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Abstract

Despite the broad use of fixed-point iterations
throughout applied mathematics, the optimal con-
vergence rate of general fixed-point problems with
nonexpansive nonlinear operators has not been
established. This work presents an acceleration
mechanism for fixed-point iterations with non-
expansive operators, contractive operators, and
nonexpansive operators satisfying a Holder-type
growth condition. We then provide matching com-
plexity lower bounds to establish the exact opti-
mality of the acceleration mechanisms in the non-
expansive and contractive setups. Finally, we pro-
vide experiments with CT imaging, optimal trans-
port, and decentralized optimization to demon-
strate the practical effectiveness of the accelera-
tion mechanism.

1. Introduction

The fixed-point iteration with T: R™ — R"™ computes
Tpt1 = Tag

for £k = 0,1,... with some starting point o € R™. The
general rubric of formulating solutions of a problem at hand
as fixed points of an operator and then performing the fixed-
point iterations is ubiquitous throughout applied mathemat-
ics, science, engineering, and machine learning.

Surprisingly, however, the iteration complexity of the ab-
stract fixed-point iteration has not been thoroughly studied.
This stands in sharp contrast with the literature on con-
vex optimization algorithms, where convergence rates and
matching lower bounds are carefully studied.

In this paper, we establish the exact optimal complexity of
fixed-point iterations by providing an accelerated method
and a matching complexity lower bound. The acceleration is
based on a Halpern mechanism, which follows the footsteps
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of Lieder (2021); Kim (2021); Yoon & Ryu (2021), and is
distinct from Nesterov’s acceleration.

1.1. Preliminaries and notations

We review standard definitions and set up the notation.

Monotone and set-valued operators. We follow stan-
dard notation of Bauschke & Combettes (2017); Ryu & Yin
(2020). For the underlying space, consider R™ with standard
inner product (-, -) and norm || - ||, although our results can
be extended to infinite-dimensional Hilbert spaces.

We say A is an operator on R™ and write A: R” =% R"™ if
A maps a point in R™ to a subset of R™. For notational sim-
plicity, also write Az = A(x). Write GraA = {(z, u) |
u € Az} for the graph of A. Write I: R™ — R™ for the
identity operator. We say A: R™ = R" is monotone if

(Am—Ay,x—y> > 0, Vmaye an

e, if (u—v,z —y) > 0forallu € Az and v € Ay. For
w € (0,00), say A: R™ = R™ is p-strongly monotone if

(Az — Ay, x — y) 2u||$—y||2» Ve, y € R™.

An operator A is maximally monotone if there is no other
monotone B such that GraA C GraB properly, and is
maximally u-strongly monotone if there is no other u-
strongly monotone B such that Gra A C Gra B properly.

For L € (0, 00), single-valued operator T: R™ — R" is
L-Lipschitz if

[Tz —Ty|| < Lllz —yll,  Vo,y €R™

T is contractive if it is L-Lipschitz with L < 1 and non-
expansive if it is 1-Lipschitz. For § € (0, 1), an operator
$: R™ — R"™ is f-averaged if § = (1 — )1 + 6T and a
nonexpansive operator T.

Write Jp = (I + A)~! for the resolvent of A, and Rp =
2J o —1I for the reflected resolvent of A. When A is maximal
monotone, it is well known that Jp is single-valued with
dom Ja = R"”, Ry is a nonexpansive operator, and Ja =
11+ IR, is 1/2-averaged.

We say z, € R™" is a zero of A if 0 € Az,. We say vy,
is a fixed-point of T if Ty, = y,. Write Zer A for the set
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of zeros of A and Fix T for the set of all fixed-points of
T. For any z € R” such that z = Jay for some y € R”,
define Az = y — Jay as the resolvent residual of A at .
Note that Az € Az. For any y € R"”, define y — Ty as the
fixed-point residual of T at y.

Fixed-point iterations. There is a long and rich history
of iterative methods for finding a fixed point of an operator
T: R®™ — R™ (Rhoades, 1991; Brezinski, 2000; Rhoades
& Saliga, 2001; Berinde & Takens, 2007). In this work, we
consider the following three: the Picard iteration

Yr+1 = Ty,

the Krasnosel’skii-Mann iteration (KM iteration)

Ykr1 = A 19k + (1= Agg1) Ty,

and the Halpern iteration

Yk+1 = Met190 + (1 — Apy1) Typ,

where yo € R™ is an initial point and {\g}ren C (0,1).
Under suitable assumptions, the {yx }ken sequence of these
iterations converges to a fixed point of T.

1.2. Prior work

Fixed-point iterations. Picard iteration’s convergence
with a contractive operator was established by Banach’s
fixed-point theorem (Banach, 1922). What we refer to as
the Krasnosel’skii-Mann iteration is a generalization of
the setups by Krasnosel’skii (1955) and Mann (1953). Its
convergence with general nonexpansive operators is due to
Martinet (1972). The iteration of Halpern (1967) converges
for the wider choice of parameter A\ (including A\, = %H)
due to Wittmann (1992). Halpern iteration is later gen-
eralized to the sequential averaging method (Xu, 2004).
Ishikawa iteration (Ishikawa, 1976) is an iteration with two
sequences updated in an alternating manner. Anderson ac-
celeration (Anderson, 1965) is another acceleration scheme
for fixed-point iterations, and it has recently attracted sig-
nificant interest (Walker & Ni, 2011; Scieur et al., 2020;
Barré et al., 2020; Zhang et al., 2020; Bertrand & Massias,
2021). A number of inertial fixed-point iterations have also
been proposed to accelerate fixed-point iterations (Maingé,
2008; Dong et al., 2018; Shehu, 2018; Reich et al., 2021).
Our presented method is optimal (in the sense made precise
by the theorems) when compared these prior non-stochastic
fixed-point iterations.

Convergence rates of fixed-point iterations. The
squared fixed-point residual [y, — Tyy||* is the error mea-
sure for fixed-point problems that we focus on. Its con-
vergence to 0 (without a specified rate) is referred to as
asymptotic regularity (Browder & Petryshyn, 1966), and

it has been established for KM (Ishikawa, 1976; Borwein
et al., 1992) and Halpern (Wittmann, 1992; Xu, 2002).

The convergence rate of the KM iteration in terms of
llyr, — Ty ||* was shown to exhibit O(1/k)-rate (Cominetti
et al., 2014; Liang et al., 2016; Bravo & Cominetti, 2018)
and o(1/k)-rate (Baillon & Bruck, 1992; Davis & Yin, 2016;
Matsushita, 2017) under various setups. In addition, Bor-
wein et al. (2017); Lin & Xu (2021) studied the convergence
rate of the distance to solution under additional bounded
Holder regularity assumption.

For the convergence rate of the Halpern iteration in terms of
l|lyx. — Ty ||?, Leustean (2007) proved a O(1/(log k)?)-rate
and later Kohlenbach (2011) improved this to a O(1/k)-
rate. Sabach & Shtern (2017) first proved the O(1/k?)-rate
of Halpern iteration, and this rate has been improved in its
constant by a factor of 16 by Lieder (2021).

Monotone inclusions and splitting methods. As we soon
establish in Section 2, monotone operators are intimately
connected to fixed-point iterations. Splitting methods
such as forward-backward splitting (FBS) (Bruck Jr, 1977;
Passty, 1979), augmented Lagrangian method (Hestenes,
1969; Powell, 1969), Douglas—Rachford splitting (DRS)
(Peaceman & Rachford, 1955; Douglas & Rachford, 1956;
Lions & Mercier, 1979), alternating direction method of
multiplier (ADMM) (Gabay & Mercier, 1976), Davis—Yin
splitting (DYS) (Davis & Yin, 2017), (PDHG) (Chambolle
& Pock, 2011), and Condat—Vi (Condat, 2013; Vi, 2013)
are all fixed-point iterations with respect to specific nonex-
pansive operators. Therefore, an acceleration of the abstract
fixed-point iteration is applicable to the broad range of split-
ting methods for monotone inclusions.

Acceleration. Since the seminal work by Nesterov (1983)
on accelerating gradient methods convex minimization prob-
lems, much work as been dedicated to algorithms with
faster accelerated rates. Gradient descent (Cauchy, 1847)
can be accelerated in terms of function value suboptimal-
ity for smooth convex minimization problems (Nesterov,
1983; Kim & Fessler, 2016a), smooth strongly convex mini-
mization problems (Nesterov, 2004; Van Scoy et al., 2018;
Park et al., 2021; Taylor & Drori, 2021; Salim et al., 2022),
and convex composite minimization problems (Giiler, 1992;
Beck & Teboulle, 2009). Recently, accelerated methods for
reducing the squared gradient magnitude for smooth convex
minimization (Kim & Fessler, 2021; Lee et al., 2021) and
smooth convex-concave minimax optimization (Diakoniko-
las & Wang, 2021; Yoon & Ryu, 2021) were presented.

Recently, it was discovered that acceleration is also possible
in solving monotone inclusions. The accelerated proximal
point method (APPM) (Kim, 2021) provides an accelerated
O(1/k?)-rate of | Azy||> compared to the O(1/k)-rate of
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proximal point method (PPM) (Martinet, 1970; Gu & Yang,
2020) for monotone inclusions. Maingé (2021) improved
this rate to o(1/k?) rate with another accelerated variant of
proximal point method called CRIPA-S.

Complexity lower bound. Under the information-based
complexity framework (Nemirovski, 1992), complexity
lower bound on first-order methods for convex optimiza-
tion has been thoroughly studied (Nesterov, 2004; Drori,
2017; Drori & Shamir, 2020; Carmon et al., 2020; 2021;
Drori & Taylor, 2022). When a complexity lower bound
matches an algorithms’ guarantee, it establishes optimality
of the algorithm (Nemirovski, 1992; Drori & Teboulle, 2016;
Kim & Fessler, 2016a; Taylor & Drori, 2021; Yoon & Ryu,
2021; Salim et al., 2022). In the fixed-point theory literature,
Diakonikolas (2020) provided the lower bound result for the
rate of (Axy, x, — x,) for variational inequalities with Lip-

schitz, monotone operator. Colao & Marino (2021) showed
Q (1/k2_%) lower bound on ||y — ¥, ||? for Halpern itera-

tions in g-uniformly smooth Banach spaces. Recently, there
has been work establishing complexity lower bounds for
the more restrictive “1-SCLI” class of algorithms (Arjevani
et al., 2016). The class of 1-SCLI fixed-point iterations
includes the KM iteration but not Halpern. Up-to-constant
optimality of the KM iteration among 1-SCLI algorithms
was proved with the (1 /k) lower bound by Diakonikolas
& Wang (2021).

