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Abstract

We introduce two new no-regret algorithms for
the stochastic shortest path (SSP) problem with
a linear MDP that significantly improve over the
only existing results of (Vial et al., 2021). Our
first algorithm is computationally efficient and
achieves a regret bound (’N)(\ /d3B2T, K), where
d is the dimension of the feature space, B, and T
are upper bounds of the expected costs and hitting
time of the optimal policy respectively, and K is
the number of episodes. The same algorithm with
a slight modification also achieves logarithmic

3 4
regret of order O ( - 4B, 15 dB:K ), where

aningaplnin Cmin

gap,,;, 1S the minimum sub-optimality gap and
Cmin 18 the minimum cost over all state-action
pairs. Our result is obtained by developing a sim-
pler and improved analysis for the finite-horizon
approximation of (Cohen et al., 2021) with a
smaller approximation error, which might be of
independent interest. On the other hand, us-
ing variance-aware confidence sets in a global
optimization problem, our second algorithm is
computationally inefficient but achieves the first
“horizon-free” regret bound O(d*° B,v/K) with
no polynomial dependency on T, or 1/cmin,
almost matching the Q(dB,+/K) lower bound
from (Min et al., 2021).

1. Introduction

We study the stochastic shortest path (SSP) model, where
a learner attempts to reach a goal state while minimizing
her costs in a stochastic environment. SSP is a suitable
model for many real-world applications, such as games, car
navigation, robotic manipulation, etc. Online reinforcement
learning in SSP has received great attention recently. In
this setting, learning proceeds in K episodes over a Markov
Decision Process (MDP). In each episode, starting from a
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fixed initial state, the learner sequentially takes an action,
incurs a cost, and transits to the next state until reaching
the goal state. The performance of the learner is measured
by her regret, the difference between her total costs and
that of the optimal policy. SSP is a strict generalization of
the heavily-studied finite-horizon reinforcement learning
problem, where the learner is guaranteed to reach the goal
state after a fixed number of steps.

Modern reinforcement learning applications often need to
handle a massive state space, in which function approxima-
tion is necessary. There is huge progress in the study of
linear function approximation, for both the finite-horizon
setting (Ayoub et al., 2020; Jin et al., 2020b; Yang &
Wang, 2020; Zanette et al., 2020a;b; Zhou et al., 2021a)
and the infinite-horizon setting (Wei et al., 2021b; Zhou
et al.,, 2021a;b). Recently, Vial et al. (2021) took the
first step in considering linear function approximation for
SSP. They study SSP defined over a linear MDP, and pro-
posed a computationally inefficient algorithm with regret
(’j(\ /d3 B K /cmin ), as well as another efficient algorithm
with regret O(K°/%) (omitting other dependency). Here,
d is the dimension of the feature space, B, is an upper
bound on the expected costs of the optimal policy, and ¢y
is the minimum cost across all state-action pairs. Later,
Min et al. (2021) study a related but different SSP prob-
lem defined over a linear mixture MDP and achieve a
O(dBL5 /K [cmin) regret bound. Despite leveraging the
advances from both the finite-horizon and infinite-horizon
settings, results above are still far from optimal in terms of
regret guarantee or computational efficiency, demonstrating
the unique challenge of SSP problems.

In this work, we further extend our understanding of SSP
with linear function approximation (more specifically, with
linear MDPs). Our contributions are as follows:

e In Section 3, we first propose a new analysis for the
finite-horizon approximation of SSP introduced in (Co-
hen et al., 2021), which is much simpler and achieves
a smaller approximation error. Our analysis is also
model agnostic, meaning that it does not make use
of the modeling assumption and can be applied to
both the tabular setting and function approximation
settings. Combining this new analysis with a simple
finite-horizon algorithm similar to that of (Jin et al.,
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2020b), we achieve a regret bound of O(+/d3B2T, K ),
with T, < B, /cmin being an upper bound of the hit-
ting time of the optimal policy, which strictly improves
over that of (Vial et al., 2021). Notably, unlike their
algorithm, ours is computationally efficient without
any extra assumption.

e In Section 3.3, we further show that the same algo-
rithm above with a slight modification achieves a loga-
rithmic instance-dependent expected regret bound of

3B4
order(’)( 4B, 15 dB.K

Conin 8P min Cmin
sub-optimality gap. As far as we know, this is the
first logarithmic regret bound for SSP (with or without
function approximation). We also establish a lower

bound of order ( gff? ), which further advances our
understanding for this problem even though it does not

exactly match our upper bound.

) where gap, ;. is some

e To remove the undesirable 7, dependency in our
instance-independent bound, in Section 4, we fur-
ther develop a computationally inefficient algorithm
that makes use of certain variance-aware confidence
sets in a global optimization problem and achieves
O(d*5B,vVK) regret. Importantly, this bound is
horizon-free in the sense that it has no polynomial de-
pendency on 7, or % even in the lower order terms.
Moreover, this almost matches the best known lower
bound Q(dB,v/K) from (Min et al., 2021).

Techniques Our results are built upon several technical
innovations. First, as mentioned, we develop an improved
analysis for the finite-horizon approximation of (Cohen
et al., 2021), which might be of independent interest. The
key idea is to directly bound the total approximation error
with respect to the regret bound of the finite-horizon algo-
rithm, instead of analyzing the estimation precision for each
state-action pair as done in (Cohen et al., 2021).

Second, to obtain the logarithmic bound in Section 3, we
note that it is not enough to simply combine the aforemen-
tioned finite-horizon approximation and the existing log-
arithmic regret results for the finite-horizon setting such
as (He et al., 2021), since the sub-optimality gap obtained in
this way is in terms of the finite-horizon counterpart instead
of the original SSP and could be substantially smaller. We
resolve this issue via a longer horizon in the approximation
and a careful two-stage analysis.

Finally, our horizon-free result in Section 4 is obtained by
a novel combination of several ideas, including the global
optimization algorithm of (Zanette et al., 2020b; Wei et al.,
2021b), the variance-aware confidence sets of (Zhang et al.,
2021) (for a related but different setting with linear mix-
ture MDPs), an improved analysis of the variance-aware
confidence sets (Kim et al., 2021), and finally a new clip-

ping trick and new update conditions that we propose. Our
analysis does not require the recursion-based technique of
(Zhang et al., 2020a) (for the tabular case), nor estimating
higher order moments of value functions as in (Zhang et al.,
2021) (for linear mixture MDPs), which might also be of
independent interest.

Related work Regret minimization of SSP under stochas-
tic costs has been well studied in the tabular setting (that
is, no function approximation) (Tarbouriech et al., 2020;
Cohen et al., 2020; 2021; Tarbouriech et al., 2021; Chen
et al., 2021a; Jafarnia-Jahromi et al., 2021). There are also
several works (Rosenberg & Mansour, 2020; Chen et al.,
2021b; Chen & Luo, 2021) considering the more challeng-
ing setting with adversarial costs (which is beyond the scope
of this work).

Beyond linear function approximation, in the finite-horizon
setting researchers also start considering theoretical guaran-
tees for general function approximation (Wang et al., 2020;
Ishfaq et al., 2021; Kong et al., 2021). The study for SSP,
which again is a strict generalization of the finite-horizon
problems and might be a better model for many applications,
falls behind in this regard, motivating us to explore in this
direction with the goal of providing a more complete picture
at least for linear function approximation.

The use of variance information is crucial in obtaining op-
timal regret bounds in MDPs. This dates back to the work
of (Lattimore & Hutter, 2012) for the discounted setting,
which has been significantly extended to the finite-horizon
setting (Azar et al., 2017; Jin et al., 2018; Zanette & Brun-
skill, 2019; Zhang et al., 2020a;b). Constructing variance-
aware confidence sets for linear bandits and linear mixture
MDPs has also gained recent attention (Zhou et al., 2021a;
Zhang et al., 2021; Kim et al., 2021). We are among the
first to do so for linear MDPs (a concurrent work (Wei et al.,
2021a) also does so but for a completely different purpose
of improving robustness against corruption).

Logarithmic gap-dependent bounds have been shown in
different settings; see for example (Jaksch et al., 2010; Sim-
chowitz & Jamieson, 2019; Jin et al., 2021; He et al., 2021),
but to our knowledge, we are the first to show similar bounds
for SSP.

2. Preliminary

An SSP instance is defined by an MDP M =
(S, A, Sinit, g, ¢, P). Here, S is the state space, A is the
(finite) action space (with A = |A|), sinit € S is the initial
state, g ¢ S is the goal state, ¢ : S X A — [¢min, 1] is the
cost function with some global lower bound c,;,, > 0, and
P = {P; a}(s,0)esxa With P, € Ag, is the transition
function, where S, is a shorthand for S U {g} and As_ is
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the simplex over Sy..

The learning protocol is as follows: the learner interacts with
the environment for K > 2 episodes. In each episode, the
learner starts in initial state s;,;;, sequentially takes an action,
incurs a cost, and transits to the next state. An episode ends
when the learner reaches the goal state g. We denote by
(8¢, ay, s;) the t-th state-action-state triplet observed among
all episodes, so that s} ~ Ps, ,, for each ¢, and s} = s;41
unless s; = ¢ (in which case s;1 = Sinip)- Also denote by
T the total number of steps in K episodes.

Learning objective The learner’s goal is to learn a policy
that reaches the goal state with minimum costs. Formally,
a (stationary and deterministic) policy 7 : § — Aisa
mapping that assigns an action 7 (s) to each state s € S. We
say 7 is proper if following 7 (that is, taking action 7(s)
whenever in state s) reaches the goal state with probability
1. Given a proper policy 7, we define its value function and
action-value function as follows:

I
ZC(Si,W(Si))

QW(Sv a) = C(S’ a) + ]ESINP:f,a [VW<S/)]7

V™(s)=E

P,sl—s] ,

where the expectation in V'™ is with respect to the random-
ness of next states s;11 ~ Pg, r(s;) and the number of
steps I before reaching the goal g. Let II be the set of
proper policies. We make the basic assumption that II is
non-empty. Under this assumption, there exists an optimal
proper policy 7*, such that V™" (s) = min, Q™ (s, a), and
V™ (s) = minge V™ (s) for all s (Bertsekas & Yu, 2013).
We use V* and Q* as shorthands for V™" and Q™ . The
formal goal of the learner is then to minimize her regret
against 7*, that is, the difference between her total costs and
that of the optimal proper policy, defined as

T
Rk = Z c(styar) — K - V*(Sinit)-
t=1

We also define R = oo if T' = oo.

Linear SSP In the so-called tabular setting, the state space
is assumed to be small, and algorithms with computational
complexity and regret bound depending on S = |S| are
acceptable. To handle a potentially massive state space,
however, we consider the same linear function approxima-
tion setting of (Vial et al., 2021), where the MDP enjoys
a linear structure in both the transition and cost functions
(known as linear or low-rank MDP).

Assumption 1 (Linear SSP). For some d > 2, there exist
known feature maps {¢(s,a)}(s,a)esxA RY, unknown
parameters 6* € R? and {p(s')}yes, C RY, such that for

any (s,a) € S x Aand s’ € S, we have:

Py a(s") = ¢(s,a) " u(s).

Moreover, we assume ||¢(s,a)||, < 1 forall (s,a) € Sx A,
1671l < Vd, and || [ h(s')dp(s") |, < V||l for any
h € RS+,

c(s,a) = ¢(s, a)TH*,

We refer the reader to (Vial et al., 2021) and references
therein for justification on this widely-used structural as-
sumption (especially on the last few norm constraints).
Under Assumption 1, by definition we have Q*(s,a) =
#(s,a) Tw*, where w* = 0* + [ V*(s')du(s') € RY, that
is, Q* is also linear in the features.

Key parameters and notations Two extra parameters
that play a key role in our analysis are: B, = maxs V*(s),
the maximum cost of the optimal policy starting from any
state, and T, = max, 7™ (s), the maximum hitting time
of the optimal policy starting from any state, where 77 (s)
is the expected number of steps before reaching the goal if
one follows policy 7 starting from state s. By definition, we
have T, < By/Cmin-

For simplicity, we assume that By, T, and cp,i, are known
to the learner for most discussions, and defer to the appendix
what we can achieve when some of these parameters are
unknown. We also assume B, > 1 and cp,j, > 0 by default
(and will discuss the case ¢, = 0 for specific algorithms
if modifications are needed).

For n € N4, we define [n] = {1,...,n}. Forany [ < r,
we define [x]}; , = min{max{z,[},} as the projection of
x onto the interval [1,7]. The notation O (-) hides all loga-

rithmic terms including In K and In % for some confidence
level 6 € (0,1).

3. An Efficient Algorithm for Linear SSP

In this section, we introduce a computationally efficient
algorithm for linear SSP. In Section 3.1, we first develop
an improved analysis for the finite-horizon approximation
of (Cohen et al., 2021). Then in Section 3.2, we combine
this approximation with a simple finite-horizon algorithm,
which together achieves O(+/d3 B2T, K ) regret. Finally, in
Section 3.3, we further obtain a logarithmic regret bound
via a slightly modified algorithm and a careful two-stage
analysis.

3.1. Finite-Horizon Approximation of SSP

Finite-horizon approximation has been frequently used in
solving SSP problems (Chen et al., 2021b; Chen & Luo,
2021; Cohen et al., 2021; Chen et al., 2021a). In particular,
Cohen et al. (2021) proposed a black-box reduction from
SSP to a finite-horizon MDP, which achieves minimax opti-
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mal regret bound in the tabular case when combining with
a certain finite-horizon algorithm. We will make use of the
same algorithmic reduction in our proposed algorithm, but
with an improved analysis.

Specifically, for an SSP instance M = (S, A, Sinit, 9, ¢, P),
define its finite-horizon MDP counterpart as M
(S84, A.¢,cp, P,H), where ¢(s,a) = c(s,a)l{s # g} is
the extended cost function, cf(s) = 2B, I{s # g} is
the terminal cost function (more details to follow), P =
{Ps,a}(s,a)ESX.A U {Pg,a}aEA with Pg,a(sl) = H{Sl = g}
is the extended transition function, and H is a horizon
parameter. Assume the access to a corresponding finite-
horizon algorithm 2 which learns through a certain number
of “intervals” following the protocol below. At the begin-
ning of an interval m, the learner 2 is first reset to an arbi-
trary state s7*. Then, in each step h = 1, ..., H within this
interval, 2( decides an action a}’, transits to s}’fﬂ ~ ]5327,7(1g s
and suffers cost ¢(s}", a}’). At the end of the interval, the
learner suffers an additional terminal cost c;(s% ), and
then moves on to the next interval.

With such a black-box access to 2, the reduction of (Cohen
et al., 2021) is depicted in Algorithm 1. The algorithm parti-
tions the time steps into intervals of length H > 47T, In(4K)
(such that 7* reaches g within H steps with high probabil-
ity). In each step, the algorithm follows 2( in a natural way
and feeds the observations to 2l (Line 7 and Line 9). If the
goal state is not reached within an interval, 2 naturally en-
ters the next interval with the initial state being the current
state (Line 10). Otherwise, if the goal state is reached within
some interval, we keep feeding g and zero cost to 2 until it
finishes the current interval (Line 8 and Line 9), and after
that, the next interval corresponds to the beginning of the
next episode of the original SSP problem (Line 1).

Analysis Cohen et al. (2021) showed that in this reduction,
the regret Ry of the SSP problem is very close to the regret
of 2 in the finite-horizon MDP M. Specifically, define

Rar = Yoy (0, o + e (s540) — Vi (7)) as the
regret of 2l over the first M’ intervals of M (note the inclu-
sion of the terminal costs), where V* is the optimal value
function of the first layer of M (see Appendix B.1 for the
formal definition). Denote by M the final (random) number
of intervals created during the K episodes. Then Cohen
et al. (2021) showed the following (a proof is included in
Appendix B.2 for completeness).

Lemma 1. Algorithm 1 ensures Ry < EM + B,.

This lemma suggests that it remains to bound the number of
intervals M. The analysis of Cohen et al. (2021) does so by
marking state-action pairs as “known” or “unknown” based
on how many times they have been visited, and showing
that in each interval, the learner either reaches an “unknown”

NN AW N =

10

Algorithm 1 Finite-Horizon Approximation of SSP
from (Cohen et al., 2021)

Input: Algorithm 2 for finite-horizon MDP M with hori-
zon H > 4T, In(4K).

Initialize: interval counter m <« 1.
fork=1,...,Kdo

Set Sin <— Sinit-

while s7* # g do

Feed initial state s7* to 2.
forh=1,...,Hdo

Receive action aj* from 2L

if s]* # ¢ then

L Play action aj', observe cost c}*

c(sy', aj') and next state s}, ;.
else Set ;" =0and 53, | = g.

Feed ¢}* and 52’11 to 2.

m—+1

| Setsi""" =sfandm «—m+ 1.

state-action pair or with high probability reaches the goal
state. This analysis requires 2 to be “admissible” (defined
through a set of conditions) and also heavily makes use
of the tabular setting to keep track of the status of each
state-action pair, making it hard to be directly generalized
to function approximation settings. Furthermore, it also
introduces T, dependency in the upper bound of M, since
the total cost for an interval where an “unknown” state-
action pair is visited is trivially bounded by H = Q(T%).

