gradient methods with optimal
stepsize choices (Nesterov, 2004). More generally, we see a
roughly linear speedup in the batch size m to achieve a given

2
accuracy until m > $2: to obtain E[dist(x, X*)?] < €

takes )
L o3 1
k=0(1) max{)\7 )\Qm} log -

iterations with appropriately chosen stepsize «. That is,
we expect to see a linear improvement in the number of
iterations to achieve a given accuracy e until the condition
number % dominates the variance of the gradient estimates.

4.2. Upper bounds under an expected growth condition

In Proposition 1 above, we restrict the stepsizes to have
the form o, = ﬁnk With more accurate models and an
alternative growth assumption on the functions F and f, we
can remove this weakness, highlighting the robustness of
more accurate models. To that end, we revisit a few results
of Asi and Duchi (Asi & Duchi, 2019b), beginning with
a slight generalization of their growth assumption (which
corresponds to the choices v € {0, 1} below):

Assumption 4 (y-Growth). There exist constants Ao, A1 >
Oand~ € [0,1], such that forall« € Ry ,x € X, z* € X*,
we have

N ) F(x;S) — F(x*,5)
E|[(F(x;S)— F(z*;S))min | a,
) { |1 (2 9)1l3 H
> min{ Ao, A\ dist (2, X*)1 77} dist (2, X*)1H7.

As we will show in the coming section, while Assumption 4
looks like a technical assumption, it actually fairly closely
governs the complexity of solving interpolation problems, in
that the \; parameter describes lower bounds on the conver-
gence of any method. Essentially, the assumption states that
the functions F' must grow relative to the magnitude of their
gradients at a particular rate, so that it provides a type of
stochastic growth condition. We shall revisit this in the next
section when we prove our lower bounds, for now focusing
on algorithms and their convergence under the assumption.
First, however, we may again rely on linear regression-type
objectives for an example satisfying Assumption 4.

Example 3: Consider a problem with data s = (a,b) €
R™ x R, where b = (a,z*) for all (a,b), and set
Flz: (a,)) = £ |{a, 2 — 2%) 147, 50 | F'(3; (a, b)) |12 =
Ha||§ |{a,x — 2*)|?7. If a ~ N(0, I,,), then |(a,z — z*)| >
1 |l — 2*||, with probability at least 2, and similarly
Ha||§ < 2n with probability at least 2, so that both occur
with probability at least % We then obtain

F(z;S) min {a, F(x,S)Q}] >
1" (2 5)l5
1z —a* )" |z — ),
min < «, :
5 2M7(1 + ) 21=7(1+~) - 2n

so that Assumption 4 holds with \g > W
A > &

1
= 22=7(14+7y)n"

E

and

To give stronger convergence results under Assumption 4,
we require one additional condition on our models, which
Asi and Duchi (Asi & Duchi, 2019b) introduce:

(C.iii) For all s € S, the models F,(-; s) satisfy

. > 1 . 3
F.(y;s) > zlgc F(z;s)

In minibatch settings, where one considers a batch S Lm of
samples in each model, the condition (C.iii) can be some-
what challenging to verify, as it requires accuracy for the
average inf, F'(z; s"™), though (obviously) proximal meth-
ods (4) satisfy this condition, and in typical situations (e.g.
linear regression) where the batch size m < n, the average
of truncated models (8) will be similarly accurate.
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Theorem 2. Let Assumption 4 hold, and let x), be gen-
erated by the stochastic iteration (2) for a model sat-
isfying conditions (C.i)—(C.iii). Take stepsizes o =
aok™® for some B3 € [0,1]. Define K, =
| (Moo /(A dist(z1, X*)1=7))/B|. Then

E[dist(zg 11, X*)?] < exp (=A; min{k, Ko}
k

Ao
~ dist (2, X*)17 Z

ozi> dist (21, X*)%
i=Ko+1

In the best case—when the stepsizes ar 1T o0
in Theorem 2—we achieve convergence scaling as
E[dist(zg, X*)?] < exp(—Aik) dist(z1, X*)?, and more-
over (as we show in the next section) this dependence on the
growth constant \; is unimprovable. With this as motiva-
tion, one might hope that increased sampling (minibatching)
might increase the growth constant A; in Assumption 4;
here we provide a sketch of such a result, which also makes
it somewhat easier to check the conditions of Assumption 4,
by giving three growth conditions.

