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Abstract
We study regret minimization for infinite-
horizon average-reward Markov Decision Pro-
cesses (MDPs) under cost constraints. We start
by designing a policy optimization algorithm
with carefully designed action-value estimator
and bonus term, and show that for ergodic MDPs,
our algorithm ensures Õ(

√
T ) regret and constant

constraint violation, where T is the total number
of time steps. This strictly improves over the al-
gorithm of (Singh et al., 2020), whose regret and
constraint violation are both Õ(T 2/3). Next, we
consider the most general class of weakly com-
municating MDPs. Through a finite-horizon ap-
proximation, we develop another algorithm with
Õ(T 2/3) regret and constraint violation, which
can be further improved to Õ(

√
T ) via a simple

modification, albeit making the algorithm com-
putationally inefficient. As far as we know, these
are the first set of provable algorithms for weakly
communicating MDPs with cost constraints.

1. Introduction
Standard reinforcement learning (RL) algorithms aim at
finding the optimal policy that maximizes the accumulated
reward in a Markov Decision Process (MDP). In many real-
world applications, however, the algorithm is also required
to satisfy certain constraints. For example, in autonomous
driving, the vehicle needs to reach the destination with min-
imum amount of time while obeying the traffic rules. These
constrained versions of RL problems can be formulated by
Constrained Markov Decision Processes (CMDPs) (Altman,
1999), where a learning agent tries to maximize the accu-
mulated reward while ensuring that certain cost constraint
is not violated or at least the violation is small enough.

Learning in a CMDP is a long-standing topic, and there is
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a surge of interest in it in light of all other theoretical ad-
vances in RL. Almost all recent works on CMDP, however,
focus on the simpler finite-horizon setting (Kalagarla et al.,
2021; Efroni et al., 2020; Qiu et al., 2020; Liu et al., 2021b)
or the discounted setting (Liang et al., 2017; Tessler et al.,
2018; Chen et al., 2021d; Liu et al., 2021a; Ding et al., 2020;
2021). In contrast, learning CMDP in the infinite-horizon
average-reward setting, where the learner-environment inter-
action never ends or resets and the goal is to achieve optimal
long-term average reward under constraints, appears to be
much more challenging. For example, (Zheng & Ratliff,
2020) makes the restricted assumptions that the transition
kernel is known and an initial policy that satisfies the con-
straints and induces an ergodic Markov chain is given, but
still only achieves Õ(T 3/4) regret after T steps (with no con-
straint violation). Another recent work (Singh et al., 2020)
considers the special class of ergodic CMDPs, but only
achieves Õ(T 2/3) regret and Õ(T 2/3) cost constraint vio-
lation. These existing results are far from optimal, exhibit-
ing unique challenges of the constrained infinite-horizon
average-reward setting.

In this work, we manage to overcome some of these chal-
lenges and significantly improve our understanding of regret
minimization for infinite-horizon average-reward CMDPs.
Our contributions are as follows:

• Following (Singh et al., 2020), we start by considering
ergodic CMDPs in Section 3. We develop an algorithm
that achieves Õ(

√
T ) regret and constant constraint vio-

lation, strictly improving (Singh et al., 2020). The main
technical challenge in getting Õ(

√
T ) regret for the upper-

confidence-type algorithm of (Singh et al., 2020) is the
lack of a tighter bound on the span of the estimated bias
function. Instead, we resolve this issue using a policy op-
timization algorithm with a special action-value estimator
whose span is well controlled. To further control the tran-
sition estimation error from the action-value estimator,
we also include a new bonus term in the policy update.

• In Section 4, we drop the ergodic assumption and consider
the most general class of weakly communicating CMDPs.
By reducing the original infinite-horizon problem to a
finite-horizon problem similarly to (Wei et al., 2021),
we show that a simple and efficient linear programming
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approach gives Õ(T 2/3) regret and Õ(T 2/3) constraint
violation. Further introducing extra constraints to the
linear program to control the span of some bias function,
we are also able to obtain Õ(

√
T ) regret and Õ(

√
T )

violation, with the price that the resulting program can no
longer be solved computationally efficiently. As far as we
know, these are the first results for weakly communicating
CMDPs (see some caveats below).

Related Work As mentioned, learning in CMDP is heav-
ily studied recently in other settings (see references listed
earlier), but for the infinite-horizon average-reward setting,
other than the two recent works discussed above (Zheng &
Ratliff, 2020; Singh et al., 2020), we are only aware of the
works (Agarwal et al., 2021a;b) which study the ergodic
case. Unfortunately, their results appear to be wrong due
to a technical mistake which sidesteps an important chal-
lenge for this problem on controlling the span of some bias
function; see Appendix A for more details.1

Regret minimization for the infinite-horizon average-reward
setting without constraints dates back to (Bartlett & Tewari,
2009; Jaksch et al., 2010) and was shown to be possible
only when the MDP is at least weakly communicating. Nu-
merous improvements have been discovered in recent years;
see e.g. (Ortner, 2018; Fruit et al., 2018; Talebi & Maillard,
2018; Abbasi-Yadkori et al., 2019; Zhang & Ji, 2019; Wei
et al., 2020; 2021). From a technical perspective, designing
provable algorithms for the infinite-horizon average-reward
setting, especially for the general class of weakly communi-
cating MDPs, has always been more challenging than other
settings. For example, optimal model-free algorithms re-
main unknown for this setting (Wei et al., 2020), but have
been developed for the finite-horizon setting (Jin et al., 2018)
and the discounted setting (Dong et al., 2020).

Apart from MDPs, researchers also study constrained multi-
armed bandit problems, such as conservative bandits (Wu
et al., 2016; Kazerouni et al., 2017; Garcelon et al., 2020)
and bandits with safety constraints modeled by a cost func-
tion (similar to our setting) (Amani et al., 2019; Pacchiano
et al., 2021; Liu et al., 2021c).

2. Preliminaries
An infinite-horizon average-reward CMDP model is defined
as a tuple M = (S,A, r, c, τ, P ). Here, S is the state
space, A is the action space, r ∈ [0, 1]S×A is the reward
function, c ∈ [0, 1]S×A is the cost function modeling con-
straints, τ is a cost threshold, and P = {Ps,a}(s,a)∈S×A
with Ps,a ∈ ∆S is the transition function, where ∆S is the

1However, the latest version of (Agarwal et al., 2021a) provides
a fix to this issue and claims to achieve Õ( 1

τ−c0LS
√
AT ) regret

with constant constraint violation, where L is the maximum hitting
time over all policies and all pair of source and destination states.

simplex over S. For simplicity, we assume that only the
transition function P is unknown, while all other param-
eters are known. Dealing with unknown reward and cost
functions can be done in a way similar to (Liu et al., 2021b)
by maintaining standard confidence sets.

Throughout, we also assume that the MDP is weakly com-
municating, which is known to be necessary for learning
even without constraints (Bartlett & Tewari, 2009). More
specifically, an MDP is weakly communicating if its state
space consists of two subsets: in the first subset, all states
are transient under any stationary policy (that is, a mapping
from S to ∆A); in the second subset, every two state are
communicating under some stationary policy.

The learning protocol is as follows: the learner starts from an
arbitrary state s1 ∈ S, and interacts with the environment
for T steps. In the t-th step, the learner observes state
st ∈ S, takes an action at ∈ A, and transits to the next
state st+1 ∼ Pst,at . Informally, the goal of the learner is to
ensure large reward while at the same time incurring small
cost relative to the threshold τ .

To describe these objectives formally, we introduce the
concept of average utility function: for a stationary pol-
icy π ∈ (∆A)S , transition function P , and utility function
d ∈ RS×A+ , define the average utility for any s ∈ S as

Jπ,P,d(s) = lim inf
T→∞

1

T
E

[
T∑
t=1

d(st, at)

∣∣∣∣∣π, P, s1 = s

]
where the expectation is with respect to the random sequence
a1, s2, a2, s3, a3, . . . generated according to at ∼ π and
st+1 ∼ Pst,at . (Puterman, 1994, Theorem 8.3.2) shows
that, there exists an optimal policy π? such that for any
s ∈ S, π? is the solution for the following optimization
problem

argmax
π∈(∆A)S

Jπ,P,r(s), s.t. Jπ,P,c(s) ≤ τ, (1)

and also Jπ
?,P,r(s) = J? and Jπ

?,P,c(s) = J?c for some
constants J? and J?c independent of s. The performance of
the learner is then measured through two quantities: first,
her regret in reward against the optimal policy π?, defined as
RT =

∑T
t=1(J?− r(st, at)), and second, her regret in cost

against the threshold τ , or simply her constraint violation,
defined as CT =

∑T
t=1(c(st, at)− τ).

Finally, (Puterman, 1994, Theorem 8.2.6) also shows that for
any utility function d, there exists a bias function qπ,P,d ∈
RS×A satisfying the Bellman equation: ∀(s, a) ∈ S ×A,

qπ,P,d(s, a) + Jπ,P,d(s) = d(s, a) + Es′∼Ps,a [vπ,P,d(s′)],
(2)

where vπ,P,d(s) =
∑
a∈A π(a|s)qπ,P,d(s, a), and also

Jπ,P,q
π,P,d

(s) = 0 for all s ∈ S. The functions q and
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v are analogue of the well-known Q-function and state-
value-function for the discounted or finite-horizon setting.

Notations Let S = |S| and A = |A| be the number
of states and actions respectively. For an integer n, [n]
denotes the set {1, . . . , n}. For a distribution P ∈ ∆S
and a function V ∈ RS , define PV =

∑
s∈S P (s)V (s).

For any function v ∈ RS , define its span as sp(v) =
maxs∈S v(s)−mins∈S v(s). When there is no confusion,
we write Jπ,P,d as Jπ,d, qπ,P,d as qπ,d, and vπ,P,d as vπ,d.
Given a policy π and a transition P , define matrix Pπ such
that Pπs,s′ =

∑
a π(a|s)Ps,a(s′). For any ε ∈ (0, 1), π?,ε is

defined in the same way as π? but with the threshold τ re-
placed by τ − ε. Let J?,ε denote the corresponding average
reward Jπ

?,ε,r(s) (that is s-independent as mentioned).

3. Results for Ergodic MDPs
We start by considering a special case of ergodic MDPs,
which are self-explorative and often easier to learn com-
pared to the general case of weakly communicating MDPs.
However, even in this special case, the presence of cost
constraint already makes the problem highly challenging as
discussed below.

Specifically, an MDP is ergodic if for any stationary pol-
icy, the induced Markov chain is ergodic (that is, irre-
ducible and aperiodic). There are several nice properties
about ergodic MDPs. First, the long term average behav-
ior of any stationary policy π is independent of the start-
ing state: one can define the occupancy measure (also
called stationary distribution) µπ,P ∈ [0, 1]S×A such that
µπ,P (s, a) = limT→∞

1
T E[

∑T
t=1 I{st = s, at = a}|π, P ]

is the fraction of visits to (s, a) in the long run following
π in an ergodic MDP with transition P (the starting state
is irrelevant to this value). We also write µπ,P as µπ when
there is no confusion. By definition, for any utility function
d ∈ RS×A, the average utility Jπ,d(s) is also s-independent
and can be written as 〈µπ, d〉, denoted by Jπ,d for short.

Moreover, ergodic MDPs have finite mixing time and hitting
time, defined as follows:

tmix = max
π

min

{
t ≥ 1 :

∥∥(Pπ)ts,· − µπ
∥∥

1
≤ 1

4
,∀s
}
,

thit = max
π

max
s

1

µπ(s)
,

where µπ(s) =
∑
a µπ(s, a). In words, mixing time is the

maximum time required for any policy starting at any initial
state to make the state distribution 1

4 -close to its stationary
distribution, and hitting time is the maximum inverse sta-
tionary probability of visiting any state under any policy. As
in previous work, we assume that tmix, thit are known, and
T is large enough so that T ≥ 30Amax{tmix, thit}.

Compared to the finite-horizon setting, one key challenge
for learning infinite-horizon average-reward MDPs with
constraints is to control the span of the bias function with
respect to some estimated transition. How to do so is highly
unclear even though the same under the true transition is
simply bounded by O(tmix) for an ergodic MDP. In fact, the
MDP associated with the estimated transition might not be
ergodic any more. In the seminal work of (Jaksch et al.,
2010) for the unconstrained problem, they show that the
span of the optimistic bias function is upper bounded by
the diameter of the MDP. Their arguments, however, are
not applicable when constraints are presented. This brings
severe difficulties in the analysis for natural optimism-based
approaches. For example, Singh et al. (2020) exploit the
self-explorative property of ergodic MDPs to analyze an
extension of the UCRL algorithm (Jaksch et al., 2010), but
only manage to obtain Õ(T 2/3) bounds for both regret RT
and constraint violation CT . Moreover, their analysis does
not generalize to the case of weakly communicating MDPs.