Instead, we propose the following simple and improved
analysis. The idea is to separate intervals into “good” ones
within which the learner reaches the goal state, and “bad”
ones within which the learner does not. Then, our key
observation is that the regret in each bad interval is at least
B, — this is because the learner’s cost is at least 2B, in
such intervals by the choice of the terminal cost cy, and the
optimal policy’s expected cost is at most B,. Therefore,
if 2( is a no-regret algorithm, the number of bad intervals
has to be small. More formally, based on this idea we can
bound M directly in terms of the regret guarantee of 2
without requiring any extra properties from 2(, as shown in
the following lemma.

Theorem 1. Suppose that A enjoys the following regret
guarantee with certain probability: R,, = O (yy + v1/m)
for some problem-dependent coefficients o and 1 (that are
independent of m) and any number of intervals m < M.
Then, with the same probability, the number of intervals

created by Algorithm 1 satisfies M = @) (K + ;—z + g—‘i)

Proof. For any finite M; < M, we will show M; =
@) (K + :3—12 + g,%), which then implies that M has to
be finite and is upper bounded by the same quantity. To
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do so, we define the set of good intervals C;, = {m €
[M;] : s, = g} where the learner reaches the goal state,
and also the total costs of the learner in interval m of M:
cm = Zthl cpt + cf (s, ). By definition and the guar-
antee of 2, we have

Ray = Y (C™ = V() + Y (C™ =V (sT)

meCy m¢gCy
< 0 (0 + VL) - M

Next, we derive lower bounds on Zmecg (C™ —V(st))
and ngcg (C™ — V*(si")) respectively. First note that
by Lemma 17 and H > 47T, In(4K), we have that 7*
reaches the goal within H steps with probability at least
1 — 1/2K. Therefore, executing 7* in an episode of M
leads to at most B, + 2B, < %B* costs in expectation,
which implies V{*(s) < 5B, for any s. By |Cy| < K, we
thus have

m * m 3
> (O™ =Vi(s() = —5B.K.

meCy

On the other hand, for m ¢ C,, we have C™ > 2B, due to
the terminal cost cf (s ;) = 2B, and thus

B, B,

> (M=) = M G)) > S (M- ).
mgCy

Combining the two lower bounds above with Eq. (1),
we arrive at Z=M; < O (v0 +711/My) + 2B, K. By

2

Lemma 28, this implies M; = O (K + 3y + 3 ). finish-
ing the proof.

Now plugging in the bound on M in Theorem 1 into
Lemma 1, we immediately obtain the following corollary on
a general regret bound for the finite-horizon approximation.
Corollary 2. Under the same condition of Theorem 1, Algo-
rithm 1 ensures Ry = 0] (’ym/? + ;i* + v + B*) (with
the same probability stated in Theorem 1).

Proof. Combining Lemma 1 and Theorem 1, we have
RK S RM + B* S O('YlVM + Yo + B*) S
~ 2

O (fyl\/[? + 3 /B o+ B*). Further realiz-
ing 1 ;—‘1 < % (;3’—12* + 70> by AM-GM inequality proves
the statement. O

Note that the final regret bound completely depends on
the regret guarantee of the finite horizon algorithm 2(. In
particular, in the tabular case, if we apply a variant of
EB-SSP (Tarbouriech et al., 2021) that achieves R,, =

O(B,v/SAm + B,S*A) (note the lack of polynomial de-
pendency on H),' then Corollary 2 ensures that Rgx =
@(B* VSAK + B,S?A), improving the results of (Cohen
et al., 2021) and matching the best existing bounds of (Tar-
bouriech et al., 2021; Chen et al., 2021a); see Appendix B.5
for more details. This is not achievable by the analysis of
(Cohen et al., 2021) due to the T}, dependency in the lower
order term mentioned earlier.

More importantly, our analysis is model agnostic: it only
makes use of the regret guarantee of the finite-horizon algo-
rithm, and does not leverage any modeling assumption on
the SSP instance. This enables us to directly apply our result
to settings with function approximation. In Appendix B.6,
we provide an example for SSP with a linear mixture MDP,
which gives a regret bound @(B*\/dT*K + B,dvVK ) via
combining Corollary 2 and the near optimal finite-horizon
algorithm of (Zhou et al., 2021a).

3.2. Applying an Efficient Finite-Horizon Algorithm
for Linear MDPs

Similarly, if there were a horizon-free algorithm for finite-
horizon linear MDPs, we could directly combine it with Al-
gorithm 1 and obtain a T} -independent regret bound. How-
ever, to our knowledge, this is still open due to some unique
challenge for linear MDPs.

Nevertheless, even combining Algorithm 1 with a horizon-
dependent linear MDP algorithm already leads to significant
improvement over the state-of-the-art for linear SSP. Specif-
ically, the finite-horizon algorithm 2( we apply is a variant
of LSVI-UCB (Jin et al., 2020b), which performs Least-
Squares Value Iteration with an optimistic modification.
The pseudocode is shown in Algorithm 2. Utilizing the fact
that action-value functions are linear in the features for a
linear MDP, in each interval m, we estimate the parameters
{wmHL | of these linear functions by solving a set of least
square linear regression problems using all observed data
(Line 1), and we encourage exploration by subtracting a
bonus term 3, [|$(s, a)|| -1 in the definition of Q' (s, a)
(Line 2). Then, we simply act greedily with respect to the
truncated action-value estimates {Q}"}1, (Line 3). Clearly,
this is an efficient algorithm with polynomial (in d, H, m
and A) time complexity for each interval m.

We refer the reader to (Jin et al., 2020b) for more explanation
of the algorithm, and point out three key modifications we
make compared to their version. First, Jin et al. (2020b)
maintain a separate covariance matrix A}* for each layer
h using data only from layer h, while we only maintain a
single covariance matrix A™ using data across all layers
(Line 3). This is possible (and resulting in a better regret

!This variant is equivalent to applying EB-SSP on a homoge-
neous finite-horizon MDP.
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Algorithm 2 Finite-Horzion Linear-MDP Algorithm

Parameters: A\ = 1, §,, = 50dB+/In(168BmHd/?)

where § is the failure probability and B > 1.
Initialize: A; = 1.

form=1,...,M do

Define V', (s) = c(s).
forh=H,...,1do

Compute
m—1 H
_1 ’ ’ ’
wit = ALY D G+ Vil (i),
m'=1h'=1

where 97" = ¢(s}), a).
Define ¢(g,a) = 0 and

Q' (s,a) = ¢(s,@) Wi — B [|3(s, a)l[ -
Qi'(s,a) = Q7 (s, a)] 0.5
Vi (s) = min Q' (s, a)

forh=1,...,H do
Play aj* = argmin, Q7' (s}, a), suffer ¢, and
transit to sy, ;.

| Compute Am+1 = Anz + Zthl ¢7l;n¢;1n—r

bound) since the transition function is the same in each layer
of M. Another modification is to define Vi1 (s) ascp(s)
simply for the purpose of incorporating the terminal cost.
Finally, we project the action-value estimates onto [0, B] for
some parameter B similar to (Vial et al., 2021) (Line 2). In
the main text we simply set B = 3B,, and the upper bound
truncation at B has no effect in this case. However, this
projection will become important when learning without the
knowledge of B, (see Appendix B.4).

We show the following regret guarantee of Algorithm 2 fol-
lowing the analysis of (Vial et al., 2021) (see Appendix B.3).

Lemma 2. With probability at least 1 — 46, Algorithm 2
with B = 3B, ensures R,, = O(\/d3B2Hm + d*B,H)
forany m < M.

Applying Corollary 2 we then immediately obtain the fol-
lowing new result for linear SSP.

Theorem 3. Applying Algorithm 1 with H = 4T, In(4K)
and A being Algorithm 2 with B = 3B, to the linear SSP
problem ensures R = @(\/d?’BET*K + d®B,T,) with
probability at least 1 — 46.

There is some gap between our result above and the existing
lower bound Q2(d B, VK ) for this problem (Min et al., 2021).
In particular, the dependency on T inherited from the H
dependency in Lemma 2 is most likely unnecessary. Never-

theless, this already strictly improves over the best existing
bound O(y/d3B3K /cmin) from (Vial et al., 2021) since
T, < B,/¢min. Moreover, our algorithm is computationally
efficient, while the algorithms of Vial et al. (2021) are either
inefficient or achieve a much worse regret bound such as
@(K 5/6) (unless some strong assumptions are made). This
improvement comes from the fact that our algorithm uses
non-stationary policies (due to the finite-horizon approxima-
tion), which avoids the challenging problem of solving the
fixed point of some empirical Bellman equation. This also
demonstrates the power of finite-horizon approximation in
solving SSP problems. On the other hand, obtaining the
same regret guarantee by learning stationary policies only
is an interesting future direction.

Learning without knowing B, or 7T, Note that the result
of Theorem 3 requires the knowledge of B, and T’,. Without
knowing these parameters, we can still efficiently obtain a
regret bound of order O(y/d®B3K /cmin + d*B2/cmin),
matching the bound of (Vial et al., 2021) achieved by their
inefficient algorithm. See Appendix B.4 for details.

3.3. Logarithmic Regret

Many optimistic algorithms attain a more favorable regret
bound of the form C'ln K, where C' is an instance depen-
dent constant usually inversely proportional to some gap
measure; see e.g. (Jaksch et al., 2010) for the infinite-
horizon setting and (Simchowitz & Jamieson, 2019) for the
finite-horizon setting. In this section, we show that a slight
modification of our algorithm also leads to an expected
regret bound that is polylogarithmic in K and inversely
proportional to gap,;;,, = Min, 4:eap(s,a)>0 gap(s, a) with
gap(s,a) = Q*(s,a) — V*(s).

The high-level idea is as follows. The first observation is that
similarly to a recent work by He et al. (2021), we can show
that our Algorithm 2 obtains a gap-dependent logarithmic
regret bound @(ggg,"f ) for the finite-horizon problem. The
caveat is that gapizi: here is naturally defined using the
optimal value and action-value functions V;* and ()}, for the
finite-horizon MDP (which is different for each layer h);
more speciﬁcally, gap;nin = mins,a7h:gaph(s,a)>0 gaph(57 a)
where gap;,(s,a) = Q7 (s,a) — V;*(s). The difference
between gap,;, and gap/ .. can in fact be significant; see
Appendix B.7 for an example where gap/ ;. is arbitrarily
smaller than gap, ;.

To get around this issue, we set H to be a larger value

of order @(%) and perform the following two-stage

analysis. For the first H /2 layers, we are able to show

“Note that for our definition of regret, a polylogarithmic bound
is only possible in expectation, because even if the learner always
executes 7, the deviation of her total costs from KV ™ (sinit) is

already of order v K.
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Q5 (s,a) = Q*(s, a) and thus gap, (s, a) ~ gap(s, a), lead-
ing to a O( hr:m ) bound on the regret suffered for these

layers. Then, for the last H/2 layers, we further consider
two cases: if the learner’s policy for the first H/2 layers
are nearly optimal, then the probability of not reaching the
goal within the first H/2 layers is very low by the choice
of H, and thus the costs suffered in the last H/2 layers are
negligible; otherwise, we simply bound the costs using the
number of times the learner takes a non-near-optimal action
in the first H/2 layers, which is again shown to be of order

(7)( Inm )

8P min

One final detail is to carefully control the regret under some
failure event that happens with a small probability (recall
that we are aiming for an expected regret bound; see Foot-
note 2). This is necessary since in SSP the learner’s cost
under such events could be unbounded in the worst case.
To resolve this issue, we make a slight modification to Al-
gorithm 1 and occasionally restart 2l whenever the number
of total intervals reaches some multiple of a threshold; see
Algorithm 7 in the appendix. This finally leads to our main
result summarized in the following theorem (whose proof is
deferred to Appendix B.8).

Theorem 4. There exist b’ and § such that applying Al-
gorithm 7 with horizon H = b bB. ln(dB* ) and A being
Algorithm 2 (with B = 3B, andfallure probabllzty 0) en-

sures E[RK] =0 (C2 d>B* In 5 dB*K>.

min&Pmin Cmin

As far as we know, this is the first polylogarithmic bound
for any SSP problem. Our result also indicates that the
instance-dependent quantities of SSP can be well preserved
after using some finite-horizon approximation.

Lower bounds To better understand instance-dependent
regret bounds for this problem, we further show the follow-
ing lower bound.

Theorem 5. For any algorithm 2, there exists a linear SSP
instance with d > 2 and B, > 1 such that Ey[Rk] =

Q(de/gapmin)'

This lower bound exhibits a relatively large gap from our
upper bound. One important question is whether the
dependency in the upper bound is really necessary, thlngl
we leave as a future direction.

4. An Inefficient Horizon-Free Algorithm

Recall that the dominating term of the regret bound shown in
Theorem 3 depends on T}, which is most likely unnecessary.
Due to the lack of a horizon-free algorithm for finite-horizon
linear MDPs (which, as discussed, would have addressed
this issue), in this section we propose a different approach
leading to a computationally inefficient algorithm with a
regret bound that is horizon-free (that is, no polynomial

Algorithm 3 Variance-Aware Global OPtimization with Op-
timism (VA-GOPO)
Initialize: t =¢ =1,k =1, s1 = Sinit, B1 = 1.
Define: s) = gand V, =V, p,.
while £ < K do
if s,_, = g or Eq. (4) holds or Vi, (s;) = 2B, then
while True do
Compute w; = argmin,cq, (w,z,) Vi, B, (st)
(see Eq. (2) and Eq. (3) for definitions).
if V;(s;) > B; then B; < 2By; else break.
Record the most recent update time ¢’ < ¢.
else (wt,Bt) = (’wtfl,Btfl).
Take action a; = argmin, ¢(s;,a) " wy, suffer cost
¢y = c(s¢,ay), and transits to s}.
if s} = g then s;1 = Sinit, k < k + 1; else sy 11 = s}.
Increment time step ¢ <— ¢ + 1.

dependency on 7)) but has a worse dependency on d.

As stated in previous work for the tabular setting (Cohen
et al., 2020; 2021; Tarbouriech et al., 2021; Chen et al.,
2021a), achieving a horizon-free regret bound requires con-
structing variance-aware confidence sets on the transition
functions. While this is straightforward in the tabular case,
it is much more challenging with linear function approxi-
mation. Zhou et al. (2021a); Zhang et al. (2021) construct
variance-aware confidence sets for linear mixture MDPs, but
we are not aware of similar results for linear MDPs since
they impose extra challenges. Our algorithm VA-GOPO,
shown in Algorithm 3, is the first one to successfully make
use of these ideas.

VA-GOPO follows a similar framework of the ELEANOR
algorithm of (Zanette et al., 2020b) (for the finite-horizon
setting) and the FOPO algorithm of (Wei et al., 2021b) (for
the infinite-horizon setting) — they all maintain an esti-
mate w; of the true weight vector w* (recall Q*(s,a) =
#(s,a) T w*), found by optimistically minimizing the value
of the current state s; (roughly min, ¢(s¢,a) " w;) over a
confidence set of wy, and then simply act according to
argmin, ¢(s¢,a) wy. The main differences are the con-
struction of the confidence set and the conditions under
which w; is updated, which we explain in detail below.

Confidence Set For a parameter B > 0 and a weight
vector w € RY, inspired by (Zhang et al., 2021) we define a
variance-aware confidence set for time step ¢ as

) 2w, B), )

JE€EITB
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where Jp = {[logye],..., [log,(6VdB)]} with ¢ =
o and Q (w, B) = B(3v/dB)N

> clip; (¢ v)ets, , (w')

i<t

{w' Vv € G4 (6VdB),

< \/ZC|ip§(¢¢TV)77”vw,B(w’)LB,t+B2J¢B,t )

i<t

with B(r) = {z € R?: ||z, < r} being the d-dimensional
Lo-ball of radius r, G¢(r) = {én,n € Z}¢ N B(r) being
the {-net of B(r), clip,(z) = [z](_gs 24 (recall [z, =
min{max{xz,l},r}), ¢; being a shorthand of ¢(s;,a;),
Vi.g(s) = ming[¢(s,a) w) 0,25 (and V,, p(g) = 0),
€y (w') = 9T’ — i — V(s)), iy () = €}, ()2, and
finally 15, = 2''dIn 234B! for some failure probability
0. The key difference between our confidence set and that
of (Zhang et al., 2021) is in the definition of €}, (w’) and
ni,(w’) due to the different structures between linear MDPs
and linear mixture MDPs. In particular, we note that the
value function V' (more formally V,, g) in our definitions is
itself defined with respect to another weight vector w.