(G.i) There exists ¢+ > 0 and a probability p > 0 such that
for all z € X, we have

P(F(x;S) — F(z*

(G.ii) The (sub)gradient f’ is (L,~)-Holder continuous,
meaning || f'(z) — f'(y)[l, < Lz -y, and 0 €
of (x*

(G.iii) There exists p such that

{Var< IGEINN
1f/ ()2

;S) > pdist(x, X)) > p.

gl(w;s) €

p=  Sup fl(x) = [( S

g measurable

forallz € X.

Our typical situation is to think of 1 and p numerical con-
stants, where the scaling p measures the noise inherent to
the problem. In any case, a short calculation shows how
Conditions (G.1)—(G.iii) suffice to give Assumption 4.

Lemma 4.1. Let conditions (G.i)—(G.iii) hold. Then the
average F(x;s'™) = L3S0  F(x;s') satisfies the -
growth condition of Assumption 4 with

Lmp] (mp] /m)*p®

A= — d M = —F———.
0T T M T 62 (11 2)
In brief, we see that mini-batches of size m suggest im-
proved convergence related to the noise-to-signal ratio
p = sup Var(F' (z;5))
T (@)l

enough that p/m < 1, we expect relatively little improve-

ment, though we do see a linear improvement in the growth

: once the sample size m is large

constant Ay as m grows whenever m < p. To see this,
let us for simplicity assume that in Conditions (G.i)—(G.iii)
we have p 2 1 and L/p < 1 (that is, the problem is well-
conditioned). Then applying Theorem 2, we see that for
large enough stepsizes a,

k:O()(H— )1og3 (10)

iterations of any model-based method (2) with mini-
batches of size m—ass1£ning that Conditions (C.i)—(C.iii)

hold for the models F,—are sufficient to guarantee
E[dist(zx, X*)?] < e.

5. Optimality in Interpolation Problems

We conclude the theoretical portion of this paper by de-
veloping several new optimality results for interpolation
problems, that is, those satisfying Definition 4.1. In brief,
we shall show that the dependence of Theorem 2 on the
growth constant A; is sharp and unimprovable, and that

in some cases, the dependence on the signal-to-noise ratio

p~1 = inf, %ﬁl‘l%)) is essentially sharp as well. We

do so via information-theoretic lower bounds on estimation
of optimal points, the first in a stylized n = 1 dimensional
problem that gives the correct dependence on the growth
constants in Assumption 4, the second in standard regres-
sion problems but where we choose the dimension n € N
more carefully.

We define our minimax risk as follows. Let P be a fam-
ily of problems, where a problem is a pair (F, P) con-
sisting of a probability distribution P supported on S
and function F' as defined in the introduction. We let
X*(F, P) = argmin, y Ep[F(x;S)] be the collection of
minimizers, and define the minimax squared error

Mp(P,X) =inf sup Eps [dist(&:\k,X*(F, P))Q] ,
z* (F P)eP
(11)
where the infimum is over all measurable Z% : S¥ — R”,

the supremum is over problems (F, P) € P, and the inner

iid

expectation is over the samples S1, ..., S, ~ P.

5.1. A lower bound for one-dimensional problems

We first focus on problems for which we can isolate the
contributions of the growth constant A; in Assumption 4,
letting the dimension n = 1 to show that our complexity
bounds hold independent of dimension; higher dimensions
can only yield increased complexity. We consider a collec-
tion of well-conditioned problems, where we analogize the
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typical condition number of f by defining

_ f(x) = f(a*)

/\'y(f) = xgl;* ﬁ dist(z, X*)1+7 and
o @) = )l

Ly(f) = 217162 Tz —yp

calling k. (f) := % the condition number. We also note in
passing that the constant A\; < 1 in Assumption 4, as by
convexity we have

(F(x;5) — F(z*;5))
F'(x;5)? B

(F'(z;8), 2 — a*)?

|2
F'(2;8)? ’

< |lzg—2x*

so taking o T oo in Assumption 4 guarantees A; € [0, 1].
Thus, for our first collection of problems, we let P, (A1)
be those problems satisfying Assumption 4 with a given
v,A1 € [0,1], any A9 > A1, our standing assumption of
the interpolation condition in Definition 4.1, and condition
number - (f) = 1. The choice of the condition number
serves to highlight the difficulties from stochasticity in the
problem, eliminating the contributions of hardness from the
population (deterministic) objective f; an identical lower
bound will of course hold in the coming theorem for more
poorly conditioned problems with x~(f) > 1, as this is
simply a larger collection.

