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Abstract

The Weisfeiler-Lehman (WL) test is a classical
procedure for graph isomorphism testing. The
WL test has also been widely used both for design-
ing graph kernels and for analyzing graph neural
networks. In this paper, we propose the Weisfeiler-
Lehman (WL) distance, a notion of distance be-
tween labeled measure Markov chains (LMMCs),
of which labeled graphs are special cases. The
WL distance is polynomial time computable and
is also compatible with the WL test in the sense
that the former is positive if and only if the WL
test can distinguish the two involved graphs. The
WL distance captures and compares subtle struc-
tures of the underlying LMMCs and, as a con-
sequence of this, it is more discriminating than
the distance between graphs used for defining the
state-of-the-art Wasserstein Weisfeiler-Lehman
graph kernel. Inspired by the structure of the WL
distance we identify a neural network architec-
ture on LMMCs which turns out to be universal
w.r.t. continuous functions defined on the space of
all LMMCs (which includes all graphs) endowed
with the WL distance. Finally, the WL distance
turns out to be stable w.r.t. a natural variant of the
Gromov-Wasserstein (GW) distance for compar-
ing metric Markov chains that we identify. Hence,
the WL distance can also be construed as a poly-
nomial time lower bound for the GW distance
which is in general NP-hard to compute.
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1. Introduction

The Weisfeiler-Lehman (WL) test (Lehman & Weisfeiler,
1968) is a classical procedure which provides a polynomial
time proxy for testing graph isomorphism. It is efficient and
can distinguish most pairs of graphs in linear time (Babai
& Kucera, 1979; Babai & Luks, 1983). The WL test has a
close relationship with graph neural networks (GNNs), both
in the design of GNN architectures and in terms of character-
izing their expressive power. For example, Xu et al. (2018)
showed that graph isomorphism networks (GINs) have the
same discriminative power as the WL test in distinguish-
ing whether two graphs are isomorphic or not. Recently,
Azizian et al. (2020) showed that message passing graph
neural networks (MPNN5s) are universal with respect to the
continuous functions defined on the set of graphs (with the
topology induced by a specific variant of the graph edit dis-
tance) that have equivalent to or less discriminative power
than the WL test.

However, the WL test is only suitable for testing graph
isomorphism and cannot directly quantitatively compare
graphs. This state of affairs naturally suggests identifying a
distance function between graphs so that two graphs have
positive distance iff they can be distinguished by the WL
test. We note that there have been WL-inspired graph ker-
nels which can quantitatively compare graphs (Shervashidze
etal., 2011; Togninalli et al., 2019). However, these either
cannot handle continuous node features naturally or they do
not have the same discriminative power as the WL test.

New work and connections to related work. Our work
provides novel connections between the WL test, GNNs
and the Gromov-Wasserstein distance. The central object
we define in this paper is a distance between graphs which
has the same discriminative power as the WL test. We do
this by combining ideas inherent to the WL test with opti-
mal transport (OT) (Villani, 2009). We call this distance
the Weisfeiler-Lehman (WL) distance. We show that two
graphs are at zero WL distance if and only if they cannot be
distinguished by the WL test. Moreover, the WL distance
can be computed in polynomial time. Furthermore, our WL
distance is actually defined on a more general and flexible
type of objects called the labeled measure Markov chains
(LMMCs), of which labeled graphs (i.e, graph with node
features) are special cases. LMMCs can naturally model
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the interaction between graphs and their node labels (node
features), and thus provides a new OT based perspective
for comparing node labeled graphs. Besides graphs, the
LMMC framework also encompasses continuous objects
such as Riemannian manifolds and graphons. It is worth not-
ing that the idea of combining OT and Markov chains/heat
kernels has long been used to study notions of curvature of
geometric objects, e.g., graphs or Riemannian manifolds
(von Renesse & Sturm, 2005; Ollivier, 2009).

Our definition of the WL distance is able to capture and
compare subtle geometric and combinatorial structures from
the underlying LMMCs. This allows us to establish various
lower bounds for the WL distance which are not just useful
in practical computations but also clarify its discriminating
power relative to existing approaches. In particular, we carry
out experiments which demonstrate the effectiveness of our
WL distance (and its lower bounds) in graph comparison
tasks.! Furthermore, based on the hierarchy inherent to
the WL distance, we are able to identify a neural network
architecture on the collection of all LMMCs, which we call
MCNNSs (for Markov chain NNs). We show that MCNN's
have the same discriminative power as the WL test when
applied to graphs; while at the same time, they have the
desired universal approximation property w.r.t. continuous
functions defined on the space of all LMMCs (including the
space of graphs) equipped with the WL distance. It turns
out that from MCNNs, one can recover Weisfeiler-Lehman
graph kernels (Togninalli et al., 2019) and in particular, we
show that a slight variant of a key pseudo-distance between
graphs defined in (Togninalli et al., 2019) serves as a lower
bound for our WL distance. This indicates that the WL
distance has a stronger discriminating ability than WWL
graph kernels (see Appendix A.3 for an infinite family of
examples).

Finally, we observe that our formulation of the WL distance
resembles the Gromov-Wasserstein (GW) distance (Mémoli,
2007; 2011; Peyré et al., 2016; Sturm, 2012; Vayer et al.,
2020; Chowdhury & Mémoli, 2019) which is a OT-based
distance between metric measure spaces and has been re-
cently widely used in shape matching and machine learning.
We hence identify a special variant of the GW distance be-
tween Markov chain metric spaces (MCMSs) (including
all graphs). Our version of the GW distance implements a
certain multiscale comparison of MCMSs, it vanishes only
when the two MCMSs are isomorphic, but leads to NP-hard
problems. Interestingly, it turns out that the poly-time com-
putable WL distance is not only stable w.r.t. (i.e., upper
bounded by) this variant of the GW distance, but can also
be construed as a variant of the third lower bound (TLB) of
this GW distance, as in (Mémoli, 2011).

'Our code is available at https:/github.com/chens5/WL-
distance

Proofs of results and details can be found in the Appendix.

2. Preliminaries
2.1. The Weisfeiler-Lehman Test

A labeled graph is a graph G = (V, E¢) endowed with a
label function {g : Vg — Z, where the labels (i.e., node
features) are taken from some set Z. Common label func-
tions include the degree label (i.e., /¢ : Vo — N sends
each v € Vi to its degree, denoted by deg(v)) and the
constant label (assigning a constant to all vertices). For a
node v € Vg, let Ng(v) denote the set of neighbors of v in
G. Below, we describe the Weisfeiler-Lehman hierarchy for
a given labeled graph (G, {¢).

Definition 1 (Weisfeiler-Lehman hierarchy). Given any la-
beled graph (G, L), we consider the following hierarchy of
multisets, which we call the Weisfeiler-Lehman hierarchy:

Step 1 For each v € Vg we compute the pair

006000 (v) = (e (v), {{la(v)) : v" € Na(v)}).

Step k& For each v € V we compute the pair
08,6, (0) = (b0, 0), {0, () - o' € Naw) ).

Here, {{-}} denotes multisets. In the literature, /(¢ , ., (v) is
usually often mapped to a common space of labels such as
N through a hash function, a step which we do not require
in this paper. We induce, at each step k, a multiset

Li((G,0g)) = {{egg{ee)(v) ve VG}} .

Definition 2 (Weisfeiler-Lehman test). For each integer
k > 0, we compare Li,((G1,Lc,)) with L, ((Ga2,¢a,)). If
3k > 0 so that Li,((G1,¢¢,)) # Lk((Ge,Lq,)) then we
conclude that the two label graphs are non-isomorphic;
otherwise we say that the two labeled graphs pass the WL
test and that the two graphs are “possibly isomorphic”.

2.2. Probability Measures and Optimal Transport

For any measurable space Z, we will denote by P(Z) the
collection of all probability measures on Z. When 7 is
a metric space (Z, dy), we further require that every o €
P(Z) has finite 1-moment, i.e., [, dz(z, z0)a(dz) < oo
for any o € P(Z) and any fixed zo € Z.

Pushforward Maps. Given two measurable spaces X and
Y and a measurable map ¢ : X — Y, the pushforward
map induced by 1) is the map ¢ : P(X) — P(Y') sending
« to g where for any measurable B C Y, ¢pa(B) =


https://github.com/chens5/WL-distance
https://github.com/chens5/WL-distance
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o (¢ 71(B)) . In the case when X is finite and Y is a metric
space, 1o obviously has finite 1-moment and is thus an
element of P(Y').

Couplings and the Wasserstein Distance. For measur-
able spaces X and Y, given « € P(X) and 8 € P(Y),
v € P(X xY) is called a coupling between « and 3 if
(px)#y =caand (py)zy = B, wherepx : X xY = X
and py : X XY — Y are the canonical projections, e.g.,
the product measure a:® f3 is one such coupling. Let C(«, 3)
denote the set of all couplings between « and .

Given a metric space (Z,dyz), for o, 3 € P(Z), we define
the (¢'-)Wasserstein distance between them as follows:

):= inf

dz(z,2")y(dz x dz').
’Yec(aﬁ)/ZxZ z(z 2 )

dW (aa 5
By (Villani, 2009, Proposition 2.1), the infimum above is
always achieved by some v € C(«, ) which we call an
optimal coupling between « and 3.

Hierarchy of Probability Measures. An important ingre-
dient in this paper is the following construction: Given
a finite set X and a metric space Z, a map of the form
¢ : X — P(Z) induces ¢4 : P(X) — P(P(Z)) which
involves the space of probability measures over probability
measures, i.e., P(P(Z)). Inductively, we define the fam-
ily of spaces P°*¥(Z), called the hierarchy of probability
measures:

1. P°Y(Z) = P(Z);
2. o+ (Z) .= P (P°k(Z)) for k > 1.

If Z is complete and separable then, when endowed with
dw, P(Z) is also complete and separable (Villani (2009,
Theorem 6.18)). By induction, for each k € N, P°*(Z) is
also a complete and separable metric space. This hierarchy
will be critical in our development of the WL distance.

The Gromov-Wasserstein Distance. We call a triple X =
(X,dx, px) a metric measure space (MMS) if (X, dx) is
a metric space and px is a (Borel) probability measure on
X with full support. Given any X = (X,dx, ux) and
Y = (Y,dy,py), for any coupling v € C(ux, py), we
define its distortion by

dis(r)=  flds.a") = (o) dxdy)y (o' ).
XXYXXY

Then, the (¢-)Gromov-Wasserstein (GW) distance between

X =(X,dx,pux)and Y = (Y, dy, py) is defined as fol-

lows (Mémoli, 2011)
dew(X,Y) = (1

inf
YEC(px,py)

dis(7),

where we omit the usual % factor for simplicity.

2.3. Markov Chains

Given a finite set X, we call any map mY : X — P(X)
a Markov kernel on X. Of course Markov kernels can be
represented as transition matrices but we adopt this more
flexible language. A probability measure px € P(X) is
called a stationary distribution w.r.t. mY if for every mea-
surable subset A C X we have:

i (4) = /X mX (A)u(de).

The existence of stationary distributions is guaranteed by
the Perron-Frobenius Theorem (Saloff-Coste, 1997). A mea-
sure Markov chain (MMC) is any tuple X = (X, mJ, ux)
where X is a finite set, mf( is a Markov kernel on X and
jux is a fully supported stationary distribution w.r.t. mZX.
Definition 3 (Labeled measure Markov chain). Given any
metric space Z, which we refer to as the metric space of
labels, a Z-labeled measure Markov chain ((Z-)LMM(C for
short) is a tuple (X, Lx) where X isa MMC and £x : X —
Z is a continuous map. For technical reasons, throughout
this paper, we assume that the metric space of labels Z
is complete and separable>. We let ME(Z) denote the
collection of all Z-LMMCs.

The following definition of isomorphism between LMMCs
is similar to that of labeled graph isomorphism.

Definition 4. Two Z-LMMCs (X, {x ) and (), ly) are said
to be isomorphic if there exists a bijective map i) : X =Y
such that Ux (x) = by (¥(x)) and YymX = mi(w) Sor all
HARS Xand¢#ux = ly.

Labeled Graphs as LMMCs. Any labeled graph induces
a family of LMMCs which we explain as follows.

Definition 5 (g-Markov chains on graphs). For any graph
G and parameter q € [0, 1), we define the q-Markov chain
"® associated to G as follows: for any v € Vg,

1—
— 40y + degc[gv) Z'L;’eNc(v) 0w, NG(U) #
5’03 NG('U) =

G
Me

G.q
v

0
.

We further let degg(v) = degg(v) if No(v) # 0 and
degq(v) :== 1 otherwise. Then, it is easy to see that

G = Z deg(v)

veVg

D weve dega(v')
is a stationary distribution for m$"? for all ¢ € [0, 1].

For any g € [0,1), we let X,(G) := <Vg, mé, ,ug) and
call (X,(QG), ¢q) a graph induced LMMC. When ¢ = 0, we
>These assumptions are mild: they encompass finite metric

spaces, compact metric spaces, closed subsets of Euclidean spaces
and also the set of all integers with the usual metric.
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also let m& := m&9 and let X (G) := Xy(G). One has the
following desirable property for graph induced LMMCs.

Proposition 2.1. For any q € [0,1),(G1,£q,) is isomor-
phic to (Ga,lq,) as labeled graphs iff (X,(G1),4q,) is
isomorphic to (X4(G2),la,) as LMMCs.

3. The WL Distance

A non-empty finite multiset M of elements from a given set
S encodes information about the multiplicity of each s € S
in M. This suggests that one might consider the probability
measure {45y on S induced by M:

_oms)
par(s) = S (D)’ Vse S

where m(s) denotes the multiplicity of s in S. This point
of view permits reinterpreting the multisets appearing in
the WL hierarchy (see Definition 1) through the language
of probability measures, which will eventually lead us to a
distance between graphs.

Definition 6 (Weisfeiler-Lehman measure hierarchy).
Given any Z-LMMC (X ,(x), we let Y, | = {x and
produce the following label functions whose codomains
span a certain hierarchy of probability measures:

Step 1 For each x € X, we have (I, ))umy € P(Z).
Hence we in fact have the function

W, = (rgg[x))# m¥ : X = P(Z).

Step k& For each integer k > 2, we inductively define

5 = (1621 )#mi‘ L X = PR(Z).

(x,ex) " ey

We then induce at each step k a probability measure
(X, 0x)) = (8, ), 1 € PEHD(2),

[(x ., should be compared to £, , and £;((X,lx))
should be compared to Ly ((G, £ )) from the WL hierarchy
(cf. Definition 1). See Figure 1 for an illustration of the
WL measure hierarchy of a graph induced LMMC and its
comparison with the corresponding WL hierarchy. We will
show later that, up to certain change of labels, the WL mea-
sure hierarchy for a graph induced LMMC captures all the
information contained in the WL hierarchy of the original
graph (see Proposition 3.3).

We now define the Weisfeiler-Lehman distance based on the
WL measure hierarchy.

Definition 7 (Weisfeiler-Lehman distance). For each inte-
ger k > 0 and any metric space of labels Z we define the
Weisfeiler-Lehman (WL) distance of depth k between the
Z-LMMCs (X,{x) and (Y, 0y ) as

L (X, x), (V. by ) J=dw (L (X, £x)) , Lk (V. x)))

2
where dyy above takes place in P°*(Z). We also define the
(absolute) Weisfeiler-Lehman distance by

dwr((X,€x), (Y, by)) = sup Ay, (X, 0x), (Y, by)) .

Example 1. We write down explicit formulas for di,’{,’L when
k=0and 1. When k = 0, it is easy to see that

AW (X, 0x), (Y, by ))=dw ((€x)wpx, 0y )upy)

which agrees with the Wasserstein distance between the
global label distributions ({x)upx and (by)upy (cf a
similar concept for MMSs (Mémoli, 2011)).

When k = 1, we have that
A (X, 0x), (Y, by)) =

/ dw ((x)gmX, (0y ) gm? ) A(dwxdy),
XxXY

YEC(px 1Y)

implementing the comparison of local label distributions.

The following proposition states that the WL distance be-
comes more discriminating as the depth increases.

Proposition 3.1. Let k > 0 be any integer. Given
any two Z-LMMCs (X,{x) and (V,ly), we have that
dyL (X, €x), (V. 6y)) < dywi” (X, lx), (V. by)).

As a first step towards understanding the WL distance, we
show that dyy, is a pseudo-distance. We discuss its relation-
ship with the WL test in Proposition 3.3 below.

Proposition 3.2. dwr, (resp. d(vlz,)L for k > 0) defines a
pseudo-distance® on the collection M*(Z).

3.1. Comparison with the WL Test

Given the apparent similarity between the WL hierarchy and
the WL measure hierarchy, it should not be surprising that
(as we will show later in Proposition 3.3), on graphs, dwr,
essentially has the same discriminative power as the WL
test, i.e., those pairs of graphs which can be distinguished by
the WL test are the same as those with dwr, > 0. The WL
distance therefore should be interpreted as a quantification
of the degree to which the graphs fail to pass the WL test.

3By pseudo-distance, we mean that dwr, (resp. dif,i) is sym-
metric and satisfies the triangle inequality, but non-isomorphic

LMMCs can have zero dwr, (resp. div),) distance.
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Figure 1. Illustration of the WL (measure) hierarchy. The graph GG shown in the middle of the figure is assigned the degree label /.
We explicitly present two steps of the WL hierarchy of (G, £ ) (on the left) and of the WL measure hierarchy of (X (G), £c) (on the

right). Every probability measure is represented as a histogram. For ¢ = 1,2, ¢; and [; are abbreviations for EEQ e and [

(©)
(X(G) L)’

respectively. Notice how the WL measure hierarchy interprets the multisets from the WL hierarchy as probability measures.