With this confidence set, when VA-GOPO decides to update
wy, it searches over all w such that w € Q;(w, B;) and
finds the one that minimizes the value at the current state
Vw.B, (s¢) (Line 2). Here, B; is a running estimate of B,.
VA-GOPO maintains the inequality V;(s;) < B; during
the update by doubling the value of B; and repeating Line 2
whenever this is violated (Line 3). Note that the constraint
w € Q4 (w, By) is in a sense self-referential — we consider
w within a confidence set defined in terms of w itself, which
is an important distinction compared to (Zhang et al., 2021)
and is critical for linear MDPs.

To provide some intuition on our confidence set, denote
Viw,.B, by Vi and Q;(w¢, By) by Q. Note that if we ig-
nore the dependency between V; and {¢;};<; (an issue
that will eventually be addressed by some covering argu-
ments), then {e%,t (w')}i<t forms a martingale sequence
when w' = w; £ 6* + [ Vi(s')du(s'), and thus the in-
equality in Eq. (3) holds with high probability by some
Bernstein-style concentration inequality (Lemma 36). For-
mally, this allows us to show the following.

Lemma 3. With probability at least 1 — 0, wy € y, Vt > 1.

Since wy is also in €2, the difference between ¢(s, a) " w;
and c(s,a) + Eyp, , [Vi(s')] = ¢(s,a) T @, is controlled
by the size of the confidence set €2;, which is overall shrink-
ing and thus making sure that w; is getting closer and closer
to w*. In addition, we also show that V; is optimistic at
state s; whenever an update is performed and that B; never
overestimates B, significantly.

Lemma 4. With probability at least 1 —0, we have V;(s;) <

V*(s¢) if an update (Line 2) is performed at time step t, and
B, < 2B, forallt.

Update Conditions VA-GOPO updates w; whenever
one of the three conditions in Line 1 is triggered. The
first condition s;_; = g simply indicates that the current
step is the start of a new episode. The second condition is

3j € Tp, v € Gep(6VdBy) : &) (v) > 84°®),(v), (4

where ¢’ is the most recent update time step (Line 4) and
Ol (v) = ., fi(0] v)+27 w5 with f;(z) = clip; (z)a.
This lazy update condition makes sure that the algorithm
does not update w; too often (see Lemma 27) while still
enjoying a small enough estimation error. The last condi-
tion Vi (s;) = 2B, (we call it overestimate condition) tests
whether the current state has an overestimated value (note
that 2B, is the maximum value of V;, due to the truncation
in its definition). This condition helps remove a d'/# factor
in the regret bound without using some complicated ideas as
in previous works; see Appendix C.4 for more explanation.

Regret Guarantee We prove the following regret guar-
antee for VA-GOPO, and provide a proof sketch in Ap-
pendix 4.1 followed by full proofs in the rest of Appendix C.

Theorem 6. With probability at least 1 — 64, Algorithm 3
ensures Ry = O(d*°B,VK + d"B2).

Ignoring the lower order term, our bound is (potentially)
suboptimal only in the d-dependency compared to the lower
bound Q(dB,/K) (Min et al., 2021). We note again that
this is the first horizon-free regret bound for linear SSP: it
does not have any polynomial dependency on 7} or - L

even in lower order terms. Furthermore, VA-GOPO also
does not require the knowledge of B, or 7). For simplicity,
we have assumed c,;n, > 0. However, even when ¢, = 0,
we can obtain essentially the same bound by running the
same algorithm on a modified cost function (Appendix A).

4.1. Proof Sketch of Theorem 6

We focus on deriving the dominating term and ignore the
lower order terms. For notational convenience, define ¢; =
1B t» Jt = IBy» Pr = P, q,, and Cy = 22:1 c(si,a;).
We divide the whole learning process into epochs indexed
by [, and a new epoch begins whenever w; is recomputed.
Denote by ¢; + 1 the first time step in epoch [, and for a
quantity, function or set f; indexed by time step ¢, we define
fi = fi,+1. Denote by [; the epoch time step ¢ belongs
to, and we often ignore the subscript ¢ when there is no
confusion. Clearly, V; = V}, and similarly for wy, wy, ¢;, €
(ignoring the dependency on ¢ for [).

By some straightforward calculation, we decompose the
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regret as follows:

T T
RKSE[V PtVz-i-g | (W — wy)|
t=1 t=1
DEVIATION ESTIMATION-ERR

+

M=

(Vilsus1) = Vilst,,)) = K - V7 (s

1

SWITCHING-COST

‘We bound each of these terms as follows.

Bounding DEVIATION This term is a sum of martingale

S V(P W)
B*CT + B*

difference sequence and is of order (5(

We then show that Zthl V(P, V) <
ESTIMATION-ERR (see Lemma 21).

Bounding ESTIMATION-ERR Here the variance-aware
confidence set ); comes into play. We define 1, =
argmax, _g . weo, |0 vl By wi € €, we have
|¢tT({le - wl)} |¢tT1/t|. Thus, it suffices to bound
S |¢d ve]- Asin (Kim et al.,, 2021), the main idea is
to bound the matrix norm of v, w.r.t some special matrix
by a variance-aware term, and then apply the elliptical po-
tential lemma on {gbt}t We define a special covariance
matrix W;,(v) = 291 + 3, _, min{1,27/|¢) v|} ¢;:0],
such that &/ (v) = ||V||ijl(y). For any epoch I, j € 7,
and v = w; — w with w € §);, we have the following key
inequality (see Lemma 24):

2 Y V(P V. 5)
i<ty

One important step is thus to bound ., V(F;, ;). Note
V(Pt7 ‘/l)a and by

2
||V||ijl(1/) S

that this term has a similar form of 37,
a similar analysis (see Lemma 23):

Y V(P V) S B.Cy +B. Y |6/ v (6

t<t; t<ty
where v; = argmax,_z ., weq, |¢>tT 1/{ (note that here [
is fixed and independent of ¢). Define j; € J; such that
| v;| € (27:=1,29¢]. By Eq. (5):

|¢t Vt| S H(thW_,l(Vt) HVtHW/ L)

Sl ([ le0vil [ VPViu. @)
¢ i<t

Solving for |¢/ v{| and by 3, H@H?’V;ll(vé) = O (d)

(similar to elliptical potential lemma), we get

Z|¢ Vt’_

fvi|=0d > V(P V)u
t<t, 1<t

Plugging this back to Eq. (6) and solving a quadratic in-
equality, we get: ZKtl V(P;, Vi) < B,Cy, (Lemma 23).
Now by an analysis similar to Eq. (7) (Lemma 22):

Z|¢t Vt| <d22”¢t”w I(y,) /ZV Pl)‘/l
i<t

5 d3.5 /B*CT7

where j; € J; such that |¢] 14| € (27t 27]. The extra
d? factor is from the inequality ®] (v) < 8d*®7 (v).

Bounding SWITCHING-COST By considering each
condition of starting a new epoch, we show that
SWITCHING-COST = O(dB, — L), where L’ is the num-
ber of epochs started by triggering the overestimate condi-
tion; see Appendix C.3. We provide more tuition on includ-
ing the overestimate condition in Appendix C.4. In short,
it removes a factor of d*/* in the dominating term without
incorporating unpractical decision sets as in previous works.

Putting Everything Together Combining the bounds
above, we get R = Cpr — KV*(sinit) < d35v/B,Cr.
Solving a quadratic inequality w.r.t v/C, we have Cp <
B, K. Plugging this back, we obtain Rx < d*°B, VK.

5. Conclusion

In this work, we make significant progress towards better
understanding of linear function approximation in the chal-
lenging SSP model. Two algorithms are proposed: the first
one is efficient and achieves a regret bound strictly better
than (Vial et al., 2021), while the second one is inefficient
but achieves a horizon-free regret bound. In developing
these results, we also propose several new techniques that
might be of independent interest, especially the new analysis
for the finite-horizon approximation of (Cohen et al., 2021).

A natural future direction is to close the gap between ex-
isting upper bounds and lower bounds in this problem, es-
pecially with an efficient algorithm. Another interesting
direction is to study SSP with adversarially changing costs
under linear function approximation.
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A. Preliminary

Extra Notations in Appendix For a function X : S, — R and a distribution P € As, , we define PX = Eg.p[X(9)]
and V(P, X) = VARgp[X (S5)].

Cost Perturbation for c,,,;, =0 We follow the receipt in (Vial et al., 2021, Appendix A.3) to deal with zero costs: the
main idea is to run the SSP algorithm with perturbed cost c.(s,a) = ¢(s, a) + € for some € > 0, which is equivalent to
solving a different SSP instance M, = (S, A, Sinit, g, Ce, P). Let 07 = 0* + €., u(s'). Then, cc(s,a) = ¢(s,a)T0%.
Therefore, M. is also a linear SSP with ¢, = € (up to some a small constant, since c.(s, a) can be as large as 1 + ¢).
Denote by V.* the 0pt1ma1 value function in M, and define Ry = >, cc(s¢,a:) — KV (sinit) as the regret in M.. We
have V*(s) < V™' (s) + €Ty < B, + €T, and

T
Ry = Z C(3t7 Cbt) Slmt Z St; at KV (Smlt) + K(V (51n1t> V*<sinit)) < RIK + el K.

t=1 t=1

Therefore, by running an SSP algorithm on perturbed cost c., we recover its regret guarantee with cy,iy, <— €, By < B, +€15,
and an addition bias €7} K in regret.

B. Omitted Details for Section 3

Notations For M , denote by V;"(s) the the expected cost of executing policy 7 starting from state s in layer h, and
by 7™ the policy executed in interval m (for example, 7 (s, h) = argmin, Q}'(s, a) in Algorithm 2). For notational
convenience, define P} = ]Bs;lt,a;?, and wi = 0% + [V5, (s")du(s) for h € [H] such that Q}(s,a) = ¢(s,a) w

Define indicator I (s ) = ]I{s = s’} and auxiliary feature ¢(g,a) = 0 € R% for all a € A, such that ¢(s,a) = ¢(s,a) T 6*
and PS V= ¢(s,a) f V(s ) forany s € Sy, a € AandV : S; — R with V(g) = 0. Finally, for Algorithm 2,

define stopping time M = 1nfm{m g M,3h € [H] : Q7 (s, ap) > QP (sy*, ap*)}, which is the number of intervals
until finishing K episodes or upper bound truncation on () estimate is triggered.

B.1. Formal Definition of Q); and V}*

It is not hard to see that we can define )7, and V}* recursively without resorting to the definition of M:
Qh(s,0) =&(s,a) + PoaViir,  Vii(s) = minQj(s,a),

with Q7,1 (s,a) = cy(s) forall (s, a).

B.2. Proof of Lemma 1

Proof. Denote by 7, the set of intervals in episode k, and by my, the first interval in episode k. We bound the regret in
episode k as follows: by Lemma 17 and H > 4T, In(4K), we have the probability that following 7* takes more than H

steps to reach g in M is at most 5. Therefore,

sy

Vfr*(s) < V™ (s)+ 2B, P(sgy1 # gln*, P,sy = s) < V™ (s) + f*

Thus,

S S s X o +

meZy h=1 meZy h=1
< B
_ mg x
—z(zch )+ X0 ) v+
meLy = meLy
- B
< Z (Zczn—l—cf(s’ﬁﬂ)—vl*(s?)) +f*'
mEIk h=1

(Vi (s) S Vi (s) and 32, ez, VI (sT%) = VI (1) < 2B.(|Tal = 1) = X,.e7, €7 (5H 1)
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Summing terms above over k € [K] and by the definition of R, Ry we obtain the desired resul. O

B.3. Proof of Lemma 2
We first bound the error of one-step value iteration w.r.t @;L” and V") |, which is essential to our analysis.

Lemma 5. For any B > max{1, max, c¢(s)}, with probability at least 1—§, we have 0 < ¢(s, a)—l—}SSTth"j_l —Q\’ﬂf (s,a) <
2Bm | ¢(s,a)|| y-1 and V}*(s) < Vi¥(s) for any m € Ny, h € [H].

Proof. Define @} = 0* + [V, (s')du(s'), so that ¢(s,a) T @} = &(s,a) + Py oV}, Then,

~m mo__ —1 ~7n/ 77l 77l m
wy' —wp' = A, ( - E E ¢ G h+1(3h’+1))>

m’/=1h'=1
m—1
= MGl + AL Z quh (PR Vimy = Vi (spi') -
m’=1h'=1

m
€h

By Vj7} 1 (s) < B and Lemma 31, we have with probability at least 1 — 0, for any m, h € [H]:

d mH + \ N mee
m < 2 A e
|les HAm < QB\/2 In ( 5y > +1n 5 ﬁ , (8)

where M is the e-cover of the function class of V;"}; with e = —L=. Note that V;%, (s) is either c;(s) or

Vita(6) = [mn 000,00 T — B oo, Tols0)|

[0,B]

for some PSD matrix I' such that y—— + 7 < Amin(I') < Apax(I) < % by the definition of A !, and for some w € R4
such that [[w||, < Anax(T) x mH x sup, , [[9(s,a)l, x (B+1) < (B + 1) by the definition of w]". We denote by
V the function class of V; ;. Now we apply Lemma 32 to V with a = (w,T'), n = d* +d, D = mH~d(B 4+ 1)/\ >

max{=Z (B + 1), \/d/\2} (note that |T; ;| < [Tz = \/Zle A(T) < \/d/X?), and L = B,,v/A + mH, which is
given by |[z]j0,5] — [¥]j0,5| < |z — y| (Vial et al., 2021, Claim 2) and the following calculation: for any Aw = ee; for
some € # 0,

‘% |(w+ Aw)Té(s,a) — w T é(s,a)| = |e] d(s,0)| < [6(s,a)] < 1,

and for any AT = eeie;r,

I%I ’ B[ (5,0)T (T + AT)6(5,0) — Bim/9(5,0) TT(s,a)
|¢(S7Q)Teie;¢(s,a)|
¢(s,a) TT'é(s,a)
|9(s,a) " (5eie + 3eje])d(s,a)
¢(s,a) 'T'o(s,a)

¢(s,a)"¢(s, a) Bm et
SBm\/(bsa'rsta <\/)\mm < By A+ mH.

Lemma 32 then implies In V. < (d? + d) In 324> °Bm?H B, Plugging this back, we get

Ae
B
5

< Bm Vutv—u<

< Bm (Jab] < 3(a® +0%))

lerlla,, < )
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Moreover, || @} ,-1 < @, /VA < /d/A(1 + B). Thus,
lwp" = @itlly,, < AR anr + lleR s, < Bm-

Therefore, &(s,a) + PeoVyity — Q' (s,a) = é(s,a) T (@} — wi') + B |6(s,0) |52 € [0,2Bm [|6(s,a)] 2] by
B(s,a) T (W —wit) € [— ||6(s, a) W Wyt H(b(s a)||A v[[wy® —wply, | and the first statement is proved.
For any m € N, we prove the second statement by inductionon h = H 4+ 1,...,1. The base case h = H + 1 is clearly
true by Vi 1 (s) = Vi1 (s) = cf(s). For h < H, we have by the induction step:

Qr(s,a) < e(s,a) + Py oV, < &s,a) + Py oVirey < Qp(s,a).

Thus, V;™(s) < min, max{0, @ZL(S, a)} < min, QF(s,a) = Vi (s). O

Next, we prove a general regret bound, from which Lemma 2 is a direct corollary.

Lemma 6. Assume c(s) < H. Then with probability at least 1 — 26, Algorithm 2 ensures for any M' < M

EM/ =0 (\/er dzBH) .

Proof. Define ¢fj , = cy(s7},). Note that for m < M, we have V™ (s}") = max{0, @’,f(s;’f, aj’)}, and with probability
at least 1 — 6,

H+1 H+1 H+1 H+1
Z cp = Vi(s1") Z =" Z ch = Ql 1", ay’) Z cp = PrVet + 26, ‘|¢(571naa71n)||/\,—nl
h=1 h=2
(Lemma 5)
H+1
= Z ch = Vo' (s5') + (Isp = B V5™ + 2Bm [[¢(s1", a1") [ 55
H
<23 (g, = Pra)Virta + 28m (i, i)l ) - (CHa1 = Vi1 (5K )
h=1
Therefore, by Lemma 18 and Lemma 38, with probability at least 1 — §:
_ _ M'—-1 H
Bar < Bara+ H < Y 3 (g, = Pt Vil + 28 6(s5 a0 ) + H
m=1 h=1
— O (V@B HM + d*BH).
O

We are now ready to prove Lemma 2.

Proof of Lemma 2. Note that when B = 3B,, V;*(s) < Vi*(s) < 3B, = B by Lemma 5. Thus, M = M, and the

statement directly follows from Lemma 6 with M’ = M. O

B.4. Learning without Knowing B, or T,

In this section, we develop a parameter-free algorithm that achieves @( VAB3K/ Cmin+d° Bf /Cmin ) regret without knowing
B, or T}, which matches the best bound and knowledge of parameters of (Vial et al., 2021) while being computationally
efficient under the most general assumption. Here we apply the finite-horizon approximation with zero terminal costs, and
develop a new analysis on this approximation.
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Algorithm 4 Adaptive Finite-Horizon Approximation of SSP

Input: upper bound estimate B and function U (B) from Lemma 8.

