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Abstract

We study the problem of learning a mixture of
multiple linear dynamical systems (LDSs) from
unlabeled short sample trajectories, each gener-
ated by one of the LDS models. Despite the
wide applicability of mixture models for time-
series data, learning algorithms that come with
end-to-end performance guarantees are largely
absent from existing literature. There are multi-
ple sources of technical challenges, including but
not limited to (1) the presence of latent variables
(i.e. the unknown labels of trajectories); (2) the
possibility that the sample trajectories might have
lengths much smaller than the dimension d of
the LDS models; and (3) the complicated tempo-
ral dependence inherent to time-series data. To
tackle these challenges, we develop a two-stage
meta-algorithm, which is guaranteed to efficiently
recover each ground-truth LDS model up to er-
ror O(4/d/T), where T is the total sample size.
We validate our theoretical studies with numer-
ical experiments, confirming the efficacy of the
proposed algorithm.

1. Introduction

Imagine that we are asked to learn multiple linear dynami-
cal systems (LDSs) from a mixture of unlabeled sample
trajectories — namely, each sample trajectory is gener-
ated by one of the LDSs of interest, but we have no idea
which system it is. To set the stage and facilitate discus-
sion, recall that in a classical LDS, one might observe a
sample trajectory {x; }o<i<7 generated by an LDS obey-
ing ;11 = Ax; + wy, where A € R9*? determines the
system dynamics in the noiseless case, and {w; };>¢ de-
note independent zero-mean noise vectors with covariance
cov(w;) = W > 0. The mixed LDSs setting consid-
ered herein extends classical LDSs by allowing for mixed
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measurements as described below; see Figure 1 for a visual-
ization of the scenario.

e Multiple linear systems. Suppose that there are K dif-
ferent LDSs as represented by {(A®) W)} o<k,
where AF) € R4*? and W (k) ¢ R4*4 represent the
state transition matrix and noise covariance matrix of
the k-th LDS, respectively. Here and throughout, we
shall refer to (A®), W()) as the system matrix for
the k-th LDS. We only assume that (A, W) £
(A®) W) for any k # ¢, whereas A®) = A(®) or
WE =W is allowed.

e Mixed sample trajectories. We collect a total number
of M unlabeled trajectories from these LDSs. More
specifically, the m-th sample trajectory is drawn from
one of the LDSs in the following manner: set (A, W)
tobe (A, W) for some 1 < k < K, and generate
a trajectory of length 7;,, obeying

Tir1 = Axy + we, where the wy’s are i.i.d.,
E[w:] = 0, cov(w;) = W > 0.

Note, however, that the label k& associated with each
sample trajectory is a latent variable not revealed to us,
resulting in a mixture of unlabeled trajectories. The
current paper focuses on the case where the length of
each trajectory is somewhat short, making it infeasible
to estimate the system matrix from a single trajectory.

e Goal. The aim is to jointly learn the system matrices
{(A® W)L, ok from the mixture of sample
trajectories. In particular, we seek to accomplish this
task in a sample-efficient manner, where the total sam-
ple size is defined to be the aggregate trajectory length

M T

Motivations. The mixed LDSs setting described above
is motivated by many real-world scenarios where a single
time-series model is insufficient to capture the complex and
heterogeneous patterns in temporal data. For instance, in
psychology (Bulteel et al., 2016), researchers collect mul-
tiple time-series trajectories (e.g. depression-related symp-
toms over a period of time) from different patients. Fitting
this data with multi-modal LDSs (instead of a single model)
not only achieves better fitting performance, but also helps



Learning Mixtures of Linear Dynamical Systems

A mixture of
trajectories

Clusters Wt
W ML
H Model estimation H
v v v
Estimated LDS models @AD, WDy AD, W@y (@A, WR)

Figure 1. A high-level visualization of the mixed LDSs formula-
tion, and the algorithmic idea of combining clustering, classifica-
tion, and model estimation. Here, we consider the special case
where the multiple short trajectories come from the segments of a
single continuous trajectory. The black dots within the continuous
trajectory represent the time steps when the latent variable (i.e. the
unknown label) changes.

identify subgroups of the persons, which further inspires
interpretations of the results and tailored treatments for pa-
tients from different subgroups. Another example concerns
an automobile sensor dataset, which consists of a single
continuous (but possibly time-varying) trajectory of mea-
surements from the sensors (Hallac et al., 2017). Through
segmentation of the trajectory, clustering of the short pieces,
and learning within each cluster, one can discover, and ob-
tain meaningful interpretations for, a small number of key
driving modes (such as “driving straight”, “slowing down”,
“turning”). See Section 4 for a longer list of applications.

Challenges. While there is no shortage of potential ap-
plications, a mixture of LDSs is far more challenging to
learn compared to the classical setting with a single LDS.
In particular, the presence of the latent variables, i.e. the un-
known labels of the sample trajectories, significantly compli-
cates matters. One straightforward idea is to learn a coarse
model for each trajectory, followed by proper clustering of
these coarse models (to be utilized for refined model esti-
mation); however, this idea becomes infeasible in the high-
dimensional setting unless all trajectories are sufficiently
long. Another popular approach is to alternate between
model estimation and clustering of trajectories, based on,
say, the expectation-maximization (EM) algorithm; unfor-
tunately, there is no theoretical support for such EM-type
algorithms, and we cannot preclude the possibilities that the
algorithms get stuck at undesired local optima. The lack
of theoretical guarantees in prior literature motivates us to
come up with algorithms that enjoy provable performance
guarantees. Finally, the present paper is also inspired by the
recent progress in meta-learning for mixed linear regression
(Kong et al., 2020b;a), where the goal is to learn multiple
linear models from a mixture of independent samples; note,
however, that the temporal dependence underlying time-

series data in our case poses substantial challenges and calls
for the development of new algorithmic ideas.

Main contributions. In this work, we take an important
step towards guaranteed learning of mixed LDSs, focusing
on algorithm design that comes with end-to-end theoretical
guarantees. In particular, we propose a two-stage meta-
algorithm to tackle the challenge of mixed LDSs:

1. Coarse estimation: perform a coarse-level clustering
of the unlabeled sample trajectories (assisted by dimen-
sion reduction), and compute initial model estimation
for each cluster;

2. Refinement: classify additional trajectories (and add
each of them to the corresponding cluster) based on
the above coarse model estimates, followed by refined
model estimation with the updated clusters.

This two-stage meta approach, as well as the specific meth-
ods for individual steps, will be elucidated in Section 2.

Encouragingly, assuming that the noise vectors {wy, ¢} are
independent Gaussian random vectors, the proposed two-
stage algorithm is not only computationally efficient, but
also guaranteed to succeed in the presence of a polyno-
mial sample size. Informally, our algorithm achieves exact
clustering/classification of the sample trajectories as well
as faithful model estimation, under the following condi-
tions (with a focus on the dependency on the dimension d):
(1) each short trajectory length 7, is allowed to be much
smaller than d; (2) the total trajectory length of each stage
is linear in d (up to logarithmic factors); (3) to achieve a
final model estimation error € — 0 (in the spectral norm),
it suffices to have a total trajectory length of order d/¢? for
each LDS model. See Section 3 (in particular, Corollary 3.7)
for the precise statements of our main results, which will
also be validated numerically.

It is worth noting that, although we focus on mixed LDSs for
concreteness, we will make clear that the proposed modular
algorithm is fairly flexible and can be adapted to learning
mixtures of other time-series models, as long as certain
technical conditions are satisfied; see Remark 2.3 at the end
of Section 2 for a detailed discussion.

Notation. Throughout this paper, vectors and matrices are
represented by boldface letters. For a vector = € RY, we de-
fine (x); € R as the i-th entry of z, and ||x||2 as its £ norm;
for a matrix X € R™*", we define (X); € R™ as the trans-
pose of the i-th row of X, and || X]|| (resp. || X ||r) as its
spectral (resp. Frobenius) norm. For a symmetric matrix
X € R¥4, we denote its maximal (resp. minimal) eigen-
value as Amax (X)) (resp. Amin(X)); if in addition X is pos-
itive definite, we denote its condition number as k(X)) =
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Algorithm 1 A two-stage algorithm for mixed LDSs

1: Input: M short trajectories { X, }1<m<ar (Where X,,, = {@, + }o<i<T,,); parameters 7, G.

// Stage 1: coarse estimation.
Run Algorithm 2 with { X, } e

subspace

// Stage 2: refinement.
Run Algorithm 5 with { X, } e

classification >

R A A R

to obtain subspaces {V;, U, }1<i<d -
Run Algorithm 3 with { X, } e Mausenng» 1 Vis Ui f1<i<ds 7, G, to obtain clusters {Cp }1<r<k-
Run Algorithm 4 with {C, }1<x<x to obtain coarse models {A®), WEY <<k

{A®), ﬁ\/(’“)}lngK, {Ck}1<k<K, to update clusters {Cj }.
Run Algorithm 4 with {Cy, }1<x<x to obtain refined models { A W)}, f .
Output: final model estimation { A*), W(k)}lngK and clusters {Cy }1<k<k.

Amax(X)/Amin(X) > 1. If A = [Ajj]1<i<m,1<j<n and
B = [Bj;|i<i<m,1<j<n are matrices of the same dimen-
sion, we denote by (A, B) := 3" | 30| A;;By; their in-
ner product. Given vectors 1, ..., , € R where n < d,
let span{z;,1 < i < N} € R¥*" represent the subspace
spanned by these vectors. Let I; be the d x d identity matrix.

We always use the superscript “(k)” to indicate “the k-th
model”, as in A®) and W (*); this is to be distinguished
from the superscript “k” without the parentheses, which
simply means the power of k. For a discrete set {2, we
denote by || its cardinality. Define 1(&) to be the indicator
function, which takes value 1 if the event £ happens, and
0 otherwise. Let a,, < b, indicate that a,, < Cyb,, for all
n = 1,2,..., where Cy > 0 is some universal constant;
moreover, a,, 2 b, is equivalent to b,, < a,,, and a,, < b,

indicates that a,, < b,, and a,, 2 b,, hold simultaneously.

2. Algorithms

We propose a two-stage paradigm for solving the mixed
LDSs problem, as summarized in Algorithm 1. It consists
of several subroutines as described in Algorithms 2-5; due
to space limitation, in this section we will only illustrate
the key ideas behind these subroutines, with full details
deferred to Appendix A. Note that Algorithm 1 is stated in a
modular manner, and one might replace certain subroutines
by alternative schemes in order to handle different settings
and model assumptions.

Let us first introduce some additional notation and assump-
tions that will be useful for our presentation, without much
loss of generality. To begin with, we augment the notation
for each sample trajectory with its trajectory index; that
is, for each 1 < m < M, the m-th trajectory — denoted
by X, = {@m+ }o<i<T, — starts with some initial state
Tm,o € R¢, and evolves according to the k,,-th LDS for
some unknown label 1 < k,,, < K such that

T tr1 = A(k"")a:myt -+ W, ¢, where the w,, ;’s are i.i.d.,
E[wy, ] = 0, cov(wy, ;) = W) » 0 (1)
forall 0 <t < T, — 1. Next, we divide the M sample tra-

jectories { X, }1<m<a in hand into three disjoint subsets
Msubspacea Mclustering7 Mclassification SatiSinng

Msubspace U Mclustering U Mclassification = {17 27 ey M}7

where each subset of samples will be employed to perform
one subroutine. We assume that all trajectories within each
subset have the same length, namely,

if me Msubspacea
if me Mclusteringa (2)

if m € Mclassification-

Tsubspace

Ty = Tclustering

Tclassification

Finally, we assume that K < d, so that performing subspace
estimation in Algorithm 1 will be helpful (otherwise one
might simply eliminate this step). The interested readers are
referred to Appendix E for discussions of some potential
extensions of our algorithms (e.g. adapting to the case where
the trajectories within a subset have different lengths, or the
case where certain parameters are a priori unknown).

2.1. Preliminary facts

We first introduce some preliminary background on the
autocovariance structures and mixing property of linear dy-
namical systems, which form the basis of our algorithms for
subspace estimation and clustering of trajectories.

Stationary covariance matrices. Consider first a sin-
gle LDS model (A, W), with ;11 = Az + w;. If
E[z:] = 0,cov(x;) = T and E[w;] = 0, cov(w;) = W,
then it follows that E[x;11] = 0, and cov(xiy1) =
A-cov(zy) AT +cov(w;) = ATAT +W. Under certain
assumption on stability, this leads to the order-0 stationary
autocovariance matrix defined as (Kailath et al., 2000)

T'(AW) = E[wtth|A, W]
(o)
=ATAW)- AT+W =) AW(A)T, 3
t=0
and the order-1 stationary autocovariance matrix

Y (A W) =E[z;y1z |[A, W] =A -T(AW). @)
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For the mixed LDSs case (1) with K models, we abbreviate

k) — [‘(A(k)7 W(k)), y () — Y(A(k), W(k))_ (5)

Mixing. Expanding the LDS recursion x¢41 = Az +w;

with cov(w;) = W, we have

Tiys = A’y + ZAi_l'stm s=1,2,... (6)

i=1

If A satisfies certain assumptions regarding stability and if
s is larger than certain mixing time of the LDS, then the first
term on the right-hand side of (6) approaches zero, while
the second term is independent of the history up to time
t, with covariance close to the stationary autocovariance
I'(A, W). This suggests that, for two samples within the
same trajectory that are sufficiently far apart, we can treat
them as being (almost) independent of each other; this sim-
ple fact shall inspire our algorithmic design and streamline
statistical analysis later on. It is noteworthy that the pro-
posed algorithms do not require prior knowledge about the
mixing times of the LDS models.

2.2. Subspace estimation

Recall that the notation (T'®)); € R? (resp. (Y (*));) rep-
resents the transpose of the i-th row of T'®) (resp. Y (¥))
defined in (5). Consider the following subspaces:

V*

7

= span{(I‘(k))Z—,l <k< K},
U =span{ (Y¥), 1<k <K}, 1<i<d,

each of which has rank at most K. We develop a spectral
method to estimate these subspaces, which will in turn allow
for proper dimension reduction in subsequent steps. Here,
we only introduce the idea for estimating {U} }, since the
idea for {V;*} is very similar.

We first divide {0, 1, ..., Tsybspace } into four segments of
the same size, and denote the 2nd (resp. 4th) segment as
Q1 (resp. §22). According to the mixing property of LDS,
if Tsubspace 15 larger than some appropriately defined mix-
ing time, then (1) each sample trajectory in Msypspace Will
mix sufficiently and nearly reach stationarity (when con-
strained to ¢t € 21 U £25), (2) the samples in {2y are nearly
independent of those in (25. Therefore, defining

9m,i,j = ‘Q ‘ Z Tm f+1 i LT, t (7)
teQ;
for 1 < i < dand j € {1,2}, it is easy to

check that Elgm.i16,, ;0] = Elgmi1lElgmi2]’ =~
(Y (km)y; (Y *m)) T Taking the average over m €
Mubspaces We have constructed a matrix G; such that

.
[ i =~ Zk B (Y ®);(Y*); = G, where p*)
denotes the fractlon of sample trajectories generated by the
k-th model. As a consequence, if Tgybspace and | M sypspace|
are sufficiently large, then one might expect C:‘,» to be a good
approximation of G;, the latter of which is symmetric, has
rank at most /, and has U as its eigenspace. All this moti-
vates us to compute the rank- K eigenspace of (A}’l + (A;ZT

2.3. Clustering

In this step, we propose to construct a similarity matrix
S for the sample trajectories in Mcjystering, based on their
pairwise comparisons; then we can apply any mainstream
clustering algorithm (e.g. spectral clustering (Chen et al.,
2021b)) to S, dividing M justering into K disjoint clusters
{Cr}1<k<k such that the trajectories in each cluster are
primarily generated by the same LDS model.

The remaining question is how to perform the pairwise
comparisons; we intend to achieve this by comparing the
autocovariance matrices associated with the sample trajecto-
ries. Note that, even though (A W(k)) £ (A(D) W (0)
for k # £, it is indeed possible that I'*) = T or
Y ) = Y, Fortunately, the following fact ensures the
separation of (T'*), Y () versus (T'(), Y (),

Fact 2.1. If (A®®) W )) # (A W), then we have
either TF) £ T or Y %) £ YO (or both).

Now, let us compare the m-th and n-th trajectories for some
m,n € Mciystering. In order to determine whether they have
the same label (namely k,,, = k,,), we propose to estimate
the quantity ||T'(Fm) —TFa)||2 4 ||y (k) — Y (Bn) |2 using
the data samples {x,, ¢} and {x,, ¢}, which is expected to
be small (resp. large) if k,,, = k, (resp. k,, # k,). To
do so, let us divide {0, 1, ..., Tcustering } €venly into four
segments, and denote by €2, (resp. {22) the 2nd (resp. 4th)
segment. Recall our earlier definition of the g vectors in (7).
Assuming sufficient mixing and utilizing near independence
between samples from 2; and those from 25, we might
resort to the following statistic:

d
staty = Z <UiT (gm,i,l — gn,i,l) ) UiT (gm,i,Q - gn,z‘,z) >,

=1

whose expectation is given by

E[staty] ~ Z HU T
d
Z km)

here, the second approximation holds if each subspace U;
is sufficiently close to U = span{(Y"));,1 < j < K}.

2
- v

(Y(kn) H HY(km) Y( )} 2

P
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The purpose of utilizing {U; } is to reduce the variance of
staty. Similarly, we can compute another statistic statp
with E[statp] & | T'(#m) — T'(kn)||2 Consequently, we shall
declare k,,, # k,, if statp + staty exceeds some appropriate
threshold.

Remark 2.2. For subspace estimation and clustering, we
split each trajectory evenly into four parts, and only utilize
the 2nd and 4th. In theory, this only affects sample complex-
ities by a constant factor. The key benefit is that no prior
knowledge of the mixing time ,;x is needed. In cases where
tmix 1S known/estimated, one might improve data efficiency
by letting the 1st and 3rd parts have only length ¢ix.