However, there is an apparent loss of information in the WL
measure hierarchy due to the normalization inherent in prob-
ability measures. This could result in certain cases when
dwr.((X(G1), £, ). (Xy(G2). L)) = 0 but (G, Le,)
and (Ga, {g,) are distinguished by the WL test. See the
examples in Appendix A.5. However, as we explain next,
with appropriate label transformations, the discriminative
power of dyr, is the same as that of the WL test.

For any metric space of labels Z, consider any injective map
g: ZxNxN — Z; where Z; is another metric space
of labels. A trivial example of such injective g is given by
letting Z; = Z x N x N and letting g be the identity map.

Now, given any labeled graph (G, lg : Vo — Z), we
generate a new label function (7, := g({¢, degq (o), |Va]) :
Ve — Z;. Intuitively, this is understood as relabeling G
via the map g. Modulo this change of label function, we
establish that dyyr, has the same discriminative power as the
WL test.

Proposition 3.3. For any q € (3,1), the WL test distin-
guishes two labeled graphs (G1,0c,) and (G2,{q,) iff
dWL((Xq(Gl)vg‘él) ) (XQ(GQ)agg;Z)) > 0.

Although it may seem that we are injecting more informa-
tion into labels, this extra relabeling, in fact, does not affect
the outcome of the WL test:

Lemma 3.4. The WL test distinguishes (G1,Lc,) and
(Ga, La,) iff it distinguishes (G, g, ) and (G2, €Z,,).

By Proposition 3.3 and a convergence result pertaining to the
WL test (Krebs & Verbitsky, 2015), one has the following
convergence result for d{y; (which implies that to determine
whether two graph induced LMMC:s satisfy dwi, = 0 one
only needs to inspect d{y}, for finitely many k.)

(3,1) and any
and (Ga,lg,), if

Corollary 3.5. For any q €
two labeled graphs (G1,0q,)

dg{,)L((Xq G1),f%1) , (Xq(Gg),ﬁ‘g;z)) = 0 holds for
each k = 0,...,|Vq,| + |Va,|, we then have that
dWL((‘Xq(Gl)vﬁg‘l) ) (Xq(GZ)a€%2)) =0.

Results from (Babai & Kucera, 1979) imply that the WL
test can certify isomorphism of random graphs (with degree
labels) with high probability. Then, immediately by Propo-
sition 3.3, we have that with high probability dvy1, generates
positive distance for non-isomorphic random-graph-induced
LMMCs.

3.2. A Lower Bound for d\y

The WL measure hierarchy, defined through consecutive
steps of pushforward maps, can be related to a certain se-
quence of Markov kernels which we explain next. Given
aMMC X = (X,m{, ux) and any k € N, the k-step
Markov kernel, denoted by mf(’®k, is defined inductively
as follows: for any x € X, when k = 1, mX®! := m2X and

when k > 2, for A C X,

X,k o X,®(k—1) X

mX k) = [ XD ) m @),
X

If we represent m by a transition matrix My, then the

matrix corresponding to ma®* is the k-power of M y.

Recall the formula for d{y; from Example 1. We define a

certain quantity (for each k£ € N) which arises by replacing
the Markov kernels in that formula with k-step Markov
kernels:

dwris (X, 0x), (Y, by)) =

inf /dw((KX)#mff@k,(fy)#mg’@k)'y(dx x dy).
YEC(1x 1Y)

XXy
Notice that dy above takes place in P(Z) whereas dw in

Equation (2) for defining d\y} takes place in P°*(Z). Of
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course, we have that d{,lv)LLB = d{,lv)L. It turns out that for
each k > 1, d{;}LLB is a lower bound for d%)n
Proposition 3.6. For any (X,l(x),(),ly) €
ME(Z) and any integer k > 1 we have that
dng)LLB((X7£X)’ (y,ey)) < dg\C/)L((szx)’ (y,fy)) .

For any fixed k£ € N and any two finite R-LMMCs, (X, {x)
and (Y, ly), if we let n := max(|X|,|Y]), then comput-
ing iy ((X,€x), (Y, ly)) can be done in O(n® log(n) k)
time whereas the total time complexity for computing
dwrip (X, 0x), (Y, ly)) is O(n®log(nk)). Hence it is
far more efficient to compute d&}LLB than d{,’{,)L. Details can
be found in Appendix A.7.

4. WL Distance Inspired Neural Networks

We now focus on the case when the metric space of labels
Z is Euclidean, i.e., Z = R? and define a family of real
functions on M* (R?) called Markov chain neural networks
(MCNNs). We both study the discriminative power and
establish a universality result for this family of functions.

For any function ¢ : R?® — RJ, we define the map
¢y : P(RY) — R sending o € P(RY) to the average
Jgi p(z)a(dz). Based on g, we define two types of maps:

(1) F, : ME(RY) — ML (R7) sending (X, £x) to (X, %),
where (% : X — RY is defined by = — g, ((€x)zmz).

(2) S, : ME(RY) — RJ sending (X, £x) t0 g ((€x) g px).

Below, we only focus on maps g, when ¢ = ¢, is a mul-
tilayer perceptron (MLP) with a single hidden layer, i.e.,
any map of the form ¢, (z) := Co x (Wz +b), where
C, W are matrices, b is any vector, and o represents ele-
mentwise application of a fixed activation function ¢. For
technical reasons, we also assume that ¢ is Lipschitz* and
non-polynomial. For example, one can choose o to be ReLU
or sigmoid.

Then, for any sequence of MLPs ¢; : R%-1 — R% for
i=1,...,k+1,and any MLP ¢ : R%+1 — R, we define
amap of the following form, which we call a k-layer Markov
chain neural network (MCNNy,):

Y08y, 0F, 0-0F, : M*RY) - R.  (3)
Note the resemblance between our MCNNs and message
passing neural networks (MPNN5) for graphs (Gilmer et al.,
2017): Specifically, (¢x)4mzX is analogous to the AGGRE-
GATION operation, g is analogous to the UPDATE operation,
and ¢ o Sy, corresponds to the readout function that appears

in the context of MPNN.

Example 2 (Relation with WWL graph kernels). MCNNs
recover the framework of Wasserstein Weisfeiler-Lehman

*Note that any MLP with a Lipschitz activation function is
Lipschitz. This fact will be used in later proofs.

(WWL) graph kernels w.r.t. continuous attributes (Togninalli
et al., 2019): Consider any labeled graph (G,lq : Vg —
RY) and any q € [0,1). Let p : R* — R? be any continuous
map. Applying q, to (X,(G),{) (see Definition 5), then
for any v € Vg such that Ng(v) # 0, we have

) = [ olt) ta)pm it

LS ).

=qp(lc(v) + v—=
degg(v) o N ()

Notice that if we further let ¢ = % and ¢ : R* — R? pe
the identity map id (by relaxing the assumption that 1) is a
MLP), then we have

; 1
) =

5 lg(v)

LS )] @

+ -
degq(v) N (V)

This is exactly how labels are updated in the WWL graph
kernel framework. A slight modification of the ground dis-
tance computation in the WWL framework generates a lower
bound for d{,’{',)L, which implies that the WL distance is more
capable at discriminating labeled graphs than WWL graph
kernels. This is confirmed by the examples in Appendix A.3.

We let N1, (R?) denote the collection of all MCNNj,. Be-
low, we show that N1, (R?) has the same discriminative
power as the WL distance.

Proposition 4.1. Given any (X,lx), (Y, {y) € ML(R?),

L if iy (X, 0x), (Y, ly)) = 0, then for every h €
NNk (RY) one has that h((X,lx)) = h((V,ly));

2. ifdwi (X, €x), (Y, by)) > 0, then there exists h €
NN (RY) such that h((X,€x)) # h((Y, ly)).

Recall from Corollary 3.5 that given any ¢ € (%,1),
any injective map g and any labeled graphs (G1, /g, )
and (Gg,{g,), we need at most 2n steps to determine
whether dywr, ((Xy(G1),£2,), (Xy(G2),4%,)) = 0, where
n =max (|Va, |, [Ve,|). Consequently, MCNNs have the
same discriminative power as the WL test:

Corollary 4.2. For any 5 < q < 1, the WL test distin-
guishes the labeled graphs (G1,{q, ) and (G2, La, ) iff there
exists h- € NNy (R?) for which h((X(G1), (%)) #

h((X,(G2),42.))).
Since MPNNs also have the same discriminative power as

the WL test (Xu et al., 2018), we know that our MCNN's
can separate all pairs of graphs that MPNN’s can separate.

Next, we establish a universal approximation theorem for
MCNNSs. We first introduce some notation. In general, a



Weisfeiler-Lehman meets Gromov-Wasserstein

pseudometric space canonically induces a metric space by
identifying points at O distance (see Burago et al. (2001,
Proposition 1.1.5)). We let ME(R?) denote the metric
space induced by the pseudometric space (ML (R%), diy) ).
As a direct consequence of Proposition 4.1, every h €
NN (R9) induces a real function (which we still denote by
h) in ME(R?). Then, our MCNNs are actually universal
w.r.t. continuous functions defined on ME(R?) (see the
proof in Appendix B.3.2).

Theorem 4.3. For any k € N, let K C ME(R?) be any

compact subspace. Then’, NN .(R%) = C(K, R).

Our universality result resembles the one established in
(Azizian et al., 2020) for message passing neural networks
(MPNNSs) which proves that MPNNs can universally approx-
imate continuous functions on graphs with bounded size
which are less or equally as discriminative as the WL test.
Compared with their result, we remark that our universality
result applies to the collection of all LMMCs (and hence
all graphs) with no restriction on their size. Moreover, al-
though for simplicity LMMCs are restricted to finite spaces
throughout the paper, our MCNNSs and universality result
can potentially be extended to more general LMMCs includ-
ing continuous objects such as manifolds and graphons.

5. Relationship with the GW Distance

Given a LMMC (X, £x), the label £x induces the following
pseudo-distance on X: dx(z,z') = dz(lx(z),lx(z"))
for x, 2’ € X. This suggests structures which are closely
related to LMMCs: Markov chain metric spaces (MCMSs
for short). A MCMS is any tuple (X,dx) where X =
(X, m&, ux) is a finite MMC and d is a proper distance
on X . Obviously, endowing a MCMS (X, dx ) with a label
function ¢x and forgetting dx produces a LMMC (X, £x).
We let MMS denote the collection of all MCMSs. We
now construct a Gromov-Wasserstein type distance between
MCMSs and study its relationship with the WL distance.

5.1. The GW Distance between MCMSs

Recall from Equation (1) the definition of the standard GW
distance between MMSs. Intuitively, in order to identify
a suitable GW-like distance between MCMSs, we would
like to incorporate a comparison between Markov kernels
into Equation (1). Towards this goal, for each & € N, we
consider a special type of maps v¢'a : X XY — P(X xY)
which are defined similarly to how we define k-step Markov
kernels and satisfy that forany z € X andy € Y, v") is
a coupling between the k-step Markov kernels m >®* and
my ®%; see Appendix A.2 for the precise definition. We

3For simplicity of notation, we still use NN (R?) to denote
induced functions on M (R?) with domain restricted to K.

refer to v¢"s as a “k-step coupling” between k-step Markov
kernels. We let C* (m, m}") denote the collection of all

such k-step couplings v¢"s.

Definition 8. For any k > 1 and any MCMSs (X,dx)
and (Y, dy ), we define the k-distortion of any pair (v, v%)

where v € C(pux, py) and vis € C (m¥,mY) as:

dis™ (y,v4h) = |dx (z,2')—dy (y.9/)]
XXY XXY XXY
Vi) g (da x dy') y(dz" x dy") y(dz x dy).

This notion of distortion implements a multiscale reweight-
ing of the coupling ~y through the k-step coupling vs". Then,
the k-Gromov-Wasserstein distance between the MCMSs
(X,dx) and (Y, dy) is defined by

diny (X,dx), (V,dy)) = inf dis““)('y, Vﬁ"i) .
YEC(px Hiy) '

Vﬁk.) GC(k)(mi( ,mf)

We then define the (absolute) Gromov-Wasserstein distance
between MCMSs by

Aoy (X, dx ), (Y, dy)):= sup A (X, dx), (Y, dy)).

Proposition 5.1. dg\?vMS defines a proper® distance on the
collection M™S modulo isomorphism of MCMSs.

Example 3 (MMS induced MCMS). Given a metric mea-
sure space X = (X,dx,px), we produce a MCMS
M(X) == (X,dx) where X = (X,mL, ux) by letting
mE = ux be the constant Markov kernel. It is easy
to check that yx is a stationary distribution w.r.t. my.
Then, for any two metric measure spaces X = (X, dx, px),

Y = (Y,dy, py), and k > 1, we have that

where dPly; denotes a “decoupled” version of the Gromov-
Wasserstein distance between metric measure spaces (see
Appendix A.4) which is of course independent of k.

dbiy is in general NP-hard to compute (Scetbon et al., 2021),
which (via Example 3) implies that dg[\%MS is also NP-hard
to compute. See Appendix A.6 for a basic computable lower
bound estimate of d> 5. In the next section, we establish
more sophisticated lower bounds for d4G™M® involving the
WL distance.

®Unlike the case for dwr,, two MCMSs have zero dl(\;d\;CVMS
distance iff they are isomorphic. The precise definition of iso-
morphism between MCMSs is postponed to Definition 15 in Ap-
pendix B.4.
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Table 1. 1-Nearest Neighbor classification accuracy.

METHOD MUTAG  PROTEINS PTC-FM PTC-MR IMDB-B IMDB-M CcOox2

dw 92.1+6.3 63.0£35 622+£85 562+£63 70.0+43 41.3+48 76.1+£55
AW s 87.3+19 66.2+2.2 625+85 57.8+68 699+25 40.6+3.8 81.2+53
WWL 85.1+£6.5 64.7+28 582+85 543x79 650x£33 40.0+£33 76.1+5.6

Table 2. SVM classification accuracy.

METHOD MUTAG  PROTEINS PTC-FM PTC-MR IMDB-B IMDB-M COX2

dwr 8909+6.4 726+3.1 63.6£7.0 579+79 762+41 51.6+4.0 78.1+0.8
i 90.0 5.6 705+£1.0 633+56 59.0£83 7514+22 520+1.8 78.1£0.8
WWL 853+73 729+3.6 622+6.1 63.0+74 70.8£54 50.0+£53 782+£0.38
WL 85.5£1.6 71.6+0.6 56.6x2.1 562+2.0 724+0.7 509+04 784+1.1
WL-OA 863+2.1 726+07 584+20 542+16 73.0£1.1 502+1.1 788+1.3

5.2. The WL Distance vs. the GW Distance

Given a MCMS (X, dx), fix any x € X. Then, one can
endow (X, dx ) with the label function dx (z,e) : X — R.
This gives rise to the LMMC (X, dx (z,®)). Then, we have
the following lower bound of {43y in terms of diy) :

Proposition 5.2. For each k > 1 and for any MCMSs
(X,dx) and (Y, dy), one has that

A% (X, dx), (Y, dy)) >

inf
YEC(ux ,#Y)

Remark 5.3. When (X, dx) and (Y, dy) are induced from
MMSs X and Y, as shown in Example 3, the left-hand
side of the above inequality coincides with the decoupled
GW distance. We point out that the right-hand side is also
independent of k and actually coincides with the third lower
bound (TLB) for the GW distance as defined in (Mémoli,
2011). See Appendix B.4.4 for more details. Hence, the
proposition above can be viewed as a generalization of the
TLB to the setting of MCMS.

In general, a MCMS (X, dx ) endowed with any label func-
tion £x : X — Z induces a LMMC (X, m, ux,x)
which we denote by (X, £x ). If we assign label functions
to all MCMSs in a suitable coherent way, we obtain that the
WL distance between the induced LMMC:s is stable w.r.t.
the GW distance between corresponding MCMSs.

Definition 9 (Label invariant of MCMCs). Given any met-
ric space of labels Z, a Z-valued label invariant of MCMSs
is a map £y : MMS — Z* which by definition sends
each MCMS (X, dx) into a label function {x : X — Z.
One such label invariant £, will be said to be stable if

/d“” (X, dx(z, ), (V. dy (3, #)))y(dwxdy).

Sor all (X,dx), (y dy) € MMS k € N, and for any
X

v € Clux, py),ves € CH (m. ,my) we have

dz(Ex(2"), by (y) vy (da'x dy')y(dz x dy)
XXY XXY

< dis™ (v, ) -

By L(Z) we will denote the collection of all stable Z-valued
label invariants.

Example 4. One immediate example of the stable label in-
variant is the eccentricity function ecc, (see Appendix B.4.5
for a proof): for any MCMS (X,dx), eccx(z) =
Jx dx (z,2") px (da') for z € X.

Then, if one assigns stable labels to MCMSs, one has that
the WL distance between the induced LMMC:s is stable w.r.t.
the GW distance.

