Cooperative Online Learning in Stochastic and Adversarial MDPs

Tal Lancewicki * !

Abstract

We study cooperative online learning in stochastic
and adversarial Markov decision process (MDP).
That is, in each episode, m agents interact with
an MDP simultaneously and share information
in order to minimize their individual regret. We
consider environments with two types of random-
ness: fresh — where each agent’s trajectory is sam-
pled i.i.d, and non-fresh — where the realization is
shared by all agents (but each agent’s trajectory
is also affected by its own actions). More pre-
cisely, with non-fresh randomness the realization
of every cost and transition is fixed at the start
of each episode, and agents that take the same
action in the same state at the same time observe
the same cost and next state. We thoroughly ana-
lyze all relevant settings, highlight the challenges
and differences between the models, and prove
nearly-matching regret lower and upper bounds.
To our knowledge, we are the first to consider co-
operative reinforcement learning (RL) with either
non-fresh randomness or in adversarial MDPs.

1. Introduction

Cooperative multi-agent reinforcement learning (MARL;
see Zhang et al. (2021a)) achieved impressive empirical
success in many applications such as cyber-physical systems
(Adler & Blue, 2002; Wang et al., 2016), finance (Lee et al.,
2002; 2007) and sensor/communication networks (Cortes
et al., 2004; Choi et al., 2009). Many of the theoretical
work on MARL focus on Markov Games (MGs) (Jin et al.,
2021), where agents have a shared state, the transition and
cost is affected by all agents’ actions, and usually the goal
is to converge to an equilibrium. On the other hand, in
cooperative learning (Lidard et al., 2021), agents do not
affect each other and the notion of equilibrium becomes
irrelevant. In this model, agents share information with each
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other and the goal here is to utilize the shared information
in order to obtain a significant improvement upon single-
agent performance. This model is a generalization of the
extensively studied Multi-agent multi-armed bandit (MAB)
model (Cesa-Bianchi et al., 2016) and reveals many new
challenges that are unique to MDPs.

In this paper we initiate the study of two topics not ad-
dressed before in the Cooperative MARL literature. First,
we differentiate between two types of randomness: fresh —
where each agent’s trajectory is sampled i.i.d, and non-fresh
— where at any time the cost and transition kernel’s random-
ness is shared by all agents. More precisely, if at the same
time two different agents perform the same action in the
same state, they observe the same cost and the same next
state. Second, we consider cooperation in the challenging
adversarial MDP setting that generalizes stochastic MDPs
and allows to model temporal changes in the environment
through costs that change arbitrarily and are chosen by an
adversary.

While previous works focus mostly on fresh randomness,
non-fresh randomness models are just as well-motivated
since different agents might experience the same dynam-
ics and rewards when visiting the same state simultane-
ously. Conceptually, non-fresh randomness models cases
where the randomness is more a function of the time than
the agent. For example, drones that fly together experi-
ence similar weather conditions and autonomous vehicles
that drive on the same roads on the same time encounter
the same traffic congestion. Moreover, the non-fresh ran-
domness model is theoretically highly challenging, as we
show in this paper. We indicate a gap in the lower bounds
between fresh and non-fresh randomness and identify the
weaknesses of current optimistic approaches in handling
non-fresh randomness, thus requiring us to develop new
algorithmic techniques.

Our main contributions can be summarized as follows. First,
we derive multi-agent versions of known regret minimiza-
tion algorithms in stochastic and adversarial MDPs, and thor-
oughly analyze their regret in the fresh randomness model.
To complement our bounds, we formally prove matching
lower bounds (the adversarial MDP with unknown transi-
tions lower bound nearly-matches, as optimal regret has not
been achieved even for a single agent). Second, we point to
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Table 1. Summary of our regret upper and lower bounds for m agents facing K episode interaction with an MDP that has S states, A
actions and horizon H. The bounds ignore poly-logarithmic factors and lower order terms. (*) The algorithm requires m = v/ K agents.

Algorithm \ Regret \ Lower Bound \ Randomness Cost \ Transition ‘
coop-ULCVI \/ H?’S% \/ % fresh stochastic | unknown
coop—-O-REPS VH?K + \/st% VH?K + \/W fresh adversarial known
coop-UOB-REPS VH?K + \/% VH?2K + \/W fresh adversarial | unknown
coop-ULCAE VHSSK + A/ m# VH?2SK + \/ % non-fresh stochastic | unknown
coop—nf-0-REPS VH2SK + \/ m% VH?2SK + \/ HZS% non-fresh adversarial known
coop—nf-UOB-REPS VHAS?K ) VH?2SK + \/ HSS% non-fresh adversarial | unknown

the failure of optimistic methods under non-fresh random-
ness and prove lower bounds that reveal a significant gap
from the fresh randomness case. Our novel constructions for
these lower bounds carefully take advantage of the agents’
shared random seed to make sure that they cannot explore
different areas of the environment simultaneously. Third,
we develop a novel multi-agent action-elimination based al-
gorithm for stochastic MDP with non-fresh randomness that
forces the agents to scatter at a carefully chosen time so that
exploration is maximized. Through novel analysis of the re-
lations between the policies of different agents and the error
propagation, we prove near-optimal regret for the algorithm.
Finally, for adversarial MDP (where action-elimination is
not possible) with non-fresh randomness, we design a novel
exploration mechanism to replace optimism and show that it
can achieve near-optimal regret for a large number of agents.
Table 1 summarizes all our regret lower and upper bounds.

1.1. Related Work

Multi-agent multi-armed bandit. Cooperation was previ-
ously studied in both stochastic MAB (Dubey et al., 2020;
Wang et al., 2020; Madhushani et al., 2021; Landgren et al.,
2021) and adversarial MAB (Cesa-Bianchi et al., 2016;
2019; Bar-On & Mansour, 2019; Ito et al., 2020). While we
extend some ideas from the MAB literature to RL, many
of the challenges that this paper faces do not arise in MAB.
Notably, fresh vs. non-fresh randomness, which is the main
focus of the paper, is unique to MDPs as it involves dynam-
ics (i.e., state transitions) that do not exist in MAB.

A different line of work studies collisions in cooperative
MAB (Liu & Zhao, 2010; Bubeck et al., 2021), where agents
are penalized by choosing the same action. In these works,
the goal of the cooperation is to minimize the number of col-
lisions rather than improve the agents’ performance. Thus,
this line of work which has different motivation is only
marginally related to our work. See Bubeck et al. (2021) for
a more thorough literature review on collisions in MAB.

MARL. There is a long line of research on the theoretical
aspects of MARL, mainly focusing on MGs (Littman, 1994;
Bai & Jin, 2020; Bai et al., 2020; Xie et al., 2020; Zhang
et al., 2020; Liu et al., 2021; Jin et al., 2021). As men-
tioned before, this literature is only partially related to our
model since it aims to converge to an equilibrium rather than
minimize individual regret. More related is the literature
on decentralized MARL that considers stochastic MDPs
with fresh randomness. However, the theoretical guarantees
provided by these works are either asymptotic or less tight
than our bounds (Zhang et al., 2018a;b; 2021b; Lidard et al.,
2021).

Single-agent RL. There is a rich literature on regret mini-
mization in both stochastic (Jaksch et al., 2010; Azar et al.,
2017; Jin et al., 2018; 2020a;b; Yang & Wang, 2019; Zanette
et al., 2020a;b) and adversarial (Zimin & Neu, 2013; Rosen-
berg & Mansour, 2019a;b; 2021; Jin & Luo, 2020; Cai et al.,
2020; Luo et al., 2021) MDPs. Note that for a single agent,
fresh and non-fresh randomness are identical.

2. Preliminaries

A finite-horizon episodic MDP M is defined by the tuple
(S, A, H,p,{cF}E ). S (of size S) and A (of size A) are
finite state and action spaces, H is the horizon and K is the
number of episodes. p is a transition function such that the
probability to move to state ' when taking action a in state s
at time h is pp,(s'[s, a). ¢* € [0,1]754 is the cost function
for episode k. In the adversarial setting the sequence of
cost functions {c*}X_, is chosen by an oblivious adversary
before the interaction starts, while in the stochastic setting
the costs are sampled i.i.d from a stationary distribution
(that does not depend on k) with mean cf (s, a) = cx(s, a).
The adversarial MDP model generalizes stochastic MDPs.

A policy 7 is a function such that 7, (a|s) gives the probabil-
ity to take action a in state s at time h. If 7 is deterministic
we often abuse notation and use 7, (s) for the action chosen
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by the policy. Given a cost function ¢, the value V" (s) of
« is the expected cost when starting from state s at time h,
ie, Vi (s) = EP’”[Zg:h cn (Spryan)|sp = s] where the
notation EP"™[-] means that actions are chosen by 7 and tran-
sitions are determined by p. We also define the Q-function
Q7 (s,a) = EP W[Zh'—h e (Spryan) | sn = s,an, = al
that satisfies the Bellman equations (Sutton & Barto, 2018):

QZ(Sa a) = Ch(sa a) + Epn(ﬁs,a) [Vhﬂ—q—l]
Vi (s) = (mn(- | 5), QR (s,°)),

where [E,.(.)[f] denotes the expectation of f(z) where x is
sampled from the distribution 7, and (-, -} is the dot product.

Multi-agent interaction. A team of m agents interacts with
the MDP M. At the beginning of episode k, every agent
v € [m] picks a policy 7% and starts in the initial state
slf’” = Sinit. At time h = 1,..., H, each agent observes its
current state s} and samples an action af"” ~ 7V (|sF),
In the fresh randomness model, the next state is sampled
. . kv kv kv

independently for each agent, i.e., s,y ~ pi(-[s},”", a,”).
For non-fresh randomness, the next state is sampled once
for each state-action pair S¥ (s, a) ~ py(-|s,a) ahead of the
episode, and then every agent v that takes action a in s at
time h transitions to the same state S,’f(s, a), i.e., sﬁi’l =
Sk(sf,al"). Similarly, the cost C}"" suffered by the
agent is either sampled independently when randomness
is fresh, or sampled once for each state-action pair (s, a)
ahead of the episode when randomness is non-fresh. Note
that for adversarial MDPs the costs are not stochastic so it
is always the case that C*" = ¢ (s¥” a¥"). At the end of
the episode, the team observes the trajectories and costs of
all agents {s}", a)"”, CP"} i 1y (ie., bandit feedback).

Regret Let V¥ be the value function of 7 with respect
to ¢*. The pseudo-regret of an agent v is the cumulative
dlfference between the values of its policies and the values
of the best fixed policy in hindsight. The performance of the
team is measured by the maximal individual pseudo-regret
(note that this criterion is stronger than the average regret):

= max g V1 Smlt mlnE V1 (Sinit)-

ve[m]
For stochastic MDP, we use the more common definition of
the regret in which, for k € [K], th’ﬁ(s) = V7 (s) for the
cost function ¢ (the mean of the costs distribution).

Occupancy measures. For policy , let ¢™ be its occupancy
measure such that ¢7 (s) is the probability to visit s at time
h playing 7 and g7, (s, a) = g} (s)ms(a | s). By definition,
VI (sinit) = (¢™, ¢¥), so we can write the regret in terms
of occupancy measures as follows:

K
R = max Y (¢" ") — min 3 {g.ch),
veE[m)] 1

geEA(M) —1

where A(M) is the set of valid occupancy measures which
corresponds to the set of stochastic policies and is a convex
polytope in RS54 defined by O(H S A) linear inequalities.

Additional notations. The notation O (+) hides constants,
lower order terms and poly-logarithmic factors, including
log(K /) for some confidence parameter 6. For n € N
we denote [n] = {1,2,...,n}, the indicator of event F is
denoted by I{E'}, and = V y = max{z,y}. 7* denotes the
optimal policy (best in hindsight for the adversarial case).

3. Fresh Randomness

The main principle that guides us in the design of algorithms
for fresh randomness is the following: even if all agents play
the same policy, the team still gathers “m times more data”.
Thus, we take a single-agent regret minimization algorithm
ALG and let all the agents play the policy that it outputs.
ALG is then updated based on the observations of all agents.

For the stochastic setting we propose an optimistic algorithm
we call coop—ULCVTI based on the single-agent algorithms
of Azar et al. (2017); Dann et al. (2019). The algorithm
maintains empirical estimates of the transition probabilities
and costs, based on samples from all agents. At the begin-
ning of episode k it constructs an optimistic estimate Q"
of the optimal Q-function Q* so that with high probabil-
ity (w.h.p) Q:(s, a) < Q5 (s,a). The agents all play the
same deterministic policy which is greedy with respect to
Q~ (s) = argmax, Q:(s, a). Even if agents arrive
together at the same state and take the same action, we still
get multiple i.i.d samples. Hence, the empirical estimates
are based on m times more samples compared to the non-
cooperative (single-agent) setting. This is the key property
that allows us to prove the following improved regret bound.
Detailed description of the coop—-ULCVI algorithm and
the proof of Theorem 3.1 appear in Appendix B.

Theorem 3.1. For stochastic MDP with fresh randomness,

coop—-ULCVTI ensures w.h.p, R = 6(\ / Hgs%)

This bound improves upon Lidard et al. (2021) by a factor
of v/H, and is in fact optimal up to logarithmic factors as
shown by our lower bound in Appendix A. The lower bound
is built on a simple observation (Ito et al., 2020): minimizing
the sum of regrets of m agents in K episodes is harder than
minimizing the regret of a single agent in m K episodes. By
single-agent lower bound (Domingues et al., 2021), the sum
of regrets is Q(V H3SAKm), so that the lower bound on
the average regret matches our regret bound in Theorem 3.1.

For the adversarial setting we propose coop—-O-REPS
which is based on the single-agent O-REPS algorithm
(Zimin & Neu, 2013). Essentially, this is Online Mirror De-
scent (Shalev-Shwartz et al., 2011) on the set of occupancy
measures with entropy regularization. More specifically, in
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episode k all agents play policy 7¥ computed as follows:

k X b k1
q" =argminn(q,¢* ') +KL(g [ ¢~ ), (D)
geEA(M)

where KL(- || -) is the KL-divergence, 7 is a learning rate
and ¢¥ is an importance sampling estimator. The main differ-
ence in our algorithm is the new estimator that incorporates
the observations from all the different agents as follows:

kv _ kv
(s, a) = c’,?b(s,a)H{EIvl:c 5,0 =s,a," = a}7 )
Wh (Sa a) + Y

where ~ is a bias added for high-probability regret (Neu,
2015), and W/ (s, a) is the probability that some agent visits
state s and takes action a at time h — this quantity will play
a major role in the analysis of all our algorithms. Conve-
niently, W/ (s,a) =1 — (1 — q;{k (s,a))™ as it is the com-
plement of the event that all agents do not visit (s, a) at time
h. Thus, the algorithm can be implemented efficiently simi-
larly to the single-agent algorithm (Zimin & Neu, 2013).

For unknown transitions we propose coop—-UOB-REPS
based on single-agent UOB-REPS (Jin et al., 2020a), which
is similar to coop—O—REP S but uses an estimate A (M, k)
of the set of occupancy measures which contains the true set
A(M) with high probability. Note that without knowing
p, We cannot compute W,’f Instead, we use an optimistic
estimate UJ® which bounds W}* from above with high prob-
ability. The full algorithms and analysis for the adversar-
ial setting with fresh randomness appear in Appendices D
and E.

Theorem 3.2. For adversarial MDP with fresh randomness,
coop—O-REPS ensures w.h.p,

~ 2
=0 (i 4 [T25),

for known dynamics, and coop-UOB—-REP S ensures w.h.p,

~ 442
=0 (v [

for unknown dynamics.

In Appendix A we show these bounds are optimal, except
for an extra v/H S factor in the second term of our unknown
dynamics bound which we cannot hope to remove here since
it is still an open problem even for single-agent. Notice the
additional H+/K term that does not appear in the stochastic
setting. It follows from the lower bound for single-agent
adversarial MDP with full-information feedback (not bandit
feedback), which is equivalent to our setting in the best case
scenario where the agents manage to visit all state-actions.

Cﬁ(sb, ) =1

Figure 1. Lower bound construction for non-fresh randomness.

Proof sketch for Theorem 3.2. By standard analysis, the re-
gret scales with two terms: penalty of order H /7, and sta-
bility of ordern 3, ;, ., q,’f (s,a)cF (s, a)?. We show that
the stability (which accounts for the estimator’s variance)
decreases as the number of agents increases. In particular
we prove that,

k

1 k
0 (5,0) < (— 447 (5,0))Wis,a). ()

This implies that either the probability to observe cost
cF(s,a)is m times the probability of a single agent to ob-
serve it , or that this probability is at least a constant. Hence,
qgk (s,a)ck(s,a)® < (1/m+ q,’;k (s,a))ék (s, a). Then, by
concentration, the stability amounts to nHK (1 + SA/m),
and optimizing over 1 gives the desired bound.

With unknown dynamics, there is an additional error term
that comes from the estimation of the occupancy measures
set and the bias of the estimator (in particular U}). This
error is handled similarly to the stochastic case. O

4. The Challenges of Non-fresh Randomness

Unlike fresh randomness, in the non-fresh randomness set-
ting the total amount of feedback is not necessarily m times
the feedback of a single agent. In fact, any algorithm that
uses deterministic policies (e.g., optimistic algorithms) sim-
ply fails in this setting. The reason is that all agents follow
the exact same trajectory since the policy does not introduce
any randomness and the transitions are fixed ahead of the
episode. Thus, the total amount of feedback is exactly the
same as a single-agent would have gathered, which means
Q(v H35 AK) regret with no benefit from multiple agents.