2.4. Model estimation

Suppose that we have obtained a good clustering accuracy
in the previous step. Then, for each &k, we use tb\e samples
{{@m +}o<i<T,, }mec, to obtain an estimate A®) of the
state transition matrix by solving a least-squares problem
(Simchowitz et al., 2018; Sarkar & Rakhlin, 2019). Fi-
nally, we can estimate the noise vector Wy, ; ‘= Ty 1+1 —
X(k)m,w A Wy, ¢, and use the empirical covariance of
{W,,+} as our estimate of the noise covariance matrix.

2.5. Classification

In the previous steps, we have obtained initial
clusters {Cp}i<k<kx and coarse model estimates
{A®) W(k)}lngK. With the assistance of addi-
tional sample trajectories in M pssification, W€ can
augment the clusters in the following way: for
each new trajectory {x;}o<i<7, we infer its label as
k = argminy, L(A® W ®), and then assign this trajec-
tory to the k-th cluster; here, the loss function L(A,W) =
T-logdet(W)+3, 2 (e 11— Axy) "W (441 — Amy)
coincides with the negative log-likelihood under a Gaussian
assumption. Once this is done, we can run Algorithm 4
again with the updated clusters {Cj} to refine our model
estimates, which is exactly the last step of Algorithm 1.

Remark 2.3. While this work focuses on mixtures of LDSs,
we emphasize that the general principles of Algorithm 1
are applicable under much weaker assumptions. For Algo-
rithms 2 and 3 to work, we essentially only require that each
sample trajectory satisfies a certain mixing property, and
that the autocovariances of different models are sufficiently
separated (and hence distinguishable). As for Algorithms 4
and 5, we essentially require a well-specified parametric
form of the time-series models. This observation might
inspire future extensions (in theory or applications) of Algo-
rithm 1 to much broader settings.

3. Main results
3.1. Model assumptions

To streamline the theoretical analysis, we focus on the case
where the trajectories are driven by Gaussian noise; that is,
foreach1 <m < M,0 <t < T,,, the noise vector w,,,
in (1) is independently generated from the Gaussian distribu-
tion A/(0, W (*=))_ Next, we assume for simplicity that the
labels {k, }1<m< s of the trajectories are pre-determined
and fixed, although one might equivalently regard {k,,} as
being random and independent of the noise vectors {w,, ¢ }.
Moreover, while our algorithms and analysis are largely
insensitive to the initial states {&,, 0}1<m<nr, We focus
on two canonical cases for concreteness: (i) the trajectories
start at zero state, or (ii) they are segments of one continuous
long trajectory. This is formalized as follows:

Case 0:
Case 1:

1<m < M; (8a)

z10=0, and

Lm,0 = Oa
LTm+1,0 = Lm, Ty, 1 S m S M —1. (8b)
We further define the total trajectory length as Ty =
Z]Smgj\,[ Ty = Zo Ttotal,m where

ﬂotal,o = To ' ‘Mo‘y

o € {subspace, clustering, classification}.
Additionally, we assume that each model occupies a non-
degenerate fraction of the data; in other words, there exists

some 0 < pmin < 1/K such that forall 1 < k < K and
o € {subspace, clustering, classification},

> Lk =k).

meM,

1
Pmin < ng) =

Mo

Finally, we make the following assumptions about the
ground-truth LDS models, where we recall that the autoco-
variance matrices {T'*) Y"(®)} have been defined in (5).

Assumption 3.1. The LDS models {A®) W)}, o) <
satisfy the following conditions:

1. There exist kg4 > 1 and 0 < p < 1 such that for any
1<k <K, (AR <kq-plt=1,2,...;

2. There exist I'max = Whax = Whin > 0 and
Kw,cross > kK > 1 such that for any 1 < k < K,
(l) )\max(l—‘(k)) S Fma>o (”) Wmin § Amin(W(k)) S
)\max(W(k)) S Wmax’ (l”) Wmax/Wmin = ’iw,cross;
(iv) K(W E)) = X (WR) [ A in (W) < i

3. There exist Ary,Aaw > 0 such that for any 1 <
k<t<K,
[T~ FOR+ Y® - YO > A,
W - WO
W2

max

1A® — AOYE + > Al w
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The first assumption states that each state transition matrix
A®) is exponentially stable, which is a quantified version of
stability and has appeared in various forms in the literature
of LDS (Kailath et al., 2000; Cohen et al., 2018); here,
k4 can be regarded as a condition number, while p is a
contraction rate. The second assumption ensures that the
noise covariance matrices { W (*)} are well conditioned, and
the autocovariance matrices {T'(*)} are bounded. The third
assumption quantifies the separation between different LDS
models. It is important that we consider the separation of
(T®) Y (*) versus (I'“), YD) jointly, which guarantees
that Ar y is always strictly positive (thanks to Fact 2.1),
despite the possibility of T'*) = T'©) or Y *) = Y (O); the
reasoning for our definition of A 4 yy is similar.

Remark 3.2. Since the separation parameters A4 w, Ar .y
are defined with respect to the Frobenius norm, we may nat-
urally regard them as A4y = \/&5,4714/, Ary = \/aép’y,
where 64 v, 0T,y are the canonical separation parameters
(in terms of the spectral norm). For example, in the simple
setting where K = 2, W) = W®) A0 = 0,51, and
A®) = (0.5 4 6) I, for some canonical separation parame-
ter §, we have A4 1 = |[AM) — AP)||p = ||61,]|r = Vd§.
This observation will be crucial for obtaining the correct
dependence on the dimension d in our subsequent analysis.
Remark 3.3. Most of the parameters in Assumption 3.1
come directly from the ground-truth LDS models
{AF) WHE except T'max and Ary. In fact, they can
be bounded by I'max S Whax and Ary 2 Aaw; see
Fact D.4 for the formal statements. However, the pre-factors
in these bounds can be pessimistic in general cases, there-
fore we choose to preserve I'nax and Ar y in our analysis.

3.2. Theoretical guarantees

We are now ready to present our end-to-end performance
guarantees for Algorithm 1. Our main results for Cases 0
and 1 (defined in (8)) are summarized in Theorems 3.4 and
3.5 below, with proofs deferred to Appendix B.

Theorem 3.4 (Case 0). There exist positive constants
{Ci}1<i<s such that the following holds for any fixed
0 < 6 < 1/2. Consider the model (1) under the assumptions
in Sections 2 and 3.1, with a focus on Case 0 (8a). Suppose
that we run Algorithm 1 with parameters T, G that satisfy
1/8 < T/A%Y < 3/8 G > Ciu, anddata { X, }1<m<m
(where X, = {@m 1 }o<i<T,, ) that satisfies

L1
1-p’

4 -2
d I1ma><\/g K +1]- Lil,
1—p Ary ) Dmin®

G 2 KAVdK
2 + 1 L2,
L=p Aty

Tsubspace > CV2

Ttotal,subspace > C(3

Tclustering > 04

dk? d T
w,Cross max 2
Ttotal,clustering > Cs A2 +1 )3,
Pmin AW Wmin

(9b)

6
Rap,cross \ 2
) o7, (9c)

2
Tclassification > 06 (fiw + AQ
AW

where we define the logarithmic terms 11 == log(%),

Lo = log ((Af“ga; + 2) dNA(;Ttotal)’ L3 = log(%:; dK?A(;Ttotal).
Then, with proBability at least 1 — 9§, Algorithm 1 achieves
exact clustering in Line 4 and exact classification in
Line 7; moreover, there exists some permutation T

{1,...,K} — {1,..., K} such that the final model es-
timation { A®), WK}, <) < ¢ in Line 8 obeys

L<k<K, |A®_— A0 <y, [Pl
pminT
W) — W) P
|| || S ; L3 , (10)
|W (= (&) Do

where T' = 7jtotal,clustering + ﬂotal,classification-

Theorem 3.5 (Case 1). Consider the same setting of Theo-
rem 3.4, except that we focus on Case 1 (cf. (8b)) instead.
Then the same performance guarantees continue to hold, if
we replace the conditions on Ttotal,clustering and Tyjassification
in (9) with

d Tmax
A?q,w Wmin

dk?
w,Cross
Crtotal,clustering > CS

Pmin Hi * 1) L(237
(11a)

6
w,Cross

2
AA,W

1
Tetassification = Co (K?u + )L% + T 10g(2I€A).

(11b)

Remark 3.6. It is worth noting that all the short trajectory
lengths {75} in the above theorems have sublinear depen-
dence on the dimension d. In particular, the v/dK depen-
dence in T justering (9) is due to variance reduction achieved
by subspace projection (see Section 2.3), without which this
dependence would have been linear in d.

While Theorems 3.4 and 3.5 guarantee that Algorithm 1 suc-
cessfully learns a mixture of LDS models with a polynomial
number of samples, these results involve many parameters
and may be somewhat difficult to interpret. In the following
corollary, we make some simplifications and focus on the
most important parameters.

Corollary 3.7. Consider the same setting of Theorems
3.4 and 3.5. For simplicity, suppose that the condition
numbers KA, K, Kw,cross < 1, and the fractions of data
generated by different LDS models are balanced, namely
Pmin < 1/K. Moreover, define the canonical separation
parameters 04w = AA’W/\/g and dry = Ap’y/\/g,
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as suggested by Remark 3.2. Finally, define the mixing time
tmix = 1/(1 — p). Then we can rewrite the sample complex-
ities in Theorems 3.4 and 3.5 as follows (where we hide the
logarithmic terms {1; }1<i<3): if

Tsubspace Z tmixv

Tmac K\ *
Ttotal,subspace Z tmixd<(53> + 1) ,
r,y

T 2 K
Tclustering Z tmix (((5:?) E + 1) )

1 T
,Ttotal,clustering Z Kd<62 W;nax —+ 1>’
AW min
d(;% +1 for Case 0,
Tclassification Z ?’W
27— ttmix for Case I,
AW

Kd

ﬂotal,clustering + notal,classiﬁcation ~ 2 )

then with high probability, Algorithm I achieves exact clus-
tering in Line 4, exact classification in Line 7, and final
model estimation errors

~ Wk _ )
k) AGr(R) |w I
AT — AT < W se

Below are some key implications of Corollary 3.7.

e Dimension d and targeted error €: (1) Our algorithms
allow the T;,’s to be much smaller than (and even de-
crease with) d. (2) Each Tiotal0 shall grow linearly
with d, and it takes an order of K d/e* samples in total
to learn K models in up to € — 0 errors (in the spectral
norm), which is just K times the usual parametric rate
(d/€?) of estimating a single model.

o Mixing time tmix: (1) Tiubspace and T¢jystering are lin-
ear in ¢nx, which ensures sufficient mixing and thus
facilitates our algorithms for Stage 1. In contrast,
T lassification depends on ¢ ix only for Case 1, with the
sole and different purpose of ensuring that the states
{@ . } are bounded throughout (see Example D.5 for
an explanation). (2) While T}otal subspace N€Eds to grow
linearly with ¢, this is not required for Tiotal clustering
and Tiotal classification, Decause our methods for model
estimation (Algorithm 4) do not rely on mixing (Sim-
chowitz et al., 2018; Sarkar & Rakhlin, 2019).

e Canonical separation parameters 04 w,0ry:
(1) Teiustering 2 1 / 5% y guarantees exact clustering of
the trajectories, while Tyassification = 1/0% w guaran-

tees exact classification. (2) Tiotal subspace = 1/0p y
leads to sufficiently accurate subspaces, while

-o=-A
- W

- - JKAJT

Error

-2
10* 10° 10°
Sample size T

Figure 2. The model estimation errors of Algorithm 1 versus the
total sample size (excluding Mupspace)- Each curve is an average
over 12 independent trials.

Tiotal clustering = 1/0% 1 leads to accurate initial
model estimation.’

Remark 3.8. It is worth noting that Tejustering > T lassification
in Corollary 3.7, i.e. clustering requires a larger trajectory
length than classification does. This justifies the benefit of
the proposed two-stage procedure, compared with simply
doing a large clustering of all trajectories and then one-shot
model estimation.

3.3. Numerical experiments

We now validate our theoretical findings with a series of
numerical experiments, confirming that Algorithm 1 suc-
cessfully solves the mixed LDSs problem. In these experi-
ments, we fix d = 80, K = 4; moreover, let Ty pspace = 20,
Teiustering = 20 and Ttjassification = 9, all of which are much
smaller than d. We take | Mgypspace] = 30 d, | Miustering| =
10d, and vary | M qassification| between [0, 5000 d]. Our ex-
periments focus on Case 1 as defined in (8b), and we gener-
ate the labels of the sample trajectories uniformly at random.
The ground-truth LDS models are generated in the following
manner: A% = pR®) where p = 0.5 and R¥) ¢ Rxd
is a random orthogonal matrix; W (%) has eigendecomposi-
tion UF AR (U T where U*) is a random orthogonal
matrix, and the diagonal entries of A(*) are independently
drawn from the uniform distribution on [1, 2].

Our experimental results are illustrated in Figure 2. Here,
the horizontal axis represents the sample size T =
ﬂotal,clustering + ﬂotal,classification for model estimation, and
the vertical axis represents the estimation errors, mea-
sured by maxy, [|[A®) — ATR)|| (plotted in blue) and
maxy ||ﬁ7(k) —WEE) | /|W T ED || (plotted in orange).
The results confirm our main theoretical prediction: Algo-
rithm 1 recovers the LDS models based on a mixture of
short trajectories with length T, < d, and achieves an error
rate of 1/ \/T In addition, we observe in our experiments

Tt is possible to improve the 1/ 51‘5,3/ factor in Tiotal subspace tO

1/ 51235/, if one is willing to pay for some extra factors of eigen-
gaps; see Appendix B for a detailed discussion.
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that the final outputs of Algorithm 1 are robust to a small
number of mis-clustered or mis-classified trajectories during
the intermediate steps; this is clearly an appealing property
to have, especially when the 7,’s and | M,|’s in reality are
slightly smaller than what our theory requires. Additional
experimental results can be found in Appendix F.

4. Related works

Meta-learning for mixed linear regression. Our work is
closely related to the recent papers (Kong et al., 2020b;a)
that bridge mixed linear regression (Quandt & Ramsey,
1978; Yi et al., 2014; Chen et al., 2017; Li & Liang, 2018;
Chen et al., 2020; Kwon et al., 2021b; Diakonikolas & Kane,
2020; Yin et al., 2018; Pal & Mazumdar, 2020; Chen et al.,
2021c; Diamandis et al., 2021) and meta-learning (Finn
et al., 2017; Harrison et al., 2020; Snell et al., 2017; Du
et al., 2021; Pan & Yang, 2009; Tripuraneni et al., 2020;
Baxter, 2000; Maurer et al., 2016). In this setting of meta-
learning for mixed linear regression (Kong et al., 2020b;a),
one has access to multiple tasks, each containing a few inde-
pendent and identically distributed samples generated by an
unknown model; the inductive bias (i.e. the common struc-
ture underlying these tasks) for meta-learning is that there
is only a small discrete set of ground-truth linear regression
models, akin to the case of mixed linear regression. While
the high-level idea of our Algorithm 1 is largely inspired by
the work of (Kong et al., 2020b;a), our detailed implemen-
tations are substantially different, due to the lack of ideal
1.i.d. assumption (among others) in our case of time-series
data; in addition, we improve upon some of the analyses in
(Kong et al., 2020b;a).

Mixtures of time-series models and trajectories. Mix-
ture models for time series have achieved empirical success
in the study of psychology (Bulteel et al., 2016; Takano
et al., 2020), neuroscience (Albert, 1991; Mezer et al.,
2009), biology (Wong & Li, 2000), air pollution (D’Urso
etal., 2015), economics (McCulloch & Tsay, 1994; Maharaj,
2000; Kalliovirta et al., 2016), automobile sensors (Hallac
et al., 2017), and many other domains. Some specific as-
pects of mixture models include hypothesis testing for a pair
of trajectories (Maharaj, 2000), or clustering of multiple
trajectories (Liao, 2005; Aghabozorgi et al., 2015; Pathak

There is a concurrent preprint (Modi et al., 2021) that extends
multi-task learning (Du et al., 2021; Tripuraneni et al., 2020) to
time-series data, and the setting therein includes mixed LDSs as a
special case. However, the authors of (Modi et al., 2021) assume
oracle access to the global optimum of a non-convex optimization
problem, without providing a practical algorithm that can prov-
ably find it; moreover, with the short trajectory length fixed, the
estimation error bounds in that work will remain bounded away
from zero, even if the number of trajectories grows to infinity. In
comparison, we consider a simpler problem setting, and propose
computationally efficient algorithms with better error bounds.

etal., 2021; Huang et al., 2021). In addition to mixture mod-
els, other related yet different models include time-varying
systems (Qu et al., 2021; Minasyan et al., 2021), systems
with random parameters (Du et al., 2020), switching sys-
tems (Sun, 2006; Sarkar et al., 2019; Ansari et al., 2021),
switching state-space models (Ghahramani & Hinton, 2000;
Linderman et al., 2017), Markovian jump systems (Shi &
Li, 2015; Zhao et al., 2019), and event-triggered systems
(Sedghi et al., 2020; Schluter et al., 2020), to name just a few.
There are even more related models in reinforcement learn-
ing (RL), such as latent bandit (Maillard & Mannor, 2014;
Hong et al., 2020), multi-task learning (Wilson et al., 2007;
Brunskill & Li, 2013; Liu et al., 2016; Sodhani et al., 2021)
/ meta-learning (Finn et al., 2017) / transfer-learning (Taylor
& Stone, 2009; Tirinzoni et al., 2020) for RL, latent Markov
decision processes (Kwon et al., 2021a; Brunskill et al.,
2009; Steimle et al., 2021), and so on. What distinguishes
our work from this extensive literature is that, we design
algorithms and prove non-asymptotic sample complexities
for model estimation, in the specific setting of mixture mod-
els that features (1) a finite set of underlying time-series
models, and (2) unknown labels of the trajectories, with no
probabilistic assumptions imposed on these latent variables.