Theorem 3. Let P, (A1) be the collection P (A1), assume
that X contains an {5-ball of radius R > 0. Then

2

My (P, (A1), X) > % [ (1 +9)20]"

We defer the proof to the appendix and make a few remarks
here. First, the convergence guarantees in Section 4.2 show
that appropriate model-based methods converge to € accu-
racy in O(3- log 1) iterations, which by the theorem is op-
timal. Thus, in a strong sense, the a priori esoteric-seeming
growth condition in Assumption 4 is indeed fundamental.

5.2. A lower bound for well-conditioned regression
problems

The proof of Theorem 3 relies on constructing certain power
functions and a very careful choice of growth and proba-
bility. An alternative approach is to mimic those ideas in
proving complexity results for deterministic problems (Ne-
mirovski & Yudin, 1983; Nesterov, 2004; Carmon et al.,
2019), where one takes the dimension larger. By allowing

high-dimensional problems, we can show that the noise-to-
Var(F'(z;9))
] IV ()II? . ]
from Assumption 4 remain fundamental, even in noiseless

linear regression.

signal ratio p = sup, and growth constant A\;

To make the proof cleaner we make a slight modification
to the class of problems we consider: instead of assuming

a bounded domain X, we instead assume X = R", but
now we consider a randomized (instead of minimax/worst
case) adversary that chooses a problem (F, P) € P ac-
cording to a measure 7 on the space of problems; in par-
ticular, we assume that E,,[||zo — x*||§] < RZ, that is,
the expected distance of x( to x* is at most R. Letting
X*(F, P) = argmin, Ep[F(z;5)] be the optimal set for a
given problem (F, P), we define the minimum average risk

M (P, ) = inf / E pe [dist (3%, X*(F, P))2]dr(F, P).

We note that the minimum average risk defined here natu-
rally lower bounds the minimax risk (11), redefined analo-
gously for our problem.

We specialize this randomized risk for each n € N, let-
ting P, be a collection of noiseless linear regression prob-
lems on R™, where we identify the prior measure 7 with
x* ~ N(0, %QInxn). Then certainly E[||2*||3] = R2. We
consider samples s consisting of a pair A € R™*™ and
b = Ax*, considering the quadratic loss

1
F(z;s) = F(x:(A,0) = 5 Az = b, (12)

and we call the resulting objective f(x) = E[F(x; S)] per-
fectly conditioned if f(x) = c|a — x*||g for a constant
c € R;. We have the following theorem.

Theorem 4. Let A\, € [0, 1] and v = 1. Then there exists
a collection P of perfectly conditioned interpolating prob-
lems with squared error (12), satisfying Assumption 4 and
E,[||2*]|3] = R?, such that

M (P, ) > R2(1 — 41",

Alternatively, let p € [1,00]. There exists a collection
‘P of perfectly conditioned interpolating problems with
squared error (12), with noise-to-signal ratio satisfying

Var(VF(x;S))
Sup, NF@IE < p, such that

k
1
mk('P,W) > R? <1 — > .
P
Thus, one cannot hope to achieve (much) better convergence
even for quadratics than that we have outlined: the depen-

dence on either the growth \; or the signal-to-noise p~! is

unavoidable, and one must collect at least k > )\% log % or
k 2 plog % samples S to achieve accuracy ¢, again high-
lighting that these quantities—as we (inspired by (Asi &
Duchi, 2019b)) identify in Theorem 2 and the iteration
bound (10)—are fundamental for interpolation problems.

6. Experiments

We now study and demonstrate the speedup and robustness
of APROX methods with minibatches, comparing the relative
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performance of the proposed methods on several stochastic
optimization problems. We consider the following methods
in our experiments, where we use both single sample (m =
1) and minibatch (m > 1) versions: (SGM(3), Proximal(4),
IA (averaging individual APROX iterates from (Asi et al.,
2020)), TruncAv (7), AvMod (8))

We use stepsizes o, = aok~ /2, varying g, and for
each algorithm a report the number 7} ,,(cg) of total
samples used to reach € accuracy using minibatches of

size m; that is, T, (o) = km where k is the first
iteration to satisfy f(zx) — f(z*) < e. We also let
Ty,, = ming, T3 m(ap) denote the fewest iterations to

convergence for a method a using batch size m. Each of
our experiments involves data (A, b) € RV*" x RN, where
fap(z) = % Zil F(x;a;,b;) for a given loss F, and
we vary the condition number of A, taking N = 10 and
n = 40. We present three types of results:

1. Best speedups for minibatching: For each method a,

a,l
*
Ta,m

speedup minibatching provides using the best step sizes.

we plot against the minibatch size m to show the

2. Performance profiles (Dolan & Moré, 2002): For each
method a, we evaluate for each r > 1 the fraction of the
total executed experiments for which the T}, ,,, () <
rTas m(), where a* is the best performing method in
each experiment, giving r on the horizontal axis and the
proportion on the vertical. Here, to evaluate robustness,
we define a single experiment as one execution of each
of the 5 methods for a particular step size o, minibatch
size m, and condition number combination. We discard
the experiments where more than 3 of the methods fail
to complete before the max number of iterations.