Proposition 5.4. For every stable label invariant e €
L(Z), k € Nand (X,dx),(V,dy) € MMS we have that
dilg/)L((Xv gX)? (y, KY)) < dgiiv((x7 dx), (yv dY))'

6. Experimental Results

We provide some results showing the effectiveness of our
WL distance in terms of comparing graphs. We conduct both
1-NN and SVM graph classification experiments and evalu-
ate the performance of both our lower bound, di,’;,)LLB, and
our WL distance, d{,’;',)L, against the WWL kernel/distance
(Togninalli et al., 2019), the WL kernel and the WL optimal
assignment (WL-OA) (Kriege et al., 2016) kernel. We note
that the WWL kernel of (Togninalli et al., 2019) is a state-
of-the-art graph kernel. We use the degree label for both
divy, and diy); 1 5. More details on the experimental setup
and extra experiments can be found in Appendix A.8.
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1-NN Classification. In this case, both d{); ;5 and di)
slightly outperform the WWL distance on all datasets we
tested; see Table 1. Overall, the classification accuracies of
dwr g and diy; were close to those of the WWL distance.
These results illustrate the close relationship between d\y}.
and the WWL distance that was outlined in Section 4.

SVM Classification. See Table 2. First, we observe that
our lower bound kernel slightly outperforms the WWL ker-
nel for MUTAG, IMDB-B, and IMDB-M. For the other
datasets, d\y;p had comparable classification accuracy
with the other methods, coming within one to two percent
of WWL and WWL-OA. The d\}; kernel had similar clas-
sification accuracy to diy; ;g but only outperformed the
dg{‘}LLB kernel on PTC-FM, PROTEINS, and IMDB-B.

Note that our lower bound distance dywr,1,5 performs sim-
ilarly to our WL distance dwr,, but is more efficient to
compute. See Appendix A.8.3 for the runtime comparison.

7. Conclusion and Future Directions

In this paper, we proposed the WL distance — a quantitative
extension of the WL test — for measuring the dissimilarity
between objects in a fairly general family called LMMCs.
The WL distance possesses interesting connections with
graph kernels, GNNs and the GW distance. In order to
more directly compare the WL test with the WL distance
without resorting to relabeling, one future direction is to
redefine the WL distance via positive measures and “unbal-
anced” (Gromov-)Wasserstein distances (Liero et al., 2018;
Séjourné et al., 2021; De Ponti & Mondino, 2020). Whereas
our paper focuses on the application of our WL distance to
the graph setting, LMMCs can be used to model not just
graphs but also far more general objects such as Riemannian
manifolds (equipped with heat kernels) or graphons. Then,
our neural network architecture (MCNN) has the potential
to be applied to point sets sampled from manifolds too, as
well as serving as the limiting object when studying the
convergence of GNNG. It is also interesting to extend our
WL distance to a higher order version that is analogous
to the high order k-WL test and £-GNNs. We conjecture
that a suitable notion of k-WL distance will converge to
the Gromov-Wasserstein distance for MCMSs as & tends to
infinity. Finally, we point out that our WL distance can ac-
tually be regarded as a certain instance of optimal transport
with special couplings (see Appendix A.2). It is of interest
to explore the relation between our WL distance and some
other distances between stochastic processes defined via
optimal transport with special couplings (Backhoff et al.,
2017; Moulos, 2021; O’Connor et al., 2022).
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A. Extra Details
A.1. Useful Facts about Couplings

Here we collect some useful facts about couplings which will be used in subsequent proofs.

Lemma A.1. Let X, Y be finite metric spaces and let Z be a complete and separable metric space. Let ¢ x : X — Z and
vy : Y — Z be measurable maps. Consider any pix € P(X) and py € P(Y'). Then, we have that

dw((px)shix. (oy)any) =  inf /dZ(@X(fE)7<PY(y))W(de><dy)~
’vec(ux,uy)x v
X

Proof. The proof is based on the following result.

Lemma A.2. Let X, Y be finite metric spaces and let Z be a metric space of labels. Let px : X — Z and py : Y — Z
be measurable maps. Consider any px € P(X) and puy € P(Y). If we let ¢ := px X @y, then we have that

ouCux, py) = C((px)pix, (Py)#iy)

Proof of Lemma A.2. Since X and Y are finite, ¢ x (X) and ¢y (V') are discrete sets. Then, the lemma follows directly
from Proposition 4.5 in (Schmitzer & Schnorr, 2013). O

Hence,

dw ((px)ppx, (oy)ppy) = inf / dz(z1,22)y(dz1 X dz2)
’YEC((SDX)#HX(SDY)##Y)X y
X

inf / dz (21, 22) oxy(dz1 X dz2)

YEC(px 1y )

XxY

R / dz(px (@), oy (y))y(de x dy).
'YEC(MX7MY)X y
X

The following lemma is a direct consequence of (Villani, 2009, Corollary 5.22)
Lemma A.3. For any complete and separable metric space Z, there exists a measurable map ¢ : P(Z)xP(Z) — P(Zx Z)

so that for every o, 8 € P(Z), p(a, B) is an optimal coupling between o and .
A.2. A Characterization of the WL Distance

Recall from Definition 7 that the WL distance of depth & is the Wasserstein distance between the local distributions of labels
generated at the kth step of the WL hierarchy. In this section, we prove that in fact d{f{'}L can be characterized through a
novel variant of the Wasserstein distance between the distributions of initial labels (i.e., ({x )4 x and (fy)gpy).

A.2.1. k-STEP COUPLINGS

We introduce a convenient notation which will be used in the sequel.

Definition 10. Suppose a measurable space Z, a probability measure v € P(Z), and a measurable map ve : Z — P(Z)
are given. Then, we define the average of v, under vy, denoted by ve ® 7y, which is still a probability measure on Z:

For any measurable A C Z, vy ® v(A) := / v.(A)y(dz).
z

The operation ® will be useful for constructing a special type of couplings between Markov kernels.

Given two MMCs X and ), we introduce the following notion of k-step coupling between Markov kernels m and m) :
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* k = 1: A 1-step coupling between mZX and m) is any measurable map
v X XY - P(X xY)
such that v{") € C(my ,m)) forany z € X andy € Y.

e k > 2: We say a map
vt X xY = P(X xY)

is a k-step coupling between the Markov kernels m and m} if there exist a (k — 1)-step coupling 1{*s "’ and a 1-step

coupling v§'y such that
v, =vdovd, Ve X, yeY.

Lemma A.4. For any k-step coupling v, one has that v, € C(m;)f@k, m;/’@k) foreveryx € Xandy €Y.

Proof. We prove the statement by induction on k. When k = 1, the statement is trivially true. Assume that the statement is
true for some k£ > 1. Then, for any measurable A C X, we have that

l/é’j;—l)(A X Y) = / l/,(,k) (A « Y) l/g(cl,z/(dl‘/ % dy’)

.L/,y/
XxXY

— / moy @ (A) v (da' x dy)

XxY
= [ ) X
X

_ mf@(kﬂ) (A)

Similarly, for any measurable B C Y, we have that

; _ Y ®(k+1
v (X x B) = m) @+ (B).

Hence v}V € C (mf’(@(kﬂ), m;/’@(kﬂ)) and thus we conclude the proof. O

Henceforth, we denote by C**) (mf( , mf) the collection of all k-step couplings between Markov kernels m and mY .

Definition 11. Given any k € N, any coupling v € C(px, py ) and any k-step coupling vs's € C™® (mf(, mz/) we define
a probability measure on X x 'Y as follows:
pu = Vﬁkl ©. &)

We call u™™ defined as above a k-step coupling between 1 x and iy. We let C*® (ux, uy ) denote the collection of all
k-step couplings between px and py and we also let C (ux, py) = C(ux, py)-

As defined above, k-step couplings are indeed couplings.

Lemma A.5. Any u® € C® (ux, py ) is a coupling between px and piy-.
Proof. For any measurable A C X, we have that

pP(AXY) = / v (A XY ) y(dx x dy)

XxXY

= [ mXOHA) (e x dy)

XxXY

= [ () (o)
p's
= pux(A).
Similarly, for any measurable B C Y, we have that u™ (X x B) = uy (B). Therefore, u*) € C(ux, py ). O
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Lemma A.6. We have the following hierarchy of k-step couplings:

COpx, py) 2 CV (px, py) 2 C® (px, py) 2 -+

Proof. We prove the following inclusion by inductionon k¥ = 0,1, ... :
C™ (pux, py) 2 C* (ux, py ) (6)
When k& = 0, we only need to check that any v € C™(ux, py ) is a coupling between px and py . Assume that
A =y @y

for some v4le € C (M, mY) and v € C(px, py ). For any measurable set A C X, we have that

O e

/m ~v(dx x dy)
XxY

/ m A) px (dz)
= px(A

Similarly, for any measurable B C Y we have that
YV(X x B) = py(B).
Hence, v € C(ux, 1y ).
Now, assume that Equation (6) holds for some k > 0. For any v**2 € C*+2 (ux, p1y ), we assume that
YD = D 0,

where v¢y® € C**2(m¥, ml) and v € C(ux,py). Then, there exist vg's” € C*V(m¥,mY) and vea €

C“)(m mg )suchthat

(k+2) _ <k+1> (1)
Vpy = Ve (O 7 R

Ve X, yeyY.

Hence,

A / / ("fl)y“) dx’ x dy') y(dx x dy)

XXY XxXY

- / vty / vih (da’ x dy') y(dz x dy)
XxY XxY

= / Voo’ YD (da’ x dy').
XxXY

Here that vV := v{') ® v belongs to C(ux, pty ) follows from the case k& = 0. Hence, by the induction assumption,
A2 e CH Dy, ,uy) which concludes the proof. O

A.2.2. A CHARACTERIZATION OF d\y; VIA k-STEP COUPLINGS

Now, we characterize d;’f}L via k-step couplings defined in the previous section.
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Theorem A.7. Given any integer k > 0 and any two Z-LMMC (X, {x) and (Y, ly ), we have that

a8 (X)) = in / dz(x (), by (9)7* (dz x dy).
yFeC®) (ux,pmy)

Proof of Theorem A.7. The case k = 0 holds trivially. Now, for any £ > 1 and forany z € X and y € Y, by Lemma A.1

we have that
] (1 @ ) vt )

dVV (IE’;(),EX)(x)a [E;),éy)(y)> = ” yecl(nf my
N XXY

Since (z,y) — (m,m)) is measurable by definition of Markov kernels, by Lemma A.3 we have that there exists a
measurable map v o : X X Y — P(X x Y) such that forevery x € X andy € Y, v, , is optimal, i.e

o (10 0180, )) = [ (K2, 08 20,0 v ),

(7
XxXY

Hence, we have the following formulas.

ds;/)L((‘)CZX)v (y7€Y))

—aw((180,) i (120,,), o)

= / dw ([E? oo (@), 1), (y )) ~v(dz x dy), herevy € C(ux, uy) is chosen to be optimal

XxXY

= [ ] a0 52, ) ()l x i) (e x ),
XXY XXY
= [ [ (18 0 800y (90)) (s (e )+ ()i i) y(d x )

XXY XxXY
k is optimal in the sense of Equation (7).

Here, each (v;)e.6 € CV(mE,mY) fori=1,...,
From the above equations, we identify a probability measure on X x Y forevery z € X andy € Y as follows

)

z,Y

/ (V/C)Ik 1,Yk—1 (Vk_l)wk—27yk—2 (dxk—l X dyk—l) o (Vl)w,y(dxl X dyl)
XXY XxXY

It is obvious that 1", is a k-step coupling and thus

d{;})L(<Xa€X)7(ya£Y)) <<[Ex>1/x)) MX7([()})I/Y)) NY>
= [ ] (100 @180 01) vy e’ < dy (e x )

XXY XXY

/ dw (£ (2), by (9)) 7™ (dz x dy),

XxY

> inf

Y eC® (pux,py)
Conversely, we have that given any v = v{"} ® v € C%(ux, py ), where v € C(ux, py) and vgfs € C® (m,m))
can be written for every x € X and y € Y as follows

(k) = / / Vk Th—1,Yk—1 (Vk 1):Ck 2,Yk— 2(dzk 1 Xdyk 1) (V1)$7y(d$1 Xdyl)v

XXY XxXY
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the following inequalities hold:

w(lx (), by (y))y"™ (dz x dy)

XxY
= [ ]t (00180 ) v e dr (e x dy)
XXY XXY

= / / dw ([Ex) eX)(xk) [(y ly)(yk)> (Vk)wk—lyyk—l(dxk X dyk) e (Vl)w,y(dxl x dyl)fY(daj X dy)

XxXY X XY

/ / dw [Ei( oo (@E-1), [Elﬁ,gy)(ykq)) (V=1 ka2 (Th—1 X dy—1) - -+ (1) 2,y (d21 X dy1)y(dz X dy)
XXY XxXY

> [ [ (2 0052, 00)) (1) i  d)r (o ¢ dy)

XXY XXY

> [ aw (K0 @) 18, ) 2o x dy)

XXY
s ((180) e (181), )
Infimizing over all v and V. 2, one concludes the proof. O

A.3. The Wasserstein Weisfeiler-Lehman Graph Kernel and its Relationship with dvy,

The Wasserstein Weisfeiler-Lehman graph kernel deals with graphs with either categorical or “continuous” (i.e., Euclidean)
labels (Togninalli et al., 2019). We only consider WWL graph kernel w.r.t. continuous labels since categorical labels usually
don’t come equipped with a distance. Even if we artificially defined a distance on a set of categorical labels (e.g. using
Euclidean distance via one-hot encoding), we point out that there wouldn’t be a clear relation between WWL graph kernel
and the WL distance since at each step of WWL graph kernel a hash function is invoked to map into a single label a pair
consisting of a label and a multiset of labels. Now, we describe the WWL framework w.r.t. continuous labels as follows.
For technical reasons, we assume that all graphs involved in this section are such that all their connected components have
cardinality at least 2 (i.e. no graph contains an isolated vertex).

Given a labeled graph (G, {¢ : Vg — R?), the label function is updated for a fixed number & of iterations according to the
equation below fori =0, ...,k — 1, where £2, == (.

2.l

Yo € Vg, (5 (v) = 3 a(v) +

degG v/€NG(v)
Then, for each i = 0, ..., k there is a label function éég ) Ve — R?. Define the stacked label function L’é as follows:
= (... 08 : Vg — ROGHD,

Now, given any two labeled graphs (G1,¢g, ) and (G2, {¢, ), Togninalli et al. (2019) first computed Lgl and L’éz, then
computed the Wasserstein distance between their induced distributions (which we call the WWL distance) and finally, built
a kernel upon this Wasserstein distance. If we let Ag, denote the uniform measure on Vg, , then we express their WWL
distance via pushforward of uniform measures as follows.

DY ((G1,Le), (Ga b)) = dw ((LE,) 4 A, (L) 4 At ) - ®)

. . . . . . G1,1 Ga,1
Now, if we instead of uniform measures consider the stationary distributions g, and jug, wW.rt. me 2 and me 2,
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Figure 2. In this figure we show two labeled graphs and each of them has 3n + 2 vertices. Each of the graphs has n vertices with label 1,
n vertices with label —1, and n + 2 vertices with label 0.

respectively, we define the following variant of D®):
DO (G, ba,), (Ga, a,)) = dw ((LE,) e (L) e ) ©)

which is the distance which we will relate to our WL distance next. In fact, we then prove that D® ((G1, £a, ), (G2, 4a,))
actually provides a lower bound for d\w; ((X,(G1), g, ), (X;(G2), lc,)) when g = %

Proposition A.8. For any two labeled graphs (G1,{c, : Vg, — R?) and (Gs, L, : Va, — R?), one has that for g = 1
and any k € N,

b(k)((legGl)v (G27€G2)) <k- dilgl)L((Xq(Gl)nglx (XQ(G2)7£G2))'

The proposition will be proved after we provide some examples and remarks.

Example 5 (d{);, is more discriminating than DW)., In this example, we construct a family of pairs of graphs so that D®
between the pairs is always zero but d, between the pairs is positive. For any n > 2, consider the two (3n + 2)-point
labeled graphs shown in Figure 2. It is easy to see that for each i = 1,2, and any v € Vg,,

1. ifbg,(v) =0, then E’é(v) =0forallk =0,1,...;
2. iflg,(v) = £1, then €%, (v) = +5¢ forallk =0,1,....

Hence, for any k = 0, ..., we have that

4n +2 n n
k k
(L)) g s = (L6,) 4 62 = 5500000 T g0t 200 + gmg 0t 2ok,

Therefore, D™ ((Gy,4a,), (G2, 0a,)) = Oforallk =0, .. ..

For proving that dwr, > 0, we first analyze lﬁg(cl),zcl y(v1) for any vi € Vg,.

1. Iflg, (n1) = %1, then
1 1
o - - hl
[ (1)1) 250+25i1.

(X(GI)J{GI)

2. IfLe, (v1) = 0 and vy is neither the leftmost nor the rightmost vertex, then

6 1 1
[Eiv)(cl),zcl)(vl) = gfs() + §51 + §5,1.
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3. If vy is either the leftmost or the rightmost vertex, then
[(1) (Ul) = (5().

(*(G1)La;)

We then analyze [E;’(szcz)(vg)for any vy € Vg,.