The next theorem shows that the non-fresh randomness set-
ting is significantly harder than fresh randomness even in
terms of the statistical lower bound. While the regret for
stochastic MDP with fresh randomness scales only loga-
rithmically with K for large enough m, H+v/SK regret is
unavoidable under non-fresh randomness even if m — oo.

Theorem 4.1. Forany S;A,H,m € Nand K > SAH,
and for any algorithm ALG, there exists a stochastic MDP
with non-fresh randomness such that ALG suffers expected

average regret of at least §2 (H\/ﬁ + \/@)
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Proof sketch. We construct the following MDP illustrated
in Figure 1. All agents start in sg. Taking action a; transi-
tions to one of the MAB states s1, ..., sg with probability
1/S to each. Taking any other action a # a; transitions to
a bad state s, which is a sink with maximal cost 1. Each
MAB state encodes a hard MAB instance: one action gives
cost 0 with probability 1/2 + € and cost 1 otherwise, while
the rest of the actions give cost 0 or 1 with probability 1/2.
From the MAB states all actions transition back to sg with
probability 1.

Since the bad state has higher cost than every MAB state
and does not contribute to exploration at all, we can assume
that all agents choose action a; every time they arrive to
so. Recall that transitions are non-fresh, so all agents visit
exactly the same states. This is the critical point in our
construction, as it means that exploration is limited to the A
actions in the states that all agents visit (and cannot remove
S from the regret).

Choosing € as in standard MAB lower bounds, we get that
the regret from each of MAB state is 2(1/(1 + A/m)X),
where X is the total number of visits to that state. For
last, X ~ K /S with high probability which implies that
the regret from each MAB state is Q(1/(1 + A/m)K/S).
Summing over all states and time steps, we get the desired
lower bound. We note that this is a simplified version,
missing a factor of v/H in the second term. For the full
construction and other lower bounds, see Appendix A. [

In Section 5 we face non-fresh randomness in stochastic
MDP and present the coop—-ULCAE algorithm based jointly
on optimism and action-elimination. It is important to note
that, much like optimistic algorithms, existing RL action
elimination algorithms (e.g., Xu et al. (2021)) are determin-
istic and thus fail in the cooperative non-fresh randomness
setting, even though they achieve optimal regret for single-
agent. Moreover, naive ways to make these algorithms use
stochastic policies that succeed in cooperative MAB, such
as uniform exploration of non-eliminated arms, lead to sub-
optimal regret in RL because exploration must be controlled
more carefully to ensure important states are reached with
large enough probability. Hence, we develop a novel ex-
ploration method for our algorithm which guarantees that
agents can deviate from the optimistic policy and explore
potentially optimal actions with minimal effect on the regret.

For adversarial MDP, non-fresh randomness introduces an
additional challenge. Due to correlations between the tra-
jectories of different agents, there is no clear and simple
relation between W} (s, a) and q;{k (s,a) as in the fresh
randomness setting. In fact, Equation (3) does not hold any-
more. In Section 6.1 we present a sophisticated technique
for bounding the ratio q;{k (s,a)/Wk(s,a) through a Linear
Programming formulation. This allows us to prove optimal

regret bounds for adversarial cost and known dynamics.

Existing algorithms for adversarial cost and unknown dy-
namics are optimistic in essence, and as mentioned before,
such algorithms fail to utilize cooperation under non-fresh
randomness. In Section 6.2 we overcome this challenge
with a novel exploration mechanism and prove regret that
does not depend on A (up to logarithmic factors) if there are
at least /K agents. However, finding the optimal regret for
general m still remains an important open question.

5. Non-fresh Randomness - Stochastic MDP

As outlined in Section 4, under non-fresh randomness, we
cannot let all agents play the optimistic policy as in the fresh
randomness case. Hence, we want agents to occasionally
deviate from the optimistic policy for the purpose of explo-
ration. A naive approach would be to let agents explore
a random action with probability € and to follow the opti-
mistic policy with probability 1 — e. That way, we get me
more feedback for m > 1/e and the regret of playing the
optimistic policy would scale as \/SAK/(me) (ignoring
dependency in H). On the other hand, deviating with an ar-
bitrary action can lead to cost of order of 7, which happens
for approximately e K episodes, so one would have to set
e < 4/SA/K in order to obtain improvement over single
agent regret. Thus, the number of agents must be at least
m > 1/e > /K/(SA) for an improvement. In this section
we significantly reduce the number of agents required for a
gain in the regret, and show that it can depend on A alone.

Another natural approach, which leads to optimal regret in
cooperative MAB, is action-elimination, i.e., eliminate all
actions that are clearly sub-optimal and explore uniformly
at random over non-eliminated actions. However, this ap-
proach would also fail in RL because it does not explore
efficiently enough. More precisely, agents deviate too much
from the optimistic policy so we cannot guarantee that they
visit important states. A closer look at action-elimination
algorithms for RL (Xu et al., 2021) reveals that they use
deterministic policies for this very reason.

Our algorithm, cooperative upper lower confidence action-
elimination (coop—-ULCAE), is presented in Algorithm 1
and in its full version (together with the full analysis) in
Appendix C. It takes inspiration from the two previous ap-
proaches but utilizes multi-agent exploration in a nearly
optimal way. It explores only over non-eliminated actions,
but also makes sure that deviation from the optimistic policy
is minimal, thus avoiding “non-important” states. This is
achieved by playing a random non-eliminated action only at
one step during the episode, selected uniformly at random.

Formally, the algorithm maintains a set of active actions
in each state Af (s), consisting of only potentially-optimal
actions. In episode k, it computes optimistic and pessimistic
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Algorithm 1 coor-ULCAE
1: initialize: A (s) = Aforevery s € Sand h € [H].
2. fork=1,..., K do

3 Compute Qk,@k based on empirical estimates.

4:  Set optimistic policy 7} (s) € argmin, ¢ 4 Q) (s, a).

5.  Eliminate sub-optimal actions: remove a from
Ak (s) if 3a' € Af(s) s.t. Q% (s,a) > Q) (s, ).

6:  Set policies for agents: for every v € [m] sample
h, € [H] uniformly at random and set:

k
kv _ ™
T =9 _kh

kb

where ﬂZ’hl = r¥ for any h # h/ and uniform over
Ak (s) at (h, s).

7:  Play episode k, observe feedback and update empiri-
cal estimates.

8: end for

with probability 1 — €
with probability e,

estimates of Q*, Qk and @k, respectively, such that w.h.p
QZ(S, a) < Qi (s,a) < @:(s, a). Hence, if for actions a

and a’, QZ(S, a) > @Z(s, a'), then a is clearly sub-optimal
and we can eliminate it. The policies of the agents are
determined as follows: agent v plays the optimistic policy
(greedy with respect to Q) with probability 1 — ¢, and with
probability e she plays the optimistic policy except for one
random time step h,, where she takes a uniformly random
active action. The key idea is that deviating on a single time
step with an active arm would have only minor affect on the
regret, so we can set e much larger compared to the naive
e-exploration approach described in the beginning of this
section.

Theorem 5.1. For stochastic MDP with non-fresh random-
ness, coop—ULCAE ensures with high probability,
~ H'SAK
Ry =0O(VHSK + | ——— ).
vm

If m > H*AZ2, the first term is dominant, in which case
the regret is nearly optimal and matches our lower bound
(Theorem 4.1) up to H3/2. Otherwise, we have optimal de-
pendence in S, A, K but there is still a gap of H? and more
importantly 1//m. Determining the optimal dependency
in m for this setting is an important open question.

Proof sketch for Theorem 5.1. To simplify presentation, we
ignore poly(H ) factors in the proof sketch and use the nota-
tion V™ = V™ (sini). For agent v, we first break the regret
into episodes in which she plays the optimistic policy K,

and episodes in which she plays an exploration policy Kg,.:

Z VE}C . Vﬂ,* + Z Vﬂ_k,hv . Vﬂ_* )

ke, kXY

v v
RY, Riye

Then, we show that the regret of playing 7* is bounded
by the difference between the optimistic and pessimistic
estimates of Q* over the trajectory of *. This difference
shrinks with the confidence radius and mainly scales as,

5 3) ) ) pit L NN

k=1h=1s€SacA h( )\/1
where nfi(s,a) = YV {3 : s}’ = s.a]" = a}is
the number of times some agent visited (s a) at time h
before episode k. Now, one can show that nf (s, a) is ap-
proximately the sum of probabilities that some agent vis-
its (h,s,a), ie., nf(s,a) ~ Zk | W(s,a). Trivially

Wh(s a) > qf (s,a), but we can further utilize the ex-
ploration of all the agents to bound W (s,a) in terms

of qf (s) and not (f;;] (s,a), as follows: With probability
1 — (1 — ¢/mA)™ some agent plays the policy 7/** and takes
action a at time h. In that case, she would arrive to s in
time h with probability 7’ ( ). Recall that 777" and 77 are

identical up to time h, and so q}’:j’h (s) = qf] (s). Also, it is
possible to show that 1 — (1 — €/A)™ = me/A whenever
e < A/m. Thus, we get the better bound:

kfl

ZW7 s,a) q: (s).

Combining this with Equation (4), we obtain:

RPN ES SN 1Y) F

k 1 71'7
k,h,s
where the last relation uses > . 4 q%k (s,a) = qﬁk (s),
the Cauchy-Schwarz inequality, and standard argu-
ments (Rosenberg et al., 2020, Lemma B.18) to bound

Zk qh S)/Zk_ll q;:J (s) < logK

For RY,, we utilize the fact that when the agent plays an
exploration policy, she deviates from the optimistic policy
using an active action. Particularly, we show that similar to
the regret of the optimistic policy, the regret of the explo-
ration episodes scales with the difference between the opti-
mistic and pessimistic estimates of Q* over the trajectory
of 7%+ but with additional penalty due to the deviation
which is overall bounded recursively by Rj;, i.e.,

Rie SRu+ Y. 3 A CXOR

ke h,s,a nh(S CL) vV 1
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While we can bound n% (s, a) as before in terms of qﬁj (s),

it can be very different than q;fk’h” (s). Intuitively, once the
agent deviated from the optimal policy, we have a much
weaker guarantee on the quality of our confidence sets in
the states that she reaches since the cooperative exploration
is done over the trajectory of the optimistic policy. Thus,
we cannot use similar arguments to the ones we used to
bound R, and in particular Equation (4). Instead, we
only utilize samples gathered by v in K}y, and bound
nk(s,a) > D ek, i<k qg]’h“ (s,a). Using the fact that
the number of exploration episodes for v is approximately
|Kiyo| =~ €K and standard arguments, the second term in
Equation (6) is bounded by v/ SAKe. To finish, combine

the bounds and set ¢ = min{2, \/%} O

6. Non-fresh Randomness - Adversarial MDP

6.1. Known Transitions

Before tackling the most challenging model — adversarial
MDP with non-fresh randomness and unknown transitions,
we first study the case of known transitions. While some
of the challenges that we tackled in Section 5 are allevi-
ated when transitions are known, in this section we face
additional challenges that stem from the fact that now an
adversary is choosing the sequence of cost functions instead
of them being sampled from a fixed distribution.

More precisely, under non-fresh randomness there are strong
correlations between the trajectories of different agents.
This is in stark contrast to the fresh randomness setting
where, by playing the same policy for all agents, we ob-
tained different i.i.d samples which enabled us to prove that
our estimator has reduced variance and therefore get an
improved regret bound (Theorem 3.2). The correlations be-
tween the agents’ trajectories introduce two main challenges:
a statistical challenge and a computational challenge.

The statistical challenge resembles the ones we faced in the
stochastic case (Section 5) — whenever the policy is close to
being deterministic, the trajectories of the agents are almost
identical. However, since costs are adversarial, here we
need different techniques that are compatible with adversar-
ial online learning. More formally, for a near-deterministic
policy 7, we have W[ (s, a) ~ ¢ (s, a) which means that
there is almost no benefit from the cooperation between
the agents. Even though algorithms for adversarial environ-
ments inherently choose stochastic policies, it is still unclear
a-priori how to bound the ratio q,’{k (s,a)/Wk(s,a), except
for the trivial bound of 1 which leads to single-agent regret
guarantees. Recall that for fresh randomness we bounded
this ratio in Equation (3) which relies on the independence
of the agents’ trajectories given the policy 7*. However,
this bound no longer holds and we develop a new bound that
is suitable to the non-fresh randomness setting and builds

on a novel LP formulation.

The computational challenge follows because we no longer
have a closed-form expression to compute W/ (s, a) like
we had under fresh randomness. We propose to solve this
challenge by Monte Carlo estimation of W} (s, a) which we
show does not damage the final regret guarantees.

For this setting we propose coop-nf—-0-REPS, presented
(together with its analysis) in Appendix F. It follows the
same update rule (Equation (1)) of coop—O—REPS, but in-
stead of W} (s, a) (which is now hard to compute) in the def-
inition of the importance sampling estimator (Equation (2)),
it uses a Monte Carlo estimate ,V[7}’f (s,a). The estimate is
computed by simulating the run of multiple agents playing
policy % over the MDP for O(K) times and taking the frac-
tion of times where some agent visited the state-action pair
(s,a) at time h. The approximation error adds a small bias
of order O(1/+/K) which affects the total regret by only a
constant factor. We note that the computational complex-
ity of this algorithm is similar to standard O-REPS-based
algorithms which are known to have poly(K, H, S, A) per-
episode computational complexity (Dick et al., 2014).

Theorem 6.1. For adversarial MDP with non-fresh random-
ness and known dynamics, coop—nf-O-REPS ensures

w.h.p,
~ 2
Ry =0 <H\ﬁsx+ \/H*gAK) .
m

The above regret bound is optimal up to logarithmic factors.
The lower bound can be found in Appendix A, and features
a similar construction to the one in the proof of Theorem 4.1.
Note that in Theorem 4.1 there is an extra /H factor in the
second term, which only appears for unknown dynamics.

Proof sketch for Theorem 6.1. Similarly to the proof of
Theorem 3.2, the regret scale with the penalty term H /7,
and the stability term >, , q,’{k (s,a)c¥ (s,a)?. Bound-

ing the approximation error of W,f (s,a) by /2 gives us:

7Tk
(stability) < n Z %55(57‘1) (7
k,h,s,a h A

To further bound the right-hand-side we use a standard con-
centration bound of ¢¥ (s, a) around ¢} (s, @) < 1. It remains
to bound the ratio ¢ (s, a)/W} (s, a) which is our main
technical novelty in this proof. Let M} (s) be the random
variable that represents the number of agents that arrive at
state s in time h and denote p; = Pr[M}(s) = i]. Let
[E¥[-] denote an expectation conditioned on everything that
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occurred before the start of episode k. By definition,

Wl]:(sa a) = Ek [1 — (1 — 71'2(0, | s))M}}:(q)]

3 M(s)mh(a | ) |- N AGE)
= M e)rfals)] T &gl

» (8

where the inequality holds deterministically for every real-
ization of M} (s) (see Lemma D.3). Note that the expected
value of MF(s) is mqgk (s), so the right-hand-side of Eq.
(8) is bounded by the value of the following linear program:

imj(a] s)

p Zpil +in(a | s)

PO;--sPm =0
m
: k
s.t. E pit = mgy(s)
i=0

Now, we can solve the LP by considering the dual problem

o™ (VF (als
(see Lemma F.3), and get that W} (s, a) > %
h

Hence, Eq. (7) is bounded by nHSK (1 + A/m), and we
obtain the claim by optimizing over 7. O

6.2. Unknown Transitions

When facing adversarial MDPs with unknown transitions
and non-fresh randomness, we encounter all the challenges
presented in previous sections. The combination of these
challenges makes this model especially hard from an algo-
rithmic perspective. Specifically, the only way (currently)
to obtain regret bounds in adversarial MDPs with unknown
dynamics is via optimism. Unfortunately, as discussed in
Sections 4 and 5, optimistic methods fail under non-fresh
randomness. Moreover, our solution for the stochastic case
is based on action-elimination so it cannot be extended to
adversarial costs. Instead, in this section we present a novel
exploration mechanism which guarantees near-optimal re-
gret for large enough number of agents. Importantly, if we
used optimism, regret would not improve even for m — co.

We propose the coop-nf-UOB-REPS algorithm, pre-
sented in Algorithm 2 and in full version (together with
analysis) in Appendix G. Similarly to coop—O-REPS and
coop-nf-0-REPS, it maintains a policy 7% through the
O-REPS update rule (Equation (9)), however unlike the pre-
vious algorithms, some agents play a different policy than
7% for the purpose of exploration. We now present the two
key features that allow our algorithm to perform efficient
exploration in this challenging setting.