3.1. Our Algorithm

To resolve the issue mentioned above, we take a different
approach — we adopt and extend the policy optimization al-
gorithm of (Wei et al., 2020) (called MDP-OOMD) from the
unconstrained setting to the constrained one. The advantage
of policy optimization is that, instead of finding optimistic
policies and transitions based on full planning, it updates
policy incrementally based on an estimate of the current
policy’s bias function, which avoids the need to control the
span of bias functions under estimated transition. This, how-
ever, requires a careful design of the estimate of the current
policy’s bias function, which is our key algorithmic novelty.

We start by describing the framework of our algorithm,
which is similar to (Wei et al., 2020), and then highlight
what the key differences are. The complete pseudocode is
presented in Algorithm 1. Specifically, the algorithm pro-
ceeds in episodes of H = Õ(tmixthit) steps, with a total of
K = T

H episodes (assumed to be an integer for simplicity).
In each episode k, the algorithm (Line 1) executes the same
policy πk for the entire H steps, collecting a trajectory Tk
of the form (st1 , at1 , . . . , st2 , at2) for t1 = (k − 1)H + 1
and t2 = kH . Then, using this trajectory (together with
other statistics), the algorithm (Line 2) invokes a proce-
dure ESTIMATEQ to compute a bias function estimator
β̂k ∈ RS×A, such that β̂k(s, a) approximately tells us how
good taking action a at state s and then following πk in the
future is. With such an estimator, the algorithm (Line 3)
updates the policy and find πk+1 for the next episode, us-
ing the classic Online Mirror Descent (OMD) framework.
Below, we flesh out the details of each part.

Bias Function Estimates To simultaneously take reward
and cost constraint into account, we adopt the common
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Algorithm 1 Policy Optimization for Ergodic CMDP
Parameter: episode length H , number of episodes K =
T/H , interval length N , learning rate θ, scaling parameter
η, dual variable upper bound λ, cost slack ε; see Eq. (5).
Initialize: π1(a|s) = 1/A for (s, a) ∈ S ×A, λ1 = 0.
for k = 1, . . . ,K do

1 Execute πk for H steps and obtain trajectory Tk.
2 β̂k = ESTIMATEQ(Tk, P̄k, r − λk

η c) (Algorithm 2)
where P̄k is empirical transition (3).
for all s ∈ S do

3 Update policy:

πk+1(·|s) = argmax
π∈∆̄

{〈
π, β̂k + uk

〉
−D(π, πk)

}
whereD(p, q) = 1

θ

∑
a(p(a) ln p(a)

q(a)−p(a)+q(a)),
∆̄ = ∆A ∩ [ 1

T , 1]A, and uk is defined in Ap-
pendix B.6 (see also Section 3.1).

4 Update dual variable

λk+1 = min
{
λ,max

{
0, λk + Ĵk + ε− τ

}}
,

where Ĵk = 1
H−N

∑H
h=N+1 c(s

k
h, a

k
h) with skh =

s(k−1)H+h and akh = a(k−1)H+h.

primal-dual approach (Efroni et al., 2020; Liu et al., 2021b)
and consider the adjusted reward function d = r − λk

η c for
episode k, where η is a scaling parameter and λk is a dual
variable (whose update will be discussed later). Intuitively,
this adjusted reward provides a balance between maximizing
rewards and minimizing costs. The procedure ESTIMATEQ
is effectively trying to estimate the bias function associated
with the current policy πk and the adjusted reward d, that
is, qπk,d (up to some additive term that is the same across
all (s, a) entries), using data from the trajectory Tk of this
episode. The pseudocode of ESTIMATEQ in shown in Algo-
rithm 2. It shares a similar framework as (Wei et al., 2020):
for each s ∈ S, it collects data from non-overlapping in-
tervals of length N = Õ(tmix) that start from state s, and
also make sure that these intervals are at least N steps apart
from each other to reduce the correlation of data (see the
while-loop of Algorithm 2).

However, different from (Wei et al., 2020) which uses stan-
dard importance weighting when constructing the estimator,
we propose a new method that is critical to our analysis (see
last two lines of Algorithm 2). Specifically, for each interval
i mentioned above, we compute the cumulative adjusted
reward yi, and then average them over all intervals start-
ing from state s as a value-function estimate V (s). Finally,
we return the bias function estimate whose (s, a) entry is
d(s, a)+ P̄kV , in light of the right-hand side of the Bellman

Algorithm 2 ESTIMATEQ
Input: trajectory T = (st1 , at1 , . . . , st2 , at2), empirical
transition P̄ , and utility function d.
Define: N = 4tmix log2 T .
for all s ∈ S do

Initialize: τ ← t1, i← 0.
while τ ≤ t2 −N do

if sτ = s then
i← i+ 1.
yi =

∑τ+N−1
t=τ d(st, at).

τ ← τ + 2N .
else τ ← τ + 1.

Set V (s) = I{i > 0} 1
i

∑i
j=1 yj .

return function Q such that Q(s, a) = d(s, a) + P̄ V .

equation (2). Here, P̄k is the current empirical transition
function such that

P̄k,s,a(s′) =
Nk(s, a, s′)

N+
k (s, a)

, (3)

where Nk(s, a, s′) is the number of visits to state-action-
state triplet (s, a, s′) before episode k and N+

k (s, a) =
max{1, Nk(s, a)} with Nk(s, a) =

∑
s′ Nk(s, a, s′).

The reason of using this new estimator is to ensure that
the final estimator β̂k(s, a) has a reasonable scale (roughly
O(N) = Õ(tmix)), which in turn makes sure that the policy
πk is relatively stable across episodes. On the other hand,
the importance-weighted estimator of (Wei et al., 2020)
scales with 1

πk(a|s) for the (s, a) entry, which could be very
large. This is not an issue for their algorithm since they
use a more stable regularizer called log-barrier in the OMD
policy update, but this is not viable for us as explained next.

Policy Update With the estimate β̂k, Algorithm 1 then
updates πk according to the OMD update: πk+1(·|s) =

argmaxπ∈∆̄

{〈
π, β̂k + uk

〉
−D(π, πk)

}
. Here, ∆̄ =

∆A ∩ [ 1
T , 1]A is a truncated simplex, D(p, q) =

1
θ

∑
a(p(a) ln p(a)

q(a) − p(a) + q(a)) is the KL-divergence
scaled by the inverse of a learning rate θ > 0, and finally
uk is an extra exploration bonus term used to cancel the
bias due to using P̄k instead of the true transition P when
computing β̂k. More concretely, uk is an approximation of
qπk,Pk,xk , where xk is a reward bonus function defined as

xk(s, a) =

 1√
N+
k (s, a)

+
∑
a′

πk(a′|s)√
N+
k (s, a′)

 ι, (4)

for ι = 2λN
η

√
S ln 2SAT

δ and failure probability δ ∈ (0, 1),
and Pk is an (approximate) optimistic transition with respect
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to policy πk and reward bonus xk that lies in some transi-
tion confidence set. We compute Pk and uk via Extended
Value Iteration (EVI) (Jaksch et al., 2010) with precision
εEVI = 1

T as follows: we iteratively perform a value itera-
tion procedure with u0(s) = 0 and

ui+1(s) =
∑
a∈A

πk(a|s)
(
xk(s, a) + max

P∈Qk
Ps,au

i

)
,

whereQk is some transition confidence set formally defined
in Appendix B.6. We stop the iteration above at index i?,
which is the first index i such that sp(ui+1 − ui) ≤ εEVI.
Then, we define Pk,s,a = argmaxP∈Qk Ps,au

i? as the ap-
proximate optimistic transition, and uk(s, a) = xk(s, a)−
mins′ u

i?+1(s′)+Pk,s,au
i? as the shifted approximate bias

function. The full setup is deferred to Appendix B.6.

If ∆̄ is replaced with the standard simplex ∆A, then the
update rule would be in the standard form of multiplica-
tive weight update. However, we use a truncated simplex
because our analysis requires a so-called “interval regret”
guarantee from OMD (that is, regret measured on a specific
interval; see the proof of Lemma 19), and multiplicative
weight update over a truncated simplex is a standard way to
achieve so. This is why we cannot use the log-barrier OMD
of (Wei et al., 2020) because as far as we know it does not
provide an interval regret guarantee.

Dual Variable Update The dual variable λk+1 is updated
via gradient descent λk+Ĵk+ε−τ , projected back to [0, λ];
see Line 4 of Algorithm 1. Here, ε is a cost slack, λ is an
upper bound for the dual variable, and Ĵk is the empirical
average cost suffered by the learner in the last H −N steps
of this episode (discarding the firstN steps to ensure that the
state-action distribution is close to µπk due to ergodicity).
It can be shown that Ĵk is an accurate estimate of Jπk,c; see
Lemma 7.

Parameter Tuning Finally, we list the exact value of the

parameters below (recall ι = 2λN
η

√
S ln 2SAT

δ ):

H = d16tmixthit(log2 T )2e, N = d4tmix log2 T e,

θ = min
{

1/(4Hι),
√

lnT/(4KH2ι2)
}
,

η = 1 + 210(τ − c0)N
√
S ln

(
4SAT 3

δ

)
×(√

S2AT +
√
HT + S1.5AH ln

(
4SAT 3

δ

))
,

λ =
40η

τ − c0
, ε = min

{
τ − c0

2
,

3λ

K

}
.

(5)

Here, H and N are chosen such that Algorithm 2 gives
accurate bias function estimates (Lemma 8); θ gives optimal
regret bound trade-off for the PO analysis (Appendix B.4);

λ and η are chosen such that the dual variables {λk}k fall in
an appropriate range (Lemma 19), which is important to our
analysis; ε is chosen such that the learner is just conservative
enough to give constant constraint violation (Appendix B.5);
c0 is a constant such that there is a (strictly safe) policy π0

with c0 = maxs J
π0,P,c(s) < τ . We assume that c0 is

known (but not the policy π0), similarly to prior work such
as (Efroni et al., 2020; Liu et al., 2021b).

3.2. Guarantees and Analysis

The guarantee of Algorithm 1 is summarized below.

Theorem 1. With probability at least 1 − 16δ, Al-
gorithm 1 ensures the following guarantees: RT =

Õ
(
t2mixthit

τ−c0 (
√
S3AT +

√
StmixthitT + S2Atmixthit) + tmixthit

(τ−c0)2

)
and CT = Õ

(
t4mixt

2
hitS

3A+t5mixt
3
hitS

(τ−c0)2 +
t3mixt

2
hitS

2A
τ−c0

)
.

Looking only at the dependence on T , our bounds areRT =
Õ(
√
T ) and CT = Õ(1), improving the Õ(T 2/3) bounds

of (Singh et al., 2020) for both metrics. Below, we show a
proof sketch of this theorem.

Regret For regret RT , we start by decomposing it as

RT =

T∑
t=1

(J? − r(st, at)) = T (J? − J?,ε)︸ ︷︷ ︸
DIFF

+

H

K∑
k=1

(J?,ε − Jπk,r)︸ ︷︷ ︸
REG

+

K∑
k=1

H∑
h=1

(Jπk,r − r(skh, akh))︸ ︷︷ ︸
DEV

,

where skh = s(k−1)H+h and akh = a(k−1)H+h. We bound
each of the three terms separately below.

Bounding DIFF DIFF is at most εT
τ−c0 by using the follow-

ing lemma directly, which shows the difference in optimal
reward when shrinking the constraint threshold by ε.

Lemma 1. For ε ∈ [0, τ − c0], J? − J?,ε ≤ ε
τ−c0 .

Bounding REG We decompose the REG term as REG =∑K
k=1(Jπ

?,ε,r−λkη c − Jπk,r−
λk
η c) +

∑K
k=1

λk
η (Jπ

?,ε,c −
Jπk,c). The first term can be rewritten by the value differ-
ence lemma (Lemma 16), and is bounded following the
standard OMD analysis. The final result is shown below.