Linear dynamical systems. LDS (also called vector au-
toregressive models) is one of the most fundamental models
in system identification and optimal control (Ljung, 1998;
Khalil et al., 1996). Recently, there has been a surge of
studies about non-asymptotic theoretical analyses of various
learning procedures for the basic LDS model (Faradonbeh
et al., 2018; Simchowitz et al., 2018; Sarkar & Rakhlin,
2019), linear-quadratic regulators (Dean et al., 2020; Cohen
et al., 2018; Jedra & Proutiere, 2019; Faradonbeh et al.,
2020; Mania et al., 2019; Simchowitz & Foster, 2020; Fazel
et al., 2018; Malik et al., 2019), and LDSs with partial ob-
servations (Oymak & Ozay, 2019; Simchowitz et al., 2019;
Sarkar et al., 2021; Sun et al., 2020; Tsiamis et al., 2020;
Lale et al., 2020; Zheng et al., 2021). In particular, it was
only until recently that the authors of (Simchowitz et al.,
2018; Sarkar & Rakhlin, 2019) proved sharp error bounds
of least squares for estimating the state transition matrix
of a LDS model, using a single trajectory; our analysis of
Algorithm 4 is largely inspired by their techniques.

5. Discussion

This paper has developed a theoretical and algorithmic
framework for learning multiple LDS models from a mixture
of short, unlabeled sample trajectories. Our key contribu-
tions include a modular two-stage meta-algorithm, as well as
theoretical analysis demonstrating its computational and sta-
tistical efficiency. We would like to invite the readers to con-
tribute to this important topic by, say, further strengthening
the theoretical analysis and algorithmic design. For exam-
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ple, in certain cases T¢jystering €an be a bottleneck compared
with Tgypspace and Tijassification, and thus one might hope to
achieve a better dependence on Tiotal clustering (€.8- allowing
Tiotal,clustering << d), by replacing Line 5 in Algorithm 1
with a different method (e.g. adapting Algorithm 3 of (Kong
et al., 2020b) to our setting). As another example, in some
practical scenarios, the data is a single continuous trajectory,
and the time steps when the underlying model changes are
unknown (Hallac et al., 2017; Harrison et al., 2020); in order
to accommodate such a case, one might need to incorporate
change-point detection into the learning process.

Moving beyond the current setting of mixed LDSs, we re-
mark that there are plenty of opportunities for future studies.
For instance, while our methods in Stage 1 rely on the
mixing property of the LDS models, it is worth exploring
whether it is feasible to handle the non-mixing case (Sim-
chowitz et al., 2018; Sarkar & Rakhlin, 2019). Another po-
tential direction is to consider the robustness against outliers
and adversarial noise (Chen et al., 2021a; Kong et al., 2020a).
One might even go further and extend the ideas to learning
mixtures of other time-series models (see Remark 2.3), such
as LDS with partial or nonlinear observations (Mhammedi
et al., 2020), or nonlinear dynamical systems (Mania et al.,
2020; Kakade et al., 2020; Foster et al., 2020). Ultimately, it
would be of great importance to consider the case with con-
trolled inputs, such as learning mixtures of linear-quadratic
regulators, or latent Markov decision processes (Kwon et al.,
2021a) that arises in reinforcement learning.
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Table 1. A list of notation and parameters. In the subscripts of Mo, To, Tiotal,o, the symbol o takes value in
{subspace, clustering, classification}.

Notation Explanation
d State dimension
K Number of LDS models
km The unknown label (latent variable) of the m-th trajectory
M, Subsets of M trajectories, {1, ..., M} = Masubspace U Meclustering U M classification
Pmin A lower bound for the fraction of trajectories generated by each model
Ts Short trajectory length for M,
Tiotal,o Total trajectory length, Tiotal,o = To - [ Mo
AP State transition matrix and noise covariance matrix of the k-th LDS model
r® y® Order-0 and order-1 stationary autocovariance matrices of the k-th LDS model
KA, p [(AM) | < ka-p', t=1,2,...
Ary,Aaw Model separation parameters (see Assumption 3.1)
Winin, Winax Wanin < Amin(W ) < Ao (W) < Winaw, 1<k <K
Koaw,cross, Kw K cross = Winax/Wnin;  €(W®) < gy, 1<k<K
[max IT® )| < Tra, 1<k<K

This appendix is organized as follows. Appendix A complements Section 2, providing full details of the proposed
Algorithms 2 — 5. Appendix B includes detailed theoretical results for the algorithms, with proofs postponed to Appendix C;
it also provides a proof for our main results in Section 3. Appendix D collects some miscellaneous results. In Appendix E
we discuss on some potential extensions of our methods. Finally, Appendix F includes additional experimental results. For
the readers’ convenience, we include Table 1 for a quick reference to the key notation and parameters used in our analysis.

Additional notation. Let vec(-) denote the vectorization of a matrix. For two matrices A, B, let A ® B denote their
Kronecker product. Given a sequence of real numbers {x;}1<;<n, we denote its median as median{z;,1 < ¢ < N}.
We shall also let poly(n) denote some polynomial in n of a constant degree. For a positive integer n, we denote [n] =

{1,2,...,n}.

A. Detailed Algorithms

A.1. Subspace estimation

Procedure. Recall that the notation (T'®)); € R? (resp. (Y (*));) represents the transpose of the i-th row of T'(*) (resp.
Y (%)) defined in (5). With this set of notation in place, let us define the following subspaces:

Wﬂ:wm“ﬂmhlgkgK} Up:wwﬁywﬁggkgK} 1<i<d. (12)

It is easily seen from the construction that each of these subspaces has rank at most K.

As it turns out, the collection of 2d subspaces defined in (12) provides crucial low-dimensional information about the linear
dynamical systems of interest. This motivates us to develop a data-driven method to estimate these subspaces, which will in
turn allow for proper dimension reduction in subsequent steps. Towards this end, we propose to employ a spectral method
for subspace estimation using sample trajectories in Mypspace:

(i) divide {0,1,. .., Teubspace } into four segments of the same size, and denote the 2nd (resp. 4th) segment as €21 (resp. Q22);
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(ii) for each m € Mgupspace; 1 <@ < d, j € {1,2}, compute

hm7i,] = |Q | Z L, t i Tmyty,  Gm,ij = 757 ‘ ‘ Z Lm t+1 i Tm,ty; (13)
teQ; I teq;
(iii) for each 1 < i < d, compute the following matrices
— 1 ~ 1 T
Hi= o Y hwahls Gi= o 3 guiagh, (14)
(Mosbspace| e 1. (Mosbspace| e ..

and let V; € R¥X (resp. U,) be the top-K eigenspace of E + EI\ZT (resp. C:‘l + 61';'—)

The output {V;, U, }1<i<q Will then serve as our estimate of {V,*, U} };<,<4. This spectral approach is summarized in
Algorithm 2.

Rationale. According to the mixing property of LDS, if Tgupspace i larger than some appropriately defined mixing time,
then each sample trajectory in Mgypspace Will mix sufficiently and nearly reach stationarity (when constrained to ¢ € €2 UQy).
In this case, it is easy to check that

E[Amij] ~ (TF)i Elgmg]~ (YH), 1<i<d, je{1,2}

Moreover, the samples in {2; are nearly independent of those in {25 as long as the spacing between them exceeds the mixing
time, and therefore,

K
— 1 A T
Bl ~ e > (DT =3 P PP = H (152)
SUPSPACEL € Maubspace k=1
~ 1 " -
G } y (km) ( YOLY®y, =a,, 15b
[ ‘Msubspace| E/\/lzb ( ) ZpSUbSpaCe ) ( ) ( )
m subspace
where pﬁf&space denotes the fraction of sample trajectories generated by the k-th model, namely,
w 1
Dsubspace = m Z ]]-(km = k)a 1<k<K. (16)
“ mEMsubspace

As a consequence, if Tsybspace and | Mubspace| are both sufficiently large, then one might expect I/LI\i (resp. éi) to be a
reasonably good approximation of H; (resp. G;), the latter of which has rank at most K and has V;* (resp. U}) as its

eigenspace. All this motivates us to compute the rank- K eigenspaces of H, i+ H . and @1 + C:”ZT in Algorithm 2.

A.2. Clustering

This step seeks to divide the sample trajectories in M justering into K clusters (albeit not perfectly), such that the trajectories in
each cluster are primarily generated by the same LDS model. We intend to achieve this by performing pairwise comparisons
of the autocovariance matrices associated with the sample trajectories.

Key observation. Even though (A®) W) £ (A W©) for k # ¢, it is indeed possible that T*) = T'(¥) or
Y () = Y(©), Therefore, in order to differentiate sample trajectories generated by different systems based on T'(A, W) and
Y (A, W), it is important to ensure separation of (I'®), Y (*)) and (T'©)| Y'()) when k # I, which can be guaranteed by
the following fact.

Fact A.1. If (AR W) £ (AO WO, then we have either T*®) £ T or Y*) £ YO (or both).

Proof. First, observe that the definitions of {T'(*), Y (*)} in (5) suggest that we can recover A*) W) from T'(%) Y (%) as
follows:

AW — yBp® T gk Zpe) _ 4Bt 4® T (17)
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Algorithm 2 Subspace estimation

1: Input: short trajectories { X, }rme Mepspace» WheTe Xom = {Tm 1 }o<t < Toupspace
2: Let N < | Toubspace/4 ), and Q1 <~ {N 4+ 7,1 <j < N}, Qy + {3N + 5,1 <j < N}L
3: for (m, 1, 5) € Msubspace X [d] x [2] do

4:  Compute
hm,i,j Z L, t i LTm,ts 9m,i,j Z L, t+1 i Lont-
\Q \ |Q |
teQ; teQ;

5: end for
6: fori=1,...,ddo
7:  Compute

— 1 ~ 1

T
Hi — |M ‘ Z hm i 1hm 7,27 Gl — |M | Z gm,i,lgm7i,27
subspace M E Miubspace subspace ME Maubspace

8:  Let V; € R™K (resp. U;) be the top-K eigenspace of fI\Z + ﬁ;r (resp. @1 + C:‘;r)
9: end for
10: Output: subspaces {V;, U, }1<i<q.

With this, we can prove the fact by contradiction. Suppose instead that T'*) = T'©) and Y(¥) = Y'(©)  then (17) yields

AR — yWp® Ty Op@O T Z A0 and
W — ) _ AR AR T _ p) _ AOTO 407 _ yyr 0,

which is contradictory to the assumption that (A®), W *)) £ (A0 W), O

Idea. Letus compare a pair of sample trajectories {X }0<t<Tyumening AN {2t }0<t < Topeing» Where {x¢ } is generated by the
system (A®) W) and {z,} by the system (A), W)). In order to determine whether k = ¢, we propose to estimate
the quantity |[T*) — T®|2 + |[Y*) — Y(©|]2 using the data samples {x;} and {z;}, which is expected to be small
(resp. large) if k = ¢ (resp. k # £). To do so, let us divide {0, 1, ..., Tciustering } €venly into four segments, and denote by 2;

(resp. 25) the 2nd (resp. 4th) segment, akin to what we have done in the previous step. Observe that
UiTE[((iBtH)iwt - (Zt+1)izt)} ~U;" (Y®), — (Y¥),)

forall 1 <i < dandt € Q; UQy. Assuming sufficient mixing and utilizing (near) statistical independence due to sample
splitting, we might resort to the following statistic

d
1 1
staty = ) <U1T Z (o) = (ze1)i21) Ui 1o D (@ea)ie = (zt+1)izt)>, (19)
i=1 | e Q] S5,
whose expectation is given by
d
E[staty] ~ Z <UZ-T((Y(’f))Z- — (Y, U, (Y ®), - (Y(é))i)>

i=1
d

=3 [T - ) [ S - O = [ - v
i=1

here, the first approximation is due to the near independence between samples from 2; and those from 25, whereas the
second approximation holds if each subspace Uj is sufficiently close to U = span{(Y /));, 1 < j < K}. The purpose of
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Algorithm 3 Clustering

1: Input: short trajectories { X, }meMueing: Where X = {@m ¢ fo<i< subspaces {V;, U, }1<i<q; testing
threshold 7; number of copies G.

2: Let N + |_Tclustering/4GJ’ and

lustering ?

Q1 {ag-3N+7,1<j <N}, Qe {@g-DN+j1<j <N}, 192G

3: for (m,i,g,j) S Mclustering X [d] X [G] X [2] do

4:  Compute
1 1
hm,i,g,j — ﬁ (:Em t) Lm,ty YGmy,ig,j — | | Z (wm t+1) Lom,t-
991 teqy 971 teqy
5: end for
6: // Compute the similarity matrix S':
7: for (m, TL) S Mclustering X Mclustering do
8: forg=1,...,Gdo
9: Compute
StatF Nel — Z < m ,i,9,1 hn,i,g,l)a‘/iT (hm,i,g,2 - hn,i,g,2)>7 (183)
StatY,g — Z < gm ,1,G,1 gn,i,g,l) ’ UiT (gm,i,g,Q - gn,i,g,Q) >7 (18b)
10:  end for
11:  Set Sy p < ]l(median{statp,g, 1 < g <G} +median{staty,y,1 < g < G} < T).
12: end for

13: Divide Mustering into K clusters {Cy, }1<x<x according to {.Sy n }rm,ne Musering
14: Output: clusters {Ci }1<k<k-

utilizing {U; } is to reduce the variance of staty. Similarly, we can compute another statistic (by replacing {U; } with {V;}
and (x¢11)i, (Ze41)s With (x);, (2¢);) as follows:

d

1 1
statr = Z <‘/ZT ‘ ‘ Z wt i Ly — (Zt)zzt> VTW Z ((:ct)iact — (zt)izt)>, (20)
i=1 e 2 ieq,
which has expectation
E[statp] ~ Z VT (™) = @@)))[5 ~ T® — T2

Consequently, we shall declare k # £ if statp + staty exceeds some appropriate threshold 7.

Procedure. We are now positioned to describe the proposed clustering procedure. We first compute the statistics statr
and staty for each pair of sample trajectories in Mcjustering by means of the method described above, and then construct a
similarity matrix S, in a way that .S,, ,, is set to O if statp + staty (computed for the m-th and n-th trajectories) is larger than
a threshold 7, or set to 1 otherwise. In order to enhance the robustness of these statistics, we divide {0, 1,. .., Tduste,ing}
into 4G (instead of 4) segments, compute G copies of statr and staty, and take the medians of these values. Next, we
apply a mainstream clustering algorithm (e.g. spectral clustering (Chen et al., 2021b)) to the similarity matrix S, and
divide M jystering into K disjoint clusters {Cy }1<k< . The complete clustering procedure is provided in Algorithm 3. The
threshold 7 shall be chosen to be on the order of min; << {|T* — T®|Z + |[Y®) — YO |2} (which is strictly
positive due to Fact 2.1), and it suffices to set the number of copies G to be on some logarithmic order. Our choice of these
parameters are specified in Theorem 3.4.
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Algorithm 4 Least squares and covariance estimation

1: Input: clusters {Ci }1<r<k.
2. fork=1,...,Kdo

3:  Compute
(k) T T\t
A — ( Z Z T, t+1Tm, t )( Z Z T, tLm, ¢ ) s and (223)
meCy, 0<t<Ty,—1 MEC), 0<t< Ty, —1
— 1 ~
k ~ T ~ Kk
wk  — — Z Z Wy t W, 4, where Wy, = Ty 141 — Al )acm,t. (22b)
meCk =M meC, 0<t<Tp,—1
4: end for

5. Output: estimated models { A%, ﬁ\/(k)}lngK.

A.3. Model estimation

Suppose that we have obtained reasonably good clustering accuracy in the previous step, namely for each 1 < k < K, the
cluster Cj, output by Algorithm 3 contains mostly trajectories generated by the same model (A(”(’“))7 W(’T(k))), with 7
representing some permutation function of {1, ..., K'}. We propose to obtain a coarse model estimation and covariance
estimation, as summarized in Algorithm 4. More specifically, for each k, we use the samples {{., ; fo<i<7,, }mec,, tO
obtain an estimate of A(™(%)) by solving the following least-squares problem (Simchowitz et al., 2018; Sarkar & Rakhlin,
2019)

Ak) . : _ 2
AV argmfinz Z |Tm 41 — AT t]l5, (21)

meC), 0<t<T,, —1

whose closed-form solution is given in (22a). Next, we can use A to estimate the noise vector

-~

T — k ~
Wt = Tm,t+1 — A( )mrn,t ~ Wm,t,

and finally estimate the noise covariance W (™(F) with the empirical covariance of {w,, .}, as shown in (22b).

A.4. Classification

Procedure. In the previous steps, we have obtained initial clusters {Ci}i<k<x and coarse model estimates
{A®) ﬁ\/(k)}lg k<r. With the assistance of additional sample trajectories { X, }rne Muaticanon» WE can infer their la-
tent labels and assign them to the corresponding clusters; the procedure is stated in Algorithm 5 and will be explained shortly.
Once this is done, we can run Algorithm 4 again with the updated clusters {Cy } to refine our model estimates, which is
exactly the last step of Algorithm 1.

Rationale. The strategy of inferring labels in Algorithm 5 can be derived from the maximum likelihood estimator, under
the assumption that the noise vectors {w,, ,} follow Gaussian distributions. Note, however, that even in the absence of
Gaussian assumptions, Algorithm 5 remains effective in principle. To see this, consider a short trajectory {x; }o<i<7
generated by model (A®) W*)) ie. x; 1 = A®x; + w, where E[w;] = 0,cov(w;) = W), Let us define the
following loss function

T-1
[4(147 W) =1T. 10g det(W) + Z($t+1 — Aact)TW_l(a:tH — Aar:t) (23)
t=0

With some elementary calculation, we can easily check that for any incorrect label £ # k, it holds that E[L(A(Z), W(Z)) —
L(A® W )] > 0, with the proviso that (A®) W) £ (A® W) and {a;} are non-degenerate in some sense; in
other words, the correct model (A*), W (*)) achieves the minimal expected loss (which, due to the quadratic form of the
loss function, depends solely on the first and second moments of the distributions of {w;}, as well as the initial state x).
This justifies the proposed procedure for inferring unknown labels in Algorithm 5, provided that T, is large enough and that
the estimated LDS models are sufficiently reliable.
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Algorithm 5 Classification

1: Input: short trajectories { X, }meMumon» Where X, = {@m 1 }o<i<r,, ; coarse models {ﬁ(k)7ﬁ\/(k)}1gkg1{;
clusters {Cy }1<p<k-

2: form € Mclassification do

3:  Infer the label of the m-th trajectory by

Ty —1

o + arg mgin {Tm -log det(ﬁ\/m) + Z (T t41 — A\(Z)wm’t)—r(ﬁ\/(é))_l(mm’tJr] - X(é)a:m’t)},
t=0

then add mn to cluster C, .
4: end for
5: Output: updated clusters {Ci }1<r<k-

B. Detailed analysis

This section provides detailed, modular theoretical results for the performance of Algorithms 25, and concludes with a
proof for the main theorems in Section 3.2 (i.e. the performance guarantees of Algorithm 1).