There also has been recent work on lower bounds for the
general class of algorithms (not just 1-SCLI) for fixed-point
problems. Contreras & Cominetti (2021) established a
Q(1/k?) lower bound on the fixed-point residual for the
general Mann iteration, which includes the KM and Halpern
iterations, in Banach spaces. Our £(1/k?) lower bound
of Section 4 is more general than the result of Contreras
& Cominetti (2021) as it applies to all deterministic algo-
rithms, not just Mann iterations. Diakonikolas & Wang
(2021) established a ©2(1/k?) lower bound on the squared
operator norm for algorithms finding zeros of cocoercive op-
erators, which are equivalent to methods finding fixed points
of nonexpansive operators. Our lower bound of Section 4
improves upon this result (by a constant of about 80) and
establishes exact optimality of the methods in Section 3.

Acceleration with restart. Restarting is a technique that
allows one to render a standard accelerated method to be
adaptive to the local structure (Nemirovski & Nesterov,
1985; Nesterov, 2013; Lin & Xiao, 2014; O’Donoghue &
Candes, 2015; Kim & Fessler, 2018; Fercoq & Qu, 2019;
Roulet & d’ Aspremont, 2020; Ito & Fukuda, 2021). Our
method of Section 5 was inspired specifically by the restart-
ing scheme of Roulet & d’Aspremont (2020).

Performance estimation problem. The discovery of the
main algorithm of Section 3 heavily relied on the use of the
performance estimation problem (PEP) technique (Drori &
Teboulle, 2014). Loosely speaking, the PEP is a computer-
assisted methodology for finding optimal methods by nu-
merically solving semidefinite programs (Drori & Teboulle,
2014; Kim & Fessler, 2016a; Taylor et al., 2018; Drori &
Taylor, 2020; Kim & Fessler, 2021). We discuss the details
of our use of the PEP in Section C of the appendix.

1.3. Contributions

We summarize the contribution of this work as follows.
First, we present novel accelerated fixed-point iteration
(OC-Halpern) and its equivalent form (OS-PPM) for mono-
tone inclusions. Second, we present exact matching com-
plexity lower bounds and thereby establish the exact opti-
mality of our presented methods. Third, using a restarting
mechanism, we extend the acceleration to a broader setup
with operators satisfying a Holder-type growth condition.
Finally, we demonstrate the effectiveness of the proposed
acceleration mechanism through extensive experiments.

2. Equivalence of nonexpansive operators and
monotone operators

Before presenting the main content, we quickly establish
the equivalence between the fixed-point problem

find =T
ye?z{" Y Y

and the monotone inclusion

find 0¢€ Ax,

TER™
where T: R™ — R™ is 1/vy-Lipschitz with v > 1 and
A: R™ = R™ is maximal p-strongly monotone with p > 0.
Lemma 2.1. Let T: R" = R" and A: R" = R™. IfTis
1/~-Lipschitz with v > 1, then

1.\ ! 1
A:<T+]I> (1+>—11
v v

is maximal ”51 -strongly monotone. Likewise, If A is maxi-

mal p-strongly monotone with . > 0, then

1
T=(1+-—+)Ja—
<+1+2M)A

is ﬁ-Lipschitz. Under these transformations, x, is a
zero of A if and only if it is a fixed point of T, i.e., Zer A =
Fix T.

I
14+ 2p

The equivalence in case of v = 1 and p = 0 is well known
in optimization literature (Bauschke & Combettes, 2017,
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Theorem 23.8) (Bauschke et al., 2012; Combettes, 2018).
This lemma generalizes the equivalence to v > 1 and y > 0.
As we see in Appendix A of the appendix, the equivalence is
straightforwardly established using the scaled relative graph
(SRG) (Ryu et al., 2021), but we also provide a classical
proof based on inequalities without using the SRG.

Remark. Since 1 - T = (1+ 1+2u)(]1 —Ja
algorithm that effectively reduces ||yn_1 — Tyx_1||? for

fixed-point problem is equivalent to finding an algorithm
that effectively reduces || Az ||? for monotone inclusions.

), finding an

3. Exact optimal methods
We now present our methods and their accelerated rates.

For a 1/~y-contractive operator T: R™ — R™, the Optimal
Contractive Halpern (OC-Halpern) is
1 1
= (1 - ) Tys—1 + —yo  (OC-Halpern)
Pk Pk
fork =1,2,..., where ), = Zf:oVQi and yg € R™isa
starting point. For a maximal p-strongly monotone operator

A: R"™ = R", the Optimal Strongly-monotone Proximal
Point Method (OS-PPM) is

g = Jayp—1 (OS-PPM)

Pr—1 — 1( 2pr—1

Yk = Tk + Ty — Th—1) — (Ye—1 — zk)

i (1+2p)pr—2
Pk
fork =1,2,..., where ¢}, = Zf:()(l +2u)%, 0 1 =0,
and z9 = yo = y—1 € R" is a starting point. These two
methods are equivalent.

(yk-—2 - SCk—l)

Lemma 3.1. Suppose v = 1 + 2u. Let A =

-1
(T—i— l]I) (1 + %) — I given T, or equivalently let

(1 =+ 1+2u> JIa— 1+2 —5—-1 given A. Then the yy-iterates

of (OC-Halpern) and (OS-PPM) are identical provided they
start from the same initial point yo = ¥o.

We now state the convergence rates.

Theorem 3.2. Let A: R™ = R"™ be maximal p-strongly
monotone with i > 0. Assume A has a zero and let x, €
Zer A. For N = 1,2, ..., (OS-PPM) exhibits the rate

2
. 1
[Azy|* < <Nl+2u)k> lyo — ||

K=o (1

Corollary 3.3. Let T: R — R be v~ -contractive with
v > 1. Assume T has a fixed point and let y, € FixT. For
N =0,1,..., (OC-Halpern) exhibits the rate

2 2
1 1
lyn — Tyn | < (1 + ) <N> o — yall>.
v > k07"

When A is strongly monotone (& > 0), (OS-PPM) exhibits
an accelerated O(e~*#N)-rate compared to the O(e=2*)-
rate of the proximal point method (PPM) (Rockafellar, 1976;
Bauschke & Combettes, 2017). When T is contractive
(y < 1), both (OC-Halpern) and the Picard iteration ex-
hibit O(y~2")-rates on the squared fixed-point residual. In
fact, the Picard iteration with the T of Lemma 2.1 instead of
J 4 is faster than the regular PPM and achieves a O(e~4*)
rate. (OC-Halpern) is exactly optimal and is faster than Pi-
card in higher order terms hidden in the big-O notation. To
clarify, the O considers the regime 1 — 0.

When A is not strongly monotone (¢ = 0) or T is not
contractive (y = 1), (OS-PPM) and (OC-Halpern) respec-
tively reduces to accelerated PPM (APPM) of Kim (2021)
and Halpern iteration of Lieder (2021), sharing the same
O(1/N?)-rate. In this paper, we refer to the method of
Lieder (2021) as the optimized Halpern method (OHM).

The discovery of (OC-Halpern) and (OS-PPM) was assisted
by the performance estimation problem (Drori & Teboulle,
2014; Kim & Fessler, 2016b; Taylor et al., 2017; Drori &
Taylor, 2020; Ryu et al., 2020; Kim & Fessler, 2021; Park
& Ryu, 2021) The details are discussed in Section C of the
appendix.

3.1. Proof outline of Theorem 3.2

Here, we quickly outline the proof of Theorem 3.2 while
deferring the full proof to Section B of the appendix.

Define the Lyapunov function

VE= (147" [(Zv) | Az |?

k—1

( ’Yn> (Axy — p(x) — 24), Tp — Ty

n=0
k—1 2
o > |

(OS-PPM-Lyapunov)

n) Azy, — (1, — 24) + (T8 — Yo)

=0
1=y — .]?

+

fork = 0,1,..., where y = 1 4 2 and Axj, = yj_; —
) € Axy. After some calculations (deferred to the ap-
pendix), we use p-strong monotonicity of A to conclude

VERL VR = 2972 (1 + ) pppn—1

(Azyiq — Azy — p(Tpyr — 2,

<0.

)a Tk+1 — Z’k>

Therefore,

VN <VN=L << V0 = 9||yg — 2,2
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and we conclude
) 2
|Azy]|? < <N—1k> o — ]2
k=0 7V

4. Complexity lower bound

We now establish exact optimality of (OC-Halpern) and
(OS-PPM) through matching complexity lower bound. By
exact, we mean that the lower bound is exactly equal to
upper bounds of Theorem 3.2 and Corollary 3.3.

Theorem 4.1. Forn > N +1 and any initial point yo € R"™,
there exists an 1/~-Lipschitz operator T: R™ — R" with a
fixed point y, € Fix T such that

2
1\? 1
lyx — Tyn|? > (1+) <N> o — 9. 12
v Zk:OVk

for any iterates {yy }5_, satisfying

Yk € Yo +span{yo — Tyo,y1 — Ty1, ..., Yr—1 — Typ—1}

fork=1,... N.

The following corollary translates Theorem 4.1 to an equiv-
alent complexity lower bound for proximal point methods
in monotone inclusions.

Corollary 4.2. For n > N and any initial point xo = yo €

R™, there exists a maximal p-strongly monotone operator
A: R"™ = R" with a zero x5 € Zer A such that

2
~ 1

2 e
|Azy|* > (2\7_—01(14_2“)1@) lyo — ||

for any iterates {xy }k=01,... and {yx }k=0,1,... satisfying

T = JIayr—1

Yk € yo + span{Az1, Az, ..., Axy}

fork=1,..., N, where Az = yp_1 — xp.

(OC-Halpern) and (OS-PPM) satisfy the span assumptions
stated in Theorem 4.1 and Corollary 4.2, respectively. There-
fore, the rates of (OC-Halpern) and (OS-PPM) are exactly
optimal. The lower bounds in the cases where v = 1 and
1 = 0 establish that the prior rates of OHM (Lieder, 2021)
and APPM (Kim, 2021) are exactly optimal. To clarify, the
lower bound is novel even for the case v = 1 and u = 0.

4.1. Construction of the worst-case operator

We now describe the construction of the worst-case operator,
while deferring the proofs to Section D of the appendix. Let
e, be the canonical basis vector with 1 at the k-th entry and
0 at remaining entries.

Lemma 4.3. T is %-contractive ifand only if G = ﬁ(]l —

o1

T) is 11 -averaged.

By Lemma 4.3, finding the worst-case %-contractive opera-
1

tor T is equivalent to finding the worst-case 7 e -averaged
operator G, which we define in the following lemma.

Lemma 4.4. Let R > 0. Define N,G: RN+ — RN+ g5

]N(x1,x2,--.7xN7$N+1):(xN+17_-T17_-/172,---7_-rN)
1 N+1
- +’Y R€1
V1+y2 4 42N
and )
G=-— N+ I
14+~ T+
That is,
v 0 0 1
-1 0
1
Gr=— T
1+7 s
DR /Y 0
0o 0 -+ -1 v
=H
1 1+,.YN+1

R€1 .

B 1+’7\/1+72+...+72N
=:b

1
14+

Then N is nonexpansive, and G is -averaged.