Lemma 2. For any policy π̊ and a subset of episodes

I = {i, i+ 1, . . . , j} ⊆ [K], we have:
∑
k∈I J

π̊,r−λkη c −
Jπk,r−

λk
η c ≤ λ

4(τ−c0) with probability at least 1− 4δ.
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For the second term, we have

K∑
k=1

λk
η

(Jπ
?,ε,c − Jπk,c)

(i)
≤

K∑
k=1

λk
η

(τ − ε− Jπk,c)

(ii)
.

K∑
k=1

λk
η

(
τ − ε− Ĵk

)
+

K∑
k=1

λk
η

(Ĵk − Ek[Ĵk])

(iii)
≤ 1

η

K∑
k=1

λk(λk − λk+1) +
τ2K

η
+ Õ

(
λ

η

√
K

)
(iv)
= Õ

(
K

η
+
λ

η

√
K

)
(v)
= Õ

(
λ

τ − c0

)
.

Here, (i) is by the definition of π?,ε; (ii) is because Ek[Ĵk]
is a good estimate of Jπk,c (Ek denotes the expectation
given everything before episode k); (iii) applies Azuma’s
inequality and the following argument: if λk+1 > 0,
then τ − ε − Ĵk ≤ λk − λk+1 by the definition of
λk; otherwise, λk ≤ τ − ε − Ĵk < τ and λk(τ −
ε − Ĵk) ≤ τ2; (iv) is because

∑K
k=1 λk(λk − λk+1) =

1
2

∑K
k=1

(
λ2
k − λ2

k+1 + (λk+1 − λk)2
)
≤ K

2 , where the
last inequality is by λ1 = 0 and |λk − λk+1| ≤ 1; (v) is by
the value of the parameters in Eq. (5). Putting everything
together, we have REG = Õ( λ

τ−c0 ).

Bounding DEV We prove a more general statement say-
ing that

∑K
k=1

∑H
h=1(Jπk,d − d(skh, a

k
h)) . λ for any

utility function d ∈ [0, 1]S×A; see Lemma 18. The
idea is as follows. Using the Bellman equation (2),
the left-hand side is equal to

∑K
k=1

∑H
h=1(Pskh,akhv

πk,d −
qπk,d(skh, a

k
h)), which can then be decomposed as

the sum of three terms:
∑K
k=1

∑H
h=1(Pskh,akhv

πk,d −
vπk,d(skh+1)),

∑K
k=1

∑H
h=1(vπk,d(skh) − qπk,d(skh, a

k
h)),

and
∑K
k=1

∑H
h=1(vπk,d(skh+1)− vπk,d(skh)). The first two

terms are sums of martingale difference sequence and of
order Õ(tmix

√
T ) by Azuma’s inequality. The last term

can be rearranged and telescoped to
∑K
k=2(vπk,d(sk1) −

vπk−1,d(sk1)) (dropping two negligible terms). Now, this is
exactly the term where we need the stability of πk: as long
as πk changes slowly, this bound is sublinear in K. As dis-
cussed, we ensure this by using a new estimator β̂k whose
scale is nicely bounded, allowing us to show the following.

Lemma 3. For any k, we have |πk(a|s)− πk−1(a|s)| ≤
8θHιπk−1(a|s) and

∣∣vπk,d(s)− vπk−1,d(s)
∣∣ ≤ 65θHN2ι

where d ∈ [0, 1]S×A is any utility function.

Putting everything together then finishes the proof for RT .

Constraint Violation For CT , we decompose as: CT =∑K
k=1

∑H
h=1(c(skh, a

k
h) − Jπk,c) + H

∑K
k=1(Jπk,c − τ).

The first term is similar to DEV and is of order λ by
Lemma 18. The second term is roughly H

∑K
k=1(Ĵk − τ)

(recall Ĵk is a good estimator of Jπk,c), and can be further
bounded by H(λ−Kε). The reason of the last step is that
in Lemma 19, using the interval regret property (Lemma 2)
ensured by our OMD update, we show λk < λ, that is, the
truncation at λ never happens in the update rule of λk (with
high probability). This implies λk+1 ≥ λk + Ĵk + ε − τ
by definition, and rearranging thus shows

∑K
k=1(Ĵk − τ) ≤∑K

k=1(λk+1 − λk − ε) = λK+1 −Kε ≤ λ−Kε.

Now if ε = 3λ/K (c.f. Eq. (5)), the negative term −HKε
above cancels out all the positive terms and CT ≤ 0. Oth-
erwise, we have T = Õ(N

2H2S3A+N2H3S
(τ−c0)2 + NH2S2A

τ−c0 ) by
the definition of ε, and the trivial bound CT ≤ T concludes
the proof after we plug in the definition of N and H .

3.3. Experiments

We evaluate Algorithm 1 empirically on a variant of the
single hop wireless network environment similar to (Singh
et al., 2020), where a wireless node continuously transmits
data packets to a receiver. The node consists of a queue
of packets with finite capacity B. At time step t, the node
needs to choose a transmission power at ∈ {0.1, 0.9} as
action. Higher transmission power leads to higher proba-
bility of attempted transmission. The number of packets
arriving at time step t is denoted by Yt. We assume that
Yt ∈ {0, 1, 2, 3} are i.i.d. sampled, and the associated proba-
bility vector is (0.65, 0.2, 0.1, 0.05). The channel reliability
is pr = 0.9, that is, each attempted transmission has a prob-
ability of 0.9 to succeed. Let Qt be the length of the queue
at time step t. Then, the dynamics of the queue length can
be described as Qt+1 = min{B,max{0, Qt + Yt −Dt}},
where Dt = 1 with probability at · pr and Dt = 0 other-
wise. The goal of this network is to maintain a short queue
length with minimum transmission power: at time step t,
the reward is rt = 1 − at and the cost is ct = Qt. The
per-round cost threshold τ is set to 3.

This setup is almost identical to the experiments of (Singh
et al., 2020), except that their action at is binary, that is,
chosen from {0, 1}. However, as far as we know this makes
the MDP non-ergodic (even though their results only hold
for ergodic MDPs). We therefore changed it to {0.1, 0.9}.

We run Algorithm 1 for T = 3 · 106 time steps and 5
different random seeds with the following manually best
tuned parameters: H = 300, N = 20, η =

√
T , λ = η,

ε = 0.01 and θ = 10/
√
T . We also scale ι and the range of

transition confidence sets by a factor of
√

0.1 to accelerate
learning. The cumulative regret and constraint violation
are shown in Figure 1 with shaded area as 95% confidence
interval. As predicted by our theory, Algorithm 1 achieves
sub-linear regret growth while ensuring that the constraint
violation is upper bounded by a constant. The oscillation
of regret and constraint violation is due to the fact that dual
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Figure 1. Experiment results of running Algorithm 1 on a variant of the single hop wireless network environment similar to (Singh et al.,
2020). The plots from left to right are accumulated regret, accumulated constraint violation, and value of dual variables {λk}k in 3 · 106
time steps respectively. Each plot is an average of 5 repeated runs, and the shaded area is 95% confidence interval.

variables λk are changing adaptively, which controls how
conservative the agent behaves with respect to the constraint
violation. This is verified in the last plot of Figure 1 as well.

4. Results for Weakly Communicating MDPs
In this section, we drop the ergodic assumption and consider
the most general case of weakly communicating MDPs. As
in the unconstrained case, the span of the bias function of
the optimal policy π? plays an important role in this case
and is unavoidable in the regret bound. More concretely,
our bounds depend on sp(vπ

?,r) and sp(vπ
?,c), and our al-

gorithm assumes knowledge of these two parameters, which
we also write as sp?r and sp?c for short. We note that even in
the unconstrained case, all existing algorithms whose regret
bound depends on sp?r need the knowledge of sp?r .

Weakly communicating MDPs impose extra challenges in
learning. Specifically, there is no uniform bound for sp(vπ,r)
and sp(vπ,c) for all stationary policy π (while in the ergodic
case they are both Õ(tmix)). It is also unclear how to obtain
an accurate estimate of a policy’s bias function as in ergodic
MDPs, which as we have shown is an important step for pol-
icy optimization algorithm. We are thus not able to extend
the approach from Section 3 to this general case. Instead,
we propose to solve the problem via a finite-horizon ap-
proximation, which is in spirit similar to another algorithm
of (Wei et al., 2020) (called Optimistic Q-Learning).

Specifically, we still divide the T steps into K episodes,
each of length H . In each episode, we treat it as an episodic
finite-horizon MDP, and try to find a good (non-stationary)
policy through the lens of occupancy measure, in which
expected reward and cost are both linear functions and easy
to optimize over. Concretely, consider a fixed starting state
s, a non-stationary policy π ∈ (∆A)S×[H] whose behavior
can vary in different steps within an episode, and an inhomo-
geneous transition function P = {Ps,a,h}(s,a,h)∈S×A×[H]

where Ps,a,h ∈ ∆S specifies the probability of next state
after taking action a at state s and step h. The corresponding
occupancy measure νπ,P,s ∈ [0, 1]S×A×[H]×S is then such
that νπ,P,s(s′, a, h, s′′) is the probability of visiting state s′

at step h, taking action a, and then transiting to state s′′, if
the learner starts from state s, executes π for the next H
steps, and the transition dynamic follows P .

Conversely, a function ν ∈ [0, 1]S×A×[H]×S is an occu-
pancy measure with respect to a starting state s, some policy
πν , and transition Pν if and only if it satisfies:

1. Initial state is s:
∑
a

∑
s′′ ν(s′, a, 1, s′′) = I{s′ = s}.

2. Total mass is 1:
∑
s′
∑
a

∑
s′′ ν(s′, a, h, s′′) = 1, ∀h.

3. Flow conservation:
∑
s′′
∑
a ν(s′′, a, h, s′) =∑

a

∑
s′′ ν(s′, a, h+1, s′′) for all s′ ∈ S, h ∈ [H−1].

We denote the set of all such ν as Vs. For notational
convenience, for a ν ∈ Vs, we define ν(s′, a, h) =∑
s′′ ν(s′, a, h, s′′), ν(s′, a) =

∑
h ν(s′, a, h), and

ν(s′, h) =
∑
a ν(s′, a, h). Also note that the corre-

sponding policy πν and transition Pν can be extracted via
πν(a|s′, h) = ν(s′,a,h)

ν(s′,h) and Pν,s′,a,h(s′′) = ν(s′,a,h,s′′)
ν(s′,a,h) .

These facts are taken directly from (Rosenberg & Mansour,
2019) (although there the starting state is always fixed).
Note that Vs is a convex polytope with polynomial con-
straints. Also note that if one were to enforce Pν to be
homogeneous (that is, same across different steps of an
episode), Vs would become non-convex. This is why we
consider inhomogeneous transitions even though we know
that the true transition is indeed homogeneous.

With the help of occupancy measure, we present two algo-
rithms below. As far as we know, these are the first provable
results for general weakly communicating CMDP.

4.1. An Efficient Algorithm

Our first algorithm is simple and computationally efficient;
see Algorithm 3 for the pseudocode. At the beginning of
each episode k, our algorithm observes the current state sk1
and finds an occupancy measure νk ∈ Vk,sk1 that maximizes
expected reward 〈ν, r〉 =

∑
s,a ν(s, a)r(s, a) under the cost

constraint 〈ν, c〉 ≤ Hτ + sp?c . Here, Vk,sk1 is a subset of
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Algorithm 3 Finite Horizon Approximation for CMDP

Define: H = d(T/S2A)1/3e, K = T/H .
for k = 1, . . . ,K do

Observe current state sk1 = s(k−1)H+1.
Compute occupancy measure:

νk = argmax
ν∈V

k,sk1
:〈ν,c〉≤Hτ+sp?c

〈ν, r〉 , (6)

where Vk,s = {ν ∈ Vs : Pν ∈ Pk} (see Eq. (7)).
Extract policy πk = πνk from νk.
for h = 1, . . . ,H do

Play action akh ∼ πk(·|skh, h) and transit to skh+1.

Vsk1 such that Pν for each ν ∈ Vk,sk1 lies in a standard
Bernstein-type confidence set Pk defined as

Pk =
{
P ′ = {P ′s,a,h}(s,a,h)∈S×A×[H], P

′
s,a,h ∈ ∆S :∣∣P ′s,a,h(s′)− P̄k,s,a(s′)

∣∣
≤ 4
√
P̄k,s,a(s′)αk(s, a) + 28αk(s, a)

}
, (7)

where P̄k is the same empirical transition function defined in
Eq. (3), αk(s, a) = ι′

N+
k (s,a)

, and ι′ = ln 2SAT
δ . As a stan-

dard practice,Pk is constructed in a way such that it contains
the true transition with high probability (Lemma 20). With
νk, we simply follow the policy πk = πνk extracted from
νk for the next H steps.