Subspace estimation. The following theorem provides upper bounds on the errors of subspaces {V;,U;} output by
Algorithm 2, assuming sufficient mixing of the short trajectories.

Theorem B.1. Consider the model (1) under the assumptions in Sections 2 and 3.1. There exist some universal constants

C1,Cy,C3 > 0 such that the following holds. Suppose that we run Algorithm 2 with data { X m }me Mqypupsce OPEYING
Tiotald 1 dr ATt
Tsubspace > C1 - tmix, Ttotal,subspace > Cy - tmixd - 10g tTtal7 where  tmix = ﬂ : 1Og (T)

Then with probability at least 1 — 0, Algorithm 2 outputs {V;, U, }1<i<q satisfying the following: forall1 < k < K and
1<i<d,

max { | (0®); = ViV (00 5, (¥ ®); = U7 (¥ )12 |

K\ Y2 b Thoeard\ /4
SCngax() ( 4 og? Lion ) . (24)
Prmin Ttotal,subspace 0

Our proof (deferred to Appendix C.2) includes a novel perturbation analysis; the resulted error bound (24) has a
1/ Tth{:hsubspace dependence and is gap-free (i.e. independent of the eigenvalue gaps of the ground-truth low-rank ma-
trices, which can be arbitrarily close to zero in the worst case). It is possible to adapt the existing perturbation results in

(Kong et al., 2020b;a) to our setting (which we include in Lemma C.3 in the appendix for completeness); however, one
/6

of them is dependent on the eigenvalue gaps, while the other one incurs a worse 1/ total subspace

dependence. It would be

interesting future work to investigate whether a gap-free bound with a 1/ Té{fl subspace d€pendence is possible.

Clustering. Our next theorem shows that Algorithm 3 achieves exact clustering of M justering, if Tclustering 18 sufficiently
large and subspaces {V;, U, } are accurate. The proof is deferred to Appendix C.3.

Theorem B.2. Consider the model (1) under the assumptions in Sections 2 and 3.1. There exist universal constants
C1,Ca, c3 > 0 such that the following holds. Suppose that we run Algorithm 3 with data { X }ime Maeing independent
subspaces {V;, U, }1<i<q and parameters T, G that satisfy the following:

e The threshold T obeys 1/8 < 7/Af y < 3/8;

o The short trajectory length Tejystering = N G, where

|Mc|u5tering| Iz Kv‘%] VdK 1 I'max dr A Tiotal
G>Ci-log———, N>C max 1 1 2| ———|;
tee T R\ T T = Ay T 5 )
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o The subspaces {V;, U, }1<i<q satisfy that, forall 1 <i<dand1 <k < K,

max{<r<’“>>z- VYT @B, (¥ ®), - UiUﬂY“”)ing} < e A\jg. 25)

Then with probability at least 1 — §, Algorithm 3 achieves exact clustering: for all mi, ma € Musterings Smyme = 1 If
and only if the m1-th and mqo-th trajectories are generated by the same model, i.e. they have the same label k,,, = k.

Least squares and covariance estimation. The next result controls the model estimation errors of Algorithm 4, under
the assumption that every cluster is pure.

Theorem B.3. Consider the model (1) under the assumptions in Section 3.1. There exist universal constants C,Cy,C3 > 0
such that the following holds. Let {Cy}1<k<K be subsets of M iustering U Mclassification such that for all1 < k < K, C,
contains only short trajectories generated by model (A(k)7 W(k)), namely k., = k for all m € Cy. Suppose that for all
m e Mclustering U Mclassificatiom Tm > 4: andfor all 1 < k < K,

k) Z T, > Cidr2 ., where 1= log(

total "
meCy

Pmax dkaTiotal )
Wmin 0 )

Let A(’“), W) pe computed by (22) in Algorithm 4. Then with probability at least 1 — 0, one has

it Hv’ﬁ<k>—w<k>||< du
™) w® = e

total total

[A® — AW < 1<k<K.

Our proof (postponed to Appendix C.4) is based on the techniques of (Simchowitz et al., 2018; Sarkar & Rakhlin, 2019), but
with two major differences. First, the authors of (Simchowitz et al., 2018; Sarkar & Rakhlin, 2019) consider the setting
where ordinary least squares is applied to a single continuous trajectory generated by a single LDS model; this is not the
case for our setting, and thus our proof and results are different from theirs. Second, the noise covariance matrix W is
assumed to be 021 in (Simchowitz et al., 2018; Sarkar & Rakhlin, 2019), while in our case, {W(k)hgkg}( are unknown
and need to be estimated.

Classification. Our last theorem shows that Algorithm 5 correctly classifies all trajectories in M jassification, as long as
the coarse models are sufficiently accurate and the short trajectory lengths are large enough; these conditions are slightly
different for Cases 0 and 1 defined in (8). See Appendix C.5 for the proof.

Theorem B.4. Consider the model (1) under the assumptions in Section 3.1. There exist universal constants cy,cs,C3 > 0
such that the following holds. Suppose that we run Algorithm 5 with data { X b e Muusono, @1 independent coarse
models {ﬁ(k), ‘//I\/(k)}lngK satisfying ||A®) — AB)|| < ey, ||ﬁ7(k) — W®)|| < ey for all k. Then with probability at
least 1 — 0, Algorithm 5 correctly classifies all trajectories in M cassification, provided that

Wonin ew . Aaw
For Case 0: €4 < c1A , <c ~m1n{1,7,’7}, 26a
A - 1 A’W\/Fmaxﬁql/,cross(d + L) Wmln - 2 Hw,crossd ( )
kS .
Tm Z C(3 (5121; + %)LQ, m € Mclassification? (26b)
AA,W
Wmin Ew . AA w
ForCase 1: €5 < c1Aaw , <c 'mm{l,i’}, (26¢)
! ’ Fmaxﬁw@rossﬁ?q (d + L) Winin 2 \/ wa,crossd
H?U Cross ]‘
T > Cg (KZTZU + A2 )L2 + 1_ log(2"§A), m e Mclassificationy (26d)
AW P

where | == log T‘g‘a' is a logarithmic term.
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Proof of Theorems 3.4 and 3.5. Our main theorems are direct implications of the above guarantees for the individual
steps.

e Stage I: To begin with, according to Theorem B.1, if the condition (9a) on Tyypspace and Tiotal,subspace hold, then
the subspaces {V;, U, } output by Line 3 of Algorithm 1 are guaranteed to satisfy the error bounds (25) required by
Theorem B.2. This together with the condition (9b) on Tjystering €nsures exact clustering in Line 4.

e Stage 2: Based on this, if we further know that Tiotal clustering Obeys condition (9b) for Case 0 or (11a) for Case 1, then
Theorem B.3 tells us that the coarse model estimation in Line 5 satisfies the error bounds (26a) or (26¢) required by
Theorem B.4. Together with the assumption (9c) or (11b) on T¢yassification, this guarantees exact classification in Line 7
of Algorithm 1, for either Case 0 or 1. At the end, the final model estimation errors (10) follow immediately from
Theorem B.3.

Note that all the statements above are high-probability guarantees; it suffices to take the union bound over these steps, so
that the performance guarantees of Theorems 3.4 and 3.5 hold with probability at least 1 — §. This finishes the proof of our
main theorems.

Remark B.5. The step of subspace estimation in Algorithm 1 is non-essential and optional; it allows for a smaller T¢justering,
but comes at the price of complicating the overall algorithm. For practitioners who prefer a simpler algorithm, they
might simply remove this step (i.e. Line 3 of Algorithm 1), and replace the rank-K subspaces {V;, U;} with I (i.e. no
dimensionality reduction for the clustering step). The theoretical guarantees continue to hold with minor modification:
in Corollary 3.7, one simply needs to remove the conditions on Tyupspace, Ztotal subspaces and in the condition for T¢ystering>
replace the factor \/ K /d (where K is due to dimensionality reduction) with \/d/d = 1. This is one example regarding how
our modular algorithms and theoretical analysis can be easily modified and adapted to accommodate different situations.

C. Proofs for Appendix B

This section starts with some preliminaries about linear dynamical systems that will be helpful later. Then, it provides the
main proofs for the theorems in Appendix B.

C.1. Preliminaries

Truncation of autocovariance. Recall the notation I'*) = >~ A(’“)Q-W("“)(A(’“)i)T from (3) and (5). We add a
subscript ¢ to represent its ¢-step truncation:

t—1 ) )
I =3 AW W A®T, 27)
=0

Also recall the assumption of exponential stability in Assumption 3.1, namely ||(A®))!|| < k4pt. As a result, ng) is close
to T(F);

0 . .
0<T® _p® — 3 AW R (ABNT = AW PR A RNT

1=t

IT® — T < EDADY2 < DB 3% < Tmger o™ (28)

Moreover, let ;¥ := A®T® then ¥;*) is also close to ¥ (*¥):
[y ® =YW < JAWTE — T < Tty . (29)
“Independent version” of states. Given some mixing time ¢mix, we define Z,,, ¢ (tmix) as the (tmix — 1)-step approximation

of &y, ¢ :

tmix—2

?im,t = -'Aim,t(tmix) = Z (A(km))iwm,t—i—l ~ N(O,Fgljs_)l), tmix S t S Tm; 1 S m S M. (30)
i=0
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Since Z,, + consists of only the most recent noise vectors, it is independent of the history up to Tt —to+1- Our proofs for
Stage 1 will rely on this “independent version” {&,,  } of states {z,, . }; the basic idea is that, for an appropriately chosen
tmix, @ trajectory of length 7" can be regarded as a collection of 7'/t i« independent samples. We will often use the notation =
to represent the “independent version” of other variables as well.

Boundedness of states. The following lemma provides upper bounds for {||Z,, ¢||2} and {||x, +||2}. This will help to
control the effects of mixing errors and model estimation errors in the analyses later.

Lemma C.1 (Bounded states). Consider the model (1) under the assumptions in Sections 2 and 3.1. Fix any tmix > 3.
Then with probability at least 1 — §, we have || T ]|z < Co \/Fmax(d—k log(Tiotal/0)) for all 1 < m < M, tmix <
t < T,,, where Cy > 0 is some universal constant; moreover, for both cases of initial states defined in (8), all states
{{&m.t}o<i<T,, }1<m<m are bounded throughout:

o Case 0: with probability at least 1 — 0, we have ||Ty, ¢]|2 < Co \/Fmax(d + log(Tiotal/9)) for all m,t.

e Case 1: suppose that tmyix > - log(\/?/m), and Ty, > tmix for all m, then with probability at least 1 — 6, we

= 1-p
have || T, 1]]2 < SCO%A\/FmaX(d + log(Tiotal/0)) for all m,t, and || &, ¢]|2 < 200\/I‘max(d + log(Trotal /0)) for all

t>tmixort=0.

Proof. First, recall from Corollary 7.3.3 of (Vershynin, 2018) that, if random vector a ~ N (0, I,;), then for all u > 0,
we have P(||al|2 > 2V/d + u) < 2exp(—cu?). Since &, + ~ N (0, rﬁ’jnjl), where I‘glj”_)l <L Tm) < Tav Iy, we have
P(||Zm.tll2 > vTmax(2Vd + u)) < 2 exp(—cu?). Taking the union bound, we have

]P’(there exists m, ¢ such that |, ¢|l2 > v/Tmax (2Vd + u))

<22 B(1@ 0 ells > v/ Trae(2V 4 1)) < Wit exp(—en®) < 5

where the last inequality holds if we pick u > 4/ % log %. This finishes the proof of the first claim in the lemma. Next,
we prove the boundedness of {||x, ¢||2}-

e Case 0: It is easy to check that @, ; ~ N(0, I‘gk’")), where ng’”) < T*m) < Thaxls. The boundedness of
{||Zm.¢||2} can be proved by a similar argument as before, which we omit for brevity.

e Case I: Define &, ; = Tyt — (A(km))t:cm,o ~ J\/(O,I‘Ek’”)). By a similar argument as before, we have with
probability at least 1 — d, [|€m ]2 < C’o\/Fmax(dJr log(Tiotal/6)) for all m,t. Morever, for any ¢ > tynix >
= log(v/2.4), we have [|(AFm))!|| < kap! < 1/2. With this in place, we have

m T’Yl
Tmi10=Tmr, = (AFNTng o4&, and thus

Ttotal
1) )

Recall the assumption that @1 o = 0; by induction, we have ||z, 0|2 < 2Cy \/Fmax(d—i- log(Tiotal/6)) for all
1 <m < M. Now, we have for all m, t,

[Em.tll2 < ||(A(km))twm,0|

1
2 < §||wm,0||2 + \/Fmax(d + IOg

410l < 1A [l2m oll2 + [1€m.,,

2

2+ Hfm,t|

ﬁotal
6

moreover, for ¢ > t iy, since ||(A(k'm))t|| < 1/2, we obtain a better bound

2m,ell < (A% @ 0]l + [|€mell2

Tiotal )
5 )

< KA||mm,0||2 + CO\/Fmax(d + 10g ) < 3Coka \/Fmax(d + 10g

T’total

1 Tiota
5”-’13771,,0“2 + C(O\/Fmax(d + log tTtl) S 200\/FmaX(d + 1Og T)

IN

This shows the boundedness of {||z, ;||2} and completes our proof of the lemma. O



Learning Mixtures of Linear Dynamical Systems

C.2. Proof of Theorem B.1

Theorem B.1 is an immediate consequence of Lemmas C.2 and C.3 below. The former shows the concentration of H;, @Z
around the targeted low-rank matrices H;, G;, while the latter is a result of perturbation analysis.

Lemma C.2. Under the setting of Theorem B.1, with probability at least 1 — 8, we have for all 1 <1i < d,

H 2 tmixd T; d
maX{HHZ‘ - H;||,|Gi - Gz”} < Fiax\/ log® todtal .

Ttotal,subspace

Lemma C.3. Consider the matrix M, = Zlep(k)y(k)y(k)T € R4 where 0 < p*) < 1,2?21 p¥) =1, and
y*) € RY. Let M be symmetric and satisfy | M — M, || < ¢, and U € R K be the top-K eigenspace of M. Then we
have

K
> P y® U Ty |3 < 2K, 31
and for all 1 < k < K, it holds that
2Ke 1/2 2¢ € 1/3
(k) _ T o, (k) ; (k) —C k)
Iy~ UUTy O, < mm{(p(k)) Pl VE (Sl ) @)

For our main analyses in Sections 3.2 and B, we choose the first term on the right-hand side of (32).

C.2.1. PROOF OF LEMMA C.2

We first analyze the idealized case with i.i.d. samples; then we make a connection between this i.i.d. case and the actual
case of mixed LDSs, by utilizing the mixing property of linear dynamical systems. We prove the result of Lemma C.2 for
||G; — G;|| only, since the analysis for | H; — H;|| is mostly the same (and simpler in fact).

Step 1: the idealized i.i.d. case. With some abuse of notation, suppose that for all 1 < m < M, we have for some
km €{1,...,K},

- ~ L
Lm,t) Zm,t " N(Ov I‘(km))a Wm,ts Um,t ' N(O, W(kM))a
Tt = Az twny zmy = ARz v, 1<E<N,

where for all 1 < k < K, it holds that W) T®) x T < T, T,. Notice that cov(z, /) = AFm)TFn) (AK)T 4
w(km) 4 A(km)l"(k"")(A(km)) +W k) =k '") =< I'maxI4. Consider the i.i.d. version of matrix G and its expectation
G; defined as follows:

1 M N T K ~ ~
G =SS (@) ) (2nd)2d) o o= S b T, FO)]
k=1

m=1t=1

where (Y (%)), is the transpose of the i-th row of Y (¥) := AT () For this i.i.d. setting, we claim that, if the i.i.d. sample
size M N satisfies MN 2> d - log(M Nd/$), then with probability at least 1 — 6,

d MNd
IG: — Gi|| T2, mlog?’T, 1<i<d. (33)

This claim can be proved by a standard covering argument with truncation; we will provide a proof later for completeness.