Initialize: 2( an instance of finite-horizon algorithm with horizon [(13—3 In(8BK)].
Initialize: m =1, m' =0,k = 1, s = Sjnit.

while £ < K do

Execute 2A for H steps starting from state s and receive sf; , ;.

if s7 ., = gthen k< k+ 1,5 < spp; elsem’ < m’ + 1,5 < s, ;.

if m' > U(B) or A detects B < B, then

B+ 2B.
L Initialize 2 as an instance of finite-horizon algorithm with horizon [ == 105 Z In(8BK)].

m’ « 0.
|l m<+— m+1.

Finite-Horizon Approximation of SSP with Zero Terminal Costs To avoid knowledge of B, or T, we apply finite-
horizon approximation with zero terminal costs and horizon of order O( —) for some estimate B of B,, that is, running

Algorithm 1 with ¢f(s) = 0 and H = O(-Z
Ry by R M, and there is a tighter bound on the total number of intervals M when B > B,.
Lemma 7. Algorithm I with cy(s) = 0 ensures R < Ry + Bi Zﬂj\le {sH 1 # g}

). We show that in this case there is an alternative way to bound the regret

Cmin

Proof. Denote by Zj, the set of intervals in episode k. We have:

RK_z(z S - ):i(z (zch Vi (sp >+ > v1*<s;n>—v*<sim>>

k=1 \m€Z, h=1 k=1 \mé€Z, \h=1 meZy
_ M
<Ru+B. Y sk, #g}- (Vi*(s) < V*(s) < B. by ¢s(s) = 0)
m=1

O

Lemma 8. Suppose when B > B,, A with horizon H = [XEn(8BK)] ensures max{Ry, Z%,:l(vl"m (st") —

VF(s™)} = O(v0(B) + v1(B)VM') for any M’ < M with probability at least 1 — §, where ~y, ~1 are functions of B
and are independent of M'. Then Algorithm 1 with c;(s) = 0 ensures with probability at least 1 — 44,

M

" HsHio # 9} = O (10(B)/B+m(B?/B* + n(BWE/B) £ U(B).

m=1

Proof. For any finite M’ < M, we will show Z%,IH{SHH # g} = O(y(B)/B + 1 (B)?/B? + 71(B )\F/B)
which then implies that Z 1 I{s%,1 # g} has to be finite and is upper bounded by the same quantity. Define V1 (s) =

[Z h:l c(sn,an)|m, P, sy = s] as the expected cost for the first H /2 layers and V;* as the optimal value function for the first
H /2 layers. By (Chen etal., 2021a, Lemma 1) and B > B,, we have V*(s)—V;*(s) € [0, g5z] and V*(s)=V*(s) € [0, 73]
Moreover, when s}, | # g, we have ), /2 ¢y > 2B. Denote by P,,(-) the conditional probability of certain event
conditioning on the history before interval m. Then with probability at least 1 — 9,

M’ _ M’
2B Z Pr(st1 # 9) + Z VI (sT) = Vi (sT) oK T Z Vi (s7) = Vi (7))

(QBZm 1 P(8Tr1 # 9) + Vl " (st ) < V1 "(s7) and Vi (s) < V*(s) < Vi(s) + 4%)

M/
1 ~
< Y4 E I{s%r 1 ;ég}+(9<70(B)+71(B)vM') (M' < K—i—Z L I{s% .1 # g} and guarantee of )
m=1

M’

% Z Po(sfh #9)+0 (’yo(B) + ’yl(B)\/M) . (Lemma 39)
m=1

IN
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Then by V™" (s7") > V;*(s7) and reorganizing terms, we get ng/ Po(sf #£9) = O(y0(B)/B +v1(B)VM'/B).
Again by Lemma 39, we have with probability at least 1 — §:

M’

> Hshii £gb=0 §jpsﬁu 9)| = 0 (20(B)/B+(B)VA'/B).

m=1

By M' < K + Z:‘f;lﬂ{sﬁﬂ # ¢} and solving a quadratic inequality w.r.t \/Z%/:l s, # 9}, we get

Zn]\f;l s, # g} = O(0(B)/B + m(B)?/B? + 71 (B)VK/B). Thus, we also get the same bound for
M m

Zm:1 ]I{SH-H # 9} O

Remark 1. Note that the result of Lemma 8 is similar to (Tarbouriech et al., 2020, Lemma 7), which also shows that
the number of “bad” intervals is of order @(\/E) However; their result is derived by explicitly analyzing the transition
confidence sets, while we only make use of the regret guarantee of the finite-horizon algorithm. Thus, our approach is again
model-agnostic and directly applicable to linear function approximation while their result is not.

Note that Lemma 7 and Lemma 8 together implies a (7)(\/? ) regret bound when B > B,. Moreover, since the total number
of “bad” intervals is of order (7)(\/7( ), we can properly bound the cost of running finite-horizon algorithm with wrong
estimates on B,. We now present an adaptive version of finite-horizon approximation of SSP (Algorithm 4) which does
not require the knowledge of B, or T. The main idea is to perform finite-horizon approximation w1th zero costs, and
maintain an estimate B of B,. The learner runs a finite-horizon algorithm with horizon of order O( ) Whenever A
detects B < B,, or the number of “bad” intervals is more than expected (Line 1), it doubles the estimate "B and start a new
instance of finite-horizon algorithm with the updated estimate. The guarantee of Algorithm 4 is summarized in the following
theorem.

Theorem 7. Suppose 2 takes an estimate B as input, and when B < B,, it has some probability of detecting the
anomaly (the event B < B,) and halts. Define stopping time M = min{M, infm{anomaly detected in episode m}},
and suppose for any B > 1, % with horizon H = [2°E In(8BK)] ensures max{ Ry, Z LV (ST = VE(sT)) =

O(10(B) +m (B)VM') for any M" < M, where Y0 (B)/B,v1(B)/B are non-decreasing w.r.t B. Then, Algorithm 4
ensures R = O(v0(By) + 71 (B)VK + v1(By)?/B,) with probability at least 1 — 40.

Proof. We divide the learning process into epochs indexed by ¢ based on the update of B, so that By = B (the input value)
and By, 1 = 2By. Let ¢* = ming{B, > B, }. Define the regret in epoch ¢ as Ry = Cy — ZkelC¢ V*(sF), where Cy is

the total costs suffered in epoch ¢, KCy is the set of episodes overlapped with epoch ¢, and s1 ¥ is the initial state in episode
k and epoch ¢ (note that an episode can overlap with multiple epochs). Clearly, > [K4| < K + ¢* < K + O(log, By).
Note that 2/ satisfies the assumptions in Lemma 8, since no anomaly will be detected when B > B,. Thus in epoch ¢*, no
new epoch will be started by Lemma 8. Moreover, by Lemma 7 and By~ < 2B,, the regret is bounded by:

Ry =0 <70( +m(B.)VEK +U(B,) + B.U(B ) =0 ('VO(B*) +n(BIVE + 71(3*)2/3*) :

For ¢ < ¢*, by the conditions of starting a new epoch, the number of intervals that does not reach the goal is upper bounded
by U(B,) and the total number of intervals in epoch ¢ is upper bounded by K + U(B,;). Thus by Lemma 7 and the
guarantee of 2,

Ry=0 <70(3¢) o (By)\/K + U(By) + B*U(B¢)) =0 (10(B.) + n(BIVE +1(B.)*/B.),

where the last equality is by the fact that vy (B),~1(B) and U(B) are non-decreasing w.r.t B. Thus,

K K
Ri =3 Co =) V(sim) = Z Ro+ D> VAT = Y V(i)
¢ k=1 k=1

b keK,

=0 (n0(B. +w<>Jme»/&)
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Algorithm 5 MVP+

Input: an estimate B such that B > B,.

Initialize: n(s,a),n(s,a,s’),Qn(s,a), Vi(s), Vai1(s) = 0for (s,a) € Sy x A, s € S1, h € [H].
fork=1,...,Kdo

forh=1,...,Hdo

Take action a; = argmin, Qp(s¢, a), incur cost ¢(s¢, a;) and transit to s} ~ ﬁshat.

n(st, ap)  n(sg, ar) + 1, n(se, ag, s5) < n(s, a, 8) + 1.

if n(s,a) = 27 for some j € N then

forh=H,...,1do

for (s,a) € S x Ado

Ls,a — 20 hl %;(s,a)’ ps,a(sl) — % fOI' all 8/ € S+.

JV(Ps,0,Vit1)ts,a 49Bts,a
bh(s’ 0,) — max {7 max{l,'r’LErs,a)} ’ max{1,n(s,a)} }

Qn(s,a) + max{0,¢(s,a) + PsoViy1 — br(s,a)}.
Vi (s) = argmin, Qp(s, a).

Theorem 8. Applying Algorithm 4 with Algorithm 2 as 2 to the linear SSP problem ensures R = O(\/d® B3K /cmin +
d3 B2/ cyuin) with probability at least 1 — 46.

Proof. Note that M =1 for Algorithm 2, and Lemma 6 ensures that Algorithm 2 satisfies assumptions of Theorem 7
with 7o(B) = d>BH and v (B) = V& B2H, where H = [ 18 In(8BK)] (bounding "0 (V7™ (s7) — V¢ (s7")) is
straightforward following similar arguments in Lemma 6). Then by Theorem 7, we have: Ry = @( d3B3 K /eimin +
d®B? /cmin). O
Remark 2. Comparing the bound achieved by Theorem 8 with that of Theorem 3, we see that % is in place of T, making
it a worse bound since T, < ci;*n' Previous works in SSP (Cohen et al., 2021, Tarbouriech et al., 2021; Chen et al., 2021a)

suggest that algorithms that obtain a bound with dependency o
with dependency on T,. Our findings in this section are consistent with that in previous works.

B.5. Horizon-Free Regret in the Tabular Setting with Finite-Horizon Approximation

Here we present a finite-horizon algorithm (Algorithm 5) that achieves R, = (’N)(B* VSAm + B,S?A) and thus gives
Ry = (7)(3* VSAK + B,S?A) when combining with Corollary 2. For simplicity we assume that the cost function is
known. We can think of Algorithm 5 as a variant of EB-SSP, which is applied on a finite-horizon MDP with state space
S x [H] and the transition is shared across layers. Note that due to the loop-free structure of the MDP, the value iteration
converges in one sweep. Thus, skewing the empirical transition as in (Tarbouriech et al., 2021) is unnecessary. Then
by the analysis of EB-SSP and the fact that transition data is shared across layers, we obtain the same regret guarantee
R, = O(B.VSAm + B S2A) (it is not hard to see that the algorithm achieves anytime regret since its updates on
parameters are independent of K).

B.6. Application to Linear Mixture MDP

In this section, we provide a direct application of our finite-horizon approximation to the linear mixture MDP setting. We
first introduce the problem setting of linear mixture SSP following (Min et al., 2021).

Assumption 2 (Linear Mixture SSP). The number of states and actions are finite: |S x A| < co. For some d > 2, there
exist a known cost function ¢ : S x A — [0,1], a known feature map ¢ : S x A x S, — RY, and an unknown vector
0* € RY with ||0* ||, < V/d, such that:

e forany (s,a),s’ € S x A x ST, we have P ,(s') = (¢(5'|s,a),0%);

e for any bounded function F : S — [0, 1], we have ||¢r (s, a)|l, < Vd, where ¢p(s,a) =3, #(s'|s,a)F(s') € R
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Algorithm 6 UCRL-VTR-SSP

Initialize: A = 1, 21,21 = A, bl,b1,91,01 =0.

Define: Bm = 8\/d1n 1+ dmH/\) In(4m2H?/6) + 4V/dIn(4m>H?/8) 4+ v/ \d.

Define: 3, = 72B2\/dIn(1 + 81dmHBX/X) n(4m2H? /6) + 36 B2 In(4m2H?2/6) 4+ v/Ad.
Define: 3, = 8d\/In(1 + dmH/\) In(4m2H2/§) + 4v/dIn(4m>H? /5) + V/Ad.
form=1,...,M do

forh=H,...,1do

Qm(a'):E('a')+<m,¢Vh+l(7 > 5711H¢ h+1 BN ’
| ( ) mina[Qz’L('a a)][O,3B*]-

forh:l,...,Hdo

Take action a}' = argmin, Q}"(s}", a), suffer cost cj*, and transit to next state s, ;.

Vi = [<¢( Vita) (S;Ln’a;‘n)’gmﬂ[o,gm] [<¢Vh+1(szn,a21),§m>h20 3B,]
El* = min {933, B |62 (57 a;;l)H~ } + min {9337 6B, B [[ovy, (577, )
| o = /max{9B2/d,vj" + EJ'}.
St =S + 0 (G7) 2o (sptyapt) oy (sityap) T
Smt1 =S+ ey b2 (i ap )by (st apt) T
bm+1 = bm + Zh (o)~ 2Vh+1(5h+1)¢vh"jr1(5h ,ap').
b i1 = b + X pe 1 Vit (sia)* @ 2 (5 ai).

~

Omt1 = (im—&-l) bm+1’ 9m+1 — Emi_lgm+1~

. where V7', | (s) = 2B,I{s # g}.

i—l}'

We also assume B, is known and ¢y, > 0. Define &(s,a) = c(s,a)l{s # g}, P = {Ps.at(s,a)esxa U{Pyataca

with P, ,(s") = I{s’ = g} as before, and ¢(s'|g,a) = I{s" = g} > .., ¢(s"|sinit, a). Note that by the definitions above,
Py oF = (¢r(s,a),0%). Also define total costs Ciyr = fo (SO @n for any M’ € N With our approximation
scheme, it suffices to provide a finite-horizon algorithm. We start by stating the regret guarantee of the proposed finite-

horizon algorithm (Algorithm 6).

Theorem 9. Algorithm 6 ensures INBMr = @(B*\/dM’H + BydvVM' + B,d’H + B,d*®) for any M' € N, with
probability at least 1 — 56.

Combining Algorithm 6 with our finite-horizon approximation, we get the following regret guarantee on linear mixture SSP.

Theorem 10. Applying Algorithm 1 with H = [4T, In(4K)| and Algorithm 6 as 2 to the linear mixture SSP problem
ensures Ry = O(B,VdT K + B,dVK + B,d*T, + B,d*®) with probability at least 1 — 56.

Proof. This directly follows from Theorem 9 and Corollary 2 with 79 = B,d?>H and y; = B,V dH + B,d. O

Note that our bound strictly improves over that of (Min et al., 2021), and it is minimax optimal when d > T,. Now we
introduce the proposed finite-horizon algorithm, which is a variant of (Zhou et al., 2021a, Algorithm 2). The high level
idea is to construct Bernstein-style confidence sets on transition function and then compute value function estimate through
empirical value iteration with bonus. We summarize the ideas in Algorithm 6. Before proving Theorem 9, we need the
following key lemma regarding the confidence sets on transition function.

Lemma 9. With probability at least 1 — 30, we have for all m € N, ‘ 0* — 0, < B and v = V(P Vimy)| <
E}’[Z‘L. mn
Proof. For the first statement, we first prove that HH (. < ﬂm and HG O, . < Em for m € N;. We adopt

m m

the indexing by ¢ in Section 2: for a given time step ¢t = (m — 1)H + h that corresponds to (m, h), that is, the h-th step
in the m-th interval, define 5, = &3', V; = V;"i, vy = v}*, and E; = E}'. We apply Lemma 33 with 7y = o(s1.¢, a1.¢),
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Ty =0, Yov, (se,as), yr = &f_ Wi(sh), p* = 0%, m = 6;1 (Vt(st) <¢w(5t,at) 0* >) Then, we have Z, = S, py = 0,,
where Et )\I—i—z 10, (bv (54,0:)bv: (s5,a;) T 9,5 E bt,and bt ZZ 10; (bv (8i,a;)Vi(sh). Moreover,

ne] < R=Vd, E}|G) < o =d, ||ze]l, < L =d, ||u*]l, =", < Vd.

Therefore, with probability at least 1 — §, for any ¢ = (m — 1) H for some m € N, which corresponds to (m — 1, H):

H@m —0*|| . < 8dy/In(l + d2t/(dN) In(42/3) + 4V In(442/8) + VAd < fon.

Xm

Next, we apply Lemma 33 with F; = o(s1.4,a1.¢), Tt = qbvz(st,at) ye = V2(s)), pro= 05,y = V2A(s,) —
<¢Vtz(st7at) 0* > Then, we have Z; = Et,ut = 9,5, where Et =\ + ZZ 1¢v2(81, a;)dy (sz,ai)—r, 5,5 = it_lgt,
and b, = Zz 1¢Vz(sl,az)V2( %). Moreover,

me| < R=9B%, Elf|Gi] < 0 = 81BY, |4y < L=9BIVd, [|u*]ly = 0*[l, < Vd.

Therefore, with probability at least 1 — §, for any ¢ = (m — 1) H for some m € N, which corresponds to (m — 1, H):

Hém — 0| < 72B2/dI(1+ SUBL/(AN) n(47/5) + 36 B2 n(41/6) + VAd < .