Note that the key optimization problem (6) in this algorithm
can be efficiently solved, because the objective function is
linear and the domain is again a convex polytope with poly-
nomial constraints, thanks to the use of occupancy measures.
We now state the main guarantee of Algorithm 3.

Theorem 2. Algorithm 3 ensures with probability at least
1− 10δ,

RT = Õ
(

(1 + sp?r)(S
2A)1/3T 2/3

)
,

CT = Õ
(

(1 + sp?c)(S
2A)1/3T 2/3

)
.

Analysis As the first step, we need to quantify the finite-
horizon approximation error. For any non-stationary pol-
icy π ∈ (∆A)S×[H], inhomogeneous transition function
P = {Ps,a,h}(s,a,h), and utility function d, define value
function V π,P,dh (s) = E

[∑H
h′=h d(sh′ , ah′)|π, P, sh =

s
]

where ah′ ∼ π(·|sh′ , h′) and sh′+1 ∼ Psh′ ,ah′ ,h′ ,
and similarly action-value function Qπ,P,dh (s, a) =

E
[∑H

h′=h d(sh′ , ah′)|π, P, sh = s, ah = a
]
. Addition-

ally, define V π,P,dH+1 (s) = Qπ,P,dH+1 (s, a) = 0. Further let
P̃ = {P̃s,a,h}(s,a,h) be such that P̃s,a,h = Ps,a (the true

transition function) for all h. We often ignore the depen-
dency on P̃ and r for simplicity when there is no confu-
sion. For example, V πh denotes V π,P̃ ,rh and V π,ch denotes

V π,P̃ ,ch . For a stationary policy π ∈ (∆A)S , define π̃ as
the policy that mimics π in the finite-horizon setting, that
is, π̃(·|s, h) = π(·|s). The following lemma shows the
approximation error.

Lemma 4. For any stationary policy π ∈ (∆A)S and utility
function d ∈ RS×A such that Jπ,d(s) = Jπ,d for all s ∈ S ,
we have |V π̃,dh (s) − (H − h + 1)Jπ,d| ≤ sp(vπ,d) for all
state s ∈ S and h ∈ [H].

Next, in Lemma 22 (see appendix), we show that becausePk
contains P̃ with high probability, the occupancy measure
with respect to the policy π̃? and the transition P̃ is in
the domain of (6) as well. As the last preliminary step,
we bound the bias in value function caused by transition
estimation, that is, difference between P̃ and Pk = Pνk .

Lemma 5. For any utility function d ∈ [0, 1]S×A, with
probability at least 1 − 4δ, we have |

∑K
k=1(V πk,d1 (sk1) −

V πk,Pk,d1 (sk1))| = Õ(
√
S2AH2K +H2S2A).

We are now ready to prove Theorem 2.

Proof of Theorem 2. We decompose RT into three terms:

RT =

T∑
t=1

J? − r(st, at) =

K∑
k=1

(
HJ? −

H∑
h=1

r(skh, a
k
h)

)

=

K∑
k=1

(
HJ? − V π̃

?

1 (sk1)
)

+

K∑
k=1

(
V π̃

?

1 (sk1)− V πk1 (sk1)
)

+

K∑
k=1

(
V πk1 (sk1)−

H∑
h=1

r(skh, a
k
h)

)
.

The first term above is upper bounded byKsp?r by Lemma 4.
For the second term, by Lemma 22 and Lemma 5, we have

K∑
k=1

(
V π̃

?

1 (sk1)− V πk1 (sk1)
)
≤

K∑
k=1

(
V πk,Pk1 (sk1)− V πk1 (sk1)

)
= Õ

(√
S2AH2K +H2S2A

)
.

The last term is of order Õ(H
√
K) by Azuma’s inequality

(Lemma 28). Using the definition of H and K, we arrive at

RT = Õ
(

(1 + sp?r))(S
2A)1/3T 2/3

)
.
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Algorithm 4 Finite Horizon Approximation for CMDP with
Span Constraints

Define: H =
√
T/S2A, K = T/H .

for k = 1, . . . ,K do
Observe current state sk1 = s(k−1)H+1.
Compute occupancy measure:

νk = argmax
ν∈W

k,sk1
:〈ν,c〉≤Hτ+sp?c

〈ν, r〉 , (8)

where Wk,s =
{
ν ∈ Vs : Pν ∈ Pk and ∀h ∈

[H], sp(V ν,rh ) ≤ 2sp?r , sp(V ν,ch ) ≤ 2sp?c
}

.
Extract policy πk = πνk from νk.
for h = 1, . . . ,H do

Play action akh ∼ πk(·|skh, h) and transit to skh+1.

For constraint violations, we decompose CT as:

T∑
t=1

(c(st, at)− τ) =

K∑
k=1

(
H∑
h=1

c(skh, a
k
h)− V πk,c1 (sk1)

)

+

K∑
k=1

(
V πk,c1 (sk1)− V πk,Pk,c1 (sk1)

)
+

K∑
k=1

(
V πk,Pk,c1 (sk1)−Hτ

)
.

The first term is again of order Õ(H
√
K) by

Azuma’s inequality. The second term is of order
Õ
(√

S2AH2K +H2S2A
)

by Lemma 5. The third
term is upper bounded by Ksp?c because of the con-
straint 〈ν, c〉 ≤ Hτ + sp?c in the optimization prob-
lem (6). Using the definition of H and K, we get
CT = Õ

(
(1 + sp?c)(S

2A)1/3T 2/3
)
. This completes the

proof.

4.2. An Improved but Inefficient Algorithm

The bottleneck of the last algorithm/analysis is that the span
of value functions are bounded by H , which is T -dependent
and leads to sub-optimal dependency on T eventually. Be-
low, we present an inefficient variant that achieves Õ(

√
T )

bounds for both regret and constraint violation.

The only new ingredient compared to Algorithm 3 is to en-
force a proper upper bound on the span of value functions.
Specifically, for any occupancy measure ν and utility func-
tion d, define V ν,dh = V πν ,Pν ,dh . We then enforce constraints
sp(V νk,rh ) ≤ 2sp?r and sp(V νk,ch ) ≤ 2sp?c ; see the new do-
mainWk,s in the optimization problem (8) of Algorithm 4.
This new domain is generally non-convex, making it unclear
how to efficiently solve this optimization problem.

Nevertheless, we show the following improved guarantees.

Theorem 3. Algorithm 4 ensures with probability at least
1− 6δ, RT = Õ(sp?rS

√
AT ) and CT = Õ(sp?cS

√
AT ).

Analysis Similarly to proving Theorem 2, we first show
in Lemma 23 that the occupancy measure with respect to
the policy π̃? and the transition P̃ is in the domain of (8).
We will also need the following key lemma.
Lemma 6. For some utility function d ∈ [0, 1]S×A, suppose
sp(V πk,Pk,dh ) ≤ B for all episodes k ∈ [K] and h ∈ [H].
Then, with probability at least 1− 2δ,∣∣∣∣∣

K∑
k=1

(
V πk,Pk,d1 (sk1)−

H∑
h=1

d(skh, a
k
h)

)∣∣∣∣∣
= Õ

(
(B + 1)S

√
AT +BHS2A

)
.

Proof of Theorem 3. We decompose the regret as follows:

RT =

T∑
t=1

J? − r(st, at) =

K∑
k=1

(
HJ? − V π̃

?

1 (sk1)
)

+

K∑
k=1

(
V π̃

?

1 (sk1)−
H∑
h=1

r(skh, a
k
h)

)

≤ Ksp?r +

K∑
k=1

(
V πk,Pk1 (sk1)−

H∑
h=1

r(skh, a
k
h)

)
.

(Lemma 4 and Lemma 23)

By Lemma 6 with B = 2sp?r and the definition of H and

K, we have shown RT = Õ
(

(sp?r + 1)S
√
AT
)

.

For constraint violation, by Lemma 6 with B = 2sp?c , and
V πk,Pk,c1 (sk1) − Hτ ≤ sp?c due to the constraint 〈ν, c〉 ≤
Hτ + sp?c in (8), we have

CT =

T∑
t=1

(c(st, at)− τ) =

K∑
k=1

(
V πk,Pk,c1 (sk1)−Hτ

)
+

K∑
k=1

(
H∑
h=1

c(skh, a
k
h)− V πk,Pk,c1 (sk1)

)
= Õ

(
(sp?c + 1)S

√
AT
)
.

This completes the proof.

We leave the question of how to achieve the same Õ(
√
T )

results with an efficient algorithm as a key future direction.
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A. Preliminaries for the Appendix
Notations Note that all algorithms proposed in this paper divide T steps into K episodes. Throughout the appendix,
denote by Ek[·] the expectation conditioned on the events before episode k and define P kh = Pskh,akh .

Issues of Some Related Work In (Agarwal et al., 2021a), they bound the span of the bias function w.r.t learner’s policy
and some estimated transition function by diameter D; see their Equation (90). They directly quote (Jaksch et al., 2010) as
the reasonings. However, the arguments in (Jaksch et al., 2010) is only applicable when the learner’s policy is computed
by Extended Value Iteration without constraints, while their learner’s policy is computed by solving some constrained
optimization problem.

In (Agarwal et al., 2021b, Lemma 11), they claim that the span of the bias function of any stationary policy is upper bounded
by D, which is clearly not true. Again, their learner’s policy is computed by solving some constrained optimization problem.

B. Omitted Details for Section 3
Notations Define function V̂k such that β̂k(s, a) = r(s, a) − λk

η c(s, a) + P̄k,s,aV̂k. Note that
∥∥∥V̂k∥∥∥

∞
≤ 2λN

η . For any

subset of episodes I = {i, . . . , i+ 1, j} ⊆ [K], define I[1] = i as the smallest element in I.

B.1. Proof of Lemma 1

Proof. Since the occupancy measure space is convex, one can find a policy π′ such that µπ′ = (1− γ)µπ? + γµπ0 with
γ = ε

τ−c0 . Now by Jπ,d = 〈µπ, d〉:

Jπ
′,c = (1− γ)Jπ

?,c + γJπ
0,c ≤ (1− γ)τ + γc0 ≤ τ − ε.

Thus, J? − J?,ε ≤ J? − Jπ′,r = γ(J? − Jπ0,r) ≤ ε
τ−c0 .

B.2. Bounding Estimation Error of β̂k and Ĵk

The next two lemmas bound the bias of β̂k and Ĵk w.r.t the quantities they estimate.

Lemma 7.
∣∣∣Ek[Ĵk]− Jπk,c

∣∣∣ ≤ 1/T 2.

Proof. For h ≥ N , we have
∥∥(Pπk)hs,· − µπk

∥∥
1
≤ 2

T 4 for any s ∈ S by Lemma 11. Thus,

∣∣∣Ek[Ĵk]− Jπk,c
∣∣∣ =

∣∣∣∣∣ 1

H −N

H−1∑
h=N

∑
s′

((Pπk)hsk1 ,s′
− µπk(s′))

∑
a

πk(a|s′)c(s′, a)

∣∣∣∣∣ ≤ 1/T 2.

Lemma 8.
∣∣∣Ek[V̂k(s)]− vπk,r−

λk
η c(s)−NJπk,r−

λk
η c
∣∣∣ ≤ λ

ηT .

Proof. Note that V̂k(s) =
∑
a πk(a|s)Q̂k(s, a) where Q̂k is the estimator β̂k in (Wei et al., 2020, Lemma 6) with

reward r − λk
η c, and we have |Ek[Q̂k(s, a)] − qπk,r−

λk
η c(s, a) − NJπk,r−

λk
η c| ≤ 30λ

ηT 2 (the constant is determined by

tracing their proof of Lemma 6 in Appendix B.2) by
∥∥∥r − λk

η c
∥∥∥
∞
≤ 2λ/η. Then by T ≥ 30 max{tmix, thit} and∑

a πk(a|s)qπk,r−
λk
η c(s, a) = vπk,r−

λk
η c(s), the statement is proved.