Following lemma states the property of iterations {yk}gzo
with respect to G, that proper span condition results in grad-
ually expanding support of yy.

Lemma 4.5. Let G: RNt — RN pe defined as in
Lemma 4.4. For any {yx }X_, with yo = 0 satisfying

yk‘eyo+Span{Gy07Gyla'"aGyk—1}7 kzlv"'aN7
we have
Yy € span{ey,es, ..., ex}
Gy € span{e,es,...,ex11}t, k=0,...,N.

4.2. Proof outline of Theorem 4.1

Let Ty: R® — R™ be the worst-case +-contraction for

initial point 0. For any given yo € R"™, we show in section
D of the appendix that T: R™ — R"™ defined as T(-) =
To(- — yo) + yo becomes the worst-case %—contraction with
initial point yg € R™. Therefore, it suffices to consider the
case yg = 0.

Define G, H, and b as in Lemma 4.4. By Lemma 4.3, T =
I- HT”G is a 1/~-contraction. Note that H is invertible, as



Exact Optimal Accelerated Complexity for Fixed-Point Iterations

we can use Gaussian elimination on / to obtain an upper
triangular matrix with nonzero diagonals. This makes G an
invertible affine operator with the unique zero

ryN_l e fy 1]T.

_ B [y
\/1+72+...+,Y2N
SoFixT = Zer G = {1, } and ||lyo — u.]| = |lys|| = R.

Y

Let the iterates {yj, }7_, satisfy the span condition of Theo-
rem 4.1, which is equivalent to

L) Gyk71}7
By Lemma 4.5, yn € span{ey, ..

Yk € yo + span{Gyo, Gy1, . . k=1,...,N.

.,en }. Therefoere
Gyn = Hyny — b € span{Hey,...,Hen} — b.
and

2
2
HGyN” 2‘PSpaIl{H617...,HEN}J‘(b)H ’

where Py is the orthogonal projection onto the subspace V.
As span{Hey, ..., Hex}" = span{v} with
v — [1 N AN ,YN]T

| 2
b ()

where (x) is established in the Section D of the appendix.
Finally,

)

we get

Ol [Pt (0]~

1 2
lyn — Tyn|® = H (1 + 7) Gyn

1\? 1 ?
> <1+> <Nk> R?
v Zk:07
1\? 1 ?
- 1+> <> Hyo—y*||2.
( Y Zszoyk

4.3. Generalized complexity lower bound result

In order to extend the lower bound results of Theorem 4.1
and Corollary 4.2 to general deterministic fixed-point itera-
tions and proximal point methods (which do not necessarily
satisfy the span condition), we use the resisting oracle tech-
nique of Nemirovski & Yudin (1983). Here, we quickly
state the result while deferring the proofs to the Section D
of the appendix.

Theorem 4.6. Let n > 2N for N € N. For any determin-
istic fixed-point iteration A and any initial point yo € R",
there exists a +-Lipschitz operator T: R™ — R™ with a
fixed point y, € FixT such that

1\? 1 ?
o =Tl > (142) (<— ) o 0.2
v Zivzo 7k
where {yi }ren = Alyo; T).

5. Acceleration under Holder-type growth
condition

While (OS-PPM) provides an accelerated rate when the un-
derlying operator is monotone or strongly monotone, many
operators encountered in practice have a structure lying
between these two assumptions. For (OC-Halpern), this
corresponds to a fixed-point operator that is not strictly con-
tractive but has structure stronger than nonexpansiveness.
In this section, we accelerate the proximal point method
when the underlying operator is uniformly monotone, an
assumption weaker than strong monotonicity but stronger
than monotonicity.

We say an operator A: R™ =% R" is uniformly monotone
with parameters 1 > 0 and o > 1 if it is monotone and

(Az, o —2.) > pllo — 2.

for any x € R™ and x, € Zer A. This is a special case
of uniform monotonicity in Bauschke & Combettes (2017,
Definition 22.1). We also refer to this as a Holder-type
growth condition, as it resembles the Holderian error bound
condition with function-value suboptimality replaced by
(Ax,x — x,) (Lojasiewicz, 1963; Bolte et al., 2017).

The following theorem establishes a convergence rate of the
(unaccelerated) proximal point method. This rate serves as
a baseline to improve upon with acceleration.

Theorem 5.1. Let A: R™ == R™ be uniformly monotone
with parameters (1 > 0 and o > 1. Let x, € Zer A.
Then the iterates {l'k};]y:o generated by the proximal point
method xy4+1 = Ipxy starting from xo € R"™ satisfy

2
257 max{(w_ul *2) o — x*||2}

a+1

a—1

1Az N <

for N € N where AxN =IN_1— IN-

We now present an accelerated method based on (OS-PPM)
and restarting (Nesterov, 2013; Roulet & d’Aspremont,
2020). Given a uniformly monotone operator A: R™ = R"
with g > Oand o > 1, x4, € Zer A, and an initial point
xg € R", Restarted OS-PPM is:

i‘o = .]IA$0
T — ()S-PPMQ((E]C,17 tk),

(OS-PPME®)
k=1,...,R,

where OS-PPM (%1, tx) is the execution of ¢, iterations
of (OS-PPM) with ;4 = 0 starting from Z;,_,. The following
theorem provides a restarting schedule, i.e., specified values
of t1,...,tR, and an accelerated rate.
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llon — T2

10° 4 —— Picard
s | T OHM
10°9 — OC-Halpern
10° 10! 102

Iteration count

(a) Fixed-point residual of Ty
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Figure 1. Fixed-point and resolvent residuals versus iteration count for the 2D toy example of Section 6.1. Here, v = 1/0.95 = 1.0526,
= 0.035, 0 = 15° and N = 101. Indeed, (OC-Halpern) and (OS-PPM) exhibit the fastest rates.
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Figure 2. Trajectories of iterates for the 2D toy example of Section 6.1. Here, v = 1/0.95 = 1.0526, u = 0.035, 6 = 15° and N = 101.
A marker is placed at every iterate. Picard and PPM are slowed down by the cyclic behavior. Halpern and APPM dampens the cycling
behavior, but does so too aggressively. The fastest rate is achieved by (OC-Halpern) and (OS-PPM), which appears to be due to the

cycling behavior being optimally dampened.

Theorem 5.2. Let A: R™ == R™ be uniformly monotone
with parameters > 0 and o > 1, x, € Zer A, and N be
the total number of iterations. Define

1
e « _ 1
A—() leo— o i-%,  B=1-
1

1
o

Let R € N be an integer satisfying

R R+1
Zf)\eﬁk] <N-1< Zf)\eﬁkw,
k=1 k=1

and let ty, be defined as

- {W'ﬂ

N 1=

fork=1,..., R—1
fork =R.

Then (OS-PPM{®®) exhibits the rate

1Az |
2a

<{L2 (N—2—3log (L2 (N — 1) +1)) + 4} 7
X ||lzo — . ||?

- O(N—%).

The proofs of Theorems 5.1 and 5.2 are presented in Sec-
tion E of the appendix. When the values of «, p, and
||wo — 2, ||? are unknown, as in the case in most practical se-
tups, one can use a grid search as in Roulet & d’ Aspremont
(2020) and retain the O (N = (log N )2)-rate. Using
Lemma 4.3, (OS-PPM{*®) can be translated into a restarted
OC-Halpern method. The experiments of Section 6 indi-

cate that (OS-PPM{*®) does provide an acceleration in cases
where (OS-PPM) by itself does not.
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6. Experiments

We now present experiments with illustrative toy examples
and real-world problems in medical imaging, optimal trans-
port, and decentralized compressed sensing. Further experi-
mental details are provided in Section F of the appendix.

6.1. Illustrative 2D toy examples

Consider a %-contractive operator Ty: R? — R?
1 1 (cosf® —sinf| [z
Ty =—.
To v |sinf  cosf To
and a maximal p-strongly monotone operator M: R? — R?

Bl GRS ) i

Ty is a counterclockwise 6-rotation followed by %—scaling
on 2D plane, and M is a linear combination of the worst-case
instances of the proximal point method applied to monotone
operators (Gu & Yang, 2020) and p-strongly monotone op-
erators (Rockafellar, 1976). The results of Figure 1 indicate
that (OC-Halpern) and (OS-PPM) indeed provide accelera-
tion.

6.2. Computed tomography (CT) imaging

Consider the medical imaging application of total variation
regularized computed tomography (CT), which solves

1
minimize — || Ex — b||* + \|Dz]|1,
zeR"” 2

where x € R™ is a vectorized image, £ € R™*" is the
discrete Radon transform, b = Ex is the measurement,
and D is the finite difference operator. We use primal-dual
hybrid gradient (PDHG) (Zhu & Chan, 2008; Pock et al.,
2009; Esser et al., 2010; Chambolle & Pock, 2011), an
instance of a nonexpansive fixed-point iteration via variable
metric PPM (He & Yuan, 2012). The results of Figure 3(a)
indicate that restarted OC-Halpern (OS-PPM{*) provides
an acceleration.

6.3. Earth mover’s distance

Consider the earth mover’s distance between two probability
measures, also referred to as the Wasserstein distance or the
optimal transport problem. The distance is defined through
the discretized optimization problem

n n
minimize [lm1.0 = 33 el + i
Mty i=1 j=1
subjectto  div(m) + p1 — po =0,

where pg, p; are probability measures on R™*"  div is
a discrete divergence operator, and m = (mg,my) €

R=1xn » gnx(n=1) jg the optimization variable. We
use the algorithm of Li et al. (2018), an instance of a non-
expansive fixed-point iteration via PDHG. The results of
Figure 3(b) indicate that restarted OC-Halpern (OS-PPM{**)
provides an acceleration.

6.4. Decentralized optimization with PG-EXTRA

Consider a decentralized optimization setting where each
agent i € {1,2,...,n} has access to the sensing matrix
Ay € R™X™ and the noisy measurement b;y ~ Agz.
The goal is to recover the sparse signal x € R" by solving
the following compressed sensing problem:

NV I 2

minimize ; Az = by lI” + Allz|r-

We use PG-EXTRA (Shi et al., 2015), which is an instance
of a nonexpansive fixed-point iteration via the Condat—Vi
(Condat, 2013; Vi, 2013) splitting method (Wu et al., 2018).
The results of Figure 3(c) indicate that restarted OC-Halpern
(OS-PPM{*®) provides an acceleration.

7. Conclusion

This work presents an acceleration mechanism for fixed-
point iterations and provides an exact matching complexity
lower bound. The acceleration mechanism is an instance
of Halpern’s method, also referred to as anchoring, and the
complexity lower bound is based on an explicit construction
satisfying the zero-chain condition.