3. Iterations to convergence w.r.t. stepsize: For each
method a and minibatch size m, we plot T} ,,, ()
against the initial step size ay.

We use minibatch sizes m € {1,4,8, 16, 32,64} and initial
steps ag € {10%/2,i € {—4,-3,...,5}}. For all experi-
ments we run 30 trials with different seeds and plot the 95%
confidence sets. We use and extend the code provided by
(Asi et al., 2020). We describe the objective function and
noise mechanism for each problem below.

6.1. Linear Regression

We have f(z) = 5% [|Az — b||§ We generate rows of A
and x* i.i.d. N(0, I,,) and, setting b = Az* 4+ ov with v ~
N(0, Iy). In the noisy setting for our experiments, we set
o = 0.5. In Figure 1, we plot the minibatch speedups of the
accelerated and non-accelerated methods; acceleration gives
a ~ 16x improvement for AvMod and TruncAv. Figure 2
outlines the performance profiles for the linear regression

experiments. The fully proximal, AvMod, and TruncAv
methods are noticeably better than IA and SGM.

Non-accelerated Accelerated

400 e

Speedup
5
¢
Speedup
AN

- 200 =

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Minibatch size m Minibatch size m

Figure 1: Speed ups vs. batch size for noiseless absolute
regression. Note the difference in scales.
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Figure 2: Performance profiles for linear regression.

6.2. Absolute loss regression

We have f(z) = o ||Az — b||,. Again we generate rows
of A and z* i.i.d. N(0, I,,), setting b = Az* + ov and draw-
ing v ~ Lap(1)"V. In the noisy setting for our experiments,
we set o = 0.5. In Figure 3, we plot the speedup up of
each algorithm (relative to minibatch size m = 1) against
minibatch size in the noiseless setting. We observe that the
speedups in the acclerated setting are more pronounced than
in the non-accelerated setting. We provide performance pro-
files for the non-accelerated and accelerated algorithms in
Figure 4. Similar to the linear regression setting, we see that
AvMod, TruncAv, and full-prox, outperform IA and SGM.

Non-accelerated Accelerated

200 runc 1400 VTrunc
- Truncav
12001 o som
o BEp
1000

800

Speedup

600
400

M 200 /// —
P c—

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Minibatch size m Minibatch size m

Figure 3: Speed ups vs. batch size for noiseless absolute
regression. Note the difference in scales.

6.3. Logistic Regression

We have f(z) = 55 S log(1 + exp(—bi{a;, z))). We
generate rows of A and z* i.i.d. N(0,I,), setting b; =
sign({a;, z*)). To add noise, we flip each label b; inde-
pendently with probability p = .01. In Figure 5, we plot
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Figure 4: Performance profiles for absolute regression.
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Figure 5: Iterations to convergence of the accelerated meth-
ods vs. initial stepsizes for logistic regression

the iterations to convergence against initial step size for
accelerated methods in this setting. We observe that even
accelerated versions of model-based methods exhibit the at-
tractive property of robustness to problem parameters (initial
step size choice) like their non-accelerated counterparts.
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A. Proofs of non-asymptotic upper bounds

We collect our proof of Theorem 1 in this section. It relies on a standard claim on minimizers of sums of convex functions,
which we state and prove here for convenience.

Claim A.1. Ler u and ) be convex, 1 be differentiable on X, and Dy (z,y) = ¢¥(z) — (y) — (VY (y),z — y). Ifx™
minimizes u(x) + ¥ (x) over x € X, then

u(zt) + (@) <wu(z) +(x) — Dy(x,2t) forallx € X.

Proof By convexity and the optimality of =, there exists u/(z ") € du(z™) such that (v/(z1) + Vy(zT),z —2T) > 0
for all z € X. Using the standard first-order convexity inequality, we thus obtain

u(z) > u(e®) + (W (@"),z —a™)
=u(z®) + (W (z7) + Vi (aT),x —a) = (Vi(aT), 2 — 2™)
> u(z™) = (Vip(z™), 2 — ™)
=u(z") + (") = ¥(z) + Dy(z,z7),
as desired. O

ul\xr

A.1. Proof of Theorem 1

In this proof, we begin with a deterministic one-step progress bound and then iterate the bound. In analogy to Lemma B.1,
we rely on the conditionally mean-zero function and gradient errors

er = F(2%;Sk) — (") + f(yr) — F(yx; Sk) and & = Vf(yr) = VF(yr; Sk).