B.3. Proof of Lemma 3

Proof. By the update rule of πk and following the proof of (Chen et al., 2021c, Lemma 17) (by Lemma 15, we have
cmax = 2Hι in their proof), we have

πk(a|s) ∈ [exp (−4θHι) , exp (4θHι)]πk−1(a|s).



Learning Infinite-horizon Average-reward Markov Decision Process with Constraints

Therefore, by |ex−1| ≤ 2|x| for x ∈ [−1, 1], we have |πk(a|s)− πk−1(a|s)| ≤ 8θHιπk−1(a|s). For the second statement,
first note that by Lemma 16 and Lemma 13:

∣∣Jπk,d − Jπk−1,d
∣∣ =

∣∣∣∣∣∑
s,a

µπk(s)(πk(a|s)− πk−1(a|s))qπk−1,d(s, a)

∣∣∣∣∣ ≤∑
s,a

µπk(s) |πk(a|s)− πk−1(a|s)| |qπk−1,d(s, a)|

≤
∑
s,a

µπk(s) · 8θHιπk−1(a|s) · 6tmix ≤ 48θHιtmix.

Next, for any policy π, define dπ(s) =
∑
a π(a|s)d(s, a). Note that by 〈µπ, dπ〉 = Jπ,d,

vπ,d(s) =

∞∑
t=0

〈
(Pπ)ts,· − µπ, dπ

〉
=

N−1∑
t=0

〈
(Pπ)ts,·, d

π
〉
−NJπ,d +

∞∑
t=N

〈
(Pπ)ts,· − µπ, dπ

〉
.

Moreover, by Lemma 12, we have
∣∣∑∞

t=N

〈
(Pπ)ts,· − µπ, dπ

〉∣∣ ≤ 1
T 3 for any policy π. Therefore,

|vπk,d(s)− vπk−1,d(s)|

≤

∣∣∣∣∣
N−1∑
t=0

〈
(Pπk)ts,· − (Pπk−1)ts,·, d

πk
〉∣∣∣∣∣+

∣∣∣∣∣
N−1∑
t=0

〈
(Pπk−1)ts,·, d

πk − dπk−1
〉∣∣∣∣∣+N

∣∣Jπk,d − Jπk−1,d
∣∣+

2

T 3

≤
N−1∑
t=0

∥∥(Pπk)t − (Pπk−1)t)dπk
∥∥
∞ +

N−1∑
t=0

‖dπk − dπk−1‖∞ + 48θHNιtmix +
2

T 3
.

For the first term, note that:∥∥((Pπk)t − (Pπk−1)t)dπk
∥∥
∞ ≤

∥∥Pπk((Pπk)t−1 − (Pπk−1)t−1)dπk
∥∥
∞ +

∥∥(Pπk − Pπk−1)(Pπk−1)t−1dπk
∥∥
∞

≤
∥∥((Pπk)t−1 − (Pπk−1)t−1)dπk

∥∥
∞ + max

s

∥∥Pπks,· − Pπk−1
s,·

∥∥
1
.

(every row of Pπk sums to 1 and
∥∥(Pπk−1)t−1dπk

∥∥
∞ ≤ 1)

Moreover, by |πk(a|s)− πk−1(a|s)| ≤ 8θHιπk−1(a|s),

max
s

∥∥Pπks,· − Pπk−1
s,·

∥∥
1

= max
s

∣∣∣∣∣∑
s′

∑
a

(πk(a|s)− πk−1(a|s))Ps,a(s′)

∣∣∣∣∣ ≤ 8θHι.

Plugging this back and by a recursive argument, we get ‖((Pπk)t − (Pπk−1)t)dπk‖∞ ≤ 8θHιt. Moreover,∑N−1
t=0 ‖dπk − dπk−1‖∞ ≤

∑N−1
t=0 maxs ‖πk(·|s)− πk−1(·|s)‖1 ≤ 8θHNι. Thus,

|vπk,d(s)− vπk−1,d(s)| ≤ 8θHN2ι+ 8θHNι+ 48θHNιtmix + 2/T 3 ≤ 65θHN2ι.
(‖dπk − dπk−1‖∞ ≤ maxs |

∑
a(πk(a|s)− πk−1(a|s))d(s, a)| ≤ 8θHι)

This completes the proof of the second statement.

B.4. Proof of Lemma 2

Proof. Define policy π such that π(a|s) = (1− A
T )̊π(a|s) + 1

T . Clearly, π ∈ ∆̄. Moreover, by Lemma 16 and Lemma 13:

∑
k∈I

(J π̊,r−
λk
η c − Jπ,r−

λk
η c) =

∑
k∈I

∑
s,a

µπ(s)(̊π(a|s)− π(a|s))qπ̊,r−
λk
η c(s, a)

≤
∑
k∈I

∑
s,a

µπ(s)

(
A

T
π̊(a|s)− 1

T

)
qπ̊,r−

λk
η c(s, a) ≤ 12Aλ

η
.
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Therefore, ∑
k∈I

(J π̊,r−
λk
η c − Jπk,r−

λk
η c) =

∑
k∈I

(J π̊,r−
λk
η c − Jπ,r−

λk
η c) +

∑
k∈I

(Jπ,r−
λk
η c − Jπk,r−

λk
η c)

≤ 12Aλ

η
+
∑
k∈I

∑
s,a

µπ(s)(π(a|s)− πk(a|s))(qπk,r−
λk
η c(s, a) + (N + 1)Jπk,r−

λk
η c)

(Lemma 16 and
∑
a(π(a|s)− πk(a|s))(N + 1)Jπk,r−

λk
η c = 0)

=
12Aλ

η
+
∑
k∈I

∑
s,a

µπ(s)(π(a|s)− πk(a|s))β̂k(s, a)

+
∑
k∈I

∑
s,a

µπ(s)(π(a|s)− πk(a|s))
(
Ps,a(vπk,r−

λk
η c +NJπk,r−

λk
η c)− P̄k,s,aV̂k

)
=

12Aλ

η
+
∑
k∈I

∑
s,a

µπ(s)(π(a|s)− πk(a|s))β̂k(s, a)

+
∑
k∈I

∑
s,a

µπ(s)(π(a|s)− πk(a|s))Ps,a
(
vπk,r−

λk
η c +NJπk,r−

λk
η c − V̂k

)
+
∑
k∈I

∑
s,a

µπ(s)(π(a|s)− πk(a|s))(Ps,a − P̄k,s,a)V̂k.

For the third term above, by Lemma 8, Lemma 28, and
∥∥∥V̂k∥∥∥

∞
≤ 2λN

η , with probability at least 1− δ,∑
k∈I

∑
s,a

µπ(s)(π(a|s)− πk(a|s))Ps,a
(
vπk,r−

λk
η c +NJπk,r−

λk
η c − V̂k

)
≤
∑
k∈I

∑
s,a

µπ(s)(π(a|s)− πk(a|s))Ps,a
(
Ek[V̂k]− V̂k

)
+
λ

η
≤ 4λN

η

√
|I| ln 4T 3

δ
.

For the fourth term above, with probability at least 1− δ:∑
k∈I

∑
s,a

µπ(s)(π(a|s)− πk(a|s))(Ps,a − P̄k,s,a)V̂k ≤
∑
k∈I

∑
s,a

µπ(s)(π(a|s) + πk(a|s))
∥∥Ps,a − P̄k,s,a∥∥1

∥∥∥V̂k∥∥∥
∞

(Cauchy-Schwarz inequality)

≤
∑
k∈I

∑
s,a

µπ(s, a)
2λN

η

√
S ln

2SAT

δ

 1√
N+
k (s, a)

+
∑
a′

πk(a′|s)√
N+
k (s, a′)


(Lemma 30 with a union bound over S ×A× [T ] and

∥∥∥V̂k∥∥∥
∞
≤ 2λN

η )

=
∑
k∈I

∑
s,a

µπ(s, a)xk(s, a) =
∑
k∈I

Jπ,P,xk =
∑
k∈I

(Jπ,P,xk − Jπk,Pk,xk) +
∑
k∈I

Jπk,Pk,xk .

By Lemma 10,

Jπ,P,xk − Jπk,Pk,xk ≤
∑
s,a

µπ(s)(π(a|s)− πk(a|s))uk(s, a) +
∑
s,a

µπ(s, a)(Ps,a − Pk,s,a)u′k + εEVI

≤
∑
s,a

µπ(s)(π(a|s)− πk(a|s))uk(s, a) + εEVI. (definition of Pk,s,a)

Substituting these back, we have:∑
k∈I

J π̊,r−
λk
η c − Jπk,r−

λk
η c

≤ 12Aλ

η
+
∑
k∈I

∑
s,a

µπ(s)(π(a|s)− πk(a|s))(β̂k(s, a) + uk(s, a)) +
4λN

η

√
|I| ln 4T 3

δ
+
∑
k∈I

Jπk,Pk,xk +KεEVI.
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Note that by the standard OMD analysis (Hazan, 2019), for any s ∈ S:∑
k∈I

∑
a∈A

(π(a|s)− πk(a|s))(β̂k(s, a) + uk(s, a))

≤
∑
k∈I

(
D(π(·|s), πk(·|s))−D(π(·|s), πk+1(·|s)) +D(πk(·|s), π′k+1(·|s))

)
,

where π′k+1(a|s) = πk(a|s) exp(θ(β̂k(s, a) + uk(s, a))). Then by θ
∣∣∣β̂k(s, a) + uk(s, a)

∣∣∣ ≤ 2θHι ≤ 1 (Lemma 15):

D(πk(·|s), π′k+1(·|s)) =
1

θ

∑
a∈A

(
πk(a|s) ln

πk(a|s)
π′k+1(a|s)

− πk(a|s) + π′k+1(a|s)
)

=
1

θ

∑
a∈A

πk(a|s)
(
−θ(β̂k(s, a) + uk(s, a))− 1 + eθ(β̂k(s,a)+uk(s,a))

)
≤ θ

∑
a∈A

πk(a|s)
(
β̂k(s, a) + uk(s, a)

)2

. (e−x − 1 + x ≤ x2 for x ≥ −1)

Therefore,∑
k∈I

∑
s,a

µπ(s)(π(a|s)− πk(a|s))(β̂k(s, a) + uk(s, a))

≤
∑
s∈S

µπ(s)
∑
k∈I

(
D(π(·|s), πk(·|s))−D(π(·|s), πk+1(·|s)) + θ

∑
a∈A

πk(a|s)
(
β̂k(s, a) + uk(s, a)

)2
)

≤
∑
s∈S

µπ(s)

(
lnT

θ
+ θ

∑
k∈I

∑
a∈A

πk(a|s)
(
β̂k(s, a) + uk(s, a)

)2
)

(πk(·|s) ∈ ∆̄)

≤
∑
s∈S

µπ(s)

(
lnT

θ
+ 4θ|I|H2ι2

)
≤ 4Hι

√
K lnT + 4Hι lnT. (Lemma 15 and definition of θ)

Moreover, with probability at least 1− 2δ,∑
k∈I

Jπk,Pk,xk =
∑
k∈I

(Jπk,Pk,xk − Jπk,P,xk) +
∑
k∈I

Jπk,P,xk

≤
∑
k∈I

∑
s,a

µπk(s, a)[Pk,s,a − Ps,a]u′k +
∑
k∈I

∑
s,a

µπk(s, a)xk(s, a) +KεEVI (Lemma 10)

≤
∑
k∈I

∑
s,a

µπk(s, a)
3Hι

√
S ln 2SAT

δ√
N+
k (s, a)

+KεEVI (Lemma 9, definition of Qk, and Lemma 14)

≤ 24ι

√
S2AH|I| ln 2SAT

δ
+ 60S1.5AHι ln3/2

(
4SAT

δ

)
+KεEVI. (Lemma 17)

Substituting these back and by the definition of λ completes the proof.

B.5. Proof of Theorem 1

Proof. For constraint violation, note that:

T∑
t=1

(c(st, at)− τ) =

K∑
k=1

H∑
h=1

(c(skh, a
k
h)− Jπk,c) +H

K∑
k=1

(Jπk,c − τ).

For the first term, by Lemma 18, we have
∑K
k=1

∑H
h=1(c(skh, a

k
h)− Jπk,c) ≤ λ+ Õ (tmix) with probability at least 1− 2δ.