First, we equip the algorithm with a novel exploration mech-
anism: for every (h,a, k) we assign an agent o(h,a, k)
to follow 7* up to time h, and then take action a. The
rest of the agents follow the policy 7*. This exploration
mechanism is motivated by coop—ULCAE, but since costs

Algorithm 2 coorP-NF-UOB-REPS
1: initialize: define a mapping o : [H| x A X [K]| — [m)].
2: fork=1,..., K do
3:  Compute 75 (a | s) = ¢¥(s,a)/q(s) for:

¢" = argmin 7{g,¢* ") + KL(g | ¢*7"). (9
GEA(M,E)

4:  Set policies for agents: For every (h,a, k) set the
policy of agent v = o(h, a, k) to be:

kv I{a'’=a} KW =h
m (@ ]1) = {Wf/(a’ |s) R #h
k

and for the rest of the agents set 7%? = 7*.
5.  Play episode k, observe feedback, update transition

empirical estimates, and compute cost estimator ek,
6: end for

are adversarial, we cannot eliminate actions and thus have
much weaker guarantees on the regret of the exploration
policies. As a result, we require many agents so that each
agent would explore less often. In particular, there are
HAK targets to explore and whenever m > v/K we can
choose o so that each agent performs exploration for at
most HAvV/K episodes. Second, to avoid the complex de-
pendencies between the agents’ trajectories, we use a new
importance sampling estimator that ignores all agents except
for o(h,a, k), ie.,

~k

k,o(h,a,k) _
&b (s,a) = cZ(s,a)H{sh “F =5}

up(s) +7

)

where uf (s) ~ q}{k (s). Notice that this estimator is approx-

imately unbiased (up to v and approximation errors) since
H{aﬁ’a(h’a’k) = a} = 1. Finally, since we do not know the
set occupancy measures under unknown dynamics, we use

an approximation A(M, k) based on empirical estimates.

Theorem 6.2. Assume S > A and m > /K. For adversar-
ial MDP with non-fresh randomness and unknown dynamics,
coop-nf-0-REPS ensures w.h.p, R = O(H>SVK).

The above result shows that optimal regret is attainable
up to factor of v/HS. Recall that the extra factor vHS
compared to the lower bound of Theorem 4.1 also appear in
the state-of-the-art upper bound for single-agent. There is
still a significant gap on the number of agents required for
optimal regret, and finding the minimal number of agents to
ensure such regret still remains an important open problem.

Proof sketch for Theorem 6.2. The proof focuses on bound-
ing the regret of the O-REPS policies {r*}_ |, since the
number of episodes that each agent does not play these poli-
cies is at most H Av/K, resulting in extra regret of at most
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H?S+/K. Similarly to the proof of Theorem 6.1 we need
to bound the stability term, but here the unknown dynamics
also introduce additional approximation errors. The analy-
sis of the stability term resembles the proof of Theorem 6.1
but utilizes the fact that ¢7" (s, a)/uf(s) < 7¥(a | 5). The
analysis of the approximation errors takes inspiration from
the proof of Theorem 5.1, and shows that it scales with the
sum of confidence radius over the trajectory of 7"

( )_ Z H\@q}: (igva)

h,s,a,k

H\th (s,a) Z
\/nf(s,a)

We then utilize agents’ exploration to lower bound W) (s, a).
Recall that agent o (h, s, k) follows 7* until time &, so she

h,s,a,k

arrives at s with probability q;:k (s) and then takes action a
deterministically. Hence, W) (s, a) > q}fk (s), yielding:

sy DEL.d 9 ek O
hys,k Z 1 qp ( )

7. Conclusions and Future Work

In this paper we studied cooperation in multi-agent RL. We
introduced the non-fresh randomness model and character-
ized its challenges compared to standard fresh randomness.
We provided nearly-matching regret lower and upper bounds
in all relevant settings, and developed novel techniques for
handling different types of randomness in various models.

Our work leaves two important directions for future work.
First, our regret bounds for non-fresh randomness with un-
known transitions are not tight for both stochastic and ad-
versarial MDPs. Second, we assume agents communicate
through a fully-connected graph. Extending our results to
general communication graphs (as in MAB) is an interesting
future direction that would also require analyzing delayed
feedback (Lancewicki et al., 2020; Howson et al., 2021).
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Additional notations. While in the main paper the notation < hides lower order terms and logarithmic factors, in the
appendix it only hides constant factors, i.e., x < v if and only if z = O(y). We use the notation E*[-] to denote an
expectation conditioned on everything that occurred before the beginning of episode k. Furthermore, E*[- | 7] denotes
an expectation conditioned on everything that occurred before the beginning of episode k, and when playing episode
k using the policy 7. n%(s,a) denotes the number of samples we have from (s,a,h) in the beginning of episode k.
More precisely, for fresh randomness nk(s,a) = Zf;ll S st = s,al” = a}, and for non-fresh randomness
nk(s,a) = Zf;ll I{3v: 5" = s,a;" = a}. Finally, Var,.)[f] denotes the variance of f(z) where x is sampled from the
distribution r. For transition function p’ and policy 7, ¢} "™ (s, a,s") = Pr[sy = s,ap = a,sp+1 = ' | p/, 7] denotes its
occupancy measure, g, " (s,a) = >, g5, " (s,a,s")and ¢} " (s) = >, ¢}, " (s, a). When the transition function is p, we
often use the shorter notation g™ = ¢P™. 7m* denotes the optimal policy (or best in hindsight), V* denotes its values function
and ¢* its occupancy measure.

A. Lower bounds

In this section we provide proofs for the lower bounds that appear in Table 1.

A.1. Fresh randomness

Theorem A.1 (Lower bound for stochastic MDP with fresh randomness). Let S, A, H,m € Nand K > SAH. For any
algorithm ALG there exists a stochastic MDP M with fresh randomness such that: (i) M has ©(S) states, ©(A) actions and

horizon ©(H); (ii) Running ALG with m agents for K episodes suffers expected average regret of at least (4 / %)

Proof. The proof is similar to the proof of Ito et al. (2020, Theorem 4). Notice that cooperative regret minimization with m
agents for K episodes is harder than single agent regret minimization for K'm episodes, because we can solve the second
problem using an algorithm for the first problem. Simply let the agents play the first m episodes one by one, feed the
feedback to the algorithm and then again let the agents play sequentially. This implies that the cumulative expected regret of
the agents is at least Q(v H3SAKm) by standard lower bounds for MDPs (Domingues et al., 2021). Thus, the average

expected regret is at least (4 / Hd%) O

Theorem A.2 (Lower bound for adversarial MDP with fresh randomness and known transition). Ler S, A, H,m € N and
K > SAH. For any algorithm ALG there exists an adversarial MDP M with fresh randomness such that: (i) M has ©(S)
states, ©(A) actions and horizon ©(H); (ii) Running ALG with m agents for K episodes, when the transition function is

[H2SAK
known, suffers expected average regret of at least Q(V H2K + |/ %252 ).

Proof. The lower bound is obtained by a combination of the following two constructions, i.e., with probability 1/2 the
MDP has the structure of the first construction and with probability 1/2 of the other one:

1. Similarly to the proof of Theorem A.1, cooperative regret minimization with m for K episodes is harder than single
agent regret minimization for K'm episodes. Invoking the Q(v H2S AKm) lower bound of Zimin & Neu (2013) for

adversarial MDP with bandit feedback and known transition, this gives us the (/ %) lower bound.

2. Cooperative regret minimization with bandit feedback is harder than single agent regret minimization with full-
information feedback because the transition function is known so the agents share information only about the cost
function (which is fully revealed under full-information feedback). Thus, for the second construction we can simply
use the construction of Zimin & Neu (2013) for the Q(v/ H2K) lower bound of single agent adversarial MDP with
known transition and full-information feedback. O

Theorem A.3 (Lower bound for adversarial MDP with fresh randomness and unknown transition). Let S, A, H, m € N and
K > SAH. For any algorithm ALG there exists an adversarial MDP M with fresh randomness such that: (i) M has ©(S)
states, O(A) actions and horizon ©(H); (ii) Running ALG with m agents for K episodes, when the transition function is

| H3SAK
unknown, suffers expected average regret of at least Q(V H? K + |/ 5252,
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Proof. Similarly to the proof of Theorem A.2 we use a combination of two constructions. The first one is the construction
from Theorem A.1 which gives the Q(/ W) lower bound, and the second one is the construction from Theorem A.2
which gives the Q(v H2K) lower bound. O

A.2. Non-fresh randomness

Theorem A.4 (Lower bound for adversarial MDP with non-fresh randomness and known transition). Let S, A, H,m € N
and K > SAH. For any algorithm ALG there exists an adversarial MDP M with non-fresh randomness such that: (i) M
has ©(S) states, ©(A) actions and horizon ©(H); (ii) Running ALG with m agents for K episodes, when the transition

function is known, suffers expected average regret of at least Q(VH?SK + 4/ HQS%)

Proof. Consider the following MDP with horizon 2H. There are A actions a1, as, ...,a and S + 2 states: the initial state
So, a bad state s, and the MAB states s1, So, . . ., sg. The agent starts in the initial state s; where action a; transitions to
each of the MAB states sy, . . ., sg with probability 1/5, and all the other actions as, . . . , a 4 transition to the bad state s;.
In the bad state the cost is always 1 and all the actions just stay in it with probability 1. Each MAB state s; encodes a hard
multi-arm bandit problem for each horizon step h. That is, all the actions transition back to the initial state s(, but one action
(sampled uniformly at random) suffers cost 0 with probability 1/2 + € (and otherwise 1) while the other actions suffer cost 0
with probability 1/2, where € ~ /S A/K which is standard for MAB /RL lower bounds.

Without loss of generality we can assume that all of the agents always choose action a; in the initial state because otherwise
they transition to the bad state and suffer maximal cost. Critically, this means that all of the agents visit the same state in
every time step (because of non-fresh randomness).

Denote by T} j, the number of visits to MAB state s; in step h. We utilize the lower bound for cooperation in multi-arm
bandit (Seldin et al., 2014; Ito et al., 2020) in order to bound the average expected regret from below by

Q<]E ii ( ) L2k ):Q(SH 1+:LE[\/Y]>7

for X ~ Bin(n = K,p = 1/5) because in each even step size 2h one of the MAB states is sampled uniformly at random.

By Lemma A.7, we have E[v/X] > Q(,/np) for n > 1/p? which proves the lower bound Q(vVH2SK + 4/ HZSAK)

for K > S2. We note that a more involved proof of the lower bound in each state reveals that the standard assumption
K > HSA is sufficient. For more details see the proof of Rosenberg et al. (2020, Theorem 2.7). O

Theorem A.5 (Lower bound for stochastic MDP with non-fresh randomness). Let S, A, H,m € Nand K > SAH. For
any algorithm ALG there exists a stochastic MDP M with non-fresh randomness such that: (i) M has ©(S) states, O(A)
actions and horizon ©(H); (ii) Running ALG with m agents for K episodes suffers expected average regret of at least

Q(VH2SK + /H25AK),

Proof. Similarly to the proof of Theorem A.2 we use a combination of two constructions. The first one is presented in the
rest of the proof and gives the (4/ W) lower bound, and the second one is the construction from Theorem A.4 which
gives the Q(v H2SK) lower bound.

Consider the following MDP with horizon 2H + 1. There are A actions ay,as, .. .,a4 and 25 + 3 states: the initial state
S0, a bad state sp, a good state s,, the MAB states s1, s2, ..., S5, and the wait states s, ..., s¢. The agent starts in the
initial state so where action a; transitions to each of the wait states s{’, ..., s§ with probability 1/.S, and all the other
actions ag, . . ., a 4 transition to the bad state s;. In the bad state the cost is always 1 and all the actions just stay in it with
probability 1, while in the good state the cost is always 0 and all the actions just stay in it with probability 1.

For each i € [S], the pair of states (s;, s’) encodes a hard multi-arm bandit problem with H A actions and costs either 0 or
Q(H). In the next paragraph we describe how the MAB problem is encoded, but first notice that this achieves the desired
lower bound. In each episode all of the agents visit the same MAB problem and do not obtain any information about the
other ones. Thus, similarly to the proof of Theorem A.4, we can utilize the lower bound for cooperation in MAB (Seldin



Cooperative Online Learning in Stochastic and Adversarial MDPs

et al., 2014) in order to prove the lower bound:

) (iHm> =Q (\/H?’iﬁ>

Finally, we describe how to encode a hard MAB instance through the pair of state (s;, s%). In the wait state s¥ the action a;
transitions to s; with probability 1, and the action ay stays in state s;" if the step h is at most H + 2, otherwise it transitions
to the bad state s,. All the other actions as, . . ., a4 always transition to the bad state. In state s; all the actions transition to
the good state s, with probability 1/2 and to the bad state s; with probability 1/2, except for one action in a specific time
step (both sampled uniformly at random) that transition to the good state with probability 1/2 + € (and to the bad state with

probability 1/2 — ) for some € ~ /SA/K which is standard for MAB /RL lower bounds.

Notice that this is in fact MAB with H A actions since the learner needs to pick both the right action and the right horizon
step. Moreover, the cost is either 0 if the agents is successful in transitioning to the good state, or O(H) if the learner
transitions to the bad state (in any case that the good state is not reached, the bad state will be reached before time step
H +2). O

Theorem A.6 (Lower bound for adversarial MDP with non-fresh randomness and unknown transition). Let S, A, H,m € N
and K > SAH. For any algorithm ALG there exists an adversarial MDP M with non-fresh randomness such that: (i) M
has O(S) states, ©(A) actions and horizon O(H); (ii) Running ALG with m agents for K episodes, when the transition

function is unknown, suffers expected average regret of at least Q(V H2SK + 4/ HS’S%)
Proof. Follows immediately from Theorem A.5 since adversarial MDPs generalize stochastic MDPs. O

A.3. Auxiliary lemmas

Lemma A.7. Let X ~ Bin(n,p) and assume that n. > 1/p®. Then, E[v'X] > 0.01,/np.

Proof. By Markov inequality we have:

E[ﬁ]g{?ﬁ[ﬁg*{?} =@Pr[xz%]=‘/ljf(1—f>r[x<%]).

us, 1t suffices to show that Pr < == < which follows immediate rom Hoeffding inequality and the
Th i ffi h hat Pr | X 1’6’6 9/10 which foll i diately fi Hoeffding inequality and th

assumption that n > 1/p?%. O
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Algorithm 3 COOPERATIVE UPPER LOWER CONFIDENCE VALUE ITERATION (COOP-ULCVI)
1: input: state space S, action space A, horizon H, confidence parameter §, number of episodes K, number of agents m.
2: initialize: n} (s,a) = 0,n; (s,a,s’) =0,C}(s,a) =0V(s,a,s',h) € S x Ax S x [H].
3: fork=1,...,Kdo

4: setph(s’|s,a) %,éﬁ(s,a) — %V(s,a,s’,h) €S x AxS x[H].

5. compute {75 (s)}s, via OPTIMISTIC-PESSIMISTIC VALUE ITERATION (Algorithm 4).

6:  setny (s a) < nf(s,a),ny (s, a,5") < nf(s,a,8),C ™ (s,a) + CF(s,a) V(s,a,8',h) € S x Ax S x [H].
7. forv=1,...,mdo
8
9

observe initial state 5"
forh=1,...,Hdo

10: pick action afL; = ﬂ,’i(sz ), sufferlfost CF ~ en(sh”, i”; Y) 2nd observe next state;sflf}C ~pn(- | 8P, ap).
k+1 k+1 ket k+1

11: update n; + (shv,ah )(—nh+ (shv,ah )+ 1,n T (shv7ahv,sh+1) <—thr (shv,ahv,shﬂ) + 1.
k+1 k, k1 o

12: update CFH1(s)" ap?) < CFFY (s a) ") + CF "

13: end for

14:  end for

15: end for

B. The coop-ULCVTI algorithm for stochastic MDPs with fresh randomness

For the setting of stochastic MDPs with fresh randomness we propose the Cooperative Upper Lower Confidence Value
Iteration algorithm (coop—ULCVTI; see Algorithm 3). The idea is simple: all the agents run the same optimistic policy, but
the estimated costs and transition models are updated based on the trajectories of all of them. Since the randomness is fresh
in this setting, we expect the agents to observe m times more information. Next, we prove the following optimal regret
bound for coop—ULCVLI.

Theorem B.1. With probability 1 — 9, the individual regret of each agent of coop—ULCVTI is
H3SAK KHSA KHSA
RK:O<\/ fn log - 55 +H352A10g2’”65>.

B.1. The good event, optimism and pessimism

Define the following events (for 7 = 3 log 6SAM)

E%m:{wawmw%m@—wﬁﬂ”< %ﬁiwﬂ}

n¥(s,a) V1  nk(s,a)Vv1

2 / 2
EW@:{W&&%mimﬂﬂ&@—ﬁ@%ﬂﬂ< pu(s|sa)r | 27 }

2Vary, (.|s,a) (Vi)™ 5HT
nk(s,a) V1 nk(s,a)v1

E;m}l(k) = {V(Saavh) : | ((ﬁi(|s,a) _ph('|3’a>) ) V}f+1| < \/

v N N 12H?7
EP? (k) = {V(Saavh) : |\/Varph(~\s,a)(vh+1) - \/Varﬁ’;i(-\s,a)(vh+1)| < W}

The basic good event, which is the intersection of the above events, is the one used in Efroni et al. (2021). The following
lemma establishes that the good event holds with high probability. The proof is supplied in Efroni et al. (2021, Lemma 13)
by applying standard concentration results.