‘We have the one-step progress bound
Lemma A.1. Let o, < m and Ay, = f(x) + r(xg) — f(z*) — r(z*). Then

Apt

||§k|| —|——(Dh( *,zk) — Dp(x*, 2i41))

< (1= 0k) Ak + 0k |ex + (ks 26 — Yr) +
2, o9

Proof We follow the proof of Tseng, Proposition 1 (Tseng, 2008). For shorthand, let
ling(z,y) = f(y) +(Vf(y),z —y) + r(z),

which linearly approximates f and does not approximate the additive component . Then by the L-smoothness of V f, we

obtain

. L
f(@rsr) +r(wpgr) <ling(zry1,yx) + 3 [
) L?
=ling((1 = Op)ap + Opzpr1, yi) + Tk ll2k+1 — Zk||2

(1) . . L6?
< (L= 0)ling(zk, yr) + Oxling (zx41, yx) + Tk k1 — 2]

< (1 =0k)(f(xr) +r(xk) + Ok |ling(2hs1,yk) + Tk ks — z&?| (13)

where the inequality () used that r is convex and (4¢) that f is convex.

We consider the final two terms in the bound (13), and with function and gradient errors eg) = f(yx) — F(yx; Sk) and
&k = Vf(yr) — VF(yg; Sk), we expand the first in terms of the random samples to write

ling (21, 9k) = F(Uks Sk) + (VF(yk; Sk)s 21— Uk) + 7(2e11) + €5 +(Ehy 201 — U)
< Fyy (2415 S8) + 7 (zis1) + el 4 (€, 2ie1 — Uk, (14)
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where the inequality uses that the models £, necessarily upper bound the first-order (linear) approximation to F’ at yy,
(recall the discussion following Condition (C.ii)). To control term (14), we apply Claim A.1 with u(z) = F, (z; Sk),
¥(z) = Dp(x, 21), and T = zg 41, so that inequality (14) implies

. 1

ling (241, yk) < Fy, (25 8) + () + o [Dh(z, 21) — D (@, 2k+1) — Dn(zk+1, 21)]

+ e,(cl) + €k 241 — Yr)

for any x € X. Rearranging terms and using the Fenchel-Young inequality to see that

&l
Ekr 2hr1 — Uk) = Ero 2k — Yr) + > 201 — 20) < (ke 20 — Yi) + 222 + %k 2011 — 2]

. . 2 . .
and using the strong convexity bound Dy, (241, 2k) > 5 ||2k+1 — 2" then implies

. 1
ling(2kt1,Uk) < Fy (255%) + 7(2) + — [Di(x, 21) — D (2, z541)] + €l

ay
€xl)? 2 1 2
+ (k26 — Yi) + o0 5 121 — 2 Sar lzk+1 — 2&ll” -

Our modeling assumptions guarantee that F, (x;.S;) < F(z;Sy), so writing the function error e, = F(z; Sx) — f(z) +
f(yx) — F(yx; Sk) and substituting this upper bound on linf(zx41,yx) into the bound (13) gives the single-step progress
guarantee

f@rgr) +r(@ra) < (1= 0k)(f(wr) + 7(n)) + 0k (f (@ )+7“(ﬂf))

&k
+ 01 | e + (k26 — Yk) + H2 I [Dh($7 zk) — Dp(2, 2141))]
M ak
Lo 1
2 s =l = o N = 2l
Any stepsize ay, < ﬁ cancels the the || 241 — 2| terms, and setting = z* gives the lemma. O

Iterating Lemma A.1 with Ay, = f(zx) + r(zx) — f(z*) — r(z*) > 0 yields the following deterministic convergence
guarantee.

2
Lemma A.2. Let the conditions of Theorem 1 hold. Define the error terms i, = ey, + (&g, 2k — Yi) + M Then

QOLk

g k
912 [f(@rr1) +7(wher) — f2 )} < g o0 ( Z:) R+ Q%Cz

=0

Proof Lemma A.1 yields

1 1-— Hk 0'2
—A — A Dy (z* — Dy(z* 0
g S —gr A + Bron [Dp(z*, z) — Dp(a*, zg41)] + I
1 I€xl|> — o2
+ oy | + &k, 2k — Yk) + ST
=:(k
1 1 o2 1
< A+ —— [Dp(a*, z) — Dy(a J0 4 2.
S g A + oo [Dr(x*, 21) — Dp(2*, zi41)] + 20 + eka

where we recalled that (1 — 6;,)/6% < 1/6?_|. Tterating the inequality and using 5 —%0 — 0, we find that