For the second term, by Lemma 19, we have λk+1 ≥ λk + Ĵk + ε− τ with probability at least 1− 6δ, and with probability
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at least 1− δ,

H

K∑
k=1

(Jπk,c − τ) ≤ H
K∑
k=1

(Jπk,c − Ek[Ĵk]) +H

K∑
k=1

(Ek[Ĵk]− Ĵk) +H

K∑
k=1

(λk+1 − λk − ε)

≤ 1

T
+H

√
2K ln

4T 3

δ
+H(λ−Kε) (Lemma 7 and Lemma 28)

≤ Õ (1) + λ+H(λ−Kε). (definition of λ)

When ε = 3λ/K, that is, 3λ/K ≥ (τ − c0)/2, we have
T∑
t=1

(c(st, at)− τ) ≤ 2λ+ Õ (tmix) +H(λ−Kε) = Õ (tmix) .

Otherwise, K ≤ 6λ
τ−c0 , which gives T = Õ

(
N2H2S3A+N2H3S

(τ−c0)2 + NH2S2A
τ−c0

)
and the constraint violation is of the same

order by CT ≤ T .

For regret, note that
∑K
k=1(J?,ε − Jπk,r) =

∑K
k=1(Jπ

?,ε,r−λkη c − Jπk,r−
λk
η c) +

∑K
k=1

λk
η (Jπ

?,ε,c − Jπk,c), and with
probability at least 1− δ,

K∑
k=1

λk
η

(Jπ
?,ε,c − Jπk,c) ≤

K∑
k=1

λk
η

(τ − ε− Jπk,c) (definition of π?,ε)

≤
K∑
k=1

λk
η

(
τ − ε− Ĵk

)
+

K∑
k=1

λk
η

(Ĵk − Ek[Ĵk]) +
λ

ηT
(Lemma 7)

≤ 1

η

K∑
k=1

λk(λk − λk+1) +
τ2K

η
+ Õ

(
λ

η

√
K

)
,

where in the last step we apply Azuma’s inequality and the following argument: if λk+1 > 0, then τ − ε− Ĵk = λk − λk+1

by the definition of λk. Otherwise, λk ≤ τ − ε− Ĵk < τ and λk(τ − ε− Ĵk) ≤ τ2. Moreover,
∑K
k=1 λk(λk − λk+1) =

1
2

∑K
k=1

(
λ2
k − λ2

k+1 + (λk+1 − λk)2
)
≤ K

2 by λ1 = 0 and |λk − λk+1| ≤ 1. Therefore, by Lemma 2 and definition of λ
and η, with probability at least 1− 4δ,

K∑
k=1

(J?,ε − Jπk,r) ≤
K∑
k=1

(Jπ
?,ε,r−λkη c − Jπk,r−

λk
η c) + Õ

(
K

η
+
λ

η

√
K

)
= Õ

(
N

τ − c0
(√

S3AT +
√
SHT + S2AH

)
+

1

(τ − c0)2

)
.

Thus, with probability at least 1− 2δ,
T∑
t=1

(J? − r(st, at)) = H

K∑
k=1

(J? − J?,ε) +H

K∑
k=1

(J?,ε − Jπk,r) +

K∑
k=1

H∑
h=1

(Jπk,r − r(skh, akh))

≤ Tε

τ − c0
+ Õ

(
NH

τ − c0
(√

S3AT +
√
SHT + S2AH

)
+

H

(τ − c0)2

)
(Lemma 1 and Lemma 18)

= Õ
(
NH

τ − c0
(√

S3AT +
√
SHT + S2AH

)
+

H

(τ − c0)2

)
. (by the definition of ε)

Plugging in the definition of N and H completes the proof.

B.6. Transition Estimation and Computation of uk, Pk

Define Qk as a transition confidence set based on Weissman’s inequality (Lemma 30), such that Qk = ∩s,aQk,s,a, and

Qk,s,a =

{
P ′ :

∥∥P ′s,a − P̄k,s,a∥∥1
≤

√
S ln 2SAT

δ

N+
k (s, a)

}
.
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We first show that P falls in Qk with high probability.

Lemma 9. With probability at least 1− δ, P ∈ Qk for all k.

Proof. For any (s, a), n ∈ [T ] andm = S, Lemma 30 gives with probability at least 1− δ
SAT :

∥∥Ps,a − P̄ns,a∥∥ ≤√S ln 2SAT
δ

n ,
where P̄ns,a is the empirical distribution computed by n i.i.d samples from Ps,a. Taking a union bound over (s, a) ∈ S ×A,
n ∈ [T ] proves the statement.

Next, we show the computation procedure of uk and Pk for a fixed episode k. Note that Pk is an approximation of
P ?k = argmaxP ′∈Qk J

πk,P
′,xk , and finding P ?k is equivalent to computing the optimal policy in an extended MDP M̃k

with state space S and extended action space Qk, such that for any extended action P ′ ∈ Qk, the reward at (s, P ′) is∑
a∈A πk(a|s)r(s, a) and the transition probability to s′ is

∑
a πk(a|s)P ′s,a(s′). Note that since Qk =

⋂
s,aQk,s,a where

Qk,s,a only puts constraints on transition at (s, a), any deterministic policy in M̃k can also be represented by an element in
Qk. We adopt a variant of Extended Value Iteration (EVI) in (Jaksch et al., 2010, Theorem 7) to approximate P ?k , where we
execute the following value iteration procedure in M̃k,

u0(s) = 0, ui+1(s) =
∑
a∈A

πk(a|s)
(
xk(s, a) + max

P∈Qk
Ps,au

i

)
. (9)

We stop the iteration above at index i?, which is the first index i such that sp(ui+1 − ui) ≤ εEVI = 1
T . Then we define

uk(s) = ui
?+1(s) − mins′ u

i?+1(s′), u′k(s) = ui
?

(s) − mins′ u
i?(s′), Pk,s,a = argmaxP∈Qk Ps,au

i? as the transition
in uk, and uk(s, a) = xk(s, a)−mins′ u

i?+1(s′) + Pk,s,au
i? so that uk(s) =

∑
a πk(a|s)uk(s, a), which is the function

used in Algorithm 1. Also note that the maximization in Eq. (9) can be solved by (Jaksch et al., 2010, Figure 2).

Now we show that the value iteration in Eq. (9) always converges (specifically, the transition converges to P ?k ) similar to
(Jaksch et al., 2010, Theorem 7). First note that M̃k is communicating since P ∈ Qk whose corresponding MDP is ergodic.
Moreover, the transition chosen in each iteration of Eq. (9) is aperiodic and unichain. This is because in each iteration of
Eq. (9) there is a “best” state and every state has non-zero probability transiting to the “best” state. Following the proof of
(Jaksch et al., 2010, Theorem 7), we conclude that EVI in Eq. (9) converges.

Since Pk is aperiodic and unichain by the arguments above, there exist constant Jπk,Pk,xk such that Jπk,Pk,xk(s) =
Jπk,Pk,xk . Importantly, by (Puterman, 1994, Theorem 8.5.6), we have:

|ui
?+1(s)− ui

?

(s)− Jπk,Pk,xk | ≤ εEVI. (10)

This leads to the following approximated value difference lemma.

Lemma 10. Jπ,P,xk − Jπk,Pk,xk =
∑
s,a µπ(s) (π(a|s)− πk(a|s))uk(s, a) +

∑
s,a µπ(s, a)(Ps,a − Pk,s,a)u′k + δEVI,

where |δEVI| ≤ εEVI.

Proof. Define ui(s, a) = xk(s, a) + maxP∈Qk Ps,au
i−1 so that ui(s) =

∑
a πk(a|s)ui(s, a). Since P is ergodic, we have:

Jπ,P,xk =
∑
s,a

µπ(s, a)xk(s, a) =
∑
s,a

µπ(s, a)
(
ui
?+1(s, a)− Pk,s,aui

?
)

=
∑
s,a

µπ(s, a)
(
ui
?+1(s, a)− ui

?+1(s)
)

+
∑
s,a

µπ(s, a)
(
ui
?+1(s)− Ps,aui

?
)

+
∑
s,a

µπ(s, a)(Ps,a − Pk,s,a)ui
?

=
∑
s,a

µπ(s, a) (uk(s, a)− uk(s)) +
∑
s,a

µπ(s, a)
(
ui
?+1(s)− Ps,aui

?
)

+
∑
s,a

µπ(s, a)(Ps,a − Pk,s,a)u′k.

Let δEVI =
∑
s,a µπ(s, a)

(
ui
?+1(s)− Ps,aui

?)
. By Eq. (10), we have

δEVI ≤
∑
s,a

µπ(s, a)
(
ui
?

(s)− Ps,aui
?

+ Jπk,Pk,xk + εEVI

)
= Jπk,Pk,xk + εEVI. (µπ(s′) =

∑
s,a µπ(s, a)Ps,a(s′))

Showing δEVI ≥ −εEVI is similar. Further by
∑
a µπ(s, a)(uk(s, a)− uk(s)) = µπ(s)

∑
a(π(a|s)− πk(a|s))uk(s, a), the

statement is proved.
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B.7. Auxiliary Lemmas

Lemma 11. (Wei et al., 2020, Corollary 13.1) For any ergodic MDP with mixing time tmix, we have
∥∥(Pπ)ts,· − µπ

∥∥
1
≤

2 · 2−t/tmix for all policy π, state s ∈ S, and t ≥ 2tmix.

Lemma 12. (Wei et al., 2020, Corollary 13.2) Let N = 4tmix log2 T . For an ergodic MDP with mixing time tmix < T/4, we
have for all π:

∑∞
t=N

∥∥(Pπ)ts,· − µπ
∥∥

1
≤ 1

T 3 .

Lemma 13. (Wei et al., 2020, Lemma 14) For an ergodic MDP with mixing time tmix, utility function d ∈ [0, 1]S×A, and
any π, s, a, |vπ,d(s)| ≤ 5tmix and |qπ,d(s, a)| ≤ 6tmix.

Lemma 14. Under the event of Lemma 9, max{sp(uk), sp(u′k)} ≤ 4tmixthitdlog2(4thit)eι ≤ Hι
4 .

Proof. For a fixed k, it suffices to show that for any two states s, s′ and H ≥ 1, uH(s) − uH(s′) = Õ((λ/η)thittmix),
where ui defined in Eq. (9) is the optimal value function of taking H steps in M̃k. Without loss of generality, assume
uH(s) ≥ uH(s′). Define random variable τ as the number of steps it takes to transits from state s′ to s. Then by Lemma 9,
uH(s′) ≥ Eτ [uH−min{H,τ}(s)|πk, P ] (the right hand side is a lower bound of the expected reward of a history-dependent
policy in M̃k which follows P at first and then switches to Pk when reaching s, and it is dominated by uH(s′) by the
Markov property). Thus by xk(s, a) ≤ 2ι,

uH(s)− uH(s′) ≤ uH(s)− Eτ [uH−min{H,τ}(s)|πk, P ] = Eτ [uH(s)− uH−min{H,τ}(s)|πk, P ]

≤ 2Eτ [τ |πk, P ]ι ≤ 4tmixthitdlog2(4thit)eι.

For the last inequality above, note that when t = tmixdlog2(4thit)e, we have
∥∥(Pπk)ts,· − µπk

∥∥
∞ ≤

1
2thit

for any s ∈ S by
Lemma 11. Therefore, (Pπk)ts,s′ ≥ 1

2µπk(s′) ≥ 1
2thit

for any s, s′ ∈ S. This implies that we can reach any state at least
once by taking 2t · thit steps in expectation, that is, Eτ [τ |πk, P ] ≤ 2t · thit. The second inequality in the statement follows
directly from the definition of H .

Lemma 15. Under the event of Lemma 9, |β̂k(s, a) + uk(s, a)| ≤ 2Hι for all (s, a) ∈ S ×A.

Proof. Note that β̂k(s, a) ≤ 2λ
η (N + 1) ≤ Hι. Define s? = argmins u

i?+1(s). By Lemma 14,

uk(s, a) = xk(s, a) + Pk,s,au
i? − ui

?+1(s?) = xk(s, a)−
∑
a′

πk(a′|s?)xk(s?, a′) + (Pk,s,a − (Pπkk )s?,·)u
i?

≤ 2ι+ sp(ui
?

) ≤ Hι.

This completes the proof.

Lemma 16. (Wei et al., 2020, Lemma 15) For any two policies π, π′ and utility function d,

Jπ,d − Jπ
′,d =

∑
s,a

µπ(s)(π(a|s)− π′(a|s))qπ
′,d(s, a).