Step 2: back to the actual case of mixed LDSs. Now we turn to the analysis of G, defined in (14) versus its expectation
G; defined in (15b), for the mixed LDSs setting. We first show that G; can be writte as a weighted average of some matrices,
each of which can be further decomposed into an i.i.d. part (as in Step 1) plus a negligible mixing error term. Then we
analyze each term in the decomposition, and finally put pieces together to show that G; =~ G;.
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Step 2.1: decomposition of the index set {2; x €25. Recall the definition of index sets 21, {25 in Algorithm 2. Denote
the first index of ; (resp. 23) as 71 + 1 (resp. 72 + 1), and let A := 75 — 7y be their distance. Also denote N := || =
|Q2] < Tyypspace- Forany ¢ € ; and 1 < j < N, define

t+A+j if t+A+j<m+N,

5j(t) = Cycle(t + A+ j;Q9) = {t +A+j— N otherwise

where Cycle(i; ) represents the cyclic indexing of value 4 on set §2. Then we have

Q1 x Qo = {(tl,tg),tl € Ql,tQ S QQ} = Ué\{:l{(t,sj‘(t)),t € Ql}

‘We further define
Se={n+7+f tmix: 0,74+ ftmx <NV, 1 <7 < tmixs

so that 1 = U mx Sr. Notice that for each 7, the elements of S are at least ¢« far apart. Putting together, we have

Q1 x Qy = UN | Uniy {(t,sj(t)),t e ST}. (34)

Step 2.2: decomposition of (3'1 In the remaining proof, we denote ,, ;' = &, 1+1 for notational consistency. Using
the decomposition (34) of 2 x €, we can rewrite G; defined in (14) as a weighted average of Nt matrices:

N t
—~ 1 1 mix ‘S |
Gi = W Z N2 Z (x;n,tl)iwm7t1 : (:B;n,tg)iwwhh = ZZ 5 Fijor
subspace mEMsubspace (t17t2)691 ><Q2 J 17=1
where
1
Foir = Mommnce 1501 Yo D @nd N (@ 0)i T o) (35)
subspace T 7”6Msubspace teS,
Recalling the definition of &, ; in (30) and I‘ik) in (27), we have
Tt = Tyt + (A(km))tmix_lﬁﬂm,t—tmixﬂ =Tyt + O,
::(sm,,t
where
18m.ell2 < [[(AF Y=ty g1 ll2 < Eap™ T gttt |2, (36)
and &, ; ~ N (0, I‘ 71) is independent of ,, ;. Moreover,
Ty = AF g, w,, = Z, .+ A(k’”)ém,t, where Z, , = A*IZE W,
We can rewrite &, s, (1) = Ty, s T O, s;(¢) and :cm 56 = s;(8) + Ak m)ém s;(¢) in a similar manner. Putting this

back to (35), one has

1
Fi T M- 1S| Lm,t )i Tm wm s i Ln,s; T
” |Msubspace‘ ' |S | Z Z t it ( J(f)) ,85(¢)

T meMsubspace teS,
I menna i ONDD
M 1S
| subspace‘ | 7'| MEMabspace LSy

@+ AEE 0 )i (Tt + Oimit) - (T, O AFE )i B, (1) + O, (1))

1 ~/
" [Mabspacel - 1S i T, (T Lo, s Aijrs 37
|Msubspace‘ : |S7—| me/\;b t; L ( m,$sj (t)) 5(t) + 27> (37)

l

=Lij,r
where A; ; - contains all the {d,,,+} terms in the expansion. The key observation here is that, by our definition of index set
S-, the {Z,,, . } terms in F; ; ; are independent, and thus we can utilize our earlier analysis of the i.i.d. case in Step 1 to
study F; ; -.
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Step 2.3: analysis for each term of the decomposition. Towards showing Gi ~ G;, we prove in the following that
F; ; - concentrates around its expectation G';, which is close to G';; moreover, the error term A; ; - becomes exponentially
small as t,ix grows. More specifically, we have the following:

e Recall the notation th.fx)fl = A(k)l",(ffi)xfl. It holds that

~ T
E[ ij = 7,~— Zp k) Y(k) (Y,(ni) )

Emix

According to our result (33) for the i.i.d. case, for fixed j, 7, we have with probability at least 1 — &,

F M - |S|d
1<i<d, By -Gil S max%Mb o o 15
subspace
Faax tmixd 10g3 Tiotal subspaced. (38)
Ttotal,subspace 1)

e Recall from (29) that || Y (®) — Yéﬂill | < Tmaxti?y p?(tmx=1) | Therefore,

1), v ®), " — (v ®_ )|
I E Yo + 115 Dill2) 1Y ®); — ()il

tmix—1/% mix

< (II(
Y @[+ [y® —y,® ) |y ® -y, ™
(
(

S m|>< m|><
< (2D maxtia + Fmaanpz(tm'* D) - Tnaxtidy p?tmix =1
= (24 &Y 2(tm,x—1)) ) p2tm—1) < 372 e 2 (tmic=1)_
where we use the mild assumption that ¢, > 1+ log '“ , and the fact that ||Y || ||lex71 || < I'maxka. Consequently,
K
G = Gill = 3 p (@) 9T — (v v < o)
k=1

e ByLemma C.1, if tmix 2 1 1og(2/<aA) then we have with probability at least 1 — 4, all the @,,, ;’s and &,, ;s involved

in the definition of A, ; - in (37) have /5 norm bounded by /T'maxpoly(d, k4, 10g(Tiotal/J)). This together with the
upper bound on ||&,, ¢ |2 in (36) implies that for all 7, j, 7, it holds that

| A el < T - poly(d, 4, log tgta').ptmix—l. (40)

Step 2.4: putting pieces together. With (38), (39) and (40) in place and taking the union bound, we have with probability
atleast 1 — ¢, forall 1 <i <d,

N tmix
j=11=1

tmixd T; d dT.
5 F?nax\/ mix 10g3 total,subspace + F?naXHAp2(tmix 1) + F2max poly (d, KA, log gotal) . ptmix71

. S.
IGi — Gil| = TJ'E,j,T—Gi

< max||Fyjr = Gill + |G = Gill + max | Ay |

Ttotal,subspace ]

tmixd Tiotald
Frgnax mix 10g3 total ,
Ttotal,subspace d

where the last inequality holds if tmix 2 12 log (4naliwa) This finishes the proof of Lemma C.2.
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Proof of (33). Define the truncating operator
Trunc(z; D) .=z - 1(Jz| < D), zxeR, D>0.
Consider the following truncated version of CAv‘L
ATrunc 1 v / / '
G; = YN mz::l ; (Trunc((:cmt )Z,; Do)mmt) (Trunc((zmt )i; D0>zm7t>

(the truncating level Dy will be specified later), and let E™¢ := E [C:‘;r””‘c] be its expectation. In the following, we first
show that G]™"° concentrates around E;™", and then prove that E]"" ~ G;.

e By a standard covering argument, we have

||G;I'runc _ E;rruncH — sup ’U.T (Gg'runc _ E;I'runc),v < 4 sup ’LLT (G;I'runc _ EiTrunc),v,
u,veSI-1 u,vEN /8

where V7 /5 denotes the 1/8-covering of the unit sphere S9! and has cardinality |} /8l < 327, For fixed u, v € NV} /85

one has
| Mo
uTGI”‘“C'u = UN 2_:1 ; Trunc((:cm,t’)i; Do)uTmmt . Trunc((zmyt’)i; DO)'Usz,ta
where (cf. Chapter 2 of (Vershynin, 2018) for the definitions of subgaussian norm || - |4, and subexponential norm
[N 7
Trunc((xm,t/)i; DO) y Trunc((zm,t/)i; DO) < Dy, HuTmm,t”wza Hszm,t”wg S I'max-
Hence
’ Trunc((xm7t’)i; Do)'u,Ta:Wt . Trunc((zmt')i; D0>szm7t < D%Fmax,

1
and by Bernstein’s inequality (Corollary 2.8.3 of (Vershynin, 2018)), we have

. 2
P ’uT (GiT”‘”C - EJ’”“C)U’ >7| <2exp fcoMN<%>
DI max

forall0 < 7 < D%Fmax. Taking the union bound over u, v € N; /8> We have with probability at least 1 — /2,

~ d+logt 1
|GT™ = BI"|| < DETmax T?Vg‘s, provided that MN 2 d + log 5
e Note that
K
|G — E[™|| = Zp(k)]Ewt,thN(o,f“(k)) [((wt’)i(zt’)i - Trunc((a:t’)i)Trunc((zt’)i))aztth ;
k=1

where for each k,

B, 2 N (0.50) {((mt/)i(zt/)i - TVUHC((mt/)i)TfunC((zt/)i)):vtth

= sup
w,veSI—1

B, 2o (0,50) [(wt/)i(zt/)iuthszt : (1 —1(|(=¢')s] < Do, |(z)i] < Do))} ’
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< sup \/IE((mt’)i(zt’)iuT:chzt)Q\/E(l —1()(as)i] < Do, |(2)i] < Do))2

u,vesSi-1

max\/P |N 0 Fmax)' > DO)

D?
< F?nax exp (clf o ) .
max

Finally, notice that if the truncating level Dy is sufficiently large, then we have CAli = CAJZ-T”'”C with high probability. More
formally, we have shown that for fixed 1 <4 < d, if MN = d + log(1/4), then

-~ d+1lo D?
]P<||GZ - Gl” S Dgrmax Wgﬁ + Frznax exp <01F 0 > )
max

0
>1-2- ;P(um,ym > Do or [(zm1')i] > Dy)-

If we pick the truncating level Do =< /T’ max log(M N/§), then it is easy to check that with probability at least 1 — 4,

/d+1og d MN
< 2 =N v 3 Y
HG G ” D max max MN log 5

Taking the union bound over 1 < ¢ < d finishes our proof of (33). O

C.2.2. PROOF OF LEMMA C.3

Define A = M — M,, and denote the eigendecomposition of M, and M as M, = U,kA*U*T and M = UAU" +
U A, UI, where diagonal matrix A (resp. A,) contains the top-K eigenvalues of M (resp. M, ). Then we have

K
A=UTMU=UMU+UTAU=Y pPUTy®y® U +UTAU,
k=1

K
A* - UIM*U* - Zp(k)U:y(k)y(k)TU*
k=1

Substracting these two equations gives

K
Zp(k) (ij(k)y(k)TU* - UTy(k)y(k)TU) =A,-A+U"AU.
k=1

Taking the trace of both sides, we get

K
S p (10T y M3 - 1UTy M 3) = Tr(A. - A) + Te(UT AV).
k=1

On the left-hand side,
Uy @15 = [UTy® 3 = 1y® )5 = [UTy P[5 = ly™ — U Ty® |3 >0,

while on the right-hand side,

K ‘
®
Tr(A ~A) =Y ()\k(A*) - )\k(A)) < K|A| < Ke, TrUTAU)<|A| - Tr(UTU) = |A| - Tr(Ix) < Ke,
k=1
where (i) follows from Weyl’s inequality. Putting things together, we have proved (31), which immediately leads to the first

upper bound in (32). The second upper bound in (32) follows from a simple application of Davis-Kahan’s sin © theorem
(Davis & Kahan, 1970), and the third term is due to Lemma A.11 of (Kong et al., 2020b); we skip the details for brevity.
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C.3. Proof of Theorem B.2
Our proof follows the three steps below:
1. Consider the idealized i.i.d. case, and characterize the expectations and variances of the testing statistics computed by
Algorithm 3;

2. Go back to the actual case of mixed LDSs, and analyze one copy of statr 4 or staty, ; defined in (18) for some fixed
1 < g < G, by decomposing it into an i.i.d. part plus a negligible mixing error term;

3. Analyze median{statr 4,1 < g < G} and median{staty 4,1 < g < G}, and prove the correct testing for each pair of
trajectories, which implies that Algorithm 3 achieves exact clustering.

Step 1: the idealized i.i.d. case. Recall the definition of staty in (19) when we first introduce our method for clustering.
For notational convenience, we drop the subscript in staty, and replace @11, 211 With o', z;’; then, with some elementary
linear algebra, (19) can be rewritten as

d
1 1
stat = Z <U T Z x )iz — (2)iz1) UZT Z x )iy — (2 )zzt)>
i=1 teQ |Q2| teQ,
< \Q | Z vec(z () zi(z')"), U Z vec(z () —zt(zt’)T)>,
te teQ
where we define a large orthonormal matrix
u, o ... o0
v=|% U2 | epetxar @)

P (|
o ... 0 U,

In this step, we consider the idealized i.i.d. case:
te Ql U Qg, Ty Ifl\sj ./\/‘(07 f‘(k)), we I:\'Ei./\/'(o7 V‘N/(k)), (Bt/ = ﬁ(k)wt + wy,
zZ¢ I’I\(Jj N(O, f(l)), Uy IJ\S’N(O, "/“"/(l))7 Zt/ = A(Z)Zt + Uy,

where f‘(k), f‘(l), ﬁ//(k), W are d x d covariance matrices, and g(k)7 AW are d x d state transition matrix. Our goal is to
characterize the expectation and variance of stat in this i.i.d. case.

Before we present the results, we need some additional notation. First, let {e; }1<;<q4 be the canonical basis of R4, and
define

y® — AR
(k) . (g(k) ® Id) ((f(k))1/2 ® (f(k>)1/2) (Id2 n p) ((f(k))1/2 ® (f(k)>1/2) ((g(k))T ® Id),

where P € RT x4 jg g symmetric permutation matrix, whose (4, j)-th block is e; e;r e R¥™? 1 <4,j<d. Let IN/(I), >
be defined similarly, with A®) T'(*) replaced by AW, T, Moreover, define

Kk = UTvec<(1~’(k) — ?(l))T) e R, (42a)
Y :UT(E(’C)+W( @ T® L »® +Wl)®1—wl))U€]RdK><dK (42b)
Now we are ready to present our results for the i.i.d. case. The first lemma below gives a precise characterization of E[stat]

and var(stat), in terms of pj; and Xy, ;; the second lemma provides some upper and lower bounds, which will be handy for
our later analyses.
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Lemma C.4. Denote N = min{|Qy |, |Q2|}. For the i.i.d. case just described, one has

1 2
Elstat] = [|pr,ll3, var(stat) < mTf(Eﬁ,z) + Nullzk,zuk,z,

and the inequality becomes an equality if |01 ] = |Qz] = N

Lemma C.5. Consider the same setting of Lemma C.4. Furthermore, suppose that

IO IO Toody, WO WO WDy, AP JAD| < kg

for some 0 < Whax < Umax and k4 > 1. Then the following holds true.
e (Upper bound on expectation) It holds that
Efstat] = |peall3 < [Y® YO (43)
e (Lower bound on expectation) If y (%) =+ YD and subspaces {U, }1<i<q satisfy

1<i<d, max{I(F0); = U0 (¥ O)ill, [(FO); U0 T (Y O)ifla}p < e (44)

for some € > 0, then we have
Efstat] = [|ps[|2 > [¥ ) —¥VO|* - 462 (¥ E); + (YO,

o (Upper bound on variance) The matrix Xy, ; is symmetric and satisfies

0 Zkl GrmaxfiAIdK,

this, together with the earlier upper bound (43) on || 1||3, implies that

1 2 r2_ k2> T2 k2%~ .
var(stat) < WTV(Zi,l) + Nﬂ';lzk,lﬂk,l N <NA> dK + TA”Y(k) - Y(I)H%-

Step 2: one copy of staty ,, statr , for a fixed g. Now we turn back to the mixed LDSs setting and prove Theorem B.2.
Let us focus on the testing of one pair of short trajectories {@,, ¢}, {®m, ¢} for some mi, ma € Moiustering, M1 # Ma.
For notational consistency, in this proof we rewrite these two trajectories as {x;} and {z;}, their labels k., , k,, as k, £,
and the trajectory length T¢jystering as 1', respectively. Also denote x; = xyq and 2, == z; 1. Recall the definition of

{staty,4 }1<g<q in (18b); for now, we consider one specific element and ignore the subscript g. Recalling the definition of
U € R %K in (41), we have

staty = Z< Z U (& )iz, — izt Z U; T ((x)ize — (zt’)l-zt)>

teQ, teQ2
1
= <UTN t;; vec(a:t(a:t’)T — zt(zt’)T),UTﬁ t;; vec(a:t(azt’)T — zt(zt’)T)>,
1 2

where N = |T/4G| = |1] = [Qa].

In the following, we show how to decompose staty into an i.i.d. term plus a negligible mixing error term, and then analyze

each component of this decomposition; finally, we put pieces together to give a characterization of staty, or {staty 4 }1<4<a
when we put the subscript g back in at the end of this step.
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first index of €27, and the mixing time ¢,;x will be specified later; define S 2,72 similarly. Note that for each 71, the elements
of ST are at least tp;, far apart; moreover, we have Q; = UtTTi;lSLﬁ ,Qy = Utgi;182772, and thus

Step 2.1: decomposition of staty. Define S¥™ = {t; + 71 + f - tmix : f > 0,71 + f - tmix < ||}, where t; + 1 is the

1 G RN |
N Z vec(zi(ze) | — 2(2)") = Z N Z vec(my () — z(2) "),

teQ T1=1 tesStm1
1 NT NTY < |S2’T2‘ 1 NNT NNT
N Z vec(zy(z) ' — z(z)") = Z TN Z vec(my(z,) | — ze(2/) ).
teQs To=1 teS2:m2
Therefore, we can rewrite staty as a weighted average
staty = Z Z w™ 7 . staty)’™,  where
T1—= 17’2 1
|817T1 | ‘82’7—2| tmix  tmix
w™T? = —z Z Z w™™ =1, and
T1:1 72:1
1 1
staty "2 = <UT Y Z vec(zi(ze) " — ze(2))"), UT 5o Z vec(zi(z) " — Zt(Ztl)T)>. 45)
teShm1 teS? 2

We can further decompose staty/’™ into an i.i.d. term plus a small error term. To do this, recalling the definition of Z,,, ; in
(30) and dropping the subscrlpt m, we have

k) tmix—1 ~ ~
z, = AW Ti_to1 T Ty = Og ¢ + Ty,

=05t
SCt/ = A(k)$t + w; = A(k)st + (A(k)it + wt) = A(k)(sg;7t + i;,
—————
=T,

where z; ~ N (0, I‘E:i)xfl). Similarly, we rewrite 2, = 0, ; + 2, 2’ = A(f)ézyt + z;. Plugging these into the right-hand
side of (45) and expanding it, one has

T1,T2

T T1,T2
staty)’™ = staty’ - + AP, where

1 -~ o~
S| Z vec(z(z) " —z(2) "), U
teShm1

1
827

staty |~ = <UT

S vec@ (@) - z(z)")),

teS2 2

and A}'™ involves {4, ;, 0, ¢} terms.

Step 2.2: analysis of each component. First, notice that the {Z;, z; } terms in the definition of sft\a/t;/l’T2 are independent;
. . ——T1,T: . . . .. .
this suggests that we can characterize staty1 * by applying our earlier analysis for the i.i.d. case in Step 1. Second,

ATF™ involves {8, 1,8, ¢} terms, which in turn involve A(k)tmix_l, A®O™ " and thus will be exponentially small as # iy
increases, thanks to Assumption 3.1. More formally, we have the following:

e Applying Lemmas C.4 and C.5 with (I® T1) = (I‘Eii_l,I‘(iL 1) (W(k),ﬁ}(l)) = (W® W) and
(AR AD) = (A® | A®) we have

——T1,To

E[staty ] = ||U "vec((Y;" (k) N A

1) o

~ tmix— tmix—1 |

2,2
var(staty ") < <FmaiRA> dK + FmaXKA HY(’C A -
N

where N := min{|SV™|,|8%72|} = N/tmix.