2 k 1

k k
1
AkH <> j 0 +) (Dn(2*,2:) = Du(a*, zi11)) + D 7.6 (15)
:0 1=0

0;c;
’L Z 3 K2 7«20 K2
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We bound the middle summation above as

k k
1 1 1
(D Dy (2%, 2 ) Dpla*, i) — ——— Dy(a*,
Z Oici (Dn(a,20) = Dn(a”, zi1) ; (9 % 1%‘1) W@ o) Ok+10041 W@ Thr1)
1
D
* 910&1 h(x 1'1)
R?
~ Oray
<LR*+ b p2
O
where the last step uses Dj, (z*,y) < R? and 57— = L + J*. Substituting this in (15) we get the result. O

Now take expectations in Lemma A.2. We have E[(;] < 0, and

k k+1 k+1
Vi+
R
k+2 k+1 (3) )
< Vidt + 7 3((k+2)3/2 D4+2vE+1 < (k+2)%2,
1 0

where inequality (7) holds for k > 2. Multiplying by 07 = 4/(k + 2)? and using n.0, = 1o k‘f < 2no/Vk gives the

+2
deterministic bound i
o? 4ALR? 2R?n 202
62 + 62 (L ) R?< + + ,
F ; 20;m; " Or T (k+2)? VEk novk + 2

as desired.

B. Proofs from Section 4
B.1. Proof of Proposition 1
We assume without loss of generality that f(2*) = 0 = F(«*;s) for notational simplicity. We first begin by proving a
single step guarantee in the following lemma (Lemma B.1).
Lemma B.1. Let the conditions of Theorem 1 hold, and define the function value errors ey, = [F(x*; Sk) — f(z*)] —
[F(zk; Sk) — f(zk)]. Then

f(@ra) = f(z7)

1 1
< — [Dp(2*, 2) — Dp(a*, 2p41)] + ex + IV (x; Si) — Vf(a)]|2
g 2nk

Proof Setting u(-) = F, (; Si) and ¢(z) = o%th(x, xy) in Claim A.1, and taking 27 = z;,1 and x = z*, we have
the progress bound

1 1
Fp(Trt1; Sk) + OTth(ka,wk) < By, (275 8k) + . [Dn(z*, 21) — Dp(2*, 2p41)] - (16)
We turn to bounding the difference Fy, (x*;Si) — Fy, (xx+1; Sk). Let g = VF(xg; Sy) and define the gradient error
&k = gr — V f(xx). Using the convexity of F$ (+; Sk) and recalling that gy, € OF;, (xx; Sk) as in our discussion following
Condition (C.ii), we have F,, (zx+1;Sk) > Fr, (zx; Sk) + (9K, Tk+1 — Tk ). As a consequence, we have
Fo, (2% S) = Frp (213 Sk) < Foy (275 Sk) — F(@r; Sk) + (gr, T — Tiy1)

= Fy, (2% Sk) — F(ar; Sk) + (Vf(zk), 2k — Trg1) + €k, Tk — Tiog1)
(C.i)
< F(2%;Sk) — Fog; Sk) + (V (@), ox — Tpg1) + €k, Th — Try1)

= f(a*) — f(ar) + (Vf(zk), 2k — Try1) + er + (€ Tk — Thy1),
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where we used the error e, = [F(2*;Sk) — f(2*)] — [F(zx;Sk) — f(z1)]. Finally, the smoothness of f implies
Flanrn) < flaw) + (Vf(@e), zpen — o) + 5 |l — 4, s0

Fp (2% Sk) — Fo (Tr41: Sk)
L
< f(@%) = flzger) + 3 |k — $k+1\|2 +ep + (kT — Thoy1)-

Substituting this into inequality (16) and rearranging, we obtain

f(@ryr) — f(a¥) < aik [Dn (2, 2%) — Dp(z*, op11) — Di(@k, Trr1)]
(17)

L
+ex + €k, 2 — Tr1) + 3 |k — zpqa ||

We apply the Fenchel-Young inequality to control the error (£, 2 — xx11): we have (&, x — 2p41) < ﬁ ||§k|\z +

B flan — @l so0

Fonn) = 1) < - [Da(a” ) = D" e

L+ ny
2

1 1
tent g - €kl + ok — zs1l|® — —Dn(@p, Trs1),
Nk ay

which with o = gives the lemma once we apply the strong convexity of h, that is, that Dy (g, zx4+1) >