In this work, we measure the suboptimality of iterates with
the fixed-point residual. However, the fixed-point iteration is
a meta-algorithm, and almost all instances of it have further
specific structure and suboptimality measures that are better
suited for the particular problem of interest, such as function-
value suboptimality, infeasibility for constrained problems,
and primal-dual gap for minimax problems. Therefore, the
fact that our proposed method accelerates the reduction of
the fixed-point residual does not necessarily imply that it ac-
celerates the reduction of the problem-specific suboptimality
measure of practical interest.

Interestingly, the experimental results of Sections 6 and F
indicate that our proposed acceleration does indeed provide
a benefit in practice. This raises the following question:
Under what setups can we expect anchoring-based accel-
eration to theoretically provide a benefit in terms of other
suboptimality measures? Investigating this question would
be an interesting direction of future work.
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A. Omitted proofs of Section 2
Proof of Lemma 2.1 with inequalities. Suppose T: R™ — R"™ is %-Lipschitz for v > 1. Define A: R™ = R" as

1\t 1
A(T+O @+>1
¥ ¥

For any z,y € R", letu € Az and v € Ay. Then

Y Y

1\ " 1
<:>$+UE(T+]I) <1+>a:
v vy

1 1
= <T—|—]I> (t4+u)=z+ -z
Y v

1\ ! 1
ueAx=>u€(T+]I> <1+>m—x

1
— T+u) =z—-u
Y

Likewise,

1
T(y+v) =y — —v.
Y

From the %-Lipsehitzness of T,

This holds for any u € Ax and v € Ay for any x,y € R", so A is “’;1 -strongly monotone.

We can further prove that

1\! 1
z, € ZerA <— 0¢€ Ax, = <T+II) (x*+m*> — Ty

Y Y
1\ ! 1
< z,e|(T+ -1 Ty + —2,
Y Y
1 1
< Ta,+ —x, =2, + —24
Y Y
<— z, =Tz,
— xz, € FixT.

Suppose A: R™ =% R™ is p-strongly monotone for p > 0. Define T: R™ — R" as

1 1
T=1[1+ Ja — 1.
1+ 24 1+2u
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For any x,y € R™, let u = Tz and v = Ty. Then

u="Tz

1
= u=1|1 Jpx —
“ ( +1+2u) AT 1+2ung

1 1
= =({14+4+—-]17
Ty " <+1+2u) AT

1+4+2p 1 1 1+2p
T+
242u \142u

—

1 1+2
<:>xe(]I+A)< + +Mu)
=

242" T2+ 2

1+2 1 142
+ M(x—u)EA x+ i Fu).
I 2+2u 2+2p

Likewise,

142u 1 142u
v eA .
EETA <2+2My+ 2+2u“>

From the p-strong monotonicity of A,
1 142 1 142 1 142 1 142
A T+ i Fu) —a Y+ + it , x4+ + Rl - Y+ + oy
2+ 2u 2+ 2p 2+ 2p 2+ 2p 2+ 2p 2+42p 2+ 2p 2+ 2u
2
1 1+2p 1 1+2p
> —
“H<2+2ﬁ+2+2u“) (2+2uy+2+2u“>
1+4+2p 1 1+2p 1 1+4+2p
- (y —v), T+ u) - Y+ v
24 2u 24+ 2u 24+ 2u 24 2u 24 2u
2
1 142 1 142
> u T+ + Mu — Y+ i Mv
24 2p 242 242 24 2p
1+2p 1+2p 1 14+ 2p
= (z—y) - (u—v) (z—y)+ (u—v)

24 2u 24 2u "242u 24+ 2u
2
1 142p
> — —
> p 2+2M(w y)+2+2u(u v)

= (1+2u)(z—y) — 1+ 2p)(u—0v), (z —y) + (L+2u)(u—0)) > pl(z —y) + (1 +2u) (u —v)|?
= L+ pllz—yl> > @+ p)(1+2u)%|u—v|?

= [u—v|?< m”ﬂﬁ—ynz-

This holds for any © = Tz and v = Ty for any z,y € R", so T is ﬁ-LipSChitZ-

Finally, we can also prove that

z, € FixT «<— z, =Tz, = <1—|— 1+2N> HAx*—mx*

24+ 2u 2+ 2p
T+20  1+2u
Ty =Jpx, = (]I+A)71x*
T, € x, + Ax,

0€ Ax,

x, € Zer A.

N

R
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Proof of Lemma 2.1 with scaled relative graph. In this proof, we use the notations of Ryu et al. (2021) for the operator
classes, which we list below. Consider a class of operators M, of p-strongly monotone operators and £y /-, of L_contractions.
As M, Ly /~ are SRG-full classes, which means that the inclusion of the SRG of some operator to the SRG of an operator
class is equivalent to membership of that operator to the given operator class (Ryu et al., 2021, Section 3.3). Instead of
showing that the operators satisfy the equivalent inequality condition to the membership, we show the membership in terms
of the SRGs.

T 1t2u

(a) SRGof A (b) SRGof I + A (c) SRG of Ja (d) SRGof T

Figure 4. SRG changing with invertible transformation F'.

Consider an invertible transformation F' : C U {oo} — C U {o0} defined as

F(z) = (1 + ) 1+2)~1 =

1+2p 14+2u

F is a composition of only scalar addition/subtraction/multiplication and inversion, therefore preserves the SRG of M,, and
L1/,. SRG of F(M,,) and L., match, and the SRG of F~*(L;,) and M, match. d

B. Omitted proofs of Section 3
B.1. Proof of Lemma 3.1

Lemma B.1. The yi-update in algorithm (OS-PPM) is equivalent to

Tr = Jayr—1
1 1 1 1
ye=\(1-—— L+ — )@k — —Ye—1p + —%0
Pk 0 0 Pk

where v = 1+ 2p.

Proof. It suffices to show the equivalence of yy-iterates. For £ = 1, from (OS-PPM) update,

—1 -1
Y1 =1 + l (1 —yo)—w(yo—m)
¥1 ®1
_1 9
= 1_m(yo—$1) (pr1=1+7%)

1 1 1 1
=|1-— 1+—=)z1——=yop +—20-
#1 Y Y #1
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Assume that the equivalence of the iterates holds for k = 1,2, ..., l. From the (OS-PPM) update,

-1
i ($z+1 - fBl) -
1

(v— 1)s0;(
Pl+1

-1 -1 -1
:{1+901 _i_(W )@z}xlﬂ_ (tpz+

Pl+1 Pi+1 Pl+1

Yi+1 = Ti41 +

Y — Tip1) +

Pl+1

YPI-1
Pl+1

(Y1—1 — 1)

-1 — 1) -1
VP )xl_(v )wyl 1o,

Pi+1

2
=v(y+1)——z101 —y(y+1
Pl+1

From the inductive hypothesis, we have

_ ~1 _
yot, (v )wzyl+vsoz 1
Pl+1 Pi+1

Yr—1-
Pl+1

1 1 1 1
w=(l-— I+ — )& — —yi—1 ¢ + —vo,
2 v Y 1

yor—1yi—1 = v(y + D)oi—121 — @1y + Yo-

or

Plugging this into the yp;_1y;—1-term in y;4 1, we get

©1
1 =y + ) —y(y + 1
Y1 =70y )Sol+1 11— )sol+1 o
®1

! 1
=7y(v+ 1)Ll”lﬂ - Y+ —"%
Pi+1 '

I+1 Pi+1

2 1 1 1
1 {<1+) xl+1—yl}+
Pi+1 v v Pit1
1 1 1 1
=|1-— I+— )@ — -y g+ —o-
Pi+1 v v Pl+1

The same equivalence holds for ¥;1, so we are done.

Yo

_ ~1
2P (v =D

Pl+1

1
Y + vy + Vi@ — iy + yo}

Pl+1

Proof of Lemma 3.1. Start from the same initial iterate yo = go. Suppose yi = y for some k > 0. Then,

1 1 1 1
=(1- 1+ ——— ) Zhy1 — +
it ( SOkJrl){( 1+2u> hH 1+2uy’“} o

1

B.2. Proof of Theorem 3.2

Recall that

1 1 1
1+ Ja— I +
{< 1+2u> N }yk Pk+1
1
Ty

Yo

(Lemma B.1)

(yr = ¥ by induction hypothesis)

k—1 2 k—1
VE=(1+~7h l (Z ’Y") |Az | + 2 (Z ’V") (Axy, — oy — 24), T — T4

n=0

+ (1= ")y — 2%

O

(OS-PPM-Lyapunov)
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fork=1,2,...,Nand V° = 2 where vy = 1+ 2u, o5, = Zi:o 2" and Azy, = yp_1 — ) € Axy. We will

often use the following identity.

k k

I+Yer =147 ¥ =1+"H> "

n=0 n=0
First, we show that V¥ has an alternate form as below. This form is useful in proving the monotone decreasing property of
V¥ in k.
Lemma B.2. V* defined in (OS-PPM-Lyapunov) can be equivalently written as

VE =721+ )207 | Az ||® + 277221+ y)er—1 (Bak — plzr — yo), 2 — Yo) + 2[lyo — 2%

Proof. Expanding the square term,
2

H( ) Az —7* (2 — 22) + (26 — o)

2

(Zv ) Azy — (7" = D(zx —yo) =7 (yo — 2.)

k—1

= (ZW”) 1Az — (ZW ) (vF = 1)(Awy, 25 — yo) — 2 <Zv >7k<A$k»yO—$*>

n=0
+ (7 = D?llak — woll> — 205 (7" = 1)@k — yo, 50 — 2) + 77 Fllyo — 2.
Also, we have
(Azy, — pleg — 2y),2) — 24)
= (Azy, — plar = yo) — wlyo — 24, (75 = o) + (yo — 7))
= (Azxy — (T — Yo), Th — Yo) + (A, Yo — T4) — 20(Tk — Yo, Yo — Tx)-

Then V'* is expressed as

VF=2( (Zv) (Azy, — p(zk — o), ok — o) + (Axk, yo — &) — 2u(x — Yo, Yo — T4) }

k—1
+(1+77) {(ZW”) |A$k||2—2<27 ) 7 = D)(Awg, zr, — yo) + (7F = 1)*|lzx — wol®

n=0

—1
2( ”) (Azg,yo — z.) — 29 (7" = 1){(zk — yo, yo — =) + 7*F[lyo — 2.|? }
n=0

2
+(1+775) (Z’Y> |Azi]|? + (1 =575 llyo — .
2
= (1447 (Zv) [ Ay +2(1+47%) (Zv) (A = pla = yo): 21 = 4o)

— 27 P+ -1 (Zv) (Azy,z —yo) +7 (1 +77) (7" = D?[lzx — yol* + 210 — ]

k—1

2
(1++7") <Zv > 1Az |* + 275 (1 +77") (Z 7") (Azg — p(wr — o), Tk — yo) + 2o — .||

n=0
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ry n=0

k—1
1+W n 1+~
(1+77" (Zv) (Zv ) = —F #e,

VE =y (1) g Akl ? + 29722 (L + y)r—1(Bak — p(zrk —yo)s or — o) + 2[lyo — 2.