Lemma B.2 (The First Good Event). Let Gy = NE_ E¢(k) NE_, EP(k) nK_, EPY (k) NI, EPY2(k) be the basic good
event. It holds that Pr(G1) > 1 —6/2.

Under the first good event, we can prove that the value is optimistic using standard techniques (similar to Efroni et al. (2021,
Lemma 14)).
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Algorithm 4 OPTIMISTIC-PESSIMISTIC VALUE ITERATION
1: input: state space S, action space A, horizon H, confidence parameter ¢, number of episodes K, number of agents m,
visit counters n*, empirical transition function p*, empirical cost function ¢*.
e e 1e —k
2: initialize: K’;H_l(s) =Vgi(s)=0foralls € S.

3:forh=H,H—1,...,1do

4: forse Sdo
5: for a € Ado
6: set the bonus bﬁ(s, a) = bﬁ(s, a;c) + b’fL (s, a;p) defined as follows (for 7 = 3log GSA#),
2T
bk . — _
}L(S5a76) n}}i(s’a) V1
2Var (V )T 44H2S 1 _
( |s,a) h+1)T T k k
bk . — L |:V -V .
h(8,a;D) nk(s,a) v 1 W (sia) v 1 + 16H “PiClsa) [ Va1 — Fhtr

7: compute optimistic and pessimistic Q-functions:

QZ(Sva) = élﬁ(sva) - bZ(S, CL) + ]E*’“( |s,a) [Vﬁ-i-l]

—k R

Qh(s7 (l) = 02(87 (l) + b];;(‘97 a) + E; "( |s,a) [Vh+1]
8: end for
9: set Tk (s )EargmmaeAQ (s,a).

. —k

10: setVE(s) = max{Q¥ (s, 7(s)), 0}, Vi (s) = min{Q}: (s, 7}(s)), H}.
11:  end for
12: end for

Lemma B.3 (Upper Value Function is Pessimistic, Lower Value Function is Optimistic). Conditioned on the first good
event Gy, it holds that V§(s) < V;*(s) < V}fk(s) < V:(s)for everyk=1,..., K,s€eSandh=1,..., H.

Finally, using similar techniques to Efroni et al. (2021, Lemma 21), we can prove an additional high probability event which
hold alongside the basic good event G1. To that end, we define the filtration {F*};>; as the o-algebra that contains the
information on all observed data until the beginning of episode k (including the initial state of episode k). In addition, we
define the filtration {F}}>1,,>1 as the o-algebra that contains the information on all observed data until step 1 of episode
k (including the h-th state of episode k).

Lemma B.4 (The Good Event). Let G be the event defined in Lemma B.2. The second good event is the intersection of two
events Gy = EOT N EV¥ defined as follows:

K
EOP — {Vh € [H] ZIE — VE(sPY) | FR < 18H?r + (1 + ) th st Vﬁ(s’;’”)}
k=1
K H % K H k
B = {V” €lml: DY Var, (e gpey (Vi) S4H T 23 3 ElVar, e e (Vi) | Fk]}'
k=1h=1 k=1h=1

Then, the good event G = Gy N Gy holds with probability at least 1 — §.
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B.2. Proof of Theorem B.1

Lemma B.5 (Key Recursion Bound). Conditioning on the good event G, the following bound holds for all h € [H] and

v € [m].
K K
226 H2ST 2421
2
Z ( )<18HT+Z k wo kv \/1+Z kv kv
k=1 = k(s ap) k=1 \/n’,j(sh a7 V1

wk
Varph( ‘Sk vk, v)<V

+22\ﬁ\/ e } +< > ZVh—O—l Spi1) Vh+1(3h+1)
\/”Z(Sh ,ah IV 1

Proof. We bound each of the terms in the sum as follows:

7k k,v kv Ko =k
Vh(sh ) — Kﬁ(sh ) < Qbk(Sh ,ah ic) + 20}, (Sh 7ah 7p) + Eﬁﬁuszﬂ’yaﬁ”’)[vh-&-l - KZ-H]
= 2bk(shv7ah 7 ) +2bk(sh 7ah 7p)
~ kv —k
T, (st ke [Vh+1 Vil + @5 —p)Clsy " ar®) - (Vi = Vi)
S Qbk(shv7ah 7 ) +2bk(sh 7ah 7p)
8H?ST

1 —k &
+ 1+ — E v gk 14 -V , (10)

where the last relation holds by Cohen et al. (2021, Lemma B.13) which upper bounds

R kv ko —k 8H2ST 1 —k
(Ph —pn) (s ay”) - (Vh+1 Vh+1) b nﬁ(si’” aﬁ’”) JF 4H]Eph( lsf? ap ”)[Vh-H Vh+1]

by setting o« = 4H, C; = Co = 2 and bounding H7(2C5 + aSC;/2) < 8H?ST (the assumption of the lemma holds since
the event Ny EP (k) holds). Taking the sum over k € [K] we get that

N

K

Sk 8H2ST
th(sh’ ) = V(s Z +Z2bh sy p) Z o ko
k=1 —1 = sy ap) vl
K —k
(1 + ) Z (Lt ab oy Vo — Vil an

The first sum is bounded by definition by

K K

'U 'U
PACRNEORSY e
k1 - r(

=1 \ RSy 7%’ Vi

and the second sum is bounded in Efroni et al. (2021, Lemma 24) by

K K K Var kv kv (Vﬂk )
v v 109H25 sy hay, h+1
S Hh(sh k) < 30— vy

k
k=1 i1 sy e )V k=1 \/nﬁ(siv, ay’) V1

—k
8H Z i (-[si an) [Vh+1 Vh+1]
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Plugging this into (11) and rearranging the terms we get

K Var ko ko (Vﬂ'k )
ia 24/2 s g )
V:(ng) - KZ(SZI’U) < \/7 4 2@2 : \/ p (-Isp, w)

M=

[ =

k=1 \/ sﬁ”,ah v k=1 \/nﬁ(sfl”,ah V1
k K
226 H2ST ( ) —k k
E ko by [V =V
Zn shv,ah )V 1 2H ’; pulsy”ap Wit = Vi
k
2v2 226 H2S
D DI LA g |
k=1 \/n’g(sﬁ”,aﬁ”) vi o aSnk(syapt) vl
mk
<-\s’i*”,a’““><Vh+1) v
+ Z 2v/2r1 \/ - k’v u Z Vh+1 i) = Vi (i),
\/nh(sh ,ah YV 1
where the last inequality follows since the second good event holds. O

Proof of Theorem B.1. Start by conditioning on the good event which holds with probability greater than 1 — §. Applying
the optimism-pessimism of the upper and lower value function we get

m K
SN V(sEY) - V). (12)

Vi (sEY) = V(s <

N

1

Iteratively applying Lemma B.5 and bounding the exponential growth by (1 4 53 )2H < e < 3, the following upper bound

on the cumulative regret is obtained.

m K H
1 678H?%ST
2
R D S Bp e o
i U G Y

6\/27'Var WGl m)(Vh”Jrkl)

v=1k=1h=1 \/nﬁ(sh’ a7 V1 v=1k=1h=1 nk sk, ap?)

13)

‘We now bound each of the three sums in Equation (13). We bound the first sum in Equation (13) via standard analysis as
follows:

DRI

<

—

B

Il

—

=

Il

—_
3
CIJ

:

=

\_/
<
—_

— 7 —

H
Yo sy = 5,0, = a}
Z ZZH{”hsa > m}=e=l kG, a)\/l

+Z ZZH{nhsCL <m}2v 1H{5 =35 ah Y'=a}

h=1seS acAk=1 ’I’Lh(S a) Vi

<2HSAT+ZZZZH{TL}18G <m}zv 1]15;5 —Sah :a}

h=1s€S aceAk=1 ’(S CL)\/l
<2HSAT +2mHSA < 4mHSAT, (14)

where the first inequality is by Lemma B.6.
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The second sum in Equation (13) is bounded as follows,

m K H m K H kv ko
1 I{nk >
>3y D I
v=1k=1h=1 \/nﬁ(s’,z’”,af;”) V1  v=1k=1h=1 \/nﬁ(sﬁ ”7a’,fbv) v
m K H m K H H{?’l S akv) m}
=PI RNDID I D ”u’ = +2mHS A
oo oo ni(syaey) vl

<VKHmV2HSAT +24HSAT = V2mH2SAKT 4+ 2mHSA,

where the first inequality is similar to Equation (14), the second is by Cauchy—Schwarz, and the third is by Lemma B.6.

The third sum in Equation (13) is bounded by applying the Cauchy—Schwarz inequality as follows,

m K H Var kv kv (Vﬂk ) m K H \/Var k,v k,'u (Vﬂ'lC )

P}(‘gh yap Y\ h+1 ko ko I)h('|s ap, h+1 2

< Hny > 2mH*S A
> ———— <) > > Hnk(sy"ay") 2 m} ———2m

v=1k=1h=1 nk(sp’, a.") v=1k=1h=1 nk(sp’,ay")

m K H m K H kv kv

H{n2(5h7 sa,") > m} 2
SND3)3) ITIIPRIITAND 9 Bp P21 L ESPPHPEEN
v=1k=1h=1 v=1k=1h=1 CAC AN

IA
NE
<

ko by (VI )V2HS AT + 2mH? S A

ph( \S sy,

S
Il
—
=~
Il
-
>
Il
—

m K H
<2547 |3 S S E {Varml ooy (Vi) | fk} + 5mH2S AT

H 2
Z . ) | F| +5mH*S AT

where the first inequality is similar to Equation (14), the third inequality is by Lemma B.6, the forth is by event EV**, and
() is by the law of total variance (Cohen et al., 2021, Lemma B.14). O

B.3. Auxiliary lemmas

Lemma B.6. Ir holds that

ZZZZH{nh s,a) >m}zv 1]11;18 — 5 ah ‘=a) < 2HSAlog(Km).

h=1seS acA k=1 h( )

Proof. By Rosenberg et al. (2020, Lemma B.18), we have that

SY S k) 2 my 1H‘Ejh(8afv“f’v“} <> DD 2log (Z I{s" = s a2”=a}>

h=1seSacAk=1 h=1seSacA k=1v=1
< 2HSAlog(Km). O

—
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Algorithm 5 COOPERATIVE UPPER LOWER CONFIDENCE ACTION ELIMINATION (COOP-ULCAE)
1: input: state space S, action space A, horizon H, confidence parameter ¢, number of episodes K, number of agents m,
exploration parameter € > 0.
2: initialize: n} (s,a) = 0,n} (s,a,s') = 0,CL(s,a) =0, A%(s) = AV(s,a,s',h) € S x Ax S x [H].
3. fork=1,...,Kdo
4: setph(s' | s,a) «

np(s,a,8") ok (s,a) « -5 p(5.0) V(s,a,s',h) € S x Ax S x [H].

nk (s, a)vl’ch k(s a)V1

5:  compute {ﬂ]fl(s)}&h via OPTIMISTIC-PESSIMISTIC VALUE ITERATION (Algorithm 4).
6:  set AF(s) + Ay (s) for every s, h.
7:  remove sub-optimal actions for every s, h: if Ja,a’ € A¥(s) s.t. Qi(s, a) > @Z(s, a’), then A% (s) < AF(s)\{a}.
8 setIf(s,a,s')=0,If(s,a) =0,ICF(s,a) =0V(s,a,s,h) €S x Ax S x [H].
9. forv=1,...,mdo
10: sample h,, € [H] uniformly at random.
k B oqe k /
th probability 1 — mi(als) h#h

11: set TV = Ekh W% prooa lly where: Wfljh(a|s): hl( %) 7 ,

%% with probability € A (5) h="n.
12: observe initial state 5"
13: forh=1,...,Hdo
14: pick action ai Yot (- | sy, suffer cost CfY and observe next state s, .
15: update I,f(sh ,ah Y1 Ik(s];“7a2v,sh+1) —1 ICk(sh ,ah YY) C’”
16: end for
17:  end for
18:  setnftl(s,a) < nf(s,a) + If(s,a),nf (s, a,5") < nf(s,a,8') + IF(s,a,s') Y(s,a,s', h).

19:  set Oy (s,a) < CF(s,a) + ICF(s,a) ¥(s,a,h).
20: end for

C. The coop—-ULCAE algorithm for stochastic MDPs with non-fresh randomness

For the setting of stochastic MDPs with non-fresh randomness we propose the Cooperative Upper Lower Confidence
Action Elimination algorithm (coop—ULCAE; see Algorithm 5). Recall that if all the agents play the optimistic policy (like
coop-ULCVI), the regret will not improve since the randomness is non-fresh. Thus, we want each agent to diverge from
the trajectory of the optimistic policy at some point. To that end, at some step each agent takes a random action. At the other
steps it follows the optimistic policy to make sure that its regret does not increase. Finally, since all actions have probability
to be explored, we eliminate sub-optimal actions to avoid unnecessary over exploration.

Theorem C.1. With probability 1 — 6, setting € = mln{ pa f} the individual regret of each agent of coop—ULCAE is

HSAK H7SAK HSAK H8SAK HSAK
Rx =0 vH5SKlogm S + 5 1ogm 5 + 4/ 5 1ogm 5
) vm ) m )

, mHSAK — HSS2A? 2mHSAK>

H°S?A1
+ H°S“Alog 5 + NG og 5
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C.1. The good event, optimism and pessimism

Define the following events (for 7 = 3 log %):

E°(k) = {ws,a,h) ek (s,a) — en(s,a)] < QT}

nk(s,a) V1

R 2pn(s'|s, a)T 2T
EP(k) ={V(s,a,s' h): "Is,a) — pr(s'|s,a)| < ’
(k) {( )+ Il ) = (') <\ [SHEE SO

Ep“w):{ws,m): |(<ﬁz<-|s7a>—ph<-|s,a>>-vhm<\/M i) (Vi)7 | SHT }

nk(s,a) V1 n¥(s,a) V1

. R N 12H21
E? Q(k) = {V(s,a,h) : |\/Varph("5,a)(vh+l) - \/Varﬁ;;(.\s,a) (Vh+1)| < 71’,2(5(1)\/1}

The basic good event, which is the intersection of the above events, is the one used in Efroni et al. (2021). The following
lemma establishes that the good event holds with high probability. The proof is supplied in Efroni et al. (2021, Lemma 13)
by applying standard concentration results.

Lemma C.2 (The First Good Event). Let Gy = NS, E¢(k) NK_, EP(k) nK_, EP*1(k) NE_, EPV?(k) be the basic good
event. It holds that Pr(G1) > 1 —6/2.

Under the first good event, we can prove that the value is optimistic using standard techniques (similar to Efroni et al. (2021,
Lemma 14)).

Lemma C.3 (Upper Value Function is Pe551mlst1c Lower Value Function is Optimistic). Condztzoned on the ﬁrst good
event Gy, it holds that V5 (s) < Vy(s) < VT ( ) < Vh( ) and that QZ(S a) < Qr(s,a) < Qh (5 a) < Qh(s a) for

everyk=1,...,K, s ES,aGAandh— 1,...,H. Moreover, w;(s) € Ak(s) foreveryk = 1,...,K, s € S and
h=1,. .. H.

Finally, we define the following events that are more specific to our algorithmic action elimination framework:

E™ = {V(k,h,s) € [K] x [H] x SVa € A}(s) : nf(s,a) > 4H kz: % s) — log 6H55’A

o 1 6mHSA

E" = {V(k,h,s,a,v) € [K] x [H] x S x Ax [m] : nf(s,a) 5; —log ———
e - kv k,h' € 6mH

E :{V(h’,v)e[H]x[m}:;H{w’ =7h }SEK+1/Klog 5 }

Lemma C.4 (The Second Good Event). Let Go = E"'NE™2NE* be the second good event. It holds that Pr(Gg) > 1—§/2.

As a direct consequence, we get that the good event G which is the intersection of G and G holds with probability 1 — 4.

Lemma C.5 (The Good Event). Let Gy be the first good event defined in Lemma C.2, and G4 be the second good event
defined in Lemma C.4. Then, the good event G = G1 N Gy holds with probability 1 — 6.

Proof of Lemma C.4. We show that each of the events ~E™, =E"2, = E° occur with probability at most §/6. Then, by a
union bound we obtain the statement.

Pr[-E™!] < §/6: Without loss of generality, assume that in each episode, each agent uniformly randomizes a permutation
over all actions, o*, and in case of exploration takes the first active arm in the permutation *:*: arg min, Ak (s) ok (a).
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For any a € Af(s),

k—1
n,]f;(s,a) = ZH{HU : S';;U = s,ai’” = a}
Jj=1
k—1
> Y 13 " = s, = ahy = bt =7l 07 (a) = 1)

.
TH
i

1
>

*

I{Fv: si’” =5, hy = h, ™" = 70l 030 (a) = 1}

™

—~
=

J

=l
|)—‘

1 .
H{si’f = s} {Jv : hy = h, 78 = whhe 53V (a) = 1}, (15)

**)_1

—~

<
Il

For (), recall that a € Af(s), which implies that a € A} (s). Therefore, if h, = h, 79" = 73" ¢I(a) = 1 (that is,
the agent explores h, and a is the first action in the permutation), then aﬁ = a. (xx) is because each agent that randomize
h, = h follows the (deterministic) optimistic until horizon h. Since h,,, 07V and the event {77:* = 7/ h} are randomized
independently,

E|I{s)™ = s}{3v : hy = h, 70" = 70 63 (a) = 1} | }‘J} =

== (s)Pr [Fv: hy = h, 70" = 79hv 077 (a) = 1]

== (s) [ —Pr[Vu: hy # hValt £ gt v od?(a) #1]]

= i () [1= (Prla # v ! £ 70 v ol (@) £1))"
= (s) 1 — (1= Pr[hy = h,w?! = 77 671 (q) = 1])’"}

S

> q;, (s) [1 — e #a] (1—271)" <e)
] 1 2 _ 22
2o [ ()
,Tj me HA

By (Dann et al., 2017)[Lemma F.4] and Equation (15) we have, Pr [Hk : nﬁ(s, a) < 7573 D ie1 q; (s) — log 6HSA} <

575 - By taking the union bound over all h € [H],s € S and a € A, we get Pr(—E™) < 5/6.