1
) L+ny
3 llex — zpga || O

To complete the proof of Proposition 1, we proceed as follows. Let Dy, = dist(xy, X*) for shorthand, and recall our notations
er = (F(a*;Sk) — f(z*)) — (F(ak; Sk) — f(ag)) = f(ag) — F(ag; Sk) (in this case) and & = VF(x; Sk) — V f(xk).
Then Lemma B.1 implies

1

1 Qg 2
§D§+1 < §D,§ — apf(Tri1) + ager + o7 1€k I
1 5 oA o Qg 2

2
where the second inequality follows from Assumption 2 that f(z41) > 3D7 . Noting that E[||&x]|? | zx] < 22 D? by
Assumption 3, we rearrange and take expectations on both sides to obtain

1 2 -\ 2
Bofls oy (14 22 ) EDE < o (5 + 22 ) EipY

Iterate this inequality to achieve the result (i) in the theorem.

For result (i), we simply note that if o, = %ﬂ’ then using 2max{L,n} > L +n > 7, we have
—A o3
E[D?, ] < 2| E[D}).
DRl e (g + 22 ) B}

2
Substituting = max{L, %} gives the result.

B.2. Proof of Theorem 2

Proof Let Dy, = dist(a, X*) and F, = o (S, ..., Sk) be the o-field generated by the first & samples S;. Then Lemma
4.1 of the paper (Asi & Duchi, 2019b) immediately yields

E[D?,, | Fi_1] < D} — min{\oa, D, 7, A\ D3}
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As D1 > Dy, (again, by (Asi & Duchi, 2019b), Lemma 4.1), we in turn obtain
E[D2,, | Fr_1] < max {1 A, 1-— Aoak/Di—V} D2.

The remainder of the argument is algebraic manipulations, as in the proof of Proposition 2 from (Asi & Duchi, 2019b). [

B.3. Proof of Lemma 4.1

Proof For shorthand, we assume w.lo.g. that F'(z*;S) = 0 with probability 1. The event that F(x;S%) >
pdist(x, X*)1+7 has probability at least p, and as the median of a Binomial(m, p) distribution lies in {|[mp] , [mp]},
we have
— . 1
P (F(m;S’l'm) > LmpJudis‘c(gc,atf*)l'w) > . (18)
m 2
Thus, the event

A= {HF’(m; 52 < 4B [[F (@ 57 2], Fasstm) = 22 Mdist(w,w*)””}
satisfies

>

)

P(4) = 1 P(49) > 1 - P (||F (2 8"™)||; > 4E [|F'(z: 8"™)|[3]) -

=

1
2
where we use inequality (18). We also have
— . Var(F’(ac' S)) P 2
E ||[F (@ s*™)|5| = 1£ @I <1+’ <1+ ) I @)l
| ! 17" (@)Il5 (130)
< (1 + %) L2 dist(z, X*)27,

where we have used Conditions (G.iii) and (G.ii). Applying these observations gives

E , ——
[ (2 51m)]|;

Y

m AR([|[F (2; 5% 12
L i {Oé LT:Z?J ,delSt(I, X*)1+’Ya (mej /m)2‘u2 diSt(x’ X*)Q } ’

am AL2(1+ 2)

1 22 di *)2+2y
Zmin {a Lmp) udist(x7X*)1+77 (Imp] /m)*p® dist(z, X*) }

v

as desired. O

C. Proofs from Section 5
C.1. Proof of Theorem 3

Proof Let P = P, ()\;) for short, and assume w.l.o.g. that A\; < 1/(1 + ~)?, as the result is trivial otherwise. We base
our argument on Le Cam’s two point method (see, e.g., (Wainwright, 2019), Eq. (15.14)). We consider two probability
distributions Py, P_1, and let X be (for now) arbitrary sets indexed by v € {£1}. Then recall the variation distance
|P — Qllpy =supy |P(A) — Q(A)| between distributions P and @, we have Le Cam’s two-point method:

Lemma C.1 (Le Cam). Let Z* be an arbitrary function of S1, . .., Sy. Then

. 1. o
I?axl}]Epk [dist(z*, x7)P] > 3 dist(X*,, X7)% (1 — |P*) — Pfrv) -
ve{—1, v
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To use Lemma C.1 to lower bound the minimax risk it suffices to choose a pair of problems (F, P,) € P whose optimal sets
are well-separated and apply the lemma. To that end, let § € (0, 1) to be chosen later, and consider the choices

e R ,1— = . .1_
P S=0 w.p é P - S=0 wp é (19)
S=-1 wp.6 S=1 wp.d.