1. If g, (va) = £1, then
1 1
[EB(GQ)Iaz)(UZ) = 550 + 56:‘:1.

2. If vy is the center vertex, then
2n+1 n n
[ = )
Cecaa gy (V2) = g7 00+ 260+ 1) 2B+ 1)

3. IfLe, (v2) = 0 and vy is not the center vertex, then
[<1) (UQ) = 50.

(X(G2).tag,)

Hence, it is clear that when n > 1

(G0 ), (G ) = (i), b (o), 02 ) >0

Remark A.9. Our WL distance formulation is flexible and we can of course relax it by allowing the comparison of measure
Markov chains with general reference probability measures which are not necessarily stationary. In that case, we can
directly compare D™ defined in Equation (8) with d{,’{})L. More precisely, for any graph G, we can replace the stationary
distribution inherent to X, (G) with the uniform measure and hence obtain a new measure Markov chain X!(G). Then, the
same proof technique used for proving Proposition A.8 can be used for proving that

D(k)((leéCh)v (G27£G2)> <k- dWL((X;(Gl)ngJv (XJI(G?)’ng))'

Moreover, we can show that dg\“,)L is strictly more discriminating than D™ via the same pairs of graphs as in Example 5.

The proof of Proposition A.8 is based on the following basic fact about the Wasserstein distance:
Lemma A.10. Let Z be a complete and separable metric space. Endow Z x Z with any product metric dz« z such that
dzxz((21,22), (23,24)) < dz(21,23) + dz(22,24) V21,22, 23,24 € Z.

For example, one can let

dzxz((21,22), (23,24)) = \/<dz(zhz$>>2 + (dz(22, 24))%.
Given any complete and separable metric space X, for any i = 1,2 and any measurable maps f;,q; : X — Z, if we let
hi = (fiyg:) : X = Z X Z, then for any i1, 2 € P(X)

dw ((ha)gpa, (h2)gpz) < dw((fr)snpa, (f2)wm2) + dw((9) w1, (92)4402) -
Proof of Lemma A.10. For any ¢, v, € C(1, pi2), we define a probability measure v € P(Z x Z x Z x Z) as follows:
for any measurable A, A’ B,B' C Z
V(Ax A x Bx B') = (f1 x f2)477(A x B) - (g1 x g2)47,(A' x B).
It is easy to show that v € C ((h1)xp1, (h2)xuz2). Then,

dw ((h1)gp, (he)gp2) < / / dzxz((21,22), (23, 24)) v(dz1 X dzg X dz3 X dz4)
ZIXZ ZXZ

< / / (dz(z1,23) + dz(22,24)) v(dz1 X dzg X dz3 X dz4)

IXZ ZXZ
< / dz(z1,23) (f1 X f2)#vs(dz1 % dzz) + / dz(z2,21) (91 X g2)#7g(dz2 X dzy)
ZXZ ZXZ

By Lemma A.1, infimizing over all v, v, € C(u1, pt2), we obtain the conclusion. O
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Proof of Proposition A.8. Since L’é = (..., E’é), by inductively applying Lemma A.10, we have that

k
D®(Gr, Ga) = dw ((LE,) , 1, (LE,) 4 nes ) < _z;dw(wa)#ml, (6,) 4 ) -

Choose ¢; ==1id : R? — R to be the identity map for each j = 1,. .., k, then using notation from Appendix B.3.1, we
have that _
b, =057, Vi=1,2andVj=1,... k.

Then, by Equation (19), we conclude that

k k
D(k)(le GQ) < Z dw (([Ei\lq(cl),zcl))# HGys ([EQQ(GQ),ZGQ))# :L"Gz) - Z dS\}L((‘Xq(Gl)’ £G1)a (XQ(GQ)a €G2)) .
i=1 i=1

By Proposition 3.1, we have that
D®(G1,Ga) < k- dy (X,(Gh), ey, (Xy(Ga) L) -

A 4. A Decoupled Version of the Gromov-Wasserstein Distance
For simplicity, in this section we will assume that the cardinality of all underlying spaces to always be finite.

The Gromov-Wasserstein distance dgw was proposed as a measure of dissimilarity between two metric measure spaces; see
Section 2.2 for its definition and also (Mémoli, 2011) for its more general version involving a parameter p € [1, cco]. Note
that one can define a variant of the standard GW distance by considering two coupling measures 7, " independently, and
use v ® 7/ instead of v ® v in Equation (1). This version of the GW distance was implicit in the optimization procedure
followed in (Mémoli, 2011) and has been explicitly considered in (Séjourné et al., 2021; Titouan et al., 2020), and this is
closely connected to our GW distance between MCMSs (see Definition 8) as shown in Example 3.

Here we give the definition of this “decoupled” variant of the GW distance.

Definition 12 (Decoupled Gromov-Wasserstein distance). Suppose two metric measure spaces X = (X, dx,px), Y =
(Y,dy, 1y ) are given. We define the decoupled Gromov-Wasserstein distance d2y, (X,Y) in the following way:

diy (X, Y) = _inf / / ldx (z,2") — dy (y,y") |7/ (dz" x dy’)y(dz x dy).
vy €C(x 1y )
XXY XXY

Obviously, d2 (X,Y) < daw(X,Y) in general. Furthermore, this inequality is actually tight as one can see in the
following remark.

Remark A.11. We let T'x vy (z,y,2',y") = |dx(z,2') — dy(y,y')| for any x,2' € X and y,y' € Y. If the kernel
Ixy : X xY x X xY — Ris negative semi-definite, then one can show that d2iy,(X,Y) = daw(X,Y) by invoking
Séjourné et al. (2021, Theorem 4). More precisely, if v,~' are the optimal coupling measures achieving the infimum in the
definition of dPiw (X, Y), then both v and ~/' are optimal for daw, i.e.,

deiw (X, Y) = ITx v i (ver) = ITxyliniey) = ITxylini ey = dew(X,Y).

Just like the original version, d2;, also becomes a legitimate metric on the collection of metric measure spaces. This is
another contribution of our work.

Proposition A.12. The decoupled Gromov Wasserstein distance d2y; is a legitimate metric on MM,

Proof. Symmetry is obvious. We need to prove the triangle inequality plus the fact that al‘g;iW(X7 Y) = 0 happens if and
only if X and Y are isomorphic. The “if” part is trivial. For the other direction we proceed as follows. Suppose that
dbiw(X,Y) = 0. By Lemma B.11 and the compactness of C(yx, sy ) for the weak topology (see Villani (2003, p.49)),
there must be optimal couplings v,~" € C(ux, py ) such that

> > dx (@ a) = dy (y,y)|Y (@) y(@,y) = 0. (10)

(z,y)EX XY (2',y)EXXY
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Claim 1. There exists an isometry ¢ : X — Y such that
{(z,¢(x)) : @ € X} = supp(7) = supp(7').

Proof of Claim 1. By Equation (10), we have that
dX(xvx/) = dY(:’J;y/) (11)
for any (z,y) € supp(y) and (2, 3') € supp(7').

Fix an arbitrary € X. Then, since both px and py are fully supported and X, Y are finite, there must exist y,3’ € Y
such that (z,y) € supp(7) and (x,y’) € supp(y’). Then, y = y’ by Equation (11). Now, if there exists y” € Y such that
(z,y") € supp(7), then similarly, we have that y” = ¢’ and thus " = y. In other words, for each = € X, there exists a
unique y € Y such that (x,y) € supp(y). Similarly, this same y € Y is unique such that (x,y) € supp(y’). Hence, we
define ¢ : X — Y by letting ¢(x) be the unique y € Y such that (x, ¢(x)) € supp(7). It is obvious that ¢ is bijective and
satisfies that {(x, ¢(z)) : © € X} = supp(7) = supp(y’). By Equation (11), we conclude that ¢ is an isometry. O

Based on the claim above, consider an arbitrary Borel subset A C X. Then,

px(A) =v(AXY)=v(AxY NAx$(A)) =v(Ax ¢(A4)) = py (¢(A)).
Hence, ¢ is a isomorphism between X and Y.

Finally, for the triangle inequality, fix finite metric measure space X,Y, and Z. Notice first that for all z, 2’ € X, 9,7y’ € Y,
and 2,2 € Z,

PX,Y(‘r?yvmlvy/) < ].—‘X,Z(Z,{I?7Z/,£C/) + FZ,Y(y7zvylaz/)'

Next, fix arbitrary coupling measures 71,7, € C(ux, pz) and va,v5 € C(uz, py ). By the Gluing Lemma (see Villani
(2003, Lemma 7.6)), there exist probability measures m, 7’ € P(X x Y x Z) with marginals v;,7] on X X Z and o, 74
on Z x Y. Let 73,4 be the marginal of 7, 7’ on X x Y. Then, by the triangle inequality of L' norm,
A (X, Y) < [ITx v |21 (yamns)
= Tx vl (xen
< Pxzllzr ey + ITzy |t (@)
= IIx.zlr(nery) T2yl (raery)-

Since the choice of v1, 7], 72, 74 are arbitrary, by taking the infimum one can conclude

diw (X, Y) < dihw (X, Z) + diiw (Z,Y).

A.5. Examples When dyy1, Fails to Separate Graphs

Example 6 (Constant labels). Let G'; be a claw and G be a path with four nodes; see Figure 3. Let the label functions {g,
fori = 1,2 be constant and equal to 1 for both graphs.

In the first step of the WL test, we find

Li((Gr,ley)) = (1,41, 1,18), (1L {1 8), (L, 1)), (1, £13) B
and

Li((Ga, b)) = (1 {18), (1, {18), (1, {1, 13), (1, {1, 13) 3 -
Since L1((G1,4¢,)) # L1((Ga,La,)), (G1,Lg,) and (G2, Lq,) are recognized as non-isomorphic by the WL test. Notice
that within the first step, the WL test collects degree information and comparing L1((G1,%c,)) and L1((Ge,{q,)) is
equivalent to comparing the multisets of degrees w.rt. Gy and Ga. However, for dwi((X(G1),4c,), (X(G2),4a,))
(abbreviated to dwr,(X (G1), X (G2)) in Figure 3), because of the normalization inherent to the Markov chains m$* and
mS’2, each step inside the hierarchy pertaining to the WL distance cannot collect degree information when the labels are
constant.
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|WL measure hierarchy| WL hierarchy

Al (X(Gy), X(Gy)) = 0 @D @D @ U @, g, 0 @, (1, 1)
l ‘b \
step k: 0 0 non-isomorphic
Me

d{/]\(/L X(Gy)) =

Ik—l !
dwr(X(Gy), X(Gp)) = 0

|
o

Figure 3. Illustration of Example 6. Notice that if we start from constant labels, one step of the WL hierarchy will collect degree
information for the vertices. In contrast, because of the normalization of the Markov kernel, a single step of the WL measure hierarchy
with constant labels will not be able to accumulate the same information.

Example 7 (Degree label). Let G be a two-point graph consisting of a single edge with the vertex set {vy,vs}. Let Go be
a four-point graph consisting of two disjoint edges denoted by {u1,us} and {us, us}; see Figure 4. For eachi = 1,2, let
lq, be the degree label function for both graphs.

In the first step of the WL test,

Li((Gr,be,)) = (1L {18), (1L, 1) B
and

Li((Gas b)) = {(1 {18), (1 {13), (1, {18), (L {13} -

Then in the first step of the WL test, the two labeled graphs are already distinguished as non-isomorphic.

In the case of dwr,((X (Gl) la,), (X (Gg) {g,)), notice that ({g, ) 4 mS*(z) = 1if z = 1 and 0 otherwise for both © = v,
and x = vy. Hence, I3 ;.. ‘e J(v1) =Ry, . y(v2). Similarly, for G,

(R, gy y(ur) =--- = [2})(%),%2)(“4) = [Eiv)ml),ecp(”l)'

It is not hard to show inductively that for each k € N,

[Ef\e(cﬂ G, )( ) [EI;()(GI),ZGI ('U2) [EX)(GQ) Gy) (ul) == [E?(Gz),ecz)(u‘l)'

Then, for each k € N,
21((X(G1)7€G1)) = ([E?(Gl),zcl)>#ﬂG1 = ([E?(Gz),lc2)>#uc2 = 21((X(G2)76G2))

and thus A, (X(G1), 0, ), (X(Ga), b)) = O which implies that dwy (X (G1), fa, ), (X (Ga), l,)) = 0.

Notice that the standard WL test with degree labels is able to capture (and therefore compare) information about the number
of nodes in the graph. On the other hand, (X(G1),Lc,) and (X (G2),Lq,) cannot be distinguished by the WL distance
because of the normalization of the reference measures, jig, and ug,.
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Gq G,
o—0 O—0
o—@
|WL measure hierarchy|

. . @) @ ) @ ) @ g
step 1: 0 0 0 0 O—O

1
he—L &G XG) -
* |

‘.L non-isomorphic

3

|
o

@ () @ {1y

step k:

—T— A (X(Gy), X(Gp))
V

AdwL(X(Gy), X(Gp)) = 0

]
o

Figure 4. Illustration of Example 7. One step of the WL hierarchy with degree labels can distinguish graphs of different sizes whereas
the normalization of p, and pg, does not allow graph size to be distinguished when the label function is degree.

A.6. A Basic Lower Bound for d¥SMS

One can produce some basic lower bounds for dl(\;/[\(,ijS by invoking the notion of diameter for MCMSs which we define
below. We first introduce the one point MCMS.

Example 8. The one point MCMS is the tuple x == ({x}, (0), dx, 0x).
Definition 13 (MCMS diameter). For each k > 1 and a MCMS (X, dx ), we define

dlami\,/e[)CMS((X’ dX)) = dg{)\/((‘x? EX)v *)a
and

diamyems (X, dx)) = dig™> (X, dx ), *).

Notice that C(ux, px) = {x ® 6.} and C® (mf(, 5*) = {mf(’@k ® 5*}. Then, it turns out that the diameter of X is
independent of k:

diam (X, dx)) = d% (X, dx), / / / o (i ) S (e (e ()

:/X/de(agx'),ux(dx/),ux(dx)

By the triangle inequality, one can prove the following result.
Proposition A.13. For all two MCMSs (X, dx),(),dy) and k > 1, we have

‘/ / dx (@ &) (dalpux (d) //dY vy )y (dy >uy(dy)‘ < Ay (X, dx), (V. dy)),

and

‘/ / dx (@, ) pux (daYpx (dw) //dY v,y )y (dy )uy(dy)‘ < dNEMS (X, dx), (D, dy)).

A.7. More Details on the Complexity of Computing the WL Distance

In the following subsections, we provide an algorithm for computing the WL distance and complexity analysis for both
computing the WL distance and its lower bound defined in Section 3.2.
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A.7.1. COMPUTATION OF THE WL DISTANCE

In this section, we devise an algorithm (with pseudocode in Algorithm 1) for computing d\y; and establish the following
complexity analysis.

Proposition A.14. For any fixed k € N, computing d\y; between any LMMCs (X ,{x) and (Y, ly) can be achieved in
time at most O(kn’®log(n)) where n = max(|X|, |Y]).

Recall from Equation (2) that the WL distance of depth k is defined as

o (X, 6x), (V,ty)) = dw((léiz,m) L (), uy) = i / dve (08 ()18, () 7 (de ).
XY

In order to compute diyy (X, £x), (¥, {y)), we must first compute dw (I3, (), [(y,,,(y)) foreachz € X andy € Y.

To do this, we introduce some notation. For each i = 1,..., k, we let C; denote the | X| x |Y| matrix such that for each
reXandy €Y,

Cila,y) = dw (121 (@), 10, () -

We also let Cy denote the matrix such that Cy(z,y) == ||¢x (z) — ¢y (y)|| for each z € X and y € Y. Then, our task is to
compute the matrix Cj. For this purpose, we consecutively compute the matrix C; fori¢ = 1, ..., k: Given matrix C;_1,

since [y, . () = ([E;;;)># my and [, (y) = <[E§;el;>)# m,, , computing

v (Ko (), 0y ) = inf / dw (02 (@), 1572, () 7da x dy).
T X%y

is reduced to solving the optimal transport problem with C;_; as the cost matrix and m_ and m;/ as the source and target
distributions, which can be done in O(n?log(n)) time (Pele & Werman, 2009). Thus, for each i, computing C; given that
we know C;_1, requires O(n? - n3log(n)). Finally, we need O(n?log(n)) time to compute diy; (X, €x), (Y, ¢y )) based
on solving an optimal transport problem with cost matrix C' and with px and py being the source and target distributions,
respectively.

Therefore, the total time needed to compute dyy; ((X,€x), (Y, ly)) is
k- O(n®log(n)) + O(n3log(n)) = O(kn®log(n)).

For any n € N, d%r}j generates a distance between graph induced LMMCs with size bounded by n. By Corollary 3.5, dg}}j
has the same discriminating power as the WL test in separating graphs with size bounded by n. Now, given labeled graphs
(G1,4g,) and (Ga, lg,) so that max (|Vg, |, [Va,|) < n. computing day (X, (G1), la,), (Xy(G2),La,)) takes time at

most O(n®log(n)).