Learning Mixtures of Linear Dynamical Systems

e By Lemma C.1, with probability at least 1 — d, all {z;, Z;, 2, 2 } terms involved in the definition of AJ}*™ has (5
norm bounded by /I'maxpoly(d, k4, 10g(Tiotal/9)). This implies that

AR | < T2, poly(d,a log t(‘;ta')-ptm“‘l-

Step 2.3: putting pieces together. Putting the subscript g back in, we have already shown that

tmix  tmix

staty , = E E w™ ™ - staty! "

T1= 1T2 1

tmix  tmix tmix  tmix

_ Z Z W™ . sta tTyl;Z + Z Z w2 . ATyl,;;? _ Sft\aviy,g +AY,g7

T1—= 17’2 1 T1:17'2:1

=:S’t§fyy g ::Ay‘g
where

E[staty,y] = ||UTvec((Y,"_, —v,\_,

HT

T 2 I2
var(staty,4) < maxvar(staty ) < < m}’\’f“‘) dK + m;’\’;ﬁA HY(k

T1,T2 trnlx tmlx_l HF’

|Av,g| < max AP < To,, poly(d ka,log t;“') it

So far in Step 2, we have focused on the analysis of staty,,. We can easily adapt the argument to study statr , as well;
the major difference is that, in Step 2.2, we should apply Lemmas C.4 and C.5 with (I'®) T() = (F(:.)xfl’ I‘([) ),

tmix—1

(W(k), W(Z)) = (0,0), (A®, AD) = (I, I,), and subspaces {U;} replaced by {V;} instead. The final result is that, for
all1 < g <G,

statp 4y = S,t\EFE["g + Ang,
where
E[statr 4] = HVTvec((I‘(k_) I‘(ﬁ)

tmix tmix— H 27

2,2\ 2
var(statr ;) < (Fmaﬁ"A) JK + Fm;m” B O

tmix — Emix F’

T _
|Arg| < Thu - poly(ct Ka,log t(;a') - plm

Step 3: analysis of the medians, and final results. Recall the following standard result on the concentration of medians

(or median-of-means in general; see Theorem 2 of (Lugosi & Mendelson, 2019)).

Proposition C.6 (Concentration of medians). Let X1, ... Xg be i.i.d. random variables with mean i and variance o>.

Then we have |median{X,,1 < g < G} — u| < 20 with probability at least 1 — e~ for some constant cq.

Notice that by construction, {staty 4 }1<,<¢ are i.i.d. (and so are {statr ,}1<,<g)- Applying Proposition C.6 to our case,
we know that if G 2 log(1/0), then with probability at least 1 — ¢, the following holds:

o If k =/, i.e. the two trajectories are generated by the same LDS model, then

median{statr 4,1 < g < G} + median{staty 4,1 < g < G}
< median{statr 4} + median{staty,} + max |Ar ,| + max Ay ,|
g 9

stat iyt T
< 24/var(statr 4) + 24/var(staty,4) + T2, - poly(d ka4,log t°ta') . ptmix—1

1)
2, k3 VdK
< —maxfAVED I +T7 poly(d Ka,log tgta') cphm (46)
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e On the other hand, if k # £, then

median{statr 4,1 < g < G} + median{staty 4,1 < g < G}

> median{statr , } + median{staty,,} — (max |Ar g| + max |Ay’g|)
g g

stat stat tat o T
> Elstatr ¢] + E[staty,g] — 2(\/var(statp g)+ var(statyg)) 2. poly(d Ka,log t°ta'> ptmic =1

5
2
> HV—rvec((I‘lgki)x I‘Eilel H + HUTvec (Y(k) —Y;ffx)fl)T)H?
maXH Xlﬂ‘/
p (Toe VO Dot (4~ 20 e+ 1V, - ¥ ) )
N N
T,
—Tﬁqax~poly(d,f~m7log tgta')-ptm“‘l- (47)

We need to further simplify the result (47) for the k # ¢ case. According to (28) and (29), we have

1Y ® — ¥ lp < DraeVdr? p2tm=l) = e,

Emix

T — I‘,ﬁ’jix_l\IF < T VdrZ p2 D < e

which implies that

I8 1 = Ti il < T = PO+ 26
2
|V Tvee((rif)_, — () )7 )H2 > max { [V Tvec (D) = D)) |, — 26,0}

2
> HVTvec((I‘(k) —TE)T) H2 — demix

V Tvec((T™) — r<4>)T)H
2

2
> HVTvec((I‘(k) — I‘(Z))T)H2 — demix| TR — 1O,

We can do a similar analysis for ||thn]fx)_1 — thfx)_l |lr and HUTvec((thn]fx)_1 — Y;ffx)_l)T) 2. Moreover, we claim (and
prove later) that if the subspaces {V;, U; } satisfy the condition (25) in the theorem, then

2 2
HVTveC((F(k) _ F(E))T)HQ + HUTVEC«YUC) — Y(@)T)H >

1 .
L2 2 (IP9 —TOR |y ® -y OR). @)

Putting these back to (47), we have for the k& # ¢ case,
median{statr 4,1 < g < G} + median{staty 4,1 < g < G}
2 2
> HVTvec((I‘(k) - I‘(Z))T)H + HUTvec((Y(k) — Y(e))T)H
2 2

- 4emix(||r<’“> ~TOp + Y - YOI

_ CO( max’{A v
N

2
m;\xan (Hr(k) _ I\(e)HF + ”Y(k) — Y“)HF + 4emix))

Tiotal ) tonix— 1
6 p
l

> S(IT® TR+ )y ® — Y O2) —0.01(Jr® O + [y P - YO |2)

_01< ”’“H"‘F ”‘““Vl\r <f>%+Y<k>—Y<z>%)

1—‘r2na>( p0|y (da KA, log

—T2_ - poly(d KA,log

~
—_

total tmix— 1

P
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(i)
> 048(|T® O+ Y ® -y )

01< e IR [Toedd firw x4 [y ® - YOl ), @9)

where (i) holds if ¢ = log(( A+ 2)dk 4) so that €mix < 1073Ar )y, and (i) holds if tmix = 1 5 log(( An +
2)7‘1’“5‘“3') sothatT'Z_ - poly(d KA, log Tm‘) ptm Tt <107PAR

Putting (46) and (49) together, we can finally check that, if it further holds that N =< N [tmix 2 F’“BXKA K+ 1, then we
have with probability at least 1 — 9,
< §A%y if k=2

median{statr ,} + median{staty 4} < _ f ,
! Tz IT® —TOR + YW - YOIR) > §A%, if k#L

This together with our choice of testing threshold 7 € [A% v/8,3A2 R% /8] in Algorithm 3 implies correct testing of the two
trajectories {;}, {2 }. Finally, taking the union bound over all pairs of trajectories in M justering leads to correct pairwise
testing, which in turn implies exact clustering of M.justering; this completes our proof of Theorem (B.2).

C.3.1. PROOF OF LEMMA C.4

We first assume |21 | = |Q3]| = N for simplicity. Recall that

stat = <UT o] Z vec(zi(z,) " — Zt(zt/)T),UTﬁ Z vec(zy(z) " — Zt(ZtI)T)> = (a,b),

teQ teQs

=:b

I
Qe

where a, b € R*¥ are i.i.d., and
Ela] = E|:UTVGC<IBt(IBtI)T - zt(zt')—r)} = UTvec<(1~/(’“) — }7(”)—'—> = Wy

Therefore, we have the expectation
E[stat] = (Ela], E[b]) = || t.1l5-

It remains to compute the variance var(stat) = E[stat?] — E[stat]?, where
Efstat’] = E[(a'b)?] = Tr(E[bb' |E[aa']) = Tr(E[aa']?). (50)
Here E[aa "] = E[a]E[a] " + cov(a), and since a is an empirical average of N i.i.d. random vectors, we have
cov(a) = %cov(f), where f = U "vec(z:(z:)" — z:(2) ") € R4,
For now, we claim that
cov(f)=UT (W Wk gT® 1 20 L Wb o TOU =3, (51)

which will be proved soon later. Putting these back to (50), one has

1
Elaa”] = cov(a) +E[am[af = S+ il

Elaa')? = Ek 1t (Ek g Bt Se) + (il B ek,
and finally
var(stat) = E[stat?] — E[stat]? = Tr(E[aa ' ]?) ];QT (Zh)+ ;uk 1k 1
which completes our calculation of the variance for the case of |Q2;| = |Q22] = N. For the more general case where

(without loss of generality) [Q2;| = N < |Qs], we simply need to modify the equation (50) to an inequality E[stat?] =
Tr(E[bb " |E[aa"]) < Tr(E[aa]?), and the remaining analysis is the same. This finishes the proof of Lemma C.4.
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Proof of (51). For notational simplicity, we drop the subscripts ¢ in the definition of f. Then we have f = U " vec (a:(m’ )T —
z(2')"), and hence

cov(f) = UTcov(vec(w(az’) - z(z’)T))U =U" (cov(vec(w(w’)T)) + cov(vec(z(z’)T)))U, (52)

where the second equality uses the independence between (z, z’) and (z, 2').

Let us focus on cov(vec(z(x’) ")). For notational simplicity, for now we rewrite A® Wk T*) a5 A W, T. Define
y = I'"1/2x¢ ~ N(0,1,), and recall that ' = Ax + w where w ~ N (0, W). Using the fact that vec(ABC) =
(CT ® A)vec(B) for any matrices of compatible shape, we have
g = vec(m(a:')T) =vec(xx' A") + vec(zw ")
= (A® Iy)vec(za ) + vec(zw ") = (A ® I;)vec(T/?yy 'T?) 4 vec(zw ")
= (A I)(TY? T ?)vec(yy ") + vec(zw ") = g1 + go.
—_———

=g1 =92

Note that E[gz] = 0, E[g] = E[g], and E[g;g, | = 0. Hence

cov(g) = Elgg '] — ElglE[g] " = cov(g1) + Elgzg; |. (53)
For the second term on the right-hand side, we have

w1
gs = vec(:c'wT) = S E[ggg;] = E[[wiwjmmT]lgmgd} =WQT;

Wqd

as for the first term, we claim (and prove soon later) that
cov (vec(ny)> —I;+P, (54)
which implies that

cov(g1) = cov((A® I,)(T/2 @ T /?)vec(yyT))
— (A® I)(TY? @ T?)cov (vec(ny)> (T2 o TY2)(AT @ I,)
= (A L) aT"?)(Ip + P)TV? oT'?)(AT ® 1y).
Putting these back to (53), one has
cov(vec(z(x') ")) = cov(g) = (A@ I))(TV2 @ TV?) (I, + P)(TV2 0TV (AT @ I)) + W T,
which is equal to X*) + W #) @ T*) if we return to the original notation of A®) W) T(*)_ By a similar analysis, we

can show that cov (vec(z(z')T)) = = + W @ T(). Putting these back to (52) finishes our calculation of cov(f).

Finally, it remains to prove (54). Denote
Ny
w=vec(yy') = :
Ydy
Then E[u] = vec(I,), and thus E[u]E[u]" = [eie;r]lgingd. Next, consider

']

Eluu"] = E|[yiy;yy  i<ij<d|-
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e Fori = j,
3 if k=1(0=4i,
Ely?yeye] =1 if k=(+#1,
0 if k£,

and hence E[y?yy '] = I, + 2e;e, .

e Fori # j,
1if k=i l=j or k=jl=i,
E[yiy;yeye] = 0 otherwise,

and hence Ely;y;yy | = eiejT +eje; .

Putting together, the (4, 7)-th d x d block of cov(u) = E[uu'] — E[u|E[u] is equal to I + e;e; if i = j, and e e,
if i # j. In other words, cov(vec(yy ")) = cov(u) = I 2 + P, where P = [e e, |1<i j<aqis a symmetrlc permutation
matrix; this completes our proof of (54). ]

C.3.2. PROOF OF LEMMA C.5

First, it holds that

d
fZHUiT((ff(k))i H ZH (YO, — (YO, H — W 02,

i=1
which gives the upper bound on E[stat] = || ||3. For the lower bound, the triangle inequality tells us that

[T (@)= @), = JotsT (@9 = T (FO, 2 max {[(FO): = F Ol — 26,0},
which implies that
~ ~ 2 ~ ~ ~ ~
[T (@®); = @O 2 17O = FORIE - 4l (TO)i - (T Ol
2

and hence

d
el = D2 ||oiT (@)~ )| ZH T, - (FONE 163 (T, - (T Ol
i=1 i=1

= ||ff(k) _f/(l)||2 462” Y(k) Y(l)) ll2.

It remains to upper bound 3, ;. Recall the definition
S =U"(E® 4+ Ww® or® 20 4L wb orO)u.

We will utilize the following basic facts: (1) for square matrices A and B with eigenvalues {);} and {1, } respectively,
their Kronecker product A ® B has eigenvalues {\;y; }; (2) For matrices A, B, C, D of compatible shapes, it holds that
(A® B)(C ® D) = (AC) ® (BD). These imply that

0 WH@T® < [WHITW | Iz < Winax a2,
and
0< 2k = (A( )®Id) (( ()2 g (T (k>)1/2) (Id2 +p) ((fac))l/z ® (f(k))1/2) ((gwc))T ®Id)

< Q(A“(k) ® Id) ((r(m)m (T ))1/2> ((f(k))1/2 ® (f(k))1/2> ((j(k))T ® Id)
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— 2(;(@ ® Id) (f(k) ® f(k)) ((gw)y ® Id)
o2 (AW ® Id) ((lii(k))T ® Id)

=212, (AW(AM) ) @ I, < 213

N

2
maxHAIdz .

Using the conditions Wax < I'imax and k4 > 1, we have

2® L WH® @ T®) < (WinaxDmax + 202, 5% ) L2 < 302

max max'ka.%xId2 .
We can upper bound £(9 + WO @ T® by the same analysis. As a result,
S S UT(6T2,, k4 12)U =612, k43U U = 612, k4 Lix,

max max

which finishes the proof of Lemma C.5.

C.3.3. PROOF OF (48)

Let € be the right-hand side of the condition (25) on the subspaces. Then, applying the second point of Lemma C.5 (with
Y® =y ®) Yy = y©)tells us that
.-

2 9 d
[ vee(r® =y O, = [ =¥ O —ae 37 - v Ol

> Y9~ YO} — 4V Y S — YO,

where the last line follows from the Cauchy-Schwarz inequality:

d d
SO - (VO 243 ¥, (YOI = vy ¥ O]
=1 i=1
We can lower bound ||V Tvec((T'*) — T'(©))T)||3 similarly. Putting pieces together, we have

2

2
|V Tvec(@® =17+ [0 vec((¥® — ¥ ©)7T) ||

[0® — 2O+ ¥ — YO —4eVa(I0® —TOfle 1 ¥ — ¥ O |y)
(Im® = Oz [y ® -y O2),

Y

Y

1
2
where the last inequality is due to the assumption € < Ap y/ V/d. This completes our proof of (48).

C.4. Proof of Theorem B.3

It suffices to prove the error bounds for one specific value of &, and then take the union bound over 1 < k < K. For
notational convenience, in this proof we rewrite 7% A% A(0) W k) W k) a5 T, A, A, W, W, respectively. We will

total?
investigate the close-form solution A, and prepare ourselves with a self-normalized concentration bound; this will be helpful

in finally proving the error bounds for ||A — A|| and ||ﬁ7 -Ww|.

Step 1: preparation. Recall the least-squares solution
~ —1
T T
A-(Y Y mwm ) (XY mewn)
mEC, 0<t<Ty, —1 meCy, 0<t<T,,—1

Using the notation

— T Txd — T — T
X = Lo, t eR ) X+ = | Tmt+1 ) N = Wt )

)

0<t<Ty,—1,meCy
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we have R
X[ =AX"T+N", A=X[XX"X)'"=A+N"X(X"X),
namely R
Ay =A-A=N"TX(X"TX)L (55)
We will utilize the following matrix form of self-normalized concentration; see Lemma C.4 of (Kakade et al., 2020).

Lemma C.7 (Self-normalized concentration, matrix form). Consider filtrations {F;}, and random vectors {x:, z;} sat-
isfying T, € Fy_1 and z¢|Fi—1 ~ N(0,1,). Let V € R4 pe a fixed, symmetric, positive definite matrix, and denote
Vo= 23;1 xix; | + V. Then with probability at least 1 — 0,

T JR—
— 1 det(V )
1/2 T < - N
H(VT) <tE=1 T2t )H < \/d+log 5 + log et (V)

Step 2: estimation error of A. Let us rewrite (55) as
Al =(XTX)"V2(XTX)"V2XTN. (56)

It is obvious that X " X plays a crucial role. Recall from Lemma C.1 that with probability at least 1 — §, |€m,tll2 < Dyec
for some Dyec < v/T'max - poly(d, k.4,10g(Tiotal/9)). Then trivially we have the upper bound

XX < D?

vec

T -I,=V,.

For a lower bound, we claim (and prove later) that with probability at least 1 — 6,

Pmax £adTtotal ) . (57)

1
XTX = gT ‘W = Vj, providedthat T 2 x2d-log <Wmin 5

Now we are ready to control Hﬁ — A|l = ||A4]|. From (56), we have
IAAl < I(XTX)72)- (X TX) 72X TN

First, the lower bound (57) on X " X tells us that [|[(X " X)~"/2|| < 1/\/T - Amin(W). Moreover, applying Lemma C.7
with V' = V},,, one has with probability at least 1 — 9,

1
5

det(‘/Up + ‘/Ib)

1
o8 T e (V)

IXTX)"2X TN S I(XTX +V)2XTN| S IW”Z\/dHOg

< VI - tog (o T 5

Wmin

Putting these together, we have

1 I'max dsaTiotal \/d * Ry Pmax dkaTiotal
Ayl S ——— V[W]y/d -1 2 < 1
|| AH ~ T- )\min(W) || |\/ ©8 (Wmin 6 ) ~ T Og(I/Vmin 5 ),

which proves our upper bound for ||A — A|| in the theorem.

Step 3: estimation error of W. By the definition of Wy, ; = Ty 141 — ATt = Wit — A ATy, ¢, We have

o~

— | T Txd
N=|w,,| €R ,

N =NT-A,X"=NT-N'X(X'X)'X ' =NT"(Ir - X(X'X)"'X").
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Notice that Iz — X (X " X)~!X T is a symmetric projection matrix. Therefore,

ol 1
W = T]/\T\TN =N (Ir - X(X"X)"'X")N,

and thus

o~

1 1

(59)

The first term on the right-hand side can be controlled by a standard result for covariance estimation (see Proposition D.1):

with probability at least 1 — 4,

1 d+logi
—NTN—WH< w285
|7 SIWi —

.
%NTX(XTX)*XTN - %((XTX)*/?XTN) ((XTX)*l/QXTN).