Pr[-E"?] < §/6: For any v € [m],

Rl k—1
nh(s,a) = {3 € [m]: s =50l =a} > D> s =s,a)" = a}.
i=1 =
Again by (Dann et al., 2017)[Lemma F.4], we get Pr |3k € [K] : nf(s,a) < % Zk 1 w; (5, 0) — log SmITSA 6mHSA <

6mHSA Taking the union bound we get Pr[-E"?] < §/6.

Pr[—E*€] < §/6: Directly from Hoeffding’s inequality and a union bound. O
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C.2. Proof of Theorem C.1

Proof of Theorem C.1. By Lemma C.5, the good event holds with probability 1 — §. We now analyze the regret under the
assumption that the good event holds. We start by decomposing the regret according to the policy played by agent v:

K

v ke k,v

Rk = ZVI (1) = W' (s1")
k=1

=
—_
3
=
=
Il

K K H

> 2 (VE (8) = v sb)) + D0 30 it = a0 (v ) - v sl
k=1 k=1h'=1
K

>

K H
VE (1) = V(8 + D0 30 Mk = B (v (1) = v (1))

k=1 k=1h'=1

For the first term we use Lemma C.12, then Lemma C.7 and then Lemma C.6:

ZV1 HEK:EH:]E’“ \/TVarphus ah)(VhH)+ 72, -

F
k=1h=1 nk(sk,ak)v1 n(sh,aj) V1

K A Var, (.ok ok (VLEk ) 552 A2,2
SH\EZZE]C \/ pr(-sy.ap)\V h41 |Ek i T
k=1h=1 nk(sk,ak)v1 e

HS6SAKT? N H552%A%72

me me

A

For the second term we use Lemma C.11, then Lemmas C.7 and C.8 and then Lemmas C.9 and C.10:

K H
> D Hat =y (v () - W)

k=

_.

<
Il
_

K H A ’ \/Tvarph('\sk.ak)(vffﬁl) H?St ’
<330 Sore - e 1) | b

k
k=1h/=1h=1 nk(sk,ak)v1 ny(sy,az) V1
K H H , \/TV&I‘ gk k(VhEk) H2S
+ 1233 S 1k = 7Rk prllsian) Thtt? — T : | o
k=1h/=1h=1 nk(sk,ak)v1 ny sy, a) v

K H H Var . (Vﬂk ) /
rg H\/’FZ Z ZH{?Tk’U = 7Tk7h }]Ek \/ piClsi n> h) ht1 I ,n-k,h +H552AT2

k=1h/=1h=1 nk(sk,ak)v1

K H A , Var sk ak (Vﬂk) H692 A2+2
+HVTY Y Y Lt =R ER \/ ool i) WL | LHSAT

o me
k=1h/=1h=1 nk(sk,ak)v1

HG S2 A2T2
me '

8 9 2
SVHTSAKer? + TVHTSAT3K'Y* + H°S?Ar® + \/ HSART \/ HESAT jeuja
m me
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Setting € = min {%A, \/%}, we get:

HSSAKT? n H65%A%72
me me
\/ HSSAKT | [H9SAT? ),

+

Rx +VH'SAKer2 + 7VHTSAT3KY/*

AN

+ H5S? Ar?

7 2 8 6 Q2 A2 2
VESRE . |2 SAKT [H SAKT+HJSQA +Hf/é

2
+ VHTSATKY* 4 VHSST2KY/* + ,/ijT K4

H'SAKT?  [H8SAK H6S2A27?
SVHSSKT? + SAKT | SAKT +H552A72+L,
Jm m Jm

where the last inequality follows because the K/ terms are dominant only when K is small, and in these cases the constant
terms are larger. O

C.3. Bounds on the cumulative bonuses

Lemma C.6. Under the good event, if 75 < 1,

ii \/ Var,, (ot o) (V1) | < HISAKT | H*SA*r
s ~ .
k=1h=1 nﬁ(sfl, ah) V1 me me

Proof. By the event E™ we have:

iZH:Ek \/Varph( 1k ak) ( i:::) . iZH: qﬁk(s,a)\/Varph(,‘m)(Vﬁl)

k=1h=1 nk(sk,af)v1 a k=1h=15s€S ac A nk(s,a) V1

< Z Z zH: ZK: Qf’“(s,a)\/Varphus?a)(vﬁl)

s€S acAh=1k=1 \/( 42(::,4 ;C;ll qﬁj (S) - T) V1

H K . _
< Z Z Z Z a0 (s,a) \/Varphtls,a)(viﬁl)

seS acA h=1 ke 8HA ; lquJ (s)<r Y
k k
Z 5 i i a7 (s.a)y/ Vaty, (o0 (V)

me k—1 mJi

€S aCAR=1 . me skt g ()5, \/(m =1 (s)—=7)V1

8HA

H3A? ST ZZ ZZ Qh s, a \/V:‘rfhﬂis a)(Vh+1)

Saaitis s il aE () v

<w+ ZZEH:EK: 7TksoL\/’ar (Vlk) ii q%k(s’a)
< - ; pr(-|s,a)\ Vi1 : (% Z;C;ll q%j (s))v1

2/\

S

seSacAh=1k=1 seSacAh=1k=1
H3A2ST GRS 7Tk ok 1 &X = (s)
= T [ 202022 G (s a)Vary, (s (Vi )y [ DD D s :
me s€SaceAh=1k=1 s€S h=1k=1 (% Zj:l Q% (S)) V1
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where the last inequality is Cauchy—Schwarz inequality. Using the law of total variance (Cohen et al., 2021, Lemma B.14),

H

E | Var,, (fsa VEL) | 7t

h=1

2
=E (Vl Zch sh,ah> | 7% | < H?.

Using Rosenberg et al. (2020)[Lemma B.18], since 775 < 1,

,n_k‘
ZZZ me k 1 i)z HAZZZ — ??ﬁﬂ(f) <H25'AT.

ses het k=t (Frg 2oj=1 4y () V ses h=ti=1 (Frg 2_j=1 @ (5)) V1 me

ZZ th s, a)Vary, (s, a)(Vh+1

h=1seSacA

Combining the last three inequalities completes the proof.

Lemma C.7. Under the good event, Zszl Zle EF [W | ﬂk:| < H2SA’1
h*'"h

~ me

Proof. By the event E™!, we have:

(16)

a7

1 A K 4™ (s,a 1 K = s, a
ZZEk[M”k}:ZZ ZWSZZZZ = (,ﬁ- )

me

h=1seS acAk=1 (m j=1 9 (s) — T) V1

H H k
* q, (s,a)
<> >0 DDA COED I > (G T
h=15€Sa€A e Z?:II = (s)<r h=1s€8 a€Ay me skt gnd () \IHA 24j=1 n (s) =7
< ISAT  HASS S 53 0l H IS4
h=1seS acAk=1 (Z] 11Q%J( )) \/1 me

where the last inequality follows from Rosenberg et al. (2020)[Lemma B.18].

Lemma C.8. Let b/ € [H]|. Under the good event, Z,}le 2’1;1:1 I{rkv = pkh' Y EF [m
h\"h’"h

Proof. By the event E™2, we have:

ko _ kb k 1 Z = kv _ kK qgk)hl(s a)
S Lk — x }Z]E [,xsha’z) ] >SS S e =

— nk(s,a) V1
H k,h'

Zzzﬂ{ﬂkuz kh}( QlT-Lr (Sva)
q

h=1seS acAk=1

gi i( ,H{“kf”:”?’h’}qf

% Zj;ll H{ﬂ']vv = W]vh’}q;{j'hl (S, a

H
v ’ 7Tk,h/
<Y > Hrh = 75" Ygh ™ (s,0a)

:% EJ h ]I{‘n'J U =1rJ> h/}q"] n! (s,a)<T

\ ﬂk’hl} < HSAT.

k—1 v — 4,k ik’ _
ESaGAk:iZ ;ll]l{ﬂj v —gih’ }qﬂ'J k! (s,a)>T (2 Zj:l H{’]TJ =l }qh (Sﬂa’) T) V1

H v R T koh!
SYTIVNS 3535 D) DR s UL SR
~ 1 . o, > )/ ~ 9
h=1s€SacAk=1 (ijl H{WJ’U = 7Tj7h }Qh ! (87 a)) V1

>
Il
juy
w
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where the last inequality follows (Rosenberg et al., 2020)[Lemma B.18]. O

Lemma C.9. Let h' € [H|. Under the good event,

| 75| S VHPSAKer + VHPSAKY* + HS Ar.

K H o
S S H{ake = ok g WV, o ap) (Vi)

k=1h=1 nk(sk,ak)v1

Proof. First we bound \/ Var,, (st ol 6y (Vg +1) by H. Now, under the good event,

nf(sk,ak) v 1 h=15€S aeA k=1 nk(s,a) V1

K H ok
Zﬂ{ﬂ_k,v:ﬂk,h’}z]}zk 1 kb ZZZZH{T(’CU: 'y 4 (s,a)
k=1 h=1

N

H K
Y Y S -y G (o)
—1s€S acAk=1 \/(2 Z;c llqgjv(s,a)—r)\/l
" gt k,h'
>0 2.0 Imh = oM yqp ™" (5.0)
h=1s€S acA k=1 \/(; Zf;ll {miv = ﬂ.j,h’}qz—j,h/ (s,a) — 7') V1

IN

>

IN

o K ’ k,h'
]I kﬂ) = k7h’ ™
S HSAT + Z Z e T
h=1s€S acA k=1 \/(§ :k | {mdv = o M v

V1

S a
K S S g H K
< Z Z Z Lrtw = nh " (s,a) Z Zﬂ{w’w = mkh L gr " (s, a)

h=1s€8 acA k=1 (Z L miw = i Yqr” " (s, a)) V1 \h=1seSacAk=1
+ HSAT,
where the first inequality is by £72, the second inequality is done by breaking the sum to ks such that i 25;11 qﬁj’v (s,a) < T

and the rest of the ks, as done in the proof of Lemma C.8 for example, and the last is Cauchy—Schwarz inequality. By
Rosenberg et al. (2020)[Lemma B.18],

e VA OO N
ZZZZ( T S HSAr

h=1scS acAk=1 H{ jviﬂ—jh/}qﬂ—7 (Sva))\/l

By the good event E°,

H ) K
Z Z Z ZH{TFk v = gk Y (5 a) = HZH{TI‘k’U = "M} < Ke4+ VKT O
1=1scSacAk k=1

Lemma C.10. Under the good event,

wk
i XH: iﬂ{ﬂ'k’v _— VVaty, Cieg o) (ViEL) | < \/H4SAKT . \/H5SA7-2K1/4 | O AST
I m me '

me
k=1h'=1h=1 nk(sk,ak)v1
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Proof. By the event E™, we have:

K H H , \/Var sk ak (Vﬂk )
$° 30 S < gty [V V)]
k=1h'=1h=1 nk(sk,af)v1
K H H x* \/ mk
,qy, (s,a)\/Vary, (1s.a)(Viaq)
D3P 353 3 SRR UL LS
k=1h'=1h=1s€S a€A nk(sk,ak)v1
K H H 7 ok
v ry 4p (S’G)\/V3rph('\sva)(vh+1)
DIPIPIPIP I e
k=1h'=1h=1sES ac A \/(U”;”,—f4 =1y (s)—T)V1
ok Tk
H3A2Sr WL & N (&a)\/Varphus o) (V1)
< AT ko _ kb (ls,
S b D DD DD DD DD DR e i e e
k=1h'=1h=1sES acA (F12j=1 @ () V1
; — I{rhv = kh'}qzk(s a)
< Z H{ﬂ'k v = kb }q (S a)Varph(.|S,a)(V}j+1) Z me k—1 mi .
kb h,s,a kb osa (Ha 2-j—1 @ (8)) V1
H3A%ST
Jr -
me
I{mkv = kb Y= (s)
= Z]I{ﬂ—k = b } Z qh S, a Varp%( s, (l)(vh+1) Z me k—1 mJ .
kR h.s.a ks (HT 2oj=1 T (8)) V1
H3A%ST
+—
me

where the last inequality is by Cauchy-Schwarz. By Equation (16) and the good event £,

K H H ‘ K H ,
Z Z {rkv = 7k} Z Z Z q%k(s,a)Varph(_‘S,a)(ijl) < H? Z Z I{rk? = ghh}

k=1h'=1 h=1s€SacA k=1h'=1

mH
< H’Ke+ H*\/Klog 5

i zH: ]I{7rk>” = gk }qh i zH: (s) < H2SAT
me k—1 mi ~ )

k e
=1 h=1ses =1 (774 2oj=1 dn (8))V =1 h=1ses ( 1, (s) V1 me

For last,

I A

where the first inequality is since Zf’:l {rkv = Wk’h/} < 1 and the last is as in Equation (17). Combining the last three
inequalities completes the proof. O

k,h'

C.4. Bounding the regret of 7"" and the optimistic policy

Lemma C.11. Under the good event, for every k € [K] it holds that:

' H \/TVar (Vi5 ) 2
NG ) (|5ua h+1 H*ST - h
VI (sT) = Vi (sh) S HZEk . k} < + s a1 | whh
h=1 nF(sk ak)v1 r\Shs Qp
k
2 H k \/’TV&I‘ (-] sk ak (Vh+1) H2ST k
H ZE k( ok nk(sk ak)\/llﬂ
h=1 nf(sk ak)v1 h\"h>%h
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Proof. Apply Lemma C.13 for every k € [K] and then apply Lemmas C.16 to C.19 iteratively. O
Lemma C.12. Under the good event, for every k € [K]| it holds that:

: H TVar sk ak (Vﬂk ) H2
R PS ot AT S

nk(sk,ak)v1 niy (s ai) V1

Proof. Similar to the proof of Lemma C.11. O

Lemma C.13. Let b/ € [H|. Under the good event, for every k € [K] it holds that:

Vi (sh) - Z}_I: { (sh»ar) — @y (sh,ap) | 7" ]

+ B (@ (sho mh (s5)) = QL (shy ol (sh)) | 7]

Proof. Tt holds that:

k,h'

v www@=WWW—m$=ZWWm%ﬂwwmwm%m%ﬂ
—Zw[swmwmmﬂﬂsZW@%mvaHﬂﬂ
h

:ZW@m%w@%ﬁ%m%ﬂ
h

= > EF[@i(sh.af) - Q sk mh(sh)) | 7]

h#h!
+ " [ @ sk k) — @ (kb (s5)) | 7]
= Z]Ek[ Shaah f(Sﬁ,ahHW }
h#£h!

+ B [ @ (shs k) — QF, (kb (s5)) | 7]
< ZEk {@ (s af) — Qf (sh,ap) | 7 }
+wpm%ﬂ@w—g@ﬁ%mww”]

The first inequality is by Lemma C.3, the last equality is since 75" = 7% for any h # I’ and the last inequality is by
Lemma C.15. [

Lemma C.14. Under the good event, for every k € [K] it holds that:

k

H
Vit ( — Vi 51 ) < Z [Qh Sh’ah) Qk(shvah) | } .