A.7.2. COMPUTATION OF THE LOWER BOUND DISTANCE

Recall from Section 3.2 that the WL lower bound distance was defined as

dwris (X, 0x), (V. ly)) 1:766(151f . )/dW((fX)#mf@k’ (by)gmy ©F )y (de x dy).
XY

Given two finite LMMCs,
(X, lx : X - R) where X = (X ={z1,22,...,xn} ,mf(,,ux)

and
(Y, by : Y = R) where Y = (Y = {y1, y2, ---aym}amfaMY)

we represent their Markov kernels as two transition matrices, My and My, respectively. Then, k-Markov kernels mf( Bk

and my ®* are expressed as matrices M% and Mf,', respectively. Assume that n > m. Then computing the k-Markov
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Algorithm 1 d{); computation

1: Input: The depth £ € N, and two finitt LMMCs (X = {z1,22,...., 2}, mS, px,lx : X -+ R) and
(Y:{yla"'7ym};mz/,MY,€YIY—}R)

2: Initialization: P = C' = zeros(n, m)
3: fori € [n],j € [m] do
4 P(i,j) = [bx(xi) — by (y5)]
5: end for
6: forl € [k] do
7. fori € [n],j € [m] do
8: C(i,j) = infv€c<m§i7m;) >aein] befm) Pla,b)v(a,b)
9: end for ’
10. P=C
11: end for
D =infyce(ux uv) Zicin jepm) €6 9)7(0: )
12: Output: D

kernels of X and ) will require O(n3log(k)) time where O(n?) is time needed for matrix multiplication. Then since
(x)pm®* and (Ly ) 4m) ¥ are both distributions in R, by (Vallender, 1974), dyw ((£x)xma®*, (£y)#mY-©*) can be
computed in O(n) time for each x € X and y € Y. Finally, computing d\}; ; 5 can be formulated as finding the optimal
transport cost where each entry of the cost matrix is defined as dw ((€x)xmy %, (fy ) 4m) ®*) and the source and target
distributions are px , py respectively. Recall from the previous section that px and py are normalized degree distributions
for X and ). Therefore, the overall time complexity is

O(n*log(k)) + O(n?log(n)) = O(n®log(kn)).

A.8. Experiments
A.8.1. EXPERIMENTAL SETUP

We use several publicly available graph benchmark datasets from TUDatasets (Morris et al., 2020) and evaluate the
performance of our WL distance d\y);, distance as well as d{); ; 5 (lower bound of our dyy, which is more efficient to
compute) through two types of graph classification experiments compared with several representative methods. Note that for
all of our experiments, we use ¢ = 0.6 to transform every graph G into the Markov chain X, (G).

We use 1-Nearest Neighbors classifier in the first graph classification experiment and for the second experiment, we use
support vector machines (SVM). For the first experiment, we compare classification accuracies with the WWL distance
(Togninalli et al., 2019) (see Equation (8)). For the second graph classification task, we run an SVM using the indefinite
kernel matrices exp (—fyd{;z,)LLB) and exp (—’yd{,’{}L), which are seen as noisy observations of the true positive semi-definite
kernels (Luss & d’Aspremont, 2009). We also evaluate the classification accuracies of dwr,p and dgi,)L using KSVM
(Loosli et al., 2015) for their indefinite kernel matrices. Additionally, for the SVM method, we cross validate the parameter
C € {1073,...,103} and the parameter v € {1072,...,103}. We compare classification accuracies with the WWL kernel
(Togninalli et al., 2019), the WL kernel (Shervashidze et al., 2011), and the Weisfeiler-Lehman optimal assignment kernel
(WL-0OA) (Kriege et al., 2016). Note that we only use WWL distance in the 1-NN graph classification experiment since the
WL-OA and WL kernels are not defined in terms of a distance unlike the WWL kernel.

In addition to the full accuracies for k € {1,2,3,4} for diy; and diy);; with the degree label, call this f1, we also
evaluate dyy;, and dyyy ;  with the label function f»(G,v) = iy + degg(v) for any graph G and vertex v € V. Note
that f5 is a relabeling of any constant label function, which assigns a constant c¢ to each vertex, via the injective map
g:{c} x N x N — Rsending (¢,n1,n9) tony + n% as described in Section 3.1. So under fa, d\y}, is as discriminative as
the k-step WL test. Thus, we also evaluate the performance of the WWL distance/kernel, WL, and WL-OA kernels using
only degree label. Additionally, we report the best accuracies for WWL, WL, and WL-OA for iterations 1, ..., 4.
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Table 3. 1-Nearest Neighbor classification accuracy. Let f1(G,v) = degq (v), f2(G,v) = \Vilcl + degg (v)

METHOD MUTAG PROTEINS PTC-FM PTC-MR IMDB-B IMDB-M COX2

d\wr, 1 90.5+6.5 61.8+£43 60.0£85 539+7.1 701+£47 41.1£39 73.8+3.6
dsr, 1 92.1£6.3 60.8+44 622+74 562+63 699+42 41.1£47 7T42+45
dsr, f1 91.1£43 60.8+£3.5 59.4£82 540+£77 694+£39 41.0£48 742+39
d\r, 1 90.1 £4.8 63.0£3.8 59.1£83 542+68 702+43 413£48 76.1%+55

d\wr, fo 91.6£7.1 63.3+44 575+£6.0 51.9+£93 714+45 40.6E£53 72.5+45
dr, fo 91.1£58 624+34 582+£82 562+76 704+45 41.6+43 74047
A\, f2 91.5£58 63.4+39 58579 534+84 71.4+£59 40.6£43 T46+44
de, f2 92.6 4.8 63.3£49 585+£8.0 548+79 71.2+£51 40.7£4.8 759+49

dg /i 873+£1.9 640+23 625+85 574+68 69.0+39 40.6+3.8 751+3.8
AP a1 868+£37 662+22 600+£8.1 534+64 694+32 40.1+3.6 751+3.8
A s /i 852+35 646+22 580+1.1 545+9.1 69.8+33 40.1+3.9 81.2+5.3
AP s fi 847431 654+23 5804101 520+9.1 69.9+25 40.1+3.6 80.4+2.3

d&,)LLB, fo 873+£25 647+14 625+74 578+68 69.0£39 404+36 7T755+£3.7
deLB, fo 863+£36 656+22 60.0£8.1 534+64 692+£32 402=£3.6 77.0+£4.9
dg’,}LLB,fg 853+3.6 643+£1.1 58.0+10.8 547+£9.1 69.7£3.1 40.1+39 804+44
d&,)LLB, fo 847+£30 648+£18 58.0+109 520+£92 69.4+£25 402+38 804+44

WWL 85.1£6.5 64.7£2.8 582+85 543+£79 650+£33 40.0£33 76.1+5.6

A.8.2. EXTRA EXPERIMENTAL RESULTS

In Table 3 and Table 4, we have included the 1-NN and SVM classification accuracies for k € {1, 2, 3,4}, respectively. In
general, using a KSVM with kernels exp (—yd\y} ) and exp (—vd\y; ) yields classification accuracies which are similar
to the classification accuracy of a standard SVM with the indefinite kernels. However, note that for the kernel exp (—Vd{,’{',)L),
KSVM has a slightly higher classification accuracy on both PTC-FM and IMDB-B than standard SVM. For the kernel
exp (f'ydgf,)LLB) with the labels generated by f2, KSVM has a much lower classification accuracy on both PROTEINS and

IMDB-B than standard SVM.

A.8.3. TIME COMPARISON

We compare the runtimes of d\y} and d\y} g for k& = 1,2. For our runtime comparisons, we use LMMCs induced by
Erdos-Renyi graphs of sizes varying from 5 nodes to 100 nodes (with the degree label function and ¢ = 0.6). Note that while
the runtime for deLB does not change much between k = 1 and k = 2, the d{f{'}L distance shows a significant increase in
the time needed to compute distance between two graphs from k = 1 to k = 2.

B. Proofs

B.1. Proofs from Section 2
B.1.1. PROOF OF PROPOSITION 2.1

The “only if” part is obvious. To prove the “if” part, we assume (X;(G1),{q, ) is isomorphic to (Xy(G2),¢a,). Then,
there exists a bijective map 1 : Vg, — Vi, such that ) xm&1:7 = mga‘)l, Yupa, = e, and Lo, (v) = lg, (¢ (v)) for all

v € V,. Now, by the definition of m?l’q and m?z’q (see Definition 5), one can easily check that

dog, (v) = 0 m§9(v) = mE29((v)) = 1 & degg, ((v)) = 0.

So, consider the case when m$*+¢(v) < 1. This implies deg;, (v) > 0 and degg, (¢(v)) > 0. In this case, again by the

v
Gi1,q9 Ga,q

definition of mse and me >'?, one can show that

v,v' € Vg, are adjacent < m&14(v') = mg(i’)')z(w(v')) >0« Y(v),(v') € Vg, are adjacent.
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Figure 5. Comparison of runtime of WWL distance against d\vy, and its lower bound diw) ; 5

Hence, G and G5 are isomorphic as we required.

B.2. Proofs from Section 3
B.2.1. PROOF OF THE CLAIM IN EXAMPLE 1

By Lemma A.1 we have that

d(Vi])L((X7€X)7 (y>fy)) = dW(‘gl((ngX))’ 21((32761/)))
= dw(<[gf)ﬂex)>#'u'x’ ([E;)IY)>#'U’Y)

el /Y dw (2.0 @) 3, (1)) 7 x dy)
X

inf / dw ((€x)4em (0y) ym? ) A(da x dy).
’YGC(HXxNY)X v
X

B.2.2. PROOF OF PROPOSITION 3.1

This proposition follows directly from Lemma A.6 and Theorem A.7.

B.2.3. PROOF OF PROPOSITION 3.2

It is obvious that when (X, /x) is isomorphic to (V,fy), dwp ((X,¢x),(V,¢y)) = 0 for all k& € N and thus
dwr,((X,0x), (Y, fy)) = 0. It follows directly from Equation (2) that d\y, satisfies the triangle inequality. Hence,
dwL = Supy>; dWL also satisfies the triangle inequality.

B.2.4. PROOF OF LEMMA 3.4

We first assume that the WL test cannot distinguish (G1, (g, ) and (G, {g,), i.e., Li((G1,4c,)) = Lr((Ge, Lg,)) for all
k=0,1,.... We then prove that Ly, ((G1,¢%,)) = Lr((G2,£Z,)) forall k = 0,1, .. .. The assumption Lx ((G1,4q,)) =

Li((Ga,€g,)) forall k =0, 1,... immediately implies that |V, | = |V, |- Then, it suffices to show that for any v, € Vi,
and vo € Vg,

Eﬁg,lﬁcp(m) = 82’5302)(@2) = ggg)l,eég(vl) =L (v2), Vk=0,1,.... (12)

Gg, 02
(G2.65,)

We prove Equation (12) by induction on k. When k = 0, for any v; € Vg, and vy € Vg,, if E%Gl ‘e )(vl) = E%G2 ‘e )(Ug),
ey pep
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then

(fa, (v1), . (v), v € Na, (1)) = (ba, (v2), {la, (v), v € Na, (v2)3})-
It follows that £, (v1) = £a, (v2) and degg, (v1) = degg, (v2). Then, by injectivity of g, one has that £Z, (v1) = £ (va2).
Now, we assume that Equation (12) holds for some k > 0. For the case of k + 1, note that £(}% , ,(v1) = £(c}%, ) (v2)
implies that

(e, o0 e, ), ve N} ) = (50, o), {52, (0), v e Noy (o) )

Hence, (i}, ,(v1) = (i)Y, ) (v2) and there exists a bijection ¢ : Ng, (v1) — Ng,(v2) such that £}, (v) =
éégﬁgcy(w(v)) for any v € Ng, (v1). By the induction assumption, we then have that 6221,/3%1)(”1) = 5522,@%2>(”2) and
Ezghe%l)(v) = 82227[%2)(1/;(1))) for any v € Ng, (v1). This implies that

(48,0 00 U8, ) 0 & Nas ) ) = (€ 02) {15, (0, 0 € N 0}

and thus éi:?éﬁ(vl) = EE’;;I;%Z)(WQ). Therefore, Ly ((G1,£%,)) = Li((G2,€,)) forall k = 0,1,... and thus the WL

test cannot distinguish (G, (3, ) and (G2, 4%, ).

Conversely, we assume that the WL test cannot distinguish (G1, ¢ ) and (Ga, €3, ), i.e., L ((G1,€%,)) = L (G2, €%))
forall Kk = 0,1,.... We then prove that L;((G1,%c,)) = Li((G2,£g,)) for all k = 0,1,.... The proof is similar to
the one for the other direction. First, the assumption Ly ((G1,£%,)) = Lk ((G2,€%.)) forall k = 0,1,... implies that
[V, | = |V, |- Then, it suffices to show that for any v1 € Vi, and ve € Vg,

g(k) (’Ul) = f(k) (Ug) = (%) (’Ul) = ggk) (7}2)7 Vk = 0, 1, e (13)

(G1:¢& ) (G2:4%,) (G1.Gy) Ga.lgy)
We prove Equation (13) by induction on k. When k = 0, for any v, € Vi, and v € Vag,, if (% (v1) = €%, (v2), then by
injectivity of g, we have that (¢, (v1) = {a, (v2).

Now, we assume that Equation (13) holds for some k& > 0. For the case of k + 1, note that EEZB%I)(M) = EEZ;I;%2)(UQ)

implies that
(2, v o) {02 (00 v € Na o) ) = (68, (020, {62, (0, v € Na () }})

By the induction assumption, it is easy to see that

(Zglgl,ecl)(vl)v {{Zglgl,egl)(v)a vE NG1 (vl)}}) = (ZEQQ,ZGQ)(UQ)v {{ZEZ)QJG?)(v)a vE NG2 (UQ)}})

and thus ((¢;)) . ,(v1) = (e} ), ,(v2). Therefore, Ly((G1,4c,)) = Li((Ge,{g,)) forall k = 0,1,... and thus the WL
test cannot distinguish (G, {¢,) and (G2, {g,).
B.2.5. PROOF OF PROPOSITION 3.3

By Lemma 3.4, we only need to prove that the WL test cannot distinguish (G1,¢% ) and (G2, €f,)) iff
dwr ((Xy(G1),€%) , (X4(G2),€%,)) = 0. For this purpose, we need to introduce some new notions.

For any metric space Z, we let MultPow(Z) denote the collection of all finite multisets of Z (including the empty set). We
inductively define a family of sets Z* as follows:

1. Z' := Z x MultPow(2);
2. fork > 1, ZF1 = ZF x MultPow(Z").

Then, we inductively define a family of maps ¢} : Z¥ — P°*(Z) as follows:
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1. define ¢} : Z' — P(Z) by

g0 + \A\ t2 eada, AFD

,A) € Z x MultPow(Z ;
(2, A) ultPow(Z) — {5Z’ A0

2. for k > 1, define gp’;“  ZFHE 5 pelktl)(Z) by

1—
Q) T TAT 2uzreaOpt(znyy AF

(z,A) € Z% x MultPow(Z*) — { - g .

Ogk(2)>
Lemma B.1. For any labeled graph (G,{c : Vo — Z) and any q € [0, 1], one has that for any k € N

(k) (k)
[(Xq(G) ) T é(G La)

Vo — P*(2). (14)

Proof of Lemma B.1. We prove by induction on k.
When k = 1, for any v € V, if Ng(v) # () we have that

[<;cq(c> eer (V) = (La)ymS? = =q0p( U>+deg Z Oec (v
'ENG(’U

= ¢y ((la(v), ftc(v") : v" € Na(v)}))
= @;(652,26)(1)))'

If Ng(v) = () then we have that
[Eic)q(c),zc)(v) = (KG)#vaﬂ = 6Zc(v) = (Pé ((EG(U)JZ))) (622 zg)( ))

Now, we assume that Equation (14) holds for some & > 1. Then, for k + 1 and for any v € V, if Ng(v) # 0, we have that

> s

v’)
(Xq(G),£ )
v'€Ng(v) K @

(k+1) ) G,q _
(atere (V) = ([wq(m,zm)#m = qétg’;)q(c) tey®) deg

1- q
=q9 1)
! 4 (Zgg)vfc)(v deg Z 4 E(?@G)(UI))

q
v'€ENg(v)

=%“(@@@A>H&&)w>wjeMﬂwHD
= o (50, (0) ).

If Ng(v) = 0 then we have that

((+1) v) = ([<k) ) =5
<Xq<c>,/zc>( ) (X (G),tq) # [(’;q(c) @

=0, ) = A (800 (00:9)) = 7 (152, @))

(G,tg)
This concludes the proof. O

Lemma B.2. Fixany 5 < q < 1 and any labeled graphs (G1,{c,) and (G2, {c,). Assume that the labels satisfy that for
any v1 € Vg, and vy € Vg, we have that (g, (v1) = Lg,(v2) implies deg(v1) = deg(va). Then, one has that for any
IS VGl,UQ S VGQ,

EEZ)I,ZGI)(’Ul) EEGL ta, )(UZ) l]jC [(Xq(Gl)ZG )(111) [Eljc)q(cz)icz)(WZ)- (15)

Proof of Lemma B.2. By Lemma B.1, we have that ((¢ o (V1) = 122’;,,)2,@@2)(112) implies that [E?ﬂcn,fcl)(“l) =

[E?q(G e cz)(”2)' For the other direction, we prove by induction on k.
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When k = 1, we first note that [qu(cl)yecﬁ(vl) = qégcl(vl) + ﬁ(gl)zveNcl(vl)éfcl(v) if Ng,(v1) # 0 and
[gc)q(Gl),egl)(”l) = 01, (vy) Otherwise. Since § < ¢ < 1, [ﬁv)q(cn,fc;l)(”l) = [E})q(G?),ZGQ)(vg) implies that 0y, (v,) =
Ote, (vy)- Hence £, (v1) = Lg, (v2) and thus deg, (v1) = degg, (vs). This implies that Ng, (v1) = 0 iff Ng, (v2) = 0. If
Ng, (v1) = 0, then obviously, we have that

006, 06,y (V1) = (La, (01),0) = (Lo, (v2), 0) = £(g, 4, (V2)-

If 0therw1se Ng, (v1) # 0, then [(Xq(cl) ‘e, y(v1) = [<Xq<G2) ‘e, y(v2) again implies that dcg(vl) ZUGNGI(Ul) 5561(1]) =
deg(q;g) ZUEch (v2) 5€G2 (v)- Hence, Z:vENG1 (v1) 6€G1 (v) — ZUENG2 (v2) 5562 (v) and thus {{éal( ) HEORS NGl (’01)}} =
{¢c,(v) : v € Ng,(v2)}}. Therefore, €<G1 ‘e y(v1) = EEG)Q,EGQ)(UQ).