5’"”5,% < B,

Conditioned on the event C = {
(m, h):

0* — gmHE < Bm, Vm € N4 }, we have for ¢ corresopnding to

lve = V(B Vi)
< ’|:<¢Vt2(st7at)a§m>} 0,952] - <¢V3(St,at)»9*>’ + ‘ |:<¢‘/t (8t7at)a§m>:| [20733*] — (¢v, (Staat)79*>2
<¢Vf (St,a1), O — 9*> <¢w(5t, ar), O — 9*> }

N

Pv2 (51, at)’ - . } + min {933, 6B, [[pv, (s, ar) |51

m

< min {933,

} -+ min {933, 68,

é;n - 9* é\m - 0*

1

< min {933,

< min {9BE,Em H¢V3(5t, ar)

‘il} +min{9Bf,GB*Bm ||¢Vt(st,at)||§;zl} = E,.

< B\m. We conditioned on event C, and apply

Thus the second statement is proved. Now we show that ‘ m‘ N

Lemma 33 with F; = 0(51 ¢, 01 t), Tt = Tf ¢Vt(st,at) yt =3, V}(st) wr=0*n = 6{ (Vi(sy) — (dv, (¢, at), 6%)).
Then, we have Z; = Et, Ly = 9,5 Moreover, < L = d, and for ¢ corresponding to (m, h),

EM? |G =6, 2V (P, Vi) < 6,2 (ve + Ey) < 1

Therefore, with probability at least 1 — §, for any ¢t = (m — 1) H for some m € N, which corresponds to (m — 1, H):

Hém —¢*|| . < 8/dI(L + dt/N) In(462/8) + 4Vd (412 /8) + VA < Bin.

m

This completes the proof. O

We are now ready to prove Theorem 9.

Proof of Theorem 9. We condition on the event of Lemma 9, Lemma 10 and Lemma 11, which happens with probability at
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least 1 — 45. We decompose the regret as follows: with probability at least 1 — 4,

M’ H M’
Ry = <Z cp' + e (shp) = Vi (st ) < Z (Z cn +cp(SHe1) — Vf”(sﬁ”)) (Lemma 10)
m=1 \h=1 h=1
M H
= D (e + Vil (sita) = Vi (si) (cy =V
m=1h=1
M H
< Z <Vhﬁ1(521+1) = PV + <9* = Om, dvym (sp", a?)> + Bm H¢Vhfﬁr1(32nyazq) §1>
m=1h=1 m
V(i) 2 QR (st af?) = e + (B v, (5701)) = B | vy, (o) )
) M H
co (|| S Sovrp v+ 5+ 35 30 o G,
m=1 h=1 m=1h=1 Brm

(Lemma 38, Cauchy-Schwarz inequality, and Lemma 9)

The first term is of order O(y/BZM’' + B, CM/) by Lemma 11. For the third term, define Z =
{(m,h) e [M'] x H¢>Vh+1 s all /ah’ }andf{me [M'] - det(Spni1) > 2det(S,,)}. Then,

M H M H
S B v sitsain) |y = D2 D Bt v, (siait) o
m=1h=1 "

S—1

m=1h=1
~ M/ H ~ ~ ~
<O > Bad|+>. > Buop mln{l v, (sit ait) [og A_l} (B = O(Vd) and Vi | = O(B,))
Xm
(m,h)eT m=1h=1
0 - M H
=0 | B,d*H + ZB*dH Z mOh mln{ o (sh'yap') /o - }
me? m=1h=1 m+1
) M H 5
S CXCREIND 9D SLEND 9D oSS TN VTRV
m=1h=1 =1h=1 m+1
(IZ| = O(d) and Cauchy-Schwarz inequality)
=0 , (EM/ = @(ﬂ) and Lemma 29)

where in (i) we apply Bma,g" = @(B*d), Lemma 30, and:

M 9 M H
IZ| = Z ZH{H¢Vm sptapt) /o Hi—l > 1} < Z Zmln{

m=1h=1
M H
§|I|H+\/§ZZmin{1,

=O(dH). (IZ| = O(d) and Lemma 29)

2
$-1

2
o (s ap)/or } (Lemma 30)

(v, (s oy
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It remains to bound Zm LS (3772, Note that

M H 9B2 M' H
S o < A S S g+ )
m=1h=1 m=1h=1
9B2M’ uH
< Z Z (P th+1 +2E) (Lemma 9)
9B2M'H - : —
< T + O BIM + B.Cyy + BXVAH + B.d?\ | 30 Y (ap)? + Bid*H

m=1h=1
(Lemma 11 and Lemma 12)

By Lemma 28 and vA'H < M’ jd+dH, we get "M S (5m)2 = Q(EAMH L 2y B, €+ B2d3 + B2d? H),
Putting everything together, we get:

N . ) B2M'H
Ry = O | VBIM' + B.Car + Bod®H + d\| =——= + BIM' + B.Cyyr + B3d® + B22H

= O (BNANTH + BodV/IT + dy/B.Cxrs + Bud?H + B.d*?)

Now by Ry = Capr — M'Vy(s™) and Lemma 28, we get: Chpp = O(B,M’). Plugging this back, we get Ry =
O(B,VdAM'H + B,dVM + B,d>H + B,d>?). O

Lemma 10. Conditioned on the event of Lemma 9, Q7' (s, a) < ¢(s,a) + ﬁg,th"il and V;"™(s) < V¥ (s) < 3B,.
Proof. Note that by Lemma 9:

(romtas) el <Pt e ) S o0l

S ﬁs,avﬁl + Hé\m Bm Hﬁbv,";l )’

Svin, (5,0)| o < PoaVity-

-1

The first statement then follows from the definition of Q7. For any m € N, we prove the second statement by induction
onh = H +1,...,1. The base case h = H + 1 is clearly true by the definition of V7', ,. For h < H, note that

Qp(s,a) < c(s,a) + ﬁS,aV,:’jrl < ¢(s,a) + Py oV* < Q*(s,a) by the induction step and the first statement. Thus,
Vi (s) < max{0, min, Q7*(s,a)} < V*(s). O

Lemma 11. Conditioned on the event of Lemma 10, with probability at least 1 — 0, Zi\f;l Zthl V(P Vi) =
O (B2M' + B,Cyy) for any M’ € N..

Proof. Conditioned on the event of Lemma 10, we have with probability at least 1 — §:

M H M H
M VET V) =Y. Z (Vit1)? = (PVia)?
m=1h=1 m=1h=1
M H M H M H
Z Z P Vh+1) — Vit 3h+1 + Z Z Vil ( 8h+1 - VW(SZL)Q) + Z (Vﬁn(shm)Q — (P"Vita) )
m=1h=1 m=1h=1 m=1h=1
M H ) M H
96 S VP, (V)2 + BEM' + B.Cyr | 20 | B, > V(P Vi) + BIM' + B.Cyy

m=1 h=1 m=1h=1
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Here, (ii) is by Lemma 34, and (i) is by Lemma 38, V7', | (s) < 2B, and:

M H
Z ZVh sp)” — (P Vh+1) = Z Z(V;Z”(sﬁa??) + P Vit ) (Vi (') — Pt Vilta)

m=1h=1 m=1h=1
M H

= > D (Vi (spap) + PP Vi) (max{0, Q7' (s, aif)} — P Vi) < 6B.Car.
m=1h=1

(0 < Vi"(s) < 3By and Q' (i, ap) < ¢ + PV by Lemma 10)

By Lemma 28, we get 0 SO v(Pr, Vi ,) = O (B2M! + B,Car). O

Lemma 12. Zﬁf 1D he 1E,’;’””: (BQd\/ H + B, d3/2\/zm LD e 1( m)2 + B2d*H )foranyM’€N+.

Proof. Note that:

M H M H
S =33 min {93*,% ¢ mly(s;y,am‘ .- }+mln{9B*,GB*6m H¢> v, (s a) il}
m=1h=1 m=1h=1
M OH M H
< 305 Bumin {1 oz oottt} 08, 305 Bumin {1 o oo}
m=1h=1 m =1h=1 m

(B > 9B and $3,,57" > 3B.)
For the first sum, define Z = {m € [M’] : det(Z,,11) > 2det(3,,)}. Then by Lemma 30,

33 min

V’" )2(5h ) Ap, >Hz 1}

m=1h=1
~ H ~ ~
S O Z Bf\/EH +\/§Z Zﬁmmin{l, (V’:rJLrl)Q(SZL,aZL)H§71 } (B = O(BQ\/i)
meT meT h=1 .

M’ H
— 0 | B2 H + By | M ST S min {1,

m=1 h=1

e, b

m-+1

(IZ| = O(d) and Cauchy-Schwarz inequality)
-0 (de3/2H n de\/M’H) . (Lemma 29)
For the second sum, similarly define Z = {m € [M’] : det(Sm41) > 2det(S,,)}. Then,

M H
6B, Z ZBmﬁﬁ min{ , f:,l}

m=1h=1

pvm, (sy'sap') /o

H
<0 S BH | +6v3B.Aw 33 o min {1, L Gsap /e } (B = O(B.d)
meZ mgT h=1 mt
) M’ H M )
=O | BX’H + B.dy| > Y (672, > me {1, o (5 ) Jap| }
m=1h=1 m=1h= m+1
(IZ| = O(d) and Cauchy-Schwarz inequality)
= O | B?d*H + B,d*? (Lemma 29)

O
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B.7. An instance of SSP with gap! . < gap, ..

Consider an SSP with four states {so, s1, S2, $3} and two actions {a1, az}. At so, we have ¢(sg,a) = 0 and P(s1]so,a) = p,
P(so|so,a) =1—pfora € {a1,az2} and some p > 0. At s1, we have ¢(s1,a1) = 0, ¢(s1,a2) = €, and P(sg|s1,a1) = 1,
P(s3]s1,a2) = 1. At s2, we have ¢(s2,a1) = ¢(s2,a2) = 1 and P(g|s2,a) = ¢, P(s1|s2,a) =1 — ¢ for any a and some

€ (0,1). At s3, we have ¢(s3,a) = 0 and P(g|s3,a) = 1 for a € {a1,az}. The role of sy here is to create the possibility
that the learner will visit state s; at any time step. Then under our finite-horizon approximation, we have

gapl . < min gapy(s,a) = c(s1,a2) — c(s1,a1) = €.
(s,a):gap (s,a)>0

On the other hand, when % > €, gap i, = @ (s1,01) —V*(s1) == —¢, and = can be arbitrarily large.

B.8. Omitted Details in Section 3.3

We first prove a lemma bounding Q7 (s, a) — Q7' (s, a) and another lemma on regret decomposition w.r.t the gap functions
gap;, (s, a) in M.

Lemma 13. Suppose B = 3B,. With probability at least 1 — 6, for allm € N, h € [H], and (s,a) € S x A, Algorithm 2
ensures:

0 < Qh(s,a) = Q'(5,a) < Poa(Viiey = Vilky) + 28 0, a) 51 -

Proof. Note that:

m—1 H m—1 H
1 ’ T 1 ’ ’ ’
Wt - A (m S S e )w,:—Am S o (e + VI (o)
h’'=1

m/=1h'=1 m/=1

m—1 H m—1 H

=M wp AT N e (e + P Vi) — AL > on (e + Vil (siiga))
m/=1h'=1 m'=1h'=1
m—1 H

= M wh 4+ A Z Z On P [Virgs = Vilal + e
m/=1h'=1

m 1 m’ m m m/
(Define €} = Em Zh/ 1 ¢ [Ph’ Vh+1 - Vh+1(3h/+1)])
m—1 H
— * — m’ m'T * m m

= M wp + AL Z Z Phr Phr /(Vh+1(5/) = Vil (s")du(s") + e,

m/=1h'=1

M+ [V () = VI DG ~ AT [ () = Vi () dn(s) +

Therefore,

~

Qh(s,a) = Qp'(s,0) = ¢(s,0) " (wj; — wil") + B [|6(s, @) | -1

< A0(s,a) AL W +Paa(Viigy = Vilka) =Ad(s,a) TAL /(Vh*+1(5’) = Vit (s))dp(s)
—_———

&1 &2
+ p(s,a) "€ +Bm || o(s, a)l[p-1 -
N——ro
&3
For &1, note that [}, = ([0 + [ Vi, (5)du(s)) |, < (1+3B.)VAby Vity, (5) < V*(s) + 2B, < 3B, forany s € S,

h € [H]. Therefore, by the Cauchy—Schwarz mequahty,

€1l < (s, @)l gz IMwill s < (s @)z VAl < Bm [o(s; a)llasr

m
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where the second inequality is by Apax (A}, ) < % Similarly, for &5,

&2l < ll6(s; a)ll4,

A / Vit (5') — Vi () du(s')

(Cauchy-Schwarz inequality)

7n.

—1
Am,

<V ¢(s,a)|[ 4= Qmax(A;1) < 1)

/ (Vi () = Vi3 () du(s')

2

< 3BV Ad|¢(s,a)|[y-1 < Bm [o(s,a)l[ =t - (Vi1 (s) = Vi (s) € [0,3B,] forany s € S)

For {3, by Eq. 9), [l < 55” with probability atleast 1 — 4. Thus, [§3] < [|¢(s, @)y e ]l4, < ﬁ’” o(s,a)lp=1-

m

To conclude, we have for all m, h, (s, a):

0< Qh(s.a) = QF'(s,a) < Poa(Viley = Vilky) + 28 95, )51 -
This completes the proof. O

Lemma 14. With probability at least 1 — 6, Zm VET(sT) = V(s < 22%;1 ZhH:1 gap, (i, ap) +
O(B,H In(M'/6)) for any given M’ € Nj.
ﬂmi
H

> eap,(si', af)

h=1

Proof. By the extended value difference lemma (Shani et al., 2020, Lemma 1):

ZZ ™ (a] s — 7 (alsp)Qh (s @)

h=1 a

Z Qh Sh 7a’h V};(S;n) ™

Vi () —

m

=E

ﬂ'm] ,

where 7 is the optimal policy of M. Therefore, by Lemma 39 and gap,, (s, a) = O(B,), with probability at least 1 — 6,

M H W
7 ™ = Vr(st) <2 moap O|(B,Hln— ).
Z T () = V(s < Zzgaph(shvah)'i_ ( n— )

m=1h=1
This completes the proof. O

The next lemma provides an upper bound on the sum of gap functions satisfying some constraints. We denote by F;"* the
interaction history up to (s7*, a7*) in M.

Lemma 15. Suppose B = 3B,, {27*}M_, are indicator functions such that zj* € F"* for some M' € N, h € [H], and
define M, = ZML zp*. Then with probability at least 1 — 6, Algorithm 2 ensures

M’

dB,M'H dB,M'H
Z P Z gapyt = <\/d3B§HMZ In *T +d?B,HIn'? 5) .
Proof. Denote by m; the i-th interval among [M’] such that z;"* = 1. Then,
Z Z Qr (sprt ap) = Vi (sp) —I—Z Z Vi (spr') = Vi (spr?)
i=1 b= i=1 h'=h
= Z Z Qr(sp ap) —Qyr (sptap) @y (spityap,') =V, (s,,") by Lemma 5 and B = 3B,)
i=1 h'=h
M. H - H
<Y PV = Vi) +2) > B 0 [ 4= (Lemma 13)
i=1 h'=h i=1 h'=h '
M, M,

H
(Vi (sipien) = Vil (sprin)) + Z Z (6?/ + 2Bm,
i=1 h=h’

I
NE

,1),
my

mq
h

Il
N
<
Il
>
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where € — P (Vi — Vi) — (Vi (s),) — Vi (s4,)). Reorganizing terms, and by Vi, = Vi, = cf,
Vit 1(s) < Vi 1 (s) (Lemma 5), we get:

M. H
g g gap,,’ = g E Qi (s aliy — Vs (sihi) < E ( "+ 28m, ;ﬁ)
i=1 h'=h i=1 h/=h i=1 h=h '
M’ M., H
— m M
E E Zh Gh/ + 2 E E BmL h A;ﬁ .
m=1h'=h i=1 h=nh' )

For the first term, by z}"€}) € F}7 11 for b’ > h and Lemma 38, with probability at least 1 — ¢,

ZZzheh,<3 ZZ (2 em) |f{l’?]+(9(B*lnB*]?lH)

m=1h'=h m=1h'=h

!/ /
~0 (mfmen BT p B e iy - ot

For the second term, by Lemma 18,

M. H
DD B

i=1 h=h'

B,M'H B,M'H
=0 (,/df}BfHMZ In d*f +d?B,HIn'? dé) .