Proof. Similar to the proof of Lemma C.13. O

C.5. Auxiliary lemmas

Lemma C.15. Ifa,a’ € A¥(s) then,

Qn(s,a) — Q¥ (sh,a') < Qp(s,a) — Q% (s,a) + Qy(s,a) — QF(s,a).
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Proof. Since a,a’ € A (s), we have that QZ(S, a) < @Z(s, a'). Thus:

On(s,a) — Q" (s.a)) = Qn(s.a) — Q(s,0) + @y (5.0') — Q¥(s,a') + Q(s.0) — G (s,a) . O

<0

Lemma C.16 (Recursion with Optimistic Next-Action). Let h # h' — 1. Under the good event, for every k € [K] it holds
that:

k

8\/7Var k ok (Vﬂ ) 2

—k L3/ pr(|s¥,a h+1 118H=ST ’

“@h(shab) - @, (sh.af) [ =] < BF e el
nk(sk,ak)v1 Tp\Shs A

1 —k /
+ (1 + 4H) EF [Qh+1(5§+1val}i+1) - QZH(SZH’ ajq) | 7" ]
Proof. By definition of the optimistic and pessimistic Q-functions, we have:
7]6 ’
E*[Qy(sh,ap) — Q, (s, ap) | 7*"] =
= EF[2b5 (s, ak; ) + 2bj (sh, af; p) | 7]
+EF [Eﬁgusg,aﬁ Visr = Vi ]| 2o }

< EF[2b] (s}, aki ¢) + 205 (sh, afis p) | 7]

18H2ST 1 . /
i k k,h
- {W%”m) Ep, (iot o) Vhat = Vil | 7 }

18H?ST ,
=EF (208 (sF, ak:e) + 208 (sF, abip) + —————— | 7P
{ h(Shsap;c) h(Shs ap;p) nﬁ(Sﬁ,aﬁ)\/l‘

1 /
+ (14 107 ) B ooy P (k) = skl [ 2]

ﬂ-k
8\/Tvarph(»|sk,ag)(vlf+1) 118H2ST | oy

< EF

nk(sk, af)v1 ny(sh,af) V1

—k 4
<1 + 4[1) E* [Eph('lslﬁvaﬁ)[vh“'l - KZ'H] | mhh }

where the first inequality is by Cohen et al. (2021, Lemma B.13), and the second one is by Cohen et al. (2021, Lemma B.6).
Let 75 (s) = arg min,, @Z(s, a). For the last term we have:

7](: k. !/
E* [Eph(-ls’;;,a;j [Vh+1 - Kthl] | Wk’h} =

S s |5,0) (Vi) - Vi)

h,s,a,s’

k:h,

= Tht1 (s) (VZH(S) - K’ZH(S))

—k !
= Ek |:Vh+1(8;€7/+1) - KZ+1(S;€L+1) | 7-(-k71h :|

7]@ k' ’
<E* {Qh-{-l(sﬁ-&-la aﬁ-ﬁ-l) - Qh+1(52+1ali+l(slfb+l)) | ot ]
k[AF k k k k k kb
=E {Qh+1(sh+17ah+1) _Qh+1(sh+17ah+1) | }7

where the last equality follows because h # h' — 1. O
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Lemma C.17 (Recursion with Non-Optimistic Next-Action). Let h’ € [H]. Under the good event, for every k € [K] it
holds that:

—k ’
E* [Qh/q(szupazuﬂ - Qh/_l(sﬁ/—l’az/q) | Wk’h} <

7Var

7Tk
o1 Clsk, b, (Vi) 118H2ST -

< EF |
F 2 R
\/nﬁ,,l(b‘ﬁ_l,aﬁ_l)\/l Mgy (Sh 15 @) V1

+ <1 + 4]{) Ek |:Qh'(sh’ ah/) Q:/(Sh’ a’h’) | 71' :|
1 —k '
+ (14 g7 ) EE @ o () - @ () | 7).
Proof. Similarly to Lemma C.16, we have,

—k ’
E* [Qh'—1(5§'—1,alfu—1) _Qh,,l(sﬁf—laaﬁf—l) | mhh } <

7k
TVar,, sk, ab, ) (Vi) . 118H2ST o

< EF | 7
\/nli?u—1(52'—1a aj,_y) V1 1 (81 ahy_y) V1

(14 g7 ) B [@hhoa) - o) ]
Now, by Lemma C.15,
B [Qh (shvab) = Vi (sho) | 750 | = B* [ @ (b ah) = QF (sh o (sh)) | 7]
< B[ Qp (shoal) = QF, (shroal) [ 7]
+ EX @ (sh, mh (sh)) — Q@ (shy () | 7). =
Lemma C.18 (Exploration Penalty Term Recursion). Let h' € [H|. Under the good event, for every k € [K] it holds that:

7’@ X ,
Ek Qh/(sﬁuﬂz/ (SZ/)) _Qh’ (SQHEE/(SE/)) | 7.rlf,h:| <

84/ 7Var

oy
ol (Virga) USHST

< EF

k (ck
TLZ (s’;;/;ah/)\/l nh/(sh/7ah/)v1

1 —k k
(14 g7 ) B (@b ) - @y b)Y
Proof. Again, similar to Lemma C.16,

—k ’
EX (@ (s b (sh) = @, (sh i (sh)) | 7] <

cgr | BV Gl b, o) (Vi) 118H2ST b
T GG v R R GR VI

X —k k k,h'
(1 + M) E |:Eph,l('|sﬁ/>lﬁ,/(sﬁ/)) [Vh+1 - Kh+1] | T :|

k . . .. . .k

k,h/
Note that ¢, (s) = gy, (s) since until step A’ the policies are the same, i.e., w) " = 75 for all h < h’. Hence, denoting
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the first term above by E¥ [ (s¥,, ¥, (s¥,)) | 7], we can write
’ akoh ok
Efa(shr, b (si) | 757 =D ai ™ (s)a(s,miy(s)) = D di (s)a(s, iy (s)

=S qF (s,a)a(s,a) = EF[a(sh,afy) | o),

where the third equality is since ¥ is deterministic. In a similar way, the second term can bounded by,

k /
E* By, (s, b, o, ) [Viar = Vil | Wk’h} =

ﬂ_k,h’ —k
=" Gpw - sk a5 (Vg () = Vi ()

= >0 Opw | shomho(55) (Vs (8) = Vi ()
5,8’
=31 8) (Viaa(8) = V()
:
= EY Vi () = Vs (i) | 2]
<EF {@fﬂ+l(sll§’+1a aﬁ’—&-l) - KZ/+1(5]}§/+1) | Ek]
=E* {@Z’-ﬁ-l(sﬁ’-&-l’ alﬁ'-ﬂ) - Qilﬂ(sﬁfﬂa alﬁ'-ﬂ) ‘ Ek] .

Lemma C.19 (Recursion Optimistic Policy). Let h € [H|. Under the good event, for every k € [K| it holds that:

ﬂ-k
- 8\/7Varph(.|sg,a§>(‘/ﬁ+1) 118H2ST |t

(s af) V1

—k
E* [@h(sh,af) - Q, (sh.af) | 2]
nk(sk,ak)v1

1 —k
+ (1 + 4H) E* [Qh-‘rl(slfﬁ-lval}iﬁ-l) - QZ+1(3§+17 ay ) | Ek]

Proof. Similar to the proof of Lemma C.18.
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Algorithm 6 COOPERATIVE O-REPS (coopr-O-REPS)
1: input: state space S, action space .4, horizon H, transition function p, number of episodes K, number of agents m,
exploration parameter -y, learning rate 7.
2: initialize: 7} (a | s) = /4, ¢} (s,a) = qF (s,a) ¥(s,a,h) € S x A x [H].
3: fork=1,...,Kdo
4: forv=1,...,mdo

5: observe initial state 7"

6: forh=1,...,H do

7: pick action a)"" ~ (- | s}").

8: suffer and observe cost cf (s)", al™)

9: observe next state 537, ~ pu(- | 53", ap”).
10: end for

11:  end for

12:  compute W) (s,a) =Pr[Fv: s} =s,a)" =a|7"] =1— (1 —gF(s,a))™ Y(s,a,h) € S x Ax [H].
k . QkT‘UIS ak‘,v:a
13:  compute ¢F (s, a) = eh(s.0)l{Bv: 5, =s,0,"" =) V(s,a,h) € S x Ax [H].

W}’f(s7a)+'y
14: compute ¢"! = argmin e a gy (g, &) + KL(q || ¢¥).
15:  compute 7} (a | s) = S CHO - V(s,a,h) € S x A x [H].

T X aeadr(sa)
16: end for

D. The coop—O—-REPS algorithm for adversarial MDPs with fresh randomness and known p

For the setting of adversarial MDPs with fresh randomness and known transitions we propose the Cooperative O-REPS
algorithm (coop-O-REPS; see Algorithm 6). The idea is simple: all the agents run the same O-REPS algorithm, but the
estimated costs are updated based on the trajectories of all of them. Since the randomness is fresh in this setting, we expect
the agents to observe m times more information. Next, we prove the following optimal regret bound for coop—O-REPS.

Similarly to Zimin & Neu (2013), We use the notations A(M) and KL(- || -) for the set of occupancy measures of the MDP
M and the KL-divergence between occupancy measures, respectively.

Theorem D.1. With probability 1 — §, setting n = v = %, the individual regret of each agent of coop—O-REPS
is
HSA H2SAK HSA HSA HSA
R =0 H\/Klog +\/ log + log .
) m ) m )

D.1. The good event

Define the following events:

K
E¢ = {Za&k[ak} - q") <4H Klog‘;’}

10HSAlog % 10H log % }

E¢ = {i i <1 + qﬁ(s,a)) (e (s,a) —2¢f(s,a)) < +
P m my v

K 3HSA
. Hl
*:{Z<ék_ck7qﬂ>§ Og'y : }

The good event is the intersection of the above events. The following lemma establishes that the good event holds with high
probability.
Lemma D.2 (The Good Event). Let G = E¢ N E° N E* be the good event. It holds that Pr[G] > 1 — 6.

Proof. We show that each of the events ~E¢, ~E¢, = E* occur with probability at most §/3. Then, by a union bound we
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obtain the statement. Notice that:

&
h=1s€S ac A h=1s€S acA Wii(s,a) +~
< (s, a)
< Z Z h2™ {3v: & = 5,0l = a}
> A m h "% h
ho1sesaca (1 a5 (s, ))

H H
<3 st =3 S S Nt = s =a) <H 4 - Hm =20,

h=1s€SacA h=1s€SacA
where the third inequality is by Lemma D.3, and the last inequality follows because for each step h the agents visit at most
m state-action pairs. Thus, event £ holds by Azuma inequality.
Event E° holds by Cohen et al. (2021, Lemma E.2) since 3, . , (5 +¢f(s,a)) & (s,a) < 1 (224 + H) and
EF[éF (s,a)] < cf(s,a). Event E* holds by Jin et al. (2020a, Lemma 14). O
D.2. Proof of Theorem D.1

Proof of Theorem D.1. By Lemma D.2, the good event holds with probability 1 — §. We now analyze the regret under the
assumption that the good event holds. We start by decomposing the regret as follows:

k=1 k=1
K K K
D G L R S G A L R N G
k=1 k=1 k=1
(4) (B) ()

N

K K
(4) = (ke qb) = S (e — EFEH], ) + (BN - o).

The second term is bounded by 4H 4/ K log % by the good event £°, and for the first term:

K K H FI{3v: siY =508 =a
> B =33 Y dfs.a)d(s.a) (1_E e H>

k=1 k=1h=1seSacA

L Wi(s,a qr(s,a)
=53 35 3) SICIRTINOY (RN (LGRS IR o) w) pp pist LS

k=1h= 18€Sa€AWh 50 +'Y

<viizzl_(lqﬁ(sa <Y Y ( +qhsa))=vHK<1+€:>,

qh(sa k,h,s,a

where the last inequality is by Lemma D.3.
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Term (B) is bounded by OMD (see, e.g., Zimin & Neu (2013)) as follows:

k=1 N k=1h=1s€S acA
Hlog(HSA) L& . &k (s, a)
< Y DD D k()
K k=1h=1scSacA Wh (8’ a) + v
Hlog(HSA) & ¢k (s, a)
< YD DD hlsa)
U k=1h=1seS acA 1- (1 - q,’i(s,a))
Hlog(HSA) <& 1
< TR S Y S (4 ki) dhtsa
N k=1h=1s€SacA
K H 3HSA 3HSA
Hlog(HSA 1 10nHS Alog 3254 10pH log 3HSA
SLULULLNEY3) 3) 3) 3l EET ) ISR UL SRS
N k=1h=1scSacA my Y
o Hlog B34 nHSAK 4 nHK + MHESAl Ay log 2134
~ n m my y ’

where the forth inequality is by Lemma D.3, and the fifth inequality is by the good event E°.

3H
Term (C') is bounded by % by the good event E*. Putting the three terms together gives the final regret bound when

. log H54
Settlng n=<~= @ O

m

D.3. Auxiliary lemmas

Lemma D.3. Let x € (0,1). Then, -—7*—= < ;- + <.

a—a)™

3=

Proof. Using AM-GM inequaility,

m(l—z)+14+azm

1—2)™(1 Eas -1
(=)™ (L am)) 7o < o0
1
( :c) “14+axm
rm
—1-(1-2)>
( z) “1l+axm
T 1
— f"_x
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Algorithm 7 COOPERATIVE UOB-REPS (coor-UOB-REPS)
1: input: state space S, action space A, horizon H, confidence parameter ¢, number of episodes K, number of agents m,
exploration parameter -, learning rate 7.
2: initialize: n} (s,a) = 0,1} (s,a,8') = 0,7} (a | s) = 1/A,q}(s,a,8') = 1/s?AV(s,a,s',h) € S x Ax S x [H].
3. fork=1,...,Kdo

4:  set nZH(s,a) —nf(s,a),ny T (s,a,8) + nk(s,a,s")¥(s,a,s',h) €S x Ax S x [H].
5 forv=1,...,mdo
6: observe initial state s+
7: forh=1,...,H do
8: pick action aIZ’ ~ (- \s ).
9: suffer and observe cost ch(sﬁ vapt).
10: observe next state sh+1 ~ (| 8P, alfl ).
11: update nkH(s’Z ”7ah ) n’,j“(sl,i v ah Y41 nk“(sﬁ ”7(1’;”, 32]:1) «— n’,ffl(sﬁv, a]fl v sﬁfrjl) + 1.
12: end for
13:  end for - )
14: setﬁkﬂ(’\s,a)e%V(s,a,s/,h)eSxAxSx[H].
WG,

k1
ph+ (s'|s,a) In HSAK +10 In HSAK
nﬁ+l(s,a)vl k+1

. k411 — .
15:  compute confidence set for e, "~ (s' | 5,a) = 4\/ e

PR = {p' | Y(s,a,8',h) : [PE(s" [ 5,0) = ph(s' | 5,0) < e (s | s,0)} -

16:  compute uf(s) = max, cpr qil’ﬂk(s) = max, epk Prls, = s | 7%, p] Vs € S.
17:  compute Uf(s,a) =1 — (1 —uf(s,a))™ ¥(s,a,h) € S x A x [H].

18:  compute ¢F (s, a) = h(s@l{3v: 5, " =s,0, " =a} V(s,a,h) € S x A x [H]
. P h 9 Uﬁ(&a)_;'_,y )y YWy .

19:  compute ¢**! = arg MiN e A (M, k41) 7(q, ék> + KL(q || qk).
k+1 s.a X

20:  compute 7y (a | s) = Z‘"—,EH(),) Y(s,a,h) € S x A x [H], where ¢! (s,a) = Yves (s, a,8").
cA s,a

21: end for

E. The coop—-UOB-REPS algorithm for adversarial MDPs with fresh randomness and unknown
p

For the setting of adversarial MDPs with fresh randomness and unknown transitions we propose the Cooperative UOB-REPS
algorithm (coop—-UOB-REPS; see Algorithm 7). The idea is simple: all the agents run the same UOB-REPS algorithm,
but the estimated costs and transitions are updated based on the trajectories of all of them. Since the randomness is fresh
in this setting, we expect the agents to observe m times more information. Next, we prove the following regret bound for
coop—~UOB-REPS. Note that this bound is optimal up to a v/H S factor. Removing this extra v/ HS is an open-problem
even for adversarial MDPs with a single agent.

Similarly to Rosenberg & Mansour (2019a), We use the notation A (M, k) for the set of occupancy measures whose induced
transition function is within the confidence set P*.

mKHSA

log

m, the individual regret of each agent of

Theorem E.1. With probability 1 — §, setting n = ~v =
coop-UOB-REPS is

KHSA  [HS?AK ., mKHSA KHSA
RK:()(H\/Klogm 55 n ‘S;n log® 55 +H353Alog3m(55>.
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E.1. The good event
k(o _ [ 2f(s'|s,a) log SUEHISA - 2log SOKHSA _ k(g =
Denote €} (s' | s,a) = \/ (v R P VR ei(s,a) = Ycser(s’ | s,a), &(s' | s,a) =
pr(s’]s,a) log 73(”(?5‘" 100 log 30K§ISA ~k _ ko . .
8\/ A (sa VT (el and € (s,a) = >, €(s' | s,a). Define the following events:

EP = {V(kj,s,a,s h) : |pn(s'|s,a) — pr(s'|s,a)| < e (s | s,a)}

Eo Yo € [m] : Z (q;{k(s, a) — H{si’v s, ai"v = a}) min{2, e (s,a)} < 10\/K log 730KH(SSAm
k,h,s,a
KHSA
B ={Vve[m]: > g5 (s,a)ef(s,a) <2 > sy =s,a;" = a}éf(s,a) + 100H S log® 30K HSAm

)
k,h,s,a k,h,s,a

k,s,a.h nh(s a) k,s,a,h Tlh(S CL)

K
B¢ = (BF[eF] - é¥, ¢%) < 4H [ K log g}

E""Sz{Vve[m]: q,’{ (5,0) <2 Z H{S _Sazl}:a}—kHlog?

) K H Alog BHSA
By Y Y (o a0 (é’z<s,a>—cﬁ<s7a>>sm}

y
3HSA
K . Hlog 3154
E{§ <a’“—c’“,q”>§7g 8 }

k=1 v

The good event is the intersection of the above events. The following lemma establishes that the good event holds with high
probability.

Lemma E.2 (The Good Event). Let G = EP N E°"' 0 E°"2 N E°™ N E° N E¢ N E* be the good event. It holds that
Pr[G] > 1-6.