Now, we assume that Equation (15) holds for some k£ > 1. Note that

9, Ok Ng, (v 0
(1) ( ): q E)??q(Gl)lG (1) deg(m) ZUENCl(Ul) [(Xq(GnZG NOE Gl( 1) 7é
(Xq(G1):0Gy) 5 ) (oa)? NGl('Ul) _ @
(Xq(G1),eg I\t
Then, for k + 1, the assumptions 1 < ¢ < 1 and (%] (v1) = I (ve) imply that §
’ ’ 2 (Xq(G1),g )\ V1 (Xq(G2),tg,)\ V2 (k)

(Xq(G1).tGy) (V1)

(k) ) ) _
e . Hence [(Xq(Gl)lel)(vl) = [(Xq(szcz)(”?)' By the induction assumption we have that E(GI,ZGI)(vl) =

(X4(G2).LG, )(UQ)
0, ‘e, y(v2). It is not hard to see that then Eggl’gcl)(vl) = 652272G2)(U2) and thus deg, (v1) = degg, (v2). Then, similarly
as in the case k = 1, we have two situations. If Ng, (v1) = 0, then we have that

U (00) = (8,0 (00).0) = (8,10, (02).0) = €572, (02).

. (k41) . . .

If otherwise Ng,(v1) + 0, then [t (o), eep (V1) = (g (@i, (V2)  again  implies  that
1—¢

deg(v1) Z”ENGl(”1)5[<X @n.tap ) Tt ZUGN%(”)(S[(&;(GQWG (o Henee 2oveNe, ”1)5[<xq<cl>ec ()

ZUGNG2 (v2) 6[(&1(62) e, ,(@) and thus

{1 gy @) v € Noy (o)} = {12 000, (0) 1 0 € Nay (02) ]}
Then, by the induction assumption again, we have that

Heo, @) v e Nay o) = {68, (0) 10 € Ny ()}

Therefore, £(¢."") o (V1) = et &, (v2). This concludes the proof. 0O

Now, we are ready to prove that
the WL test cannot distinguish (G1, £%, ) and (G, £3,,) iff dwr ((X,(G1),€%) , (X,(G2),€%.)) = 0.

It suffices to show that forany k = 0,1, ...,

Lk((leegll)) = Lk((G%Kg)) iff ([E’;)q<cl),zg;l>>#MGl = ([E,;)q(%),eg;z))# Ha, (16)

Fix any k = 0, . ... We first assume that Ly ((G1,£{)) = Lx((G2,¢3)). Then, it is obvious that |V, | = |V, | and moreover,
there exists a bijection ¥ : Vi, — Vg, such that £ (v) = EE’;)Q . )(1/1(1))) for any v € Viz,. This implies the

(G1.e& )
following facts:

1. By injectivity of g, deg, (v) = degg, (¥(v)) for any v € Vi, . Hence, degg, (v) = degg, (1(v)) forany v € V.
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2. By Lemma B.1, for any v € V5, we have that
*) _ kg _ ko _ (¢
[<§cq<G1>,eg1>(”) =¥q° Eél,e-‘él)(v) = ¥q° 42)2,%2)(15(“)) = [<’;)q<cz>,zg2>(w(”))'

Then,

(%) degG1 ('U)
leganres, ) ), HGL = Z ] 0 . ()
vI# veVa, ZU,GVGl €8a, (’U ) (¥a(G1)-tG,)

oy )

veVG, ZU/EVGI TegGE (¥ (v")) (Xq(G2).63,)

_ Z die‘gcz (v) 5.0

AN
vEVG, EU,EVGQ degG2 (U ) (XQ(G2)’Zé2

= (™ w
(%q(@2).eE,) ), O

(¥ (v))

(@)

(k) — (™
Conversely, we assume that ([(X“Gl)’[%l)) 4 wG, = (I(xqw?),eg;z)) Y g, Then,

degcl (v) degg, (v)
Z Too 1 Otk (v) - Too / 5[(k) (v)" (a7
veVg, Z”'Gvcl degGl (v') (Xa(G1).0G,) vEVa, Z“/GV@ degG? (v') (¥q(G2):45,)
. (k) _ (k) —
Then, for any v; € V,, there exists vy € Vi, such that [<Xq(G1>,£%1)(v1) = [(Xq(GQMQGz)(vQ). If £ = 0, then
g _ (O _ (@ _ 49
g, (v1) = [<Xq<cl>,zg1>(vl) = [(Xq(G2)=Zg;2>(v2) =g, (v2).
Otherwise, we assume that £ > 0. Since % < ¢ < 1, we have that [E’;;(léﬂ (1) = [E’;;(”Gz) v (v2). Inductively, we still
TGy TG

obtain that

[(0)

— (@
<Xq<G1>,£2;1>(U1) =1

o (1) = 2, (02).

€4, (v1)

Hence, by injectivity of g, we have that |V, | = |Vg, |, degg, (v1) = degg, (v2) and degg, (v1) = degg, (v2). Then, it is
easy to see from Equation (17) that

[ —® _ S _(®
HU € Ve, : [<Xq<cl>,eg;1>(”) - [<Xq(cl>,zgg1>(”1)}’ - H” € Ve, : [<Xq(cz>.fg;2>(”) - [<Xq<cz>,zg;2>(02)}‘ :

It is obvious that E%i for « = 1, 2 satisfy the condition in Lemma B.2. Then, by Lemma B.2, we have that KE’;)L Gy (n) =
622)21%2)(1;2) and that

Hv € Vo, 48, . () = gggﬂcl)(vl)}] - Hv € Vo, 148, 1, (v) = zg*gﬂcg)(w)}\ .
Therefore, Ly, ((G1,£%,,)) = Lr((G2,42,)).

B.2.6. PROOF OF COROLLARY 3.5

It turns out that one only needs finite steps to determine whether the WL test can distinguish two labeled graphs (Krebs &
Verbitsky, 2015). More precisely:

Proposition B.3. For any labeled graphs (G1,{q,) and (G2, lq,), Ly((G1,0c,)) = Li((G2,4g,)) holds for all k =
0,..., Vg, | + |Va,| ifand only if Li,((G1,{q,)) = Lk ((Ga2,€a,)) holds for all k > 0.

Hence, this corollary is a direct consequence of Proposition 3.3 and Proposition B.3.
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B.3. Proofs from Section 4
B.3.1. PROOF OF PROPOSITION 4.1

We need the following lemma:

Lemma B.4. For any C-Lipschitz function ¢ : R® — RJ, we have that the map Gy P(R?) — R7 is C-Lipschitz.
Proof of Lemma B.4. For any a, 3 € P(R?), pick any v € C(a, 3). Then, we have that

lgp(a) — g, (B)] =

| e@ataa) = [ o@pian)

R?

[ (et = o)t x a)
R*xR*

< /RixRi lp(x) — (y)] v(dz x dy)

<C- |z — y[ y(dz x dy).
R XR?

Since v € C(a, B) is arbitrary, we have that
|CI<,0(O‘) - %p(ﬂ)‘ <C- dw(a,ﬁ).

Hence g, is C-Lipschitz. O

o F,

Now, we start to prove item 1. We introduce some notation. Given a MCNNy h := 1) 0 .S, @

it , ©---ol, andany
(X, lx) € ME(Z), we let

(X, 657) = F,, 00 F, ((X,x)) (18)
Now, we assume that for i = 1,..., k, the MLP ¢, is C;-Lipschitz for some C; > 0 (note that MLPs with the Lipschitz

activation function o specified in Section 4 are Lipschitz). Then, by Lemma B.4, we have that g, is a C;-Lipschitz map for
i=1,...,k.

Then, we prove that

dw ((E7) 4 e, (67) iy ) < (T, C) - d (X, ), (D, 6), (19)

Given Equation (19), if diy); (X, £x), (Y, ly)) = 0, then dw((éf;g”“))# px, (ng"”)# My) = 0 and thus (K()}""“))# pUx =

(ggka))# iy . Hence, the MCNN h =)o S oFy,, o---oF,, satisfies that

Pr+1
P )) = 6 (s (687) 1) ) = 0 (s (657) 1oy ) ) = B 6)).
To prove Equation (19), it suffices to prove that for any € X and y € Y (see Lemma A.1),

|67 @) = 670 )| < T G- dw (K2, (@), 18, )

We prove the above inequality by proving the following inequality inductively on j = 1,... k:

66 (@) = 68 )| < T € e (11, (20,130, () (20)
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When j = 0, we have that é()}”‘” =Ulx = [Eo)j,ex) and E({,"’O) by = [01) ¢y Therefore, Equation (20) obviously holds (we
let H(i):lCi = 1). We now assume that Equation (20) holds for some j 2 0. For j + 1, we have that

WA, e (142, (01572, 0)

j+1 j X j Y
— WO, dy (([g; w)# mX, (tgy{fy))# m )

et TG (K (018 () 2’ < )
xz My
X x

. : @D (I pled)(n) / /
>Crn int [ 76 - 67700 2t < dy)
XxXY

o ((6587) X (677) , mY)

> Hq¢j+1 ((6()?”)# mf) T o ((€$1J))# m?j) H
— e - ).

This concludes the induction step and thus the proof of item 1.
Next, we prove item 2. The proof is based on the following two basic results:

Lemma B.5. Forany d € Nand any o, 3 € P(R?), if a # B, then there exists a Lipschitz function ¢ : R* — R such that
[ e@atdn) # [ pwpda).
R Rd
Proof of Lemma B.5. By Kantorovich duality (see for example Remark 6.5 in (Villani, 2009)),

| elalatdn) = [ el

Since o # 3, we have that dy (c, 3) > 0, and thus there exists a I-Lipschitz ¢ : R? — R such that [, ¢(z)a(dz) #
Jpa (@) B(dx). O

dw(a, B) = SUP{

cp:RY = Ris l—Lipschitz.}

Lemma B.6. Forany d € N and any a, 3 € P(RY), if « # 3 and they are both compactly supported, then there exists a
single-hidden-layer MLP o : R — R (with the activation function o specified in Section 4) such that

/ p@)aldr) £ | o)B(dn).
Rd Rd

Proof of Lemma B. 6 By Lemma B. 5 there exists a Lipschitz ¢ : R? — R such that fRd a(dx) # fRd B(dzx).
Lete == | Jpa ¥( fRd B(dx) | > 0. Let K := supp(«) U supp(f). Since both probability measures are
compactly supported we have that K is compact. Then, by the classic universal approximation theorem (Pinkus, 1999,
Theorem 3.1) and by the assumption that ¢ is Lipschitz and non-polynomial, there exists a single-hidden-layer MLP
¢ : RY — R such that sup,¢ i [¢(z) — ¥(x)| < §. Therefore,

S/Rd\ () — ¥(z)| a(dz) = /|<p 7)| a(dr) <

/ p(@)B(dr) — | (x)B(dz)
R4 R4

Hence, [pq ¢(z)a(dr) # [p. o(x)B(dx). O

| ™

/ p@)aldz) — [ P(@)alde)
R4 Rd

and similarly,

<

3
1
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Now, given any (X, £x) and (), {y) such that d\y} ((X,€x), (¥, €y)) > 0, we have that
dw((lgfg,éx))# 1 ([EI;),L]Y))# MY) = dg:/)L((ngX)’ (y7£y)) > 0.

Then, we prove that for each i = 1, ..., k, there exists a MLP ¢; : R%-1 — R% for suitable dimensions d;_; and d; such
that

Ve e X,y ey, {7 (x) =067 (y) iff [EQIX)(x) = [Eg,)ygy)(y). 21)
Given Equation (21), it is obvious that ([Ef{),,ﬁx))# ux # ([E’;),ey))# py implies that (E()?k))# px # (égf’k))# ty . Then, by

Lemma B.6 and by the fact that X and Y are finite, there exists a MLP ¢y 1 : R%* — R such that

/Rd era1(t) (0F") , px (dt) # /Rd era1(t) (677) , oy (dt).

Then, by the classic universal approximation theorem (Pinkus, 1999, Theorem 3.1) again, there exists a MLP ¢ : R — R
which distinguishes the two numbers above. Hence, we have that

vos

Pr+1

0 Fy 00 B, (X) =1 (/R orei(t) (e;;”“)#ux(dt))

F </Rd Prr1(t) (égf’k))# MY(dt))
:z/;oS%+loF¢ko~--oF%(y).

To conclude the proof, we prove Equation (21) by inductiononi = 1,...,k. When ¢ = 1, let
Ay ={(z,y) e X xY: (bx)ypmi # (fy)#m;/}.

Since X and Y are finite, A; is a finite set. We enumerate elements in A; and write A; = {(z1,%1), ..., (Za,,Ya,)}- By
Lemma B.6, foreach j = 1,...,d;, there exists a MLP ¢} : R? — R such that

/ A ()(Ex) X (dt) £ / (b)Y (dt).

We then let ¢ = (@%7 0., cp‘f) :R? — R% It is not hard to see that (; is still a MLP with a single hidden layer and
it satisfies that

Vo e X,y €Y, (Ix)gmy = (by)ygm, iff /d Pr(t)(x)gmy (dt) = /
R

p1(t) (0 )y (dt).
R

Equivalent speaking,
Vre X, ycy, [E;)JX)(J:) =10, (y)iff £ (x) = 62 (y).

Y.ty

Now, we assume that Equation (21) holds for some ¢ > 1. For ¢ + 1, we let

Ay = {(m,y) EXxXY: (E()‘("’i))#mf # (ng’”)#m;/}.

Since X and Y are finite, A;y; is a finite set. = We enumerate elements in A;;; and write A, =
{(z1,91),...,(Zd;s1+Yd;,,)}- By Lemma B.6, for each j = 1,...,d;1, there exists a MLP 7, | : R% — R such
that

[ e ) m ) # [ o) (57) , m ).

R4 R4

We then let ;1 = (ap}H, W2, go?rll) : R% — R%+1. Again ;,; is a MLP with a single hidden layer and it
satisfies that Vo € X andy € Y,

(65 = (5 )l 1 [ i () gm0 = [ i) (57) i )

d;
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Equivalent speaking,
Vo e X,y e Y, (657),m¥ = (657), m} iff 65 (@) = 65 y).
By the induction assumption, Vx € X, y € Y we have that

67 () = 670 () I (2) = 130, (0):

This implies that
(67) o = (677) o) ifF (12, i = (10,), mi WU () = 1570, ()

Therefore,
(010 @) = B0 () D, () = 1512, (0)

(X, x) Y, ty)

and we thus conclude the proof.

B.3.2. PROOF OF THEOREM 4.3
We first prove a relaxation of Theorem 4.3. Let
NNERY) = {tpo0 Sy, 0 Fpp 00 Fy : YMLPs ;.3 = 1,...,k + 1 and continuous . }.
Note that N1, (RY) € NN (R?) since the latter relaxes the assumption in N\ (R?) that 1/ is a MLP. Then, we prove the

following lemma:
Lemma B.7. Forany k € N, let K C ME(R?) be any compact subspace. Then, NN, (R9) = C (K, R).

The proof of the lemma is based on the following Stone-Weierstrass theorem.

Lemma B.8 (Stone-Weierstrass). Let X be a compact space. Let F C C(X,R) be a subalgebra containing the constant
Sfunction 1. If moreover F separates points, then F is dense in C(X,R).

NN (RY) Contains 1.  Given any choice of ¢;s, we let ¢ : R%+1 — R be the constant map 1. Then, the corresponding
function b := 10 S,,,, 0 F,, 0+ F, =1¢€ NNj(RY).

Prk4+1

NN (RY) Separates Points. This follows from item 2 in Proposition 4.1.

NN (RY) Is a Subalgebra. By Equation (19), Lemma B.4 and the continuity of 1, we have that NA§,(R9) C ( R).
Next, we show that NN (R?) is, in fact, a subalgebra of C(KC, R). Given any constant C' and function h = ¢ 0 S, o

F, o 0oF, € NN(R?), we have that

C-h=C- ’(/}OSWC-H O"'Ftpl:(C'¢)OS¢k+1OFLPA:O"'F<P1GNNE(Rd)'
Then, we show that the sum and the product of any hy =0 S, , o F,, o---F, and hy = Yo Sgpr 0 Fg 0 Fg,
belong to NA§(RY). We define ]
® = (p1,51) : RS = RH x R,
and for each 2 < i < k + 1, we define
®; = o; X @i : RE1 x R 5 R% x R,
It is not hard to see that for eachi = 1,...,k + 1, ®; is also a single-hidden-layer MLP with the activation function o.