Lemma 17. With probability at least 1− δ, for any I ⊆ [K],
∑
k∈I

∑
s,a

µπk (s,a)√
N+
k (s,a)

= 8
√
SA|I|/H + 20SA ln 4T

δ .

Proof. Define nk(s, a) =
∑H
h=N+1 I{skh = s, akh = a}. Note that Ek[nk(s, a)] =

∑H−1
h=N (Pπk)h

sk1 ,s
πk(a|s). Moreover, by
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Lemma 11, for any state s′ and h ≥ N : µπk(s, a)− (Pπk)hs′,sπk(a|s) ≤ 1/T 2. Therefore,

∑
k∈I

∑
s,a

µπk(s, a)√
N+
k (s, a)

≤
∑
k∈I

∑
s,a

1

T 2
+

1

H −N
∑
k∈I

∑
s,a

H−1∑
h=N

(Pπk)h
sk1 ,s

πk(a|s)√
N+
k (s, a)

≤ SA/(HT ) +
2

H −N
∑
k∈I

∑
s,a

nk(s, a)√
N+
k (s, a)

+ 16 ln
4T

δ

(Lemma 32 with a union bound over T possible values of I[1])

≤ 2

H −N
∑
k∈I

∑
s,a

nk(s, a)√
N+
k+1(s, a)

+ 2
∑
k∈I

∑
s,a

 1√
N+
k (s, a)

− 1√
N+
k+1(s, a)

+ 17SA ln
4T

δ

≤ 8

H

√
SAH|I|+ 20SA ln

4T

δ
= 8
√
SA|I|/H + 20SA ln

4T

δ
,

where the last inequality is by
∑
k∈I

nk(s,a)√
N+
k+1(s,a)

≤ 2
√∑

k∈I nk(s, a), Cauchy Schwarz inequality, and H −N ≥ H
2 .

Lemma 18. For any utility function d ∈ [0, 1]S×A, we have
∣∣∣∑K

k=1

∑H
h=1 d(skh, a

k
h)− Jπk,d

∣∣∣ ≤ 12tmix

√
2T ln 4T 3

δ +

33N2
√
K lnT + Õ (tmix) ≤ λ+ Õ (tmix) with probability at least 1− 2δ.

Proof. With probability at least 1− 2δ,∣∣∣∣∣
K∑
k=1

H∑
h=1

(d(skh, a
k
h)− Jπk,d)

∣∣∣∣∣ =

∣∣∣∣∣
K∑
k=1

H∑
h=1

(
qπk,d(skh, a

k
h)− P kh vπk,d

)∣∣∣∣∣ (Eq. (2))

=

∣∣∣∣∣
K∑
k=1

H∑
h=1

(
qπk,d(skh, a

k
h)− vπk,d(skh)

)
+

K∑
k=1

(vπk,d(sk1)− vπk,d(skH+1)) +

K∑
k=1

H∑
h=1

(vπk,d(skh+1)− P kh vπk,d)

∣∣∣∣∣
(
∑H
h=1(vπk,d(skh)− vπk,d(skh+1)) = vπk,d(sk1)− vπk,d(skH+1))

≤

∣∣∣∣∣
K∑
k=1

H∑
h=1

(
qπk,d(skh, a

k
h)− vπk,d(skh)

)
+

K∑
k=2

(vπk,d(sk1)− vπk−1,d(sk1)) +

K∑
k=1

H∑
h=1

(vπk,d(skh+1)− P kh vπk,d)

∣∣∣∣∣+ Õ (tmix)

(skH+1 = sk+1
1 and Lemma 13)

≤ 12tmix

√
2T ln

4T 3

δ
+ 65θHN2Kι+ Õ (tmix) ≤ 12tmix

√
2T ln

4T 3

δ
+ 33N2

√
K lnT + Õ (tmix) .

(Lemma 3, Lemma 13, and Lemma 28)

The second inequality directly follows from the definition of λ.

Lemma 19. With probability at least 1− 6δ, λk < λ for any k, that is, the upper bound truncation of λk is never triggered.

Proof. We prove this by induction on k. The base case k = 1 is clearly true. For k > 1, if λk ≤ 2(η+1)
τ−c0 , the statement is

proved. Otherwise, let j = max{j′ < k : λj′ ≤ 2(η+1)
τ−c0 , λj′+1 >

2(η+1)
τ−c0 }. We have:

λ2
k = λ2

j +

k−1∑
i=j

(λ2
i+1 − λ2

i ) ≤
(

2(η + 1)

τ − c0

)2

+

k−1∑
i=j

(
2λi(λi+1 − λi) + (λi+1 − λi)2

)
.
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Note that λi > 0 for j < i ≤ k. Therefore, with probability at least 1− 6δ,

k−1∑
i=j

(
2λi(λi+1 − λi) + (λi+1 − λi)2

)
≤
k−1∑
i=j

(
2λi(Ĵi + ε− τ) + 1

)
(definition of λi and |λi+1 − λi| ≤ 1)

≤
k−1∑
i=j

(
2λi(2Ei[Ĵi] + ε− τ) + 1

)
+ 32λ ln

4T

δ
≤
k−1∑
i=j

(4λi(J
πi,c + ε− τ) + 1) + 33λ ln

4T

δ

(Lemma 32 with a union bound over T possible values of j, λi ≤ λ by definition, and Lemma 7)

≤ 4

k−1∑
i=j

(λi(J
πi,c + ε− τ) + 1) + 33λ ln

4T

δ
= 4

k−1∑
i=j

(
ηJπi,r − ηJπi,r−

λi
η c − λi(τ − ε) + 1

)
+ 33λ ln

4T

δ

≤ 4

k−1∑
i=j

(
ηJπi,r − ηJπ

0,r−λiη c − λi(τ − ε) + 1
)

+ 33λ ln
4T

δ
+

ηλ

τ − c0
(Lemma 2)

≤ 4

k−1∑
i=j

(
η − τ − c0

2
λi + 1

)
+ 33λ ln

4T

δ
+

ηλ

τ − c0
(Jπi,r − Jπ0,r ≤ 1, Jπ

0,c = c0, and ε ≤ τ−c0
2 )

≤ 4(η + 1) + 33λ ln
4T

δ
+

ηλ

τ − c0
. (λi >

2(η+1)
τ−c0 for j < i ≤ k)

Then by λ
4 >

4(η+1)
τ−c0 and η ≥ 132(τ − c0) ln 4T

δ , we have λk = λ2
k/λk ≤

2(η+1)
τ−c0 + 2 + λ

8 + λ
2 < λ.

C. Omitted Details for Section 4
As a standard practice, we first show that the true transition lies in the transition confidence sets with high probability, and
provide some key lemmas related to transition estimation.

Lemma 20. With probability at least 1− δ, P̃ ∈ Pk,∀k.

Proof. For any (s, a) ∈ S ×A, s′ ∈ S, by Lemma 31 and NK+1(s, a) ≤ T , we have with probability at least 1− δ
S2A ,

∣∣Ps,a(s′)− P̄k,s,a(s′)
∣∣ ≤ 4

√
P̄k,s,a(s′)αk(s, a) + 28αk(s, a).

By a union bound over all (s, a) ∈ S ×A, s′ ∈ S and P̃s,a,h = Ps,a, the statement is proved.

Lemma 21. Under the event of Lemma 20,
∣∣∣P ′s,a,h(s′)− Ps,a(s′)

∣∣∣ ≤ 8
√
Ps,a(s′)αk(s, a) + 136αk(s, a) , ε?k(s, a, s′) for

any P ′ ∈ Pk.

Proof. By P̃ ∈ Pk, we have for all (s, a) ∈ S ×A, and s′ ∈ S:

P̄k,s,a(s′) ≤ Ps,a(s′) + 4
√
P̄k,s,a(s′)αk(s, a) + 28αk(s, a).

Applying x2 ≤ ax+ b =⇒ x ≤ a+
√
b with a = 4

√
αk(s, a) and b = Ps,a(s′) + 28αk(s, a), we have√

P̄k,s,a(s′) ≤ 4
√
αk(s, a) +

√
Ps,a(s′) + 28αk(s, a) ≤

√
Ps,a(s′) + 10

√
αk(s, a).

Substituting this back to right-hand side of the inequality in Eq. (7), we have

4
√
P̄k,s,a(s′)αk(s, a) + 28αk(s, a) ≤ 4

√
Ps,a(s′)αk(s, a) + 68αk(s, a).

By P̃ , P ′ ∈ Pk, Eq. (7), and the triangle inequality |P ′s,a,h(s′)−Ps,a(s′)| ≤ |P ′s,a,h(s′)−P̄k,s,a(s′)|+|P̄k,s,a(s′)−Ps,a(s′)|,
the statement is proved.
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Lemma 22. Under the event of Lemma 20, Algorithm 3 ensuers νπ̃?,P̃ ,sk1 lies in the domain of Eq. (6).

Proof. By Lemma 4, we have: 〈
νπ̃?,P̃ ,sk1

, c
〉

= V π̃
?,c

1 (sk1) ≤ sp?c +HJπ
?,c ≤ sp?c +Hτ. (11)

Then by P̃ ∈ Pk, the statement is proved.

Lemma 23. Under the event of Lemma 20, Algorithm 4 ensures νπ̃?,P̃ ,sk1 lies in the domain of Eq. (8).

Proof. Note that Eq. (11) still holds. Moreover, by Lemma 4, for any two states s, s′ and h ∈ [H]:

|V π̃
?

h (s)− V π̃
?

h (s′)| ≤ |V π̃
?

h (s)− (H − h+ 1)Jπ
?,r|+ |V π̃

?

h (s′)− (H − h+ 1)Jπ
?,r| ≤ 2sp?r ,

|V π̃
?,c

h (s)− V π̃
?,c

h (s′)| ≤ |V π̃
?,c

h (s)− (H − h+ 1)Jπ
?,c|+ |V π̃

?,c
h (s′)− (H − h+ 1)Jπ

?,c| ≤ 2sp?c .

Then by P̃ ∈ Pk, the statement is proved.

C.1. Proof of Lemma 4

Proof. For any state s and h ∈ [H], we have:

V π̃,dh (s)− (H − h+ 1)Jπ,d = E

[
H∑

h′=h

(d(sh′ , ah′)− Jπ,d)

∣∣∣∣∣ π̃, P̃ , sh = s

]

= E

[
H∑

h′=h

(qπ,d(sh′ , ah′)− Psh′ ,ah′ v
π,d)

∣∣∣∣∣ π̃, P̃ , sh = s

]
(Eq. (2))

= E

[
H∑

h′=h

(vπ,d(sh′)− vπ,d(sh′+1))

∣∣∣∣∣ π̃, P̃ , sh = s

]
(definition of π̃ and P̃ )

= vπ,d(s)− E
[
vπ,d(sH+1)

∣∣ π̃, P̃ , sh = s
]
.

Thus, |V π̃,dh (s)− (H − h+ 1)Jπ,d| ≤ sp(vπ,d) and the statement is proved.

C.2. Proof of Lemma 5

Proof. We condition on the event of Lemma 20, which happens with probability at least 1− δ. Note that with probability at
least 1− δ:∣∣∣∣∣

K∑
k=1

(V πk,Pk,d1 (sk1)− V πk,d1 (sk1))

∣∣∣∣∣ =

∣∣∣∣∣
K∑
k=1

E

[
H∑
h=1

(Pk,skh,akh,h − P
k
h )V πk,Pk,dh+1

∣∣∣∣∣πk, P
]∣∣∣∣∣ (Lemma 26)

≤
K∑
k=1

E

[
H∑
h=1

∣∣∣(Pk,skh,akh,h − P kh )V πk,Pk,dh+1

∣∣∣∣∣∣∣∣πk, P
]

(Jensen’s inequality)

≤ 2

K∑
k=1

H∑
h=1

∣∣∣(Pk,skh,akh,h − P kh )V πk,Pk,dh+1

∣∣∣+ Õ
(
H2
)

(Lemma 32)

= Õ


√√√√S2A

K∑
k=1

H∑
h=1

V(P kh , V
πk,Pk,d
h+1 ) +H2S2A

 . (Lemma 25)

Then by Lemma 24 and H = (T/S2A)1/3, with probability at least 1− 2δ,∣∣∣∣∣
K∑
k=1

V πk,d1 (sk1)− V πk,Pk,d1 (sk1)

∣∣∣∣∣ = Õ
(√

S2A(H2K +H3S2A) +H2S2A
)

= Õ
(√

S2AH2K +H2S2A
)
.