Proof. E°"2 and E°™3 follows Cohen et al. (2021, Lemma E.2). The rest are similar to the proofs of Lemmas B.4 and D.2
and to proofs in Jin et al. (2020a). O

E.2. Proof of Theorem E.1

Proof of Theorem E.1. By Lemma E.2, the good event holds with probability 1 — §. We now analyze the regret under the
assumption that the good event holds. We start by decomposing the regret as follows:

K K
Fis , T s ok *
R =Y VI (s7") = VT (1) = D (kg™ —q7)
k=1 k=1
K K K K
DA e N R S A A E D N AR N
k=1 k=1 k=1 k=1
(A) (B) @) D)

Let 7 = log %SA’” be a logarithmic term. Term (A) can be decomposed using the value difference lemma (see, e.g.,
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Shani et al. (2020)):

K K H
ok ok ~
(A) = (g™ —d") <20 S S "N gi (s,0)pul- | 5,0) = (- | s,0)lh
k=1 k=1h=1s€SacA
K H .
< 2HZ Z Z Z qF (s,a) min{2,ef(s,a)}
k=1h=1s€SacA
H K H m
< —_— k’ jr— —
S22 D Y M =say" =ale(s,0) + HVE
k=1h=1s€SacAv=1
H

VST Z S P =56 :a} HST Z S s =5,ab = a)  BVET,
M ihsa n¥(s,a) V1 k.hs,a ny,(s,0) V1

where the second inequality is by event EP, and the third inequality uses event £°"! and Cauchy—Schwarz inequality We
now bound each of the two sums separately. For the second sum recall that nf (s, a) = Z;:ll S syt =s,a0" = a},
thus we have:

Zv 1][{5]“)_ Zv: a} Zv 1]1{3 Y= kvza}
> v <2HSAm+ Y. Y ;

ny(s,a
k,h,s,a h;s,a k:n¥ (s,a)>m h( )

v sy = 5,0, = a}
= 2HSAm + Z Z k—ll_ m Jyv v
h,s,a k:n;‘;(s,a)Zm Zj:l ZU:I H{ S, =S, h, = Cl}

<2HSAm + HSAlog(Km), (18)

where the last inequality is by Rosenberg et al. (2020, Lemma B.18). For the first term:

= m kv kv
_a}§2HSAm+Z Z Z?;:lﬂ{sh =S ah =a}

K, k
Z Dot I{s," = s,a

k.hs,a nk(s,a) V1 o kent o) >m k(s
=2HSAm+ Y Y Yo He' = s, = a) kzl(s ,a)
h,s,a kink (s,a)>m ni“(s a) ny (s, a)
<omsAm+ Y % Yoy syt =s,a," =a) n’ﬁ(i, a)+m
h.s,a kink (s,a)>m nk (s, a) ny, (s, a)

]I _ kv _
<2HSAm+2Z Z Yot M =54y = a}

h;s,a k:nk (s,a)>m fLJrl(s a‘)

m ]I ko ko
—ofsAm+2Y Y el =san =
h,s,a knk (s, >m\/zj DY { C=s,a” =a}

H K m
< 2HSAm+4ZZ Z ZZH{SQU =508 = a}

h=1s€SacA \ k=1v=1

<2HSAm—|—4Z SAZZZZ]I{S —sah Y'=a}

h=1 k=1v=1seSacA

=2HSAm +4HVSAKm, (19)

where the forth inequality is by Streeter & McMahan (2010, Lemma 1), and the last inequality is by Jensen’s inequality.
Putting these together we get that: (4) < \/AKT | (282472 4 HV/KT.
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Term (B) can be further decomposed as:

K

K K
(B):Z<C 767‘] ZC 7Ek Ak +Z 7ék7qk>'
k=1 k=1

k=1

The second term is bounded by 4H,/K log% by the good event E°. For the first term, let W,’;k(s,a) =

Pri3v:s; =s,ay" =a|7"=1-(1 —q,’{k(s,a))m

K FI{3v: st =5,a"" =a
S B = 33 Y Y o el (v (1—“{3 e ”)

k=1 k=1h=15s€S acA s,a) +
k
. Wi (s,a) qr(s,a) K
k k h ) h\S, k -
= qr(s,a)ci(s,a) [1— —/—+——"T—"—] < — = (Up(s,a) = W (s,a) +7)
khz " " Uy(s,a) +7 k,z Wit (s,a) " h
1 ,rk
<> <m W’E(S,a)) (U (s,a) = Wi (s,a) +7)
k,h,s,a
1 * m N\ YHSAK
= k;a (m + qﬁ(s,a)) ((1 —qF (s5,0))™ — (1 —uf(s,a)) ) — +~yHK
1 HSAK
: khzs:a m T a)) m(1—qf (s,0)" (uf(s,a) = qf (s,0)) + T 4 YHE
HSAK
< k T Y
< 3 dhis.a) i (50 + AT
k,h,s,a
ok m ok
+ > mah(s,a)(1 - qf (s,0))"(uf(s,) — gf (s,0))
k,h,s,a

ok vyHSAK
< Sth: (up(s,a) —qff (s,a))logm + I +7HK,

where the second inequality is by Lemma D.3, the third inequality is by convexity of the function f(x) = (1 — z)™ for
x € [0,1], and the last inequality follows because mz(1 — )™ < log m for every z € [0,1] sinceif 1 — 2z <1 — 210%

then (1 —x)™ < otherwise z < 21033 . Finally, >, ,, a(uh(s a) — qgk (s,a)) is bounded by Lemma E.5.

Term (C) is bounded by OMD (see, e.g., Rosenberg & Mansour (2019a)) as follows:

m27

K
- 2H10g (HSA)
(C)zZ( Py < /= ZZZthsachsa)
k=1 k=1h=1s€SacA
2Hlog (HSA) ek (s, 2Hlog HSA Tk qr(s,a
>~ +77 Z Qh Uk(< )_)*_ ( ) 77 Z cfz(‘gva)l 1h( k ) m
n k,h,s,a 5 a v N k,h,s,a _( _qh(87a’))
2H log(HSA)
< PRI 1y 3 (a0 )
N k,h,s,a
2H log(HSA) HSAlog 254
< 2H log(HSA) Y < + (s a)) (s a) 4 TE2E08 5
N k,h,s,a v
2H log #54  nHSAK HSAlog 354
< 05 i MHSAK e MSALR T

where the forth inequality is by Lemma D.3, and the fifth inequality is by the good event E°.

Term (D) is bounded by % by the good event E*. Putting the three terms together gives the final regret bound when
settingn = =1/,/(1+ 22) K. O
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E.3. Auxiliary Lemmas
The following Lemma is by Jin et al. (2020a, Lemma 8), Cohen et al. (2021, Lemma B.13)

Lemma E.3. Under the good event we have,

V(k,s,a,8' h) 0 |pu(s'ls,a) = B (s']s,a)| < (s | 5,a).

The following Lemma is part of the proof of Jin et al. (2020a, Lemma 4). We provide the proof here for completeness

Lemma EA4. Ler qgk (3,a | §;h) be the probability to visit (3,d) in time h given that we visited §' in time h. Under the
good event,

(20)

K H . K H
> [uf(s,0) —qf (s, SHY > > e(s.a)qf (s,0)
k=1h=1s€S,acA

K
—I—HSZ Z Eﬁ(s’|s,a)qgk(s,a)min{lz%’i(?|§,d)}qh (5,a|s;h+1).
: < §es

<H S€ES,a€A,s'€S 5€S5,a€A

e
_
>
Il
_
»
m
(9]
2
m
bS

k(s), and let p**" be the transition that corresponds

Proof. Let ¢**" be the occupancy measure such that ¢,"*" (s) = uf (s
-y 8h—1,0n—1,8n} Where

to ¢®*". Let o, (s) be the set of all trajectories that end in s in time A, i.e., o;,(s) = {s1, a1,

sp, = s. We have:

up(s,a) = qkéh(s a) =m(als) Z H i (ans | s ph’, P (swis | swsan)
on(s) h'=1

h—1

k
ai (s,a) =mh(als) > [ mhlan | sw)pw (snsr | snan).

on(s) h'=1

Then,
h—1 h—1
|up(s,a) — qff (5 a)| = ms(al s) Z H v (ans | snr) H Dp h (sh41 | swsan) — H pr(sw1 | snesan)| .
h'=1 h'=1

op(s) k=1
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We can rewrite the following term as,

h—1 h—1
k,s,h
LT 2" (snsa | swesan) = T owe(snora | swe,an)
h=1 h'=1
h—1 -1 h—1 h—1
k,s,h ,8,h
> 1 pw(snes | swvan) T] 23" (snes | swevan) + [T 23" (swsn | snesane)
1=2 h'=1 b= h=1
h—1 h—1 -1
- H Dh/ 3h’+1 | Sh/yah § H DPh' 3h’+1 | Sh’, a'h’ H ph’ =k Sh/+1 | Sh/,ah/)
h'=1 1=2 h'=1 h'=1
h—1 -1
E H Ph' Sh/+1 | Sh/, ah/ H ph’ sh Sh’-‘rl | Sh’vah')
I=1 h'=1 h'=1
hol-1 h—1
k,s,h
- pu(snta | swyan) || o™ (swogr | sy anr)
1=2 h'=1 h'=1
h—1 -1
E H Ph/ Spra1 | Sh/, ah/ H ph’ s:h Sh’+1 | Sh’aah’)
I=1 h'=1 h'=1
1
k,s,h
- Pr(Sh41 | Sheyan) P (Shg1 | She, ane)
=1 h'=1 R/=1+1
-1 h—1
o k,s,h »S,
=3 s I sea) = pu(siga [ sa)| [ pulswrn Lsoan) [T on™" (swg | sws an).-
— hi=1 h=1+1

Hence,

71-k
luh(s,a) = qj; (s,a)|

<mi(als) > H ki (an | sn) Z " (segn | s ) = pulsiga | Sl;al)‘

op(s) h'=1
-1
: H P (Sh41 | 8wy ane) H ph/ s "(Sh41 | Shrsans)
h'=1 h'=I+1
-1
Z ’kah Sz+1 | Slyal) —Pl(81+1 | Sl,az)‘ <7le(al | Sl) H 7T;]if((lh' | Sh')ph/(Sh'H | 5h’7ah’)>
=1 op(s) h'=1

h—1
: (W;’f(a 1s) T 7k Can | sn)pp™" (snria |8h'7ah')>

h/=l+1

= Z > ‘pf’s’h(sm | st a1) —pu(siea | Sz,az)‘

SIES, a[E.A Si+1 €S

-1
Z i (ar | s1) H o (ans | sn)pw (swa | swe, an)
oi(s1) h'=1

h—1
Z Z mh(a] s) H i (an | sy (sn4a | swean)

aip1€A {spn€S,apn G‘A}h” 142 h'=i41

- k
= Z > ’Pf’s’h(slﬂ EROESICY Sz,al)‘ af (si,ar) - gy ™" (s,a | si41),

LES aZE.A Si41 €S
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where we ease notation and denote qi’s’h(s, alsiy1) = qﬁ’s’h(s, a | si41;1 4 1). Similarly, we can show that,

g5 " (s, | si1) - Q;Tfk (s;a | si41)]
h—1 )
<) > ‘ph’ (s | swsan) = pu(snsr | swsan)| @ (snryane | sip1)a™" (s, | swiga)
h'=l+15,,€S,a, €A, s),1 11 ES
h—1
<mhlals) D > ’PZ’rS’h(Sh/H | sy ans) — pu(Sws | snsan)| @ (swesans | si01),

h=l+1s,,€S,a,€A,8,1 1 ES

where the last is since qh’ “M(s,a | spy1) < 7F(a| s). Combining the last two,

37 uf(s,a) — g (s,a)]

h,s,a,k
k

h—1
k,s,h k,s,h
> 2 > ‘PZ s | s a) = pi(si s a)| @ (s, an) - g, (s,a ] s141)

h,s,a,k 1=1 s;€S,a;€A,s141€S

h—1
5 k
> > & (s | s a)al (star) - qf (s.a | si41)

h,s,a,k 1=1 s;€S,a;€A,s;41€S

h—1
~ k
+ >0 > & (sia1 | s, a)af (si,a)mf(al s)

h,s,a,k =1 s;€S,a;€A,5141€S
h—1

> > ‘ph’ "(sht1 | Swsant) — pr(Shig | Shes an)

h'=l415,/€S,a,€A,5,1 11 ES

h—1
= ZZ Z & (st | s an)gf (st ) <Z% s, | Sz+1)>

k,h 1=1 SlES,aleA,Sl+1 €S

h—1
+ Z Z Z €f(81+1 | Sl7al)qlﬁk (5l7al)z7rll~f(a | 5)

h,s,k l=1 SLGS,azeA,Sl+1 €S

k
an (Swryan | Si41)

h—1
. - k
Z Z min 2, Z 62/(8h’+1 | sh/,ah/) qg, (sh/,ah/ | Sl+1)

h'=l+1s,/€85,a;,, €A Spr41€S

K
~ k
< HZ Z Z & (sia1 | s,a))a (siar)
1<I<H

k=1 s1€S8,a;€A,514+1 €S

K
+HSY Y > > & (a1 | s1,a)qf (s1,0)

k=11<I<h’<H s;€S8,a,€A, S]+1€5 ShIGS ap’ €A

. ~L k
-min ¢ 2, Z & (shitn | Snrsans) p @ (Sheyan | s141)
Sh/+1€5

K H )
=HY > e(s | s,a)q (s,0)
K
+HSZ Z Z (s | s,a)qf (s,a)min{2,z ’i( | 3, )}qh (G,a|s;h+1),

k=11<h<h<H s€S,a€A,s'€S 5€S,acA §’esS

k,s,h

where the last inequality is by Lemma E.3 and since p;”*"(-|s, a), pi(+|s, a) are probability distributions V(s, a, ). O
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Lemma E.5. Under the good event,

k H4S2AK
S uk(sa) — g (s.0)| S \/T St

h,s,a,k

Proof. We firstbound 3, ., . |uf (s, a) — q,’{k (s,a)| using Lemma E.4. Now, for the first term in Equation (20):

) m 2 m
Z Elfb(s,a)q;{k(s,a) = —Z Z & (s, a qh (s,a) < EZ Z ]I{Sﬁ’ =s, ah =alél(s,a) + 18HST?
k,h,s,a v=1k,h,s,a v=1k,h,s,a
< VST VST Z oo 1H{s =s ah Y'=a}
kohos,a nk(s,a) V1
57' Z D 1H{5k =S ah =a} 1 HS?
o ni(s,a) V1

H?S?AK
< JEART L g,
m

where the first inequality is by event £°"2 and the last inequality is by Equations (18) and (19). Plugging the definition of ¢,
we break the second sum in Eq. (20) as follows:

K
Z Z ZZ p(s \sa)qh (s,a) - m1n{2 Z~k |5a)}q, (3,a]s;h+1)

;(57& | s'sh+1)

. $,Q)T .k . ST N ,

+Z Z ZZ phéga)v)lqﬁ (s,a)‘mm{zn(@&)w}q;} (s,a|s;h+1)
K

+Z ZZ ksa ,’{k(s7a)-min{2,2€g(§’sa)}qh (3,a|s;h+1)

<h<h<H $,a,s’ $,a

—
=

(i)
+f2 SN g (sa) g Gl sih+ 1)
nk(s,a)yv1i h 2 ’ ’

(i)

where the last inequality follows because /zy < x + y for every x,y > 0. Term () is bounded as follows:
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qrt(s,a )a7 “(5,a | s'sh+ 1)pf (33, a) q;{k(s,a)q;{k(id | s'sh 4+ 1)pk(s']s,a)
ng(é,d) v

=T > ZZZ nE(s,a) V1

1§h<h§Hk 1s,a,s’ §,a,5"

@i (s,a)q7" (3, | s'sh + 1)pf (33, a)

=7 Z Z n¥(s,a) V1

1<h<h<H \ k,s,a,s’,3,d,8
Z qr (s,a)qzk (3,a|s'sh+ 1)pk(s'|s,a)
k ~ ~
k,s,a,s’,5,a,5’ nﬁ(s’a) vl
_ 5,0) G (s qh <s il sih+1)
=7 > SZZnsaw' ZZ L%
1<h<h<H k=1 s,a n( k=1s',5,a,5

a) ZZ qh~ ~7 <HSTZZnZh5a < H2S2Ar2,

qn
< HST Zznhhsa vl yv1— A=l aah

k=1 s,a,h

where the last inequality is by event E°™3 and Equation (18). Term (i) is bounded as follows

k(é alsi;h+1) quk(s,a)p’fb(sﬂs,a)

sy % > aGavit ¢

k= 11<h<h<H8aS’
(3,a) V1th 5, s'sh+ Daf(s)

—SZZZ

k=11<ph<h<H $,a
7
HQSQATQ.

Term (7i7) is bounded as follows:
(s.0)Y qF (5,a|s';h+1)

K
(“Z)SZ Z Zn sa\/lﬂ
k=11<p h 3,a

<H 50,8’

< HSTQZ Z nzhs o)

k=1 s,a,h

< H?S%A72.