Indeed, if we write o; () = Cjo * (Wjz + b;) for any 2 € R%, and ¢;(%) = C;0 * (Wli‘ + Bi) for any # € R%, then for

any ( ) € R% x R, we have that
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v Gi 0 wW; 0 T b; ‘
()~ O (D). o
We let P : Rék+1 x Rdx+1 —y Rk+1 and P : Rék+1 x RI+1 —y Rdr+1 denote projection maps. Then, we can rewrite h;
and ho as follows.

Claim 2. h; = Yo S,, .,
woPoSQkﬂoF@ko-uF@l.

and

OFWkO"'FW1 :¢OPOS‘I’k+1OF‘I’kO"'F‘i’1 and hy = 1 0 S;

Pk+1

o Fj3

7} o.--F

P11 =

Proof of Claim 2. Recall notation from Equation (18). Then, we first prove inductively oni = 1, ..., k that forany X € K
(37 () = (€57 (2), 087 (x)), VoelX. (22)
When: =1,
U (@) = go, (Ux)#my)) = (g, (Cx)gmi), a5, (Lx) gmy ) = (68 (@), 68" (2)) -
Now, we assume that Equation (22) holds for some ¢ > 1. Then, for ¢ 4+ 1, we have that
7700 = o ((657) ) = ans (0571 657)) )
@i X B,i X

=49, ((EEX ))# my ® (E(X ))# my )

= (qwﬂ ((g()?ﬂ)# mf) y 43541 ((6()?7"))# mf))

= (" (@), 65 ()
which concludes the proof of Equation (22).

Similarly,
St © Fay 0+ Fay (X, 0x)) = awn (697 i ) = aws (((607,657)) 1)
= g ((667) 4 x ® (657) , 1)
= (s (57 1x ) 0 (557) . 1x ) )
= (Sppys © Fpp 0+ Fu ((X,£x)), S © Fioy 0+ Fp (X, £x))) -
o F,

Pr41
Therefore, ) 0 Sy, ,, 0 Fy 0+ F, =1 oPoSg, , oFg, o -Fg and similarly, Yo Sgpin 0 Fpp 0 Fg,

/lZO-POSq)k+1OF<I>kO"'FCI>1' D

Pr+1

Given these claims, we then have that

’l/)OS OF@PkO'”F@l+1EOS¢I«+1OFS51@O“'F¢1:(¢OP+1/~JOP)OS<I>k+1OF@kO“'F@l GNNE(RL{)

Pr+1

and

wOSLPk+1OF<PkO"'F<P1 X¢05¢k+1OF¢1«O"'F§51 :(wOPx"/NJOP)OSCI>k+1OF<I>kO"'F<I>1 GNNE(Rd)

This concludes the proof of Lemma B.7. Now we finish proving Theorem 4.3 by showing that NN (R?) is dense
in NN} (R?) when restricted to the compact set K. Choose any h = ¢ 0 S, ., o F,, o---F, € NN} (R?). By
Equation (19) and Lemma B.4 again, we have that the map S, ., o F,, o ---F,, : ME(R?) — R%+! is continuous.
Hence, 8 := S, , o F,, o F, (K) is a compact subspace of R@=+1, Now, for any € > 0, by the universal approximation
theorem for MLP (Pinkus, 1999, Theorem 3.1), there exists a single-hidden-layer MLP 77/; : R%+1 — R such that

SUPge g Hi/;(x) - w(x)H <e Ifweleth=1oS o F,, o---F, , then h € NN} (R?) and moreover,

Pr+1

sup  |A((X,£x)) — h((X,lx))| < .
(X lx)eK

This implies that NA;, (R?) is dense in NA§,(R?) when restricted to the compact set K. This concludes the proof.
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B.4. Proofs from Section 5
B.4.1. PROOF OF PROPOSITION 5.1

The proof is rather lengthy, and we start with some preliminary definitions and lemmas.

Definition 14. Suppose two finite metric spaces X andY are given. We say a sequence of measurable maps {(Vp)e,e :
X XY — P(X xXY)}nen weakly converges to v : X XY — P(X X Y) if {(Vn)z,yfnen € P(X xY) weakly
converges to vy, € P(X xY) forall (x,y) € X x Y.

Lemma B.9. Suppose two finite metric spaces X and 'Y are given. If a sequence of probability measures {7V, }nen C
P(X xY) weakly converges to v € P(X xY') and a sequence of measurable maps {(v,)e e : X XY = P(X X Y)}nen
weakly converges to ve o : X XY — P(X X Y), then the sequence {(vy,)e 0 © Y fnen also weakly converges to ve o @ 7.

Proof. Fix an arbitrary continuous bounded map ¢ : X x Y — R. Then,

’/XXY A(x,Y) (Vn)e,e @ Yn(de x dy) — / Az, Y) Ve,0 © y(dz ¥ dy)‘

XXY

< ‘AXY QS(CU,?/) (Vn)o,o @’Yn(dl’ X dy) — / (b(x’y) Voo @’Yn(d.%' % dy)‘

XxXY

+ ‘/ A(,Y) Ve,o © Yn(dr x dy) — / (7, y) Voo ©y(dx x dy)’ .
XxY X

XY

By the weak convergence of {(v/,,)e e Inen and by applying the bounded convergence theorem, we have that

/ (2, 9) (Vn) e © u(dax X dy) = / / O, ) (). (A X )y (da’ % dy')
XxY XxXY JX XY

converges to

/ A(2,Y) Voo © Yn(dx x dy) = / / A(@,y) Vo (dx X dy)yp (da’ x dy').
XXY XXY JXXY

Also, since {7, }nen Weakly converges to v, by finiteness of X and Y we have that

/ (2, ) Va,o © Yn(dr x dy) = / / D(x,y) Vor g (da X dy)yn (dz' x dy')
XxXY XxY JXXY

converges to

/ O(,y) Vorw @ (dz X dy) = / / O, y) vy (d x dy)y(da’ x dy).
XxY XxY JXxY

fXXY A(2,Y) (Vn)e.e © Ynl(dr x dy) — fXXY O(2,Y) Voo © y(dz X dy)‘ converges to zero as we required. This
completes the proof. O

Hence,

Lemma B.10. Suppose two MCMSs (X,dx), (V,dy), k > 1, and a sequence of k-step couplings {(v)e ¢ tnen <
c® (mf(, mf) are given. Then, there is a k-step coupling vi*s € C™® (mf(, mf) to which the sequence {(V5”)e.0 }nen
converges.

Proof. The proof is by induction. k& = 1 case is obvious since C(mzX, m?j) is compact w.r.t. the weak topology (see Villani
(2003, p.49)) for all (xz,y) € X x Y.

Now, suppose the claim holds up to some k£ > 1. Consider k + 1 case. By the definition, each (k + 1)-step coupling
(V1) g0 € CHHY (M, mY) can be expressed in the following way:
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(WD), = / )y (1 )y’ x )
XXY

for all (z,y) € X x Y for some (V")ee € C* (m,md) and (1")ee € CP(m,mY). Then, by the inductive

assumption, there are vy € C® (mY, m)) and pg's € CV (M, mY) such that the sequence {(v")e e }nen Weakly

converges to v4‘s, and the sequence {(12{")e o }nen Weakly converges to z16's. Then, for each (z,y) € X x Y,

O e = [ 0 ()0 ') = () © 1)
X

weakly converges to
Vo = / Vo by (da’ < dy') = vy © pil
XxY
by Lemma B.9. This completes the proof. -

Lemma B.11 (Mémoli (2011, Lemma 10.3)). Let (Z,dz) be a compact metric space and ¢ : Z x Z — R be a Lipschitz
map w.r.t. the L* metric on Z x Z:

dzyz((z1,22), (21, 25)) = dg(z1, 2)) + dz (22, 23) for all (z1, %), (2}, 24) € Z x Z.
Also, for each v € P(Z), we define a map pg ~ in the following way:

Poy : Z — R
2 [ 620,
Z

If a sequence {ji, }nen C P(Z) weakly converges to i, then py.,,,, uniformly converges to py ..
Corollary B.12. For any two MCMSs (X ,dx), (V,dy), and k > 1, there exist a coupling measure v € C(ux, py ) and a

k-step coupling vi*s € C® (mf( , mf) such that

dew (X, dx), (V. dy)) = dis™ (v, 173) -

Proof. First of all, we define ¢ : (X xY) x (X xY) — R by sending any ((z,y), (z/,3')) € (X xY) x (X xY) to
|dx (z,2") — dy (y,y')|.

By Definition 8, there are a sequence of coupling measures {7y, }nen C C(ux, 1y ) and a sequence of k-step couplings
{(W)e 0 tnen € CP (M, ml) such that

dism(”*”’*”'v'*/ / / ldox (2, ') — dy (9, 3)] () o (A’ x dy Yyn(da” x dy" Yy (dx x dy)
XXY XXY XxY

= / p@(,,ff)).,.@,y"(x)y) 7n(d'73 X dy)
XxXY

1
< déw (X, dx), (V,dy) + —

for eachn > 1.

Now, since C(ux, ty ) is compact w.r.t. the weak topology (see p.49 of (Villani, 2003)), there is a coupling measure
v € C(px, py) such that v, — ~ weakly. Also, by Lemma B.10, there is a k-step coupling v4's € C* (m,mY’) such
that ({"))e e — Ve's weakly.
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Now, let

/ W E (T Y) n(da X dy) — / Py ()0 sy BrY) Tnlde X dy),

XxY XxY
/ Py uion(Try) V(dz x dy) — / Py 0T Y) M(de X dy),
XxXY XxXY
Pontizor @)1 dexdy) = [ by o (@0) 10(de x dy).
XxY XxY

It is easy to see that C,, = A,, + B,, and thus |C,,| < |A,| + | By|. By Lemma B.9 and Lemma B.11, A,, converges to zero.
Also, B,, converges to zero by the assumption that X, Y are finite and that ,, weakly converges to . Hence, C,, converges
to zero. Therefore,

W) = [ pygeytds x )

= lim Py )y, .@%'Vn(dz X dy)

< déw (X, dx), (¥, dy))
Since we always have that dis™ (v, ")) > diny (X, dx), (¥, dy)) , we conclude that
dis™ (v, 7)) = dgw (X, dx), (V. dy)) .-
O
Lemma B.13 (Gluing of k-step couplings). Suppose three MCMSs (X,dx), (Y, dy),(Z,dz), k > 1 and k-step couplings
pee € CP(mE, mZ), nds € C*(mZ,mY) are given. Then, there are probability measures 3% : X XY X Z —

P(X xY x 2) and k-step coupling v'y € C® (m¥, mY") such that vy ui., and nt) are the marglnals of i), . for
any (z,y,2) € X XY x Z.

Proof. The proof is by induction on k. First, consider k = 1 case. Fix an arbitrary (z,y,2) € X x Y x Z. Let

pih) (2 )l (') Z(
(Uy z(xl7y/72/) = mZ (') L (Z ) >0
0 m

)

foreach (2/,y’,2') € X x Y x Z. Observe that

Yoo mhEy = Y Y M“’ Z Hi (

(z'y',2" ) EXXY XZ 2’€ZmZ(2')>0y' €Y Z z'eX
(1) /
H y Z (0
— TeYN T — (1)
2'€Z,mZ(z')>0y’ €Y my 2'€ZmZ(2)>0y'€Y

Hence, 7("), . € P(X x Y x Z). Now, let v{") (2',9) = > _,c, ), . (2', 4/, 2') for each (2',y') € X x Y. Then, for

T,y,2

fixed 2’ € X,



Weisfeiler-Lehman meets Gromov-Wasserstein

@) (ol N, (1) (] o
Z V(l) (x y ) _ Z Z Ux,z(x ;’jz)ézl,)y(z Y) _ Z ( Z N(zl,)y

y' ey Yy'EY z'eZ,mZ(2')>0 z'€Z,mZ(z')>0

u (', 2')
= > s miE) = Y ) =m ).

m
z'€Z,mZ(z')>0 Z z'€Z,mZ(z')>0

Similarly, for each fixed y’ € Y, one can prove Y-, x v, (¢/,y) = mJ (y/). Hence, indeed v4iy € CV (m,m)).

Now, suppose the claim holds up to some & > 1. We consider k + 1 case. For a (k + 1)-step couphng st €

C*D (m,mZ), there are k-step coupling ug"s € C* (m¥, mZ) and 1-step coupling ps's € CV(m¥, mZ) such that

S G D R I COE D VN G
(x,2")eXXY

for any (z, 2), (2’ ) € X x Z. Similarly, for a(k+1)-step couphng neet € C*(mZ,mY), there are k-step coupling

nes € C"“)(mZ mY) and 1-step coupling 7'y € CV(mZ, mY) such that

(k+1)

nz71/ (Z/7y/) = Z n,(z’f’) y'! (Zlay )77,(7;17);( Y )
(2" Y EZXY
forany (z,y),(2',y') € Z x Y.

Because of the inductive assumption, we have 7¢'s o : X XY xZ — P(X XY xZ) and 7s o : X XY X Z — P(X XY x Z)
satisfying the claim. Then, let

(k+1) (o 0 ) o— E: (k) ro (1)
Ww’y’z(aj,y,z).— ﬂ—m”y z”(x’yvz) ( 7y z )
(" y",2")EXXY XZ

and let v{* iV (2", y') = e, w0 (2,9, 2"). Then, we have that

ZORCHOED DD DR R AR L MRS

Z'eZ (x'y",2")EXXY XZ

= (1) // "o (k) ’ o
B Z Toy,z\T Y 5% ) E ﬂ-w”,y”,z“(x Y, 2"

(@ " 2" VEXXY X Z 2eZ

_ Z 71_;12 z( //’ y//, Z”) Va(clj’),y” (x/7 y/)

(z"y",2")eX XY XZ

k 12 1 "
= E vl o (&' y) E w0 @y ")

(&', y")EXXY 2z

— Y @) ).

(&' y")EXXY

Since the choice of (z,y, z) € x X y X z is arbitrary, now we have v’ € C*+V (m, mY’) as we required. Hence, this
concludes the proof. O

Now we start to prove Proposition 5.1.
First of all, dMCMS is obviously symmetric.

Next, we prove that dop > (X, dx), (¥, dy)) = 0 happens if and only if (X', dx) and (), dy ) are isomorphic. To do this,
we first provide a precise definition of MCMS isomorphism.

Definition 15. Two MCMSs (X, dx ) and (Y, dy ) are said to be isomorphic if there exists an isometry ¢ : X — Y such
that Yypux = py and w#mf = mz(m)for allz € X.
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When are (X, dx) and (), dy ) are isomorphic, without loss of generality, we simply assume that (), dy ) = (X,dx).

Claim 3. Let A, denote the diagonal coupling between ux and itself, i.e.,

Z /JX 5(t x)-

reX
Then, for each k € N, there exists vs's € C®(m¥,mYX) such that A, = vis ©® A, .

Assume the claim for now. Then, we have that for each k € N

dety (X, dx), (V. dy)) < dis(A, v

XXX XxX

= [ ldxew') - dx(a)ux(da)x (ds’) = 0
XxX

Hence, dXGMS (X, dx), (Y, dy)) =0

Proof of Claim 3. We prove inductively on k € N that there exists v4's € C* (X, X) so that ("), = A x e« is the diagonal
coupling between mX*®* and itself for each z € X.

For k = 1, we define v¢'y as follows:

1%

X X /
1) . {mm ®mrc’ "E#QC

x,x’ T o
' Apx rT=x

Since X is finite, obviously we have that v’y € CV(X, X).

Assume that the statement holds for some k > 0. Now, for £+ 1, by the induction assumption, there exists v¢s € C*) (X, X))
so that v} = A x.er. We define veeY € C (X, X) as follows

pFEED = / vyt ve(dey x dat), V2" € X

x,x’ T1,T]
XxX
Now, for any x € X, we have that
(k+1) __ (k) (1) /
v = Vi vio(dey x dxh)
XxX
2 : 2 : X k
= m '® 5(23” //)
r'eX x''eX
X®k // /
5 ( E m;, mx (x )> Ozt )
z'eX \z'eX
— E mf»@(k+1) (x//)a(w“’w”)
IHEX

= Ami(,®(k+1).

Now, we turn to prove the claim. For each k € N, let v{"y € C® (X, X) be such that vt = A, x.ex is the diagonal
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coupling between m:X'®* and itself for each x € X. Then,

[ Al xda') = 3 v (o)

XXX reX

> m R )6 ) pix ()

x,x'eX

Z (Z mfi’(,@)k(x/):u)((x)) 6(1/,m’)

z'eX \zeX
Z nx (xl)(S(zl,I/)
z'eX

A

BX

O

Now, we assume that diaS((X,dx),(V,dy)) = 0 for some MCMSs (X,dx) and (),dy). Then,
deay (X, dx), (¥, dy)) = 0. By Corollary B.12, there exist optimal v 4 € C® (m,m}") and v € C(px, pry) such that

/ ldx (x,2") — dy (y,y")[ver yr (da’" x dy')y(dz" x dy”)y(dz x dy) = 0.
XXY XXY XXY

We let 7' == e ¢ © 7. Notice that v € C(ux, py ). Since X and Y are finite, we rewrite the integral above as finite sums:

> > ldx(@a’) = dy(y. )|y (@, y) (e, y) = 0.

(z,y)EX XY (z',y)EX XY

By Claim 1, there exists an isometry ¢ : X — Y such that
{(z,¢(x)) : v € X} = supp(y) = supp(y').
Since v,v" € C(ux, py ), this immediately implies that for any Borel subset A C X, one has
px(A) =v7(AxY) =79(Ax §(A)) = v(X x ¢(A)) = py (¢(A4)).