Our functions F' are trivial to construct: given the radius R, we define

1
1+~

F(z;1) = |z — R*, F(x;—1) = |z + R, F(x;0) = 0. (20)

1+~

The intuition here is that given a sample S € {—1,0, 1}, we either completely identify the distribution or receive no
information.

It remains to show that the pairs (F, P,) € P and to bound the variation distance || P — P*, ||1y. For the latter, we have

Lemma C.2. Let P_y, P, be as in Eq. (19). Then |[P*, — Pf|tv =1 — (1 — §)*,

Proof  For any distributions P, Q, with densities p, ¢ w.r.t. a base measure y, we have | P — Q|| = P(p > q)—Q(p > q).
For P_4, P; as above, we thus have

| P*, — PF||rv = PF(there exists i € [k] s.t. S; = 1)
=1-P(S=0,...,5 =0)=1-(1-20)"

O
Now, consider the functions
0
o(x) =Ep,[F(z;5)] = —vR['.
fo(w) = Bp,[Flw; $)) = 7| — oRl
We have k- (f) = 1, so that the problem is well-conditioned, and the optimal sets Xy := argmin,cy f,(x) are the

singletons X¥ = {x} = vR}. Additionally, we have

E, | (F(z:8) = F(x}; 5)) min {a, F(w:8) = F(3; S) H

|/ (z:9)|5
|z — vR|1TY
L+ )z — v

= |z — vR[* min {a,
Y

) )
= min {a, ——— dist(z, X;)l_w} dist(z, X$)1+77
L+ (1+79)?

s0 by choosing § = (1 4 v)?\; < 1, our problems (F, P,) belong to P.,(A1). Le Cam’s Lemma C.1 and the variation
distance bound in Lemma C.2 imply that

oy * 1 * * R2
max By [l —21f?) > glot — o, P01 -0 = - o
Substituting § = (1 + )?); gives the result. O

C.2. Proof of Theorem 4

Proof LetU = [u; --- u,] € R"*" be an arbitrary orthogonal matrix, so UTU = UUT = I,,. Let P, be the collection
of linear regression problems with data matrices A € R”"*"™ chosen by taking m < n columns (Ui(1)7 o Uimy) of U

uniformly at random and setting A = \/n/mu;1y -+ Uim)]”, so that E[AT A] = I,, and (AT A)? = (n/m)AT A, and let
b= Ax*, where 2* ~ m = N(0, %QI”) follows a Gaussian prior. Each observation .S; corresponds to releasing (perfectly)
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a random linear projection of z*, so that given the k observations, if we let C}, = [A4;
concatenated data matrix after k observations, the posterior on x* is

o+ Ag] € R™™k denote the

R2
;ﬁ|(5h.”,5whuN(Em*Sh.”,Sﬂ,n(L,—CﬂCfC@YJCﬂo,

that is, the covariance projects out Cj. By a standard Bayesian argument,

1 = * * * —_ k C
inf E [|[7* - o*|[3] = E[|[Ela” | 58] - o*[}] = R°E {W]

; (21
as I, — C,(CL'Cy)~1CY is a rank n — rank(C},) projection matrix. Let 7, = rank(C}) for shorthand. Then we may
compute E[r] exactly by noting that

n—"rp_1 m

Elrg | rk-1] = rg—1 + m——— = (1 - —) rE_1 +m,
n n

so that with r; = m we obtain

B =m_ (1- %) et 2O (-2

and substituting this into expression (21) gives

k
nfE |3 - a*[);] = R (1- ). (22)
T+ n
We now use expression (22) to prove the two results in the theorem. For the first, we note that for s = (A4, b), we have
VF(z;s) = AT(Az — b) = AT A(z — 2*), and as (AT A)? = 2 AT A by construction and E[AT A] =

I,
vy ) E(@38) = F(a*: )
F(x;S) — F(2*;S)) min < o,
(F(z:5) ~ F(a"; 5)) { IVF(: )3 H

. a « 1Az — )l
min § o Az —2*)3, N
2 4[| AT Az — 2|5

E

=E

= min {E ﬁ} |z —2*||2
27 4n 2
In particular, we can choose m,n so that 7+ > \; the problem satisfies Assumption 4 with v = 1 and Ao

the first result by substituting into expression (22) and taking m, n so that “* is arbitrarily close to 4.

= 1. This gives
For the second result, we recognize the noise-to-signal ratio

Var(VF(x;5)) _ 2| s n
Vi)l ~ ; '

Making appropriate substitutions by taking > < p gives the second lower bound.