As for the second term, we rewrite it as

Applying our earlier self-normalized concentration bound (58), we have

[ W Jog e 22

T

1
H?NTX(XTX)*IXTNH <
Putting these back to (59), we have
—~ 1 1
W —-W| < IITNTN W+ IITNTX(XTX)”XTNH

d+log i d- log(% dﬁAaTtotal Fmax dﬁAngﬂ)
Té + W] i < W Wi

)

S W

where the last inequality uses 7' 2 d - log( TR M) This finishes our proof of Theorem B.3.

C.4.1. PROOF OF (57)

We start with the following decomposition:

XTX =3 3 wwamnd = Y Y T

meCy, 0<t<T,,—1 meCy 1<t<T,,—1

mMEC, 0<t< Ty, —2 MECK 0<t<Ty, —2

T
E § W, tWm,t

meCy, 0<t<T,,—2

E : § : T AT T T AT
+ <Awm,twm,t A + Awm7twm,t + W tLm,t A )
meCy 0<t<T,, —2

=Q
-P+Q.

Lower bound for P. By Proposition D.1, we have with probability at least 1 — 9,

1 d+log % 1
| P = W[ S W 2 < Ain(W) - I, provided that T > w2 (d + log 5 ).
T~ [Ch] T 5

As a result, we have T*1|Ck| P = 1W, which implies P 3= 1T - W.

Z Z mm,t—&—l-'Bm,t—‘,-lT = Z Z (Amm,t + wm,t)(Amm,t + 'wm,t)T

(60)
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Lower bound for Q. Let NV, be an e-net of the unit sphere S%~! (where the value of 0 < € < 1 will be specified later),
and let 7 be the projection onto ;. Recall the standard result that |N;| < (9/€)%. Moreover, for any v € S?~1, denote
A, = v — m(v), which satisfies || Ay||2 < e. Then we have

Amin(@) = inf 0T Qu=inf (n(v) + Ay) Q(r(v) + Ay)

1

> inf 7(0)Qr(v) — (2e+€)|Q] = inf v Qu—3¢|Q]. (61)

veSI—1

For ||Q]|, we simply use a crude upper bound, based on the boundedness of { ||, ¢||2} (Lemma C.1): with probability at
least 1 — ¢, one has

1
Q< > Y (Il 4@wall3 + 21 Aznillz[wim.cll2) S T - Ply (.45, Totar, 5 ). (62)

)
meCy OStSTWL_Q

Next, we lower bound inf, e, vTQv. First, consider a fixed v € AN; denoting Ymit = ATy and Uy, =
W12, ; ~ N(0, 1), we have

T T 2 T T 1/2
vIQu=) ) @lyn)’ 23 Y vy W,
meCy 0<t<T,, —2 meCy 0<t<T,, —2

where u;twl/ 2v ~ N(0,v" Ww). Lemma D.2 (the scalar version of self-normalized concentration) tells us that, for
any fixed A > 0, with probability at least 1 — 4,

S Y Vwul W VW (5 S @) g s )

meCy 0<t< Ty, —2 meCy, 0<t<Ty, —2 Ao
A 1 1
> VWG Y X 07y +5los5).
meCy 0<t<Ty, —2
Replacing § with §/(9/¢)¢ and taking the union bound, we have with probability at least 1 — §, for any v € N,

QU= Y Y @ VIWI(A Y S Ty G log? +log )

MEC) 0<t< Ty, —2 mEC), 0<t<Tp, —2

SOV Y Y 0Ty VW (4 tog Y 4 log ).

mEC), 0<t<Tp, —2

With the choice of A = 1/4/||W|, this implies

9 1
v ' Qu > —2|W|(d-log = +log ), forall we N (63)
€

Putting (62) and (63) back to (61), we have with probability at least 1 — 4,
1

9
. T
hin(@) = inf. v Qu—3e[Ql = ~Co IW)(a-log 4 10g ;

1
) + 6]-—‘ma\x . P0|y(/€A, d7 CZ—‘totalv 5))

for some universal constant Cy > 0.

Putting things together. Recall the decomposition X T X = P + @ in (60). We have already shown that if T >
r2,(d + log %), then with probability at least 1 — 4,

1

0

1
XTX¢P+Q>;4T-WC’O<||W||(d~10g2+log 5

1
) + el max - P°|Y(/€A,da Tlcotal; )>Id

It is easy to check that, if we further choose

1
[ 1T s
p0|y(’€Aa da ﬂotala 5 w}r:lxn )

Imax £adTtotal )

> k2.
T 2 Kk,d log(Wmin 5

then we have X " X = 1T - W, which finishes the proof of (57).
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C.5. Proof of Theorem B.4

In this proof, we show the correct classification of one short trajectory {@., : to<i<7,, (With true label k,,) for some
m € Mpassification; then it suffices to take the union bound to prove the correct classification of all trajectories in M gjassification-
For notational simplicity, we drop the subscript m and rewrite {@,, ; }, T, km as {x;}, T, k, respectively. The basic idea
of this proof is to show that

L(A®, W) > (AW, W) (64)

for any incorrect label ¢ # k, where L is the loss function defined in (23) and used by Algorithm 5 for classification. Our
proof below is simply a sequence of arguments that finally transform (64) into a sufficient condition in terms of the coarse
model errors € 4, ey and short trajectory length 7.

<

Before we proceed, we record a few basic facts that will be useful later. First, the assumption ||W(k) ~WH|| <ew
0.1Win implies that Apin (W) > 0.9\ (W), and W *) is well conditioned with (W *)) < (W H) < ¢
Morever, by Lemma C.1, with probability at least 1 — &, we have forall 0 < t < T,

e InCase 0, |z¢]|s < D, < \/Fmax(d + log T‘g“‘ ), provided that T 2> 1;

e InCase I, [|[x¢]2 < D, < KA\/FmaX (d+log T‘°‘a‘) provided that T' > 11— ; log(2K.4).

Now we are ready to state our proof. Throughout our analyses, we will make some intermediate claims, whose proofs will
be deferred to the end of this subsection.

Step 1: a sufficient condition for correct classification. In the following, we prove that for a fixed ¢ # k, the condition
(64) holds with high probability; at the end of the proof, we simply take the union bound over ¢ # k. Using ;1 =
A®) g, + w,; where w; ~ N(O0, W(k)), we can rewrite the loss function L as

T-1
L(A,W) =T -logdet(W) + > w; W w,
t=0
T—1
+ Z z (AR — A)TW AW — Az, +2) " w, W (AW - Az,
t=0
After some basic calculation, (64) can be equivalently written as
LAY WOy — L(A® W*)) = (A) + (B) — (C) > 0,
T-1
where (A)=T- <logdet(ﬁ\/“)) - logdet(ﬁ\/(k))) + w; ((1/)[\/“))_1 - (‘//I\/(k))_l)w
t=0
T-1 R R
(B) == ( z, (AR — AT (WO~ 1(A®) — AO)g, 42 Z w, (WO)=1(A®) - A<4>)mt)
t=0 t=0
T-1 R . R T-1 . R
(C) = ( th(A(k) — A(k))T(W(k))fl(A(k) _ A(’“))mt +2 Z th(W(k))fl(A(k) _ A(k))a:t)
t=0 t=0

Step 2: a lower bound for (A) + (B) — (C). Intuitively, we expect that (A) + (B) should be large because the LDS
models (A®), W®)) and (A®, W) are well separated, while (C) should be small if (A®) WF)) ~ (A®) W k),
More formally, we claim that the following holds for some universal constants C, Cy, C3 > 0:
e With probability at least 1 — 4,
(A)>T- [log det(W®) — log det(W*)) + Tr((w<k>)1/2 (W)=t — (W k)-1) (W<k>)1/2)]

—~ 1
— VT (W92 (WO) T — () (W) 2| 1og ©
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e With probability at least 1 — 4,

AR _ 202 1
(B) > Cy (THHF — KwRw,cross log )7 (66)
R, cross é
provided that T > 2 log®(1/6);
e With probability at least 1 — 4,
D2||A%k) — A(k)|2 1
(C) <C3 <T a:H W ” + Ky log 5)7 (67)

provided that 7' > 1 (under Case 0) or 7' > ﬁ log(2k.4) (under Case 1).

Putting these together, we have with probability at least 1 — 4,

det(W®) R) ((TFON=1 (T (k)y—1
(A)+(B)— (C)>Cy-T- {1ogdet(m+ﬂ(w (W)=t — (W) ))
n AR — A©2 D2A®) — AW)|2
Raw,cross Wmin

e [ﬁ\|<w<k>>1/2(<v’{7<f>>—1 — (WO w Oy s nwnw,c,oss] log 5

for some universal constants Cy, Cs > 0, provided that T > 2 log? 5 (under Case 0), or T 2 K2 log? 3+ ﬁ log(2k.4)
(under Case 1). Now we have a lower bound of (A) 4 (B) — (C) as an order-T" term minus a low-order term. Therefore,
to show (A) 4+ (B) — (C) > 0, it suffices to prove that (a) the leading factor of order-T term is positive and large, and (b)
the low-order term is negligible compared with the order-1" term. More specifically, under the assumption that the coarse
models { A0, W@} satisfy [|AD) — AG)|| < ey, [WD — WO || < ey < 0.1Wpin forall 1 < j < K, we make the
following claims:

e (Order-T term is large.) Define the leading factor lA)k ¢ of the order-T' term and a related parameter Dy, , as follows:

~ det(W) . - |A®) — A@ 2 DAk — AK)|2
Dy =log ————— + Tr(WH (W)=t — (wk)~1)) ¢ E_—z :
e 8 det(W(k)) ( (( ) ( ) )) Raw,cross Wnin
L (w® —wO|2 Adw
Du, e FA® — A0)2) > ZAW 68
me ’%UMCVOSS( Wr%ax ” ”F "iw,cross ( )

where the last inequality follows from Assumption 3.1. They are related in the sense that

det(W®) L 1A® a0

— 69
det(W(’“)) R cross ’ (09

Dy < Dy = log + (WO (W O) 7 - (wh)7))

where 51@@ is defined in the same way as Dj, ¢, except that the coarse models are replaced with the accurate ones;
moreover, we have

=~ WminD D
Dk,[ S ij, provided that €4 S TM, ew S Wmin\/ Tkl (70)

o (Low-order term is negligible.) With (70) in place, we have
(A) +(B) = (C)
> CT - Die— Cs [\/TH(W““))”Z((W“))1 — (W) w4 mwnw,cross] g 5. (7D
We claim that

5
if 7> <I€11U) + 1) log? % then (A)+ (B) — (C) > C7T - Dy > 0. (72)
k0
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Step 3: putting things together. So far, we have proved that for a short trajectory generated by (A*), W (¥)) and for a
fixed £ # Fk, it holds with probability at least 1 — § that L(A(), W) > L(A<k>, W (), provided that

21
Wonin D D (/{ + )log 5 for Case 0,

€a s 7”1“2 b €W§Wmin'min{17\/ H}7 DH ’
D (Iiw + Dk:) log? 3+ —lip log(2k4) for Case 1.

Plugging in the relation Dy, 2 A1247W//~@w’cross and D, < \/Fmax(d-i-log %) (for Case 0) or D, <

KA \/ [ax(d + log %) (for Case 1), the above conditions become

WminA?q w AA w
For Case 0: ey < J s ew < Whin mln{l 7’},
\/Fmaxﬂw,cross(d + 10g %) " \ /iw,crossd

6 ) 1
T > ( w CI’OSS) 1 7;

ForCase I: €4 < : yoew S Wi -min{l,i’},
\/Fmaxﬁw,crossﬁ%(d + log Ttgtal) " vV ’iw,crossd

6
1
T>( ’LUCI’OSS)I 27
~ K’w+ A‘%W Og (S+1

1
log(2k.4).
— (26.4)

Finally, taking the union bound over all £ # k as well as over all trajectories in M jassification finishes the proof of
Theorem B 4.

C.5.1. PROOF OF (65).

Since w; "< A'(0, W®), we have

!
-

th((ﬁ\/(Z))*l - (W(k))*l)wt = zTMz,
t

Il
=]

where z ~ N(0,Ir4), and M € RT4<Td js 3 block-diagonal matrix with Q := (W®)1/2(W®)-1
(WD) =1 (W ))1/2 ¢ RI*d a5 its diagonal blocks. Therefore, by the Hanson-Wright inequality (Theorem 6.2.1
of (Vershynin, 2018)), we have

u? u
]P’(‘zTMz—E[zTMz]‘ >u) <Zexp(—cmin , ),
{||M||% ||MH}

where | M|z = T|Q|2%, |M| = ||Q|, and E[z" M 2] = Tr(M) = T - Tr(Q). Choosing u > v/'T||Q||r log 5, we have
with probability at least 1 — 4, |z" Mz —T-Tr(Q)| < C1VT||Q||r log 4, which immediately leads to our lower bound (65)
for (A).

C.5.2. PROOF OF (66).
Denote u; = (W*®))=1/2, ~ N(0,I,) and y, = (W) /2(WO)=1(AK®) — AO)g,. Then we have

!

—1 —
B)= > a, (AW — A T(WOD)"HA® — AO)z, + 23" u, Ty,
t

i
o

By Lemma D.2, we have with probability at least 1 — J, ZtT;()l w 'y > —(3 ZtT;()l ly:||3 + + log 2) for any fixed A > 0.
This implies that

T-1 T-1
~ — ~ 2 2
B)> > a, (AW — ANTW)~HA® — AO)z, — XY "y Ty, — T log -
)= z: ( ) ( ) ( )Tt Yt Ye \ 085

t=0 t=0
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S

=S, T (AR — AO)T ((ﬁ\/(f))—l _ A.(v/;\ﬂ@)—lvv(’f)(vT/(f))—l)(A<k) — A0)g, — glog%

t

Il
o

Choosing A = 0.05/ (Ku ko cross)» we have X - (W)= 1WE (W) =1 5 0.1(W®)~1, and thus

— ~ 2
)>0.9 Z T A(k) A(Z))T(W(é))_l(A(k) — A(é)):ct — 40K Ky cross 10g 5

!

-1

> 0.9Amin((ﬁ\/(£))*1) a:tT(A(k) - ﬁ(z))T(A(k) - A(E))a:t — 40K Ky cross logg

5 (73)
t

Il
=]

Now it remains to lower bound ZtT:_Ol x; ' Ax;, where A = A A, and Ay = AKF) — A®) Since A = 0, we have

T-1 T-2 T2
Z a:tTA:ct > Z iBt+1TAwt+1 = Z(A(k)mt + wt)TA(A(k)CBt + wy)
t=0 t=0 t=0
T2 T2
= Z w; | Aw; + Z x; TA(k) AAW L, 42 Z w; AAF) (74)
t=0 t=0 t=0

(1) (ii)
We can lower bound (i) by the Hanson-Wright inequality, similar to our previous proof of (65); the result is that, with
probability at least 1 — &, one has

() > T Te((WO)2AW8)12) - CovT[ (W)Y AW H) 12| log 5

To lower bound (ii), we apply Lemma D.2, which shows that with probability at least 1 — 4,

T-2 )\ T—2 9
Z thAA(k)w 5 T A(k) TAW(k)AA(k):Bt + - log 5
t=0 t=0

for any fixed A > 0, hence

S

—2
G) > 2z APT(A - N AWHEA)AF g, — glog %
t

Il
<

Recall A = AJ Ay, and thus A — X\ - AWRA = Al(I; — - A,2WEAT)AL = 0 if we choose A =
/(WS [[aal?) = 1/(IW® ]| A): this implies that

2 2 2
(i) > — log = = —2(W W[ A] log >

Putting these back to (74), we have

T-1
> @ Amy > (i) + (i)
t=0
> 7T (W) 2AW®)2) — CoVT||(W S 2aw®) 2 1og1 _ 2||W(’“)||||AH 1og§
>T - Anin(W)Tr(AfAL) - CoVT|W! k)””ATAAHFlOg — 2 W || AT AL log > 5
—~ C 1 2
> T Ain(WHP) | AR — AO . (1 — —= k(W) log ~ — Zk(W ") log 5)

JT 5T
> 0.9T - Apin(WE) AR — 4012,
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where the last inequality holds if 7' > k2 1og;2 %.

Going back to (73), we have

T—1

— 2

(B) > 0.9)\min((W(5))*1) E x| Axy — 40 K, cross 10g 5
t=0

— ~ 2
> 0.81T - Ain (W) ™)) Anin (W HEN) AR — A2 — 40K, Ky cross 10g 5

|A® — A0

>0.7T — 40:‘€wl‘€w,cross 10g 5’

Rap,cross

which finishes the proof of (66).

C.5.3. PROOF OF (67).
Denote A = A®) — AK) 4, = (W*))=1/2q, ~ N(0, 1) and g = (W(k))l/Q(W(k))*lA;vt. Then one has

T—1 T-1 T-1 T
€= 2, ATW") Az, +23 w, (W) Az, = 2, ATWHE) Az, +2) w Ty,
t=0 t=0 t=0 t=1

By Lemma D.2, we have with probability at least 1 — 4, Zthiol w 'y <3 ZtT;()l ly:l|3 + + log 2 for any fixed A > 0.
This implies that

!

T-1

— 2.2
(€) < ' AT(WE) A, +)\ZytTyt+ XIOgS
t=0 t=0
-« = — - _ 2 2
= &, ATW®) Az + A @, AT W) T WHWE) T A, + T logs
t=0 t=0
T-1 . . . 5 5
= > @ TAT(WE) A (W)W (W) ) A, + Tlog 3
t=0
1 AW NS AT A+ 2 1og 2
<15 ATAz, + Zlog <.
S (/\min(W(k)) )\min(W(k))z ; Ty T+ 3 og S

Choosing A < 1/k,, and recalling ||z:||2 < D, we have (C) < Wlmi"T - D%||A||? + Ky log , which finishes the proof of
(67).

C.5.4. PROOF OF (69).