Hence, ¢4 x = py. Moreover, we have that

y=9"=> p1x(®)ds0)-
rzeX
Then, by the definition of 7/, we have that

Z 125¢ (x)d(T,¢(z)) = '7/ = Z ’Y(xla yl)le,yl

zeX z1€EX,y1 €Y

= Z Z 'Y(xlayl)yﬂ?hyl (xay) 5(9073/)

z€X,y€Y \z1€X,y1 €Y

= Z (Z 7(931,¢($1))Vz1,¢(zl)($vy)> O(a.y)

zeX,yeY \zr1€X

= Z ( Z ﬂX(zl)Vw1,¢(931)(x7y)> 5(%?/)'

zeX,yeY \z1€X
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By comparing coefficients for the Dirac delta measures above, one has that

v (z,y) = 0, ify # ¢(x)
z1,¢(z)\ T Y Vay,o(e)(2,y), ify = é(x)

for any x1 € X. This means that {(z, ¢(x)) : x € X} D supp[vy, ¢(a)]- Since vy, ¢(2,) € C ( my z(ml)), for any
Borel subset A C X, one has that

mi(l (A) = zl:d’(zl)(A X Y) = 301,43(301)(14 X ¢(A)) = 5131,¢(901)(X X ¢(A)) = m;;(m)((ﬁ(A))
By an argument similar to the one for proving ¢ x = py, we have that
dpmy, =my,., Yo € X.

Therefore, (X, dx) is isomorphic to (Y, dy ).

Finally, we prove that dIC\;AV%MS satisfies the triangle inequality. It suffices to prove that for each k € N, dgw satisfies the

triangle inequality. Fix arbitrary three MCMSs (X, dx), (¥, dy ), and (Z,dz). Recall the notation I'x y which defines
a function sending (z,y,2',y’) € X XY x X x Y to |dx(z,2") — dy(y,y’)|. Then, for any z,2’ € X, y,y’ € Y, and
z,2' € Z, we obviously have that

PX,Y(xvyvxlvy/) S FX’Z(l',Z,ZL'/,Z/) + FZ,Y(Zayvzlvy/)'

X (k)

Now, fix arbitrary p67s € C*(mE,mZ), vx,z € Clux, puz), ns‘s € C*¥(mZ,mY), and vz y € C(uz, uy). Then, by the
Gluing Lemma (see Villani (2003, Lemma 7.6)), there exists a probability measure o € P(X x Y x Z) with marginals
vx,z and yzy on X X Z and Z x Y, respectively. Let yx y be the marginal of 7 on X x Y which belongs to C(ux, py ).
By Lemma B.13, there exists v4's € C*® (m,m]’) such that v{*), u{¥), n'*) are the marginals of some probability measure
. €EP(X XY x Z) forany z,y,2 € X x Y x Z. Then, because of the triangle inequality for L'-norm,

d(CRN((deX ) ( adY

/ Cxy(z,y, ',y vy go(da’ < dy' )yx y (da” x dy”)yx,y (dz x dy)

XXY XXY XXY
/ / / Uxy(z,y, 2",y )7l oo (de’ x dy' x dz")a(de” x dy" x dz")a(dx x dy x dz)
XXYXZ XXYXZXXYXZ
/ / Ux z(2, 2,2, 2 )70 o o(da’ x dy' x d2")a(dz" x dy” x dz")a(dz x dy x dz)

XXYXZXXYXZXXYXZ

+ / / / Czy (2,9, 2", 4 )70 o o(de’ x dy' x dz")a(de” x dy" x dz")a(dx x dy x dz)

XXYXZXXYXZXXYXZ

= / / / Ux z(x, 2,2, 2 )\ ug o (da’ x dz")yx z(dz" x dz")yx z(dx x dz)

XXZ XXZXXZ

+ / / / I'zyv(zy, z’,y')ni’f)vy,, (de' x dy' x dz")yz,y (dz" x dy")yzy (dz x dy).
ZXY ZXY ZXY

Since the choice of u¢'s, Vx,z, 76"s, Y7,y are arbitrary, by taking the infimum one concludes that
dg{}v((x7 dX)7 (ya dY)) < d(éiiv((‘)(v dX)7 (Z7 dZ)) + d(C,}C{N((Z7 dZ)a (ya dY))

as we required. Then, we have that dfGM® = supys.o diy satisfies the triangle inequality.
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B.4.2. PROOF OF THE CLAIM IN EXAMPLE 3

The proof is based on the following lemma.

Lemma B.14. Given two MMSs X and Y, for their corresponding MCMSs M(X) and M(Y) we have that
1. C“‘*”(mX m ) cCcw (m mg )forallk > 1.

2. For any coupling measure v € C(ux, f1y ), the constant map ve « = -y belongs to C* (mf(, mf) forall k > 1.

Proof. We first prove item 1. Since mX = py and m = py forall z € X and y € Y, observe that m>®*¥ = ;1 and

my®% = py forallz € X,y € Y,and k > 1. Hence C®(m¥,mY) CCY(m¥,ml) forall k > 1 by Lemma A.4.
Now for any k > 2, fix an arbitrary v4's " € C**V (m¥,m)). Then by the definition, there are vg's € C* (m, m)
and vgly € CV (m,ml) = C(ux, py) such that

(k+1) _ ®) )
vy / Vs o Vi (d” X dy')
XxY

forall (z,y) € X xY. Again, by the definition, there are g’y V' € C® (m, m) ) and pe's € C (mF,mY) = Cux, py)
such that

X

(k) __ (k—1) (1) / /
v _/ Vpr o Moy (da’ x dy’)
XxY

for all (z,y) € X x Y. Therefore,

vy = / / f;, o u(;)y (da" x dy") v (da’ x dy')
XXY JXXY

:/ Vi g T, (da” < dy”)
XxY

forall (z,y) € X x Y where mols = [y .y pt) s vern(da! x dy') € C? (mF,m)) € CH (m,my). Hence, viid" €
C® (mg, mY") by the definition. The first item is proved.

Next, we prove the second item. The proof is by induction on k. Fix a coupling measure v € C(ux, 1y ) and the constant
map Ve o = . Obviously, ve e € CV (mX me ) Then, we also have that the constant map pux ® puy € C® (m my).
Now, suppose the claim holds up to some k£ > 1. Consider k + 1 case. Observe that

v =/ v px @ py (dz’ x dy')
XxY

where v € C® (mg,m}) by the inductive assumption and the constant map px ® py € C®(m¥,m}). Hence,
v € CFD (mX m, ) by the definition. This completes the proof. O

Now, fix arbitrary couplings 7,7’ € C(ux, py) and consider the constant map ve « = 7. Then, by the second item of
Lemma B.14, v, o € C® (m,mY’). Hence,
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%MMame»s/‘/ /uﬂmw—wmmmmwwwam%mwwmxm

XXY XXY XXY

=/‘/ /uﬂmw—W@MWmewmmwwwmme
XxXY XxY XxY

= / / ldx (x,2") — dy (y,y")| 7' (dz’ x dy')y(dzx x dy).
XxXY XxY

Since the choice of 7, ~" are arbitrary, one concludes that diyy, (M (X), M(Y)) < d2iy (X,Y).

For the reverse direction, choose arbitrary v € C(ux, p1y) and a k-step coupling v4's € C® (m, m ). Let

v ::/ V) Y (da” X dy").
XxXY
Then,

ldx (z,2") — dy (y,9')| 1/;'7,)7y,/(d:c' x dy")y(dx" x dy")y(dx x dy)

XXY XXY XXY

=/ /WAww—wmwMwawmmxm

XXY XXY
>dely (X, Y).

Since the choice of v and 4"} are arbitrary, one concludes that diy, (M(X), M(Y)) > dgiy (X, Y).
Hence, diiy (M(X), M(Y)) = d2(X,Y) as we required.

B.4.3. PROOF OF PROPOSITION 5.2

For any z € X, we let /% = dx(z,e). Fori =1,...,k,let [V : X — P°/(R) be the shorthand for the ith WL measure
hierarchy [E]%) sz, generated from the label dx (z,®). We similarly define %, and Y — P (R) for any y € Y and each
i=1,...,k

For any v¢fs € C™ (m,m}), there exist (v;)s,e € CV(m,mY) fori =1,...,k such that

V:Ecljz)/ = / / (Vk)xk—lvyk—l (Vk—l)xkfz,yk72(dxk—l X dyk’—l) T (Vl)x,y(dxl X dyl)
XXY XxXY
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forany z € X and y € Y. Hence, for any v € C(ux, tty ), we have that

/ ldx (2,2) — dy (4, ) [V, (da’ x dy )(da” x dy")y(da x dy)
XXY XxXY XxY

B / / dx (z,2") = dy (y, Y ) (Vk) i1 ey (2" X dY') - - (V1) ey (dey X dyr)y(da” x dy)y(dx x dy)
XxY XxXY

. / / dw () em . (&) gmy, )

XxY XXY

(Vk71)$k—27yk—2(dxkfl X dyk71> e (Vl)x”,y” (dxl X dyl),)/(dx// x dy//),)/(dx % dy)
_ / / dw (K (@5—1), 9 (ge_1))

XxY XxY

(k1) 2s—auys (dTp—1 X dy—1) - (V1) arr gy (dy X dyr)y(da" x dy")y(dx x dy)

Y

Y

/ d (199 ("), 199 (")) A(da” x dy”)y(dz x dy)
XXY XxY

[ i 50, 0.8 2o x )

XxY

Y

Therefore,
déy (X, dx), (Y, dy))

(dx’ x dy")y(dz" x dy'")y(dz x dy)

= inf [ ] [laxea) - vl

l’l "

(k) N X 1Y z'y

EC(x 1ty ), Ve o ECRY(MX m
VEC(nx )ve.e (me °)X><YX><YX><Y

> [, 0.8 2 (e ),
VEC(MXMY)X y
X

B.4.4. PROOF OF THE STATEMENT IN REMARK 5.3

We first recall the third lower bound (TLB) from (Mémoli, 2011):

YEC(px 1y ) Y eC(px,py)
XxY

TLB(X,Y):= inf / inf / ldx (z,2") — dy (y,y") |7/ (dx’ x dy’) | v(dz x dy).
XxXY

where we omit the % factor from (Mémoli, 2011) for simplicity of presentation.

We adopt notation from the previous section. Notice that

nf / ldx (,2") — dy (y,5/) |7/ (da’ x dy) = dyp, (X, 6%), (Y, 63)).

Y eC(px,py
XxXY
We hence have that
TBXY) = _inf [ g (¥, ), 0, 8)(de x dy).
vEC(px 1y )
X
For any k£ € N, we show that
TBXY) = _inf [ @ (¥ 650, 0,8l x dy)
YEC(ux 1y )
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by the lemma below.
Lemma B.15. For any k € N we have that d\); (X, (%), (Y, 0%)) = d\Wp, (X, 0%), (Y, 6%)).

Proof. By item 2 in Lemma B.14 and Theorem A.7, we have that

@50, 0 =t [ dx(ea!) — () (o' x dy)
7' €CH) (ux,py)
XxXY

/ / dx (x,2") — dy (y,9")|[Ve, y, (da’ x dy')p(dzy x dyr)

in
Ve,e ECF(mE ,mY ),ueC(px iy )
XXY XXY

< it [ [ lxGe)  dy i’ < d utden < d)
HEC(1x 1y )
XXY XxY
= it [ o) = de ()l  dy)
HEC(px 1y )
XXY
By Proposition 3.1, we conclude that diy; (X, %), (V,£%)) = dwy. (X, 6%), (Y, 45)). O

B.4.5. PROOF OF THE STATEMENT IN EXAMPLE 4

Given X and ), we have for any v € C(ux, ny) and uﬁkl that

[ tecext@) — ecor )l vity e’ x dy (o x dy)
XXY XxY

- / / ‘/de(m’,x”)ux(dx”)—/Ydy(yﬁy”)uy(y”)

XXY XXY

v (da’ < dy')y(dx x dy)

= / / / dx (2, 2" )y(dz" x dy") — / dy (y',y" )v(da” x dy”)| vih,(dz’ x dy')y(dz x dy)
XXY XXY xY XxXY

< / / / ldx (¢',2") — dy (v, y")| v (da’ x dy')y(dz x dy)y(dz" x dy").
XXY XXY XxY

Hence, we conclude that ecc, is stable.

B.4.6. PROOF OF PROPOSITION 5.4

By Theorem A.7 we have that

dB (X 0x), D by)) = inf / A7 (Lx (), by ()7 (da x dy)
xY

YR eC® (ux,py)
X

= inf / / dz(Cx(2'), by (") v, (dax’ x dy')y(dx x dy)
'yeC(ux,uy),VEI,c.) eCE(mX mY)
XXY XxXY

< inf dis™ (v, (%)
VEC(px oy ) vara ECRmE ;mY)

= dgw (X, dx), (V,dy)) .

The inequality follows from the fact that ¢, is stable. Hence we conclude the proof.
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Table 4. SVM classification accuracy. Let f1(G,v) = degg (v), f2(G,v) = iy + degg(v). For dwy, and dwr.rg, we show SVM
classification accuracies using both the indefinite kernel as well as with a KSVM (Loosli et al., 2015).

METHOD MUTAG  PROTEINS PTC-FM  PTC-MR  IMDB-B  IMDB-M  COX2

dywr» 1 877462 71.7+33 57.6+64 555445 745441 513+3.0 78.1+08
dyyr. fi 89.94+6.4 71.3+33 593+37 549463 750430 S51.4+34 78.1+08
dwr f1 87.6 8.8 72.6+3.1 59.0+3.7 578479 749451 51.6+40 78.1+08
Ay, fi 87.7+4.1 724+41 621439 567437 759427 514+32 78.1+08
dPs f1, KSVM 88.3+4.6 72.1+26 61.0+£3.9 529+7.6 756451 S51.4+48 77.5+28
a2, fr, KSVM 87.845.7 728424 58.1+50 569458 745+34 S5l4+41 T7.9+1.0
d;@g, f1, KSVM 88.8+6.8 72.6+3.7 61.3+4.6 552+6.1 750438 51.8+38 787+1.7
dPs 1, KSVM 872455 73.5+23 58.1+63 534463 733+37 512432 77.7+13
Ay f2 873482 71.1+3.2 587+7.6 552455 741441 505+45 78.1+08
Ay, f2 86.2+7.4 73.5+28 60.2+53 540464 750+45 51.4+39 78.1+08
a2, f 88.8+54 74.5+29 61.6+53 592464 754+54 508+40 77.0+1.5
d%, f 872458 739435 604+51 543+77 757437 508432 781408
AP, f2, KSVM 88.8+7.9 743+33 633+23 60.1+63 762441 51.5+33 781408
Ay, f2, KSVM 87.7+9.4 745+3.8 632+59 540466 758445 51.0+3.6 78.1+17
d§,3>L, f2, KSVM 86.64+59 742423 627+7.6 58.1+6.1 739439 51.7+3.1 79.2+18
Ay, f2, KSVM 88.2+53 74.0+2.8 63.6+7.0 564+69 76.1+38 51.9+3.5 783+25
e, f1 879459 68.0+13 59.6+64 574481 747425 520+18 78.1+0.8
dyr s 1 89.4+52 68.9+1.9 58.6+57 59.0+83 751422 508+1.6 78.1+08
dyrip: 1 90.0£5.6 68.6+1.6 573462 587481 752+21 51.0+£1.6 78.1+0.8
dwrs: /1 89.4+52 66.7+2.0 582+6.1 56.6+72 745+20 503+1.4 77.5+2.1

d\rss f1, KSVM 882 4+5.7 72019 60.1+£48 543+48 757+£32 502£33 781%x1.9
drss /1, KSVM 883 +10.7 70.6+43 593+45 558485 752+3.6 506+3.6 77.1+£22
dsrips f1, KSVM 8884 5.4 71.7+£27 581+£6.6 546+45 754+£38 508=+4.1 78.1+0.8
d\rps f1, KSVM 8724 5.8 71.6 43 605£58 526+7.6 765+£29 515£3.1 783%1.1

A\ f2 88.9£4.5 70.5+1.0 605+£54 566+80 750+£25 52.0+1.8 78.1+0.8
A\ s f2 90.0 = 4.2 70014 58.0£56 585+89 751+£22 508=£1.6 78.1+0.8
A\ e f2 90.0 = 4.2 70324 564+£62 588+78 752+£21 51016 779+13
A\ f2 90.0 = 4.2 702 +1.8 583+£56 582+69 745+£20 503£14 782+0.38

A g f2o KSVM  86.74+7.8 320+42 618427 520+54 27.1+45 200428 781408
A2 5 fo, KSVM 829487 309+ 1.1 633456 543+72 20.1+44 198427 781408
A 5 f2, KSVM 861449 306+21 61.6+65 555+63 252+1.1 18.0+1.8 781408
A 5 f2, KSVM 861472 307+20 587+60 521+7.1 33.7+87 17.0+3.2 781408
WWL 853+t73 720%3.6 622%t61 63.0+f7.4 725%37 500%E53 782+03
WL 855+ 1.6 71.6+0.6 56.6+2.1 562+20 724407 50.9+04 784+1.1
WL-OA 86.3+2.1 72.6+0.7 584+20 542416 73.0+1.1 502+1.1 78.8+13