This completes the proof.
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C.3. Proof of Lemma 6

Proof. Define V̄ πk,Pk,dh (s) = V πk,Pk,dh (s)−mins′ V
πk,Pk,d
h (s′) and Q̄πk,Pk,dh (s, a) = Qπk,Pk,dh (s, a)−mins′ V

πk,Pk,d
h (s′)

so that V̄ πk,Pk,dh (s) ∈ [0, B] and

∣∣∣Q̄πk,Pk,dh (s, a)
∣∣∣ =

∣∣∣Qπk,Pk,dh (s, a)− V πk,Pk,dh (s?)
∣∣∣ (s? = argmins V

πk,Pk,d
h (s))

≤

∣∣∣∣∣d(s, a)−
∑
a∈A

πk(a|s?)d(s?, a)

∣∣∣∣∣+
∣∣∣Pk,s,aV πk,Pk,dh+1 − (Pπkk )s,·V

πk,Pk,d
h+1

∣∣∣ ≤ B + 1.

Also define Is(s′) = I{s = s′}. Then with probability at least 1− 2δ,

K∑
k=1

(
V πk,Pk,d1 (sk1)−

H∑
h=1

d(skh, a
k
h)

)

=

K∑
k=1

(
V πk,Pk,d1 (sk1)−Qπk,Pk,d1 (sk1 , a

k
1) +Qπk,Pk,d1 (sk1 , a

k
1)− d(sk1 , a

k
1)−

H∑
h=2

d(skh, a
k
h)

)

=

K∑
k=1

(
V πk,Pk,d1 (sk1)−Qπk,Pk,d1 (sk1 , a

k
1) + (Pk,sk1 ,ak1 ,1 − P

k
1 )V πk,Pk,d2 + (P k1 − Isk2 )V πk,Pk,d2

)
+

K∑
k=1

(
V πk,Pk,d2 (sk2)−

H∑
h=2

d(skh, a
k
h)

)

=

K∑
k=1

H∑
h=1

(
V πk,Pk,dh (skh)−Qπk,Pk,dh (skh, a

k
h) + (Pk,skh,akh,h − P

k
h )V πk,Pk,dh+1 + (P kh − Iskh+1

)V πk,Pk,dh+1

)
(repeat the decomposition above)

=

K∑
k=1

H∑
h=1

(
V̄ πk,Pk,dh (skh)− Q̄πk,Pk,dh (skh, a

k
h) + (Pk,skh,akh,h − P

k
h )V̄ πk,Pk,dh+1 + (P kh − Iskh+1

)V̄ πk,Pk,dh+1

)
= Õ

(
(B + 1)

√
T +BS

√
AT +BHS2A

)
. (Lemma 28, Lemma 25, and V(P kh , V̄

πk,Pk,d
h+1 ) ≤ B2)

C.4. Auxiliary Lemmas

Lemma 24. Under the event of Lemma 20, for any utility function d ∈ [0, 1]S×A, with probability at least 1 − 2δ,∑K
k=1

∑H
h=1 V(P kh , V

πk,Pk,d
h+1 ) = Õ(H2(K +

√
T ) +H3S2A).

Proof. We decompose the variance into four terms:

K∑
k=1

H∑
h=1

V(P kh , V
πk,Pk,d
h+1 ) =

K∑
k=1

H∑
h=1

(
P kh (V πk,Pk,dh+1 )2 − (P khV

πk,Pk,d
h+1 )2

)
=

K∑
k=1

H∑
h=1

(
P kh (V πk,Pk,dh+1 )2 − V πk,Pk,dh+1 (skh+1)2

)
+

K∑
k=1

H∑
h=1

(
V πk,Pk,dh+1 (skh+1)2 − V πk,Pk,dh (skh)2

)
+

K∑
k=1

H∑
h=1

(
V πk,Pk,dh (skh)2 −Qπk,Pk,dh (skh, a

k
h)2
)

+

K∑
k=1

H∑
h=1

(
Qπk,Pk,dh (skh, a

k
h)2 − (P khV

πk,Pk,d
h+1 )2

)
.
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For the first term, by Lemma 29, with probability at least 1− δ,

K∑
k=1

H∑
h=1

P kh (V πk,Pk,dh+1 )2 − V πk,Pk,dh+1 (skh+1)2 = Õ


√√√√ K∑
k=1

H∑
h=1

V(P kh , (V
πk,Pk,d
h+1 )2) +H2


= Õ

H
√√√√ K∑
k=1

H∑
h=1

V(P kh , V
πk,Pk,d
h+1 ) +H2

 . (Lemma 27)

The second term is upper bounded by 0 by V πk,Pk,dH+1 (s) = 0 for s ∈ S. For the third term, by Cauchy-Schwarz inequality
and Lemma 28, with probability at least 1− δ:

K∑
k=1

H∑
h=1

V πk,Pk,dh (skh)2 −Qπk,Pk,dh (skh, a
k
h)2 ≤

K∑
k=1

H∑
h=1

(∑
a

πk(a|skh, h)Qπk,Pk,dh (skh, a)2 −Qπk,Pk,dh (skh, a
k
h)2

)
= Õ

(
H2
√
T
)
.

For the fourth term, by a2 − b2 = (a+ b)(a− b) and
∥∥∥V πk,Pk,dh

∥∥∥
∞
,
∥∥∥Qπk,Pk,dh

∥∥∥
∞
≤ H:

K∑
k=1

H∑
h=1

Qπk,Pk,dh (skh, a
k
h)2 − (P khV

πk,Pk,d
h+1 )2 ≤ 2H

K∑
k=1

H∑
h=1

∣∣∣Qπk,Pk,dh (skh, a
k
h)− P khV

πk,Pk,d
h+1

∣∣∣
≤ 2H2K + 2H

K∑
k=1

H∑
h=1

∣∣∣(Pk,skh,akh,h − P kh )V πk,Pk,dh+1

∣∣∣ = Õ

H2K +H

√√√√S2A

K∑
k=1

H∑
h=1

V(P kh , V
πk,Pk,d
h+1 ) +H3S2A

 .

(Lemma 25)

Putting everything together, we have

K∑
k=1

H∑
h=1

V(P kh , V
πk,Pk,d
h+1 )

= Õ

H
√√√√ K∑
k=1

H∑
h=1

V(P kh , V
πk,Pk,d
h+1 ) +H2(K +

√
T ) +H

√√√√S2A

K∑
k=1

H∑
h=1

V(P kh , V
πk,Pk,d
h+1 ) +H3S2A

 .

Solving a quadratic inequality, we get
∑K
k=1

∑H
h=1 V(P kh , V

πk,Pk,d
h+1 ) = Õ(H2(K +

√
T ) +H3S2A).

Lemma 25. Under the event of Lemma 20, for any value function V with Vh ∈ [0, B]S ,∀h ∈ [H], we have:

K∑
k=1

H∑
h=1

∣∣∣(Pk,skh,akh,h − P kh )Vh+1

∣∣∣ = Õ


√√√√S2A

K∑
k=1

H∑
h=1

V(P kh , Vh+1) +BHS2A

 .

Proof. Define Ik = I{∀(s, a) : Nk+1(s, a) ≤ 2Nk(s, a)} and zkh(s′) = Vh+1(s′)− P khVh+1. By Lemma 21,

K∑
k=1

H∑
h=1

∣∣∣(Pk,skh,akh,h − P kh )Vh+1

∣∣∣ =

K∑
k=1

H∑
h=1

∣∣∣(Pk,skh,akh,h − P kh )zkh

∣∣∣ ≤ K∑
k=1

H∑
h=1

min

{
B,
∑
s′

ε?k(skh, a
k
h, s
′)|zkh(s′)|

}

≤ 2

K∑
k=1

H∑
h=1

min

{
B,
∑
s′

ε?k+1(skh, a
k
h, s
′)|zkh(s′)|

}
+BH

K∑
k=1

Ick.
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Note that
∑K
k=1 Ick = Õ(SA) by definition. Thus it suffices to bound

∑K
k=1

∑H
h=1

∑
s′ ε

?
k+1(skh, a

k
h, s
′)|zkh(s′)|. Note that:

K∑
k=1

H∑
h=1

∑
s′

ε?k+1(skh, a
k
h, s
′)|zkh(s′)| = Õ

(
K∑
k=1

H∑
h=1

∑
s′

√
P kh (s′)zkh(s′)2

N+
k+1(skh, a

k
h)

+

K∑
k=1

H∑
h=1

SB

N+
k+1(skh, a

k
h)

)
(definition of ε?k)

= Õ

(
K∑
k=1

H∑
h=1

√
SV(P kh , Vh+1)

N+
k+1(skh, a

k
h)

+BS2A

)

= Õ


√√√√ K∑
k=1

H∑
h=1

S

N+
k+1(skh, a

k
h)

√√√√ K∑
k=1

H∑
h=1

V(P kh , Vh+1) +BS2A

 (Cauchy-Schwarz inequality)

= Õ


√√√√S2A

K∑
k=1

H∑
h=1

V(P kh , Vh+1) +BS2A

 .

Plugging these back completes the proof.

Lemma 26. (Shani et al., 2020, Lemma 1) For any policy π ∈ (∆A)S×[H], two transition functions P, P ′, and utility
function d ∈ RS×A, we have V π,P,d1 (s)− V π,P

′,d
1 (s) = E[

∑H
h=1(Psh,ah,h − P ′sh,ah,h)V π,P,dh+1 |π, P ′, s1 = s].

Lemma 27. (Chen et al., 2021a, Lemma 30) For a random variable X such that |X| ≤ C, we have: VAR[X2] ≤
4C2VAR[X].

D. Concentration Inequalities
Lemma 28 (Any interval Azuma’s inequality). Let {Xi}∞i=1 be a martingale difference sequence and |Xi| ≤ B almost

surely. Then with probability at least 1− δ, for any l, n:
∣∣∣∑l+n−1

i=l Xi

∣∣∣ ≤ B√2n ln 4(l+n−1)3

δ .

Proof. For each l, n ∈ N+, we have with probability at least 1 − δ
2(l+n−1)3 ,

∣∣∣∑l+n−1
i=l Xi

∣∣∣ ≤ B
√

2n ln 4(l+n−1)3

δ by

(Chen & Luo, 2021, Lemma 20). The statement is then proved by a union bound (note that
∑∞
l=1

∑∞
n=1

1
2(l+n−1)3 =∑∞

i=1

∑i
j=1

1
2i3 =

∑∞
i=1

1
2i2 ≤ 1).

Lemma 29. (Chen et al., 2021b, Lemma 38) Let {Xi}∞i=1 be a martingale difference sequence adapted to the filtration
{Fi}∞i=0 and |Xi| ≤ B for some B > 0. Then with probability at least 1− δ, for all n ≥ 1 simultaneously,

∣∣∣∣∣
n∑
i=1

Xi

∣∣∣∣∣ ≤ 3

√√√√ n∑
i=1

E[X2
i |Fi−1] ln

4B2n3

δ
+ 2B ln

4B2n3

δ
.

Lemma 30. (Weissman et al., 2003) Given a distribution p ∈ ∆m and let p̄ be an empirical distribution of p over n samples.

Then, ‖p− p̄‖1 ≤
√
m ln 2

δ /n with probability at least 1− δ.

Lemma 31. (Cohen et al., 2020, Theorem D.3) Let {Xn}∞n=1 be a sequence of i.i.d random variables with expectation µ
and Xn ∈ [0, B] almost surely. Then with probability at least 1− δ, for any n ≥ 1:

∣∣∣∣∣
n∑
i=1

(Xi − µ)

∣∣∣∣∣ ≤ min

2

√
Bµn ln

2n

δ
+B ln

2n

δ
, 2

√√√√B

n∑
i=1

Xi ln
2n

δ
+ 7B ln

2n

δ

 .

Lemma 32. (Cohen et al., 2020, Lemma D.4) and (Cohen et al., 2021, Lemma E.2) Let {Xi}∞i=1 be a sequence of random
variables w.r.t to the filtration {Fi}∞i=0 and Xi ∈ [0, B] almost surely. Then with probability at least 1− δ, for all n ≥ 1
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simultaneously:

n∑
i=1

E[Xi|Fi−1] ≤ 2

n∑
i=1

Xi + 4B ln
4n

δ
,

n∑
i=1

Xi ≤ 2

n∑
i=1

E[Xi|Fi−1] + 8B ln
4n

δ
.