Next, we prove that {V*}V_ is monotonically decreasing in k.

LemmaB.3. Fork =0,1,..., N with V¥ defined as (OS-PPM-Lyapunov), we have

VNSVN71§§V1§VO

Proof. We use the form of V* as in Lemma B.2.

V= VO =y 72(1+9)?|| Az |]* + 2772 (1 +7)(Azy — p(z1 — y0), 71 — o)

=721+ ) {@ + N Az1|* + 2(Azy — p(x1 — o), 21 — ¥0) }
P+ {@+ AP —2(1 + p) || Az |*} (r1 — yo = —Axy)
(147 =2(1+p)

|
S

Now, consider k > 1. Then,

VEHL k= 7—2(k+1)(1 +N2opll Az ]| — 72 (1 + 7)oy [|Azk?
+ 292D (L 4 ) (Azpsr — pl@rs — Yo0)s Tt — Yo)
— 27 (1 + ) pr—1(Azy, — p(xk — o), Tr — Yo)-

Now, we claim that
VEL —VE 4 2y R (1 4+ y) o1 (Azpr1 — Az — pu(pr — 21), Tpgr — ak) = 0.
First,
VEH V4 2972 (1 4 y)orpr—1 (A1 — Az — p(Tpq1 — Tn), Trg1 — Tk)
=VE —VE 4 297K (1 4 ) o1 (ATp1 — p(Trt1 — Yo), T — Tk)
— 2772 (1 4+ ) pror -1 (Azk — ek — yo), Try1 — T
= 772(“1)( 1+ 7) <80k-A1‘k+1 - 7%—1[\331@7 @kAl“kH + 7<Pk—1A33k>

+ 29 2F D (1 4+ ) (Azprr — p(The1 — Y0), V2Pk—1(Trs1 — Tk) + (Tp1 — Y0))
= 2772 (1 4 ) pp—1(Bax — p(xr — o), Pr(rt1 — =) + (z — 0))-

1 1 1 1
yp=|1-— T+ - )@k — —Yk—1 ¢ + —o-
Pk Y Y Pk

Using the fact that y,_1 = xx + Axk, Yk = Th1 + A:ckH, and ¢, = fychk_l + 1, we obtain

From Lemma B.1, we have

Oi(Tri1 — Yo) + PuBzii1 = Y or_1(TK — Yo) — Yer—1ATL.
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Letting U = op(zr11 — %0) — Y2 0or_1(xr — 90) = fcpk[\zlﬁ_l - fycpk_lek, above formula is simplified as

VL VR L2y 2R (1 4 ) opor_1 (Axgyy — Ay — p(Tpp — 1), Tho1 — Tp)

—y 2D (1 4 7)* (prBarir — yor-1Bzy, Uy)

+ 2y 2D (1 4 ) o (Azk s — p(@esr — o), Uk)

— 29 (1 + )1 (Axy, — (. — yo), Uk)
=y 2@+ ) (= (1 + ) (0eBrsr — yor—1Bxk) + 206 {Azps1 — p(Thi1 — Yo)}

— 2% 1 {Axy — (k. — y0)}, Uk)
=21+ ) (1 = 7)(prBzrs1 + vor-1Bzr) — 2p{er(Trs1 — yo) — v ou—1(zk — o)}, Uk)
DA ) ((y = DU = 20U, Uy) = 0 (y—1=2u)

O
We now prove Theorem 3.2.

Proof of Theorem 3.2. According to Lemma B.3, we have V¥ < VVN=1 < ... < V9 = 2|jyy — 2, ||. Therefore,

2]y — a|* > VN
N-1 2
=(1+77Y) (Z 7") |Azy|® +2(1+~7") <Zv ) Ary — play — x.), 2N — )

|<Z v ) Axy — N (zn —20) + (28 — W0)

n=0
N—1 2 )

> (1+77N) (Z 7”) 1Az + (1= 5V)llyo — 2.2,
n=0

which can be simplified as

N1 +47N) + (1= v"M)lyo — a?

2
A+ yo — 2> > @ +97V) (Zv) |Azy|?,

n=0

or equivalently,

2
~ 1
[Azy|? < <Nl o — ]2
Zn:_() ,YTL

Proof of Corollary 3.3. This immediately follows from Theorem 3.2 and Lemma 3.1 by

-1
- 1
Ary =yn-1— 2N = (1 + 7) (ynv—1 — Tyn_1) € Axy.

C. Details on the formulation of performance estimation problem for (OS-PPM)

In order to obtain an estimate on the worst-case complexity of the algorithm, performance estimation problem (PEP) tech-
nique solves a certain form of semidefinite problem (SDP). This SDP holds positive semidefinite matrix as an optimization
variable, and solves the problem under constraints formulated from the interpolation condition of an operator in hand.
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When discovering (OS-PPM), we used maximal monotonicity as our interpolation condition, just as in Ryu et al. (2020);
Kim (2021). We further extended this to cover the case of maximal strongly-monotone operators, in a slightly different
way with Taylor & Drori (2021) who considered strongly convex interpolation. The optimization variable is a positive
semidefinite matrix, and this is of a Gram matrix form which stores information on the iterates of algorithms. Usual choice
of basis vectors for the gram matrix in PEP is usually V f(z) for convex minimization setup (Kim & Fessler, 2016b; Taylor
et al., 2018; Taylor & Drori, 2021), or Az for operator setup (Kim, 2021). Here, we used x-iterates to form the gram matrix
of SDP.

This basic SDP is a primal problem of the PEP (Primal-PEP), and solving this returns an estimate to the worst-case
complexity of given algorithm. If we form a dual problem (dual-PEP) and minimize the optimal value of dual-PEP over
possible choices of stepsizes as in Kim & Fessler (2016b); Taylor et al. (2018); Kim (2021); Taylor & Drori (2021),
this provides possibly the fastest rate, and solution to this minimization problem gives possibly optimal algorithms. We
considered a class of algorithms satisfying the span assumption in Corollary 4.2, and obtained (OS-PPM).

D. Omitted proofs of Section 4

D.1. Proving complexity lower bound with span condition

Proof of Lemma 4.3 with inequalities. From (Bauschke & Combettes, 2017, Proposition 4.35), G is ﬁ—averaged if and
only if

v—1 2y
|Gz — Gyl|* + ﬁllw —y|? < ——(Gz—Gy,z—y), Vz,yeR"

T 14y

Then for any z,y € R™, we get the chain of equivalences as follows.

1
[Tz — Ty < QHT/ —yl? <= |/Tz —yTy[]* < ||z — y|?

= {1 +7)Gz — vz} — {(1+ Gy —vy}* < |lz — y|?

= (1+7)%|Gz — GylI> — 29(1 + 7)(Gz — Gy, z — y) +¥*|z — y|* < ||z — y?
= (1+7)%|Gz — GylI> + (v* = Dl — y||* < 29(1 +7)(Gz — Gy, z — y)
<

y—1 2 2y
Gz — Gy||* + — ||z — y|* < ——(Gz — Gy, = — y). 14y >0
G —Gyl* + Tl ol < T (Ge —Gur—y). (14y>0)
Therefore, T is %-contractive if and only if G is ﬁ—averaged. O

Proof of Lemma 4.3 with scaled relative graph. Using the notion of SRG (Ryu et al., 2021), we get the following equiva-
lence of SRGs. Here, N_1_ is a class of ﬁ—averaged operators. Therefore, we get the chain of equivalences

1
T+

SRGof T € L3 SRG of 1 (I - T)
1 1 2
5 5 1-15 !
SRGofll—(1+§)G SRGofGe N 1
T+

Figure 5. SRG of T and G
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TeLlyy, < YTel, < TeLl

0% 1
— G=—-I4+—-(—T)eEN_,
1+~ +1+’y( ") 1+

and conclude that T is %-Lipschitz if and only if G is ﬁ-averaged.

Proof of Lemma 4.4. We restate the definition of N: RN +1 — RN+,

1 +,YN+1

]NJTZ]N(xl,.%‘Q,...,.’ENJrl):(.IIN+17—.Z'1,...,—$N)— Req, J}ERN—H.
For any x,y € RY*! such that
1':(.%'1,1'27...,$N+1), y:(y17y27"'7yN+1)7
we have
||N{II-N:Z/H2: ||(33N+17_331a~~a_$N)_(Z/N+17_y17~~~7_yN)||2
= (@ni1 —ynve1)? F (21 —y)? + -+ (an —yn)?
= [z —yl*.
Then N is nonexpansive, and by definition, G = 175N + 7= I is a 1 -averaged operator.
Proof of Lemma 4.5. By the definition of G: RN+ — RN*! forany 2 € RN+1,
1
Gz = Nz + 7 T
1+~ 1+~
Ty 0 0 0 1]
1 o4 0 0 0
1 0 -1~ 0 0 1 14 AN+
=— . S .- Rey
L+ | : : : - : : 1+7\/1+72+...+,},2N
0 0 0 v 0 ~-
0 0 0 -~

where v = 1 + 2u. Observe that Gey, € span{e,ex,exq1}fork=1,... N.
We use induction on k to prove the Lemma. The claim holds for £ = 0 from

1 14N+

GyOZGOZ—

—Rey € span{e; }.

Now, suppose that the claim holds for £ < N, i.e.,

yr € span{ey, ea, ..., ex}
Gy, € span{e, e, ..., €41}

Then

Yr+1 € Yo +span{Gyo, Gy1, ..., Gyr}

C span{er, ez, ..., €541}
Gyi+1 = Hyry1 — b
€ Hspan{ej,ea,...,exr1} — b

C span{ei,ez,...,ex42}.
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Proof of Theorem 4.1. The proof outline of Theorem 4.1 in Section 4.2 is complete except for the part that the identity ()
holds, and that Theorem 4.1 holds for any initial point 9 € R™ which is not necessarily zero.

First, we show that for any initial point yo € R", there exists an worst-case operator T: R™ — R™ which cannot exhibit
better than the desired rate. Denote by Ty: R™ — R™ the worst-case operator constructed in the proof of Theorem 4.1 for
yo = 0. Define T: R™ — R" as

Ty = To(y — yo) + %o

given yg € R™. Then, first of all, the fixed point of T is y, = ¥« + yo Where g, is the unique solution of Ty. Also, if
{yr }i_, satisfies the span condition

Yk S y0+Span{y0 _’]I‘yOw"vykfl _Tyk—l}» k= ]-7"'7N7
then g = yr — yo forms a sequence satisfying

Uk € Jo +span{go — ToFo, .-, Jk—1 — ToUr—1}, k=1,...,N,
=0

which is the same span condition in Theorem 4.1 with respect to Ty. This is true from the fact that

Yk — Tyr = yx — Yo +To(yr — Yo) = I — Tolk
Rk/_/ H‘.,_/
=Yk Yk
fork=1,...,N.
Now, {gjk}gzo is a sequence starting from gy = 0 satisfying the span condition for T,. This implies that,

lyn — Tyn 1> = [lin — Togn|?