Plugging these back completes the proof. O

We are now ready to prove a bound on 3, Vi™" (s7') — V;*(sT*), which is the key to proving Theorem 4.
Lemma 16. For any M’ > 3, Algorithm 2 with B = 3B, and H > [328=1n(8B,M'H)] for some horizon H ensures

with probability at least 1 — 35 — Vap.a'm, M VE™ (s7) — Vi (s) = O (T In®(dB, M’H/é))

Proof. First note that V™" (s) < 3B, for any s € S, h € [H]. Thus, the expected hitting time of 7* in M is at most 3B=

cmm

starting from any state and layer. Without loss of generality, we assume that H is an even integer. Note that M can be
treated as an SSP instance where the learner teleports to the goal state at the (H + 1)-th step. Thus by Lemma 17 and
H > 3B 1n(8B,M'H),when h < & + 1, P(spr41 # glsn = s,7) < for any state s, and for any h <

Cmin ’ — 2 ’ ? — 4B, M/H
* * 1
Q;L(Sﬂa) - Q*(S,CL) <@ (s,a) — Q*(s,a) = PS’G(VhT;l - V*) < 2B, mSa’XP(SHJrl # g7, she1 =8) < IM'H®
It also implies |gap), (s, a) — gap(s, a)| for b < £ since:
1
J2apy (5,0) — gap(s,0)] < |Qh(5,0) — Q*(s, ) + V3 (5) = V()] < s +max Qi (5,0) — Q*(5,0)] < i

Define gap}” = gap,, (s}, a}") and a threshold n = M‘rf +7- By Lemma 14, it suffices to bound fo;l Zf:l gap;". Note that

M’ M’
Zzgaph <Zzgapﬂ{gaph >n}+0 ZZM
m=1 h=1 m=1h=1 m=1 h=1
M’ M’
<> sapT{gapy >n}+ > > gapy +O(B.).
m=1h<H/2 m=1h>H/2

For the first term, define N = [log,(*2:*)] = O(In(B,M'H)), and

H
n* = min {n € [N]:3(s,d"),h < 5 such that gap,, (s',a’) € (n2" 1, 772"]} .
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Then by the definition of n* and |gap(s, a) — gap, (s, a)| < 57+ for h < & there exist (s, a’), K’ < Z such that
1 1 "
8apmin < gap(s’, a') < gapy, (s',a) + g < m2" 4 oo < o en2 (10)
Moreov;:r, foreachn € Nand h < %, define 2" = I{gap]* > n2"}. Then by Lemma 15, with probability at least
1- 2(n+1)2°
i dB,M'H(n + 1 dB, M'H(n + 1
n2"M, < Z Zlgap = O (\/d3BEHMZ In # +d*B,HIn'? 5(”+)> ,
m=1
where M, Zm 1 Zp*. Solving a quadratic inequality w.r.t /M, gives:
M/
d®*B?H . , dB,M'H(n+1 d*B,H dB,M'H 1
Z {gapy® >n2"} =0 ( 5 In? (n+1) + “ ntt == (n+ )> . (11)
= 4n ) 72" 1)

By a union bound, Eq. (11) holds for all n € N simultaneously with probability at least 1 — §. Therefore, the first term is
bounded as follows:

»
> gappT{gapy > 0}

m=1h<H/2
M’ N M’ N
=3 ) Y sappeapy € (2" 2"y < > D> 2" {gapy' > n2" '}
m=1 hSH/Q n=n* m=1 hSH/Q n=n*
N
d®B2H ., dB,M'H(n+ 1 dB,M'H(n+1
=0l > > ( o 104D | g 5“’) (Eq. (11))
h<H/2n=n* g
3B2H? B,M'H B,M'H
-0 (d 7122* In® d *5 +d?’B, H? In?® d*(s) (N = O(In(B,M'H)))
d®*B2H? ., dB,M'H - dB,M'H
-0 ( gap* : In® —=* 5 +d?’B,H?In?*® *5) . (Eq. (10))
For the second term, note that:
M’ M’ H M’ H
S <> > gaphmﬂ{ﬂh < o cgap) > n} +> > gapZ”H{Vh <5 ey < }
m=1h>H/2 m=1h>H/2 m=1h>H/2
&1 &2

For &1, define zgﬂ =1 {Eh < % gap > 77} and M, Zm 1 z’H”H Then by Lemma 15, with probability at least
1—9,

dB,M'H dB, M'H
Z ZH+1 Z gaph - < ngzHlen*f +dQB*H1n1.5 *6> )

h>H/2

It suffices to bound M. Note that by the definition of n*, we have ming 4 < 7/2,gap, (s,a)>n 83Pp (5, @) € (n2™ =1, n2n".
Thus, by Eq. (11),

M’ M’

H m m n*—
MZ:ZH{Hh<2:gaph >77} Z Z I{gap}’ >77}<Z Z {gaph > n2 1}
m=1 m=1h<H/2 m=1h<H/2
_ 0 (i‘ng*H2 I dB,M'Hn* n dQBtHQ e dB,M'Hn* .
7724n -1 ) 772" -1 1)
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Plugging this back and by Eq. (10), we get:

3 R2rrl.5 / /
(0 <d B o dBMH | o s dBM H> |
£a8Pmin 4 4

For &5, denote by 7" the near-optimal policy “closest” to 7™, such that:

ﬂm(sah)v hSH/Z and gaph(svﬂ-m(&h)) §777
"(s,h) =< 7*(s,h), h < H/2and gap,(s,7™(s,h)) >n,
7*(s,h), h>H/2.

Note that gap, (s, 7™ (s, h)) < n for all s, h. By the extended value difference lemma (Shani et al., 2020, Lemma 1),
ViE" () = Vir(s) = E[Zg:h gapy,, (snr, ap)|sp = s, 7" < 73, < B, forall s, h by M’ > 3. Therefore, V;™ " (s) < 4B,
for all s, h. Denote by F,,, the interaction history before interval m. Then, 7, 7™ € F,,, and

P Z gapy 1{Vh < H/2 : gap;’ <n}=0|7",Fp,

h>H/2
> P (Elh < H/2,gapy" >norVh < H/2,gap;" <1,5p5/241 = g|7rm,]-"m)
=P (3h < H/2,7™(sit, h) # 7" (), h) or Vh < H/2, 7™ (s, h) = 7w ()", h), spjosn = g| 7™ Fin)
=P (3n < H/2,7"(s7', h) # 7™ (s, h) or Vh < H/2, 7™ (s7', h) = 7™ (s, h), Spyas1 = g| 7™, Fin)
( 1

> P = " m >1*77
> P (spjos1 =9g|7" Fm) 2 1BH

where in the last inequality we apply Lemma 17, the fact that me (s) < 4B, forall s,h, and H > % In(8B,M'H).
Now by Lemma 14 and H = [% In(8B,M'H)], we have:

M H

Z VI (s7) = Vi (st) <2 ) ) gapy (s aff') + O(B.H In(M'/5))

m=1 m=1h=1

SB2H? B,M'H
@ (d i In3 d

2aPynin 0

+d*B,H? 1n2'5(dB*M’H/5))

o (CQdH In®(dB, M H/a))

mll’lg pmln

We are now ready to prove Theorem 4.

Proof of Theorem 4. First note that for a given H > 47T, In(4K), by Lemma 2 and Theorem 1, we have: M =
O (K + d*H) with probability at least 1 — 4§ for some § > 0 when running Algorithm 1 with Algorithm 2 and
horizon H. That is, there exist b > 0 and constant p > 1 such that M < b(K + d*H)In?(dB,HK/5§). Now let
M’ = b(K + d*H) In”(dB,HK/§). To obtain the regret bound in Lemma 16, it suffices to have H > % In(8B,M'H).

Plugging in the definition of M’ and by z > Inx for z > 0, it suffices to have H = 2B=1n (df K

o= In(52=>) for some con-
stant ¥ > 0. To conclude, we have M < M’ with probability at least 1 — 46 when running Algorithm 1 with

Algorithm 2 and horizon H = Y'B, ln(‘éB K ) Moreover, with probability at least 1 — 36 — 1/4B,M'H, we have

Cmin

S MV 1) = Vi T = O

f— T In®(dB, M'H/5)). To obtain an expected regret bound, we further need
to bound the cost under the low probability “bad” event. We make the following modification to Algorithm 1: whenever the
counter m = n - M’ for some n € N, we restart Algorithm 2. Ideas above are summarized in Algorithm 7. Now consider

running Algorithm 7 with Algorithm 2, horizon H = (‘ff*_K ), failure probability 6 = and restart threshold

_1
AMTH>

Cmm
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Algorithm 7 Finite-Horizon Approximation of SSP from (Cohen et al., 2021)

Input: Algorithm 2! for finite-horizon MDP M with horizon I > 4T, In(4K) and restart threshold M.
Initialize: interval counter m < 1.
fork=1,...,Kdo
Set Sin <— Sinit-
while s1* # g do
Feed initial state s7" to 2.
forh=1,...,Hdo

Receive action a}" from .

if s}* # ¢ then

L Play action aj", observe cost ¢j' = c(s}', aj’) and next state sj", ;.

else Setc;’ =0and 53, | = g.
Feed cj" and s}", | to 2.

Set s7"T = s, andm « m + 1.
if m = n - M’ for some n € N then Reinitialize 2.

M’. By the choice of M’, we have P(M > M') < 4¢. By a recursive argument, we have P(M > n - M') < (46)™ for
n € N;. We have by Lemma 1 and Lemma 16:

E[Rk] < E[Ruy] + By < E[Ryingar,arry] + E[max{0, M — M'}(H + 2B,)] + B,

3 R4 3 R4
— O (QdB* ln5(dB*M/H)> — O < d B* 1n5 dB*K) 7
&

2 .
Cnin&aPmin Cmin

min min

where we apply

E[max{0, M — M'}(H + 2B,) Z (M € (nM’, (n+1)M’])) - nM'(H + 2B,)

> = 166M'(H + 2B,)
< -P(M M'\YM'(H + 2B (46)"M'(H + 2B, =0(1).
< ,;1 n > nM’) + ; n + ) < T (1)
This completes the proof. O

B.9. Extra Lemmas for Section 3

Lemma 17. (Rosenberg & Mansour, 2020, Lemma 6) Let 7 be a policy with expected hitting time at most T starting from
any state. Then for any 6 € (0, 1), with probability at least 1 — ¢, w takes no more than 47 In % steps to reach the goal state.

Lemma 18. For an arbitrary set of intervals T C [M'] for some M' € N, we have:

H
Do Bmlloi

meZ h=1

BM'H s dBM'H
a1 =0 (\/d3BQH|I| In dT +d?BHIn'® d) :

]
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Proof. We bound the sum by considering two cases:

H H H
SN B o sz < Bur > > itz + Bar > > llen

meZ h=1 meZL:det(Apm41)<2det(Ay,) h=1 meZL:det(Apm41)>2det(Ay,) h=1

—1
A

H
<V28 ) D ORIz, + O (BardIn(M'H/N)H)
meZ h=1
(2A,, = A,,i1 by Lemma 30, and det(A )/ det(Ag) < (A + M'H)/\)%)

H
=0 | Bu | HIT| Z Z ||¢ZL||/2\—1 Tt BudH In(M'H) (Cauchy-Schwarz inequality)
m+
meZ h=1

! !/
- o( dzng‘I“ndB# + PBH I degH) |

((Jin et al., 2020b, Lemma D.2), A = 1, and definition of 5y;/)
O

B.10. Proof of Theorem 5

Proof. Define § = &, A = st//; and assume K > %. Consider a family of SSP parameterized by p € {—A, A}4

with action set A = {—1, 1}¢. For the SSP instance parameterized by p, it consists of two states {s, s; }. The transition
probabilities are as follows:

P(51|80,a):1—6—<p,a), P(g‘507a):5+<pva‘>a
P(s1]s1,a) =1—1/By, P(g|s1,a) =1/Bx,

and the cost function is ¢(s,a) = I{s = s1 }. The SSP instance above can be represented as a linear SSP of dimension d + 2

as follows: define o = \/Hﬁd’ B = \/p%d,

s q) = [, BaT,0]T, s=s0 &) — [(1—68)/a,—p"/B,1—=1/B,]T, s =s
¢( ’ ){[07071]T7 §=48 H( ){[6/a?pT/571/B*]T’ S/:g

and 0% = (0,0, 1]. Note that it satisfies c(s, a) = ¢(s,a) 0%, P(s'|s,a) = ¢(s,a) " u(s"), |¢(s,a)ll, < 1, and [|6* ]|, <
1 < +/d + 2. Moreover, for any function & : S; — R, we have:

h(s1)(1 — 8)VI T Ad + h(g)ov1 + Ad
D hlsuls) = (h(g) — h(s1))py/ (1 + Ad)/A
s’ h(Sl)(]. — 1/3*) + h(g)/B*

2
Note that when K > &<, Ad < 2 = L and

(h(s0)(1 ~ )T+ Bd + h{g)oVT T Bd)” < b, (1 + Ad) < 22 %,

|hto) — () T+ BDTA|] < 4l Ad( -+ Ad) < 22 a2,
(h(s1)(1 = 1/B.) + h(g)/B.)* < ||,

Thus, we have |3, h(s")u(s")||l, < [|hll, Vd+2by d > 2, and the SSP instance satisfies Assumption 1. The regret
is bounded as follows: let a;, denote the first action taken by the learner in episode k. Then for any p € {—A, Al4, the
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expected cost of taking action a as the first action is C,,(a) = B, (1 — ¢ — (p, a)).

K K
E,[Rk] = Z]Ep [Cp(ak) — main Cp(a)} =B, ZEP {maax (p,a)y — {p, akﬂ
k=1 k=1
K d d
=2B,AY K, | > Isgn(p;) # sgn(ar )} | = 2B.A Y E,[N;(p)],
k=1 j=1 j=1

where we define N;(p) = 22{:1 I{sgn(p;) # sgn(ax,;)}, and E, is the expectation w.r.t the SSP instance parameterized
by p. Let p? denote the vector that differs from p at its j-th coordinate only. Then, we have N;(p?) + N;(p) = K, and for a
fixed j,

d
2Y B, [Rx] =Y (B, [Rx]+E, [Rx]) = 2B.AY Y (K +E,[N;(p)] — Ep[N;(p)])

P p J=1
d
> 28,033 (K - K\/2KL(P,, P))
p j=1

where P, is the joint probability of K trajectories induced by the interactions between the learner and the SSP parameterized
by p, and in the last inequality we apply Pinsker’s inequality to obtain:

[Eo[N; (0)] = Eps [N;(p)]| < K || B, = Posl, < K\/2KL(P,, Py).

By the divergence decomposition lemma (see e.g. (Lattimore & Szepesvari, 2020, Lemma 15.1)), we further have

K
KL(P,, P,i) = ZEp [KL (Bernoulli(5 + {ag, p)), Bernoulli(é + <ng7 p7>))}
k=1
o [2(ak = 0)?] _ 16KA2
:kzzlEp 6+ (ak, p) 5 (dA <6/2)

where in the second last inequality we apply KL(Bernoulli(a), Bernoulli(h)) < 2(a — b)?/a whena < 1/2,a +b < 1,
which is true when 6 < 1/3, dA < §/2. Substituting these back, we get:

d
23 E,[Rx] > 2B.AY Y (K - K 32KA2/6) =Q (Z B*d\/TK> . (12)

p =1
Now note that gap(sy,a) = 0 for all a. Define a* = argmax, (p, a). Then for any a # a*,

Q*(sg,a) = V*(s9) = (1 -9 —{p,a))Bx. — (1 = — (p,a*)) B, = By {p,a* — a) > 2B, A.

Thus, gap,;, = 2B,A. By VK = V2 _ and Eq. (12), we get:

8v2A
dB,é dB?
S B Rk] =Y BudVeK | = (> == | =) —|.
p > ~ A 8P yyin
. . o1 . . dB2
Selecting p* which maximizes E,[Rx]|, we get: E «[Rx] = (gap > ) O

C. Omitted Details for Section 4

Notations Define Q;(s,a) = ¢(s,a)  w; such that a; = argmin, Q;(s¢, a), and operator Up : R? — R< such that
Upw = 0* + [ Vi, p(s')du(s'). Define vy = tp,4, Ty = Tp,, P = Py, Cr = iy clsi,a:), and J = Jop,. By
Lemma4, J; C J forany t € [T].
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For notational convenience, we divide the whole learning process into epochs indexed by [, and a new epoch begins
whenever w; is recomputed. Denote by ¢; + 1 the first time step in epoch [, and for a quantity, function or set f;
indexed by time step ¢, we define f; = fi,+1. Denote by [, the epoch time step ¢ belongs to, and we often ignore the
subscript ¢ when there is no confusion. Clearly, V; = V}, and similarly for wy, wy, ¢;, ; (ignoring the dependency on
t for [). With this notation setup, we define L’ as the number of epochs that starts by the overestimate condition, that
is, I/ = [{l > 1: Vi_1(s},) = 2B;_1}|. Also define v; = argmax,_g ., wco, |¢/ ¥| and a special covariance matrix

, . ‘ ; 2
Wj,t(V> =27 + Zi<t min {17 2J/|¢;FV|} qbl(bz—r Note that q)g (U) = ||V||le(u)

Assumption For simplicity, we assume that {¢(s, @) }(s,a)esx.4 Spans R?. Tt implies that if ¢(s,a) v = ¢(s,a) T w for
all (s,a) € S x A, then v = w.