Denote A := W) — W) Then the right-hand side of (69) becomes

L 4% — avj

Ruw,cross

D = log det W® — log det W*) 1 Tr(W(’“)(W“))‘l . Id)
AR — A2
= logdet W —logdet(W® + A) + Tr((W(@ + A (W)~ Id> + AT — AT

Raw,cross
— logdet W® — log det ((W“))W(Id + (W(‘))*I/QA(W“))*W)(W“))W)

AR — A2
N I

Raw,cross

n Tr((W(f))—1/2A(W(€))—1/2>

L A® — a0

Ruw,cross

= Tr(X) —logdet(I; + X)

where we define X := (W(9)~1/2A(W®))~1/2, Notice that X is symmetric and satisfies
X+1;= (W(e))—1/2W(k)(W(£))—1/2 -0,
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1] < WO 2 [ - WO < 20 = 2,
min

A 2
X1 = W @)z amw oy > 190

max

Therefore, by Lemma D.3, we have

X[ W™ — WO

Tr(X) — logdet(I; + X) >

o 6'%U),crc>ss o 6Hw7CFOSSWn2qax ’
and thus
~ AR — AW@0)]2 wE —_ w02 AR — A2
Dk,é :Tr(X) 710gdet(Id+X)+ || ||F Z H 5 ||F + || ||F XDk’E,
Raw,cross Gﬁw@rosszax Raw,cross
which finishes the proof of (69).
C.5.5. PROOF OF (70).
Recall the definition
~ det(W©® _ _— AK) _ 702 D2IAK) — AR) 2
Die = log e (Y ) _'_Tr(W(k)((W(Z))fl _ (W(k))q)) n [ ¥ Dil | .
det(W(k)) Rap,cross Wmin
First, we have
det(W® — —
og e (A ) +Tr(W(k)((W(£))—1 _ (W(k))—l))
det(W (k)
_ log det(ﬁ\/(@) + Tr(ﬂ/(k)((ﬁ\/(é))—l _ (W(k))—l))
det(W (k)
(i)
det(ﬁ\/(k))

— [log + Tr(W(k)((ﬁ\/'(k))*1 — (W(k))l))].

det(W (%))

(i)

We can lower bound (i) by the same idea of our earlier proof for (69), except that we replace W () in that proof with ‘/7[7“);
this gives us

%% 2
Raw,cross ¥V max

As for (ii), applying Lemma D.3 with X = (W(k))’1/2(ﬁ\/(’“) — WE)(Wk))=1/2 one has

2d
(if) = Tr(X) — log det(X + I;) < | X||2 < ;VWT
Putting things together, we have
S AW —AORR  D2A® — A6
Dy o= (i) — (i) + - —=
e () ( ) R ,cross Win
L (IO -WOR w4 ew?d  Dea’
>C + A% —AB|2) — ¢ + == (75)
! R cross ( Wr%ax H HF 2 Wn21in Wmin

(iii) (iv)

If ey, €4 satisfy (70), then (iv) < ¢oDjy ¢ for some sufficiently small constant ¢y > 0. As for (iii), according to the
definition of Dy, , in (68), there are two possible cases:
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(k) _yw(®)
o If 1 W W ”F > Dké

Kow cross 2

, then it is easy to check that (70) implies that

W\[ - 1||W(k) —~ WO g

Winax 4 Winax ’
and hence
Gy > L WO -WOR 1 (IIW““) ~WOlr ewa>2
~ Raw,cross Wr%.ax " Kuw,cross Winax Winax
1 w k) _ w02
Z || 5 ||F z Dk’é.
Raw,cross Wmax
e On the other hand, if —— AR — AD)12 > D’“ £, then one can check that (70) implies that
1
eavd < [ A® — AO g,
and hence
AR _ A0 AR — AD ), — d)? Ak
i | I3, e —eavd? . | O+

Raw,cross Rap,cross Raw,cross

In sum, it is always guaranteed that (iii) 22 Dy, . Going back to (75), we claim that ﬁk’g > (iii) — (iv) Z Dy ¢ as long as
ew and €4 satisfy (70), which finishes the proof of (70).

C.5.6. PROOF OF (72).

Recall the lower bound (71) for (A) + (B) — (C). We want to show that the low-order term is dominated by the order-T'
term, namely 7" - Dy, . First, if T 2> %ZZ“S log %, then Ky K, cross 108 + < T+ Dy . Next, we have

H(Ww))l/z((ﬁ}(e))—l _ (W(k))_l)(w(k))l/2HF
< ||W(k)H ) H(ﬁ\/(l))fl _ (ﬁ\/(k))%HF — ||W(kf)H . H(ﬁ?(f))fl(ﬁ\/(k) _ ﬁ\/(f))(ﬁ\/(k))flnF
W H(ﬁ‘/w))fln . ||(ﬁ7<k))71}| . (||W(k) ~WOp + zﬁew)

2W 2K
max (k) — w® — Ztw,cross (k) _ ()
w2 (H e + 2\/ﬁew) W (H W Wk + 2\/&6{}[/) :

min min

IN

| /\

Notice that the definition (68) of Dy, , implies that ||W*) — WO||p < /K4 cross W2ay Di o, and thus

|wonr (W)=t - (W) g Reees (i W2, D+ View ).

Now it is easy to checked that

if T Z <H§u,cross + (K/w,cross\/g€W>2) 1Og2 }’
Dy WminDk:,Z 0

then fH W L2(W0)-1 f(W“)*l)(w(’ﬂ)l/QHF1og% <T Dy

2

5
. d K, K, .
Due to our assumption (70) on ey, we have (vai;m.ss/\jfkiw RS pee < —pee=and thus it suffices to have T 2
min VK, 0 N N

5
(5= + 1) log® 5, which finishes the proof of (72).
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D. Miscellaneous results

Proposition D.1. Consider a;, b, S N(0,14),1 <t < N, where N 2 d+ log(1/8). Then with probability at least

1-94,
1 d +log d+log :
HNZt_latatT SV HNZ‘””T 5

The proof follows from a standard covering argument (cf. (Vershynin, 2018)), which we skip for brevity.

Lemma D.2 (Self-normalized concentration, scalar version). Suppose that random vectors {u:, y. }1<i<7 and filtrations
{Fito<i<r—1 satisfy Fy = o(u;,1 < i <t), y, € Fi_1, and u|Fi—1 ~ N(0,1;). Then for any fixed X\ > 0, with

probability at least 1 — §, we have ,
> < Z o2+ 10w 2
t=1
Proof. Using basic properties of the Gaussian distribution, we have for all fixed A € R,
d 1
]E{GXP (; (A "y — 2)\2|Iyt||§))}

T-1
=E[exp( (- Ty~ N wl2)) [ exp (- ufyr — DX yrl3)\Fr 1}]

<1

T-1
[exp(zl )\.utTyt_;)@Hyt”%))}
t=

Continuing this expansion leads to the result E[exp(th:l()\ cu Yy — 3A2|ye]|3))] < 1. Now, letting z = log(2/6) and
using Markov’s inequality, we have

T T
1 1
IP’(Z (Nw Ty — 5)‘2HytH§) > z) (exp (Z (N-u Ty — 5)\2||yt||3)) > exp(Z))
t=1 t=1

T
1 ]
< (Ao Ty — A2 2) <exp(—z) = 2.
e 8o (3 0w i) | <o) = ]
In other words, with probability at least 1 — §/2, we have ZtT:l(/\ cug Yy — ANYy3) < 2 = log(2/6), which

implies 7w Ty < 330, lwell3 + 2log 2 if A > 0. By a similar argument (but with A replaced by —\), we
have with probability at least 1 — §/2, 3°7_ (=X - w, "y — 3A?|lyel|3) < log(2/6), which implies >°/_, u; Ty, >
—(A S llwell3 + Llog 2) if A > 0. Finally, taking the union bound finishes the proof of the lemma. O

Lemma D.3. Consider a symmetric matrix X € R**? that satisfies I, + X = 0. If || X|| < B for some B > 2, then we

have )
X103

- >
Tr(X) —logdet(I; + X) > 3B

On the other hand, if X = —%I 4, then we have
Tr(X) — logdet(I; + X) < || X||3-

Proof. Denote {\;}1<;<q as the eigenvalues of X, which satisfies \; > —1 for all 1 < i < d. Then

u

Tr(X) — logdet(I; + X) = Z)\ —logH (T+N) :Z()\i—log(1+)\i)>.

i=1
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It can be checked (via elementary calculus) that, for all =1 < A < B where B > 2, it holds that A — log(1+ \) > \?/(3B).
Therefore,

AP IXE

Tr(X) — logdet(Iy + X) >Z =35

which completes the proof of our first claim. Similarly, it can be checked that, for all A > —1/2, one has A —log(1+\) < A2,
which implies that

d
Tr(X) — logdet(I; + X) < Z = || X||3;

this completes the proof of our second claim. O
Fact D.4. In the setting of Section 3.1, it holds that Tmax < Winaxt%y /(1 — p) and Ary > A s w - WinaxWinin/ (4634 T max)-
Proof. First, consider T' = >0  A'W (A")T, where |[W/| < Wpax and ||A?|| < kap’. Then we have ||[T| <
S o NAHPIW | < Winaxkd e £2 < Wmaxt% /(1 — p), which proves our upper bound for I'may.

Next, let us turn to Ar y. Our proof below can be viewed as a quantitative version of the earlier proof for Fact 2.1. We
will show that, if the autocovariance matrices between the k-th and the /-th models are close (in Frobenius norm), then the
models themselves should also be close; our lower bound for Ar y- in terms of A 4 y; then follows from contraposition.

Consider two LDS models (A®), W*)) £ (A® W) and their autocovariance matrics (T'*), Y (®)) (T y (),
Recall from (17) that A®) = YRT® ™ and Wk = k) = AGDE AW T — pk) — AB Y BT, 4O and WO can
be expressed similarly.

e First, regarding A®) — A one has

A 4O — yRp® ™y @OpOT _ (y®) _y@Oyp@ Ty @@ T _po ),

where
yO@® ™ _p@h — yOp®O T O _pEyp® T 4@@@ - pe)ypt) T

Therefore, we have

-1 —1
|A® — AO g < ¥ H — Y O|gT® | 4+ |AD [T — W T®
1 K
< —|y® _y® A Ir® —p®) 76
< | I+ 7= I, (76)

where the last line follows from T'%) o= W) o T/ T, and |AP)|| < kap < ka.
e Next, we turn to the analysis of W — W which satisfies
w® _w® — (p®) @) _(4Wy® " _ q0y©Ty
||W(k’) _ W(Z)HF < ||F(k) _ F(Z)HF + HA(’“)Y(’“)T _ A(é)Y(@THF.
Notice that
AR Y ®T 4Oy @70 — AWy ® _y©O)T 1 (a® _ 40y O

< ADE® =Y O)Tp + (4D — Ay O g
<KA|Y® =Y Olp + kAT man| AR — AO)|p,

where the last line is due to ||[Y || = |AOTO| < [JAD| - |[T@| < kAT max. Therefore, we have

||W(k) _ W(Z)HF < Hr(k) _ F(Z)HF + HAHY(k) _ Y(Z)HF + HATmaxHA(k) _ A“)HF. (77)
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For notational simplify, denote A 4 := AR — AO Ay =WE WO Ap =TF _TO Ay =YH® _ YO,
From (77), one has

|Awl 3
1A+ S5 < IAalR + 7o (IArIE + R4 Ay [ + 402 A 47 )
max max
3K3 3k4T2
< oo IARE + rA Ay + (14 Az a2
3K% o | AKAT2
< g IArl 4 A 1AV I + e a R,

where the last line follows from k42 /W2, > 1. Morever, (76) tells us that | A4[|3 < 2 [Ay [ + 2““ HAF”F
Putting together, we have "

||AWH123‘ 3 2 3"{A 2 Fr2nax
1AAlE + < [Ar(l + Ay [ + LA max) A, 2
Wiac — Wiax W fax Wr%ax
3 3K2 4k% T2 2 2K2
< o AR + A Ay B+ A (LAY I + A AR
Wr%ax Wr%ax Wn213>< Wr?'llrl Wr12'||n
3 4k3T2 . 2K 3K 4k4T2 2
— (a + = VAR + (e + = o Ay
118412,
< oz (Iarl? + Ay ).
In sum, we have just shown that, if || Ap[|3 + [|Ay |5 < ARy, then A4 |E + HAWHF < 11““5;;* A% y. Equivalently (by
contraposition), if || A 4 [|Z + HAW”F > A%y then [|Arp|E + Ay > #‘;@"‘Az % w - This proves our lower bound
for Ar y in terms of A 4 . O

Example D.5. It has been known that in our Case 1 (i.e. a single continuous trajectory), the quick switching of multiple
LDS models may lead to exponentially large states, even if each individual model is stable (Liberzon, 2003). We give a quick
example for completeness. Consider

A®) =0.99 |5 0 2 ., AY =099 ] 0 3 ,
2 0 3 0
both satisfying the stability condition in Assumption 3.1 with p = 0.99 < 1 and hence tmix < 1/(1— p) = 100. Suppose that
each short trajectory has only a length of 2, and the m-th (resp. (m + 1)-th) trajectory has label k., = € (resp. k11 = k).
Then T, 420 is equal to A(k)A(Z)a:m,o plus a mean-zero noise term, where

0 2][o 3 2 9
AR A0 = 0992{ H }zo.gg2 {3 }
; 0[5 0 0 3

has spectral radius 0.99% - 3/2 > 1; this will cause the exponential explosion of the states.

E. Extensions of Algorithm 1

Different trajectory lengths. Recall that in Section 2, we assume that all short trajectories within each subset of data
M., have the same length T},, = T5. If this is not the case, we can easily modify our algorithms in the following ways:

o For subspace estimation, the easiest way to handle different 7,,’s is to simply truncate the trajectories in Mgypspace
so that they have the same length Tsypspace = MiNyne M, ypopace 1> a0d then apply Algorithm 2 without modification.
However, this might waste many samples when some trajectories of Mgypspace are much longer than others; one way to
resolve this is to manually divide the longer trajectories into shorter segments of comparable lengths, before doing
truncation. A more refined method is to modify Algorithm 2 itself, by re-defining the index sets €)1, )y separately
for each trajectory; moreover, in the definition of H, ; and CAT’Z-, one might consider assigning larger weights to longer
trajectories, instead of using the uniform weight 1/| Mgypspace|-
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e For clustering (or pairwise testing) of M jystering, We can handle various T7,,’s similarly, by either truncating each pair
of trajectories to the same length, or modifying Algorithm 3 itself (via re-defining the index sets {41, Q4 2} <4<
separately for each trajectory).

e Our methods for model estimation and classification, namely Algorithms 4 and 5, are already adaptive to different
Tin’s in Mjustering and M jassification, and hence need no modification.

Unknown parameters. Next, we show how to handle the case when certain parameters are unknown to the algorithms:

e In Algorithm 2, we set the dimension of the output subspaces {V;,U;} to be K (the number of models). If K is

unknown, we might instead examine the eigenvalues of H; + H,  and G;+ CA;lT, and pick the subspace dimension
that covers most of the energy in the eigenvalues.

o In Algorithm 3, we need to know the separation parameter Ar y (in order to choose the testing threshold 7 appropriately)
and the number of models K (for clustering). If either Ar y or K is unknown, we might instead try different values of
threshold 7, and pick the one that (after permutation) makes the similarity matrix S block-diagonal with as few blocks
as possible.

F. Additional experiments
F.1. Synthetic experiments: clustering and classification

First, we take a closer look at the performance of our clustering method (Algorithm 3) through synthetic experiments.
We set the parameters d = 40, K = 2,p = 0.5,8 = 0.12. The LDS models are generated by A*) = (p + §)R and
W) = I, where R is a random orthogonal matrix. We let | Miustering| = 5d, and vary Tystering € [10,60]. We run our
clustering method on the dataset M jystering, €ither with or without the assistance of subspace estimation (Algorithm 2) and
dimensionality reduction. For the former case, we use the same dataset M justering fOr subspace estimation, without sample
splitting, which is closer to practice; for the latter, we simply replace the subspaces {V;, U, } with I;. The numerical results
are illustrated in Figure 3 (left), confirming that (1) in both cases, the clustering error decreases as T¢ystering increases, and
(2) subspace estimation and dimensionality reduction significantly improve the clustering accuracy.

Next, we examine the performance of our classification method (Algorithm 5) in the same setting as above. We first obtain
a coarse model estimation by running Stage 1 of Algorithm 1 on the dataset M justering, With \Mduster;ng\ = 10d and
Tejustering = 30. Then, we run classification on the dataset M jassification, With varying Tejassification € [4, 50]. The numerical
results are included in Figure 3 (right), showing that the classification error rapidly decreases to zero as T¢jassification STOWS.
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Figure 3. Left: mis-clustering rate versus T¢iustering. Right: mis-classification rate versus Tgassification-
F.2. Real-data experiments: MotionSense

To show the practical relevance of the proposed algorithms, we work with the MotionSense dataset (Malekzadeh et al.,
2019). This datasets consists of multivariate time series of dimension d = 12, collected (at a rate of S0Hz) by accelerometer
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and gyroscope sensors on a mobile phone while a person performs various activities, such as “jogging”, “walking”, “sitting”,
and so on. In our experiments, we break the data into 8-second short trajectories, and treat the human activities as latent
variables. Figure 4 (left) illustrates what the data looks like. Notice that the time series do not satisfy the mixing property

assumed in our theory, but are rather periodic instead.

As a preliminary attempt to apply our algorithms in the real world, we show that the proposed clustering method (which
is one of the most crucial step in our overall approach), without any modification, works reasonably well even for this
dataset. To be concrete, we apply Algorithm 3 (without dimensionality reduction, i.e. {V;, U;} are set to I;) to a mixture of
12 “jogging” and 12 “walking” trajectories. Figure 4 (right) shows the resulted distance matrix, which is defined in the
same way as Line 11 of Algorithm 3, but without thresholding. Its clear block structure confirms that, with an appropriate
choice of threshold 7, Algorithm 3 will return an accurate/exact clustering of the mixed trajectories. These results are strong
indication that the proposed algorithms in this work might generalize to much broader settings than what our current theory
suggests, and we hope that this will inspire further extensions and applications of the proposed methods.
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Figure 4. Left: examples of “jogging” and “walking” trajectories from the MotionSense dataset. Right: the distance matrix constructed
by Algorithm 3 for 12 “jogging” and 12 “walking” trajectories.
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