> (1+§)2 (Zklm >2|yo—y*||
=(1+i)2<zk10 ) —

T is our desired worst-case %-contraction on R"”.
2
2
() 1 2
Z k=0

It remains to show that

~

b,
ol 0|2

where
= [1 Y 'yQ 'yN]T,
especially the identity (x).
2
(b,0) |I" _ (b, v)
ol = 2
(v, 0) [l

1+ AN+ 2>< 1
T+7 VIt 2ttt 8 1+ 94+ 92N

1+,YN+1 2
1+ 1+7 +94+- +72N)

[
( 2
(et
(e

) .
Zk 0V
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Proof of Corollary 4.2. According to Lemma 2.1, T is 1/v-contractive if and only if A = (T+1/41)"! —Tis %d-strongly
monotone. For any y € R”, if x = Jpy, then

ey { (s ) (o o 10 )

Yk € yo + span{yo — Tyo,y1 — Ty, ..., ye—1 — Tyr—1}, k=1,...,N,

This implies that

if and only if

T = JayYr—1

Yk € yo +span{Azx,, ..., Az}, k=1,...,N

where x;, = Jayr—1. Span conditions in the statements of Theorem 4.1 and Corollary 4.2 are equivalent under the
transformation A = (T + 1/4I)~! — L. Therefore, the lower bound result of this corollary can be derived from the lower
bound result of Theorem 4.1. O

D.2. Deterministic algorithm classes

In this section, we provide basic terminologies and necessary concepts in proving the complexity lower bound result for
general algorithms. We follow the information-based complexity framework developed by Nemirovski & Yudin (1983), and
use the resisting oracle technique to extend the results of Theorem 4.1 and Corollary 4.2 to general fixed-point iterations and
general proximal point methods. The proof itself is motivated by the works of Carmon et al. (2020; 2021), and large portion
of the definitions and notations are due to their work.

In the information-based complexity framework, every iterate {yx } ren is @ query from an information oracle, which returns
restrictive information on a given function or operator. Then, assumptions on the algorithm, such as linear span condition,
illustrates how it uses such information. For instance, provided with a gradient oracle Oy (z) = V f(z) of convex function
f to be minimized, usually the first-order algorithms search within the span of previous gradients to reach the next iterate.

A deterministic fixed-point iteration A is a mapping of an initial point yo and an operator T to a sequence of iterates {y; }+en
and {¥; }+en, such that the output depends on T only through the fixed-point residual oracle Or(y) = y — Ty. Here,
‘deterministic’ means that given the same initial point yo and the sequence of oracle evaluations {Or(yt) }+en, the algorithm
yields the same sequence of iterates {(y, J;) } ten. More precisely, we define A per iteration by setting A = {A; };en with

(Ye, 5e) = Atlyo; T] = Aslyo, Or(v0), - - -, Or(ye-1)],

where y; is the t-th query point and g is the t-th approximate solution produced by A ;. Here, we consider the algorithms
whose query points and approximate solutions are identical (y; = ).

Even though the A is defined to produce infinitely many ;- and y;-iterates, the definition includes the case where algorithm
terminates at a predetermined total iteration count NV, i.e., the algorithm may have a predetermined iteration count N and
the behavior may depend on the specified value of V. In such cases, yy = yv = YN4+1 = YN+1 = - -

Similarly, a deterministic proximal point method A is a mapping of an initial point yy and a maximal monotone operator A
to a sequence of query points {y: }+cn and approximate solutions {7: }+en, such that the output depends on A only through
the resolvent residual oracle Oa(y) = y — Jay = Az € Az where z = J AY- Indeed, this method A yields the same
sequence of iterates given the same initial point yo and oracle evaluations {Oa (y¢) }ten-

D.3. Generalized complexity lower bound

As mentioned earlier, the general deterministic fixed-point iterations have no accounts for the span condition. We use the
resisting oracle technique (Nemirovski & Yudin, 1983) to prove the lower bound result for general deterministic fixed-point
iterations. Recall that Theorem 4.6 is

Theorem 4.6 (Complexity lower bound of general deterministic fixed-point iterations). Let n > 2N for N € N. For any
deterministic fixed-point iteration A and any initial point yo € R", there exists a %-Lipschitz operator T: R"™ — R™ witha
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fixed point y, € Fix T such that

9 2
1 1
lyn — Tyn|* > (1 + ) <N> llyo — yall?
v Zkzo o

where {y: }ren = Alyo; T).

By the equivalency of the optimization problems and algorithms stated in Lemma 2.1 and Lemma 3.1, Theorem 4.6 also
generalizes Corollary 4.2 to general proximal point methods.

Corollary D.1 (Complexity lower bound of general proximal point methods). Let n > 2N — 2 for N € N. For any
deterministic proximal point method A and arbitrary initial point yy € R"™, there exists a p-strongly monotone operator
A: R"™ — R™ with a zero x, € Zer A such that

1 2
2
o) -l

lAay|? > (

where {yi }ten = Alyo; T).

D.4. Proof of Theorem 4.6

In order to prove Theorem 4.6, we first extend the result of Theorem 4.1 to the zero-respecting sequences, which is a
requirement slightly more general than the span assumption. The worst-case operator of Theorem 4.1 covers the case of
zero-respecting sequences, and this result will be successfully extended to general deterministic fixed-point iterations.

We say that a sequence {z; }renugoy € R? is zero-respecting with respect to T if

supp{z:} C Usysupp{zs — Tz}

for every t € N'U {0}, where supp{z} := {i € [d] | (z,e;) # 0}. An deterministic fixed-point iteration A is called
zero-respecting if A generates a sequence {2; };enu{o} Which is zero-respecting with respect to T for any nonexpansive
T: R? — R?. Note that by definition, zy = 0. And for notational simplicity, define suppV = U.ev supp{z}.

This property serves as an important intermediate step to the generalization of Theorem 4.1, where its similar form called
‘zero-chain’ has numerously appeared on the relevant references in convex optimization (Nesterov, 2004; Drori, 2017;

Carmon et al., 2020; Drori & Taylor, 2022). The worst-case operator found in the proof of Theorem 4.1 still performs the
best among all the zero-respecting query points with respect to T, according to the following lemma.

Lemma D.2. Let T: RN+ — RN pe the worst-case operator defined in the proof of Theorem 4.1. If the iterates {z; }1\.,
are zero-respecting with respect to T,

2 2
oy — Tan|? > (14 - ! 20 — ul?
N NIT 2= 5 TR E— 0~ Zx

for z, € FixT.

Proof. Let G be defined as in the proof of Theorem 4.1. Then we have

z € span{ey, ea,...,ex} = Gz € span{ey, e, ..., €511}

We claim that any zero-respecting sequence {zk}k:071,_..7 N satisfies

ZE € Span{eheg, .. .,ek}
Y
1+~

Gz = (2 — Tzg) Espan{el,eg,...,ekH}

fork =0,1,..., N, so that the lower bound result of Theorem 4.1 is applicable.
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If kK = 0, then yo = 0 and from this, GO € span{e; }. So the case of k& = 0 holds. Now, suppose that 0 < &k < N
and the claim holds for all n < k. Then Gz, € span{ej,...,e 11} C span{ey,...,ex} for0 < k < n. {zk}{cvzo is
zero-respecting with respect to T, so

supp{zx} C U supp{z, — Tz,}

n<k
= supp{Gzo, Gz, ... ,sz_l}
g Supp{ela €2,..., ek}‘
Therefore, z;, € span{ey, e, ..., e}, and Gz;, € span{eq,es,...,ex41}. The claimholds fork =1,..., N.

According to the proof of Theorem 4.1,

2 2
oy — Tan|? > (14 ! [E
v L+y+--+9N

for any zero-respecting iterates {25 }2_, with respect to T. O

We say that a matrix U € R™*"™ with m > n is orthogonal, if each columns {u; 1 CR™ofUasin

U= (U5} Up,

are orthonormal to each other, or in other words, UTU = I,,. It directly follows that UUT is an orthogonal projection from
R™ to the range R(U) of U.

Lemma D.3. For any orthogonal matrix U € R™*"™ with m > n and any arbitrary vector yo € R™, if T: R™ — R" isa

%—contractive operator with v > 1, then Ty : R™ — R™ defined as

Tu(y) :=UTUT(y — yo) + o,  VyeR™

is also a %-contractive operator. Furthermore, z, € FixT if and only if y, = yo + Uz, € FixTy.

Proof. Forany z,z € R™,

ITyz — Ty 2| = [UTUT (2 — yo) — UTUT (2 — yo)|

= |[TUT(x — yo) — TUT(z — yo)|| (U is an orthogonal matrix)
1

< ;HUT(JU —y0) = UT(z—yo)|l (T is %-contractive)
1

=—||UUT(x — 2
5 |UUT (2 — 2|
1

< —lx =z (UUT is an orthogonal projection onto R(U))
v

Now, suppose z, is a fixed point of T. Then

T (ys) = UTUTU 2, + yo = UTz, + yo
= Uz +yo = Y«

S0 Yy is a fixed point of Tyy. On the other hand, if y, is a fixed point of Ty, then z, = UT (y. — yo) satisfies

T(z) = TUT (y« — o)

— UTUTU (y, — yo) UTU = I,,)
= UT(Tuys — vo)
=UT(y — yo) = 2 (y, € FixTy)

so it is a fixed point of T. O
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Lemma D.4. Let A be a general deterministic fixed-point iteration, and T: R™ — R"™ be a 1/~-contractive operator.
Form > n + N — 1 and any arbitrary point yy € R™, there exists an orthogonal matrix U € R™*™ and the iterates
{y 3N, = Alyo; Ty] with the following properties.

(i) Let 29 := UT(y; —yo) fort =0,1,..., N. Then {z(O} is zero-respecting with respect to T.

(ii) {2} satisfies
120 = T20 | < |lye — Toye, t=0,...,N.

Proof. We first show that (i) implies (44). From (i), we know that 2(*) = UT(y; — o) fort = 0,1, ..., N. Therefore,

28 =Tz = |UT (g — yo) — TUT (31 — o)l

= UUT{(y: — yo) — UTUT (y: — yo) }| (U is orthogonal)
= lUUT(ys — yo) — UUTUTUT (y: — o)l UTU = 1)
= lUUT{(yt — yo) — UTUT (3 — yo) |

< (ye — yo) = UTUT (y: — o)l (UUT is an orthogonal projection)
= |lye — Tuyl|. (Definition of Ty/)

Now we prove the existence of orthogonal U € R™*™ with {y;}¥.; = A[yo; Ty] and (i) holds. In order to show the
existence of such orthogonal matrix U as in (i), we provide the inductive scheme that finds the columns of U at each
iteration. Before describing the actual scheme, we first provide some observations useful to deriving the necessary conditions
for the columns {u;}? ; of U to satisfy.