Truncating the Interaction for Technical Issue An important question in SSP is whether the algorithm halts in finite
number of steps. To overcome some technical issues, we first assume that the algorithm halts after 7" steps for an arbitrary
T’ € Ny, even if the goal state is not reached. Specifically, we redefine the notation 7" to be the minimum between the
number of steps taken by the learner in K episodes and 7", that is, T = T” if the learner does not finish K episodes in T’
steps. We also redefine Ry under the new definition of 7', and the true regret now becomes limy/_, o, Rx. The implication
under truncation is that s~ may not be g, and 7' < 7”. In Appendix C.3, we prove a regret bound on Rk independent of T”.
Thus, the proven regret bound is also an upper bound of the true regret, as it is a valid upper bound of lim7/_, o, Rx.

Below we provide detailed proofs of lemmas and the main theorem.
C.1. Proof of Lemma 3
We will prove a more general statement, from which Lemma 3 is a directly corollary.

Lemma 19. With probability at least 1 — 6, for any t € Ny, B € {2'};cn, and w € B(3v/dB), we have Ugw € Q4 (w, B).

Proof. Foreacht € Ny, B € {2'};en, w € Qg/t(S\/ZlB),j € Jp, v € Qe/t(ﬁx/;lB), by Lemma 36, we have with
probability at least 1 — 66’ log, t with &' = §/(24t% logs(2B) log, (t)|T5|(12VdBt/€)??):

> “clip;(¢] v)ey., (Upw)| = > clip;(¢] v)(PiVi,s — Vi, 5(5)))
i<t i<t
B
<8 Z;cllpj (¢ V)i, ,(Upw) lné— +32B27 ln— < ;cllpj (&7 v)ni,. B(UB“))7+52JLM (13)

Taking a union bound, Eq. (13) holds for any ¢, B € {2 };cn, w € ge/t(?)\/&B),j € Jp,v € ge/t(6\/gB) with probability
at least 1 — 0.

Now forany t € Ny, B € {2'};en, w € B(3V/dB), there exist w’ € gf/t(S\/ZlB) such that ||lw — w'[| , < §. Also define
V=Vunp V' =V p w=Ugw, and w' = Upw'. Note that

IV V)l < (s, (w0 — )| < Vo - ] < Y (13
, d
=l = | (V) - Vi) < vaw v, < 5. 13
2
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Thus, we have for any j € Jp,v € gg/t(G\/&B):

> clip; (¢ v)ei (

@)| = > clip;(¢] v)(¢] @ — ¢; — V(s;>>|

i<t 1<t

<> clip; (] v)(¢] @ — ¢ — + > clip; (¢ v +1> i (] v)(V(s)) — V'(s))

i<t i<t i<t
> clip? (¢ v)(¢] @ — ¢ — V/(s;))2“5"7’t + 22%3,,5 + 2971 e (Eq. (13), Eq. (14), and Eq. (15))
i<t
> clipd (3] v)ni (@)epe+  [Y - clip} (6 v) (@] (@ —@))2pe+ | Y clipi (@] v)(V'(s)) = V(s)))?en.
i<t 1<t i<t
+ gszB,t + 271 de (a+b+¢)?<3(a®+b>+c*) and Va+b < /a+Vb)

B
\/chlpj (¢ v v)ni (@ )LBt+52 L3t+4 2JdaBt<\/ZCIIpJ (¢ v v)ni (@ )LBt-l-BQJLBt

i<t i<t

(Eq. (14), Eq. (15), and 8de < 1)

Moreover, @ € B(3v/dB) by ||V, 5|, < 2B. Thus, Ugw € Qu(w, B) forany t € Ny, B € {2'};en, and w € B(3VdB),
and the statement is proved. O

Proof ofLemma3 This directly follows from Lemma 19 by w; € ]B(3\/ﬁBt), Vi = Vu,.B,, and wy = 6 +
J V(s = Up,wy. O

C.2. Proof of Lemma 4

Lemma (restatement of Lemma 4). With probability at least 1 — 8, Vi(sy,+1) < V*(s4,41) for any epoch l and B, < 2B,

Proof. For the first statement, note that any epoch [, by Lemma 20, there exists w® € ]B%(B\/gBl) such that w;® = Up,w;*
and Ve g, (s) < V*(s). Thererfore, wi® € Qi(wp®, Bi), and Vi(sy,+1) = Vi, B, (5t,41) < Vipe B, (5t,41) < V*(51,41)
by the definition of w;. The second statement is a direct corollary of the first statement and how Bj; is updated. [

Lemma 20. For any B > 0, there exists w € IB(?)\/&B) such that w = Ugw, and V,, g(s) < V*(s).

Proof. Define w'! = 0 € RY and w"t!' = Upw". We prove by induction that ¢(s,a)’ (w™ — w™) > 0
and ¢(s,a)"w” < Q*(s,a). The base case n = 1 is clearly true. Now for n > 1, assume that we have
#(s,a) T (w™ —w" 1) > 0and ¢(s,a) Tw" "1 < Q*(s,a). Then, ¢(s,a) " (w1 —w") = Py o(Viyn g — Vign-1.5) > 0
and ¢(s,a) "w™ = ¢(s,a) + Ps o Viyn—1 g < (8,a) + Ps o V* < Q*(s,a). Therefore, the sequence {qS(s a) Twyee s

non-decreasing and bounded, and thus converges. Since {¢(s,a)}(sq)esx.4 spans R?, the limit w™ = lim,_,oc w"
exists and w® = Upw™. Moreover, w® € B(3VdB) by ||V pll,, < 2B and Ve p(s) < V*(s) since
B(s,a) Tw™ = lim,_, o ¢(s,a) "w™ < Q*(s,a). This completes the proof. O
C.3. Proof of Theorem 6

Proof. We decompose the regret as follows:

T L ti+1 L
Rk =Y e =K -V¥(sit) =Y ( > - Vl(sw)) +) Vilsy41) = K-V (sini).-
=1

t=1 =1 \t=t;+1
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For the first term, for a fixed epoch [, define x, = bt Vi(sp)form e {t; +1,...,t;31} and x4, 41 = fVl(ngl).

t=1

Note that within epoch I, we have Vi (s;) = [Qi(57, ar)][0,00) > Qi(57,07) = ¢l w;. Thus, for 7 € {t; +1,...,t;11},

ti41 tiy1
Xr=Y a-Vi(s;) < Y citer—dlw
t=r1 t=7+1
tiy1
=Y - + (Vi(sh) = PVh) + ¢ (@1 — wy) (cr + PVi = ¢ @)
t=1+1
= xr41 + (Vi(sh) — PoV) + 6] (w0 — wy)
(7Y tiy1
<o < Vi, )+ D (Vilsh) = BV + D ¢ (@ — wr).
t=71 t=T1

Therefore, we have:

Xt;+1 + ZVl (st;41) — K - V*(sinit)
=1

L
[(Vilst) = PVD) + 0 (@1 — wn)] + > (Vilsti1) = Vilsh,,,)) = K- V* (sim)-
=t;+1 =1

We first bound the switching costs, that is, the last two terms above. We consider three cases based on how an epoch
starts: define £1 = {l: s}, = g}, Lo ={l > 1:3j € T,v € Gej1,4+1)(6VdBi_1), <I>§Z+1( v) > 8d2<I>§l 11(¥)}, and
Ls={l>1: Vl_l(s;l) = 2B;_1}. Then,

Z (Vl(5t1+1) - Vz(SQZ“)) — K - V*(Sinit)

=1

L
=D Vilsus1) = K-V (sii) + Y Vilse1) + Y Vils+1) Z ICAE
1Ly leLs leLs =1
&1 &2 &3
Note that {; < 0 since for [ € Ly, Vi(s¢,41) = Vi(sinit) < V*(sinit) by Lemma 4. For &3, note that |Lo| = (d) by

Lemma 27. Thus, & = (dB ) by Vil < 4B, (Lemma 4). For &3, note that for each | € L3, Vi(s4,41) — Vi—1(s},) <
Bl — 23[,1 < QB*H{Bl 75 Blfl} -1 by ‘/Z(Stl+1) < Bl < 2B* and Bl > 1. Thus, 53 < @(B*) — L/, by |£3| = L' and
Zle I{B; # Bi_1} = O(log, B,). Therefore, with probability at least 1 — 54,

tiy1
Ry < Z S [(Vils)) — VD) + ] (@ — w))] + O (dB, — L)
=1 t=t;+1
~ T T
=0 [ \[D_V(PLV) + > |¢f | +dB. - L' (Lemma 38, w; € €, and definition of v;)
=1 t=1
~ T T
=0 BEL"FB*CT—FB*Z’Q%TVA +Z|¢;Vt| +dB, — L' (Lemma 21)
t=1 t=1
T
<@+Z}¢tuf|+d3 +BQ> (VT Ty < Va+ /7and vVab < =)

O (d*5\/B,Cr + d*°\/B, eT+d532) 4 65d25eT (Lemma 22)

(d3 5/B.Cr + d5B2> 2012 (definition of € and ¢y T < Cr)



Improved No-Regret Algorithms for Stochastic Shortest Path with Linear MDP

By Rk = Cr — K - V*(sinit) and Lemma 28 with z = Cr (we also bound 7" by Cr/cnin in logarithmic terms), we get
Cr = O(B+K + d" B, + d° B?). Plugging this back, we obtain

0 (R ).
This completes the proof. O

C.4. Intuition for Overestimate Condition

Now we provide more reasonings on including the overestimate condition. Similar to (Zanette et al., 2020b; Wei et al.,
2021b), we incorporate global optimism at the starting state of each epoch via solving an optimization problem. This is
different from many previous work (Jin et al., 2020b; Vial et al., 2021) that adds bonus terms to ensure local optimism over
all states. The advantage of global optimism is that it avoids using a larger function class of Q;, V; for the bonus terms,
which reduces the order of d in the regret bound. However, this improvement also requires ||V} . is of order B,. In (Zanette
et al., 2020b), they directly enforcing this constraint, which is not practical under large state space as we may need to iterate
over all state-action pairs to check this constraint.

Here we take a new approach: we first enforce a bound on ||V4|| . by direct truncation. However, the upper bound truncation
on V; may break the analysis. To resolve this, we start a new epoch whenever V; is overestimated by a large amount. By the
objective of the optimization problem, V;(s;) will not be overestimated in the new epoch. Hence, the upper bound truncation
will not be triggered. Moreover, the overestimate of V; cancels out the switching cost in this case as in previous discussion.

The disadvantage of the overestimation condition is that we may update policy at every time step in the worst case. If we
remove this condition, ||V;||,, = O(v/dB,) by the norm constraint on w;, which brings back an extra v/d factor. However,
we only recompute policy for O(K + d1nT) times in this case.

C.5. Extra Lemmas for Section 4

Lemma 21. With probability at least 1 — 6, S, V(P,,V}) = O (dBf +B2L' + B,Cr + B, S, |67 v, |).

Proof. Note that when V;(s;) = 0, Vj(s¢) — P;V; < 0. Otherwise, Q;(st,a) > 0 for any a and Vi(s¢) < Q;(s¢,at). Thus,
Vi(s¢)? — (PV1)? = (Vi(s¢) + P Vi) (Vi(se) — PiVy) < (Vi(se) + PiVi) |Qi(s¢, as) — P;V;|. Then with probability at least
1-4,

T
V2) +dB2 + BIL + > (Vi(si) + PiVi) |ee + ¢/ (wy — @)
t=1

Vi) + dB? + B2L' + B,Cr + B, Z!qﬁt vel |

t=1

where in (i) we apply Lemma 38, Vl(st)2 - (PtVl)2 < (Vi(se) + PiVi) |Qu(se, ar) — PVi|, Qi((se, ap) = ¢:wl, ¢+ PV =
#/ Wy, and we bound the term Zle Vi2(sy) — Vi (st) = ZzL:1 V2 (844,) — V;%(st,+1) as follows: we consider four cases
based on how epoch ! ends:

L s;,, =g then V(s ) — Vi(st,41) <O0.
2. Vi(sy,,,) = 2B;; this happens L' times and the sum of these terms is of order O(B2L).

3. Triggered by Eq. (4). By Lemma 27, this happens at most @(d) times and the sum of these terms is of order @(dBf).

4. | = L is the last epoch. This happens only once and the term is bounded by O(B?).
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In (ii), we apply Lemma 34, w; € €, definition of v, and ||V;|| ., = O(B,) by Lemma 4. Solving a quadratic inequality
w.I.t Zt 1 V(P,, V), we have:

T T
> V(P Vv)=0 (dBf + B2+ B,Cr+ B,y |¢Iut!> :
t=1 t=1

This completes the proof. O

Lemma 22. With probability at least 1 — 49, Zle ‘¢;rut| < ) (d3'5\/B*CT + d35/B, €T + d5Bf) + 65d2-°¢T.

Proof. Define u; = argmax,c,<p ¢ vp|, Vie = 271 + ZieTﬁ[t_l]:l%Tyuile ¢:i¢; . and j, such that |¢] v, | €
(27t=1 27¢]. Also define T = {t € [T] : 3j € Ts, |¢/ vu,| € (2971, 27]}. Note that when t & T, |¢, 14| < €. Then, for any
teT:

T
|¢)t Vut| S H(thWJ;lut(Vut) Hyuf‘Hth‘ut(Vut)

Q) (BB, ____
<2v2d ”d)t”W;,lut(Vut) el o, ) T @ < 20 < )) + V205 g25¢

Ut

(ii) ~ . [(d3B,
§2\/§d||¢t||vj;1t 2t > V(P Vi, u,, + VdB.u,, + dB? +o< 2]t<

u
z<t1% t

e)) 1+ V2552 5¢,

~ 3
-0 (d léilly- \/zjt <\/d4B§ ¥ dB,Cr + dB,eT +VdB,ur + de) 4 ]2 (d B*€>> 4 /2T TB R,

Ut
(Lemma 23)
where in (i) we define 7,,, € ge/ut(G\/ﬁBlw) such that [|vy, — 7y, ||, < i and apply
j 2
||VUtHW,{ ut(l’ut) (I)j (Vut) = 2]t ||Vut||2 + Z fjt (¢1TV’U¢)
T<ug
S 2jt HI7W||§ + Z fjt ((bjput) + 2jt (||l/ut||§ - ||17ut‘|§> + 2jt+1 Z |¢;r(l/ur - Dut)| (fjt is (2 : 2jt)'LipSChitZ)
i<uy i<ut
12-27tdBy, € .
<8d” | 2 Il + D Fi (8 ) | + uil + 291/ de (Vuss Pu, € B(6VABy,,,))
t
z<tlw
2 j 2 T A (o5 (42 Bxe jo+5 72.5
<8d% | 20 v, lls+ D £ (¢ va,) | +O (2Jt ()) 1 oI5 g25e (Vu,, u, € B(6VdBL,,))
iftlut Ut
and in (ii) we apply Lemma 24 and:
th,ut (Vut) ? th’ (Vut> - 2]tI + Zmln{l 2jt/‘¢ V’U«t|}¢ (b 2JtI + Z ¢Z¢ ]t,
i<t PETNE—1]:]¢, v, | <27t

Here, (i) is by |¢;rl/ut| < |¢;rl/u| by the definition of u;. Reorganizing terms by |¢tT l/ut| € (27t71,29¢], we have for
teT:

|67 vt] < |67 v, | = <d2 6el5 - (VAB.Cr + dB.eT + d*B2) +

6) + 64425

Ut
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Finally, note that:

T
Y |6/ m] =0 (Z @ |oul}, -, (VAB.Cr + dB.eT + d*B2) + Y &

B,
: E) 4 64d%%eT

teT teT P
~0 (ﬁB*ZH{laﬁﬂm >1}+ a2y min {1, lloi]} -, } (VAB.Cr + dB.T + a*B2) +ng*6> AdR5eT
teT ; teT e

The first term is bounded by

Vap, Y t{lledly s =1} < VaB. Y min {1, ol }

teT teT

= \/&B* Z Z]I{jt = j} min {1, ”dRH%/f,l} -0 (dl'SB*) , (Lemma 29)

JET teT

For the second term:

42 ;min {1, ||¢t||%/;1t} (\/dB*C'T 1+ dB,eT + dQBf>

=0 (a3 Y 1{j, = j}min {1, \|¢t||2vj}1} (\/dB*CT + dB,eT + d2B§)

JETtET

\ |

O (Y @t (VAB-Cr + AT + #B2) | = O (a* (VaB.Cr + dBoeT + £ 2)).

JjeET

where in (i) we apply Lemma 29. Putting everything together, we get:

Z (67 m] <3 |6 | + €T < O (¢*°V/BiCr + d** /BoeT + d°B2) + 65d*%¢T

teT
This completes the proof. ]
Lemma 23. With probability at least 1 — 36, Zigtl V(P;, V) = @) (dst + B,Cy, + B*etl).