Cooperative Online Learning in Stochastic and Adversarial MDPs

Algorithm 8 COOPERATIVE O-REPS WITH NON-FRESH RANDOMNESS (COOP-NF-O-REPS)
1: input: state space S, action space .4, horizon H, transition function p, number of episodes K, number of agents m,
exploration parameter -y, learning rate 7, Conﬁdence parameter §.
2: initialize: 7rh(a | s) =1/4,q(s,a) = qF "(s,a) V(s,a,h) € S x A x [H].
3:fork=1,...,K do
4:  forv = 1 ,mdo

5: observe 1n1t1al state s+
6: forh=1,...,Hdo
7: pick action ai’ ~ k(| spY), suffer cost ¢f (s}, a)") and observe next state Silii)l'
8: end for
9:  end for .
10:  For every (s,a,h) compute W} (s,a) — the estimate of W/ (s,a) = Pr[3v : si" = s,a*" = a | 7*] using

N = 1072 log BHZAm samples (Algorithm 9).
k,v
11:  compute ¢f(s,a) = ("(9 a)l{Bv: 5, =5,0," =a) V(s,a,h) € S x Ax [H].

W (s,a)+v
12:  compute ¢* ! = arg Inlnqu( ) 1(q, &) + KL(q || ¢¥).
13:  compute 7 (a | 5) = % V(s,a,h) € S x A x [H].

14: end for

F. The coop—nf—-0-REPS algorithm for adversarial MDPs with non-fresh randomness and
known p

For the setting of adversarial MDPs with non-fresh randomness and known transitions we propose the Cooperative O-REPS
with non-fresh randomness algorithm (coop—-nf—-0-REPS; see Algorithm 8). The idea is similar to the coop—O—REP S
algorithm for fresh randomness, but the key difference is that the probability to reach some state-action pair that the algorithm
uses (i.e., W} (s, a)) must be computed differently in order to suit non-fresh randomness. In fact, computing W/ (s, a)
becomes a difficult challenge once the randomness is non-fresh, and a naive computation takes exponential time. Instead
we propose to estlmate Wh (s,a) from samples That is, we simulate N = 10y~ 2 log LSA’” i.i.d episodes in which all
agents use policy 7% and then estimate Wh (s, a) by the fraction of episodes in which (s, a) was reached in step h by at least
one of the m agents. This way our algorithm keeps polynomial running time.

Theorem F.1. With probability 1 — 6, setting n = v = 1/ (1 + %) K, the individual regret of each agent of
coop—nf-O-REPS is

HSA H2SAK HSA HSA HSA HSA
=0 (1110 T 1[I  FIEA 194 0 A 510 194 ).

F.1. The good event

Define the following events:

EPP = {V(s,a,h, k) e S x Ax [H| x [K]: |W;§(s,a) —Wk(s,a)| < 7/2}

E° = {
6HSA 6HSA
10H S Alog >7= N 10H S'log === }

E¢ = { izz <1+7r,’§(a|8)> (éﬁ(s,a)—QcZ(&a)) <
k=1 h=1seSacA N my Y

6HSA
koot < 2Hlog6}

K
E*:{Z(ék—c,q 5

The good event is the intersection of the above events. The following lemma establishes that the good event holds with high
probability.

(B¥[e"] — &*, ¢*) <4H Klog?}

Y
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Algorithm 9 ESTIMATE REACHABILITY PROBABILITY FOR NON-FRESH RANDOMNESS
1: input: state space S, action space .4, transition function p, number of agents m, policy m, number of samples IV,
state-action-step triplet to estimate (5, a, h).

2: initialize indicator for reaching I(n) < 0 for n € [N].
3: forn=1,...,Ndo
4:  [initialize realized transitions p}, (s’ | s,a) = 0V(s, a, s, h).
5: forh=1,...,hdo
6: for (s,a) € S x Ado
7: sample s’ ~ py (- | 5,a) and set pj, (s’ | s,a) = 1.
8: end for
9: end for
10 forv=1,...,mdo
11: observe initial state s{ = sip.
12: forh=1,...,hdo
13: pick action aj ~ 7, (- | s7) and observe next state sj_, ~ pj (- | 5,a).
14: end for
15: if s} = 5,a] = a then
16: set I(n) « 1.
17: break
18: end if
19:  end for
20: end for

21: return ZnN:1 I(n).

Lemma F.2 (The Good Event). Let G = EP N E¢ N E¢ N E* be the good event. It holds that Pr[G] > 1 — 4.

Proof. By Hoeffding inequality we have that Pr[—E“P] < §/6, and the other events are similar to Lemma D.2. O

F.2. Proof of Theorem F.1

Proof of Theorem F.1. By Lemma F.2, the good event holds with probability 1 — §. We now analyze the regret under the
assumption that the good event holds. We start by decomposing the regret as follows:

K K
7l'k v
RK:ZVf" (sh?) — Z " =g
k=1 k=1
K K K
ST R
k=1 k=1 k=1
(4) (B) ()

Term (A) can be further decomposed as:

(E*[e*] - ¢, q").

WE

(A) =) (&= g") =D (" —E*[e", ") +

K
(
k=1 k=1

B
Il
_
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The second term is bounded by 4H 4/ K log % by the good event £, and for the first term:

K K H ko _
Z<Ck_Ek [*], Zzzzqhsa (s,a) (1— LE0: 5" =50, = H)

k=1 k=1h=1s€S acA Wh (s Y
= f: i > ai(s.a)ci(sa) [ 1- E*I{30: 5" = s,a," = a]]
7 R W(s,a) + /2

. Wk'(s a) ) qk(s a)

k k h\?» h\®

= s,a)cp(s,a) 1 — —+——"—| < E —_—
) qh( ) 3 )( ”Ilzc(s’a) 7/2 ,yk,h,s,a lf(sva) 7/2

k k HSAK
<~ 7%(8)7%&'5 Z Z( —|—7Tha| )):7 - +~HSK,

k,h,s,a kh,s,a a€ A

where the first inequality is by the event E*PP, and the last inequality is by Lemma F.3.
Term (B) is bounded by OMD (see, e.g., Zimin & Neu (2013)) as follows:

IA
=
@
)
N
=
_l’_
33
™=
M=
]
]
%
\.CIJ
Il
TQ
==
V2)
s

n 1h=1s€SacA h (S> a) +y
Hlog(HS4) | Sy . & (s,0)
< +n qp(8,a) "
v T 2 a2
Hlog(HSA) L& gi(s)mh(a ] 5)
- +”ZZ Z k (s, a)
K k=1h=1s€SacA Wh(87a’)
K H
Hlog(HSA
< og(HS )+7)ZZ ( + m(a | )> éﬁ(s a)
N k=1h=1s€S acA
K 6HSA 6HSA
Hlog(HSA) 10nHSAlog SHSA 105 H § log SHSA
_L 2533 Y ( o rka )>Ch(sa) n og 734 109H S log °5
k=1h=1s€S aC A my ~y

Hlog 224 HSAK HSAlog 8454 HS log $H54
&5 |1 4 pHSK + & 5 10085
n m my 0

A

)

where the forth inequality is by Lemma F.3, and the fifth inequality is by the good event E°.

Term (C') is bounded by % by the good event E*. Putting the three terms together gives the final regret bound when

. lo
settingn = vy = (ng. O

F.3. Auxiliary lemmas

Lemma F.3. Let w be a policy and denote by g7, (s) the probability to reach state s in time h when playing policy . Assume
that m agents use the same policy w in an MDP M with non-fresh randomness, and denote by Wy,(s, a) the probability that
at least one agent to reaches (s, a) in time h. Then, for every (s,a,h) € S x A x [H], it holds that:

qi (s)mn(a | 5)

<
Wh(sv a) N

1
— +7mp(al s).
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Proof. Let My, (s) be the number of agents that arrive at state s in time h. We have that,
Wi(s,a) =Pr[Fv € [m]: s} =s,a;, =a| 7] =E {1 — (1 —mn(a | s))Me) | ﬂ}

mh(a | s) _E { Mp(s)mn(a | 5) | W} 7 o1

7]\4}}(5) +mr(a | s)

>E

| 1+ My (s)mn(a | s)

where the inequality is by Lemma D.3.

Notice that E[M},(s) | 7] = mq].(s) by linearity of expectation. Therefore, Equation (21) is bounded from below by the
value of the following optimization problem:

ﬁﬁﬁﬁ

) imp(a | s)
PorersBrm sz 1+ imp(als)’
m
s.t. Zpii = mqj (s),
i=0
m
sz = 17
i=0

p; >0 Viem],

where p; represents Pr[M),(s) = i]. Since the coefficient of p; in the constrains and the objective are non-negative, we can
substitute the equality constrains with “ > ” constrains. We get the following standard form Linear Programming:

s T
perﬁ}glb s
st ATp>e,
p=0,
where,
0 1
_mn(als) 1 1
147
b= A= 2L o= (Lmg(s)).
mTrh.(a|s)
1+mmp, (als) 1 m
The dual problem is,
max(z1 + xamgj (8))
Z1,2T2
st x L0,
mh(a | s)
T+ T2 < ———7—7—,
YT = (e s)
2mp(a | s)
2y < ———~ 17
T1+2r2 = 14 2mp(als)’
mmp(a ] s)
F1+ My < 1+mnp(a|s)’
T1,T2 >0

From the first and the last constrains we have 1 = 0 and the rest of the constrains are equivalent to xo < #T(Sa)ls)

my (als 747, ($), which completes the proof. O

Hence the maximum value is Tomer (als]
mmy (al
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Algorithm 10 COOPERATIVE UOB-REPS WITH NON-FRESH RANDOMNESS (COOP-NF-UOB-REPS)

1: input: state space S, action space A, horizon H, number of episodes K, number of agents m = /K, exploration
parameter -, learning rate 7, confidence parameter 6.

2: initialize: n} (s,a) = 0,n}(s,a,s') = 0,7} (a | s) =1/A,q}(s,a,8) = 1/s*AV(s,a,s',h) € S x A x S x [H].
3: initialize: define a mapping o : [H] x A x [K] — [m] such that o(h,a, k) # o(h',a’, k) whenever h # h/ or a # d/,
and such that each agent is assigned by o exactly HAV/K times (i.e., |0~ (v)| = HAVK for every v € [m)]).
4: fork=1,..., K do
5. setIf(s,a,8') =0,1F(s,a) =0V(s,a,5',h) € S x Ax S x [H].
6: forv=1,...,mdo
7: observe 1n1t1al state s+
8: forh=1,...,H do
9: if3ae A: o(h,a,k) = v then
10: pick action a/"¥ = G.
11: else
12: pick action a)"¥ ~ (- | s}").
13: end if
14: suffer cost cf ()", ") and observe next state 52:1
15: update I} (s}, ap’) < 1, IF(sp" ap’, spty) « L.
16: end for
17: set ny (s, a) + nf (s, a) +If(s,a),nf T (s,a,8") < nf(s,a,8) + IF(s,a,5") Y(s,a,s', h).
18: setpk“(’|s,a)<—%h’(s,a,s,h)€8x¢4x8x[H].
+ s’|s In HSAK S K
19: compute confidence set for e} ! (s' | 5,a) = 4\/ (kllfja)vl“ +10 k+1(g (L)Vl'
PR =1 | V(s,a,8' h) [y TS | s,a) — pl(s' | s,a)] < e (s | s,a)} .
20: compute u} (s) = max,cpr qﬁl’”k(s) = max, cpr Pr[s, = s | 7%, p/] Vs € S.
Kk s.a Sls‘,,d(h,a,,k‘,):s
21 compute ¢k (s, a) = 2 )ij@Hv Y (s, a,h) € S x A x [H].
h
22: compute ¢t = arg MiNge A (M, k1) n{q, ") +KL(q || ¢%).

kE+1
23: compute 71 (a | s) = = (20) V(s,a,h) € S x A x [H], where ¢} "' (s,a) =Y csar ™ (s,a,8).

Yatea q;i+l(5xa')
24:  end for
25: end for

G. The coop—nf-UOB-REPS algorithm for adversarial MDPs with non-fresh randomness and
unknown p

For the setting of adversarial MDPs with non-fresh randomness and unknown transitions we propose the Cooperative
UOB-REPS with non-fresh randomness algorithm (coop—-nf-UOB-REPS; see Algorithm 10). The idea is to combine
the coop—nf-0O-REPS algorithm for known transitions with ideas from the coop—ULCAE algorithm in order to handle
unknown transitions under non-fresh randomness. The main challenge is that, unlike the stochastic case, we cannot eliminate
sub-optimal actions. Thus, our method requires v/ K agents to attain near-optimal regret as opposed to the stochastic case
where only H?A? agents are required.

Theorem G.1. Assume that coop—nf-UOB-REPS is run with m = K agents. With probability 1 — ¢, setting

log £HSA C e . .
n =~ =1\ —g&—, the individual regret of each agent of coop—nf—-0O—-REPS is

KHSA KHSA
R R ]
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G.1. The good event

SUKHSA k k , .
7o and €r(s,a) = Y csen(s’ | s,a). Define the following

30KHSA
S

(o _ [28}(s']s,a) log 2log
Denote Eh(s | 87CL) - \/ nlﬁ(s,a)\/l k,(ga‘

events:
EP = {¥(k,s,a,s h) : |pr(s'|s,a) — pE(s']s,a)| < ef(s' | s,a)}

1 ] HSA
E" = {V(k,h,s,a,v) € [K] x [H] xS x A:nk(s a) §Zq M
Jj=1

K
E° = {Z(}Ek[ék | 7] — ¢k, ") < 4HS\/Klog§}
3HSA
10H S log 3H5 }

K H

D22 milals) (@(s,a) — 24i(s,)) < gl
k=1h=1s€SacA
K
2

. H log 334
B = <é’“—c’“,q”>§7g 2
k=1 v

The good event is the intersection of the above events. The following lemma establishes that the good event holds with high
probability.

Lemma G.2 (The Good Event). Let G = EP N E°" N E° N E¢ N E* be the good event. It holds that Pr[G] > 1 — 6.

Proof. Similar to the proofs of Lemmas C.5 and F.2 and to proofs in Jin et al. (2020a). O

G.2. Proof of Theorem G.1

Proof of Theorem G.1. By Lemma G.2, the good event holds with probability 1 — §. We now analyze the regret under the
assumption that the good event holds. Note that each agent plays the OMD policy 7* in all except for H Av/K episodes.
Thus, the regret is bounded by the regret of the policies {m*}%_| plus a H 2 Av/K term which is at most H2S+/K. Next,
we focus on bounding the regret of {7* S|, starting with the following decomposition:

K K
kR Ky k.t ko ok o
ZVI (s7) = V" (51 U):Z<Ck7q -q")
k=1 k=1
K . K K K
oD DGR e S N e S AN AR A B S G N
k=1 k=1 k=1 k=1
(A) (B) () (D)

Let 7 = log w be a logarithmic term. Term (A) can be decomposed using the value difference lemma (see, e.g.,
Shani et al. (2020)):

K K H
k ~
A)=> (" ") <2HY > a (s,a)|lpa(- | s,0) =Py (- | s,0)|x
k=1 k=1h=1seS acA
Trk
SHVET Y By Rt (s,a)f
kihs.a A/ (s,0) V 1 UG OR

where the second inequality is by event EP. We now bound each of the two sums separately using the event £°". For the
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second sum we have:

kh,s,a P k.h,s,a (3 Zj:l qp’ (s) —log p) Zj:l qp’ (s) — log

<2HST+2) > B < per,

k—1 ri
h,s k:Z;?:—II q;{J(S)ZlegW ZjZl h ( )

k k
Z ‘ (S a) < Z qa (s, a) _ Z 'y (S)Zaﬂ—ﬁ(a | s)
nk(s,a)v1 = 1 k=1 i 6m1;15,4) Vi A (; k=1 i 6m1;15,4) V1
k

where the last inequality is by Rosenberg et al. (2020, Lemma B.18). For the first term:

kihsa \/1E(s,a) V1 a E,h,s,a \/(é Zf fq}{’( ) —log W) V1 khs \/(é Z? 11qh (s) —log W) V1

<2H
<2HST+2) 2. NS=ra
h,s k: Z 71 qh (S)>210g GmHSA

=2HST+2 Z Z
h,s kel ar i (5)22 log SmHSA \/]17
s k: Z7 1 Q; (S)>210g GmHSA \/7

K
<2HST+8Z Zq <2HST+8\IHSZ > g (s) =2HST + 8HVSK

k=1 h,s

5 g (s.0)  _ 5 ai (s.9) 3 G (5) Zuh(a] s)

where the third inequality is by Streeter & McMahan (2010, Lemma 1), and the last inequality is by Jensen’s inequality.
Putting these together we get that: (A) < H2SV KT + H?S%72.

Term (B) can be further decomposed as:

K K K
Zc — & g Z(c — E*[¢F | 7*], +Z (EF[ek | 7] — ¢k, ¢).
k=1

k=1 k=1

The second term is bounded by 4H .S/ K log g by the good event £, and for the first term:

S B | = 33 Y e e ><1 AL ——— S““)
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where the second equality is because agent o (h, a, k) plays policy 7" until step h. Finally, 3=, , .(ufi(s) — g(s)) is
bounded by similarly to Lemma E.S5.
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Term (C) is bounded by OMD (see, e.g., Rosenberg & Mansour (2019a)) as follows:
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where the forth inequality is by the good event E°.

3H
Term (D) is bounded by % by the good event E*. Putting the three terms together gives the final regret bound when

log KI-gSA

settingn =y =1\ —gz—- O