Lett € {1,..., N}, and define the set of indices S; as
Sy = Ugeysupp{z® — Tz},
For {z(*) MY, to satisfy the zero-respecting property with respect to T, 2 is required to satisfy
supp{z"} C 5
fort =1,..., N. This requirement is fulfilled when
Yt — Yo € span{u; bies,

or equivalently,
(ui gt —yo) =0
for every i ¢ S;. Note that 2(9) = UT(yg — yo) = 0 is trivial.
We now construct U € R™*", Note that S =0 C S; C --- C S;. {Ui}iest\sf,_l is chosen inductively starting from
t = 1. Suppose we have already chosen {u;}ics, ,. Choose {u;};cg,\s, , from the orthogonal complement of
W, := span ({y1 — Y0, Yi-1 — Yo} U {ui},»eSH>

and let them be orthogonal to each other. In case of Sy # (), for i ¢ Sy, choose proper vectors u; so that U becomes
an orthogonal matrix. This is possible when the dimension of W, is large enough to draw |S; \ S;_1|-many orthogonal

vectors, or in other words,
dim W > (S \ S;_1].

From the assumption, m — ¢t +1 > m — N + 1 > n, so we have a guarantee that
dimWE =m —dimW, >m — {(t — 1)+ [S;_1|} > [SC 1| =n — [Si_1]| > |S;: \ Si_1].
The columns {u; }?_; of constructed U satisfies (u;,y; — yo) = 0ifi ¢ Sy, fort = 1,..., N. Therefore,
28 = UT(y: — yo) € span{e; }ies,
which leads to supp{z(Y} C . O



Exact Optimal Accelerated Complexity for Fixed-Point Iterations

We now prove the complexity lower bound result for general fixed-point iterations.

Proof of Theorem 4.6. For any deterministic fixed-point iteration A and initial point yo € R™, consider a worst-case
operator T: RN¥+! — RN+1 defined in the proof of Theorem 4.1. According to Lemma D.4, there exists an orthogonal
U e R*WVHD withn > (N 4 1) 4 (N — 1) = 2N such that z¥) = UT(yp — yo) fork =0,..., N,

12 = T2® | < lye = Towell, k=0,...,N

where the query points {yk}]k\’:o are generated from applying A to Ty given initial point yy, and {z(k) {CVZO is a zero-

respecting sequence with respect to T. According to Lemma D.2,

(N) (N))|2 1\’ 1 ’ (0) 2
|z T > (14 1 ~ llz 2 ||%.
v ty+- Y

According to Lemma D.3, y, = yo + Uz, € Fix Ty for 2z, € Fix T, so

lyo = yell® = U = z)|? = [12© — 2?

where the second identity comes from orthogonality of U. We may conclude that

2 2
lyw — Toyn]? > (141 ! o — w2
= v) \l+y+-+N )

and that Ty : R™ — R™ is the desired worst-case %-contraction withn > 2N. O

E. Omitted proofs of Section 5
E.1. Convergence rate of proximal point method
Lemma E.1. Let {xy }ren be the iterates generated by applying PPM xy.1 = Jaxy, starting from xg € R", given a
uniformly monotone operator A with parameters ji > 0 and o > 1. Now let Ay, := ||z}, — x,||* and By, = ||Axy41]
Then for any k € NU {0},
a=1\2
Ap > A (1 + uAkjl)
By, > Bpy1.

Proof. Note that PPM update x; 1 = Jaxy is equivalent to x; = xp4+1 + Aka where Aka € Azpq.
Tk — Tu = (Tpg1 + BTpi1) — T = (Ths1 — 20) + Azpp1.
Then
Ay = Apir + Br + 2(Bxpy 1, T — )
> Agt1 + By + 2p|zrg1 — 2|
= Apsr + B+ 2uAp7,
> Aps1 + PAY 2/~LA:+%1
> Apqp (1 + NA;:ﬁ)Q
where the second inequality follows from

1Az lllres = 2ell > (Azpir, 2o — 22) > pllzny — 2l
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Also, from
By, — By = ||Azy|* — Az |?
= (| Azk|® + | Azria]|?) — 2l Azgia |
> 2(Axy, Argy1) — 2| Azpi | (Young’s inequality)
= 72<A1’k+1 — AlL’k, Axk+1>
= 2(Axji1 — Az, Tpgr — ) > 0, (Monotonicity of A)
we get By, > By1. O

Theorem E.2. If A: R" == R" is a uniformly monotone operator with parameters (1 > 0 and o > 1, there exists C' > 0
such that the iterates {xy, } e generated by PPM exhibits the rate

||$k—1‘*H2 < 2

«—

forany k € N.

Proof. We use the induction on k to show the convergence rate, and find the necessary conditions for C' > 0 to satisfy.

Incase of k = 1, ||z; — 2, || < C must be satisfied. Lemma E.1 implies the monotonicity of Ay, so C with C' > ||z — z||?
is a suitable choice.

Now, suppose that A < leﬁ and k > 1. We claim that Ax1; < C(k + 1)7ﬁ for the same C' > 0. Define
[+ 10,00) = [0,00) as

o) =t (1 + ut“T”)Q .

Then f(Ag+1) < Ag from Lemma E.1. If f(Axs1) < f2 (C’(k + 1)_%), since f is a monotonically increasing

function over [0, 00), we are done. Define

ap = (n+1){<1+i)wil _1}7
g(x) = (Hi) {0427 -1}

and function g: (0, 00) — R as

so that a,, = g () for n € N. Then

1 ) 1 1 .
") =——1{(1 ﬁ_l} — (1+Z2)(1 a-1 !
g =5 {1+ +1(141) ara)
(1+az)a7 1 1 (14+2)(1+a)=7!
2 =t
T T a—1 T
(@) T 414 2 (L a)aT

a—1

2

T
(1+x)ﬁ

= {(1‘5‘95)7ﬁ - (1 - al—lx)}'

€T

1 . . . . . .
Asz + (1+2)” a1 is a convex function on [0, 00) and = — 1 — —L<x is a first-order approximation at 0 of it, g'(z) > 0

for > 0. g is a monotonically increasing function, so g obtains its maximum in (0, 1] at z = 1, and we have

1 (o3
sup a, = sup g () =g(1) = 2(2ﬁ —1) =251 -2

neN neN n
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The boundedness of a,, leads to the equivalency as

2 o 2
<2557 -2 e 1+1 o 1+2ﬁ_2
a o — p— — R
b= k = k+1
a—1 2

C C 2&—2< C )
< < 1+ s

ket T (k+ 1) c T \(k+1)a7
for any choice of C' > 0. Choosing C' > /fﬁ (2ﬁ — 2)ﬁ which is equivalent to

231 — 2
T

C 251 2 C N C C N
2 ]‘+ a—1 2 S 2 1+,LL 2
(k+1)ﬁ C = (k+1)ﬁ (k+1)ﬁ (k+1)ﬁ

o C
= <(k+1>a21>'

Gathering all the inequalities above, if C' > p_% (271 — 2)%, then

[ (Akgr) < Ap < C; <fu <(C2>

< u,

we get

ka-1 k+ 1)(1 1
so we get
C
A S — = A € ———5
ka1 (k:+71)
fork=1,2,....
Therefore,

I
c maX{(W) " [l - 93*||2}

ok = 2ull® < —— = ;

ko-1 ko—1

We now prove the convergence rate of PPM in terms of By, = || Az 1.

Proof of Theorem 5.1. We claim the convergence rate of Bj,_; = || Az ||? to be as above. From the proof of Lemma E.1,
we have

atl
By < Ap — Ap1 — 24,3, < Ap — A

If N =1, then
By < Ag— Ay < Ag = || — 2.

Suppose N > 2. Letn := [%J where |z ] is the largest integer not exceeding x. Summing up the above inequality from
k =ntok = N — 1 and using the monotonicity of By, we have

N1 N—
*BN 1<ZBN 1<ZBkSZAk—Ak+1 =A, - Ay < A,.

k=n k=n
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Note that from the convergence analysis of Ay, or Theorem E.2, we have

P
nao-1
_a =2
where C' = max { (25&7[#) o — 117*”2}- Therefore,
N C c
EBN—l S — 3 S 1 2
a—1 — a—1
n (%37)
so we may conclude that, for any NV > 2,
2551
a—1
BN—l S — o2
(N—-1)=—TN
2
245 max { (2Q_M1 72) o s lxo — x*||2}
a (N —1)aTN
2
227? max{<2aﬂl _2) o s [[wo — 24| }
= NotT
-0 (]\ﬁ%)
where the second inequality follows from 2(N — 1) > N. Since this bound also holds for the case of N = 1 from

By < ||zo — 24||%, we are done. -

E.2. Convergence rate of restarted OS-PPM (OS-PPM{°)

Roulet & d’Aspremont (2020) showed that if the objective function f of a smooth convex minimization problem satisfies a
Holderian error bound condition

gHI—z*HTSf(x)—f*, Voe K CR"®

where z, € K is a minimizer of f and K is a given set, then the unaccelerated base algorithm can be accelerated with a
restarting scheme. The restarting schedule uses ¢, iterations for each k-th outer loop recursively satisfying

flxr) — f* < e ™ (f(zo) — ), k=12, ...

for some 1 > 0, where z;, = A(xy_1,tx) is the output of k-th outer loop, which applies ¢, iterations of the base algorithm
A starting from x_1. If an objective function is strongly convex near the solution (r = 2), a constant restarting schedule
ti, = A provides a faster rate compared to an unaccelerated base algorithm (Nemirovski & Nesterov, 1985). If an objective
function satisfies a Holderian error bound condition but it is not strongly convex (r > 2), then an exponentially-growing
schedule t;, = \e”* for some A\ > 0 and 3 > 0 results in a faster sublinear convergence rate.

As notable prior work, Kim (2021) studied APPM with a constant restarting schedule in the strongly monotone setup but
was not able to obtain a rate faster than plain PPM. We show that restarting with an exponentially increasing schedule
accelerates (OS-PPM) under uniform monotonicity, as for the case of > 2 in Roulet & d’ Aspremont (2020).

Proof of Theorem 5.2. Suppose that given an initial point xy € R"”, let ¢ be an iterate generated by applying APPM on z
only once. Then

N 1 1

o = 5(2]/\1‘0 — CC()) + 5580 = JIA$0,
so we get

2o — . [|* = | Ao + (o — 2|

= ||Azo||® + 2(AZo, Zo — x,) + ||Fo — x4 ||
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From the monotonicity of A, <Ai0, Zo — x4) > 0, so we may conclude that

1AZo|* < [lwo — .||

Now we describe the restarting scheme of APPM. Let ¢, be the number of inner iterations applying APPM for the kth outer
iteration. This iteration starts from Z;_; and outputs Ty, after applying ¢y, iterations of APPM. Then the kth outer iteration
results in

1Az ]* < |/,

1 1 1 -
s Tt = 2| < Sl @1 — 2l < g AT
(te +1)2 * t2 * p2/et?
where the last inequality follows from

|AZ g1 |[||Fr—1 — Tul| > (BFp_1,Tp—1 — T4) > pl|Tp_1 — o] *T.