Proof. Note that when Vi(s;) = 0, Vi(s;) — P;V; < 0. Otherwise, Q;(s;,a) > 0 for any a and Vi(s;) < Qi(s;,a;).
Therefore, V,?(s;) — (PiV1)? = (Vi(si) + PV)) (Vi(si) — PVi) < (Vi(si) + P Vi) |Qu(si, a;) — P;V;|. Then with probability
atleast 1 — 6,

ZV (P, V) = Z
i<t 1<t
>

9 dY V(P V2)+dB} + B + > _(Vi(si) + V) |ci + ¢/ (wi — @)

i<t i<ty

Q0 (VaB. |3 V(P Vi) +dB2 + B.Cy, + B, Y 6] (w — @)

i<t 1<t;

In (i) we apply Lemma 25, 3", , (V2(s]) = Vi2(s:)) < iy, (V2 (si41) — Vi2(s:)) = O(B2), Vi*(s;) — (PV})?
(Vi(s:) + PiVi) |Qu(si, ai) — PiVi|, Qi(si,a;) = ¢ wy, and ¢; + P;V; = ¢ w;. In (ii) we apply Lemma 34. For t < t;,
define v, = argmax,_g, _, weq, |#¢ v|. Then by w; € € and the definition of v, we have |¢, (w; — w;)| < |6 vf].
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Now it suffices to bound Y-, |¢] vf|. Define T = {t <t,: 3j € T, |¢] v}| € (277*,27]} and for t € T, define j, € J;
such that [¢, v;| € (27+~*,27*]. Note that when ¢ ¢ T, |6/ v{| < e. Alsodefine Vs = 27T + 37, 11,1970 <25 Di® -
Then, for any ¢ € T, with probability at least 1 — 24: o

|6 vi| < 19w, villw,, jon < el |27 [> V(P Vi)u + VdB. + dB? |,
' i<t

where in the last inequality we apply Lemma 24 and:

. . (O
Wi, () =21+ min{1,27 /o] vi[}ie] = 2T+ > ¢ =V

i<t €T ¢, v <29t

Here, (i) is by |¢, v{| < |#] v/| by the definition of v}. Reorganizing terms by |¢, v{| € (2/t~1,27], we have:

Yo lelvil =0 Y ey [> V(P Viu + VdBu +dB:
teT teT e i<t
O D > Hie=itleely— | /> V(P Vi)u+ VdBey + dB;
JETET " i<ty
20 (S a| SV Vu+VaBu+dB2 | | =0 | d| S V(P V)u+ VB +dB? | |,
JjeT i<t i<t

where in (i) we apply

o

> e =i} loelly— =t (Vj,ﬁ > I = j}@@) <t (V') = d.

teT teT

Putting everything together and by -, 6] vf| < 37, ¢/ vi| + et1, we have:

> V(P Vi) =0 | VdB, |> V(P Vi) +dB} + B.Cy, + B, [ d**B2+d"® |> V(P Vi) + ety
1<t; i<t i<t
=0 | d""B, |Y V(P Vi) +d**B} + B,Cy, + B.et;
i<t

Solving a quadratic inequality w.r.t />, _, V(P;, Vi), wehave 3_,, V(P;, Vi) = O (d® B2 + B,Cy, + Byely). O

Lemma 24. With probability at least 1 — 20, for any epoch l, j € J), and v = w; — w with w € €,

W13, o) = O | 2| [D V(P Vi)u + VdB,u + dB?
1<t;
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Proof. Define €j(w) = €}, (w) = ¢ w — ¢; — Vi(s}) and nj (w) = n{, (w). Note that with probability at least 1 — 24:

lv Hw, ()21 = = clip;(¢] ) v =" clip; (] v)(e] (1) — € (b))

i<t i<t
Z CIIpJ (¢ v)ni(w)u + Z Cllp] (o] v)ni (W) + 2B,27 (Lemma 3 and w0 € €0))
i<t i<t
< 3\/2 C|ij ¢T )nl wl L+ \/ Z C|Ip] gf)T )2Ll + 2B12le
1<ty i<t;

(@] v =€i(w;) — €} () and (a + b)? < 2a% + 2b?)

=02 ZV(H,VI)L[—F\/Qj\/EB*ZCHpj((biTV)(d)ZTV)Ll—|—B*2jbl

i<ty i<t
(Lemma 25, clip;(-) < 27, B, < 2B,,and |¢; v| < 12VdB,)

=0 (2 [S VP Vi + \2VAB Wy, )01+ B2
i<t

Solving a quadratic inequality, we get HI/HIQ/V] ) =0 <2j \/Zigtl V(P;, Vi)u +VdB, 2y + deBf) O

Lemma 25. With probability at least 1 — 3, for any epoch I, "1 (P,V, — Vi(s}))? = O(X'L, V(P,, Vi) + dB?) and
Sy PP < VA = O (IS, VR R) + B )

Proof. Forany t € Ny, B € {21}/ %1 and w € G.,(3VdB), define X; = (¢] Upw — ¢; — Vi 5(s))2 =
(P;Viy. 5 — Vi, B(5))? and E; as the conditional expectation conditioned on the interaction history (s1,a1, ..., S;,a;). Note
that E;[X;] = V(P;, Vi) and | X;| < 4B2. Then by Lemma 37 with A = with probability at least 1 — ¢ with

8 = 6/(8(tlog,(2B))?(6v/dBt/e)?), we have:

432’

Zt: X; = V(P,V, <)\ZE [X7] | n3/9) <Zt:V(P< Viu.B) + O (dB})
P () wB )\ =~ i iy Yw,B %) -

i=1

Reorganizing terms and by a union bound, we have with probability at least 1 — §/2, forany t € N, B € {2} Z.E)fz B.]

andw € G /4(3VdDB):

>

t
> (PiVi.s = Viw5(5)) ZX <ZZV (P;,Viy,5) + O (dB2) . (16)
i=1

1=1 =1

Moreover, forany t € N, B € {Qi}l[ff’? B*W, and w € gg/t(:s\/&B), by Lemma 38, with probability at least 1 — 4':

t t

t
Zpivj,B—Vj,B(s;):@ > V(P V2 p)In §+Bln§ =0 | |d>_V(P,V2g) +dB}|. (A7)

=1 i=1

Then again by a union bound, the equation above holds with probability at least 1 — §/2 forany t € N, B € {2}, [1og2 Bs 1,
andw € ge/t(?)\fB).

Now for any epoch I, pick w] € G, /;, (3V/dB;) such that [|[w] — w|| < €/t;. Also define V;/ = Va5, and wy = Up,wy.
Then similar to Eq. (14) and Eq. (15), we have

Vi = Vil < Vde/ti, |Jw— @iy < de/ti. (18)
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For the first statement:

ty t

S (PVi= Vi) = 3 (6] @ — e = Vils)

i=1 i=1

<3 (@] @i — e = V(D) + (Vilsh) = Vi (s)* + (8] (@1 — w)))?)
=1

b 2 2
- d
<O <Z V(P;, V/) + dBf) + gy " ¢ (Eq. (16) and Eq. (18))

i=1 L

t; t1 t
=0 (ZV(RM) +> V(P V] =) + ng> =0 (ZV(PZ-, Vi) + de> :

i=1 i=1 i=1
(VAR[X + Y] < 2VAR[X]| + 2VAR[Y], V(P, V] = V) < ||V — Vl||ic, Eq. (18), and de < 1)
For the second statement,

t

YRV = V() = PV = VI ()) + DO (R = PV + D (VP () = 2 (s))
i=1 =1 i=1

i=1

t1 t;
SO | \dD_ VPV +dBY | + 4B, Y |[Vi =Vl
i=1 i=1
(Eq. (17) and max{||Vi|| . , [|V/ll .} < 4B,)
~ t1 t;
<O \[dD> V(P V) +dB2+ |dY V(P V2 = V/?) + VdB,e
i=1 i=1
(VAR[X + Y] < 2VAR[X] + 2VAR[Y],y/Z T y < v/Z + /7, and Eq. (18))
t
=0 [ |d>_V(P,V?) +dB? |. (Eq. (18) and € < 1)
i=1
Thus, the second statement is proved. O

For the next lemma, we define the following auxiliary function:

a?, || <27,
gj(x) = 2ty — 41 x>
A R R
Note that g; () is convex and f;(z) < g;(z) < 2f;(x).
Lemma 26. For ) € (0,1, g;(\z) > N\?g; ().

Proof. Let £ = 27, When |A\z| < /, we have: g;(Az) = A\?z? > M\g;(x). When Az > ¢ (arguments are similar for
Ax < —/f), we have x > /, and
9;(Ax) — A2gj(x) = 200z — 02 — N2 (20x — £%) = 2002(1 — \) — £2(1 — \?)
=(1-XMl2 x — (1 4+ A)¢) > 0.
O

Lemma 27. Fix2/ > ¢ > 0. Let x1,...,x; € B(1). If there exists 0 = 79 < 7y < -+ < T, = t such that for each
1 < ¢ < z, there exists v € B(B) \ B(e) for some B > € such that

¢ T¢-1
Y filalve) + 27 vy > 8d? (Z filwfve) +2 ||V<§> (19)

i=1 i=1
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Then, z = O(d).

Proof. Note that when Eq. (19) holds:

T¢—1
Zgg 2 ve) + 27 ||l > Zfa wi ve) +27 ||l > 8d° (Z Filwfve) +2 V<||2>

=1 =1
T¢—1
> 4d? (Z gi(x]ve) +27 ||1/¢||2> (20)

Thus, it suffices to bound the number times Eq. (20) holds. Define E;(v) = >'_, g, (z] v) + 27 ||1/H§ Clearly E; is convex
since g; is convex, and Ey(v) € [27€%,27 B + 2t27 B] for v € B(B) \ B(e). Define:

A={icZ:[logy(27€®)] <i < [log,(2' B* 4 2t2/ B)]}.

For each (, there exists ic € A such that E_, (v¢) € (2'<71,2%]. Define Dy ; = {v € B(B) : Ey(v) < 2'}. Note that
ve € Dy, i and Dt/ i 1s a symmetric convex set .since E, is a convex function and E;(v) = E;(—v). By Lemma 26, we
have E; (v¢/d) > & ETC(Vc) > 4E; _, (v¢) > 2'. Therefore, v¢/d ¢ D~ ;. , which means that in the direction of v,
the intercept of D._;, is at most 1/d times of that of D, _, ;.. By Lemma 35, we have: Vol(D,, ;) < ?VOI(DQ_MC).
Note that when [|v|, < 27, we have Ey(v) < (¢t 4 27) ||1/||§ Therefore, when ||v||, < € = 1/27/(t + 27)e, we have
E,(v) < 27€%. Therefore, Vol(D; ;) > Vol(B(¢')) for i € A. Due to the fact that D, ; is decreasing in ¢, we have

= O(|A] logz5(Vol(B(B))/ Vol (B(<")))) = O(d).
This completes the proof. O

D. Auxiliary Lemmas

Lemma 28. If z < (a\/z + b) In”(cz) for some a,b, ¢ > 0 and absolute constant p > 1, then x = O(a? + b).

Proof. First note that x < 2bIn”(cx) implies z < 2b(2p)Py/cz by Inz < z for z > 0, which gives < 4(2p)?Pb?c.
Plugging this back, we get z < 2bIn”(4(2p)?Pb%c?). Therefore, z > 2b1n”(4(2p)?Pb%c?) implies x > 2bIn” (cx). Next,
note that x < 2a+/z In”(cx) implies < 2ac'/*(4p)Px3/* by Inx < z for z > 0, which gives = < 16(4p)*Pa‘c.
Plugging this back, we get © < 2a+/z In(16(4p)*a*c?), which gives z < 4a?In*(16(4p)*Pa’c?). Therefore, >
2a+/x In® (16(4p)*Pa*c?) implies z > 2a+/z In” (cx). Thus, z > 4a® In*?(16(4p)*Pa’c?) + 2bIn (4(2p)?Pb%c?) implies
$ > ay/x1In”(cx) and § > bIn”(cx), which implies 2 > (ay/z + b) In”(cz). Taking the contrapositive, the statement is
proved. O

Lemma 29. (Abbasi-Yadkori et al., 2011, Lemma 11) Let { X;}52, be a sequence in R%, V a d x d positive definite matrix,

and define Vi, =V + 1y X, X1 Then, 37 min{1, || X[}, } < 2In 0 for anyn > 1.

Lemma 30. (Abbast Yadkori et al., 2011, Lemma 12) Let A, B be positive semi-definite matrices such that A = B. Then,
3 < sy

Lemma 31. (Wei et al., 2021b, Lemma 11) Let {x+}$2, be a martingale sequence on state space X w.r.t a filtration {F; }$2,
{¢1}22, be a sequence of random vectors in R so that ¢; € Fy_1 and ||¢¢|| < 1, Ay = A\ + Zi; bs0), and V C R¥
be a set of functions defined on X with N as its e-covering number w.r.t the distance dist(v,v') = sup,, [v(z) — v'(z)| for
some € > 0. Then for any 6 > 0, we have with probability at least 1 — 0, for allt > 0 and v € V so that sup,, |v(z)| < B:

2

d t+ A N 8t2e?
<4B?|=1 In == )
e {2H<A)+ 5]+ X

we have sup, 4

s) — Elv(xg)]Fs-1])

Lemma 32. (Wei et al., 2021b, Lemma 12) Let V be a class of mappings from X to R parameterized by o € [—D, D]™.
Suppose that for any v € V (parameterized by o) and v' € V' (parameterized by '), the following holds:

Slelp\v( z) —v(@)| < Lla =o'l
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Then, InN. < nln (%), where N is the e-covering number of V with respect to the distance dist(v,v') =
sup,ex |v(@) —v'(2)]-

Lemma 33. (Zhou et al., 2021a, Theorem 4.1) Let {F;}{2, be a filtration, {x¢,m}1>1 a stochastic process so that
x4, € R and x; € Fy,m; € Fyy1. Moreover, define y; = (u*, x+) + nr and we have:

el < R, Elne e = 0, Elnf|Fe] < 0, JJall, < L.

Then with probability at least 1 — §, we have for any t > 1:

t
g XTiM;
i=1

< Biy it — 1Ml 2, < Be+ VA,
z7t

where |1; = Zt_lbt, Zy = M + 22:1 zix] by = 25:1 yix;, and

B: = 8o\/dIn(1 + tL2/(d))) In(4t2/8) + 4R In(4t%/5).
Lemma 34. (Chen et al., 2021a, Lemma 30) For any two random variables X,Y, we have:

VAR[XY] < 2VAR[X] ||Y||C2>o + 2(E[X])*VAR[Y].

X| <C = VAR[X?] < 4C?*VAR[X].

Lemma 35. (Zhang et al., 2021, Lemma 16) Let D be a bounded symmetric convex subset of R? with d > 2. Suppose
w € 0D, that is, u is on the boundary of D, and D' is another bounded symmetric convex set such that D C D’ and
d-u € dD'. Then Vol(D') > IVol(D), where Vol(S) is the volume of the set S.

Lemma 36. (Zhang et al., 2021, Theorem 4) Let { X; }1'_, be a martingale difference sequence and |X;| < b almost surely.
Then for § < e~ %, we have with probability at least 1 — 66 logy n,

Consequently,

" 1 1
2
<8 E X; lng—|—16blng.

i=1

>

i=1

Lemma 37. (Jin et al., 2020a, Lemma 9) Let { X; }1'_, be a martingale difference sequence adapted to the filtration {F; }1_,,,
and X; < B almost surely for some B > 0. Then, for any A € [0,1/B], with probability at least 1 — 0:

" “ In(1/6)
X; <2\ E[X?|F_ .
; < ; X1 Fima] + —5;

Lemma 38. Ler {X;}°, be a martingale difference sequence adapted to the filtration {F;}5°, and | X;| < B for some
B > 0. Then with probability at least 1 — 0, for all n > 1 simultaneously,

n

S

i=1

432 3 4B2 3
" iopm 2

<3 Z]E[Xﬂfi—l] In

=1

Proof. For each n > 1, applying Lemma 37 to {X;}?_; and {—X;}?_, witheach A € A = {55 iﬂ=°§2 "1 we have with

probability at least 1 — %, for any A € A,
n n In 4Bn3
DXl <A EXIFial+ — @1)
i=1 i=1
Note that there exists A* € A such that \*/ min {1/B, %} € (4, 1]. Plugging A\* into Eq. (21), we get
i=1 i 1/i—1

> X < 3\/2?:1 E[X2|F;—1]In % +2BIn 45}”3 . By a union bound over n, the statement is proved. O
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Lemma 39. (Cohen et al., 2020, Lemma D.4) and (Cohen et al., 2021, Lemma E.2) Let { X;}32, be a sequence of random
variables w.rt to the filtration {F;}32, and X; € [0, B] almost surely. Then with probability at least 1 — ¢, for alln > 1
simultaneously:

i:E[Xl|fl—l] < Qi:Xi +4Bln

i=1 i=1

an
5’

X; <25 E[X|Fi 4] + 8B —.
; ; (X Fie1] 5