In order to find a possible choice of restart schedule, we will iteratively find the number ¢; of inner iterations for kth outer
iteration which satisfies ~
IAZ]? < €™ ||lzo — 2.

for some 1 > 0. The case of £ = 0 holds automatically. Suppose k& > 1, and ¢, . .., tx_1 are already chosen to satisfy
1AZ,—1|* < e "* Dz — 2,2
for kK > 1. Then

1 _n(k 1)

- 1 -
| Az < WHA%AHWQ < HT%;%e lzo — x*”“

so that the claimed convergence rate is guaranteed if

This is equivalent to
0z et ol e {3 (1- 1) 1),
=2 T

soift, > Xef¥ fork =1,..., R, then ||AZ||?> < e |z — x| fork=1,...,R.

Now we prove that the choice of

[AePH] (k=1,...,R-1)
by = R-1
N—-1-,"1ts (k=R)

for integer R satisfying
R+1

R
Z AP <N -1< Zf)\eﬂk
k=1 k=1

results in O (N = ) -rate of ||Ai||? for restarted OS-PPM (OS-PPM}).

Fork=1,...,R—1,t; > AePk by definition of ¢;. If £ = R, from

?J

-1

N—-1=> ti+tp=» [Ae*]+tg,
1

>
Il

we have
R-1

th=N—1-"Y [Ae"] > [Ae] > AT,
k=1
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Therefore, ¢, > \eP* for k = 1,2,..., R, and we get
IAZR|* < e llwg — ..

To find the upper bound to ||AZ || using the inequality above, we obtain a lower bound to R. From Ae?* < [\efF] <
AePF 4+ 1and [AePR] < tg < [AePB] + NPT+, we have

R—1 R+1
ZAeﬁk<N—1_Zt =Y M +tr <> AP+ R+ 1L (1)
k=1 k=1 k=1
Using the first inequality in (1), we have
BeBR -1
Ae 1 <N-1

or equivalently,

1 N-1ef -1
R< =1 - - 1].
—ﬁ°g< X o +>

Plugging this upper bound of R to the second inequality of (1), we get

BB 1 1 N—-1ef -1
— 1< B — - .
N—-1<)e ) -l-ﬁlog( 3 = +1>+1

Simplifying this to obtain a lower bound on R, we get
F-1 1 N—-1e’-1
-8)€ 9 N—-le— 1 BR
e { o7 <N 2 ﬂlog< \ o7 +1)>+1}§6 .

IAZR|* < e[|z — .

e —1 1 N—-1ef -1 -
ce{S (v-2- g (B2 1)) 1) oo -

2

Therefore,

w3

ef -1 1 e’ —1 1) ¢ 5
:(9(]\7—%)
1
where A = (£)* [|zg — @~ (1-2). O

This is a rate faster than O(N = )-rate of PPM. Although the monotonicity parameter y > 0 and « > 1 are unknown,
one can obtain a suboptimal restart schedule with additional cost for the grid search as in Roulet & d’ Aspremont (2020),

where the total cost for the algorithm is of O (N s (log N )2)

F. Experiment details

We now describe the experiments of Section 6 in further detail.

F.1. Experiment details of Section 6.1

In the ﬁrst example, Ty is constructed with # = 15° and v = ﬁ and (OC-Halpern) is applied on Ty with the same

'y = m In the second example, M is constructed with ¢ = 0.035, and (OS-PPM) is applied on M with the same
= 0.035. For both experiments, we use /N = 101 total iterations. The plots of both experiments display the position of
every iterate with markers, when methods started from initial point gy = [1 O} T e R2
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F.2. Experiment details of Section 6.2

X-ray CT reconstructs the image from the received from a number of detectors. Reconstruction of the original image is
often formulated as a least-squares problem with total variation regularization

minimize 1||Ex —b]|? + A||Dz|1, )

xE

where © € R" is a vectorized image, £ € R"*" is the discrete Radon transform, b = Fx is the measurement, and D
is the finite difference operator. This regularized least-squares problem can be solved using PDHG, also known as the
Chambolle-Pock method (Chambolle & Pock, 2011). PDHG can be interpreted as an instance of variable metric PPM (He
& Yuan, 2012); it is a nonexpansive fixed-point iteration (21, u*+1 v*+1) = T(2*, u¥, v*) defined as

"t = 2F — aETWF — BDTOP
1 X
uktt (u* + aB (22" — 2F) — ab)

- 1+«
V=T say,0a/8) (0F + BD (221 —2F))

with respect to the metric matrix

(1/a)I  —ET  —(B/a)DT
M=| -E (/I 0
—(B/a)D 0 (1/8)1

Therefore, we apply OHM on T as

1 i
(xR L Rty = ( - ) T(zF, u* %) +

e (20, u®, ) (PDHG with OHM)

and use additional restarting strategy to yield a faster convergence.

In our experiment, we use the a Modified Shepp-Logan phantom image. We applied PDHG, PDHG combined with OHM,
and PDHG combined with restarted OC-Halpern (OS-PPM;®), where the parameters are given as o = 0.01, 8 = 0.03 and
A = 1.0. We applied restarting with the schedule illustrated in Theorem 5.2, with properly chosen A > 0 and 5 > 0.

Figure 6. Images reconstructed by applying PDHG, PDHG with OHM, and PDHG with restarted OC-Halpern for 1000 iterations.
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Figure 7. Function value suboptimality f(zx)— f* plot of PDHG, PDHG with OHM, and PDHG with restarted OC-Halpern (OS-PPM;*®)
in CT image reconstruction.

Figure 6 shows the reconstructed images after 1000 iterations. Restarted OC-Halpern (OS-PPM{’®) can effectively recover
the original image, in a faster rate. Figure 7 shows that even without theoretical guarantee, the function value suboptimality
decreases in a faster rate for OHM and restarted OC-Halpern.

F.3. Experiment details of Section 6.3

In this section, we approximated the Wasserstein distance (or Earth mover’s distance) of two different probability distributions
by solving the following discretized problem

minimize |[mlly,1 = 3770, 300 (M| + My

Mg My

subject to  div(m) + p1 — po = 0.

To solve this problem Li et al. (2018) used PDHG (Chambolle & Pock, 2011)

Ml = JrlsuShrinkl (755 + 1V )z ij, 1)

My = ﬁsmmkl (1t a5 + (V5 )y 35, 1)

Ot =@ + 7 ((div(2m’“+1 —m"));; + pl; — p?j) (Primal-dual method for EMD-L1)
fork =1,2,... where m = (m,,m,) is m = (m,, m,) with zero padding on their last row and last column, respectively,

hence making 17, 11, € R™*". We denote this fixed-point iteration by T, so that (!, mitt, @5 1) = T(mk, mk, &),
Combining OHM on this fixed-point iteration yields the iteration

- - 1 b 1 -0 ~
(Rl 00 0) = (1= ) Tk, ) 4 i )

for k =1,2,..., and we also combine restarting technique with exponential schedule to hope for further acceleration.

This experiment calculated an approximation of Wasserstein distance between the two probability distributions as in Figure 8.
We applied 3 different algorithms for N = 100, 000 iterations with algorithm parameters 2 = 1.0 x 1076 and £ = 1.0.
Restarting the algorithm with Halpern scheme every 10, 000 iterations provided the accelerated rate, but we chose better
exponential schedule for the plot in Figure 9.

F.4. Experiment details of Section 6.4

We follow the settings of decentralized compressed sensing experiment in section IV of (Shi et al., 2015). The underlying
network has 10 nodes and 18 edges, and these edges connect the nodes as in Figure 11.
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(a) Probabilistic distribution pg (b) Probabilistic distribution of p; (c) Solution of discretized problem
in Section 6.3

Figure 8. Probabilistic distribution of pg and p1. This distribution is expressed as the colored parts in 256 x 256 grid, there po contains
the part of 2% 4 y? < (0.3)? and p; contains 4 identical circles with radius 0.2, centered at (41, +1).

107 1 —— PDHG

= OHM

1076 - —— Restarted OC-Halpern

10-9 4

lze — Tayl|3;

10-12 4

0 20000 40000 60000 80000 100000
Iteration count

Figure 9. Fixed-point residual of T versus iteration count plot for approximating Wasserstein distance.

Experiment considered the regularized least-squares problem on R°Y, where the sparse signal z, has 10 nonzero entries.

1 n
inimi — E Apz —bi|* + A .
minimize " || ()T (z)” ||33||1

zcR"” .
=1

Each node ¢ maintains its local estimate x; of x € R™, and have access to sensing matrix A(i) € R™:*"™ where m; is the
number of accessible sensors. Here, we assume to have m; = 3 many sensors for each node and has total m = 30 sensors.

We applied PG-EXTRA, PG-EXTRA combined with OHM, PG-EXTRA with (OC-Halpern), and PG-EXTRA with
Restarted OC-Halpern (OS-PPM{®), since PG-EXTRA can be understood as a fixed-point iteration (Wu et al., 2018).
Let x* € R™*10 be a vertical stack of R™ vectors, where each i-th row vector x¥ is a local copy of z stored in node
i. The vectors in node ¢ only interact with other vectors in close neighborhood of node ¢. The fixed-point iteration

(xF L whtl) = T(x*, wk) is

X]i“+1 — PrOxaMHh Z Wi,jxé? — aAgi) (A(i)Xf — b(i)) — Wf

J

1
wh = wh 4 5= W)x*
and PG-EXTRA combined with OHM is

1
(xFHL whtl) = (1 ) T(x*, wk) +

i ——(x% w%) (PG-EXTRA with OHM)
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Figure 10. Absolute function-value suboptimality |f(xr) — f*| versus iteration count plot for approximating Wasserstein distance.
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Figure 11. The network underlying the setting of Section 6.4.

for k = 0,1,.... For all these methods, we chose the mixing matrix W € R°*19 to be Metropolis-Hastings weight with
each (4, j)-entry W; ; being

1 . .
Wi, {—max{degm,deg(j)} (i #3)
1=>uWi;  (i=])

where deg(4) is the number of edges connected to node i. We applied each methods (PG-EXTRA, PG-EXTRA with OHM,
PG-EXTRA with OC-Halpern, and PG-EXTRA with restarted OC-Halpern (OS-PPM{**)) with stepsize o = 0.005 and
regularization parameter A = 0.002 for 100 iterations.
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Figure 12. Distance to solution || x5 — X.||3- versus iteration count plot for PG-EXTRA, PG-EXTRA with OHM, PG-EXTRA with
(OC-Halpern), and PG-EXTRA with Restarted OC-Halpern (OS-PPM™).



